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Convergence of Eigenvalues for Elliptic Systems on Domains with Thin Tubes and
the Green Function for the Mixed Problem

I consider Dirichlet eigenvalues for an elliptic system in a region that consists of
two domains joined by a thin tube. Under quite general conditions, I am able to give
a rate on the convergence of the eigenvalues as the tube shrinks away. I make no
assumption on the smoothness of the coefficients and only mild assumptions on the
boundary of the domain.

Also, I consider the Green function associated with the mixed problem on a Lip-
schitz domain with a general decomposition of the boundary. I show that the Green
function is Hoélder continuous, which shows how a solution to the mixed problem
behaves.
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Chapter 1 Convergence of Eigenvalues for Elliptic Systems on Domains

with Thin Tubes

1.1 Introduction

In this chapter, we consider the behavior of eigenvalues for elliptic systems in
singularly perturbed domains. We give a simple characterization of the family of
domains that we can study and it is easy to see that this class includes dumbbell
domains formed by connecting two domains by a thin tube. We are able to give a
rate on the convergence of the eigenvalues as the tube shrinks away. We make no
assumption on the smoothness of the coefficients and only mild assumptions on the
boundary of the domain. There does not seem to be much work on eigenvalues for
elliptic systems. The work of Rauch and Taylor [32] gives limiting values of eigenvalues
in domains with low regularity, but only treats elliptic equations and does not give
a rate of convergence. Also, the work of Brown, Hislop, and Martinez [5] provides
upper and lower bounds on the splitting between the first two Dirichlet eigenvalues
in a symmetric dumbbell region with a straight tube. Furthermore, the work of Anné
[1] examines the behavior of eigenfunctions of the Laplace operator under a singular
perturbation obtained by adding a thin handle to a compact manifold, but requires
more regularity than we use.

There is also a great deal of research on eigenvalues for the Neumann Laplacian
in domains with thin tubes. Courant and Hilbert [7] point this out by taking the unit
square in R? and attaching a thin handle with a proportional square attached to the
other end. They show that if {\¢} and {\?} are the Neumann eigenvalues of —A
in increasing order including multiplicities with respect to the unit square and the

perturbed square, then A — 0 as € — 0, but A) > 0. Furthermore, Arrieta, Hale,

0

o1, as € — 0 for m > 3.

and Han [3] show that for this type of domain, A5, — A



Jimbo and Morita [22] show that for N disjoint domains connected by thin tubes
whose axes are straight lines, the Neumann eigenvalues of —A converge at a rate of
order e"!, where ¢ is the tube width. Jimbo [21] also shows that if {y;} are the
Neumann eigenvalues of —A in D = D; U D, and {\;} are the Dirichlet eigenvalues
of % in (0,1), then for {o}} = {u} U{\;} and the eigenvalues of D; U D, UT; being
{o%}, where T. is a tube with axis (0, 1), it is the case that o — o} as € — 0. Also,

Brown, Hislop, and Martinez [4] show that if o), € {}\{);} then

\N17
loy, —op| < C {log (5)1 n=2

lox — o <Ce"T n>3

Our technique relies on a reverse-Holder inequality for eigenfunctions that uses a
technique introduced by Gehring [12]. This gives LP-integrability of the gradient of
eigenfunctions for p > 2, which implies that they are not concentrated in the tube.
From this inequality, we are able to prove several estimates on eigenfunctions that
lead to the result. As a by-product of our research, we give a simple proof of Shi
and Wright’s [35] LP-estimates for the gradient of the Lamé system as well as other

elliptic systems.

1.2 Preliminaries

We now define the family of domains €2.. We let €2 and Q in R be two non-empty,
open, disjoint, and bounded sets. We fix g9 > 0, and then let {T.}o<.<., be a family

of sets such that if |7;| denotes the Lebesgue measure of T;, then

IT.| < Ce? (1.1)



where C' and d > 0 are independent of €. The connections from 7. to ) and Q will
be contained in B, and EE, which will be balls of radius € in R” so that 7. N Q =0
and T.NQ C B where B is the concentric ball to B. of radius 5. Also, suppose a
similar condition for € and Eg. Then for any ¢, define 2. to be the set Q U Qu T,
which we assume to be open, and 5 = Q U Q. So, you may think of 7T, as a “tube”
connecting the two domains. We now have the family of domains {€. }o<c<c,-

Next, we give a condition on the boundary of .. If B, is any ball of radius r

satisfying B, N Q¢ # (), then
|BQ7~ N le Z C()Tn (12)

where Cj is a constant independent of r and . This eliminates domains with “cracks.”

Throughout this paper we use the convention of summing over repeated indices,
where ¢ and j will run from 1 to n and «, @, and v will run from 1 to m. We
let aiajﬁ (z) be bounded, measurable, real-valued functions on R™ which satisfy the

symmetry condition

aP(x) =d’(2), i,j=1,2,..,n, «o,B=12 .,m. (1.3)

1% 7t

We let L?(€.) denote the space of square integrable functions taking values in R™ and
H}(£.) denotes the Sobolev space of vector valued functions having one derivative in

L?(£2.) and which vanish on the boundary. We use u§ to denote the partial derivative

ou™
Ox; *

Let 7. € C*°(R™) be a cutoff function so that 7. = 0 in 7%, 5. = 1 in Qp\ (B.UB.),
V.| < %, and 0 < n. < 1, where C,, only depends on n. We emphasize that B.,
/B:, and 7. depend on the parameter €. With these assumptions and definitions, we
have that for any u € Hy(€.), n.u will be in H} (Qp).

We now introduce the notion of a weak eigenvalue and corresponding weak eigen-

vector. We say that the number o is a weak Dirichlet eigenvalue of L with weak



Dirichlet eigenfunction u € H} (), if u # 0 and
/ af}ﬁ(z)u?(:p)qﬁf(:v) dx = a/ u(z)¢? (x) dz forany ¢ € Hy(Q). (1.4)
Q Q
As we will see in a later section, the eigenvalues for the elliptic systems we consider
form an increasing sequence. The lower bound on the smallest eigenvalue, however,

depends on which ellipticity condition we use.

1.3 Ellipticity Conditions

m n
. ; 12
If we define a norm on matrices A = A% € R™™ as |A]? = ZZ |A%]*, then
i=1 j=1
we say that L satisfies a strong Legendre condition or a strong ellipticity condition if

there exists 8 > 0 so that

a%ﬁ(x)ﬁf‘{f > 01E)?, €€ R™™ aqe x € Q.. (1.5)

We introduce the Lamé system as Lu = —div((u), where ((u) denotes the stress
tensor defined by

Cf(u) = af‘jﬁuf‘ (1.6)

which is defined in terms of the Lamé moduli v and u by
0§ = Vdiadjs + H0i0as + 01500 (17)
Also, define the strain tensor x(u) as

(u} + uf) : (1.8)

N | =

kij(u) =

Note that for the Lamé system, m = n and the Lamé parameters v and p given in

(1.7) are bounded, measurable, and satisfy the conditions

v(z) >0 pu(z) > >0. (1.9)



The Lamé system does not satisfy the strong ellipticity condition, but does satisfy

the ellipticity condition

agluful > 7|k(u)|*,  we Hy(Q) (1.10)

where 7 = 2§. Next, consider a well-known inequality from Oleinik [30] p. 13].

Theorem 1.3.1. Korn’s Inequality Let Q be a bounded domain. If u € HJ (L),
then

IVullZz () < 2[5z (1.11)

where k(u) is from (1.8) and C only depends on n.

With Korn’s Inequality (1.11]), it is easy to see that for the Lamé system, we have

.
2/, (Vul? dy S/Q a%ﬁuf‘u? dy, u€ Hj().

Furthermore, we say that L satisfies the Legendre-Hadamard condition if there

exists 6 > 0 so that
il (2)&alatih; > 0115, €ER™, Y ER", ae z€Q.. (1.12)

For scalar equations, the Legendre-Hadamard condition is equivalent to the strong
Legendre condition. However, for systems, this is not the case, as illustrated in this

example taken from Chen [0, p. 133]. Let m = n = 2 and

1
af af

where b3} =1, b}? = —1, and bf}ﬁ = 0 otherwise. Then,
aff (@)abstity = (0] +03) + s (0] + 03)

= s(& + &)W +v3)
= sl¢PP|uf?,



which means that this system satisfies the Legendre-Hadamard condition. But, if

¢ =1(0,1,2s,0)", we obtain

aif ()€ = € + (&3¢ — 6)
= s(1 +4s%) — 2s

= s(4s* — 1).

Hence, this system does not satisfy the strong Legendre condition.

Even in the case of the coefficients satisfying a symmetry condition, the Legendre-
Hadamard condition is still a weaker condition. As stated earlier, the Lamé system
does not satisfy the strong ellipticity condition. This can be observed by noting that

for any £ € R”, we have
aBeaeB _ | ¢igd a2 J i
a;; &8 = v&& + pl& T + pglE;
so that by choosing n =2, & = —1, £} =1, and & = & = 0, we have
Qe = 20— 2p
=0

which implies that the Lamé system does not satisfy the strong ellipticity condition.

However, note that for £, n € R", we have

ai&€mans = v&EEMM; + HE&mana + 1EEmm;
= (v+ p) (&mi)* + plEPnl?

> 61¢)%|n|?

so that the Lamé system satisfies the Legendre-Hadamard ellipticity condition. In
general, systems with continuous coefficients satisfying the Legendre-Hadamard el-

lipticity condition also satisfy the following inequality taken from Treves [37), p. 347].



Proposition 1.3.2. Garding’s Inequality If L satisfies the Legendre-Hadamard
condition with continuous coefficients in ., then for any u € H} (),

Cy | |Vul|* dy < / a%ﬁu?uf dy+Cy [ |uf* dy (1.13)
Q. 0. Q.

where both Cy and Cy depend on the ellipticity constant in and the coefficients

af

@i -

Proof. We first restrict to when the domain is a small ball, B,., and consider the case

when the coefficients are constant. It suffices to consider u € C°(B,). We define the

Fourier transform for scalar-valued functions f € L*(R") as

fA@) _ s f($)e—27rix'§ dr,

and set

Parseval’s identity and properties of the Fourier transform then yield

| @) d= [ apwiewe da

= [ a(emit) 2ries) @ TOWE) de

T

> /B 0l2mi | (w](©)]? de

where the ellipticity condition (1.12)) was used on the last line. Thus, since

| ol as = 303" [ olemie o) de

j=1 a=1

Yy / Ol T(E) de

j=1 a=1

- / 0uly)? dy

we thus obtain

0| |Vul®dy < /B a%ﬁuquﬁ- dy. (1.14)

L
By



Next, define the modulus of continuity to be

M(zo,R) = max a7 (y) — af (zo)]- (1.15)
yGBR(go)
/1/7.]7a7

We have

/ ( [a%ﬁ(xo) —a%ﬁ]uf‘uf dy‘ < M(xo,r)/ ( |Vul? dy
B, 130)

so that by freezing the coefficients at x,

/ ay utg dy = / iy (wo)uu) dy + / a2 — a2 (o) s dy
( By (o) By (x0)
and using the constant coefficient case (1.14]), we obtain

(0 — M(zo,7)) /

(Vul? dy < / af‘j’guf‘uf dy. (1.16)
By (zo) By (o)

Now, for the global estimate, since the coefficients are uniformly continuous in €.,

we may fix rg small enough so that

Q_M(yur()) >

D

. yen.. (1.17)

Cover Q. with a finite number of balls { B, (zx)}Y_,. There exists a smooth partition

of unity {px}i_, subordinate to the cover {B,,(x;)}+_, so that




We may write

/ s ﬁdy—Z/ prasy utu dy
Q

€

N
Z/ (pru)? (pru)] dy
=1

N

-3 / a2 (e)elp) e + prlp) Ul + (px)pruc] dy
=I-1II.
We have that
II< (CN ijf)/ |u|? dy+w/ (Vul? dy (1.18)

for any w > 0.

Also, since pru has compact support in B,,(z), we may apply (1.16]) and ((1.17))

to obtain

1> Z |V pku

2 2 2 2
> 52 / GRITE = 9l dy
6 6
> —/ |Vul? dy—0—2/ lul? dy. (1.19)
2 Jo. "o Ja.

So, now using 1. and choosing w = ¢ in (1.18)), we obtain

4

6 5 o a B C N 9
ZL/QJVU‘ dyg/gatzijuiuj dy+r—g(N+?+9)/QE\u] dy.



1.4 Construction of Eigenvalues

The construction of eigenvalues and eigenfunctions is taken from Gilbarg and
Trudinger [I5, p. 212] and is well-known. We will construct eigenvalues assuming
that uw € H}(Q.) satisfies . We note that if L satisfies the strong Legendre
ellipticity condition or the ellipticity condition , then the construction is

a special case of this construction. Define the bilinear form B. on Hj(Q.) x Hj ()

as
B.(u,v) :/ a%ﬂu? f dy (1.20)
and define the Rayleigh quotient R. as
B.(u,
R.(u) = M (1.21)
HuHL2(Q5)
for u # 0. From Garding’s inequality (1.13]),
Cy||[Vul? — Cyllul?
oy GV, = Gl o
||u||L2(QE)
So,c = inf  R.(w) exists and is finite.

O#UJGH& (Qe)

Claim 1.4.1. There exists u € Hy(€2.) such that o = R.(u).

Proof. Choose a sequence {w,} € Hy(€.) so that R.(w,) — o. Then set

Wp

Uy = ————
P wpllzn

so that ||up| 2. = 1 and R.(u,) — 0. By Garding’s inequality (|1.13]),
ClV i < [ a ) w)] dy +Calulia,
= Rs(up) + CQ

<C

the last line owing to the fact that {R.(u,)} converges. Thus, by the compact imbed-
ding of Hy(§2.) into L*().), there exists u € L*(€).) so that by passing to a subse-

quence of {u,}, and renaming it {u,}, we have [ju, —ul[ 2.y — 0 and ||u| 2. = 1.

10



We will next show [Ju, — ul|g1(q.) — 0. Define Q(w) = B.(w,w). Then, for any

and k, we have
up + Up Uy — Uyp
o(r5) re (")
a B _ a _ B
L5 () e L5, (5
0. 2 ; 2 i . 2 ; 2 i

. ( /Q o+ [ EAAH dy)

= £ Q) + Qluy)).
Thus, since o= inf  R.(w), we have
Q"5 < 3@+ Q) —o [ |*T2] ay
= 5 Q)+ Q) ~ 5 [l 4 200 ()" dy
~ 20 +0) =2 (aspl—o0)
L

Therefore, using Garding’s inequality (1.13)) and since {u,} converges in L*({.),
CollV (w = up)ll72(0,) < /Q ag) (ur — up) (w — wy,)} dy + Collug = up| 32,
U —u
—1Q (“52) + Gl = vyl
—0 (asp,l — o0)

so that {u,} is a Cauchy sequence in H}(€2.). It now follows that u, — u in H}(€.).

To finish up the proof of the claim, we will now show Q(u) = R.(u) = 0. We have

'/ upﬁdy /Qa dy‘

<c / g )] — )+ ) —

(up)]ﬁ- — uf )

sc/ﬁ ()2 | () — ] + [u2]

11



So, since u, — u in H (), we may apply Holder’s inequality to obtain

‘/ upﬁdy /Qaﬁufufdy’

< O||Up||H3(QE)||Up - u||H3(QE) + ||u||H§(Q5)||uP - U||H3(Q€)

—0 (asp— o0)

so that 0 = lim R.(u,) = R.(u) and the proof of the claim is complete. O

p—00

Claim 1.4.2. 0 = R.(u) from Claim is the minimum eigenvalue with eigen-

function u.

Proof. Fix v € H(Q.) and define f(t) = R.(u + tv) where ¢ € R. Then, by the

symmetry of the coefficients ([1.3)) and the normalization of w,
(fﬂs a?jﬁ ( u; + ugv B) dy) (fﬂa |u|? dy) — (fQE 2uv® dy> (fQE a%ﬁu?uf)

(o tu)’

f'(0) =

= 2B.(u,v) — 20/ u*v®.

So, since R. achieves a minimum at u, we have 2B.(u,v) — 20 fQ u*v® = 0 or
B.(u,v) =0 fﬂs u®v® which implies u is an eigenfunction of L with eigenvalue o.
Also, if A < o is another eigenvalue with eigenfunction w, then B.(w,w) =

A Jo w*w® which implies

B (w,
(w,w) _ =\A<o
lwliZz .
which contradicts c =  inf =~ R.(w). The proof of the claim is now complete. [

O;éwEH(} (Qs)
To construct the remaining eigenvalues, we need to make sure the eigenspaces are

all finite-dimensional.

Claim 1.4.3. We have Ey = span{uy : o < N} C L*(€.) is finite-dimensional for

every N.

12



Proof. We prove by contradiction. So, suppose there is an infinite orthonormal se-

quence {ug} in Ey. Then by the ellipticity condition (1.13)), for each k, we have

Cl/ |Vuk|2 dy S BE(Uk,Uk> + 02/ |Uk|2 dy
Qe Qe

<o+ Cy

< N+ Cy. (1.23)

So, we have that the sequence {uy} is bounded in Hj (£2.). So, again using the compact
imbedding of Hy(Q.) into L*(€).), there exists a convergent subsequence in L?().).
Renaming this subsequence {u} and using that this subsequence is orthonormal, we

have

[Jw — upH%%QE) = (W — up, up — Up) 12(0,)
= ”ulH%%QE) + Hup”%%gg) — 2w, up)r2(0.)

=2 (I#p)

which implies this subsequence is not Cauchy in L*(£).). This contradicts that this

subsequence converges. So, there cannot be an infinite orthonormal sequence. O]

Now that we have that each eigenspace is finite-dimensional, we may continue the

construction of subsequent eigenvalues. Given the (k — 1)th eigenfunction uy_1, set

k O#weHol(Qs) E< ) ( )
we{ur,ug, . up—1}+

where the orthogonal complement is taken in L?(£2.). We note that oy, exists since
R.(w) is bounded below. Furthermore, following the same arguments from Claim
1.4.1} there exists uy € Hy(Q) such that Re(ug) = ox and [lug||72q ) = 1. To show

that uy is an eigenfunction of L with eigenvalue o, we decompose

L*(Q.) = span{uy, ug, ..., up_1 } ® {u1, ug, ..., up_1 } .

13



If v € HY(Q:) N {uy, ug, ..., up_1 }+, then by construction of the eigenvalues, we may
set f(t) = Re(ux + tv) and follow the same argument from Claim to get that

B.(ug,v) = oy, fQE utv®. If v € H(Q) N span{uy,u, ..., ux_1}, then write v =
k—1

Z;:ll ciu. We have B (v, w) = Z clal/ ufw® for any w € H}(€.). Consequently,
=1 e

by the symmetry condition (1.3 and since uy € {uy,us, ..., up_1}+, we have

Be(ug,v) = Be(v, ug)
1

We now have that u; is an eigenfunction of L with eigenvalue o,. We also note
that by construction, o; < oy if [ < k. We thus have a non-decreasing sequence of

eigenvalues, listed according to multiplicity such that

) R - R _ 1.25
o;éwrenfllrél(ns) -(w) <(ur) = o (1.25)
we{ur,ug,.up—1}+
and
sk 20y = 1 (1.26)
for any k.

Claim 1.4.4. The constructed sequence of eigenvalues {0y }32, is increasing and sat-

isfies o — 00 as k — o0.

Proof. We show o}, — oo by contradiction. Suppose o, < C' uniformly in k. Then, by
construction of the eigenvalues, E¢ is infinite-dimensional, but Claim guarantees

that E¢ is finite-dimensional. We thus have
o — 00 as k — oo. (1.27)

]

14



1.5 Theorem for Convergence of Eigenvalues

We now state the main result for this chapter.

Theorem 1.5.1. Let

(Lu)? = 0 (aa-ﬁ%) G=1,...m

9a; \"“9 o,

satisfy one of the following:

1. L has uniformly bounded coefficients and satisfies either the ellipticity condition

or the ellipticity condition .

2. L has continuous coefficients and satisfies the ellipticity condition .

Also assume {0}, and {05}, are the Dirichlet eigenvalues of L with respect to
and Q. in increasing order numbered according to multiplicity. Then for each J € N,

we have the following estimate:
|05 — oy < Ce*

where a > 0 is independent of any eigenvalue and C only depends on 05 and the

distance from 09 to nearby eigenvalues.

The proof relies on the reverse-Hélder inequality for the gradient of solutions of
elliptic equations that is established by a technique introduced by Gehring [12]. This
gives LP-integrability of the gradient of eigenfunctions for p > 2, which implies that

they are not concentrated in the tube.

A Reverse-Holder Inequality

If ][ |f(y)| dy is defined to be the average of f on E, then recall that the maximal
E

function is defined for f € L} .(R™) to be

r>0

M(f)(z) = sup ]{3 @)y

15



where B,.(z) is a ball of radius r centered at x. Also, define Mg(f)(x) to be

Ma(f)(z) = sup ]1 @)y

r<RJB
We will need the following theorem, which uses a technique introduced by Gehring

[12] and was refined by Giaquinta and Modica [14].

Theorem 1.5.2. Letr > g > 1, and QQ = Qg be a cube in R™ with sidelength R
centered at 0. Also, define d(x) = dist(x,0Q). If f and g are non-negative measurable
functions such that f € L"(Q), g € LYQ), f = g = 0 outside Q, and with the added

condition that
Ma (9°)(x) < bM(g)(x) + M(f?) + aM(g%)(z)

for almost every x in Q where b > 0 and 0 < a < 1, then g € Lp(Qg(O)), for
pElg,q+¢) and

<]{2R/2 9"(y) dy>; <C (JQR 9'(y) dy); + ( . 2(y) dy) ;] (1.28)

where € and C' depend on b,q,n,a and r.

The conclusion of this theorem is known as a reverse-Holder inequality. To show
that the gradient of eigenfunctions satisfy this inequality, we will need to prove a
Caccioppoli inequality. However, to show this Caccioppoli inequality, we first need
the following two well-known inequalities taken from Hebey [19, p. 44] and Oleinik
[30, p. 27].

Theorem 1.5.3. Sobolev-Poincaré Inequality Let 1 < p < n and é =

1_1
p n’

Also, let B, be any ball of radius r with w € WYP(B,). Then, for S contained in B,

with |S| > cor™,

[ o) st ar < € (/ V() dx) ' (1.29)

where ug = JCS u dy and for some constant C(n,p,co), independent of u.
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Theorem 1.5.4. Korn’s Inequality on Balls If u € H'(B,) then

1
[ValZas, < C (Hx(u)\riw ; —!Iul\%z(m) (1.30)

72

where C' only depends on n.
We now state and prove a Caccioppoli inequality for eigenfunctions.

Theorem 1.5.5. Let u be an eigenfunction with eigenvalue o associated to the opera-
tor L satisfying either or with uniformly bounded coefficients or associated
to with continuous coefficients. Extending u to be 0 outside )., there exists

ro > 0 so that if ro >r >0, x € R", we have

n+2
n

|Vul? dy < Oy (][ |Vu|n27f2 dy)
BT BQT

+ Cylo]| lu|? dy 4+ Cs ][ (Vul? dy (1.31)

BQT- BQ’V'
where B, is a ball with radius r centered at xz, C3 < 1, and Cy; > 0 only depends on
M = max; .z ||a%ﬁ||Lw(Q€), n, m, 0, 7, and Cy. Furthermore, if L satisfies either

or with uniformly bounded coefficients, then the inequality holds

for any r > 0.

Proof. First, choose a ball B, and define a cutoff function v € C°(R") to be so
that v = 1 in B,, v = 0 outside By, |Vv| < %, and 0 < v < 1, where C, only
depends on n. Below, we will find an appropriate constant vector p € R™, so that
vi(u — p) € H} (). By the weak formulation (1.4)), we have

/Qg a%ﬁuia[VQ(u - ,0)]5 dy = 0’/ O — p)]Y dy.

€

By performing the differentiations, we then get

/ QZBU?[QWJ(U —p)’ + VQU]@] dy = 0/ W (u— p)7 dy. (1.32)

€

17



From this point, the argument depends on which ellipticity condition L satisfies. We

have 3 cases.

case 1: L satisfies the strong ellipticity condition .

Using (1.5 and properties of v, we obtain the inequality
« o Cn
/ ”2%]-5%‘ u; dy < / 2M7V|Vu||u —p| dy +/ lo||ullu — p| dy
327- B27- B2T'

which, for any constant w > 0, then leads to

wr?|Vul? C
/ V2a%ﬂu?uf dy < / [Vl dy + — / lu — p|? dy
BQT BQT 2 wr BQT‘

+ C|o| lul? dy (1.33)

Bar

where C' depends on M and C,,. Then choosing w = ¢ in ((1.33)) gives

6 C
= V| Vul? dy < — lu — p|* dy + Clo| lul? dy.
2 /B 0r* Jp B

2r 2r 2r

Then, multiplying both sides by % and using that v =1 on B, gives

2 2C 0|
Vuldy < 25 [ Ju—p* dy+ =5 ul? dy. (1.34)
BT BZT BQT
Now, for the term lu — p|* dy, we must consider two subcases.
B2r

subcase A

If By, C ()., then let p* = ][ u® dy. Our condition on the support of v implies
B27‘

vi(u—p) € H}(Q.). So, setting ¢ = 2 and S = By, in the Sobolev-Poincaré Inequality
(1.29]), we obtain

n+2

/ |u—p|2dys0</ |Vl dy) n
B2r BQT

Using this estimate with ([1.34]) gives

n+2

C 2n n
Vul* dy < — (/ |Vu|n+2 dy) + C|o]| lul? dy.
Br r BQT

B2’l‘

18



Now, dividing through by r™ gives the desired result with C3 = 0.

subcase B
If By, NQE # (B, then set p = 0, which, again, guarantees that v*(u—p) € H} ().
So setting ¢ = 2 and S = By, N {2, in the Sobolev-Poincaré Inequality ((1.29)), we have

by our assumption on Q¢ ([1.2]) that

n+2

/ |u—p|2dys0(/ |Vu|f+”2dy)”‘
B4r B4r

From (|1.34), we obtain

n+2

C 2n "
IVul? dy < — (/ |Vu|n+2 dy) + Clo]| lu|? dy.
Br r B4'r

By

A simple covering argument gives the estimate with By, replaced with B,.

case 2: L satisfies the ellipticity condition )

From ([1.10)) and (1.33]), we have
wr?|Vul? C
[t ays [ 2 4 S gy clol [l ay
4 BQT 2 wr B27‘ BZT
Also, by Korn’s inequality (|1.30), we have

G 1wty / fu— pf? dy < / ()2 dy.

r

This implies

C 1 1
/ Vul? dy < —— |Vul? dy+C ( + —) / lu—p|? dy+-—— ’ | lu|? dy.
r 27— B2’I‘ w B27‘ BQT

Tr2 o r?
This again leads to two subcases as in case 1. We must choose p appropriately and
use the Sobolev-Poincaré inequality (1.29) as in case 1. Then, by taking w sufficiently

small, we obtain the desired result.

case 3: L satisfies the Legendre-Hadamard condition (1.12) with continuous coeffi-

cients in €)..
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We note that it suffices to study u € C2°(€2.) and first consider when the coeffi-

cients are constant. We rewrite the left side of ((1.32) as
[ = ool o), dy
Qe

s [ st — o) - vivta = 9l = vstu = p)(a = )] dy.
Qe

This, then implies that

| = oot - o)) dy
B2r
<C / VIV ((u = p)0)llu = ol + Ju — p2IVv]? + ol ullu — ol dy.  (1.35)
BQ‘!‘
We note that we may use the Fourier transform to get a lower bound of

01V ((u—p)v)|* dy
Bar
on the left side of (1.35)) as in the derivation of ([1.14)). This leads to the estimate
C
Vil dy < [ V(- pPdy< G [ lumpl dyeClol [ Jul dy. (136)
Bay By

BT B2r
So, again, if we employ the Sobolev-Poincaré inequality (|1.29)), we get the desired
result in the case of constant coefficients.

If the coefficients are continuous and non-constant, then we freeze the coefficients

at x. That is, from the weak formulation ([1.4)), we have

/ afj’g(x)u?((u— p)l/2)f dy—l—/ (a%ﬂ — af‘]ﬂ(x))u?((u — p)y2)f dy
Qe

€

= O’/ u((u— p)v?) dy. (1.37)

So, recalling the definition of the modulus of continuity from (1.15)), we have that
[t == )] dy

< M(z,2r) /

B2r

V2 |Vul? dy + 2M (, 27’)/ v|Vv||Vullu — p| dy

BQT

< C(M(z,2r) + M(x, 27")2)/

BQT‘

C
\Vul? dy + ﬁ/ lu — p|? dy.
BQT
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Also, by the uniform continuity of the coefficients on €., for any ¢ < 1, there exists 7

depending on ¢, so that if C(xg, R) = C(M (xg,2R) + M(z¢,2R)?) and r < rg, then
C(zo,7) < c

for all 2y € Q.. So, now moving the second term on the left side of (1.37) to the right
and using the constant coefficient case (|1.36)), we obtain that for any ¢ < 1, there

exists 1o so that if r < rq,

C
Vul® dy < — lu — p|* dy + Clo] lul® dy + c/ |Vul? dy.
T B, Bay

By Ba
We again note that here, we must choose p appropriately and apply the Sobolev-
Poincaré inequality ((1.29) to get the desired result. ]

As stated earlier, our proof of Theorem relies on the gradient of an eigen-

function satisfying the reverse-Hélder inequality, as in our next theorem.

Theorem 1.5.6. There exists e; > 0 so that if u is an eigenfunction with eigenvalue

(]{2 |Vul? dy) ’ +o|® ]{2 uf? dy] (1.39)

where 2 < p < 2+ €1, and €; and C' are independent of € and any eigenvalue.

o, then

NS

][ |VulP dy < C

Proof. Now if u is an eigenfunction with eigenvalue o, we have u € H}(£2.), and thus
we may employ the Sobolev inequality to get that |u| € L"(€.) for some r > 2. If
L satisfies either (1.5 or (1.10)) with uniformly bounded coefficients, then we may

choose a cube Qg, centered at 0, with radius R such that Q. C @ R, uniformly in €,

and set g = |Vu|n%, f= (Cg|a|)ﬁr2|u|n%, g = "2 and u = 0 outside ., we may

conclude by ([1.31]) and (|1.28)) that

2np % TLLH n 2np %
<][ |Vu|n+2 dy) <C [(f |Vul? dy) + o2 <f |u|n+e dy) ]
Qg 5 Qa

n+2

where #== < p < "T” + ¢, which is independent of ¢ and any eigenvalue. So, setting

p = %, we have the result. If L satisfies 1) with continuous coefficients, then
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since we only have Theorem true for small r, we must cover (), with a fixed

number of cubes and apply ((1.28)) to each cube to obtain the result. O

Eigenvalue Estimates

From this point, let o}, be the kth eigenvalue with respect to €2, and ¢} be its
corresponding eigenfunction with ¢; = 0 outside (). for ¢ > 0. We also fix an
eigenvalue ¢ with multiplicity m; where ¢4 ; < 09 if J > 2. We will consider the
family {05} as € > 0 tends to 0. We begin with the following proposition taken from

Anné [2] p. 2595-2596]:

Lemma 1.5.7. Let (q, D) be a closed non-negative quadratic form in the Hilbert space
(H,(,)). Define the associated norm ||f||? = || fll% + ¢(f), and the spectral projector

I1; for any interval I = (o, 3) for which the boundary does not meet the spectrum.
1. Suppose f € D and \ € I satisfy

la(f.9) = Mol <dlflllglli - g€ D.

Then there exists a constant C > 0, which depends on I, such that if a is less

than the distance of v or 3 to the spectrum of q,
Co
ML (F) = fll = (I = — 1]

2. Suppose the spectral space E(I) has dimension m and fi, ..., fm is an orthonor-

mal family which satisfies
[re(fi)llh <6 j=1,..,m.
Also let E be the space spanned by the f;’s. Then,
dist(E(1), E) < C§

where the distance is measured as the distance between the two orthogonal pro-

jectors.
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This lemma will give us the results we need for the convergence of eigenvalues.
We will prove estimates on eigenfunctions using the reverse-Holder inequality ((1.38]),
which will allow us to use this lemma. We begin with the following well-known

mini-max theorem for systems taken from Grubb and Sharma [16].

Theorem 1.5.8. Let S* denote any subspace of L*(Q.), with dimension k. Then
£ _ mi R.(u). 1.39
7 = min max, (u) (1.39)

This leads to the following proposition.

Proposition 1.5.9. We have for any ¢ > 0, and any k € N,

of <ol (1.40)

Proof. Now, by (L39),

min max R.(u) = oy.
Sk 0£ueSk

k
Set T* = span{¢!, ..., 2}. Then for w € T*, say w = Z @), and by the definition

=1
of R.(w), we have

e Be(ad) eid))

- Eis:ﬂclﬁb?a csP9) r2(.)

_ 1ot s Bo (6], 62)

N Zis:l Cle<¢?a ¢2>L2(QE)

_ Y amt 000, %) 12 c)
N 223:1 acs(dY, 09) 12 (an)

where we have used the weak formulation of an eigenfunction ((1.4)) on the last line.

R.(w)

So, by the orthogonality in L? of the eigenfunctions and since eigenvalues form an

increasing sequence,
k
2o 00 (B ) 2o,
- k
2 G D)@
k
O_O Zl:l Cl2 <¢l07 (b?)LQ(Qs)
= k k
> i1 (L D) o)

=0}

R.(w)
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so that by the construction of eigenvalues,

op = R.(¢)) = max R.(u).

uGspan{(b(l) ..... 2}

Thus, since span{¢?, ..., 2} is one of the S*’s, we have the result. O

This proposition gives us the easy half of the inequality in our theorem. To prove

the second half of the inequality, we will need a few items.

Proposition 1.5.10. For any e > 0, and k > 1, if ¢ = ¢5, then we have

VelP dy < C (1.41)

Qe

where p > 2 is from (1.38) and C' depends on the domain Qg and n, and has order

25+n(p—2) ap+2(p—q)

(D)7 forn >3 or (o)) 2 forn =2, where 2 —r < q < 2 for small k.

Furthermore, p and C' are both independent of ¢, and if n = 2, C' blows up as ¢ — 2.

Proof. Now, from (|1.38]), we have

0.7 ( | wor dy)

where p > 2 is from ([1.38). Observe that by Garding’s inequality ((1.13)), we have

SIS

[ 1veray<c
Qe

+ D ( [ 1o czy)] (1.42)

c | VeI dy < / 0Ped dy+C | o dy
Qe Q. Qe

<O+ 05 / 6P dy

< C(1+|og]) (1.43)
the last line owing to the normalization of the eigenfunctions. Next, we will consider

/ R

Using Sobolev’s inequality and ([1.43]), we have

n > 3 and estimate
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( || dy) < C( Vo|? dy)
Q. Qe

< C(1+|og)2). (1.44)

Also, by Hélder’s inequality, we have

(|4

t(n—2)

S(L}W@OV(AmedQ ;

hSHES

where ¢ satisfies

1 11—t tn—-2
— + (n )
p 2 2n
From this inequality and ((1.44)), it follows that

( |6[” dy)
Qe

S

<C(1+10l)

n(p—2)
— o (1+ 1o

Now, using this inequality along with ([1.42)), (1.43)), and ([1.40]), we obtain

Vol dy < @ {(1 +of) 4 (oD (1+ \ag|”(’12>>}
Qe
254n(F-2)

gc{@& i +@@5+q.
This completes the proof for n > 3.

If n = 2, then from Gilbarg and Trudinger [15] p. 158], we use Sobolev’s inequality,
along with Holder’s inequality and (1.43]) to obtain

) - C i
v q —“ (] v a
([ 1o an)” < 5 (), rworrav)

C 2 1
<~ v%z) 0.|F
_(2_®2(AJ o dy) |

< ﬁ <1 + “72’%>

[NIES
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where ¢* = =L is the Sobolev conjugate of ¢q. Then, applying Holder’s inequality, we

(f#5)

obtain

[

< o (141

C (5—a)
= (1 + |O-]i’ pﬁqq )

(P—q)

2-q) ™

and using (1.42)), (1.43)), and ((1.40]), we obtain

= C
/ VoIl dy < ———— [(1 +0y)
Qs (2 — q q

C ap+2(P—q)
A

NSy

(oD (14108 5)

(NI

_ -

(2—q) @
0

Lemma 1.5.11. For the eigenfunction ¢5, J < k < J+m;—1, and any w € Hg (),

we have the following estimate:

a e\ .« np_2)
\ / i dy—oi [ o dy's& lol, (145)
O

where ||w||y is from Lemma[1.5.7 and C only depends on the domain Qo, n, 09, and

is independent of €.

Proof. First, we extend w to be 0 outside 2y and ¢, to be 0 in (B, U EE) N ¢ Then

we have

[ e eonea ay-o [ oo dy\
Qo Qo

<| [ a0 — o dy\
Qo
[ R )] dy = / () ) dy]

=|I+ 1+ |I[II+1V].
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First, since ¢ is an eigenfunction with eigenvalue o}, we have that 111 + IV = 0.

Also, by Hélder’s inequality and Poincaré’s inequality, we have

C
I+ 11 < g||¢1i||L2(B€u§5)||Vw||L2(BEu§E)

< ClIIVEll 2505, 1wl

where we have used Garding’s inequality ((1.13]) on the last line for w. Thus, from

Holder’s inequality and Proposition [1.5.10}

I+ 11 < C"5 [V o s

< O™ u)s.

This concludes the proof of the lemma. n

If we choose an interval I around of, such that of € I, then it is easy to see that for
q(f,9) = / fa dy and f = n.¢%, we have satisfied the hypotheses for part 1 of

Lemma [1.5.7. To satisfy part 2, we start with the following well-known proposition.

Proposition 1.5.12. If A is an N x N matriz and v is a N x 1 vector such that
N

Av =0 and Z | Ayl < |Ay|  for eachl=1,...,N, then v = 0.
il
The next proposition shows that the functions {n.¢¢}7=77 " are almost orthonor-

mal.

Proposition 1.5.13. Foranye >0 andl,k e N, (J <,k < J+m,;—1), if o =

we have the following estimates:

/ Pl dy > 1 — Ce" 5 (1.46)
Qe

k- b dy| < Ce"F if k£l (1.47)

Qe

where C only depends on |Qq|, n, and 09, and is independent of €.
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Proof. We start by showing (|1.46)). Since the eigenfunctions are normalized, we obtain

for each k,
1—/@ 2o dyz/g<1—n§>|¢k|2 dy

— [ -k d
T-UB:UB,

=
S ||V¢k||%f’(ﬂe)|Ta U Be U B5|p5

d(P—2)

SCkE p

where, from (1.41)), C} depends on . So, since C}, = C';, we have (1.46)).
Next, to show (|1.47)), we have

/ 2ok - 1 d?/‘ <

/ e dy‘+
B,

/ - dy'
Qo\(BEUBg)

€ EUBE
[ e dy’+ [ ocady- [ oo dy'
B:UB: Qo\(B:UB:) Qe
S/ ~|¢kz'¢l|dy+/ ok il dy
B:UB. T-UB:UB:

the second inequality following since the set of eigenfunctions form an orthogonal set

in L?(€.). So, next by Holder’s inequality, we get

1 1
/niqﬁk-cm dy‘s(/ P dy) (/ B dy)
5 B:UB, B:UB:
: :
+(/ ~|<z>kr2czy) (/ ~|¢l|2dy)
T:UB:UB. T-UB:UB¢

=I+1I.

Now, from Poincaré’s inequality and (|1.41)), we get

(VI

!

hSHIN

= ? ~ p= : ~ ~ -
I S (/ ’¢k’p dy) ’BE U 35’72 (/ ‘¢l|p dy) ’BE U Ba’TQ
B.UB. B.UB.
n(p—2) n(p—2)
<|IVérlsane 7 IVoullrne >
n(p—2) n(p—2)

<Che 2 Cle™ %
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where C}; again depends on o} and C; depends on ;. Thus, we have

"(P 2)

1<Ce (1.48)

where C' depends only on [, n, and ¢9. Similarly,

d(p—2)

II1<Ce 7 (1.49)

so that the proposition is proved. O

To satisfy the hypotheses for part 2 of Lemma we need an orthonormal

basis. The next proposition shows that for small €, we have a basis.

Proposition 1.5.14. For e > 0 small enough, {n.¢5}_, forms a linearly indepen-

dent set for any N > J.

Proof. Assume Cyn.¢5 + ... + Cnn.¢% = 0. Then, multiplying this equation by 7n.¢7,

we achieve
N

Z naqbk?naqbl)L?(Qs = O = J, ,N

k=J

So, if A = (005, m-07) 12(0.), We obtain by (1.46|) and ( - ) that

2)

|Akk| >1- Ce Pp

d(F—2)
>(Ce 7

> | A
k=J
ik
if ¢ is small enough. Thus, if C' = (C}, ...,Cy)*, since AC' = 0, we have by Proposition
1.5.12| that C' = 0 so that the proposition is proved. O

"(P 2) 0'J+O'J+mi
4p R

Now we define I = ( — Me ) for M > 0 to be chosen later. Also,
let II be the projector onto the space spanned by the eigenfunctions corresponding
to the eigenvalues, {o%}, in I. We note that for fixed £, we may choose M so that of,

isin [ for J <k < N where N > J 4+ my; — 1. This is due to Proposition [1.5.91 We
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next define Jy : L*(Q.) — L*() to be given by Jof = n.f, and similarly, we define
J.  L*(Q%) — L*(€2.) to be such that

flz), if ze€
Jef (@) =
0, if xeQ\Q.

By Proposition [1.5.14} {n.¢5}4_; is a basis for the range of JoILJ.. Thus, we may

apply the Gram-Schmidt process to this basis. That is, define

f1=n03

<7]€¢i7 fJ>
1/5117

fJ - <77€¢27 fk71>fk;_1

T =103 = T

Lemma 1.5.15. Let I be as defined above. For each k, J < k < J+4+mj ;—1, we have
n(p—2)
Ce™ %
ITre (fe) 1 < gT, for e <1, and where M only depends on ¢ and 5_;.

Proof. First let ¢ = 1. We note that from Proposition [1.5.9, for each k, J < k <

J+m —1, we may choose M so that of lies in I. So, defining ¢(f, g) = fQo afjﬁfﬁgf dy,

we may apply Lemma |1.5.11| and then Lemma (part 1) to obtain

n(5—2)
Ce %

[T (£l < 7
where C' depends on Qq, n, ¢4, and ¢, . Then, from Proposition [1.5.13] Lemma
1.5.11], and properties of the norm, we get the result. We next note that if ¢ < 1, since

or < o5, M will grow as ¢ shrinks. This means that we obtain the same estimate. [

n(5-2)
P
Corollary 1.5.16. ||II; — JoILJ. || L2(0)—12(00) < %, where M only depends on
0% and oY_,.
. : 1 1
Proof. Normalize the f;’s and observe that A < o == - {hen apply Lemma
— £ 2p
1.5.7] (part 2) to the normalized functions. O
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We are now ready to prove Theorem [1.5.1]

Proof. When choosing M, we must be careful that no smaller eigenvalues for () are
in 1. So, we first prove for J = 1. Since every eigenvalue is bounded below, we can
choose such an M. We have rank (JpIlJ.) = rank(II) = N for ¢ < &, where € is chosen
small from Proposition [1.5.14, Then we use Corollary to apply Lemma I-4.10
from Kato [23, p.34] to get that for ¢ < min{l,&}, m; = rank (II;) = rank(II) = N.
This implies that of € [ only for k, 1 < k < m,, and hence, the result for J = 1.
The result for J = 1 implies that not only may we choose M so that all eigenvalues
{of M2, are in the interval corresponding to the next highest eigenvalue o9, .,
but also that ¢? is not in this interval. Thus, we apply the same reasoning here to

get the result for o, ,+1- Then, by an induction argument, we get the result for each

J € N, satisfying 69 > 09_,. O
Future Work
We close this chapter with a list of questions.

e [s the rate of convergence optimal?

e Can the methods used for Dirichlet eigenvalues be extended to Neumann eigen-

values, if we have some additional regularity on the domain?

e For particular systems, can we determine if there is a lower bound for |05 —¢9|?

Copyright© Justin L. Taylor, 2011.
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Chapter 2 The Green Function for the Mixed Problem on Lipschitz

Domains

2.1 Introduction

There has been much activity recently on the study of classical boundary value
problems for the Laplacian on domains that are not smooth especially including
Lipschitz domains as in Dahlberg [§], Dahlberg and Kenig [9], Jerison and Kenig [20],
and Verchota [38]. This is of interest because it allows us to treat physically realistic
problems in regions with corners and edges and it is interesting from a mathematical
viewpoint because the conditions on the domain are scale invariant; thus, we are able
to study something that is really new, rather than study problems that are really just
perturbations of a boundary value problem in half-plane.

The study of the mixed problem in Lipschitz domains appears as problem 3.2.15
in Kenig’s CBMS lecture notes [24]. The work of Brown and Sykes [36] establishes
results for the mixed problem in Lipschitz graph domains. I. Mitrea and M. Mitrea
[27] studied the mixed problem for the Laplacian with data taken from a large family
of function spaces. More recently, Ott and Brown [31] studied the mixed problem
when the boundary between the Dirichlet set D and the Neumann set N is a Lip-
schitz surface. It is well-known that an elliptic operator with bounded measurable
coefficients [26] has a Green function in all of space, provided the dimension is at
least three. Given this free space fundamental solution, if the boundary between D
and N is Lipschitz, then by using a reflection argument as in Dahlberg and Kenig
[9], there is a Green function G such that the solution u to the mixed problem with

fp=0and fy € ng/Q’z(aQ) may be represented as

u(r) = — . In(y)G(z,y) dy
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Then, from the methods of de Giorgi [11], Nash [29], and Moser [2§8], one may ob-
tain regularity results of the Green function that show how the solution behaves. In
Stampacchia [34], a study of Hélder continuity of solutions to elliptic equations is
given with a more restrictive condition on the decomposition of the boundary. Also,
Haller-Dintelmann et al. [I§] show Holder continuity for solutions to the mixed prob-
lem under a condition similar to Stampacchia’s. Roughly speaking, Stampacchia’s
condition is that the Dirichlet set D C 02 and Neumann set N C 0f) are separated
by a Lipschitzian hypersurface of ). In this chapter, we consider properties of the
Green function for the mixed problem where the decomposition of the boundary is

more general.

2.2 Preliminaries

A bounded, connected open set €2 is called a Lipschitz domain with Lipschitz
constant M if the boundary is locally given by the graph of a Lipschitz function.
To make this precise, use coordinates (z/,7,) € R"! x R and define a coordinate
cylinder Z,.(z) to be a set of the form Z,.(z) = {y : |v'—2'| <7, |yn—x,| < (1+M)r}.
We assume that this coordinate system is a translation and rotation of the standard
coordinates. For each x in the boundary, we assume that we may find a coordinate

cylinder and a Lipschitz function ¢ with Lipschitz constant M so that
QN Z(2) =y, yn) 4 > 0(y)} N Z,(2)

0N Zn(x) ={(¥,yn) 1 yn = ()} N Zo().

To describe the mixed problem, let €2 be a bounded, connected open Lipschitz
domain in R™ and decompose the boundary 02 = D U N, where D is an open subset
in 002 and N = 0Q\D. Also, let A be the boundary between D and N relative to 0f2.
We define the space W5*(Q) to be the closure in W2(Q) of C>°(Q) functions which

vanish on D. We note here that by definition, if w € W5*(Q2), then w = lim w,

n—oo
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where each w, € C*(Q) and w,, = 0 on D. The limit here is taken in W12(Q). Since
we have a bounded Lipschitz domain, we define the trace map as trace(w) = nhiEO Wy,
where the limit is taken in L?(9€2). We let Wé/ >2(09) be these restrictions to 9 of
WE2(€) and let W5, /*2(99) be the dual of W5/**(09). Then the mixed problem is

given as

(

Lu = —(aijug,)s, = f in Q

u=fp on D (2.1)

iUz, Vi = [N on N
\

with the following:

1. We use the convention of summing over repeated indices, where ¢ and j sum

from 1 to n.

2. The coefficients a,; are bounded and measurable functions satisfying the ellip-

ticity condition 6|£|? < a;;&;&; for any € € R™.
3. f is taken from L%2(Q), for ¢ > n, and we have 1 fll parz) < My
4. fp is the trace of a function fp from W12(Q).
5. fn is taken from W51/2’2(8Q).

We will also assume 2 conditions on 9€). The first is a condition on D. There

exists C' > 0 such that
for any x € A, o(B,(x) N D) > Cr"™t, 0<r<mr (2.2)

where o(E) is the R"™! surface measure of a set E. The next condition is on N.

There exists ¢ > 0 such that

for any x € N, if B.(z) N D =0, then |B.(x)NQ| >cr", 0<r <. (2.3)

34



Even though this is a restriction on 0€2, it still allows for a quite general decom-
position of the boundary. We will use and in order to apply Sobolev and
Poincaré inequalities.

We say that u € W1H%(Q) is a weak solution to the mixed problem ifu—fp €
W5*(Q) and

/ UijUp, Wy, dT = / fw de + (fy,w)y for any w € W5*(Q) (2.4)
0 Q

where (fy,w)y is interpreted as the pairing of fy and trace(w) € W;,/Q’z(@Q).

2.3 Global Boundedness and Holder Continuity for Solutions to the Mixed

Problem

The next theorem is adapted from Gilbarg and Trudinger [I5] and uses an iteration

technique introduced by Moser [2§]

Theorem 2.3.1. Let u solve the mized problem with fp =0 and fy = 0. Then,
supu < O(||ul|p2(q) + 1) where C' depends on |, || f|l a2y, 7, g, and 6.
Q
Proof. Set k> 1, 3 > 1, and define H € C'[k, o) by
2P — kP z €[k N

H(z) =
—Nﬁ];kﬁz z> N

Next, set w = ut 4+ k where u™ = sup(u,0) is the positive part of w. Then, if

v=G(w) = / |H'(s)|? ds, we have for z € D that
k

w(x)
v(x) :/k |H'(s)|? ds

k

~ [P ds
k

=0
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So, by the chain rule [I5, p. 151], v € W11),2(Q) is an acceptable test function in the

weak formulation for u. So, from ({2.4)),

/aijuxivxj d:p:/fv dx
Q Q
/awux W)Wy, d:):—/fG
Q

Since w,, = uy; when u > 0 and w,, = 0 otherwise, and G'(w) > 0, we have by the

or

ellipticity condition that

/|V’UJ|2G/(w) dx %/alju%wwj(}/(w) dx
Q

1

9

Also,

Thus, we obtain

[ 19ukew) dr < [ [fllulicw)] do
1
<5 [ il )] da

the last line owing to w > 1. This is equivalent to

/ VH(w)? dr < C / I (wyol? d
Q Q

36



so that by applying Sobolev’s inequality and Holder’s inequality, we obtain

1

Il g, < (€ [ 11 @yl dz )

1
2 /
< C”fHLq/2(Q)HH (w>wHL%(Q)

< CH (] , 25)

where n =nifn >3 and 2 <n < ¢ if n = 2. So, now letting N — oo in (2.5), we

obtain the condition that if w € L” (J%(Q), then also w € L’ %(Q) Furthermore,

2 n(qg — 2
setting ¢* = 9 and &= M > 1, we have
-2 q(n —2)
1
[wll s @) < (CB)?[Jwl oo o) (2.6)
By the Sobolev inequality, we may set fq¢* = ﬁ2—_ﬁ2 which means § = % > 1

to obtain w € Lgﬁ%(ﬂ) in . Then by an induction argument, we show w €
ﬂ LP(©2). Moreover, setting § = £™ for m = 0,1,2, ..., and iterating 1} we

1<p<oo
obtain

N—
||w||L5Nq*(Q < (Cem™)s m||w||Lq

m=0

< Cllwl| e @) (2.7)

,_n

where C' depends on n, g, || f|l pa/2(q), and 6. Now let N — oo in (2.7) to obtain
sgpw < CHwHLq*(Q)

Using a simple result from Holder’s inequality, we obtain
Supw < Cflwl|r2 o)

Now repeating this argument with u™ replaced with u~, we get the desired result. [J

We aim to show Holder continuity of solutions to the mixed problem with the

general decomposition of the boundary described earlier. To achieve this, we will
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modify the well-known de Giorgi methods [I1] from Ladyzhenskaya and Ural’tseva
[25, p. 81]. We start with a definition. We say v € H'(Q) = W2?(Q) belongs to
B (0, M, v, 6, %) for M,~,d > 0and ¢ > n if ||u||.c < M and if both u and —u satisfy
the following inequalities for an arbitrary region B, C Q or ), = B, N Q if B, is
centered on 02 and arbitrary o € (0, 1):

1 m
—— e sup(u(z) = K)" 1] AT (2.8)

omr A

/ |Vu|™ de <~
A

k,r—or

for k satisfying both k¥ > 0 and k¥ > supu(x) — 0 if B, N D # ) and for only
Q

k > supu(z) — 6 otherwise, where Ay, = {z € Q, : u(z) > k}. Here B,_,, is the

concentric ball to B, and r < ry for some positive r.

With this definition, we can state

Proposition 2.3.2. Let u solve the mized problem with fp = 0 and fy = 0.

Then u € By(Q, M, 7, 6, %) where 6 = Mif and v = ~y(n,0).

Proof. We note that by Theorem [2.3.1] u is bounded. Next, fix {2, and define n €
C(R") to be so that 0 <5 < 1,7 =1on B,_,,, n =0 outside B,, and |Vp| < =
We aim to show that max{u — k,0} € W}5*(Q), so that we may use ¢ = 1> max{u —
k,0} € WS5*(Q) as a test function. To do this let F(z) = max{z,0}. Then, F is
piecewise smooth on R and ||F'||.c < 1. So, since u — k € Wh2(Q), we may use
Theorem 7.8 from Gilbarg and Trudinger [15] p. 153] to get that F(u—k) € WH2(Q).
Furthermore, since trace(u—k) = —k on D, we have trace(F(u—k)) = max{—k,0} =
0on D, for k> 0.

We may set ¢ = 1> max{u — k,0} € W5*(Q). Since ¢ is non-zero only in Ay, we

have by the weak formulation ([2.4))

/ Uijle,Qr; dT = fo dx (2.9)
Ak,r Ak,r
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Performing the differentiations, and using ellipticity, we have

/ 0|Vul*n® dx < C’/
Ak,r A

=1+1I

Wmmvmw—de+/m|ﬂﬁm—de

T Ak,'r

Using the Cauchy inequality, we obtain

C
I< / e|Vul®n® dx + —/ IVl lu — k| do
Ak,v‘ € Ak,r

so that by choosing ¢ = g, we obtain

6
—/ |Vul*n? dz < / |[f|n?|u — K| dx + C/ V) |lu — k| do
Ak,'r

2 Ak,r Ak,r

=I11+11I

V)

Also, since 1 < C (li’: ‘) E’ it follows that

2
| Apr| | A |
- S C Qi@

72 r2

From this, we obtain that

111 <

— kP’|A
g g;igw 1*| Ak

C _2
< — suplu— k1| Ag,
0_271 aq Ak,r

Next, from Holder’s inequality,

]]SHﬂuam<[;
k,r

1 _2
<30 () el

_2
= ‘Akﬂ"l q

2
q

1—
(W—Mﬁw%mﬁ

It now follows from ([2.10|) that

/

|Vul? do < / |Vul*n? dx
Ak,r

k,r—or

1
<(C (—2” sup |u — k;|2 + 1) |Ak77«|17§
o2ty

q Ak,r
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Thus, noting that this inequality for —wu is true by a similar proof, we have that

UGBQ(Q,M,’Y,&,%). ]

Before stating a theorem for Holder continuity in the interior of €2, we need several
lemmas taken from Ladyzhenskaya and Ural’tseva [25]. The first is a consequence of

Poincaré’s inequality.

Lemma 2.3.3. If u € WYY(B,), then

g

1
(- B < 2
‘BT\Ak:T| Ak,r\Al,r

\Vu| dx
where | > k and B = (3(n).
Lemma 2.3.4. Suppose a sequence y; satisfies

0 < g1 < byt

and

-1 -1

Yo S C?bja

where ¢, e, and b are positive constants with b > 1. Then,
y — 0 as | — oc.

The proof of Lemma [2.3.5| is presented, but can also be found in Ladyzhenskaya

and Ural'tseva [25, p. 83].

Lemma 2.3.5. There exists 61 > 0 so that for any u € B2(Q, M, 7, 6, é) and for any

Q, with k > supu(x) — §, the inequalities
Qr

1. ‘Akﬂ" < 917‘”

2. H=supu(z) —k>r"a
Qr

imply



Proof. Fix B, and u € 85(Q, M, ~, 6, %) Define the sequences

_ T T
® 7p =35t gayT

for h = 0,1,2, ..., and consider the balls B,, that are concentric to B,. Also, set
o =" in |) to obtain
2n
2 T 2 1-2
|Vu|” do <7 | ————5 sup (u(z) —kp)" + 1| [Ag,r | "7 (2.11)
Ay (rn = rh+1)* Ay, .,

then use Lemma with k = kj, and | = kj,.1 to obtain

ﬁﬁ?ﬂ
|Brh+1 \Akhﬂ"h-o-l |

|Vu| dy (2.12)

Ak g

_1
(kh—i-l - kh)|Akh+la7"h+1|1 n s

If we impose that 6; < 5727, then by assumption, we have
| Bl
|Akhﬂ"h+1| < |Ak,7‘| < %

Thus, since yl% = kni1 — kp, by 1) we have

H 11 273
W| kh+1ﬂ"h+1| " —

|Vu| dx

“n Akthh+1

D=

20 1
< w_ (/ |vu|2 dx) |Akhyrh+l|2
n Akhy"h+1
1
2 2
<% (/ |V u)? dx) | Ay |2 (2.13)
“n Akh*rh+1
Then from (2.11)) and (2.13)), we arrive at
Hw, 2 _2 _
<m) |Akh+1ﬂ"h+1|2 n|Akh77'h| ! S/A |Vu|2 dz
EpsTha1

<~ [(2h+2)2H2r2(371) i 1} |Ak’h,rh|17%

which implies

2h+3ﬁ

2
n_9 _ 9_2
- ) [22h+4r( T4 g 2] Ay, 270

_2
|Akh+177'h+1|2 n <y (
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so that, by the assumption H > T(l_%), we have

1—1 1—1
<|Akh+17”'h+l|) " < 2% (M) ! (2.14)

T-'I’L 7171

where C'= C(v, 5,n). So, if we define p;, = Penral e have the inequality

- rn )

_n_ . 2n_p 14e
/“Lh+1 S Cn—l 2n—1 ILLh

where € = q(qn__”l). Hence, in accordance with Lemma [2.3.4} if

1

n 2n
Cs(n—l) 2 e2(n—1)

IN

Ho = Co

then pp, — 0 as h — oo. To satisfy this condition, we let 6; = min{%,@)}.

T

Finally, observing that k, — k + % and 1, — 5 as h — oo, we get the desired result.

[]

If we are able to satisfy the hypotheses of the next lemma taken from Ladyzhen-

skaya and Ural’tseva [25, p. 66], we will have the Holder continuity we desire.

Lemma 2.3.6. Suppose u is bounded and measurable in some §2,,. Consider B, and
By, for b > 1 which are concentric with B,,. Suppose for arbitrary r < =2 al least

one of the following holds:
1. osc(u, Q) < ¢qre
2. osc(u, €2,) < Qosc(u, Q)
where ¢1,e <1 and © < 1. Then forr <rg,
osc(u, §2,.) < cry“r®
where o« = min{— log,(0), e}, ¢ = b* max{wy, 175}, and wy = osc(u, €y, ).

The next lemma is taken from Ladyzhenskaya and Ural’tseva [25, p. 85|, and we
present the proof with more detail. This lemma will allow us to use Lemma [2.3.6]

and hence obtain interior continuity for a solution to the mixed problem.
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Lemma 2.3.7. Let u € B5(Q, M, 7,6, %) There exists a positive integer
s = s(n,0,M,5) so that for any B,, concentric with By C §, at least one of the

following inequalities hold for w:

2. osc(u, By) < (1 — 5:&5) osc(u, Bar)

Proof. We impose the condition

M
25—3

<6 (2.15)

on s and assume condition 1. is false. Define

M, = supu
Br

e m, =infu
B,

M, +m,

o« I, —
2

e osc(u, B,) = w, = M, —m,

[ ] Dt: (AMT 47‘ QT\AM4T 2t+12 ) ’t:1727--.78

where Ag, = {z € B, : u(z) > k}. We may also assume that

|Agz, 0n| < |BQ2T|, (2.16)

for, if not, we replace u with —u and then prove the lemma for —u.

First, use Lemma with k = My, — <5 and | = My, — 5745 to obtain

2t

Wi -5 B2r)"

2t+1 M4T_2wt$i 2r S l|BQT| Dy |VU| e
2
2 [Vu| dx (2.17)
wn D,

where we have also used (2.16)) on the first line. So, by Hélder’s inequality,

Wor 2 A
w
t+1 My~ QtiTl 227

2*; 2
< ( ﬁ) Dy [ |Vul?dv t=1,2,. (2.18)
w, Dy

n
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Next, we aim to place conditions on k so that we may use the inequality from ({2.8]).

We need k = My, — % > My, — 6. This will mean that we need ¢ > 10g2(%) = tp.

With these values of ¢, we may use the inequality (2.8) with ¢ = 1/2 to obtain

Wy
2t

2
1-2/q
+ 1 |AM4T— w;[ ,47"|

\Vul? dz <~ |4(47)*772 sup ’u — (My, —
A

)

AM4T—%,QT

War
4 My — 4z ar

2
< 7rzn/q—Z {(4)271/‘1—1 (%) +T2—2n/q] |AM4T—%74T’|1_2/(1

Also, since we are assuming condition 1. is false and 1 <t < s, we have

War |2 _ -
/ |Vu|2 dr < ,W,Qn/Q—2 (2_%5) |AM4T—%,41=|1 2/q [(4)2n/q 1 + 1]
AM4T7%,27“

War 2 n—2
§C<%>T

so that by (2.18),

@ar \* A
_ w
2t+1 My, — zti’rl ,2r

2-2 W\ 2
§C<%>HMW4,t:LZmJ

or

N

2— %
"< OIDr"?, t=1,2,..,5—-3 (2.19)

)AM4T_ 2ws4_7«2 ,27r

Then, summing (2.19)) from ¢ = 1 to t = s — 3, we obtain

(s = 3) [ Aag, — 20 o

25—2"

9_2 s—3
"<y Dy
t=1

< Cr"2|By,|
— 07'2”_2
Thus, we obtain the inequality
Clw, 2™ -2 "
[ < (S25) 7 (2.20)

We now look at H = My, —k = My, — My, + 55*5, defined in accordance with Lemma

2.3.51 We have two cases, depending on H.
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(case 1) H < (2r) 4

. . . 1—n
Again, since we are assuming wy, > 2°7" ¢, we have

which implies

so that osc(u, B,) < (1

complete.

(case 2) H > (2r)' "4

Wy 1
Mgr S M47» — 2577,2 + (2’/“) q
Wyr 1—2 Wy
<My =5t + 270 (3F)
Wayr
< M47" 2s—1
Wy
MQr — Mgy < M47‘ — Moyr — 25__2
Wy
< M4r — Myy — 25__2

1
- (1 o 25—1) War

23%1) osc(u, By,.). For case 1, the proof of the lemma is now

For this case, from the condition (2.15)), we have H < w,,227% < 2M227% < §. Thus,

we may apply Lemma to get the existence of #; so that with our choice of k£ and

H, the inequalities
) |Ak,27‘| S 91(27”)”
o H>(2r)'"4

imply

|Ak+g,r| =0.
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This inequality implies

|AM4T_24r+“J4r o ’ :O
Hence,
War Wy
Mr < M4r - 95—2 9s—1
War
(o 52)
which again leads to osc(u, B,) < (1 — 57 ) osc(u, Byy). O

Now that we have interior continuity for solutions to the mixed problem with
zero Dirichlet data and zero Neumann data, we aim to extend this result up to the
boundary. In order to do this, we will use a similar lemma to Lemma [2.3.7, The
proof requires the use of Lemma but the right side of the inequality in this

lemma may blow up as we approach the Dirichlet set D. To compensate, we must

n

r
replace m from Lemma [2.3.3] with a constant which does not depend on r,
I k,r

as we approach D. To do this, we first need a well-known theorem taken from

Ladyzhenskaya and Ural’tseva [25, p. 54]. Again, we present the proof with more

detail.

Theorem 2.3.8. Let u € WYY(B,), S C B,, and Sy = {z € B, : u(z) = 0}. Then

r*|S 1/n
/yu| ay < ‘H [ vl ay (2.21)

Proof. Tt suffices to prove for smooth u. Fix x € B, and y € Sy. Then for w = ﬁ,

we have

=2l du(z + rw
—ule) = uly) — () = [ LD g,

or

ly—=|
2)|S| :/ / W dr dy (2.22)
So JO r
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Also,
dr dw dp

2r ly—z|
/ “/

BICELy . LT
n Jp, |r— 2zt
So, from , we obtain
2 n
uisol < B [ AL,

n Jp |z — 2zt

//'y xlaux—i-?“w ar dy <
So

Ou( x+rw)’

Integrating over S, we obtain

il [ Juto)

N =z zrnl

2r)
(r IV )| (/ dmnil +/ dxnl)dz
Sn{z:|z—z|<e} |[L’ - Z| Sn{z:|x—z|>e} |[L’ - Zl

(2r)
r) / Vu(z)| (I+1I)dz

for € > 0. We have that
I <eo(0B(0,1))
and
IT <79

So, choosing & = |S|*/", we obtain the result with 3 = £ (5(0B(0,1)) + 1). O

Using the previous theorem, we are able to state and prove a version of Lemma

2.3.3 when we are on the Dirichlet set D.

Lemma 2.3.9. Let 2 be a Lipschitz domain and B, 3(x) be a ball centered on OS2
such that By (x) N D # 0. Also, recall the definition of Ay, from @) Then for
r <ty from and , and u € W5*(R2), we have

(I = k)| Ay |/ < C / (V| dy (2.23)

Ag,cr\Arcr
forl > k >0, where C is independent of r, and where C depends on the Lipschitz

constant M .
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Proof. Since 0 is Lipschitz, there is a coordinate cylinder Z, so that we may extend

u by even reflection to w in Z,. That is, for x € Z,., define

u(z) if x, > o(z')
u(Rx) if z,, < p(2)

where Rx = (2/,2¢(2") — z,,). We note

/ |i(x)|dz = / u(2’, 2¢(2") — w)|da'dzy,
BA\Qr Brn{zn<d(z’)}
g/ |u(2', w)|dwdz
Zr{w>e(a')}

and
0 /
u(z)|dr < | — Uy, (2, w)|dwdzx
BA\Q, | 0Ty Z,{w>¢(a')}
[ )i
ZrNQ
Thus,
aldy< [l dy (2.21)
B, ZrNQ
and
/ vildy<c [ |Vl dy (2.25)
» ZN0

We let 1 be so that n = 1 in B, /5, n = 0 outside Bs, /4, and |Vn| < C,/r. For any

S C By, we use (2.21)), (2.24)), and (2.25) to obtain

/ it dy < C| S| / V()| dy
S B,

< C|s ] ( [ 1valiatag+ [ (v dy)
B, B,
1
< |8V (/ ~|ul dy+/ |Vl dy)
z.n T ey
< |8V (/ |Vu dy)
ZrN
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where we have used Poincaré’s inequality on the last line since o(B, N D) > Cr"!

and u € W5*(Q). Consequently,

/ il dy < C|S[1/ / IVl dy
S

ZrNQ

Now, define
0 if u(x) <k

u(r) =Qu(z)—k if k<u(x)<I

l—k if u(x) >1
and S = A, /2. Since k > 0, we have u € WE’Q(Q). So, we may replace u by @ in the
previous inequality and choose C' so that B¢, is the smallest ball which contains Z,

to obtain the result. O
We can now state a theorem for Holder continuity up to the boundary.

Lemma 2.3.10. Let Q be a Lipschitz domain and u € 85(2, M, , 6, %)ﬂW,é’Q(Q). Fiz
x € IQ and assume r < ro/16C along with the boundary conditions and .
There ezists a positive integer s = s(n,0, M, 6,C) so that for any Q.(z), concentric

with Qigcr (), at least one of the following inequalities hold for w:

1. osc(u, Q) < 28175

2. osc(u, ) < (1 — QSl_l)osc(u, Qi6cr)

Here, C is from Lemma and depends on the Lipschitz constant M.

Proof. We will modify the proof of Lemma If Q4 N D = 0, the proof is the
same as the proof of Lemma [2.3.7, So, assume €y, N D # (. In this case, we do not

impose a condition of the form (2.16). Instead, we assume k = Mg, — <2522 > 0,

2t
for, if not, we replace u with —u in the definitions of M, and m,. Since k > 0, we
use ([2.23) with r replaced with 8r. This leads to the inequality
1_1

"< C V| dx (2.26)

Ag,scr\Aigcr

wWiecr
2t+1

w
Miger— 384" Ar
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We replace (2.17) with (2.26). We next redefine D, on balls of radius 8C'r and use
(2.8) with Ay 160 and o = 1/2. This replaces (2.20]) with

Cw,2" 3
< " 2.27
- ( s—3 ) " ( )

A w
’ Migcr— 2136_0{ ,2r

Then, from here, letting H = Mgc, —k = Mgc, — Misor + 525, we obtain the result.

O

Corollary 2.3.11. Let Q2 be a Lipschitz domain and assume the boundary conditions

and . Let u solve the mized problem with fp =0 and fy =0. Thenu

is Holder continuous in Q. Moreover, for each r < g, if either Q.(x) C Q or x € 09,

there exists o such that u satisfies the estimate

|2 = 2

u(z) — u()| < C ( ) (1 +sup |u(:zc)|) L deq, (2.28)

where C' and « both depend on n, |Q|, ||fllpa2), ¢ lullze@), 0, and the Lipschitz

constant.
Proof. The proof follows immediately from applying Proposition [2.3.2] Lemmas[2.3.7]

and [2.3.10] and Lemma [2.3.6] O

2.4 The Green Function for the Mixed Problem

We introduce an approximation for the Green function for the mixed problem.
We fix y € Q and p > 0. If we define the bilinear form a(u,v) on W5*(Q) x W5(Q)

as
a(u,v) :/aijuxivacj dx
)
then the Lax-Milgram theorem guarantees the existence of a unique function G* €

W*(Q) so that

a(G?, ¢) :]{3 ( )(b dr  for any ¢ € W5*(Q) (2.29)
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This function, G*, is then a weak solution to the mixed problem (2.1 with fp = 0,

1
fn=0,and f = Xm, where x is the characteristic function over B,(y). Before
p

we list some properties of G*, we have a definition.

We say the operator L satisfies a symmetry condition if
a;; = aj; for each i and j. (2.30)

From this point we assume ([2.30]) on the coefficients. Our first property of G” is the

following;:
Lemma 2.4.1. For any z € 2, G*(x) > 0.

Proof. We have that
a(G” — |G*],G" — |G’]) = a(G”,G*) + a(|G*|,|G”|) — 2a(G", |G"]).

Thus, noting that |G”

2 = sign(G?)G? | we obtain
a(GP = [GP|, G — |G’]) = 2(a(G”, G") = a(G",|G"]))

:2< Gpd:v—][ |G”| da:)
By(y) By(y)

<0

so that, by ellipticity, |V(G? — |G”|)| = 0. So, since G” vanishes on D, we obtain

GP = |G*|. O
The next estimate, due to Moser, gives a local estimate.

Theorem 2.4.2. If u € W'%(Q) is a bounded weak solution to the mized problem

with f =0, then

sup |u| < C]Z lu| dz
Qr(20) Qa7 (z0)

for either
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1. Qgr(l’o) = BQT(ZE()) CcQ or

2. Qop(z0) = Bay(x9) NQ for xy € 0Q and fp =0, fy =0 on 00, (x4) N ON

Proof. We first prove for r = 1. We also first assume v > 0. Define r; and ro to

be such that 1 < 7 < ry < 2. Also, let n € C*(R") to be so that n = 1 in B,

n = 0 outside B,,,

— ra—r1’

v =n*u" € W5(Q), we have

/awumlv% dr = / U, ( 7] mu™ uxj + 27]77$jum) dz
Q

=0
This gives
/ Omn*u™ | Vu|* dz < / 2n|Vu||[Vn|lu™
Q Q
C
< / C€n2|vu|2um—1 + —|V77|2Um+1
Q g
so that by choosing ¢ = 20, we obtain

C
/772u7”1\Vu\2 dr < —2/ [VnlPu™ ! dx
Q m= Jo
Now, defining w = u™*9/2 we may use Sobolev’s inequality to obtain

I, <€ [ Vul + oVal do

1 2
<C (ﬂ) /\wVW
m 0

where n = n for n > 3 and 2 < n < ¢ when n = 2. So, now defining y =

obtain

m-+1 1
1wl L2x (9, (20)) < C( - ) - _T1||w||L2(QT2(zo))
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Then, for m > 1, since u is bounded, we have

(2.31)

2 we

A2

(2.32)



Now for p > 2, setting m+1 = y'pand r; = 1+27"  for [ = 0,1, 2, .., we iterate ([2.32)
to get

l

2/p
L
HuHprl(Ql(rO)) <C <H(2J)XJ1> [[ull Lr (@2 (20))

=1
< Cllullze(es (o)) (2.33)

Taking | — oo in (2.33)), we get
sup |u| < Cllullr@o@@o)), P> 2 (2.34)

Q1 (z0)
We note that by employing a technique from Fabes and Stroock [10], we obtain (2.34)
for p > 0. Then we rescale to obtain the result for v > 0. Then for general u, write
as u=u" +u~ and apply (2.34) to each of ut and u~. ]
We now only consider G* for n > 3.

We prove a weak La-2 estimate for G*. Define Q, = {z € Q : G*(z) > ea}.

Lemma 2.4.3. We have |Qq| < Cam=2 for any a > 0, where C = C(6,n).

Proof. Set ¢ = [é — %r € W})’Q(Q). Then, by Lemma, [2.4.1]

1 1
— :][ — dz
« Bp(y) o
> ][ b du
Bp(y)

= a(G”, )

So, since ¢ is positive only in £ = {z € Q : G*(x) > «a}, we have

1 , Gb,
a > /Eaiij (Gp)Q dx
p|2
> 9/ VGl
E

(Gr)?
:g/E

dx (2.35)

(%)) |
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We thus obtain by Sobolev embedding that

N|=

1 a\\ |
>0z / \Y <log <—)) dx
a2 E Q
2% %
1 G\ 2
> (02 / (log (—)) dx (2.36)
B Q@
Also, by the Chebyshev inequality,
G\ |*
/ log (E) dzx > C|Q,|

Hence, putting this with (2.36]), we obtain

C
92’9 i* —1
a2
or
C
Qal < —=
o2
= COC7L77n2
m
We now state and prove a pointwise estimate for G”.
Theorem 2.4.4. Let x € 2 be so that |v — y| > 2p. We have the estimate
GP(x) < Olr —y[* ™.
Proof. We start by showing
][ GP dz < COr* ™ (2.37)
By ()

for any r and x such that B,.(z) C 2. We have

][ G"dz<C’r‘/ 00 N By(2)] da
()

_ —n(/ /)m A B,(z)| da
<c ‘”(/|B |doz+/s ozn?da)
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for any s > 0, where we have used Lemma in the last line. Choosing s = r27",

we obtain
][ Gl dz<C <7’2*" + 7’*”7"(2_”)(";—22»
B, (x)
=Cr*™"

so that 1) is true. So, if we set r = ‘w;y‘ in |D since we have LG? = 0 in

O\B,(y) for the mixed problem ({2.1), we have by Theorem that

G’ (z) < C][ G? dz

B, (z)

S O,',,Q—n
=Clz —y|*™"
as required. The proof for Q,.(x) = B,(x) N Q for x € 9N is similar. O

We now discuss Holder continuity for the Green function. We first state a defini-

tion, which is a slight modification of the definition of 8,,(€2, M, ~, 4, %) as in 1}

1
q

We say v € H'(Q2) belongs to Em(ﬁR,M,fy,é,%) for M,v,6 > 0 and ¢ > n

if ||u|lre@y < M and if both v and —u satisfy the following inequalities for an

arbitrary concentric €2, C Qg and arbitrary o € (0,1):

/

for k satisfying both & > 0 and k > supu(z) — § if Q. N D # 0 and for only
Qp

k > supu(x) — § otherwise, where Ay, = {z € Q, : u(x) > k}. Here Q,_,, is

T

concentric to €2, and r < rg for some positive rg.

1 m
V™ dmévlwsumw)—mmﬂ AT (238)

omr T A,

k,r—or

We note that the only difference in this definition is that the regions (2, are
required to be concentric with the domain 2. With this definition, we state a

corollary.

Corollary 2.4.5. If |xt —y| > 2p, then GP(x) € B (Qr(x), Mp,,6,0) where § > 0

is arbitrary, v = y(n,0), R = |x;y|, and Mp = sup G”.
Qr(z)
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Proof. First, we note by Theorems [2.3.1] and [2.4.2] that ||G”|| <y < M for some

M. Thus, since LG” = f =0 in Qg, from (2.9)), we have

/ AUz, Pr; dx =0
Ak,r

where 17 and ¢ are defined the same way as in Proposition [2.3.2, Then the same proof

leads to the result. O

Now consider an analog of Lemma for G*:

Corollary 2.4.6. Let |x —y| > 2p, R = ‘xly‘, and fix Qr(x) = Br(z) C Q. There
exists a positive integer s = s(n,0) so that for any By, C Bg(x), concentric with

Bgr(x), at least one of the following inequalities hold for G*:
1. o0sc(G?, B,) < 2°r
2. 0s¢(GP, B,) < (1 — 5=5) 0s¢(G?, Byy)

Proof. The proof is almost the same as the proof of Lemma [2.3.7. The dependence
on s is different. One of the conditions on s was . But, from Corollary ,
since GP(z) € By (QUp(z), Mg, ~,6,0) for any § > 0, we may choose § = Mp to omit
this condition. Then, s no longer depends on the bound Mg. Also, since ¢ = oo,

r'~4 becomes r. The rest of the proof goes without change. O
We also have an analog for Lemma [2.3.10]

Corollary 2.4.7. Let Q be a Lipschitz domain and assume the boundary conditions

and (E) Let |x —y| > 2p, R = ‘xly‘, and Ry = min{rg, R}. Forr < Ry/16C

and any x € 0L), there exists a positive integer s = s(n,0,C) so that for any Qiecr C

Qg (z), concentric with Qg,(x), at least one of the following inequalities hold for G*:
1. o0sc(GP, Q) < 2°r
2. 0sc(GP,Q,) < (1 — 25%1) 0sc(GP, Qi)
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Here, C depends on the Lipschitz constant M.

Proof. Replace u with G” in the proof of Lemma [2.3.10, with the only difference
being that by Lemma [2.4.1 k = Misc, — == is always positive. n

2t

We now state a theorem for Holder continuity for G”:

Theorem 2.4.8. Let Q) be a Lipschitz domain and assume the boundary conditions

and . Let|z—y| > 2p, R = |x;y|, and Ry = min{rg, R}. Then G belonging

to By (Qry, MRy, Y, MR,,0) satisfies a Hélder condition in Qg,. Moreover, there exists

a such that G? satisfies the estimate

QRr,

G (2) — GP(2)| < © ('ZR—Z’> (1 + sup |G”(a:)|> e e0n (239)
0
where C' and « both depend on n, 0, |S2|, and the Lipschitz constant.

Proof. The proof follows immediately from applying Corollaries 2.4.5] [2.4.6] and
2.4.7, and Theorem [2.4.2] with Lemma [2.3.6] O

Following an argument from Griiter and Widman, we will now show that there
exists a Green function G(-,y) such that G(-,y) € W5°(Q) for any s € [1,-").
Furthermore, this function G(-,) is also in W5*(Q\B,(y)) for any > 0. Then from
the Holder estimate , we also get a continuous extension of G(-,y) onto 0fQ.

For the next theorem, define weak LP for p > 1 as
L,(Q) ={f : [ is measurable and || f|| ;) < oo}

where

1.f1

1
Ly(Q) = Stugt {z € Q:|f(z)] >t}
>

Theorem 2.4.9. Let s € [1,-2=). There exists a sequence GP*(-,y) and a Green

n—

i
function G(-,y) € W5 (Q) N WS (Q\B.(y)) such that G**(-,y) — G(-,y) as k — co.
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Proof. We will start by showing a weak L#(Q) estimate for VG”. That is,
VGl @ = Cln, L) (2.40)

Define a cutoff function n € C*°(R") to be so that n = 1 outside Bs,(y), n = 0 in

B,(y), and |[Vp| < €. Then inserting the test function 7°G” in the weak formulation

for G* (2.29)), we have

[ encn 00Ge, + 2m 67y e = f - opGe an
@ By (y)

Using the ellipticity condition, we then obtain

/9n2|vapy2 dw g][ "GP dx + O/ n|Vn||G?||VG?| dx
Q By(y) Q

Then if » > 2p, we have

/ O|VG?|? dv < C IVn||G?||VG?| dx
Q\B, (y) )

Bar (y)\Br(y
\V4 2 GP 2
< c/ [VnlGe dx+/ e|VG|? dx
Bar (y)\Br(y) € Bar (y)\Br(y)
C
S T/ |Gp|2 dl'"—/ €|VGP|2 d.ﬁU
ree Bar(y)\Br(v) O\ B (y)

where € > 0. Then, choosing € = g and using the estimate from Theorem , we

obtain
2 C 2
VG| do < = |G?” da
Q\Br(y) T J Bar (y)\Br(y)
C 2r
_¢ / & — y|*2 do(z) ds
= Jr Ja—yl=s
C 2r
=— 27" ds
r T
so that
/ IVG?|? dz < Cr* " (2.41)
O\Br(y)
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If r < 2p, we note that

0/ VG2 dxg/aing,Gﬁ_ dx
Q Q Y

:][ G? dx
By(y)
2n

<Cp ( / Gy dw) puE

By (y)

3

< Cp'" (/ Aedt dm)

Q

so that (2.41]) holds for all » > 0. Next, defining Q; := {x € Q : |[VG(z)| > t} and

setting r = t_ﬁ, then by Chebyshev’s inequality and 1) we have
210 N (Q\B. ()] < Ot~
which is equivalent to
1, N (AN\B,(y))] < Ctat (2.42)

Also,
1, N B,(y)| < Cr* = Ctit

Combining this with (2.42)) gives the weak L#-1(Q) estimate for VG, (2.40)).

Next, we claim that

1
e p—€E\P
IIfHLp—sm)SIQIp(“)( . ) 11z 0 (2.43)

for 0 < e < p—1. This is true since

LI iy = (0 2) / = {|f] > o} da

0

—w-o ([ + [7) o151 > ol da

=I1+1I

We have
A
I<(p- e)\Q\/ P~ da = |Q|APE (2.44)
0
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and

IT=(p—¢) /Aooof“\{m > a}| da

<=0l [ 07 da
= (0= flIzy0— (2.45)
) (p—ollf i*(ﬂ) v .
Choosing A = Q) £ , we obtain from ([2.44)) and ([2.45) that
£
—e e (P—¢& ;’E —e
111 < 19205 (255) 7 10 (2.40
and hence, (2.43). So, we may use (2.40) and (2.43) with p = %5 and e = p — s to
obtain
IVGPllze@) < CIVGPl1r, @ < C(n, L, s, |]) (2.47)

where s € [1, ).

n—1

_n_
n—1

0o. Then from the estimate (2.47) and (2.41)), the sequence {G”1} is bounded in

Next, define s, = and choose a sequence p;; which tends to 0 as [y —

L
W5H(Q) N W5*(Q\B,(y)). So, by weak compactness, there exists a subsequence
{GPui2} and a function G(-,y) € W5 (Q) N W5*(Q\B,(y)) such that GPiz(- y) —
G(-,y) in W5 (Q) N WS (Q\B,(y)) as l, — oco. Similarly, the sequence {G*ut2}
is bounded in W5**(Q) N W5*(Q\B,(y)). So, there exists a subsequence {GPut2ts}
such that GPuiis (- ) — G(-,y) in W5 (Q) N W5 (Q\B,(y)) as ls — oco. Using an
inductive argument, we see that for each k, there exists a subsequence {G”1'k+1}
such that G+ (-, y) — G(-,y) in WS™(Q) N WL (Q\B,(y)) as lgy1 — oo. So if
we define the sequence G = G”1'-1* then given any s € [1, 27), we have that

{GP+} converges weakly to G(-,y) in WS5*(Q) N W5 (Q\B,(y)). O

Theorem 2.4.10. Given any s € [1,-2=), the function G(-,y) solves the mized

' n—1

problem with f = 9§, (8, being the Dirac—0 measure aty), fp =0, and fy =0
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i the sense that

/ aij(2) G, (2,9)0s, (x) dz = d(y)  for any ¢ € W5*(Q) N C(Q)
Q
where s' is the Holder conjugate of s.

Proof. Consider the sequence {G**#} from the proof of Theorem m Then from the
weak formulation for G?*(-,y) (2.29)), we have

[ es@cz @i @) ar - R

The right side converges to ¢(y) as k — oo since ¢ is continuous. Also, from Theorem

2.4.9 since

(A,p) = / 055 (5) 0, (2) s, () d

< C||Ve

=@Vl 1o q)

is a bounded linear functional on W5*(€), we have

[ (G2t .0) = i) o) e — 0. s b= o
Q
thus, giving the result. O]

We note that Theorem [2.4.8| implies that G** extends continuously to 0€2. Also,
from the pointwise bound [2.4.4] we have a uniform bound for the Hélder norm of
each G+ on compact sets of Q\{y}. Hence, from Rudin [33, p. 158], for each y, we
may find a subsequence p; tending to 0 such that G?#(-,y) converges uniformly to
G(-,y) on compact subsets of Q\{y}. This implies that G(-,y) is Holder continuous
in Q\{y}. Furthermore, in light of Theorem , we have

Ga,y) <Clz—y[*™", z#y (2.48)

We have the following representation theorem for solutions to the mixed problem

with zero Dirichlet data.
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Theorem 2.4.11. Given any s € [1, <), if u is a weak solution to the mized problem

with fp =0, fx € W5 /*2(0Q), and f € L¥(Q), then
uly) = [ S@Gle.y) do+ (Gl (2.49)
Q
Moreover, this function G is unique.

Proof. From the above discussion, there is a sequence {G**} from the proof of The-
orem which also converges uniformly on compact subsets of Q\{y}. Since
u € WS*(Q) is an acceptable test function in the weak formulation for G##(-,v)

(12.29), we have

/Qaij(:c)Gg’; (z,y)ug, (v) dz :][ u(z) dx.

By, (v)

Also, from the weak formulation for u ([2.4)),

/azj(m)um(x)G?;(xay) dx = / f(l‘)ka<l',y) dr + <fN7ka<'7y)>N
Q Q

Thus, from the symmetry condition (2.30)), we have

f o ulw)do= [ F@G () do (G
By, (v) Q
The left side converges to u(y) as k tends to oo by Lebesgue’s differentiation theorem.

Also, Theorem implies
[ 106wy de = [ 0600 dr. koo
and the uniform convergence of {G**} implies
(fn, G y)n — (v, G(y))n, b — o0

To show uniqueness, we adopt the definition of weak solution taken from Littman,
Stampacchia, and Weinberger [26]. For a measure u of bounded variation on €, we
say that w € L'(Q) is a very weak solution of the mixed problem Lw = p with zero

Neumann data and zero Dirichlet data if

/wa dr = /Q¢ dpu (2.50)
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for every ¢ € C(Q) satisfying the mixed problem with f = € C(Q), fp =0,
and fy = 0.

If ¢y e (W})’Q(Q))/, then the Lax-Milgram theorem gives the existence of a unique
weak solution ¢ € W5*(Q) to the mixed problem (2.1) with f = 1, fp = 0, and
fx = 0. Furthermore, from Corollary [2.3.11} if 1» € C(Q), then ¢ € C(Q). So from
(2.49)), given any ¥ € C(Q), we have

wwzéwMGmmmx (2.51)

We also know that there exists a unique function G(-,y) € W5(Q\B,(y)) N

Wf)’l(Q) which is a very weak solution to

(

LG =3, inQ

G=0 on D

%—G:0 on N
KI/

where 9, is the Dirac-0 measure at y. That is,
o) = [ v)Giay) do (2.52)
So, from and , we have
/Q W) (Gl y) — Cla,y)) dz = 0, for any ¥ € C() (2.53)
This implies G = G , thus giving uniqueness of the Green function. O
Future Work
We close this chapter with a list of questions.

e Can we study the fundamental solution for the Lamé system?

e Can we study the fundamental solution for general elliptic systems?
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e Can we study the fundamental solution for the Robin problem?

Copyright© Justin L. Taylor, 2011.
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