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ABSTRACT OF DISSERTATION

Free Resolutions Associated to Representable Matroids

As a matroid is naturally a simplicial complex, one can study its combinatorial prop-
erties via the associated Stanley-Reisner ideal and its corresponding free resolution.
Using results by Johnsen and Verdure, we prove that a matroid is the dual to a
perfect matroid design if and only if its corresponding Stanley-Reisner ideal has a
pure free resolution, and, motivated by applications to their generalized Hamming
weights, characterize free resolutions corresponding to the vector matroids of the par-
ity check matrices of Reed-Solomon codes and certain BCH codes. Furthermore, using
an inductive mapping cone argument, we construct a cellular resolution for the ma-
troid duals to finite projective geometries and discuss consequences for finite affine
geometries. Finally, we provide algorithms for computing such cellular resolutions
explicitly.
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Chapter 1: Introduction

When studying properties of combinatorial and algebraic structures whose sub-
sets are equipped with a notion of independence, one frequently wishes to focus on
the properties of those subsets which are independent. Matroids, structures which
abstract the combinatorial properties of linear independence, arise naturally when
studying such combinatorial and algebraic structures. In particular, given a matrix,
one may form the corresponding vector matroid taking the collection of independent
sets of the matroid to be the collection consisting of the sets of linearly independent
columns of the matrix.

Coding theory aims at efficiently correcting transmission errors when data is sent
via a noisy channel. This is achieved by introducing redundancy into the messages to
be sent prior to their transmission. Although other encoding schemes exist, the most
common encoding scheme for this type of error-correction uses linear algebra, leading
to the linear block codes. Each linear block code can be described (up to monomial
equivalence) by a generator matrix, or equivalently, by a parity check matrix. Thus,
one may associate a matroid to a given linear block code by taking the vector matroid
of a parity check matrix for the code.

In the case of matroids arising from linear block error-correcting codes, one can
translate the generalized Hamming distances of a code, related to its error-correction
performance, into distances of the corresponding matroid. As a simplicial complex,
a matroid can be associated to a Stanley-Reisner ideal, and hence to a minimal
free resolution whose Betti numbers are related to the distances of the matroid [9).
Additionally, certain free resolutions can be realized as cellular resolutions. In this
thesis, we study the properties of free resolutions arising from linear codes, as well as
cellular resolutions of certain linear codes.

Chapter 2 consists mostly of preliminaries. We define the basic objects we will
investigate, including linear block codes, matroids, free resolutions, and cellular reso-
lutions. Additionally, we present basic properties of and operations on these objects

and discuss how these properties translate to properties of related objects.



In Chapter 3, we further discuss the homological properties of the Stanley-Reisner
ideals of matroids. In particular, we provide simplified proofs of some results of [9]
and characterize the Stanley-Reisner ideal of the matroid associated to a linear code.
We also prove that the Stanley-Reisner ideal of a matroid admits a pure minimal free
resolution if and only if the given matroid is the dual to a perfect matroid design
(Theorem [3.1.7).

Our focus in Chapter 4 is on properties of free resolutions of the Stanley-Reisner
ideal of the matroid associated to a cyclic code. We derive the existence of a group
action on the syzygy modules of such a free resolution (Proposition . After
defining the class of BCH codes, we determine the Betti numbers of free resolutions
associated to Reed-Solomon codes and furthermore, derive a free resolution for the
Stanley-Reisner ideal of a certain family of BCH codes.

We discuss simplex codes, and more generally, codes related to finite projective
and affine geometries, in Chapter 5. Specifically, we derive an explicit nonlinear pure
minimal cellular resolution of the Stanley-Reisner ideal of the matroid dual to a finite
projective geometry using an inductive mapping cone process, yielding an algorithm
for computing such resolutions (Theorem . Mapping cones have been used in
the literature to produce linear cellular resolutions (see e.g. [2], [3], [6]). However,
we use it to produce a nonlinear cellular resolution whose supporting cell complex is
simplicial.

Finally, we use our characterization for the Stanley-Reisner ideal of the dual to a
finite projective geometry to derive a characterization for the Stanley-Reisner ideal of
the dual to a finite affine geometry. We demonstrate a recursion among the Stanley-
Reisner ideals of duals to finite affine geometries (see Corollary , analogous
to that among the Stanley-Reisner ideals of duals to finite projective geometries;
this suggests the existence of another pure cellular resolution, computed through an

inductive mapping cone process, associated to duals to finite affine geometries.



Chapter 2: Preliminaries

2.1 Linear Block Codes

We begin with the objects which motivate our study, linear block codes. Given
a finite field F, of size ¢ and a positive integer n, a linear block code C is a linear
subspace of ;. The integer n is called the block length, and elements of C are called
codewords. Although there are other families of codes, we will be concerned only with
the linear block codes. Thus, all uses of the term ’code’ or ’linear code’ should be
understood to mean ‘linear block code’.

Linear subspaces of C are called subcodes. As C is a linear subspace of Fy, it can
be represented as the image of a matrix; such a matrix is called the generator matriz
of C. By convention, a code C with generator matrix G is taken to be the row space
of G if C has block length n and dimension k as a subspace of F}, then it is said to be
an [n, k| code. Given a generator matrix G € Fy"*", there exists a matrix H € F,*"
such that GHT = 0; such a matrix is called a parity check matriz for C. A parity
check matrix for a code C can be itself regarded as a generator matrix for a code,

called the dual code to C, and usually denoted C*.

2.1.1 Example. Let k& be a positive integer and let I, be a finite field. Let G
denote a k x % matrix whose columns are vectors in IF’; which are pairwise linearly
independent. Then G is a generator matrix for the simplex code with rank k over [F,

denoted S(k,F,).

An important class of linear codes are cyclic codes: assume C is a linear code

and that ¢ = (¢q,...,¢,) is a codeword in C. The cyclic shift o(c) of ¢ is the row

n

q» and can

vector (¢, c1,...,Cq1); note that the cyclic shift o is a linear map on
be implemented as the (left) image of the matrix A = (A;;) € F,*" for which
A; i1 = An1 = 1 and all other entries are zero. Generally speaking, o(c) need not be
a codeword for every ¢ € C — but if o(c) is in fact a codeword in C for every c € C, C

is said to be cyclic.



Assume C C F is cyclic and let R :=F, [z] be a polynomial ring in the variable
z. One may establish a bijective correspondence between polynomials in R/(z" —
1) and vectors in [ by associating the vector ¢ = (ci,...,¢,) with the image of
the polynomial ¢; + cox + -+ + ¢, 2" ! in R/(z" — 1); under this correspondence,
multiplication by x in the residue class ring corresponds to the cyclic shift in .
Thus, we may identify a linear subspace of Iy’ with a corresponding ideal in R/(z" —
1). However, as R/(z™ — 1) is a principal ideal domain, the ideal in R/(z" — 1)
corresponding to a linear code C is generated by a polynomial in R with degree less
than n — this polynomial is called the generator polynomial of C. Furthermore, if

k—

g(z) = co+c1r+ -+ cp_12" 1 is a generator polynomial for a cyclic code C, then a

generator matrix for C is:

o ¢ ey 00 - 0
0 ¢ + Coog Cog 0 -+ 0
0 0 - 0 co e e Ch |

Note that the generator matrix of a cyclic code is simply a truncated circulant matrix
over a finite field.
Since a generator polynomial for an [n, k| cyclic code C is a divisor of 2™ — 1,

one may define h(z) := ‘”gn(;)l. Then z%°&™h(z71) is a generator polynomial for an

[n,n — k] cyclic code; in fact, this code is the dual code to C. For further discussion

of this, see [11].

2.1.2 Example. Let g(z) = 1+x+23 be the generator polynomial for a block length

7 binary cyclic code. The corresponding generator matrix is therefore

1 101 000
01 1 0100

c Fy*’
0011010
(000110 1|

This code is the 4-dimensional binary Hamming code. Computing the generator



polynomial for the dual code, one obtains f(z) = 1 + 2? + 2% + z*, and thus a

generator matrix

1011100
01 01110]|eF
0010111

for the dual code. However, the columns of this matrix are the pairwise linearly
independent vectors in 5 (in fact, all of them), and consequently it is also a generator

matrix for the 3-dimensional binary simplex code.

An important invariant of a linear block code correlated to its error correction

performance is its Hamming distance, defined as follows.

2.1.3 Definition. Let C C F} be a linear block code, and define [n] := {1,...,n}.
Given a codeword ¢ € C, the Hamming weight of ¢, denoted dg(c), is the number of

nonzero positions of c:

du(c) == [{i € [n][ e # 0}

The Hamming distance of C, denoted dy(C), is the minimum Hamming weight among

all nonzero codewords in C:
dy(C) := min{dg(c)|c € C — 0},

2.1.4 Example. One can check that the minimum Hamming weight among the
nonzero codewords of S(3,F;) is 4, and consequently S(3,Fy) has Hamming distance
4. In fact, every nonzero codeword of S(k,F,) has Hamming weight ¢"!. A code
in which every nonzero codeword has the same Hamming weight is called a constant
weight code, and every constant weight linear block code is equivalent to a replication

of a simplex code (see Theorem 7.9.5 of [7]).

One natural generalization of the notion of the Hamming distance is to subcodes

of C. Let G;(C) denote the collection of i-dimensional subcodes of C. Suppose D is



a subcode of C. The support of D, denoted Supp(D), is the set of indices which are

not always zero in D, or more precisely:

Supp(D) := {i € [n]|Ic € D such that ¢; # 0}.

If D is i-dimensional, we will refer to its support supp D as an i-support; a minimal
i-support is thus an ¢-support of C whose proper subsets are not i-supports. Conse-
quently, each minimal 1-support of C is the support of a 1-dimensional subspace of
C, whose codewords we will also call minimal.

The support weight of a subcode D of C is defined to be the cardinality of its
support. Thus,

2.1.5 Definition. The i-th generalized Hamming weight of C, denoted d;(C), is the

minimum support weight over all i-dimensional subcodes of C.

As the support weight of a one-dimensional subcode is equal to the Hamming
weight of any of its constituent codewords, the minimum support weight over all
one-dimensional subcodes of a code is equal to the minimum Hamming weight a
codeword in the code may attain - hence dy(C) = du(C). The set of generalized
Hamming weights of C is called the higher weight hierarchy; as shown in [22], if
C is k-dimensional, there are k such higher weights, d;(C),...,d;(C). In fact, the
generalized Hamming weights of a code characterize its performance under the type

2 wiretap model; for further discussion of this, see [22].

2.2 Matroids

To isolate the combinatorial properties determining the generalized Hamming
weights of a code, we will recast the generalized Hamming weights into the language
of matroids. To do so, we begin by defining abstract simplicial complexes. Properly
speaking, a simplicial complex is a topological space consisting of glued together sim-
plices; an abstract simplicial complex is a collection of sets obeying properties which

model the combinatorial relations among the constituent simplices of a simplicial



complex. As we will be concerned with only abstract simplicial complexes, we will

simply refer to them as simplicial complexes.

2.2.1 Definition. An (abstract) simplicial complex A is a pair (E,F) where F

consists of subsets of a finite set E satisfying:
i. ) € F, and
ii. 1fF1 € F and FQ gFl then F2 e F.

Elements of E are called the vertices of A and elements of F are called the faces
of A. If F'is a face of A, we will frequently write F' € A, rather than stating F' € F
where F is the set of faces of A. Given a simplicial complex A with vertices £ and
faces F, if S C F, then the induced subcomplex on S, denoted Ag, is the simplicial
complex with vertex set S whose faces are the faces in F' which are also subsets of S.
The dimension of a face F' in a simplicial complex, dim F'; is defined to be |F| — 1.
Generally speaking, a simplicial complex need not consist of finite-dimensional faces.
For this reason, we define the dimension of A, dim A, to be the supremum of the
set of dimensions of faces of A. Furthermore, a face F' of A is said to be a facet
if F' is maximal with respect to inclusion. In the event that the facets of A are

equidimensional, we say that A is pure.

2.2.2 Definition. A matroid is a pair (E,Z), where F is a finite set and Z consists

of subsets of F satisfying:
i 0eF,
ii. if 1 € Z and I, C I then I, € 7, and
iii. if Iy, Iy € Z and |I1| < |I3|, then there exists © € Iy — I; such that I; U{z} € Z.

The set F is called the ground set of (E,Z) and its elements are called points or
vertices. Members of Z are said to be independent, while nonmembers are said to
be dependent. Two matroids are isomorphic if there is an independence preserving
bijection between their ground sets. An inclusion-maximal independent set is called

a basis, while an inclusion-minimal dependent set is called a circuit. In fact, one may



equivalently define matroids either in terms of their bases or in terms of their circuits;
moreover, equivalent (cryptomorphic) characterizations of matroids abound.

Notice that a matroid is a finite simplicial complex whose faces are the independent
sets. They satisfy a third axiom, sometimes called the exchange axiom. In this
context, one instead sometimes refers to the matroid as a matroid complex. The
facets of a matroid complex are the bases, while the minimal nonfaces of the complex
are the matroid’s circuits. As suggested by the terminology, the bases of a matroid
are equicardinal. Thus, matroid complexes are pure; conversely, if every induced
subcomplex of a simplicial complex is pure, the simplicial complex is in fact a matroid
complex.

As combinatorial structures modeling the combinatorial properties of linear inde-
pendence, matroids inherit several terms usually applied to vector spaces. Given a
matroid M = (E,Z) and a subset A C E, the rank of A, denoted by rp(A), is the
cardinality of the largest independent set contained in A; furthermore, the rank of
a matroid is defined to be the rank of its ground set. The closure of a set A C F
consists of the points = in E for which (AU {z}) = ry(A), and A is said to be
closed if it is equal to its closure; consequently, the addition to a closed set A of any
point z not in A produces a set with rank ry(A)+ 1. If A is a closed set with rank k,
then it is termed a k-flat or k-subspace. If a matroid has rank k, then its (k — 1)-flats
are its hyperplanes. Finally, if A is a subset of E for which the closure of A is equal
to the ground set F, then A is said to be a spanning set for M.

Dual to the rank function of a matroid M = (E,7) is its nullity function, defined
as ny(A) := |A| — ra(A); this is the minimum number of elements one must delete
from A in order to obtain an M-independent set. The nullity of M itself is the nullity
of its ground set. One may thus show that the circuits of M are the sets A C E for
which ny(A) = 1.

2.2.3 Example. Let E be the n-set, [n] = {0,1,...,n — 1}, and fix an integer k.
Define the uniform matroid, denoted U, j, to be the matroid with ground set £ with
bases the k-subsets of E. Thus, the independent sets of U, are the subsets of the
k-subsets of E, while the circuits are the (k + 1)-subsets; the hyperplanes of U, are
the (k — 1)-subsets of E.



2.2.4 Example. Consider the matrix

1 201
012 2

A=

with entries in 5. Every pair of columns of A is linearly independent, except for
the pair consisting of the second and fourth columns - call the set of pairs of linearly
independent columns B. Set E := [4], the column labels of A, and denote by Z the set
whose members are the sets of columns in A which are linearly independent. Then

(E,Z) is a matroid whose bases are the members of .

Given a matrix A with n columns labeled 1 through n and a subset X C [n], let
Ay denote the columns of A with labels in X. As shown in [18], the above procedure

can be generalized in the following manner:

2.2.5 Proposition. Let A € F™" be a matriz and let E denote the column labels 1
through n of A. Let T denote the subsets X of E for which Ax is linearly independent
in F". Then (E,Z) is a matroid.

Denote this matroid by M(A); a matroid defined in this manner is called a vector
matroid (or alternatively, a linear matroid). Note that as row operations preserve
the linear relations among the columns of a matrix, the corresponding vector matroid
is invariant under row operations — thus, given a code C, there is exactly one vector
matroid (up to isomorphism) corresponding to the code’s parity check matrix. We
will denote this matroid by M(C).

A matroid M which is also the vector matroid of a matrix A with entries in a
field T is said to be linearly representable or F-representable, while A is said to be a
representation of M; a matroid which is representable over any field is reqular. Note
that there are matroids which are not representable over any field; for example, the

Vdmos matroid, defined by taking as its ground set

E:: {a/ybgcyd767fﬂg7h}



and circuits
C := {abef, cdgh,adeh,bcfg, bdf h},

is a matroid which is not representable over any field — see Proposition 2.2.26 of
[18]. As one expects, matroids which are not representable over any field are called
nonrepresentable.

There are several standard operations on matroids: given a matroid M, with bases
B, the dual to M (which we will denote by M<) is the matroid whose bases are the
complements of the bases in B; consequently, the dual to the dual of M is M itself.
More generally, the independent sets of the dual to M are the complements (relative
to the ground set) of the spanning sets of M. This can be extended further in the case
of linear matroids: if M is the vector matroid of a matrix A, then through appropriate
choices of a row basis for the row space of A and of the orthogonal complement to
the row space of A, one obtains that the dual matroid to M is the vector matroid
of the orthogonal complement of the row space of A (for details, see Theorem 2.2.8
and Proposition 2.2.23 of [1§]). Consequently, the matroid dual to the vector matroid
corresponding to a linear block code is the vector matroid corresponding to the dual
code.

In addition to the matroid corresponding to a parity check matrix H for a code C,
one may also consider the vector matroid of a code’s generator matrix G. However,

since G is also a parity check matrix for C*,
M(G) = M(C) = M(C)*F = M(H)*.

The direct sum of two matroids is the matroid whose ground set is the disjoint
union of the ground sets and whose independent sets are the disjoint unions of pairs
of independent sets from the two summand matroids; thus, this is nothing more than

their join as simplicial complexes. Given codes C; and C,, one may take as a parity

10



check matrix for C; & Cy the matrix

H, 0
0 H,

where H; and H, are parity check matrices for C; and C,, respectively, and since the
maximal independent column sets of this matrix are the pairs of maximal independent
sets from H; and H,, the matroid corresponding to C; @ Cs is the direct sum of the
vector matroids of C; and Cs.

One may also consider the truncation of a matroid M with independent sets Z.
Assume k is a positive integer at most (M) and consider the collection of independent,
sets in Z with cardinality at most k; as these sets inherit the properties which they
possess as independent sets of M, they form the independent sets for another matroid
on the same ground set as M, called the truncation of M to rank k; the bases of the
truncation of M to rank k are the independent sets of M with size k.

On the other hand, denoting the truncation of M to rank k by Tp(M) and as-
suming the ground set of M has cardinality n, the dual to Ty(M) has as its bases
the spanning sets of the dual to M with cardinality equal to n — k. The dual to
Tp(M), denoted E,,_ (M), is a matroid called the elongation of M to rank n—k, and

consequently, one has the relation [23]:

2.2.6 Proposition. Denote by Tp(M) the truncation of a matroid to rank k and
Ey (M) the elongation of a matroid to rank k. Then Ty(M*) = E,_(M)*.

Alternatively, given an integer k between r(M) and n, the elongation of M to
rank £ is the matroid whose independent sets are the subsets A of the ground set of
M for which n —r(A) < k. Although the terms are suggestive, in general, truncation
does not commute with elongation. Additionally, one may consider the truncation
and elongation by i ranks, which we will denote by T*(M) and E*(M), respectively.

Note that although we will be primarily concerned with vector matroids, other
families of matroids exist. For example, given a field extension G /F, one may form
a matroid on a finite collection E of elements of G by taking as independent sets the

subsets of E whose elements are algebraically independent over F. Such a matroid is

11



called an algebraic matroid, and as one might expect, its bases are the transcendence
bases of the field extension [4]. Given an F-linear matroid M, one may show that the
inner product of the F-coordinate vector of a vector v relative to a fixed basis of the
k-dimensional vector space over [F with a fixed collection of £ transcendentals over F
is an algebraic representation of M (see |18]). Consequently, every linear matroid is
also an algebraic matroid; on the other hand, not every algebraic matroid is linear,
and furthermore, not every matroid is algebraic.

Another class of matroids are the so-called graphic matroids: matroids whose
independent sets are the forests of an undirected graph with finitely many vertices.
Moreover, the bases of a graphic matroid are the spanning forests of the underlying
graph. Since the incidence matrix of an (oriented) graph G defines a vector matroid
isomorphic to the matroid corresponding to GG, every graphic matroid is also linear

(see |18]). However, not every linear matroid is graphic: the vector matroid of

1011100
A=10101110]|eF,
0010111

called the Fano plane and computed in[2.1.2)as a generator matrix for the 3-dimensional
binary simplex code, is not graphic. To see this, note that A has rank 3, hence each
spanning tree of the associated graph G would have 3 edges. Thus, GG should possess
4 vertices, supporting at most 6 edges, insufficient for the 7 edges implied by A.

As a final remark to illustrate the ubiquity (and utility) of matroids, notice that
one may generalize Kruskal’s algorithm for computing a minimum weight spanning
forest of a weighted undirected graph to matroids. Kruskal’s algorithm can in fact
be generalized to the naive greedy algorithm, which correctly computes a minimum
weight basis of a weighted matroid: a matroid (F,Z) for which there exists a mapping
w: F — R, called its weight function. Finally, the naive greedy algorithm fails to

produce an optimal solution on simplicial complexes which are not matroids [18].

12



2.3 Free Resolutions and Hochster’s Formula

Since we wish to illuminate the structure of vector matroids via algebraic means,
we turn to Stanley-Reisner theory. Stanley-Reisner theory connects the homological
properties of a simplicial complex to those of an associated squarefree monomial ideal,
the Stanley-Reisner ideal. As we will primarily be working with squarefree ideals, we

define

Ty = | |a:z-,

provided that o C [n].

2.3.1 Definition. Let A be a simplicial complex with vertex set [n] and let S :=
Flxy,...,z,] be a polynomial ring in n variables over a field F. Then the Stanley-

Reisner ideal of A is
I(A) = (z, |0 ¢ A).

In fact, I(A) is minimally generated by the monomials x,, for which o is a minimal
nonface (with respect to inclusion).

The Stanley-Reisner ring or face ring of A is the quotient ring F[A] := S/I(A).
To understand the structure of the Stanley-Reisner ring of a simplicial complex, we

regard it as a graded ring, defined as follows:

2.3.2 Definition. Let R be a ring, A a commutative monoid, and assume there are

abelian groups R; such that

R:@Ri,

i€A

where R;R; C R;y;. Then R is said to be A-graded (or simply graded) and the i-th
summand R; is called the i-th graded component of R. Elements of R; are said to be

homogeneous with degree i, while A is called the monoid of degrees of R.

Two commonly chosen monoids of degrees are Z, giving the Z-grading of R, and
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7" with componentwise addition, giving the Z"-grading of R. If R is a graded ring
with i-th graded component R;, the d-th twist or shift of R, denoted R(—d), is defined
to be R with ¢-th graded component R;_4. Given a graded ring, one can define graded

modules with respect to the grading of the given ring:

2.3.3 Definition. Let M be an R-module, where R = @©;c 4 R; is a graded ring with

monoid of degrees A. Assume there are abelian groups M; such that
M =P M,
i€A
where R;M; C M;;;. Then M is said to be graded.

Graded components, homogeneous elements, and twists of modules are defined
analogously. In particular, we will denote the degree i component of a graded module
M by M;. If M and N are graded R-modules and ¢: M — N is R-linear, then ¢ is
said to be graded or homogeneous with degree d provided that ¢(M;) C N4 for each

degree 1.

2.3.4 Definition. Let M be a module. Suppose R is a ring and {F;} a family of free

R-modules. Then a complex
$: = —-F == F —=F

is called a free resolution of M if § is exact and the cokernel of the map F} — Fj
is isomorphic to M. In the event that R is a graded ring, each F; is a graded free
module, and each map F; — F;_; is homogeneous of degree zero, § is called a graded

free resolution of M.

This notation is frequently abused by writing § as
$: = EFE—-FK 11— -2 F —=>F—->M=0

with the stipulation that all modules in § are free except possibly M. If § is a free

resolution with free modules F; and there exists an integer n such that F; = 0 for all
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¢ > n, then the smallest such n is called the length of § or projective dimension of
M.

One can compute a free resolution through repeated kernel calculations. In par-
ticular, let R be a ring and let M an R-module with s generators. Consider the map
induced by sending the k-th generator of R® to the k-th generator of M. The kernel
of this map, a free R-module consisting of the linear relations among the generators
of M, is called the first syzygy module of M and is denoted Syz,(M). Elements of
Syz, (M) are called first syzygies (or simply syzygies). Then, after finding a generat-
ing set for Syz, (M) with s; generators, consider the map induced by sending the k-th
generator of R*! to the k-th generator of Syz, (M), and proceed as before. Repeating
this process, with the role of Syz,;(M) replacing that of Syz,_, (M) at the start of each

step, one obtains a diagram of the form:

cey By yE - - g — M — 0

~ S

Syz;(M)

Together with the compositions F; --» F;_; as differentials, the free modules F; =
@rer, R form a free resolution of M. If M is graded, then by choosing a twist dj, for
each copy of R in @gey, R so that the map F; — Syz;(M) is homogeneous of degree
zero, one obtains a graded free resolution. If a minimal generating set is chosen for
M and each Syz;(M), one obtains a minimal graded free resolution which is unique
up to isomorphism. This process is not generally guaranteed to terminate; however,
if M is finitely generated and R is a polynomial ring in n variables over a field, it

will [4]:

2.3.5 Theorem (Hilbert’s Syzygy Theorem). Let R = F|xy, ..., xz,]| be a polynomial
ring in n variables over a field F, and let M be a finitely generated graded R-module.
Then there exists a graded free resolution of M, with length at most n, by finitely

generated free modules.

Let R :=F[zy,...,x,], with F a field. If § is a minimal graded free resolution of
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a finitely generated graded R-module M, then § can be written as
$:FE,—F,1— = = F — F,

where the differential maps are homogeneous maps in degree 0 and

R @ R
jEA

The exponent j3; ;, where j is taken to be an element of the monoid of degrees,
is called the i-th Betti number in degree j. The Betti table of a free resolution of a
Z-graded module is an array for which the entry in the i-th column and j-th row is
Bii+j- The smallest integer  such that all generators of F; have degree at most r +4
is called the Castelnuovo-Mumford regularity (or simply the regularity) of M, and
is denoted reg M. If the regularity of M is also the largest integer r such that all
generators of F; have degree at least v+, then § is said to be a linear free resolution of
M. Note that the differentials of a free resolution, being maps between free modules
over R, are R-linear, hence can be implemented with matrices; the column spaces of
these matrices are the syzygy modules of M.

Of particular interest are the free resolutions which are pure, in which each F; is
twisted in exactly one degree; by the Boij-Soderberg theory, every Betti table can be
decomposed into a positive Q-linear combination of pure Betti tables. Although the
theory provides that a given Betti table can be algorithmically decomposed into pure
Betti tables, it does not provide a means by which to compute modules whose Betti
diagrams are the diagrams in the Boij-Soderberg decomposition of a given module’s

Betti table.

2.3.6 Example. Let R := Q[zg,x1,22| and set I := (xox1,Tox2, z122). Then a

minimal Z-graded resolution of R/I is

—T9 0
T —T1
0 o [33'0.771 Lol T1T2
T R(-3)? y R(—2)3 » R
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with Betti numbers 319 = 3, 823 = 2, and f3; ; = 0 otherwise. Moreover, § is linear,

hence also pure. Its Betti table is

Bij 10 1 2
01100,
110 3 2

where the i-th entry in the j-th column is f; ;4 ;.

One can obtain free resolutions (and sometimes minimal free resolutions) from

other free resolutions via the mapping cone construction.

2.3.7 Proposition. Assume R is a graded ring and
0-A—-B—-C—=0
is a short exact sequence of graded R-modules. Furthermore, assume there are graded

free resolutions

A dd o4 dan g a4
A:0—=F" =F ,— - = F —A=0

and
B % p W a7 . p df
B:0—=+F’ — I — - —IF" —DB—=0

for A and B, respectively. Then the map A — B induces R-linear maps f;: FA —

)

FB, called comparison maps between A and B, for which the squares

A fifl B
FLy —— 2

dAT dBT

A i B
FA ———— F;
commute.

If necessary, extend 2 or 8 by adding copies of the zero module so that they
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are the same length, say n, and let f; be comparison maps between 2l and ‘B. The

mapping cone of A and B with comparison maps f; is the resolution

0 pA D pA @ pB Oy O pA g pB % g pB O o
of C, where the differential maps

0 FL 0 F — F, 0 FZ,

of the mapping cone are defined by the rule

Even if 2 and B are minimal, the mapping cone of 2 and B may not necessarily be
minimal; however, if 2 and 8 are minimal and the comparison maps f; between 2
and B satisfy f;(F/) C mFP, where m is the irrelevant maximal ideal, the mapping
cone will be minimal.

As the differential maps in a free resolution of a free module are frequently rather
complicated, we wish to express them in a more illuminative manner whenever possi-
ble. One means of doing so is via a cellular resolution, provided that the given module
supports one. In the following, we largely adopt the notation and terminology in [1],
albeit with a focus on resolutions of finitely generated monomial ideals. For further
reference, one may wish to consult [13] or [19].

Let R :=F[xy,...,x,]. Assume [ is a finitely generated monomial R-ideal, hence
generated by its minimal monomials under divisibility. Let min[ := {m;|i € I}
be the minimal generating set for I, and let X be a regular cell complex with
each vertex labeled by one member of min/. If F' is a face in X, set mp =
lem{m; | i is a vertex of F'} and let ar denote the exponent vector of mp. If F =),
we define mp := 1. As X is a regular cell complex, it admits an incidence function
— a function (F, G) on every pair of faces (F,G), such that ¢(F,G) = £1if F is a
facet of G, e(F,G) = 0 otherwise, (), G) = 1 if dim G = 0, and for faces F of G with
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codimension 2,
E(Fa Fl)E(Fla G) + €(F, F2)€<F27 G) = 07
where I} and Fy are facets of G each containing F'. For a proof of the existence of

an incidence function on regular cell complexes, one may wish to consult [12].

2.3.8 Definition. The cellular complex of I supported by X is the Z"-graded com-
plex

8n—1 8n—2

0 O
3}(2 Fn_1—>Fn_2—>"'—1—>F0—O—>F_1

where

E = @ R(—CLF)

FeX, dim F=i

with differential maps 0;: F; — F;_; induced by extending

mag
Oi(ec) = >  e(F,G)—ep
facets F mr
of GeX

linearly, where eq is a free generator for F; in degree ag and ep is a free generator

for F;_; in degree ap.

2.3.9 Example. Let X be the complex consisting of three vertices {G, G2, Gs},
with G, G5 connected by the edge H; and G2, G3 connected by the edge Hs; label
the vertices m¢g, = 2ox2, mqg, = ToT1, and Mg, := 2122 to obtain the complex in
Figure as the associated labeled cell complex. Set e(Gy, Hy) := ¢(Gy, Hy) = —1
and £(Gq, Hy) := €(G3, Hy) := 1. Thus, there are differentials 0,: F; — Fy and
Op: Fy — F_1, and hence a Z"-graded cellular complex of (me,, ma,, ma,). As B;; =
ZMU': ; Bio, one can obtain a Z-graded complex from the aforementioned Z7"-graded
cellular complex. The differentials of this Z-graded complex can be implemented via
the matrices in Example [2.3.6] through appropriate choices of bases; consequently, the

Z-graded complex is also a free resolution.

19



G2 X1 G1 L XoT2 Gs L r1T2

H1 L XoT1T2 H2 L Xox1T2

Figure 2.1: The labeled cell complex associated to the ideal (zox2, zoT1, T122).

Not every cellular complex is a free resolution; those which are free resolutions are
called cellular resolutions. In general, whether a given complex is a free resolution
depends on the field of coefficients of the underlying polynomial ring; a complex
which is a free resolution with respect to one field may fail to be a free resolution
with respect to another field. However, due to the independence of the incidence
function from the field, if a complex is a cellular resolution, it is also (remarkably) a
free resolution over any field.

There is a characterization of exactness of complexes discussed in [13], and for
this we again largely adopt its notation and terminology. Let X be a labeled cell
complex and let X; denote the collection of i-faces of X. The reduced chain complex

of X over the field F is the complex of F-vector spaces
0 =>F" ... 5 FY 5 F*51 50

where F¥¢ denotes the F-vector space generated by the free generators e,, with o an
i-face. The differential maps 9;: F*" —s F¥i-1 of the reduced chain complex of X

are defined by the rule

eq — Z e(F,G)er,

facets F’
of GeX

where G is an i-face, and extending linearly. The reduced homology of X is the
homology of the reduced chain complex of X.

Let d be a vector in Z" and denote by X<, the subcomplex obtained from X by
selecting the faces of X whose labels have Z"-graded degree componentwise at most

d. Then from [13],

2.3.10 Proposition. The cellular complex supported on X is a cellular resolution if
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and only if X<q4 either is empty or has zero reduced homology for every d € Z".
If X4 has zero reduced homology for every d € Z", we will say that X is acyclic.

2.3.11 Example. Let R be the polynomial ring over a field F in the n variables

(n

T1,...,T,. Label each vertex v; of the n-simplex X (™ with the variable z;; then each

restriction X(ST;) of X is a k-simplex on k variables. It follows that the cellular

complex supported on X gil) is a cellular resolution by induction and [2.3.10, As each

summand in the maps involves at least (in fact, exactly) one variable, the cellular
resolution is minimal and is called the Koszul complex of (z1,...,x,), the irrelevant
maximal ideal. This renders the Betti numbers of the Koszul complex transparent
— in particular, f5;; = (7;) Thus, as a resolution of F = R/(x1,...,z,), the Koszul

complex is
0>F5F - ... »FE) 5 5 F o0,

Finally, the existence of the Koszul complex (as a resolution of F) provides a partic-
ularly simple proof of Hilbert’s Syzygy Theorem: the i-th Betti number in degree d
of M is

Bia(M) = dimg Tor(M,F)g,
but by the symmetry of Tor(—, —),
Torf (M, ), = Tor(F, M),

However, the latter vanishes for all i > n.

Cellular complexes of ideals can be generalized to cellular complexes of monomial
modules which are generated by their minimal monomials. Furthermore, cellular
complexes supported by a regular cell complex may be generalized to CW cellular
complexes: chain complexes supported by a CW complex. As shown in [21] though,
not every monomial module has a minimal free resolution supported by a CW com-

plex.
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Hochster’s formula provides a means of connecting the combinatorial properties
of a simplicial complex with free resolutions of its associated Stanley-Reisner ideal.
First, some notation: given a simplicial complex A, we will denote by H “(A,TF) the
i-th simplicial cohomology group of A with coefficients from F. Furthermore, we will
regard a subset o C [n] as either a subset of [n] or as a vector in {0,1}", depending

on context.

2.3.12 Theorem (Hochster’s Tor Formula). Let R be a polynomial ring in n variables

with the Z"-grading. Suppose A is a simplicial complex on [n] with Stanley-Reisner

ideal I(A). Let o C [n]. Then
Torf, (I(A),F), = H7- YA, F).

Assume M is an R-module, with § a minimal free resolution. As before, note that

by tensoring § with [F over R,
Bia(M) = dimg Tor(M,TF),.

Thus, by applying Hochster’s formula and taking dimension, one obtains Betti num-

bers for the face ring k[A] of
Bio(k[A]) = dimg H1771(A,,F)

provided that 7 > 1.

Copyright© Nicholas Armenoff, 2015.

22



Chapter 3: Observations on Resolutions of the Stanley-Reisner Ideal of a

Matroid

3.1 Free Resolutions Associated to Matroids

As the vector matroid M of a linear code C is also a simplicial complex, one avenue
into studying the combinatorial properties of C (or equivalently, of a representable
matroid) is via free resolutions of the Stanley-Reisner ideal of M — in fact, this is the
approach we shall take. More generally, one may study free resolutions of the Stanley-
Reisner ideal of a matroid. Such ideals satisty several homological properties, two of
which are that they are Cohen-Macaulay and level. We explore further homological

consequences below.

3.1.1 Definition. If R = (R, m) is a noetherian local ring and M is a finitely gener-
ated R-module, then M is said to be Cohen-Macaulay if depth M = dim M. If Ris a
noetherian ring (not necessarily local) and M is a finitely generated R-module, then
M is said to be Cohen-Macaulay if for every maximal ideal m of R, the localization

M, satisfies depth M, = dim M.

In particular, the face ring of a matroid complex is Cohen-Macaulay, while the
Krull dimension of the face ring of a matroid complex is equal to the matroid’s rank.
Thus, the Auslander-Buchsbaum formula implies that the projective dimension is
equal to the rank of the dual matroid. In fact, the face ring of a matroid complex is

level [20]:

3.1.2 Definition. Let A be a graded Cohen-Macaulay algebra over a field F, and
assume A has Krull dimension d. Then A is said to be level if every minimal free
resolution of A as a module over a polynomial ring over F with n variables has the

form

0= F,q— - —F—>A—0,

where the last module F),_,; is generated in one degree.
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In the case of matroid complexes, one may go further: from the proof of Theorem
3.4 of [20], the last module F,_, in a minimal free resolution of the face ring of a
matroid complex with n elements in its ground set is minimally generated in degree
n. In turn, this implies the regularity of the face ring is d + 1.

Notice that as each facet of a matroid complex M is a basis of M, the minimal
nonfaces of M are the circuits of M, and consequently, the Stanley-Reisner ideal of M
is minimally generated by the monomials in the polynomial ring R := Flxq, ..., z,]
(with n the cardinality of the ground set of M) whose support is an M-circuit.
Conversely, the minimal generators of the Stanley-Reisner ideal of M each correspond

to a minimal nonface of M, i.e., an M-circuit. Thus,

3.1.3 Proposition. Let M be a matroid on a ground set with n elements, and let

I(M) be the Stanley-Reisner ideal of M. Then

I(M) = (x4 | 0 is an M-circuit).

A matroid may alternatively be characterized in terms of its circuits — if M is a
matroid with ¢ and Cy as two distinct circuits, and x € C; N Oy, then there is an

M-circuit C3 such that

03 Q (Cl U 02) — {ZL‘}

As each minimal generator of the Stanley-Reisner ideal I of M has an M-circuit
as its support, one may translate this into the following condition on the minimal
generators of I: if x,, and z,, are distinct minimal generators of I and z; is a variable

which divides ged(z,,, 4, ), then there is a third minimal generator x,, of I for which

lem(z4,, o)
Loy x— .
K2

Such ideals are discussed further in [16] and [17].
Due to the importance of pure free resolutions, we focus on the Stanley-Reisner
ideals of matroids whose free resolution is pure. In [16], an (essentially abstract)

cellular resolution of the Stanley-Reisner ideal of a matroid is derived, and from this,
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the authors of |17] obtain a characterization of the matroids whose Stanley-Reisner
ideals support a pure minimal free resolution. We obtain the same characterization,
albeit in a different manner, as follows.

A matroid M is said to be a perfect matroid design if each k-flat of M has the
same cardinality, fx. Let Ex(M) be the elongation of M to rank k, and let I(E(M))
be the Stanley-Reisner ideal of Ey(M). Then from [§],

Bia(I(Ex(M))) #0 <= Bi1a(I(Ep1(M))) # 0.

Slightly rephrasing this in terms of the truncation to rank k and re-indexing,

3.1.4 Lemma. Let M be a matroid on a ground set with cardinality n, and let

E,_(M*) =T (M)* be the dual to the truncation of M to rank k. Then

Bial(T(M)*)) #0 = Bimra(I(Tesa(M)*)) # 0.

Notice that if o is a circuit of Ty(M)*, where M is a matroid on a ground set
E, then F — o is a hyperplane of T(M). However, one may check that ri(A) :=
min(k,r(A)) is a rank function for Tp(M), and so consequently, rank k — 1 sets of
T (M) also have rank k — 1 when considered as sets of M. Furthermore, a subset
which is closed in T (M) is also closed in M. As a result, £ — o is a (k — 1)-flat of
M. The converse of these properties also applies, provided that the subset considered

has rank at most £ — 1, thus,

3.1.5 Proposition. The circuits of Tp(M)* are the complements (relative to the
ground set of M ) of the (k — 1)-flats of M.

Combining these, one obtains:

3.1.6 Proposition. Let M be a matroid and let I be the Stanley-Reisner ideal of

M*. If M is a perfect matroid design, then I has a pure minimal free resolution.

Proof. We will assume M is a perfect matroid design, with f; as the cardinality of

any k-flat, and prove that I(M<1), the Stanley-Reisner ideal of the dual to M, has a
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pure minimal free resolution. Let E denote the ground set of M and set n := |E|.

Given the sequence of duals to truncations
{T(M)*: |k =0,...,7(M)},

one may induct on the members of this sequence. Consider (Ty(M))*; To(M) contains
exactly one hyperplane, namely, the empty set. Consequently, using [3.1.5, To(M )+

has exactly one circuit, £ — ) = F, so

[(Ty(M)™) = I(E,(M™))

= (zg).
This has the trivial resolution
0+ R(—n) <« 0

as a minimal free resolution, where R := F[xq,...,x,].
Let @(Z) be the i-th Betti number in degree d of I(E,_x(M*)) and assume induc-
tively that I(E,_,(M%)) has

(k) (k) (k)
0 ¢ R(—d))"101 « R(—dy)*282 -« R(—d,)’»% « 0

as a minimal free resolution. Then, using I(E,—(k+1)(M*)) has a minimal free

resolution of the form
kD) 8
0« @D R(—do;) "% « R(—dy)" 1 4 - 4= R(—d,)»% < 0.

320

It remains to show that I(E,_(11)(M™)) is generated in one degree. For this, note

that

z, is a minimal generator of I(E,_ 1) (M™))

< o is a circuit in E,_ 41y (M™T)
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<= o is a circuit in Tj 1 (M)*
<= F — o is a hyperplane in Ty, (M)

< FE —oisa k-flat in M,

where the last two equivalences follow from [3.1.5 However, k-flats in M are equicar-

dinal by hypothesis — hence each x, has the same degree. O]

This logic reverses itself in the following manner. Again, we will denote the i-th
Betti number in degree d of I(E,_x(M™)) by /Bi(z). Additionally, assume I (E,_x(M™))

has the pure minimal free resolution

(®) ) )
0 ¢ I(Enp(M™)) R(—d1)51]fd1 — R(—dg)ﬂfd2 o R(—dy) P

Thus, the circuits of T},(M)*, hence hyperplanes of Ty(M), each have cardinality d;.
But as the hyperplanes of Ty (M) are (k — 1)-flats of M, each of the (k —1)-flats of M
are equicardinal. Applying to the above resolution, one obtains the resolution

(k—1)

0 ¢ I(Enegeon)(M1)) = R(—=dp)™% 4 - 4= R(—d,) v

for I(T}_1(M)1); the same logic implies that the (k — 2)-flats of M are equicardinal.
By induction, each flat of M of a given rank is equicardinal. Thus, we obtain the

converse, hence

3.1.7 Theorem. Let M be a matroid and let I be the Stanley-Reisner ideal of M.
Assume § is a minimal free resolution of I. Then § is pure if and only if M is a

perfect matroid design.

This argument suggests a more general relation between the dependent sets of a
matroid and the flats of its dual. Recall that the elongation of a matroid M = (E,Z)
by 7 ranks is defined to be the matroid whose independent sets are the subsets A C FE
for which ny(A) := |A| — ry(A) < i. Denote the elongation of M by i ranks by
E*(M) and the truncation by i ranks 7%(M); rewriting in terms of E*(M) and
Ti(M), one obtains E*(M) = T*(M~*)+. Furthermore, note from Proposition 1 of [8]
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that

ny(A) —i ifnpy(A) >4
nEi(M)(A> -
0 otherwise.

If 0 C E is an inclusion-minimal set for which ny (o) = i, then ngi-1ap(0) =
nay (o) — (i —1) =1, hence o is an E;_;(M)-circuit. But E*1(M) = T Y(M*)* so
E — o is a TY(M*)-hyperplane, and thus a (r(M=) —i)-flat of M*. Again, this

logic is reversible, therefore providing the following duality:

3.1.8 Proposition. Assume M is a matroid with ground set E. Then ny (o) =1 if

and only if E — o is a (r(M*) —i)-flat of M*.

In particular, this provides another combinatorial characterization for the Z"-
graded Betti numbers of the Stanley-Reisner ideal of a matroid; in conjunction with
Theorem 1 of [9], B;, # 0 if and only if o is the complement of a (r(M*) — i)-flat of
M*. Thus, as we expect, if the flats of M+ are equicardinal in each dimension, the

minimal free resolution of the Stanley-Reisner ideal of M will be pure.

3.2 Generalized Hamming Weights of Matroids

Following [9], one may extend the notion of generalized Hamming weights of a

code to matroids:
3.2.1 Definition. Let M be a matroid with vertices E. The i-th generalized Ham-
ming weight of M, denoted d;(M), is

d;(M) := min{|o| |c C E and |o| — dim M, — 1 = i},

where 0 C E, and 1 <i < |E| —dim M — 1.

In analogy with linear block codes, the set of generalized Hamming weights of
a matroid M is called the higher weight hierarchy. As shown in [9], if M is the
vector matroid of a parity check matrix for a linear code C, the generalized Hamming

weights of M and C are equal. The authors of [9] established the following lemma
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and theorem; here, we provide simplified proofs. First, some notation: assume M
is a matroid. By taking the independent sets of M to be faces, M is also naturally
a simplicial complex. If o is a subset of the ground set of M, we define M, to be
the subcomplex of M induced by o — thus, the faces of M, consist of the faces of M
which are subsets of 0. We also identify o as either a vector in {0,1}" C N" with

support equal to o, or, depending on context, a subset of [n].

3.2.2 Lemma. Let M be a matroid on [n], with o a face. Let ;4 be the i-th Betti
number in degree d € N" of the free resolution for the Stanley-Reisner ideal corre-

sponding to M. Then f,_1, is nonzero if and only if i = |o| — dim M, — 1.

Proof. Since each subcomplex M, is a matroid and thus Cohen-Macaulay, we get
that H'"I==Y(M,,F) # 0 if and only if |o| — i — 1 = dim M,. The result then follows
by applying Hochster’s Tor formula and taking dimension. O]

As one may then expect, the minimal degree shifts in a minimal free resolution
of the Stanley-Reisner ideal of a matroid are thus matroid’s generalized Hamming

weights:

3.2.3 Theorem. The generalized Hamming weights of a matroid M with vertices E

are given by

di = mm{d ‘ B’i*l,d 7é 0}

for 1 <i <|E| —dim M + 1 where B;4 is the i-th Betti number of M in degree d.

Proof. Applying Hochster’s Tor formula, along with |3.2.2;

min{d| |o| =d and 8;_;, # 0}
= min{d| |o| = d and H"=""*(M,,F) # 0}
=min{d| |o| =d and |o| —i—1=dim M,}
= min{|o| | |o| — dim M, — 1 =i}
—d,
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]

Recall that the Stanley-Reisner ideal of a matroid M is generated by the minimal
nonfaces of M, considered as a simplicial complex, i.e., the M-circuits. If M is the
vector matroid of a linear code’s parity check matrix, this relationship extends to the
underlying code. If A is a matrix with columns labeled 1 through n, and o C [n], we
will denote by A, the matrix whose columns are the columns of A whose labels are
in 0.

Assume M is the vector matroid of a parity check matrix H of a linear code C
with block length n. Thus, the bases of M are the subsets 0 C [n] for which the
columns of H, are linearly independent, and if 7 C [n] contains ¢ as a proper subset,
then the columns of H, are linearly dependent. If ¢ is an M-basis, the addition of any
one element from [n] — o produces a dependent set. Although not necessarily an M-
circuit itself, this dependent set does contain at least one M-circuit, 7. Furthermore,
the columns of H, are linearly dependent, and thus, correspond to a codeword of C
with support equal to 7. As proper subsets of 7 are independent and are thus not
the support of a codeword, 7 is a minimal 1-support of C. Conversely, a minimal
I-support of C is also an M-circuit, thus, one obtains the following (equivalent to

Proposition 9.2.4 of [18]):

3.2.4 Proposition. Let C be a linear block code with parity check matriz H, and let
I(M(C)) denote the Stanley-Reisner ideal of the vector matroid of H. Then

I(M(C)) = (z, | o is a minimal 1-support of C).

Copyright© Nicholas Armenoff, 2015.
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Chapter 4: Resolutions of Cyclic Codes

4.1 Cyclic Codes and their Stanley-Reisner Ideals

Recall that a cyclic code C with block length n is a code for which whenever
¢ = (cop,c1,...,¢h-1) € Cis a codeword, o(c) := (¢p_1,¢0,C1,---,Cn_2), called the
cyclic shift of ¢ is also a codeword in C. One may then check that {o,c?,...} is the
cyclic group of order n and thus ¢ induces a group action on C. We will show that
this group action also induces a group action on the corresponding Stanley-Reisner
ideal.

Let R :=Fxy,...,x,] and let s := {s1,...,5,} C [n]. Define

o(s):={(s1+1) modn,...,(s,+1) modn}

and, if m is a squarefree monomial in R, set og(m) to be the squarefree monomial in
R with support equal to o(supp(m)). Given squarefree monomials my,...,my € R

and scalars aq,...,a, € F, we define
oolaymy + -+ + apmy) = ar09(my) + - -+ + aroo(my).

Assume C has s := {s1,...,5,} as a minimal 1-support. As each l-support is the
support of at least one codeword in C, let ¢ € C be a codeword with support s. Since
o(c) is also a codeword, one has that o(s) is also a 1-support and is in fact minimal.

To see this, note that o~1(c) := 6" !(c) is a codeword in C, with support
o '(s):={(sy—1) modmn,...,(s,—1) mod n}.

Assume s is minimal, but that o(s) is not minimal; thus there is a 1-support ¢ C o(s)
with size strictly less than o(s), and consequently o~'(¢) is a l-support properly
contained in s, a contradiction to the minimality of s.

Let M(C) denote the vector matroid corresponding to a parity check matrix of
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C, with I C R := F[zy,...,z,] the Stanley-Reisner ideal of M(C). Each minimal
1-support of C bijectively corresponds to a minimal generator of I. Thus, given a
squarefree monomial m € R, one may specialize ¢ to I; by the previous discussion,
if m is a minimal generator of I, then so is oq(m).

Fix an ordering {my,...,my,} of the minimal generators of I and for each such

generator m;, find coefficients ay, ..., ay,; such that
O—O<mi) = ;1M + ..+ A Jog Mg -

Thus, one computes a ky X kg permutation matrix

w o,
1,1

a, Ao,1
A1 = . . .
(1) (1)
Ao, 1 7" Qg ko
Since exactly one of the coefficients ay 4, . . ., ag, ; is nonzero, we have o¢(m;) = m; for

some 7, and thus inductively, Jg_l(mi) = my; for some j; hence we may define
-1
op(mi) = oo(og — (ma)).

Furthermore, given a minimal generator m; of I, there is a codeword ¢ € C with
support equal to the support of m;, and ¢"(¢) = ¢; consequently, of(m;) = m; for
each minimal generator m;.

Let s denote a ky x 1 column vector with monomial entries and extend oy by
defining oy (s) to be the ky x 1 vector obtained from s by replacing each entry m of

s with og(m). As before, o/ (s) = s. With this notation, define
o1(s) := Ajoo(s).

Since the order of the isotropy subgroup of each m; divides n, A} = I,, the ky X kg

identity. Noting that oq(A;s) = Aj00(s) and defining
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we get

ot (s) = or(o} ' (s))
= o1 (A b ()
= Ayoo(AT ol (s))

= Afog(s)

by induction on p. Consequently, o7(s) = s, and furthermore, o; induces a group
action on R,

More generally, we proceed recursively as follows. Choose a free resolution § of

I = (my,...,my,) and assume o, ;1 has been computed. Let rq,... 7, _, be minimal
generators for Syz,, ,(I) and for each i, find coefficients aET), . ’a’EjZiL—l such that
km—1
T (ri) = > ol
j=1

for each entry r; ; of r;. Define

(m) (m)
a1 o Ay
A, = :
(m) (m)
akm—hl akm—hkm—l

and if s € RF»-1, set
om(8) = Anoo(s)

and

o (s) = om(0h ().

As before, one may compute that A,,00(s) = oo(Ams), so inducting on p,

o(s) = om(on,(s))
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= o (A}, og 7 (s))
= Ao (A}, g (s))

= A%,00(s).

One may alternatively compute ¢! by finding coefficients bET), . ,bl(-j?,:ikl such
that
km—l
ot () =y b
j=1
But by induction, o™ = o,,_1, so bET) = agj?), and thus o = o,),.
Furthermore, note that each o,,, maps Syz,, (I) into itself. Assume s = [sy, ..., s;,.]" €
Syz,,(I) and let rq, ..., 7, denote the minimal generators of Syz,, (/) used to com-

pute o,,. Note that by construction,

[om-1(r1) -+ Om-1(re,)] = [r1 - 1h,] Am
Thus,
[rl C g }Um(S)I [rl oo g | Amoo(s)
oo(s1)
NPT
o0(Sk,,)
oo(s1)
- [ Tt (r1) o Tt (1h)
00(Sky)

= 00(s1)0m—1(r1) + - - - + 00(Sk,, ) Om—-1(Tk,,)
= A_1(oo(s1)o0(r1) + -+ - + 00(5k,, )00(Tk, )
= Am,IO'(](SlTl + -+ Skmrkm>

=0,
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so by induction, each element in the orbit of s is also a syzygy. Consequently,

4.1.1 Proposition. Let C denote a cyclic code and let I be the Stanley-Reisner ideal
of M(C), the vector matroid of a parity check matriz for C. Let § be a free resolution
of I, with Syz,,(I) the m-th syzygy module. Then o, induces a group action on

SyZ,,(I).
4.2 BCH and Reed-Solomon Codes

We begin by expounding further on some of the basic properties of cyclic codes.

In the following discussion, we largely follow [11] and [7].

4.2.1 Definition. Choose a positive integer n and let ¢ be a prime power. The

q-cyclotomic coset of i modulo n is the set C; := {i¢"® mod n |k € Z}

A standard result in the theory of cyclic codes states that given a cyclic code over
[F, with block length n and generator polynomial g(z), if there exists a primitive n-th
root of unity a in some field extension of Fy, then g(x) = [];cc tta, (), Where pq, is
the minimal polynomial of o' over F, and C' is a set of representatives drawn from
each member of a subcollection {C;,,...,C; } of the g-cyclotomic cosets modulo n.
Furthermore, ji,, may be factored into the product [[,.q. (v — @°); thus, the roots of

g are precisely the powers o® for which s € U;Zl Cy, |7]. This motivates the following:

4.2.2 Definition. Let C be a cyclic code with block length n over F, with generator
polynomial g. Assume that « is a primitive n-th root of unity in a field extension
of F, and that the roots of g are the powers a® whose exponents s lie in a collection
{Ciys..., Gy} of g-cyclotomic cosets modulo n. Then (J;_, Cj; is said to be the
defining set of C.

4.2.3 Definition. Fix a block length n and let § be an integer such that 2 < § < n.
Let b denote an integer and choose a field F. Let C; denote the g-cyclotomic coset of
¢ modulo n. The cyclic code with defining set Uf;g Cp+; and block length n is called
a BCH code and is said to have designed distance §.

As the name suggests, a BCH code with designed distance 6 has Hamming distance

at least 0 [7]. Unfortunately, there is no guarantee that the actual distance of a BCH
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code is equal to its designed distance; indeed, finding bounds on the actual distance
is a current topic of interest. Consequently, we focus on BCH codes for which the
actual distance can be readily derived. First, however, we will derive a parity check
matrix for BCH codes.

Assume C is a BCH code and let a be an n-th root of unity in an extension field

of F,. Let g(z) denote the generator polynomial for C. Identifying C with its ideal
g [z]
(z7—1)”
Fy[z]
(zm—1)”

in and consequently codewords in C with their polynomial representations in

if ¢(x) is a codeword in C, then g(z) divides ¢(z). By the choice of the defining
set, each of a®, ot ... a’™=2 are roots of g, and consequently of c¢. Thus, one has

the equations
0=c(a") = ¢y + 10" 4 20 4 4, _ja D),

where ¢y, ..., c,_1 are the coefficients of c. Reinterpreting ¢ as a column vector, this

implies that H'c = 0, where

1 ab o2b . a(n—l)b
H, . 1 @b+1 a2(b+1) . e Q(n_l)(b+1)
1 abto-2 o 2(0+6-2) a(n—1(+5-2) |

has entries in the chosen extension field IF of F,. The associated BCH code is thus
the collection of codewords in the kernel of H’ whose entries all lie in F,. To find
a parity check matrix, one may use the procedure in Ch. 7, §7 of [11], which is as
follows. Let 8 := {f,..., 0k} be a basis for F as an F,-vector space, and let H be
the matrix obtained from H’ by replacing each entry o” of H’ with its coordinate

(column) vector relative to f; thus
Hfj = Hij1 81 + - + Hiji. B

For any row vector ¢ whose entries all lie in [Fy,
0= Hjc" for each row H, of H'
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< 0= Hjc1 +-- -+ Hj,c, for each i
— 0= (Hnpr+ -+ Hubp)er + -

+ (Hip1P1+ + -+ + HipgBr) ¢ for each i
< 0= (Hicr + -+ Hipicn) fr+ -

+ (Hjger + -+ - + Hippcy) Br for each i

<— 0= Hich for each row H;; of H,

hence H is a parity check matrix for the chosen BCH code.

4.2.4 Example. Let b = 1 and a be a 7-th primitive root of unity in Fg. Let
B := {1,a,a*}; B is thus an ordered basis for Fg as an Fy-vector space. Replacing

the entries of

with their coordinate vectors relative to B and then performing row operations, one

obtains

1011100
H=|1110010
01 11001

as a parity check matrix for a code C. Since H is a permutation of the parity check

matrix computed in C is the 4-dimensional binary Hamming code.

Note that one may choose a field F, which itself contains an n-th root of unity,

for example, by choosing n := ¢ — 1. Thus,

4.2.5 Definition. If C is a BCH code over F, with block length equal to ¢ — 1, then

C is said to be a Reed-Solomon code.

In such a case, one may take H' as a parity check matrix for the chosen Reed-
Solomon code. However, H' is a Vandermonde matrix, and thus, since H' contains

d — 1 rows, every collection of 6 — 1 columns of H’ is linearly independent [11]. Thus,
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every collection of & columns is linearly dependent — as a codeword corresponds to
a linear dependence among a set of columns, every codeword of the corresponding
code has Hamming weight at least 0. However, taking d to be the actual Hamming

distance, one obtains
d<d<n—k+l=n—(n—-00—-1)+1=4,
thus Reed-Solomon codes are maximum distance separable.

4.3 Observations on Resolutions of Reed-Solomon Codes

Assume C is a Reed-Solomon code with parity check matrix H. By the discussion
in[4.2] H is a Vandermonde matrix; thus, if H contains m columns, then any collection
of m columns of H is linearly independent [11]. As the designed distance of C is equal

to m,

4.3.1 Proposition. Assume C is a Reed-Solomon code with block length n and de-
signed distance m. Then M(C), the vector matroid of a parity check matriz of C, is

the uniform matroid Uy, m—1, the matroid whose bases are the (m — 1)-subsets of [n].
The circuits of the uniform matroid U, ,, are the m-subsets of [n], thus

4.3.2 Proposition. Assume C is a Reed-Solomon code with block length n and de-
signed distance m. Then the Stanley-Reisner ideal of M(C) is generated by the square-

free monomials x, € Flxy, ..., x,] for which |o| = m.

Let I denote such an ideal; then [ is a specialized Ferrers ideal in m variables
and with partition A = (m —1,m —2,...,0). Thus, I is minimally resolved via the
complex of boxes cellular resolution of [14]; by counting i-faces in the complex of

boxes, one arrives at the Z-graded Betti numbers

By = r+c\(r+t—1
L AN r

for ¢ > 0, where r denotes the regularity and ¢ the codimension of I. Consequently,
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4.3.3 Proposition. Assume C is a Reed-Solomon code with block length n and de-
signed distance m. Then the Stanley-Reisner ideal of M(C) has a linear minimal

cellular free resolution with B3; 4, = (m’jﬂ) (mtéfl)'

4.4 Cyclic Codes Corresponding to Complete Intersections

Let C be a cyclic code with block length p*, p a prime, and generator polynomial

k
g(x) = izuj, where 0 < a < k. Thus,

g(x) =1+ a?" + 2% . g g0
Therefore, C has as a generator matrix
G = |: Ipa Ipa PR Ipa ]

where the p® x p® identity I« occurs p*~¢ times. By permuting the columns of G,

one may produce

Upk’—a O 0
o | 0 Upe e 0
L 0 O Upkfa |

where each of the p* occurrences of U,x- denotes a row consisting of p*~* ones. Thus,
C permutation equivalent to a direct sum of codes with generator matrix U,r-o. Then,
trivially, the rows of G’ are the minimal support codewords of C, and consequently

the circuits of M(C) are the subsets of [p*] := {0,1,...,p* — 1} of form
ipk:fa + [pkfa] = {ipk:fa, 7:pkfat 4 17 L ,Z’pkia _i_pkfa . 1}

This proves:

k
P —1
zP®—1"

4.4.1 Proposition. Let C be a cyclic code with generator polynomial g(x) =
Then the Stanley-Reisner ideal of M(C) is minimally generated by the squarefree
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MONOMials Tipk—ayfpr—a) for i =10,. .. ,p~ L

Denote by I the Stanley-Reisner ideal of M(C). Since each of the supports ip*=%+
[p"74] of the minimal generators of I are pairwise disjoint, each generator x,, of I is

F[Z‘o,...,l‘pkil]

trivially a nonzero divisor on @ — and thus, the variety of I is a complete

o Tor1)
intersection. As such, I is minim(;lly reslolved by the Taylor complex.

On the other hand, one may consider G’ as a parity check matrix for C*. As such,
each Upr-a contains as its minimal dependent subsets the 2-subsets of [p*~] — thus,
the Stanley-Reisner ideal of M(U,x-) is minimally generated by the monomials z,

with o a 2-subset of [p*~¢]. As this is a Ferrers ideal, it supports a linear minimal

free cellular resolution [2], with Betti numbers

. m - )\k—i-k—l
5j_<j+2)+z< j+1 )

:_<j7—7:2>+m(?+_11>
B (j“)(jq—fz)‘

With no nontrivial linear dependencies between copies of Uys—. in G’, one therefore

obtains that the Stanley-Reisner ideal of M(C) is equal to Iy + I + - - - + [pa_1, where
I = (30 |0 € [0 and |o| =2).

In fact, as each 1-subset is independent, the corresponding matroid is the uniform
matroid Uj ,r-.. Moreover, the matroid M(C) is the direct sum of p® copies of U yk-a,
a partition matroid. Each I; is in distinct variables, so I+ 11+ - -+ I,_1 is minimally
resolved by the tensor product of minimal free resolutions §; of I;. Thus, one obtains

the resolution

$:0—=---— @ (Fl-1®---®FZ-j)—>--~%Io+---+la,1—>0
d=iy+-+ij
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of In+ I +---+ I,a_1, and therefore Betti numbers

Ba= Y. Bu-Bi

d=iy+-+ij

Finally, note that each of the above codes may be realized as a narrow-sense BCH

k
P —1

Z— are the pF-th roots of unity which are not also p®-th

code. The zeros of g(x) =
roots of unity. Thus there are (at least) p® — 1 consecutive zeros of g: a, a?,... a? 71,
Taking the defining set to be C1UCyU- - -UC a1 defines the cyclic code with generator
polynomial g as a BCH code with block length p* and designed distance p®.

Copyright© Nicholas Armenoff, 2015.
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Chapter 5: Resolutions of Duals to Finite Projective and Affine

Geometries

5.1 Resolutions of Duals to Finite Projective Geometries

In general, given a vector space V', one may define its projectivization as follows:

5.1.1 Definition. Let V be a k-dimensional vector space. The projectivization of
V', denoted P(V), is defined to be the set of one-dimensional subspaces of V. The
dimension of P(V'), denoted dimP(V), is defined to be k — 1.

5.1.2 Notation. We will denote by PG(k,F,) the projectivization of ]FZ; this is

called the (k — 1)-dimensional finite projective geometry over F,.

Note that in the literature, the notation PG(k,F,) generally denotes the k-
dimensional projective geometry over F,; here, however, PG(k,F,) has dimension
k — 1. Recall that in 2.1.T, we defined the k-dimensional simplex code over F, by
taking its generator matrix to be any matrix whose columns are the pairwise linearly

independent vectors in IF]; . As linearly independent pairs of vectors in Iﬁ‘l; reside in

k

> and thus correspond to distinct points of

distinct one-dimensional subspaces of F

PG(k,F,), we obtain an (equivalent) definition for the simplex codes.

5.1.3 Definition. The k-dimensional simplex code over F,, denoted S(k,F,), is de-
fined (up to permutation equivalence) to be the code whose generator matrix columns

are the points in PG(k,F,).

Consequently, we may (and will) consider PG(k,F,) as the vector matroid of
any generator matrix for S(k,F,). In addition, PG(k,F,) has rank k, and the r-
flats of PG(k,F,) correspond to the r-dimensional linear subspaces of IF’;. Thus,
its hyperplanes are the (k — 1)-dimensional subspaces of ]F';. Each such subspace is
orthogonal to a one-dimensional subspace of IFS, thus, the points on every PG(k,F,)-
hyperplane H satisfy a homogeneous linear form lgy(xy,...,x;) = 0. Furthermore,

this relation also implies that the relation between the dimensions of subspaces U

42



and V' of IF’;,
dim(U + V) 4+ dim(U N V) = dim(U) + dim(V),

carries over into PG(k,IF,) in essentially identical form: given flats U and V of

PG(k,F,) with ranks 7(U) and r(V),
r(UUV)+r(UnV)=rU)+rV).

As we identify the one-dimensional subspaces of IF’; with the points in PG(k,F,),
we may label (and identify) each point with the vector in its corresponding subspace
whose leading nonzero entry is 1g,. Taking a to be a (¢ —1)st root of unity in IF,, and
assuming a generator matrix S(’;_l for S(k —1,F,) has been computed, one may take
all multiples of SF~" of the form o/ S§~", for i = 0,...,¢—2; this produces all vectors
in F’;_l. Prepending each of these points with 1p, and including the point at infin-
ity, represented as (1: 0: ---: 0), one obtains all points of form (1: a;: ---: ax_1).
Assuming via induction that all points of form (0: ---: 0: 1: ap,: ---: ay_1) are con-
tained as columns of S(’;_l, one arrives at the following recursive description of a

generator matrix for S(k,F,).

5.1.4 Proposition. Let o be a (¢ — 1)st root of unity in IF, and define S; :=[1]. For

k > 2, define the k x ‘{;—11 matric Sé“ recursively by setting

0 1 1 1 e 1 x 21
k _ q—1
% = Sk=1 0 Skl Skl ... qa-2Gk-1 <P ’
q q q q

where 0 and 1 denote rows or columns of Os and 1s in F,. Then Sf; 18 a generator

matrix for the k-dimensional simplex code over F,.

Let M(SF) denote the vector matroid of S} and denote by M(SF)* the matroid
dual to M(SF). The block length of S(k,F,) is n := qqk_—_ll, and there exists an
(n— k) x n parity check matrix over F, to Sg —call it H 5. For the sake of simplifying
notation, we will let I, denote the Stanley-Reisner ideal of M(S(k,F,)) = M(H}) =

M(SE)+ = PG(k,F,)*. By [10], there are mq = q;_—_ll monomial generators of
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I, each with degree equal to the Hamming weight of S(k,IF,). Since there are mq
codewords in S(k,F,), each corresponding to a minimal 1-support due to the constant-
weight property of S(k,F,), each generator of [}, corresponds to exactly one codeword
in S(k,F,). Since [011 --- 1] is a codeword in S(k,F,) and all other codewords in
S(k,F,) have equicardinal support, the supports of all other codewords in S(k,F,)
are permutations of the support of [011 --- 1]. Fix a generator r of I;; then the
support of r, supp(r), is a circuit in M(Sf)i, and hence corresponds to a choice of
columns in Sé“. Thus, [n] — supp(r) is a hyperplane in M(Sf;), so the corresponding

(possibly permuted) columns of the generator matrix S} are the points of a PG(k, F,)-

hyperplane. Since this logic is reversible,

5.1.5 Proposition. Assume I}, is the Stanley-Reisner ideal of the matroid
M(S(k,F,)) = M(Sy)* = PG(k,F,)".

Then r is a minimal monomial generator of Iy, if and only if supp(r) is the complement

of a PG(k,F,)-hyperplane.

Suppose s is a monomial generator of I, distinct from r and set U := [n| —supp(r)
and V := [n] — supp(s). Identifying U and V with their corresponding PG(k,F,)-
hyperplanes, one obtains dim(U) = dim(V) = k£ — 1 and dim(U + V) = k. Thus,
dim(UNV) =k — 2, and it follows that

supp(r:s)=U—-V
—V_(UnV)

isa PG(k—1,F,)-hyperplane. Additionally, assume r is a monomial generator of I,

qk71—1
q—1

and let m := . Since the complement of supp(r) is a PG(k —1,F,)-hyperplane,

there exists a linear form [, such that

supp(r) = [m] — {P € PG(k — 1,F,) |l.(P) = 0}.

Moreover, since [, uniquely defines a hyperplane in any projective space, there exists
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a unique monomial " € I}, such that
supp(r’') = [n] — {P € PG(k,F,)|l.(P) = 0}.

Consequently, for each monomial generator of I_1, there exists a unique correspond-

ing monomial generator of I;. This motivates the following:

5.1.6 Definition. Assume r is a monomial generator of [;_; corresponding to a
hyperplane in PG(k—1,F,) whose points satisfy the hyperplane’s corresponding linear
form [,. Let r’ denote the monomial generator of I, corresponding to the hyperplane
of PG(k,F,) whose points satisfy [,, and define I;_, to be the ideal generated by the

monomials 7', where r is a minimal generator of I;_;.

5.1.7 Example. We will use

0 11
S3 = € Fy3<?
1 01

and

0001111
Ss=l0110011]|eF,
1010101

as defined via|5.1.4] The Stanley-Reisner ideal of M(S3)* is
Ir = (zow1, T2, T122) .

The generators are complements of PG(2,Fy)-hyperplanes, which we compute as the
varieties of Iy = yo + y1, lo = y1, and I3 = yp, for xox1, xoxe, and xqx9, respectively.
To compute I}, we introduce an additional variable, y_;, associated to the top row of
S3. Regarding Iy, lo, and I3 as linear forms in yo, y1, and the additional variable, y_,

one obtains the PG(3,Fq)-hyperplanes {2,3,6}, {1,3,5}, and {0, 3,4}. This implies
Ié = (5509013341135, TpT2X4Te, x1x2x5x6) .
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There are four minimal generators of I3 which are not minimal generators of I},

namely, Tox123%6, ToTaTsTs, T1T223%4, and x3x4x526. Adding these to I}, one obtains
I3 = ($0$1$4I5,$0$2$4$6, T1X2X5L¢6, LoL1TL3Le, LoL2XL3Ts, $1I2$3I4,$3$4$5$6) .

Note that I}, can also be characterized as the ideal generated by the monomials in
I}, corresponding to the natural inclusion of PG(k—1,F,) into PG(k,F,). Employing

this construction, one obtains:

5.1.8 Lemma. Assume I,_1 and I;, C R are the Stanley-Reisner ideals of the ma-
troids M(S(k—1,F,)) = PG(k—1,F,)* and M(S(k,F,)) = PG(k,F,)*, respectively.
Let xyc be a monomial generator of Iy, corresponding to a PG(k,F,)-hyperplane V.
Assume xyc is not a generator of I, | and denote by I, — xyc the ideal generated by

the minimal generators of Iy, except for xyc. Then

(I, — xyeo): xye = I .
Proof. Denote by N the PG(k,F,)-hyperplane corresponding to the natural inclusion
of PG(k —1,F,) into PG(k,F,). Let U be any PG(k,F,)-hyperplane, with zyc the

corresponding generator of I. Then

supp(zyc: xye) = UY —VC

=V-uUnWV.
Since dim(UNV) =k -2, UNV = PG(k —2,F,). Thus,

Iki Tyc = (I'V,Umv ’ U= PG(k — 1,Fq>>
= (.’KV,L ‘ L= PG(]{ — 2,Fq)) .

Let ¢ be any permutation on [n] such that ¢(N) =V and p(UNN) =UNV. Then

¢ induces an automorphism on R under which
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(zy_p|L = PG(k—2,F,) = (zx_1| L = PG(k — 2,F,))

= Ip1.

As an immediate consequence, we obtain the following:

5.1.9 Corollary. Assume I and I, C R are the Stanley-Reisner ideals of the
matroids M(S(k — 1,F,)) and M(S(k,F,)) of the simplex codes S(k — 1,F,) and
S(k,F,), respectively. Let Ij_, be as defined above, and assume xyc,...,zyc are

p+1

distinct monomial generators of Iy, which are not also generators of I;_,. Then
!/ .
(14, Tyc, ... ,:Evpc). Tye, = 1.

Proof. Let I, = (I,’C_l,:vvlc, ...wyc), where Tyc,...,xye are the distinct minimal
generators of I which are not generators of I; ;, and note that the proof of
also implies I ,: Tye > [, 4 for any p < n. Let N be the natural inclusion
of PG(k — 1,F,) into PG(k,F,). Denote by I — Ty, the ideal generated by the

minimal generators of [ except for Tyc . Then
P

~Y ! .
I :Ik—l' xvpil
/ .
- (Ik_l,xvlc,...,xvpc). Tye,
C ([ —xyc ): zye
- ( k VP+1) Vp+l

= -[k‘—la
where the two isomorphisms are given by the same automorphism ¢ on R for which
e(N)=V and o(UNN)=UNV. O

We will compute a cellular resolution for I, by first recursively describing the
(unlabeled) cell complex Cy on which our resolution of I is supported, defined as

follows.
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5.1.10 Definition. Let I, be the Stanley-Reisner ideal of M(Sy)*. If k = 1, define
the cell complex C7 to be a point. Otherwise, assume Cj_; is the cell complex
associated to I;_; and form ¢*~! new vertices. For each new vertex v, form the cone

of v over Cj,_q; call the resulting cell complex C.

Thus, Cj_; is a subcomplex of (. We will also define the labeled cell complex

recursively.

5.1.11 Definition. Let I;_; and I be the Stanley-Reisner ideals of M(S(k—1,F,))
and M(S(k,F,)), respectively. If k = 1, define the labeled cell complex L(C}) to
be C with its sole vertex labeled by the generator of I, x;. Otherwise, assume
Tyc,...,Tyg are the distinct monomial generators of I}, which are not also generators
of I;_,. Let Cj be the associated unlabeled complex and assume that L(Cy_;) is the
labeled version of the unlabeled complex Cj_; contained as a subcomplex within Cj,.
Replace each label r of L(Cy_1) with 7’ to obtain L(Cy_;)" and label each vertex of
Cy not in Cy_; with a generator of I which is not also a generator of I; ;. Call the

resulting labeled cell complex L(Cy).

5.1.12 Example. Notice that the ideal I, = I(M(S3)*), computed in [5.1.7, is the
same as the ideal considered in [2.3.9} indeed, one may show that the labeled cell
complex of is precisely L(Cy) for I(M(S3)*) and is replicated in sans the
labels of the faces with dimension greater than one. Apply the map r — 7’ to the
vertex labels of L(Cy) to obtain L(Cy)’, shown in This also alters the labels of
the 1-faces; rather than display these (and higher dimensional) labels, we take them
to be understood. One may then form Cj5 from C5 by coning 4 points over C5. To form
L(Cj3), we label the vertices of the copy of Cy one coned over with the corresponding
vertex labels of L(Cy). There are 4 minimal generators of I3 = I(M(S3)+) which
are not also minimal generators of I, which become the labels of the 4 new points

added to C5 to form Cs — one thus obtains L(C3), shown in [5.1d

For the sake of brevity, we will denote by xy,...,Z;,...,z, the set {zy,...,2,} —
{z;}; when the context is clear, we will denote {xy,...,x,} by F and {z1,...,2,} —
{z;} by F —{x;}. Assume I;_; has a minimal cellular resolution supported on Cj_1,

with the vertices on Cy_; labeled x,, ..., x,, . As Ci_; is simplicial, we may identify
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T3T4T5T6

ToT1 o2 1}I2 ToL2XL3TS
(a) L(C2) ToTITALS ToT2T4T6
ToL1T4T5 ToT2X4T6 $1$=2$59[76 ToT1T3T6
(b) L(Co)’
12,374
(c) L(C3)

Figure 5.1: The labeled cell complexes L(Csy), L(Cy)', and L(C3) associated to the
ideals I(M(S2)1), I(M(S2)1), and I(M(S3)1), respectively.

a face in Cj_; with its vertex set, and hence with the set consisting of its vertex
labels. Furthermore, given faces I := {w,, ,..., 7., }, the i-th differential map df’“’l
is defined by extending

e £ - x'r S EF— Trq .
F i lem(F — {z,, }) F={wra;}

1<j<i

linearly, where ep is a free generator associated to the face with vertices labeled

Ty ye..,Tp, and each ep_ is a free generator associated to the face with vertices
Taq) » MTra, {asmj }
labeled z;, ... Tpo ..., %y, . For each vertex v in Cj_1, replace the generator r of
i 1

Ij—; assigned as the label for v with the corresponding generator r’ of I ; to obtain

labels ..., ; we will denote such a face by F”. One can obtain a resolution

for I}, from the preceding resolution for I,_; by adjusting the label of each vertex
from x, to z;. Thus, the i-th differential map df’g‘l is
lem(F")
, F/ _ / F/ -
Cr > Z e( {xraj}7 )lcm(F’ _ {x;av}>€F {7, }
J

1<j<i

extended linearly:
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5.1.13 Proposition. Let I,_; be the Stanley-Reisner ideal of M(S(k — 1,F,)). As-

sume there exists a minimal cellular resolution A of A = I_1,
A dA dA
A0 FAD, 2 pA S 0.

Let B := I | be as defined above and define dP to be the map d* with coefficients m

replaced by m’. Then
B a7 d? B d1B !

is a minimal cellular resolution of I;,_,.

-1
Proof. Let V' € Z'=T be given and let the vertices of L(Cy_1); be labeled by a set

/

of monomials 7y ...,y

- in I ;. Let b :=lem(ry,,...,7q,); as b is squarefree, we

will identify b with its exponent vector. We will prove that the complex underlying
L(Cyr-1)%y is equal to the complex underlying L(Cy_1)<p.
Let F' be a face in L(Cy_1).; labeled by

T;il,-..,’/’;ik} g {T;17...,T;p}7
and thus
{raila'-'araik} C {Ta1v"'7rap}' (*>

Since the labellings of L(Cy_1) and L(Cy_1)" are by construction consistent with each

other, {ry, ,...,7q, } may be identified with a face in L(Cj-1) - in particular, with

’ " ag

the face defined by the vertex labels T{lil U 4 g By ﬁ, one has Tai, |b for any 7, so
{Tai,s- -+ 7a;, } defines a face in L(Cy—1) <.
On the other hand, if F'is a face of L(Cy_1)<, which is defined by vertices labeled

Tai - -+ Tay, > where 7, |b for each j =1,...,q. Then as

F - {Tflil""’r‘llik} - {rtlll,...,rép},
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one has that ), | for each j; therefore, F' is a face of L(Cy_1).,.
; <
However, the complex underlying L(Cy_1)<; is acyclic for every b, and, therefore,
L(Cy-1)y is also acyclic. Minimality of B follows by noting that the map m —— m/’

has positive degree. O]

Let v be the vertex of the cone over C_; and label v with a monomial generator
x, of I, which is not also a generator of I; ;. Notice that there is a bijective cor-
respondence F' < F' U{x,}, where F':= {z,, ... 2, } and F' :={a]_,...,2] }.

Define f;" by extending

lem(F" U {z,})
lem(F")

ergmy = (—1)'e(F, F U {z,}) e
linearly.

For convenience, given an R-linear map d;: F; — F;_; and an R-automorphism
¢, we will denote by ¢(d;) the map ¢(F;) — @(F;_1) in which each term m in
d; is replaced by ¢(m). Furthermore, if § is a free resolution, denote by ¢(§) the
permutation ¢ applied to each module and differential map in §. Note that if § is a
free resolution of an R-ideal I, and ¢ is any permutation on the variables of R which
fixes each element of the field of R, then ¢(§) is a free resolution of ¢(I). Using this

notation, one obtains the following:

5.1.14 Proposition. Assume I, and I}, are the Stanley-Reisner ideals of M(S(k—
1.F,)) and M(S(k,F,)), respectively, and let I}, be as defined above. Let Tyos - Tye,
be distinct generators of I, C R which are not generators of I, ;. As before, let N
denote the hyperplane corresponding to the natural inclusion of PG(k — 1,F,) into
PG(k,F,) and take V' to be the PG(k,F,)-hyperplane corresponding to supp(xqurl).
Let ¢ := gpvaal be a permutation on the variables of R for which o(N) =V and

o(UNN)=UnNV for any hyperplane U of PG(k,F,). Assume

A dA
Q(: 0 — QD(F;?) gp(dn)\ o( 2)\ QO(FIA>

e(d) o
(Ik—laxvlc> s 75UVPC): mvpal = @(Ik—l) — 0
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and

Bp

B, du? " B, d /

. n P

%p.0—>an /Fl >([k_1,xvlc,...,xvp0)_>0

are minimal simplicial cellular resolutions of (I},_, {xvlc, . ,:L’Vpc) : xvcﬂ} and By, :=
p

(Li—1, Tye, ..., wye) respectively supported on p(L(Cy-1)) and L(Cyr—1)'U{zye, ..., zve}.

Then the squares

SD(Fzél) —

@(diA)T df”T

commute.

Proof. Since each codeword in S(k,F,) has equal weight, and since [0---01---1] is a
codeword in S(k,F,), we may assume that the codeword in S(k,F,) whose support is
equal to the support of Ty may be permuted so that its support is equal to the sup-
port of [0---01---1]. However, [0---01---1] is supported on N¢; thus, without loss
of generality, we may take Tye, to be xyc, the monomial whose support is the sup-
port of [0---01---1]. Consequently, we may take ¢ to be the identity automorphism
on R, and we define f; V¢ := f;cvpc+ t

Let F:={zy, ..., 2, } and assume ep is a free generator of F;*. Again, one has
the bijective correspondence F' < F’' := {a:;al, e ,x;ai} and so one may relabel the
free generators of F/! with eps as necessary. Since 2 is cellular, one may write

@ e S e(F — fay, o F) )
j lem(F — {w,, }) “

1<j<i

For convenience, we will define G’ := F' U {xyc}. For each k, a/. is a generator of
af

I, Zr,, 1s a generator of Iy_q, and I}, ;: xyc = I_q, thus

lem(F) B lem(G")
lem(F — {xraj}) ~ lem(G7 — {x/raj})’
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As these quotients are equal, we may rewrite the image of e under d?* as

lem(G') .
lem(G7 — {af, )77

dd: eqr — Z (G —A{x,, },G)

1<5<i
after adjusting the labels of the free generators, thus obtaining the same resolution,

but supported on the cone.

Consequently, ffj\’lc o d* maps eg to

S (DTG {a, ane} G fal, NG~ {al, 1)

1<y<i
lem(G)
. C_{ .
lem(G" — {a, aye}) ¢ o)
J

On the other hand, under d?p ) ffN ¢ ecr maps to

> (1)@ = {a}, aneh, & = {aneDe(@ — {ane} &)

1<5<e
lem(GY)

. lem(G" — {ﬁa.,INC})eG/_{WT%‘ eyo}
J

Since € satisfies

€(G, - {x;a_,ch}, G’ — {x;a})s(G’ - {:L“;a,}, G/)
+e(G' —A{x,, ,anc}, G —{ayc})e(G —{zyc}, G') =0,

it follows that the squares commute. O

Thus, commutativity of the squares guarantees, via the mapping cone, the exis-
tence of a free resolution for (7;_;, Tye, . Tye 1), given free minimal cellular resolu-
tions for (112—1753\/107 . ,xvpc): Ty, >~ [, and (I,g_l,xvlc, . ,xvpc). Furthermore,

xX
as the comparison maps f; Yo do not involve any constants, the subsequent free
resolution of (I} ., Tyg, .. Tyg 1) is also minimal. Moreover, the mapping cone res-

olution is in fact cellular:
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5.1.15 Lemma. Assume A := I;_; and B, have minimal cellular resolutions, sup-
ported on L(Ck-1) and L(Cy-1)" U{zye,... ayc}, respectively. Let V' be the hy-
perplane corresponding to the support of Tye and let N be the hyperplane corre-
sponding to the natural inclusion of PG(k — 1,F,) into PG(k,F,). Let ¢ be an
R-automorphism for which o(UNN)=UNV for any hyperplane U of PG(k,F,) -
hence B,: Tye, = ©(A). Let Byi1 be the mapping cone of ¢(A) and B, under the
comparison maps f;v’g '. Then B,y1 is a minimal cellular resolution supported on

L(Chr) U{aye,... ape }.

p+1
Proof. As before, we may assume that Tyc, is e, and thus we may take ¢ to be
p

the identity on R. Since B,; is a minimal free resolution, one need only check that

it is also a cellular resolution with the desired support. Let F := {xral, e ,xr%}
be an (i — 1)-face in L(Cy-1) and let G := {a7,_ ... ,x;ai,xvpgl} denote an i-face in
L(C—1) U{ye, . .. 7xvpc+1}§ thus, there is a bijective correspondence

G —A{x,, }+— F— {@r,, }-

Notice that the i-th differential d; of the cellular complex of L(Cy—1)'U{zye, ..., zyc }

p+1

can be written as:

dea)= Y e<FcG'>i§$E§§eF/

facets I/ C G’

= (G — {aye}, &)

lem(G) .
lem(G' — {zyc}) &' eyc}

/ / ! 1CHI(G,)
+ Z E(G — {ZETQJ_},G )lcm(G/ — {x; .})eg/,{x/mj}.

1<j<i

However, as before,

lem(G") B lem(F)
lem(G" — {7, }) ~ lem(F — {2, })

thus (after relabeling the free generators ecr—(s; y with F' — {x;, }), one obtains
aj

lem(G')

di(eG’) = &T(G/ — {SL’NC}, G/) ICIH<G, — {xNC})eG/_{xNC}
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+ Y e(C () G/)lcm(llgni(gm})@{%j}.

1<j<i

However, the summation is by induction cellular and equal to d?_”f "(er), and so

consequently,
_ A+ i pTNC
dilecr) = d; 27 (er) + (=1)" f; V" (ee),

a syzygy in the mapping cone. O]
5.1.16 Theorem. There exists a minimal cellular resolution of I, supported on Cj.

Proof. Assume I,_; has a minimal cellular resolution supported on Cj_;. As I
is finitely generated, repeated application of |5.1.15( to I;_; eventually exhausts the
minimal generators of [ which are not minimal generators of I; ;. Thus, at this

point, one has a minimal cellular resolution of I}, supported on the labeled cell complex

L(Cy). 0

Note that this process in a sense generalizes the methods of [3]; instead of applying
the mapping cone to ideals with linear quotients, we apply it to certain ideals with
pure (nonlinear) quotients. Another cellular resolution of this family of ideals, using
different (less explicit) techniques, is given in [15], while the Betti numbers of the

Stanley-Reisner ideals of duals to finite projective geometries are computed in [10].

5.2 Finite Projective Geometries: The Binary Case

We are able to express resolutions of duals to binary finite projective geometries
in a more explicit manner. Each codeword ¢ of S(k,F5), the k-dimensional binary
simplex code, is the only nonzero codeword in the subspace generated by c; con-
sequently, the nonzero codewords of S(k,Fs) and the 1-supports of S(k,Fs) are in
bijective correspondence. Since S(k,F,) contains 2% — 1 distinct nonzero codewords,
each of the same Hamming weight (see , there are 2 — 1 distinct 1-supports of
S(k,Fy), each of the same cardinality. As the 1-supports are equicardinal, they are

also minimal, thus:
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5.2.1 Proposition. Let M(S(k,Fs)) denote the vector matroid of a parity check
matriz for S(k,Fs). Then the collection of circuits of M is equal to the collection of

supports of nonzero codewords of S(k,Fs).

Specializing the generator matrix for Sg (see[5.1.4) to Fy, one obtains

St o st

as a generator matrix for S(k,Fy). By permuting the columns of this matrix, one

may also obtain

St o sit

as a recursive description of S&; for the purposes of this section, we take this descrip-
tion as our definition for S§. Assume the nonzero codewords of Sé“_l are Cy,...,Cok—1_1,
with supports si,...,so-1_;. Let s be a subset of Z with k € Z and denote by s+ k
the set whose elements are s; + k, where s; € s. From inspecting the above generator

matrix for S(k,Fy),
(c1,0,¢1), ..., (cor-1_1,0, Cor-1_1)

are codewords in S(k,Fy) and hence have corresponding supports
sy U (5142871, 0 sgeo1 g U (Sgrm1_g 4+ 2871,

Assuming via induction that each of the 25! — 1 supports s is distinct, there are an
additional 2! — 1 distinct supports of S(k,Fy) obtained by subtracting the first row
of S from each of the codewords (c;,0,¢;). Including the support of the first row,

this yields the 2¥ — 1 supports
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S]_ U (S]_ + 2k_1), e eey 32k—171 U (82]@—171 + Qk_l),
8_]_ U 8]_ + 2k_l, ce ey 82k:—171 U (82]@—1,1 —|— 2k_1),

SNC

of S(k,Fs), and hence circuits for the vector matroid of any parity check matrix
corresponding to S5 — for convenience, call this matroid M(S5)+. Note that s;
denotes the complement of s; relative to the indices of the columns in S5 whose
topmost entry is 1. Consequently, we obtain the following recursive description for

the Stanley-Reisner ideal:

5.2.2 Proposition. Let I, 1 = (x4, ...,z be the Stanley-Reisner ideal of

i)

M(SE L. Then I is minimally generated by the monomials

LgXgyy2k—1,... ,$32k71_1$82k_1_1+2k71,
:E§I51+2k_1, Ce 7Imx52k—1,1+2k_17
xSNC.

Remark. Note that for a fixed ordering of the points of PG(k,F,), this may be gener-
alized to an essentially similar procedure which produces the generators of I, given
generators for I;_q; code implementing this procedure is given in Appendix [5.3] Es-
sentially, one chooses the ordering of the columns of S(’; as given in Let r denote
the top row of Sf and v € F,. Then for each of the ¢*~* codewords of S(k,F,) of

form
d = (c,0,c,ac,a’c, ..., a"%c),

where ¢ is one of the ¢"=2 codewords of S(k — 1,F,) with 1 as the leading nonzero
entry, one may produce g codewords of form ¢ — vr, each with distinct support. By
induction, each c¢ has distinct support and has 1 as its leading nonzero entry, so the

k—1

same is true of ¢ — yr. There are ¢° ' codewords of this form — thus, one obtains
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the ¢"~! distinct minimal 1-supports of S(k,F,), each corresponding to a generator

of the Stanley-Reisner ideal of PG(k,F,)*.

Each of the generators z,,x,. ,or-1 is in fact the image of x5, under the map r — r’

defined in [5.1.6] Consequently,

. ~
<x51x81+2k—1, . ,$32k7171$82k7171+2k—1) (T, pon—1) = (9631, e ,x52k7171> .

In particular, the proof of implies the ideal on the left is equal to ¢((@s,, . - Ts ),
where ¢ is a permutation on the variables of the ambient ring. In this case, we are

able to describe such a permutation explicitly.

5.2.3 Proposition. Assume Iy is minimally generated by xs,, . .. ' Tspp1_, and let
m = Tyly k-1 be a minimal generator of I C R = Fxg,...,zo_1] which is not

also a minimal generator of I, _,. Define @, : [2’“ — 1} — [2"” — 1} by setting

i+21 ifi eV oand i # max(V)
om(1) = Qi =281 ifi e V 4+ 251 and i # max(V 4 2F°1)

7 otherwise.

Then ¢,, induces an R-automorphism under which

(xslxsl+2k—1, . ,x32k7171$82k7171+2k—1) D (zpry poe—1) = ©m (Lp-1) ,

where I,_; is considered as an R-ideal.

Proof. One may check that ¢, is a permutation on the variables of R — hence, we
must prove that o,,(Ix_1) is the quotient ideal. Let U € {s1,...,So-1_1}. Notice
that

(TUuU+2") = (VuV+22")) =0nV)w (U—-(UNV))+2"1);
thus we will prove that
UNV)W((U=UnV)+2"1) =, (UU (U +251)).
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Let € @, (UU(U+2%71)). Then thereis ay € UU (U +2F1) such that ¢,,(y) = =.
If v =y + 2! theny € V and y # max(V) — thus x ¢ V + 281 and y ¢ U + 21,
But by assumption, y € U U (U + 271, so y € U, hence

zeU+2"H)—(V+2"HC@NV)u (U—-(UNV))+2"1).

The argument is similar if z = y—25"1, so we will assume x = y. Since VN(V+2F 1) =
0, the case when y = max(V) and y = max(V + 2¥7!) cannot occur. In addition,
the case when y = max(V) and y ¢ V + 27! cannot occur — if so, then since
max (V) < 28! — 1, one also has max(V) ¢ U + 2¥~1. Furthermore, max(V) ¢ U —
soy & UU (U +2F1). Similarly, y = max(V +2571) and y ¢ V cannot occur. Thus,

the only case remaining is when y ¢ V and y ¢ V + 2¥~!, in which case
ye (UUU+2"1) = (Vu(V+281).

On the other hand, assume z € (UNV)w (U—-UNV)+21). Ifz € (U -
UNV)+21 thenz — 21 e U —-UNV,soxz—2"1¢ V. Nonetheless, z — 2F~1
is the index of a column in S¥ whose topmost entry is 1, so x — 28=1 € V. But by

construction, max(V) ¢ U — hence x — 2¥~! = max(V). Thus,
T =0m(r—2"1) €0, (TU(T+2F1).

Assume x € UNV. Then x ¢ V, and since v € U, z < 2! so v ¢ V + 2¥~!. Thus,
T =0,(z) € 0pn(UU (U +281)). O

5.3 Resolutions of Duals to Finite Affine Geometries

5.3.1 Definition. Let P = PG(k,F,) be a finite projective geometry and let H be
a hyperplane in P. The space P — H is called a k-dimensional finite affine geometry

over F,.

To specify a matrix whose corresponding vector matroid is, up to permutation, an

affine geometry, let S(’; be a generator matrix for the k-dimensional simplex code over
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[F, —its corresponding vector matroid is PG(k,F,). Deleting the columns of Sg which
correspond to the natural inclusion N of PG(k — 1,F,) into PG(k,F,) (discussed in

, one obtains

1 1 1

1
5 k-1 E—1 o ak-1
0 Sq oqu oot Sq

k._
Ay = ,
where SF~! is a generator matrix for the (k — 1)-dimensional simplex code over F,.
Denote the vector matroid to A’; by AG(k,F,). Abusing notation slightly, we refer to
AG(k,FF,) as the k-dimensional affine geometry over F,. Note that the matrix whose
columns are the coordinate vectors of points in IE‘I; has column dependencies which

differ from those of A’;; indeed, as this matrix may be permuted into
q k-1 k—1 —2 qk—1
0 S, asS, o adTES) ;

one sees that the circuits of the corresponding matroid are merely repetitions of
the circuits of PG(k,F,)*. The Stanley-Reisner ideal of this matroid is seen to
be isomorphic to the ideal of PG(k,F,)*, and in particular, generated in degree a
multiple of the degree in which the ideal of PG(k,F,)* is generated — therefore, we
will focus on A} and characterizing the circuits of AG(k,F,)*.

As before, the Stanley-Reisner ideal of a matroid complex M is generated by the
circuits of M, and the complements of the circuits of M are the hyperplanes of M*.
Thus, taking M to be the matroid AG(k,F,)*, we obtain a characterization for the
Stanley-Reisner ideal of AG(k,F,)* analogous to , namely,

5.3.2 Proposition. Assume J is the Stanley-Reisner ideal of the matroid
M(ADT = AG(k,F )"

Then r is a minimal monomial generator of Ji, if and only if supp(r) is the comple-

ment of a AG(k,F,)-hyperplane.

As one deletes a hyperplane of PG(k,F,) to obtain AG(k,F,), a natural question

to ask is whether this relationship extends in some sense to the Stanley-Reisner ideals
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of PG(k,F,)* and AG(k,F,)*. In fact, it does:

5.3.3 Proposition. Let I be the Stanley-Reisner ideal of PG(k,F,)* and let J,
denote the Stanley-Reisner ideal of AG(k,F,)*. Let xn be the monomial supported
on N, the natural inclusion of PG(k — 1,F,) into PG(k,F,). Then Ij: xn =2 Jj.

Proof. Take PG(k,F,) and AG(k,F,) to be the vector matroids of S¥ and A}, respec-
tively. Let m be a minimal generator of I,: x5 — thus, m is supported on V¢ — N,
where V' is a PG(k,F,)-hyperplane. Since affine hyperplanes have support contained

within N¢, we must show that
N¢— (V¢ =N)=N-Vv¢

is an affine hyperplane in AG(k,F,). Let p be a point in V' which is not in NV — hence

po = 1. Since p € V', the coordinates of p satisfy a homogeneous linear form
l(zg,...,x) =0.

Dehomogenizing [ by setting o = 1 yields an affine hyperplane in AG(k,F,) on which
p lies.
Conversely, if p is a point on an affine hyperplane in AG(k,F,), then p satisfies a

linear form
a1y + -+ agrp +b=0,

which homogenizes to

a1r1 + -+ apxy + brg = 0. (*)
Comparing these equations, o = 1, hence py = 1, so p € N¢. Furthermore,
(1: py: -+ pg) satisfies ﬁ, so p also lies on a PG(k,F,)-hyperplane. O

In the projective case, we mapped the hyperplanes of PG(k,F,) to a subset of
the hyperplanes of PG(k+1,F,) by reconsidering their ideals as ideals in a ring with
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one additional variable; we will extend this construction further in order to map the
hyperplanes of PG(k,F,) to a subset of the hyperplanes of AG(k+1,F,). As before,
assume V' is a PG(k,F,)-hyperplane — hence V' is the variety of a homogeneous linear

form
[(zg,...,x) =0.

Considering [ as a polynomial in the variables x_1, x, . .., 2%, one obtains the PG(k+
1,F,)-hyperplane defined by I(z_1, xo, . . ., ). Since we identify the points of AG(k+
1,F,) with those whose first coordinate is 1, we dehomogenize [ by setting z_; = 1

to obtain the AG(k + 1,F,)-hyperplane corresponding to
l(zg,...,xx) = —a_; = 0.

Call this hyperplane V. For convenience, we will adhere to the notation I :=
I(M(S(k,F,)) = I(PG(k,F,)*) to designate the Stanley-Reisner ideal of the ma-
troid dual to PG(k,F,), and likewise Ji := I(AG(k,F,)*) for the Stanley-Reisner
ideal of the dual to AG(k,F,).

5.3.4 Definition. Let xy¢ be a minimal generator of I}, where V' is a hyperplane in
PG(k,F,). Define zyc := xyc and set I to be the ideal generated by the monomials

—_—

Tyc.

AsV is an AG (k+1,F,)-hyperplane, one has that I, is contained in the Stanley-
Reisner ideal of AG(k +1,F,)*, Jry1. Furthermore, there exists a recursive relation-

ship between [, and J;_; analogous to that considered for the projective case:

5.3.5 Lemma. AssumeV is an AG(k,F,)-hyperplane, with Xy.c a minimal generator
of Jy. supported on the complement of V', and denote by Jy — xyc the ideal generated

by the minimal generators of Ji except for xyc. Then
(Jp —xye) : xye = Jp
Proof. Notice that the generators of (J; — zy¢) : zyc have the form zye_yc, where
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U is an AG(k,F,)-hyperplane. Since
U -ve=v-unv,

one may use another dimension argument, albeit modified. If U and V are parallel
hyperplanes, then since (J;, — xyc) doesn’t have xyc as one of its minimal generators,
U#V. Thus, UNV = 0, so xyc_ye = xy, which is divisible by the generators of
(Jy, — xye) : xye for which U NV # (). Thus, we only consider hyperplanes U and V/
which aren’t parallel.

In the event that U and V' are not parallel, dim(UNV) =k -2, so UNV =
AG(k —2,F,). Therefore,

(Jk — SL’VC) . Tyc = (.TJV,UQV ‘ U= AG(]{J — 1,Fq>)
vor| L= AG(k - 2,F,))

T
k-1

2

]

5.3.6 Corollary. Assume I, Jy_1, Jy € R are the Stanley-Reisner ideals of the
matroids M(SF)* = PG(k,Fo)t, M(AS ) = AG(k — 1,F,)*, and M(AF)*- =
AG(k,F,)*, respectively. Let INk be as defined above, and assume Tye,...,Tyg  are

distinct minimal generators of Jy, none of which are generators of I.. Then

(g, e, ..., oye): rye, = Jpa.

Proof. As in the projective case, the proof of |5.3.5 also implies that Ef: Tye, =

Jy—1, via the same logic: if U is an AG(k,F,)-hyperplane parallel to v,1, then

the exclusion of Tye from I implies U # wp41, thus UNV = 0, and therefore

Tye ¢, = Ty, which isn’t minimal. Otherwise, U and v,;; intersect along an
p P

AG(k —2,F,). Employing this in conjunction with [5.3.5|

Ji_ o PR
k—1 k—1 vp+1
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O

From [9], the Z"-graded Betti number 3; , of the Stanley-Reisner ideal of a matroid
M = (F,Z) is nonzero if and only if ¢ C E is an inclusion-minimal set for which
ny (o) = i. By the duality given in [3.1.8 this is equivalent to £ — ¢ being an
(r(M+) —4)-flat of M*+. In the case when M = PG(k,F,)*, we obtain that such an
E —ois a (k—i)-flat of PG(k,F,), and is therefore a PG(k —4,F,). Thus,

qkf'i_l
qg—1

|E — 0| = #PG(k — i,F,) =

Y

and consequently, the minimum twist (in fact, the only twist, due to [3.1.7) at the
i-th position in a minimal free resolution of the Stanley-Reisner ideal of PG (k,F,)*
1s:

qk -1 qk:—z' -1

(P FYY =lo|=|E| - |E —0| = _
di(PG(k,Fq)™) = |o| = |E| - |E — 0| 1 a1

the same as derived in [10]. However, in the case when M = AG(k,F,)*, where
|E| = ¢" and |E — o] is a (k — i)-flat of AG(k,F,), and hence has cardinality ¢*~¢

the same reasoning yields minimum twists of
di(AG(k,F)") = ¢" — ¢" " = (¢ — 1)di(PG(k,Fy)™*).

Using [3.1.7| again and the fact that any minimal free resolution of J; has length
k+ 1, we may compute the Betti numbers of J; using the Herzog-Kiihl equations. In

the case when i # k 4 1, one may compute

Bia,(Jx) = q'q 2 ()
q

?

= q'Bia,(I1),
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where f3; 4,(I) = qi(igl) (];)q was determined in [10] and (];)q denotes the Gaussian

binomial coefficient. When i = k + 1, one obtains

Bk+11dk+1 - (q - 1)(q2 - 1) T (qk - 1)'

Since d;(AG(k,F,)*) > d;(AG(k — 1,F,)*), any chosen map of complexes between

a minimal free resolution of J,_; = (Ik_l,xvlc, . ,xvpc): Ty, and a minimal free
p
resolution for (I_, Tyc, ... ,mvpc) has positive degree. Consequently, the comparison

maps are minimal, so using the same model of induction as in the projective case,

one obtains the following result.

5.3.7 Proposition. There exists a minimal free resolution of J,, by mapping cones.

Copyright© Nicholas Armenoff, 2015.
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Appendix: Macaulay2 Code

Some effort has gone into developing methods in the Macaulay?2 [5] computer
algebra system to support research into combinatorial invariants of linear block codes.
A summary of some of the more important methods developed for Macaulay? is
included below. In the event that a function calls a secondary method which is
not native to Macaulay?2, a description of the secondary method’s functionality is
provided; only the essential code is included. Note that this code is compatible with
version 1.7 of Macaulay?2.

As finite affine and projective spaces arise via simplex and Reed-Muller codes,
methods for computing such spaces are provided below. Due to their differing Stanley-
Reisner ideals, we distinguish between finite affine spaces and finite affine geometries
and provide methods for each. Note that each of the following procedures may easily

be refactored to run iteratively, if one desires to produce a list of finite geometries.

-- Input: a nonnegative integer r and a GaloisField F
—-- Output: a matrix whose columns are the pairwise linearly
-- independent vectors in F°r
-- Remark: block(m, n, alpha) returns an m x n matrix whose entries
-- are equal to alpha
finiteProjectiveGeometry = method(TypicalValue => Matrix);
finiteProjectiveGeometry(ZZ, GaloisField) := Matrix => (r, F) -> (
if (r < -1) then (
error "expected r to be at least -1";
) else if (r == -1) then (
matrix mutableMatrix(F, 0, 0)
) else if (r == 0) then (
matrix {{1_F}}
) else (
aff := finiteAffineSpace(r, F);
pg := finiteProjectiveGeometry(r-1, F);
zeros := block(1l, numCols pg, O_F);
ones := block(l, numCols aff, 1_F);

((zeros | ones) || (pg | aff))
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-—- Input: a nonnegative integer r and a GaloisField F
—-— Output: a matrix whose columns are the points in the rank r finite
-- affine geometry over F
finiteAffineGeometry = method(TypicalValue => Matrix);
finiteAffineGeometry(ZZ, GaloisField) := Matrix => (r, F) -> (
if (r < 0) then (
error "expected r to be at least 0";
) else if (r == 0) then (
matrix mutableMatrix(F, 0, 0)
) else (
aff := finiteAffineSpace(r, F);

block(1l, numCols aff, 1_F) || aff

-- Input: a nonnegative integer k and a field F
—-— Output: a matrix over F whose columns are the points in affine
-- k-space over F
-- Remark: fieldElements(F) returns a list containing the elements of
-— the field, in the order {0, a0, a~1, a"2, ...}, where a is a
-- primitive element; blockMatrix(m, n, mat) returns a matrix
-- consisting of m x n copies of mat
finiteAffineSpace = method(TypicalValue => Matrix);
finiteAffineSpace(ZZ, GaloisField) := Matrix => (k, F) -> (
if (k < 0) then (
error "expected k to be at least 0";
) else (
fldElements := fieldElements F;

if (k == 0) then (

matrix mutableMatrix(F, 0, 0)
) else if (k == 1) then (

matrix {fldElements}

) else (
aff := finiteAffineSpace(k-1, F);
aff’ := blockMatrix(1l, fieldOrder F, aff);
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topRow := matrix {
for i in fldElements list
(numCols aff):i

};

sub(topRow, ring aff’) || aff’

One may compute the minimal 1-supports of the simplex codes — and hence
the complements to hyperplanes of finite projective geometries — using the follow-

ing method.

-- Input: a positive integer k and a GaloisField F
-— Output: a list of representatives of the minimal 1-supports of the
-— k-dimensional simplex code over F
—-- Remark: finiteProjectiveGeometries(k, F) returns a list of the
-- finite projective geometries up to rank k
simplexCodeSupportCodewords = method(TypicalValue => List);
simplexCodeSupportCodewords(ZZ, GaloisField) := List => (k, F) -> (
if (k < 1) then (
error "expected a positive dimension";

) else (
a := primitiveElement F;
ls := toList(0 .. fieldOrder(F)-2);
projGeometries := finiteProjectiveGeometries(k-1, F);

suppWords := {first projGeometries};

for i from 2 to k do (

repSupp := for c in suppWords list (
cols := apply(ls, z -> a”z * c);
¢’ := join({c, matrix {{O0_F}}}, cols);
matrix {c’}

)

topRow := (projGeometries#(i-1)) {0};

linComs := flatten for c¢ in repSupp list (
apply(ls, z -> ¢ - a”z * topRow)

)

suppWords = join(repSupp, linComs, {topRow});
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);

suppWords

BCH codes and their duals are a particularly rich source of examples; their gen-
erator polynomials (or more generally, the generator polynomial of any cyclic code
with a specified defining set) may be computed in Macaulay? using the following pair

of methods.

-— Input: a GaloisField F, an integer n, and a list of representatives
-- of g-cyclotomic cosets mod n

—-— Output: the polynomial whose defining set consists of the powers of
-- a primitive element which lie in the cyclotomic cosets specified
-- by cycCosetReps

-- Remark: minRootOfUnityExtensionDegree(n, q) returns the degree of
-— the smallest field extension over GF q which contains an n-th root
-- of unity

cycCosetPol = method(TypicalValue => RingElement) ;
cycCosetPol(GaloisField, ZZ, List) := RingElement => (F, n, reps) -> (

q := fieldOrder F;
X := local x;
S := F[x];

if (reps == {}) then (
1.8
) else (
G := GF q” (minRootOfUnityExtensionDegree(n, q));
ord := ((fieldOrder G)-1) // n;
minPols := apply(reps, i -> minPol(i*ord, G, S));

product unique minPols

-— Input: a nonnegative integer i, a GaloisField G, and a

-- PolynomialRing S in one variable, with a subfield of G as its

-- coefficient ring

—-- Output: the minimal polynomial over a subfield F of G of the i-th
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-- power of the primitive element used by M2 to represent G, returned

-— as an element of S

-- Caveat: the coefficients of the polynomial f returned by this

-- function live in the ground field F. Thus, in order to obtain

-- f(a"i) = 0, as expected, one must map f into G[y] via iota

-- (defined in the code below).

-- Remark: primitiveElement(F) returns a primitive element of the

-- given field F; cyclotomicCoset(q, s, n) returns the g-cyclotomic

-- coset of s mod n

miPo = method(TypicalValue => RingElement);

miPo(ZZ, GaloisField, PolynomialRing) := RingElement => (i, G, S) -> (
F := coefficientRing S;

if (class F =!= GaloisField) then
error "expected a polynomial ring over a GaloisField";
if (numgens S != 1) then
error "expected a polynomial ring in one variable";
if (1 < 0) then
error "expected a nonnegative integer";
if not isSubfield(F, G) then (
error concatenate("expected coefficient ring of ",
toString S, " to be a subfield of ", toString G);

)3

y := local y;

T := Gly];

aF := primitiveElement F;
aG := primitiveElement G;

cycCoset := cyclotomicCoset(fieldOrder F, i, fieldOrder(G)-1);
mappings := {aF => sub(aF, G), S_0 => T_0};

iota := map(T, S, mappings);

minPolImage := product apply(cycCoset, z -> (T_0)-aG"z);

first (preimage(iota, ideal minPolImage))_x*

Copyright© Nicholas Armenoff, 2015.
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