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ABSTRACT

In this thesis, the framework developed to control a single nonholonomic mobile
robot is expanded to include the control of formations of multiple nonholonomic mobile
robots. A combined kinematic/torque control law is developed for leader-follower based
formation control using backstepping in order to accommodate the dynamics of the
robots and the formation in contrast with kinematic-based formation controllers typically
found in literature.

A novel approach is taken in the development of the dynamical controller such
that the torque control inputs for the follower robots include the dynamics of the follower
robot as well as the dynamics of its leader, and the case when all robot dynamics are
known is considered. The asymptotic stability of each robot as well as the entire
formation is shown using Lyapunov methods and numerical results are provided.
Additionally, a novel obstacle avoidance scheme is introduced that allows each follower
robot to navigate around obstacles while simultaneously tracking its leader. The stability
of the follower robots as well as the entire formation during an obstacle avoidance
maneuver is demonstrated using Lyapunov theory.

Subsequently, an adaptive neural network (NN) is introduced to remove the
assumption on the availability of robot dynamics. The inherent NN universal
approximation property is used to estimate the dynamics of the follower robot and its
leader online, and a kinematic controller is integrated with a NN computed-torque
controller. The errors for the entire formation are shown to be uniformly ultimately

bounded even in the presence of obstacles.
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SECTION

1. INTRODUCTION

Over the past decade, the attention has shifted from the control of a single
nonholonomic mobile robot to the control of multiple mobile robots because of the
advantages a team of robots offers. The control of formations of nonholonomic mobile
robots typically involves coordinating a group of mobile robots to maintain a specified
geometric shape. There are several methodologies to robotic formation control which
include behavior-based, generalized coordinates, virtual structures, and leader-follower to
name a few. Perhaps the most popular and intuitive approach is the leader-follower
method. In this method, a follower robot stays at a specified separation and bearing from
a designated leader robot.

A characteristic that is common in many formation control papers is the design of a
kinematic controller only. Thus, the dynamics of the robots and the formation are
ignored and a perfect velocity tracking assumption is required. In Paper 1, the
frameworks developed for controlling single nonholonomic mobile robots are examined
and expanded upon to be used in leader-follower formation control.  The dynamics of
the robots themselves are considered thus incorporating the formation dynamics in the
controller design and removing the perfect velocity tracking assumptions. The dynamical
extension introduced in this paper provides a rigorous method of taking into account the
specific vehicle dynamics to convert a steering system command into control inputs via
the backstepping approach. Both feedback velocity control inputs and velocity following
control laws are presented for asymptotic stability of the formation. The case when all

robot dynamics are known is considered.



Furthermore, a simple but effective obstacle avoidance scheme is proposed that
allows each follower robot to navigate around obstacles while simultaneously tracking its
leader. The obstacle avoidance method is designed to utilize the ability of each follower
robot to maintain a desired location with respect to its leader. In the proposed approach,
both the desired separation and desired bearing are altered to ensure the follower robot
navigates safely around the encountered obstacle. The proposed obstacle avoidance
scheme is shown to achieve stability in the sense of Lyapunov for each follower as well
as the entire formation during an obstacle avoidance maneuver.

In Paper 2, an adaptive neural network (NN) is introduced to remove the assumption
on the availability of the robot dynamics made in Paper 1. The inherent NN universal
approximation property is used to estimate the dynamics of the follower robot and its
leader online, and a kinematic controller is integrated with a NN computed-torque
controller. The errors for the entire formation are shown to be uniformly ultimately

bounded even in the presence of obstacles.



PAPER 1

Control of Nonholonomic Mobile Robot Formations:
Backstepping Kinematics into Dynamics'

Travis Dierks* and S. Jagannathan

Abstract—In this paper, a combined kinematic/torque control law is developed for
leader-follower based formation control using backstepping in order to accommodate
the dynamics of the robots and the formation in contrast with kinematic-based formation
controllers. The asymptotic stability of the entire formation is guaranteed using
Lyapunov theory, and numerical results are provided. The kinematic controller is
developed around control strategies for single mobile robots and the idea of virtual
leaders. The virtual leader is replaced with a physical mobile robot leader and the
assumption of constant reference velocities is removed. An auxiliary velocity control is
developed in order to prove the asymptotic stability of the followers which in turn allows
the asymptotic stability of the entire formation. A novel approach is taken in the
development of the dynamical controller such that the torque control inputs for the
follower robots include the dynamics of the follower robot as well as the dynamics of its
leader, and the case when all robot dynamics are known is considered. Additionally, a
novel obstacle avoidance scheme for leader-follower based formation control is
introduced which allows each follower robot to navigate around obstacles while
simultaneously tracking its leader. The stability of the follower robots as well as the
entire formation during an obstacle avoidance maneuver is demonstrated using
Lyapunov methods and numerical results are provided.

Keywords: Mobile Robot Formation Control, Nonholonomic System, Backstepping
Control, Lyapunov Stability, Obstacle Avoidance

[. INTRODUCTION

Over the past decade, the attention has shifted from the control of a single
nonholonomic mobile robot [1-5] to the control of multiple mobile robots because of the
advantages a team of robots offer such as increased efficiency and more systematic
approaches that a team can offer to tasks like search and rescue operations, mapping

unknown or hazardous environments, and security and bomb sniffing.

! Research Supported in part by GAANN Program through the Department of Education and Intelligent Systems Center. Authors
are with the Department of Electrical and Computer Engineering, University of Missouri-Rolla, 1870 Miner Circle, Rolla, MO 65409.
Contact author Email: tad5x4@umr.edu.



There are several methodologies [6-18] to robotic formation control which include
behavior-based [6][7][8], generalized coordinates [9], virtual structures [10][11], and
leader-follower [12][13] to name a few. Perhaps the most popular and intuitive approach
is the leader-follower method. In this method, a follower robot stays at a specified
separation and bearing from a designated leader robot.

In [12] and [14], local sensory information and a vision based approach to leader-
following is undertaken, respectively. In both approaches, the sensory information was
used to calculate velocity control inputs. In [15], another kinematic controller is
presented making use of a virtual operator multi-agent system (VOMAS) to assist
formation control in joining robots into a team or removing robots from a team. A
modified leader follower control is introduced in [13] where Cartesian coordinates are
used rather than polar. A characteristic that is common in many formation control papers
[7-16] is the design of a kinematic controller, thus requiring a perfect velocity tracking
assumption.

In [16], it is acknowledged that the separation-bearing methodologies of leader-
follower formation control closely resemble a tracking controller problem, and a reactive
tracking control strategy that converts a relative pose control into a tracking problem by
defining a virtual robot for each follower to track using separation-bearing techniques is
presented. A drawback of this controller is the need to define a virtual robot and the fact
that dynamics are not considered.

In this paper, we examine frameworks developed for controlling single nonholonomic
mobile robots and seek to expand them to be used in leader-follower formation control.

Specifically, we examine tracking controllers in the form of [1], [2], and [3]. Like [16],



we seek to convert a relative pose problem into a tracking control problem, but without
the use of a virtual robot for the follower. We also seek to bring in the dynamics of the
robots themselves thus incorporating the formation dynamics in the controller design. In
[17], the dynamics of the follower robot are considered, but the effect the leader's
dynamics has on the follower (formation dynamics) is not incorporated. The leader's
dynamics become part of the follower robot's control torque input through the derivative
of the follower's kinematic velocity control, which is a function of the leader's velocity.
In other words, the dynamical extension introduced in this paper provides a rigorous
method of taking into account the specific vehicle dynamics to convert a steering system
command into control inputs via the backstepping approach. Both feedback velocity
control inputs and velocity following control laws are presented for asymptotic stability
of the formation.

Furthermore, a simple but effective obstacle avoidance scheme is proposed that
allows each follower robot to navigate around obstacles while simultaneously tracking its
leader. The obstacle avoidance method is designed to utilize the ability of each follower
robot to maintain a desired location with respect to its leader. When an obstacle is
encountered, the desired location of the follower robot with respect to its leader is
modified so that the follower navigates around the obstacle. In [16], the desired location
of a follower with respect to its leader is modified by using separation-bearing [18] based
formation control wherein the desired bearing is modified while steering the follower
robot around an obstacle. The drawback of only varying the desired bearing is that the

new reference point for the follower to track may lie behind the follower robot's current



position which is the case when the magnitude of the new desired bearing is greater than
the magnitude of the current one making it undesirable.

By contrast in our approach, both the desired separation and desired bearing are
altered to ensure the above scenario does not occur. Our proposed obstacle avoidance
scheme is shown to achieve stability in the sense of Lyapunov for each follower as well
as the entire formation during an obstacle avoidance maneuver. Simulation results are
provided illustrating the effectiveness of the approach in both a static and dynamic

environment.

Y &

Figure 1: Nonholonomic Mobile Robot

II. NONHOLONOMIC MOBILE ROBOTS
Robotic systems, including the mobile robot depicted in Figure 1, can be
characterized as a robotic system having an n-dimensional configuration space € with

generalized coordinates (g,,...q,) and subject to m constraints can be described by [3]

M(q)q.+V,(4.,9.)4. + F(4.)+G(q.)+7, = B(q.)t — 4" (¢9,)A (1)



where C denotes a reference point located a distance d, from the rear axle, M(q,) € R™"is
the inertial matrix and is positive definite, ¥, (¢.,4,) € R™ 1is the centripetal/coriolis
matrix, F(g,) € R™' includes the surface friction terms, G(g.) € R™" is the gravitational
vector,7, represents unknown bounded disturbances, B(g,)eR™ is an input

transformation matrix, 7 € R™'is the input torque vector, A(g.)eR™ is a matrix

associated with the system constraints, and 1 € R™"' is a vector of force constraints.
The nonholonomic constraint of the mobile robot states that the robot can only move

in direction normal to the axis of the driving wheel, or mathematically [1] it can be given
by
y.cosd—x, sinf-d 0=0. )
The kinematic constraints of C are considered to be independent of time, and expressed
as [1]
A(q.)q. =0 3)
where g_represents the kinematic equations for the reference pointC of the robot in

Figure 1. Let S(g,) be a full rank matrix (n — m) formed by the set of smooth and linearly

independent vector fields spanning the null space of A(g,) such that

§"(g.)4"(q.)=0. (4)
From (3) and (4), it is possible to find an auxiliary vector time functionv(z) € R"™" such
that [1][3]

X, cos@ —d, sind

c

q, = j/.c =|sind d, cos@ {Z)} (5)
o0 0 1



Where|v| <V, and |a)| <w,, and V  and @, are the maximum linear and angular

velocities of the mobile robot. It is straight forward to verify that (5) satisfies the

nonholonomic constraint for C .

The dynamics of the mobile robot can be derived using Lagrangian methods [3] and

written in the form (1) where

m 0 md, sin @
M(q.)= 0 m —md, cos6
md, sin@ —md_cos@ 1
cos@ cosf —sind
B(qc)=l sinf sin@ A" (g.)=| cos@
"l e R d

0 0 md,Bcosd
Vn1(qc3qc): O O mdcésine G(qc):()
0 0 0

A =-m(x,cos 6+ y,sin6)f (6)
The mobile robot dynamics from (1) satisty [3][19] the following properties:

1. Boundedness: M(q.), the norm ofV (q.,q.), andz, are all bounded.

2. Skew Symmetric: The matrix M -2V, is skew symmetric such that M -2V, =0.

III. LEADER-FOLLOWER FORMATION CONTROL

The two popular techniques in leader-follower formation control include separation-

separation and separation-bearing [12][18]. The goal of separation-bearing formation

control is to find a velocity control input such that

lim(L,,~L,)=0 and }Lm(‘f’,-j —¥,)=0 (7)



where L, and y,are the measured separation and bearing of the follower robot
withZ,, and y,, represent desired distance and angles respectively [12][18]. Only

separation-bearing techniques are considered in this paper, but our approach can be
extended to separation-separation control.

To avoid collisions, separation distances are measured from the back of the leader to
the front of the follower, and the kinematic equations for the front of the /” follower robot

can be written as

X, cosHj —djsmej

q;=|; |=|sin0; d;cosd, [a)/]:Sj((]j)vj (8)
9. 0 1 J

J
whered ;is the distance from the rear axle to the to front of the robot,x,, y;, and @, are

actual Cartesian position and orientation of the physical robot, and v;, andw, are linear

and angular velocities, respectively. Using (8), the dynamics from (1) can be rewritten in
a transformed form that will be considered throughout this paper for the controller design
[1][3]. Substituting the derivative of (8) into (1) as well as multiplying both sides of (1)

by ST renders

T . T - Fnl T
SijSjvj +Sj. (MJ.SJ. +Vm/_Sj.)vj +Fj +Sj Ty

T T 4T (9)
=5;B,(q,)r; =S; 4; 4,

After appropriate variable redefinitions and applying (4), system (9) takes the form of

M;(q,)V; +V,,(4;.4,v, +F,(v)+ 74, =B,(q,)z;. (10)
where M ; e R is a symmetric positive definite inertia matrix, ij € R is the bounded

centripetal and coriolis matrix, F e®™is the friction vector,7, represents unknown



10
bounded disturbances, and 7, = B TE R is the input vector. It is important to note the

skew symmetric property ,]\7_ ;= 2V (g 1»4;) =0, mentioned above still holds [1].

mj

A. Backstepping Controller Design
The complete description of the behavior of a mobile robot is given by (8) and (10).
Standard approaches to leader follower formation control deal only with (8) and assume
that perfect velocity tracking holds. This paper seeks to remove that assumption by

defining the nonlinear feedback control input

7. =B (Mu,+V,v,+F.(v)+7,) (11)

nj-j

whereu , is an auxiliary input. Applying this control law to (10) allows one to convert the

dynamic control problem into the kinematic control problem [1] such that

q.j :Sj(QJ)vj

Vj :uj.

(12)

Tracking controller frameworks have been derived for controlling single mobile robots,

and there are many ways [1-5] to choose velocity control inputs v . (¢) for steering system

(8). To incorporate the dynamics of the mobile platform, it is desirable to

convertv, (¢) into a control torque, 7,(¢) for the physical robot. Contributions in single

robot frameworks are now considered and expanded upon in the development a kinematic
controller for the separation-bearing formation control technique. Our aim to design a
conventional computed torque controller such that (8) and (10) exhibit the desired

behavior for a given control v, (¢) thus removing perfect velocity tracking assumptions.

Consider the tracking controller error system presented in [1] used to control a single

robot as
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e cosf, sinf, 0| x, —x,
en |=T,(q;, —q,)=|~sin0; cosd; 0fy, -y, (13)
e, 0 o 1]0,-0,

X, =v,sinb,, y, =v,sinb,, 0, =0,,q, = [xj, Yir efr] (14)

wherex,, y, , and @, are the positions and orientation of a virtual reference robot j seeks

to follow [1].

In a single robot control, a steering control inputv, (¢) is designed to solve three basic

problems: path following, point stabilization, and trajectory following such that

lim,, (g, —¢q,)=0andlim_, (v, —v,)=0[1]. If the mobile robot controller can

successfully track a class of smooth velocity control inputs, then all three problems can
be solved with the same controller [1].

The three basic tracking control problems can be extended to leader-follower based
formation control as follows. The virtual reference cart is replaced with a physical

mobile robot acting as the leader i, andx,andy, are defined as points at a
distance L, and a desired angley,, from the lead robot. Now the three basic navigation

problems can be introduced for leader-follower formation control as follows.

Tracking: Let there be a leader i for follower j such that

X; cos@. —d,;sinb.
g, =|y, |=|sin8 d, cosb, [vi } (15)
6, 0 1 “

Mi(q,)v, +V,,(q;,¢)v; +E () + 74 =B(q)7; (16)
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x, =x;,—d, cost, + L cos(‘Y,, +6,)
y, =y, —d;sin6 +L,,sin(\¥;, +6,) 17)
er = 9[

and
v =l lell (18)
where v is the time varying linear and angular speeds of the leader such that v, >0 for

all time. Then define the actual position and orientation of follower j as

x; =x,—d cost +L,cos(\t; +6,)
y; =y, —d;sin6, +L;sin(\t; +6,) (19)
0,=0,

where L, andy; are the actual separation and bearing of follower j. In order to solve the
formation tracking problem with one follower, find a smooth velocity

v.,and K are the

Jp’ T jr?

inputv,. = f(e,,v,,K) such thatlim, ,, (g, —¢g;)=0, wheree
tracking position errors, reference velocity for follower j robot, and gain vector,

respectively.  Then compute the torque 7,(¢)for the dynamic system of (10) so
thatlim,_, (v, —v,)=0. Achieving  this for every leader i and

J

follower j =1,2,...N ensures that the entire formation tracks the formation trajectory.

Path Following: Given a path P, for leader i as well as the entire formation to follow,
define a path P relative to Fas the points at a distance L;, and an angley,, for the
follower robot j to follow with a linear velocityv;(#). Find a smooth velocity control
inputv,. = f(e,,v,.,b,;,K), wheree andb are the orientation and distance errors

between a reference point of the follower robot j and path P,, respectively, such that
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lim,, (e;,) =0 andlim,_, (b,)=0. Then compute the torque 7,(¢) for the dynamic

—©

system given by (10) so thatlim —v;)=0. Achieving this for every leader i and

0 (Ve
follower j =1,2,...N ensures that the entire formation follows a formation path P, with a
bounded error that is a function of L, andy, .

Point Stabilization: Given an arbitrary configuration of leader i denoted as g,, define
a relative reference configuration for follower j asq,. Then find a smooth control

velocity input v, = f(e K) such thatlim,, (g, —¢;)=0. Next, compute the

o> Virs

torque 7,(7) for the dynamic system of (10) so thatlim,,, (v, —v;)=0. Achieving this

t—0 (
for every leader i and follower j =1,2,...N ensures the entire formation is stabilized about

a reference point at the geometric center of the formation which is defined as the
formation trajectory.
B. Leader-Follower Tracking Control

Many solutions [12-16] to the leader-follower formation control problem of (7) and
the kinematic model (8) have been suggested and smooth velocity control inputs for the
follower have been derived. Unfortunately, dynamical models are rarely studied, and the
effect of the dynamics of mobile robot leader i on follower j has not been well understood
in the process of incorporating the dynamics of the formation. This paper will now
address these issues.

The contribution in this paper lies in deriving an alternative control velocity, v, (),

for separation-bearing leader follower formation control, and calculating the specific

torque 7, (#) to control (10) which accounts for the dynamics of leader i as well as the

dynamics of follower j. It is common in the literature to assume perfect velocity tracking
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which does not hold in real applications. To remove this assumption, integrator
backstepping is applied. A general control structure for mobile robot follower j is

presented in Figure 2.

V;
b= e 7| Moo :
_"F‘(I?jdslgf!‘{l;fd:\{gf:q:a; - ];; —i F‘(ej:'v;:KJ ,q‘},‘},u;) = Roob;fj S}(q_;)—
]
6| v__|
[L ‘ﬂ 0 Robot j -
'~ ™ Dynamics V.
T —— i
Separation- | -X; q ;
Bearing [+ jqj' e
Sensor | Vi

Figure 2: Follower j Controller Structure
Using (17), (19) and simple trigonometric identities, the error system (13) can be

rewritten as

e, cos@, sin6@, O} L, cos(V¥;, +6,)-L;cos(‘Y;+6,)
e, |=|-sind, cos@, O L,sin(VY;,+6,)—L,sin(‘t;, +6,) (20)
e, 0 0 1 0, -0,

and after further simplification (20) can be rewritten as

e, L, cos(‘W,, +e)—L;cos(W; +e;)
e, =|e,|=| Lysin(Y,, +e;)—L;sin(‘t, +e;) (21)
€ 6,-9,

The transformed error system now acts as a formation tracking controller which not only

seeks to remain at a fixed desired distance L, with a desired angley,, relative to the lead

robot i, but also achieves the same orientation as the lead robot which is desirable

whenw, =0.
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In order to calculate the dynamics of the error system (21), it is necessary to calculate

the derivatives of L, andy,, where their desired values.,, andy , are considered as

i

constants. Consider the two robot formation depicted in Figure 3. The x and y

components of L, can be defined as

»
X

Figure 3: Leader-Follower Formation Control

=X, —x, =x,—d cosl —x,
ijx Irear J front i i i J (22)
Ly =¥, =Y, =¥yi—d;sind -y,
and the derivative of the x and y components of L, can be found to be
Lijx =v,¢086, —v;c086, +d ,w,;sin0,

Ly, =v,sing, —v;sind, —d @, cos 0,

. 2 2 2 Ll . . .
Noting that[; = Lj; + L; and ¥, = arctan(L_”] -6, +m, it can be shown that derivatives
ijx
of the separation and bearing are consistent with [12] and [18] even when using the

kinematics described in (8) such that
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L, =v;cosy,—v,cos¥; +d w;siny,

(24)

. 1 . .
W, =— (v, sin¥, —v;siny;, +d,w,cosy, —L,w,)

i
wherey, =¥ +e ;.
Now, using the derivative of (21), equation (24) and applying simple trigonometric

identities, the error dynamics can be expressed as

€ -V, +v,cose,; +me;, —o, L, sin(¥, +e;)
e, |=|~we;, +v,sine;; —d,w, +w L, cos(¥,, +e;) |- (25)
é;

3 @ @

Examining (25) and the error dynamics of a tracking controller for a single robot in [1],
one can see that dynamics of a single follower with a leader is similar to [1], except
additional terms are introduced as a result of (8) and (24).

To stabilize the kinematic system, we propose the following velocity control inputs

for follower robot j to achieve the desired position and orientation with respect to leader i

as
Ve v, cose;; + ke ) Ve
Vv, = = ) + (26)
” o @, + (Vi + kv )k2ej2 + (vi + kv )k3 sine ;4 Y wje
where
Ve = _a)iLijd sin(\Pl.jd +e j3) (27)
and

lea|(@,(d, + L)+ (v, +k )k, +k,)
1k, +epsld,

Voe =~ (28)

Comparing this velocity control with the tracking controller designed for a single

robot in [1], one can see that the two are similar except for the novel auxiliary terms
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which ensure stability for the formation of two robots using kinematics alone.

Additionally, the design parameter k£ was added to ensure that asymptotic stability holds
even whenv, =0.

Before we proceed, the following assumptions are needed.

Assumption 1. Complete knowledge of dynamics of follower j and leader i are known.
Assumption 2. Each follower has full knowledge of its leader's dynamics.

Assumption 3. Follower j is equipped with sensors capable of measuring the

separation distance L, and bearingy, and both leader and follower are equipped with
instrumentation to measure their linear and angular velocities as well as their orientations

0, and 0, .

Assumption 4. Wireless communication is available between follower j and leader i
with communication delays being zero.
Assumption 5. Leader i communicates its linear and angular velocities v, , @, as well as

its orientation &, and control torque z; to its followers at each sampling instant.

Assumption 6. For the nonholonomic system of (8) and (10) with n generalized

coordinatesg, m independent constraints, and 7 actuators, the number of actuators is

equal to the number of degrees of freedom (7 =n —m).
Assumption 7. The reference linear and angular velocities measured from the leader i

are bounded and v, (r) > 0 for all «.

Assumption 8. K =[k, k, k,]" isa vector of positive constants.
Assumption 9. Let perfect velocity tracking hold such thatv;, =v, andv, = v, (this

assumption is relaxed later).
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Remark: These assumptions are standard in the formation control literature.
Theorem 1: Given the nonholonomic system of (8) and (10) with n generalized

coordinates g, m independent constraints, and  actuators, along with the leader follower

criterion of (7), let Assumption 1-9 hold. Let a smooth velocity control input v, for the

follower j given by (26), (27), and (28).  Then the origin e, =0 consisting of the

position and orientation error for the follower is asymptotically stable.
Proof: Consider the following Lyapunov function candidate

l—cose,,

V.= l(e_f1 +e5,)+
k2

Clearly, V', >0 and ¥, =0 only whene;, =0. Differentiating (29) and substitution of
(25) yields

v, =eﬂ(—vj +v, cose;; —w L, sin(Y, +ej3))+ ejz(vi sine;; —d 0, + oL, cos(¥), +ej3))
(30)

Substitution of (26) and (27) renders

Vj :_klejz'l —d,(v; +kv)kzej2'2 -, +kv)k£sirf €5
2

) ) 31
) k,sine;, sine (31)
_e_/zd_/ @ +(v, +k, ks SINE 5 +a)ng/d COSH{/‘d +e,'3) + d — |7V g P ‘ +ej2d_/
; 2

J

Equation (31) can be rewritten as

Vj <—kel —d (v, +k, ke, —%(vi +k,)sin’ e
2

+lepllnd, (14 L)+, +k,kyd, +k, )+ 7Q,L‘(ki+|eﬂ|djj

2

(32)
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Clearly, the first three terms in (32) are strictly less than zero fore, #0. Now consider

the last two terms of (32) in the inequality
1
el +L,)d, +0, +k ed, +kv)+y@c(g +|ej2|de <0 (33)

Substitution of (28) into (33) reveals

V. <—kel —d (v, +k,)k,e, —k—S(vl. +k,)sin’ e (34)

2

Clearly Vj<0for allv, >0, and the velocity control (26), (27) and (28) provides

asymptotic stability for the error system (21) and (25) ande; > 0 ast — .

Remark: The asymptotic stability of the error system (21) and (25) is proven without
the use of Barbalat's Lemma which is normally required in [1].
C. Dynamic Controller

Now assume that the perfect velocity tracking assumption does not hold making

Assumption 9 invalid. Define the velocity tracking error as

€ic = Ve TV (35)

Adding and subtracting M (g, )v .and I7mj(qj)v o to (10) as well as substituting (35) and

its derivative into (10) allows the mobile robot dynamics to be written in terms of the

velocity tracking error and its derivative as
Mj(qj)éjc :_ij(qjiq.j)ejc_fj+.f}(x)+fllj' (36)
where

fj(xj):Mj(qj)""jc+I7mj(qj‘:q.j)vjc+}_7}(vj) (37)
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. e . T T -TAT . . .
w1thxj —[vi,a)i,vi,a)l.,qj,vj,w].,ej,ej] . The function fj(xj)ln (37) will be used to

bring in the dynamics of leader i through v, by observing that
Vi = [y @,v,,0,,e,,¢)). (38)
The leader i's dynamics (16) can be rewritten as
v, =M (q)B(q)5—V,, (4,4, —F()~74) (39)
Substituting (39) into (38) results in the dynamics for leader i to become apart of v, as
Ve = fg (0 @,0,7,0¢,,¢) (40)
Under Assumptions 1-5, follower j is able to constructv, . Defining the auxiliary
control input #; from (12) to be [1]
u,=v,+Ke,, (41)
the control torque for the jth follower robot can be written in the form
T, = EJTI(MJK4ejc +f,(x)) (42)
where K, is a positive definite matrix defined by
K, =k (43)

Substituting (42) into the dynamics of follower robot j (10) produces the closed loop error

dynamics shown below.
M, =—(M K, +V,)e,. +7, (44)
Remark: In [1], the reference velocity is considered to be constant, therefore the

dynamics of the reference cart are never considered. That assumption is not being made

here since the reference cart has been replaced by a physical robot i. Thus, the dynamics
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of leader robot i must be considered and become an important term in follower j's torque
command.

Theorem 2: Let Assumptions 1-8 hold, and let k, in (43) be a sufficiently large
positive constant. Let a smooth velocity control input v . (¢) for the ™ follower be

defined by (26), (27) and (28). Let the torque control (42) be applied for the j’h follower

robot system (10). Then the origin e, =0and e, =0which are the position, orientation

and velocity tracking errors for follower j are asymptotically stable.

Proof : Consider the following Lyapunov candidate:
Vi=V;+ %eJT‘cM j€ie (45)
whereV/, is defined as (29). Differentiating (45) yields
ViV s M, + 2 7 46
g =V e e TS eM e (46)

In Theorem 1, it was proved thatVi <0. Assuming an ideal case such that the

disturbance 7, = 0 and substituting (44) into (46), gives

mj

Vi<V —el (M K,)e, +%e_,1 (M, -27, e, (7)

After applying the skew symmetric property, (47) can be rewritten as
Vi=V,-e.(MK)e, (48)
Examining (48), it is clear that VJ.’ <0and the position tracking error systeme; = 0and

velocity tracking error systeme;, = 0 are asymptotically stable.
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D. Leader Control Structure

In every formation, we assume there is a leader i such that the following assumptions
hold:

Assumption 10. The formation leader follows no physical robots, but follows the
virtual leader described in [1].

Assumption 11. The formation leader is capable of measuring its absolute position
via instrumentation like GPS so that tracking the virtual robot is possible.

The kinematics and dynamics of the formation leader i are defined by (15) and (16),
respectively. From [1], the leader tracks a virtual reference robot with the kinematic

constraints of (14), and the tracking error for the leader and its derivative are found to be

e, cosd, sinfd O x, —x,
e, =|e,|=|—sin6 cosl, Ofy -y (49)
e, 0 0 1]6-6
e, | [-v,+v, cose,+me, ]
and e=ée,|=| —we,+vV, sine;, (50)
és @, — O, |

The control velocity v, (¢) can be defined as [1]

(1)

ic

_{ v, cose, +k, e, }
@, +kyv,e, kv, sine,

Using similar steps and justification to form (36) and (37), the leader's error system can

be formed similarly to follower j's and the leader's torque 7, is defined as [1]

Ti = E;I (Ml (K4eic + ‘.}ic) + Vmivi + I-_;;(xi )) (52)

wheree,_ and K, are defined similarly to (35) and (43). Substitution of (52) into the

leader's error system in the form of (36), the closed loop error system can be written as
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Miéic = _(MiKM + I7lj)eic +Ty (53)
The following additional mild assumptions are needed before proceeding.
Assumption 12. The reference linear velocity v, is greater than zero and bounded and

the reference angular velocity @, is bounded for all .

Assumption 13. K, =[k,, k,, k;]" isa vector of positive constants.
Theorem 3 [1]: Given the kinematic system of (15) and dynamic system of (16) for
leader i with n generalized coordinates g,, m independent constraints, and r actuators, let

Assumptions 1-6 and Assumptions 10-13 hold. Let k,, be a sufficiently large positive

constant. Let there be a smooth velocity control inputv, (¢) for the leader i given by
(51). Let the torque control (52) for the lead robot i (16) be applied. Then the origin
consisting of e, =0 ande,, =0, which denote the position, orientation and velocity
tracking errors for leader i are asymptotically stable.
Next the stability of the formation is introduced.
E. Formation Stability
The stability of the formation can be demonstrated by using the individual Lyapunov
functions as given in the following theorem.

Theorem 4: Consider a formation of N+/ robots consisting a leader i and N

followers. Let Assumptions 1-8 and 10-13 hold. Let k, and k,,be sufficiently large

positive constants. Let there be a smooth velocity control input v, (¢)for the leader i

given by (51), and let the torque control from (52) for the lead robot i (16) be applied.

Let there be a smooth velocity control input v,.(¢) given by (26), (27), and (28) for the Vi
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follower and torque control given by (42) for the j* follower robot (10) be applied and

assume no  disturbances.  Then the origin e, =[¢/ e, e e.] =0

m(nJrr)(HN)xl

wheree; € represents the augmented position, orientation and velocity

tracking error systems for the leader i and N followers, respectively is asymptotically
stable.

Proof: Consider the following Lyapunov candidate

N
!
V=2V +V, (54)
1
wherey is defined by (45) and
V. —l(ez+ez)+i(1—cose )+leTA7€ (55)
i 2 il i2 kiz i3 2 ic iic*

Examining (45) and (55) it can be concluded that (54) is positive fore, # 0. Taking the

derivative of (54) yields

. N . .
V”':ZV”V’” (56)

It was shown in Theorem 2 that Vj' <0 for allj in N, so clearly

S <0 (57)

1

Assuming7, =0 and substituting the leader's position error dynamics (50), control

velocities (51), and velocity tracking error dynamics (53) into the derivative of V; gives

; k, . — 1, -
V,=~kie; ~ k_lsvir sin® e;; — e, (MK, )e;, + Eei (M; =2V,)e, (58)

i2

After applying the skew symmetric property, (58) can be rewritten as
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V.= _kizleizl - k;?’vir sin’ €3 — ei]; (MK, )e; (39)

i
i2

From (59), it can only be concluded that V;j is negative semi-definite and therefore e; is
bounded. Examining the error systems, control velocities and torques for the leader i and

its followers, it can be deduced that Heyu and”éyu are bounded. Furthermore, it is not
difficult to show that HVUH < oo and therefore Vy is uniformly continuous. Therefore, by

Barbalat's Lemma [19], VU —>0and thus e, >0, ¢, > 0,and ¢, -0 as t > . Then

from (59)

k. .
klei +—2v sin’e, =0 (60)
i2

which implies e;, — 0and e,; - 0 as t - co. Examining (51) and the definition ofe,, it
is then straight forward to verify that ¢, — 0ast — oo. Therefore, the entire formation is

asymptotically stable.
Remark: The asymptotic stability of a formation for the case when follower j
becomes a leader to follower j+/ follows directly from Theorem 2 and the Lyapunov

candidate

" J+l
v =S, )

J

where V' is defined in (35).

IV. LEADER-FOLLOWER OBSTACLE AVOIDANCE
In the previous section, a tracking controller for leader-follower based formation

control was developed that sought to drive follower j to a reference location and desired
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orientation with respect to leader i. However, with the introduction of obstacle avoidance
schemes, the orientation of the follower j will vary from its leader's as a result of avoiding
an obstacle that was in the path of follower j but not its leader. Therefore, when an
obstacle is encountered, it is logical for follower j to track a reference point, but no
specific orientation with respect to its leader so that it can avoid the obstacle.

The proposed obstacle avoidance scheme is designed to take advantage of the
tracking ability of the follower robots. When an obstacle is encountered, the desired
separation and bearing is redefined so that the follower robot is guided around the
obstacle. To accomplish this, the desired separation and bearing are no longer considered
to be constants but are considered to be time varying.

Remark: 1In this section, the time varying desired separation and bearing will be

denoted as L,,(¢) andy,(¢) while the constant desired separation and bearing will be
written as L, andy/, .

Consider the formation tracking control error system presented in (21), but rewritten

as

€ jo1 Ly, (t)cos(¥y, (1) + g,) — L cos(¥; + 5/) (62)
e = _| " i Y, i i Y
? e L, (0)sin(¥;, (1) +6,)— L, sin(\¥, +6,)

jo2

whereé_’j =6, — 0, and only the normal and tangential components of the separation and

bearing errors are considered. The dynamics of (62) can be found in a similar manner

used to derive (25), and written as

{éjol } { €, —v, +v,cos0, +we,, —aL,(t)sin¥,,+0) 63)

Cin| | ~ @ TV SING; —d, 0, + @y L ()costy, +6)

where
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€ =Ly (t)cos(¥y, (1) +0,) =V, (DL, (1) sin(¥,, (1) +0)) (64)

J

and
€., =Ly, (O)sin(¥,, (6)+0,) + ¥, ()L, (1) cos(¥, (1) + 6,) (65)
Comparing (63) with (25), one can see that they are identical except for the terms
added as a result of the time varying desired separation and bearing.
A. Obstacle Avoidance
Consider the configuration shown in Figure 4. It is desired that follower robot j

maintains a distance s, from all obstacles; therefore, to navigate around the obstacle, the

following simple approach is proposed.

v, w
YA or o

Obstacle

XV

Figure 4: Obstacle Encounter

When the nearest edge of an obstacle is detected at an angle 8, and distance s relative
to follower j such thats <s,, the desired separation and bearing, L, (¢) andy ,(7), are

modified such that the follower is steered away from the obstacle by
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2
1 1 1
Lijd (t) = Lijd _EKL(;__]

Sq
(66)

2
1 1 1
lPijal (t)= LI"ijar + EK\{/ (; - _j Sgn(q]g/d )

Sa
where sgn is the signum function and K, and K, are positive design constants.

Examining (66), one can see that the shifts introduced to the desired separation and
bearing are similar to repulsive potential functions commonly used in robotic path
planning [20]. Here we use the potential like function to push the desired set point of the
follower robot j away from the encountered obstacle thus steering the robot around the
obstruction.

In order to calculate the expressions in (64) and (65), derivatives of the desired

separation and bearing are necessary. The measured distance s and angle 6, can be

written in terms of the x and y components s as

2 2 2
sT=s.+s,

s (67)
0, = arctan(—y]
Sx
5, =X, —X,
where (68)
Sy = y(/’ - yo

and x, and y_ are the coordinates of the obstacle. Note that the obstacle is not necessarily

stationary, and assume that the obstacle can be defined by the kinematic model

X, =v,cos6, (69)
y,=v, sin@,

Differentiating (67) and (68), and substitution of (8) and (69) reveals
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s = v, cos(HJ, -6,)- a’jwj sin(@j -6.)—v,cos(6, —-0.)

1 (70)

0, =—(v,sin(0, - 0,) +d w, cos(0, - 0,) — v, sin(6, - 6,))

s
Before continuing, the following assumptions are required.
Assumption 14. Follower j and the leader i are equipped with instrumentation capable

of measuring the distance s and relative angle of the obstacle 8. .
Assumption 15. The velocity v, and orientation &, of the obstacle are not available to

follower j and leader i.

Since the velocity v, and orientation 8, of the obstacle are not available to follower j,
the derivatives in (70) must be estimated. Assuming that s and és are smooth functions,
define the estimates of § and 0, using standard backwards difference equations as

§=s(t)— st — A?)

A (71)
0. =0.(t)-0.(t—Ar)
where At is an arbitrarily small sampling period.
Now we can define the derivative of (66) as
L, (t)= K{l —ijizé
s S, )s
(72)

. 1 1)1 ;
\Pg/d (1) =- Sgn(lpijd )Ky/ (; - _] 9

s, )s
Substitution of (72) into the error dynamics defined in (64) and (65) yields

A 1 1)1 . = 1 1)1 . . —
e, =K, (— - —]—2s cosCPy.d )+ 6?/.) + sgn(‘{"iid)Kw(; - S—]S—ZsLijd(t) sm(‘Pl.jd(t) + 6?j) (73)
d

s S, )8

A 1 1)1 ;. — 1 1
e =K (; - S_Js_2 §sin(¥y, (1) + ;) —sgn(¥y, K, (; -
d

d

j i2 §Lyd (1) cos(¥,, (1) + 6_’, ) (74)
s i A
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To stabilize the error dynamics in the presence of an obstacle, the following velocity
control inputs for follower robot j is proposed to achieve the desired position and

orientation with respect to leader i as

v,cos, +ke;, —aL,sin(¥,,, +0) €
Jjeo X
Vv, = =1 - .ot e, 75
o, d—(a),.Li/.dcos i T0,) ke, +v,sind,) €2 (75)
j d,
J

Theorem 5: Given the kinematic model of nonholonomic mobile robot in (8), along
with the leader follower criterion of (7), let Assumptions 1-7 and Assumption 9 hold. Let

k,,k,, K, and K, be positive constants, and let the smooth velocity control input
v, (#) for the ™ follower be given by (75). Then the origin e, =0 consisting of the

position error for the follower is stable in the sense of Lyapunov.

Proof: Consider the following Lyapunov candidate

1
V'o = 5(6501 + e?oZ) (76)

J
Clearly, V;,, >0 and V,, =0 only whene,, =0. Taking the time derivate of (76) and

substitution of the error dynamics (63) reveals

Vi =€n(€y—v,+v,cod, —al, (0)sintt],+6,))

o _ (77)
+e,,(€;, TV, 8100, —d, 0. + L (1)costt); +0,))
Substitution of (75) into (77) reveals
Ve = _klejz'ol _kzejz'oz te jolgsjl +ej022;j2 (78)
where ¢, =¢,, —¢,,and¢,, =¢,, —¢,,. Bquation (78) can then be rewritten as
. < — 2
V,<—kle,| +&le, (79)
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where & =min(k,,k,)ande; = ?Sjl + ?sz. Completing the square with respect to
Heju yields
14 <—Ee Z—E ‘e g 2+g—f (80)
L) (R B

and it can be concluded that the formation errors are bounded during an obstacle
avoidance maneuver. Note that the bounds on the formation error system can be made
arbitrary small by increasing & .

Remark: In order to remove the perfect velocity tracking assumption of Assumption
9, the dynamic control presented in Theorem 2 can be applied by replacing the velocity
control input (26) with (75) when in the presence of an obstacle. Also, since leader robot
i does not track a physical robot, any existing obstacle avoidance method can be utilized
by the leader. When the leader robot performs an obstacle avoidance maneuver, the
entire formation will continue to track the leader, and once the leader has steered around
the obstacle, the followers can navigate the obstruction on an individual bases. That is,
the obstacle avoidance method selected for the leader does not affect the stability of the
entire formation in the presence of obstacles.
B. Formation Stability in the Presence of Obstacles

Before proving the stability of the entire formation in the presence of obstacles, an
additional assumption is required.

Assumption 16. Leader i utilizes a path planning algorithm such that by tracking the
virtual reference cart described in [1], the lead robot i navigates around any encountered

obstacles.
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Under Assumption 16, the lead robot i navigates around the obstacles by tracking its
virtual reference cart. Therefore, the controller described in Theorem 3 is used to control
the leader in both the absence and presence of obstacles. The path planning algorithm for
the leader 7 is beyond the scope of this paper and therefore is not included here.

Theorem 6. Consider a formation of N+/ robots consisting of a leader i and N
followers in the presence of obstacles. Let Assumptions [-7 and 10-16 hold.

Letk,,k,,K,,K,, k,andk, be sufficiently large positive constants. Let there be a

smooth velocity control input v, (¢) for the leader i given by (51), and let the torque
control for the lead robot i from (52) be applied to the mobile robot system (16). Let
there be a smooth velocity control input v, (¢) for the ™ follower given by (75) and

torque control for the j follower robot given by (42) be applied to the mobile robot

system (10). Then the origin e, =le] e e, el ]'=0

ijo i ic jo
+N -)N)x1 . .. . . .
wheree;;, e UMD e the  augmented position, orientation and velocity

tracking error systems for the leader i and the position and velocity tracking error systems
for N followers, respectively is stable in the sense of Lyapunov.

Proof: Consider the following Lyapunov candidate

N
_ '
I/;'jo - Zl/jo +Vl (81)
1
where V. is defined in (55) and
' 1 2 2 1 v
Vjo :E(Qjol +ej02)+Eejchejc (82)

Differentiating (81) yields
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N
- . .
I/ijo - Zl/jo + I/l (83)
1
and it was shown in Theorem 3  that the derivative of (55) can be written as

V= -kieh o, s e, - (1K e, 54)

i2
after substitution of the error dynamics and control inputs (50), (51), and (52),

respectively. Substitution of the error dynamics and control inputs (63), (75), and (42),

respectively, into V] reveals

N N —
z Z( 101 102 + ejolesﬂ + eoneSJZ) Z(efc(MjK4)ejc) (85)
1 1

where ¢, =¢e,, -e ande =e

ol 02 — €, - Noting the similarities of the first summation

with Theorem 5 allows (85) to be written as

N N .
ZVJ’ ( k” Jf" ) Z( (M«/'K4)eJC) (86)
1 1
where k = min(k,, k, )ande, =le |+ ?sz . Completing the square with respect to each
e,
— 2
y.oooX k e & &y, —
' < 1 ==lle == | +=Z |-DeL(M.K))e, (87)
IZVJV 2[ J kJ 2](\} lﬂj 4 j)

and (87) can be rewritten as

jo

kjjsz))zi 59)

Note that the first two summations in (88) are always less than or equal to zero, and the

last summation can be made arbitrarily small by increasingk . Therefore, combining (84)
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and (88) reveals that the entire formation is stable in the sense of Lyapunov in the
presence of obstacles.
Remark: The stability of the formation for the case when follower j becomes a leader

to follower j+7 follows directly from the Lyapunov candidate

o J+1 1 1 _
V,= Z(g(efm +el,)+ EejcM e jcj (89)
J

and noting equation (88).

V. SIMULATION RESULTS
A wedge formation of five identical nonholonomic mobile robots is considered where
the leader's trajectory is the desired formation trajectory, and simulations are carried out
in MATLAB under two scenarios: with and without obstacles. First, in the absence of
obstacles, only the kinematic steering system (8) under perfect velocity tracking such

thatv, =v, and v, = v, is considered for the leader and its followers in the absence of all

dynamics. Then, the full dynamics as well as the kinematics of all the robots are
considered. Under both cases, the leader's reference linear velocity is 5 m/s while the
reference linear velocity is allowed to vary. Results for the leader's tracking ability are
presented in [1] and are therefore not shown here. In the second scenario, obstacles are
added in the path of the follower robots and the obstacle avoidance scheme of Theorem 5
is demonstrated, and both a static and dynamic obstacle environment is considered.

A simple wedge formation is considered such that follower j should track its leader at

separation of L, = 2meters and a bearing of y,, =+120° depending on the follower's

location, and the formation leader is located at the apex of the wedge. The wedge
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formation that will be considered is shown in Figure 5. In the figure, followers 1 and 3

track the leader and followers 2 and 4 track followers 1 and 3, respectively.
Figure 5: Formation Structure
Remark: In the proceeding analysis, L, F1, F2, F3,and F4 will be used to denote the
leader, follower 1, follower 2, follower 3, and follower 4, respectively.

The gains shown in Table I are utilized for the controllers.

Table I: Controller Gains

Leader

K., = diag{40} k, =10 k,=5 k=4

Followerj | K, =diag{40}

k=7 k,=20 | k,=.01 |k =1
(/=1234)

The following robotic parameters are considered for the leader and its followers:

m=5kg, I=3kg’>, R=.175m, r=0.08m ,and d =0.45m. Friction is added to both

the leader's and its followers' dynamics and modeled as

7o Ssign(v) +.25v
- 15sign(w)+ .30

A. Scenario I: Obstacle Free Environment

Figure 6 shows the resulting trajectories for two cases: when only the kinematics are

considered and when both the kinematics and dynamics are considered. In both cases,
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the robots start in the bottom left corner of Figure 6 and travel toward the top right corner
of the figure, and a steering command in the form of angular acceleration is given to the
formation atx =2. From Figure 6, it is apparent that the wedge formation can be
achieved under both cases. However, when the steering command is issued, the
dynamics of the robots become an apparent influence, and the two trajectories deviate
from each other. During the steering command, dynamics like the centripetal/coriolis
become an influence on the robots when the dynamics are considered, and the path the
robots take when the dynamics are modeled is slightly different than the path the robots
take when the dynamics are ignored. This is an important result that displays the
importance of incorporating the dynamics of the robots into the control law. In an
obstacle ridden environment, it is important that the formation follows a specific
trajectory to ensure safe passage. Ignoring the dynamics of the robots, one cannot
guarantee the trajectory the formation follows is the desired trajectory.

Figures 7 and 8 display the bearing and separation errors for the proposed dynamical
controller. It is evident that both the bearing errors and separation errors converge to zero
very quickly and remain there so that the wedge formation is maintained.

B. Scenario II: Obstacle Ridden Environment

Now, the wedge formation of five robots is considered in an environment with

stationary and moving obstacles, and the controller gains outlined in Table I along with

the gains shown in Table II were utilized.

Table II: Obstacle Avoidance Gains

K,=5|K =15

v
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Figure 8: Separation Errors for Dynamical Controller

Figures 9 and 10 depict the formation trajectories in the presence of stationary
obstacles. Examining the zoomed formation trajectories shown in Figure 10, it is
evident that the robots are able to maneuver around the encountered obstacle while
simultaneously tracking their leaders. Because the followers on the outside of the
formation track the robots in the inner formation, the movements of the robots in the
interior of the formation propagate to followers on the exterior of the formation. Thus,
when a robot on the interior of the formation performs an obstacle avoidance maneuver,
their movements are mimicked by their followers, which is evident in Figures 9 and 10.
Figures 11 and 12 illustrate the desired separation and bearing, respectively, for follower
robot 2. Examining the plots, the constant set points become time varying when an
obstacle is encountered and return to constant values once the obstruction is navigated.
Figures 13 and 14 display the formation tracking errors for all followers. Examining the

plots, one can see that the separation and bearing tracking errors are small and bounded
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when in the presence of an encountered obstacle which supports the theoretical
conjecture.

Next, the formation is tested in the presence of a dynamic obstacle environment.
When the obstacle is encountered in this scenario, the obstacle begins to move with a
constant velocity until the robot has completely navigated around the obstacle to avoid it.
Figures 15 and 16 show the formation trajectories. The dotted lines represent the path of
moving obstacles, and the connected circles denote the obstacles' final positions. Figures
17 and 18 display the desired separation and bearing time history of follower 2 in the
dynamic environment. Again, the influence of the obstacle on follower 2 can be
observed when the desired separation and bearing become time varying. Figures 19 and
20 present the formation tracking errors for all four followers. Examining the figures, it
is clear that the separation and bearing tracking errors are small and bounded in the

presence of moving obstacles.

Separation-Bearing Control in the Presence of Obstacles
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VI. CONCLUSIONS

In the absence of obstacles, an asymptotically stable tracking controller for leader-
follower based formation control was presented that considers the dynamics of the leader
and the follower using backstepping. The feedback control scheme is valid as long as the
complete dynamics of the followers and their leader are known. Numerical results were
presented and the stability of the system was verified. Simulation results verify the
theoretical conjecture and expose the flaws in ignoring the dynamics of the mobile
robots. In the presence of obstacles, a stable tracking controller was presented which
allows each follower robot to navigate around obstacles while simultaneously tracking its

leader. The control was shown to be effective in both a static and dynamic obstacle
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environment, and numerical results were presented. The stability of the system was

verified, and the simulation results verified the theoretical conjecture.
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PAPER 2

Neural Network Control of Nonholonomic Mobile Robot
Formations'

Travis Dierks* and S. Jagannathan

Abstract—In this paper the control of formations of multiple nonholonomic mobile
robots is attempted by integrating a kinematic controller with a neural network (NN)
computed-torque controller. A combined kinematic/torque control law is developed for
leader-follower based formation control using backstepping in order to accommodate
the dynamics of the robots and the formation in contrast with kinematic-based formation
controllers. It is found that the dynamical controller torque control inputs for the
follower robots include the dynamics of the follower robot as well as the dynamics of its
leader. The NN is introduced to approximate the dynamics of the follower as well as its
leader using online weight tuning. It is shown using Lyapunov theory that the errors for
the entire formation are uniformly ultimately bounded, and numerical results are
provided. Additionally, a novel obstacle avoidance scheme for leader-follower based
formation control is introduced which allows each follower robot to navigate around
obstacles while simultaneously tracking its leader. The stability of the follower robots as
well as the entire formation during an obstacle avoidance maneuver is demonstrated
using Lyapunov methods and numerical results are provided.

Keywords: Nonholonomic Mobile Robot Formation, Backstepping Control, Neural
Networks, Lyapunov Stability, Obstacle Avoidance

I. INTRODUCTION

Over the past decade, the attention has shifted from the control of a single mobile
robot [1-5] to the control of multiple mobile robots because of the advantages a team of
robots offer such as increased efficiency and more systematic approaches to tasks like
search and rescue operations, mapping unknown or hazardous environments, and security

and bomb sniffing.

! Research Supported in part by GAANN Program through the Department of Education and Intelligent Systems Center. Authors
are with the Department of Electrical and Computer Engineering, University of Missouri-Rolla, 1870 Miner Circle, Rolla, MO 65409.
Contact author Email: tad5x4@umr.edu.
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There are several methodologies [6-18] to robotic formation control which include
behavior-based [6][7][8], generalized coordinates [9], virtual structures [10][11], and
leader-follower [12][13] to name a few. Perhaps the most popular and intuitive approach
is the leader-follower method. In this method, a follower robot stays at a specified
separation and bearing from a designated leader robot.

In [12] and [14], local sensory information and a vision based approach to leader-
following is undertaken, respectively. In both approaches, the sensory information was
used to calculate velocity control inputs. In [15], another kinematic controller is
presented making use of a virtual operator multi-agent system (VOMAS) to assist
formation control in joining robots into a team or removing robots from a team. A
modified leader follower control is introduced in [13] where Cartesian coordinates are
used rather than polar. A characteristic that is common in many formation control papers
[7-16] is the design of a kinematic controller, thus requiring a perfect velocity tracking
assumption.

In [16], it is acknowledged that the separation-bearing methodologies of leader-
follower formation control closely resemble a tracking controller problem, and a reactive
tracking control strategy that converts a relative pose control into a tracking problem by
defining a virtual robot for each follower to track using separation-bearing techniques is
presented. Drawbacks of this controller are the need for a virtual robot and the dynamics
are not considered.

In this paper, we examine framework developed for controlling single nonholonomic
mobile robots and seek to expand them to be used in leader-follower formation control.

We seek to bring in the dynamics of the robots themselves thus incorporating the
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formation dynamics in the controller design. The dynamics of the leader become part of
the follower robot's control torque input through the derivative follower's kinematic
velocity control, which is a function of the leader's velocity. In [17], the dynamics of the
follower robot are considered, but the effect the leader's dynamics has on the follower
(formation dynamics) is not incorporated. The leader's dynamics become apart of the
follower robot's control torque input through the derivative of the follower's kinematic
velocity control, which is a function of the leader's velocity. In other words, the
dynamical extension introduced in this paper provides a rigorous method of taking into
account the specific vehicle dynamics to convert a steering system command into control
inputs via backstepping approach. The universal approximation property of a neural
network (NN) is utilized to learn the dynamics of the follower robots well as their leaders'
online so that a torque command for the follower robots can be calculated. Both
feedback velocity control inputs and velocity following control law are presented to
prove the formation is uniformly ultimately bounded in the presence of bounded
disturbances and numerical results are provided.

Furthermore, a simple but effective obstacle avoidance scheme is proposed that
allows each follower robot to navigate around obstacles while simultaneously tracking its
leader. The obstacle avoidance method is designed to utilize the ability of each follower
robot to maintain a desired location with respect to its leader. When an obstacle is
encountered, the desired location of the follower robot with respect to its leader is
modified so that the follower navigates around the obstacle. In [16], the desired location
of a follower with respect to its leader is modified by using separation-bearing [18] based

formation control wherein the desired bearing is modified while steering the follower
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robot around an obstacle. The drawback of only varying the desired bearing is that the
new reference point for the follower to track may lie behind the follower robot's current
position which is the case when the magnitude of the new desired bearing is greater than
the magnitude of the current one making it undesirable.

By contrast in our approach, both the desired separation and desired bearing are
altered to ensure the above scenario does not occur. Our proposed obstacle avoidance
scheme is shown to achieve stability in the sense of Lyapunov for each follower as well
as the entire formation during an obstacle avoidance maneuver. Simulation results are
provided illustrating the effectiveness of the approach in both a static and dynamic

environment.

II. LEADER-FOLLOWER FORMATION CONTROL

The two popular techniques in leader-follower formation control include separation-
separation and separation-bearing [12][18]. The goal of separation-bearing formation
control is to find a velocity control input such that

lin(Z,, ~L,) =0 and lim(‘¥,, —'¥,) =0 (1)
where L, and yare the measured separation and bearing of the follower robot

with L, and y, represent desired distance and angles, respectively [12][18]. Only

separation-bearing techniques are considered in this paper, but our approach can be
extended to separation-separation control.

To avoid collisions, separation distances are measured from the back of the leader to
the front of the follower. The kinematic equations for the front of the j* follower robot

can be written as
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X, cosH, —d/.sinH/.
4 =Y « iy

q;=|¥,|=|sin0, d,cos0, {wj}=sf(q.f)"j 2)
0, 0 1 /

J
where d jis the distance from the rear axle to the to front of the robot, XY and 9_/ are
actual Cartesian position and orientation of the physical robot, and v;, andw, are linear

and angular velocities, respectively. Many robotic systems can be characterized as a

robotic system having an n-dimensional configuration space € with generalized
coordinates (g, ,...q, ) subject to m constraints [1] where after applying the transformation
in [1], the dynamics are given by

M), 47,014, +F )+ 4, =B 4 )
where M ; e R is a symmetric positive definite inertia matrix, I7mj € R"™ is the bounded

centripetal and coriolis matrix, F’J e R is the friction vector, 7, represents unknown
bounded disturbances, and 7; = Ejr e R™is the input vector. Robotic systems satisfy [1]:
1. Boundedness: M ;, the norm of V/, ., and 7 are all bounded.

2. Skew Symmetric: The matrix M ; =2V, is skew symmetric such that M ;=27 =0.

A. Backstepping Controller Design

The complete description of the behavior of a mobile robot is given by (2) and (3).
Standard approaches to leader follower formation control deal only with (2) and assume
that perfect velocity tracking holds. This paper seeks to remove that assumption by

defining the nonlinear feedback control input

T, =B (Mu;+V, v, +F.(v))+7,) (4)

m-J
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whereu; is an auxiliary input. Applying this control law to (3) allows one to convert the

dynamic control problem into the kinematic control problem [1] such that

q;,=5,(q;)v,

Vj =Mj.

)

Tracking controller frameworks have been derived for controlling single mobile

robots, and there are many ways [1-5] to choose velocity control inputs v, (¢) for steering
system (2). To incorporate the dynamics of the mobile platform, it is desirable to
convertv, (¢) into a control torque, 7,(¢) for the physical robot. Contributions in single

robot frameworks are now considered and expanded upon in the development a kinematic
controller for the separation-bearing formation control technique. Our aim to design a
conventional computed torque controller such that (2) and (3) exhibit the desired

behavior for a given control v, (#) thus removing perfect velocity tracking assumptions.

Consider the tracking error system [1] used to control a single robot as

e, cosf, sin@, 0| x, —x,
e,|=1,(q9,,—q;)=|—sin6, cosf, 0|y, -y, (6)
€3 0 0 1] 6,-0,

Xjr =V S 6jr’ Y =V S ejr’ eﬂ =W, q; = [xjr Y jr ejr] (7)

wherex, , v, , and 0, are the positions and orientation of a virtual reference robot j seeks

to follow [1].

In a single robot control, a steering control inputv . (¢) is designed to solve three basic

problems: path following, point stabilization, and trajectory following such that

lim,, (g, —¢q,)=0andlim_, (v, —v,)=0[1]. If the mobile robot controller can
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successfully track a class of smooth velocity control inputs, then all three problems can
be solved with the same controller [1].

The three basic tracking control problems can be extended to leader-follower based
formation control as follows. The virtual reference cart is replaced with a physical

mobile robot acting as the leader i, andx,andy, are defined as points at a
distance L, and a desired angley,, from the lead robot. Now the three basic navigation

problems can be introduced for leader-follower formation control as follows.

Tracking: Let there be a leader i for follower j such that

X cost, —d;sinf,
V.
g, =|y, |=|sin@ d, cosb, { ’} (8)
. .
0, 0 1 ’
]_M[(qi)‘.}i +I7m[(qné]i )Vj +E(Vi)+;di =§i(qi )T 9)

x, =x,—d cos6, + L, cos(Y,, +6,)
Y, =y, —d;sing, + L, sin(\¥,, +0,) (10)
0, =6,

Vi = [|Vi| |a)i|]T (11)
where v is the time varying linear and angular speeds of the leader such that v, >0 for

all time. Then define the actual position and orientation of follower j as

x,=x;,—d cos0 +L,cos(\¥; +6,)
y; =y, —d;sin6, + L, sin(¥, +6,) (12)
0,=9,

where L andy, are the actual separation and bearing of follower j. In order to solve the

formation tracking problem with one follower, find a smooth velocity
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inputv,. = f(e,,v,,K) such thatlim, (g, —¢;)=0, wheree,,v,, andK are the
tracking position errors, reference velocity for follower j robot, and gain vector,

respectively.  Then compute the torque 7 ,(¢)for the dynamic system of (3) so
thatlim, (v, —v,)=0. Achieving this for every leader i and follower

j =12,...N ensures that the entire formation tracks the formation trajectory.

B. Leader-Follower Tracking Control

Many solutions [12-16] to the leader-follower formation control problem of (1) and
the kinematic model (2) have been suggested and smooth velocity control inputs for the
follower have been derived. Unfortunately, dynamical models are rarely studied, and the
effect of the dynamics of mobile robot leader i on follower j has not been well understood
in the process of incorporating the dynamics of the formation. This paper will now
address these issues.

The contribution in this paper lies in incorporating a NN into the dynamic controller
using online weight tuning to approximate the dynamics of the robot and the formation.

The NN controller is introduced so that the specific torque 7 ;(#) may be calculated so that
the alternative control velocity v, derived in [22] can be tracked without knowing the

complete dynamics of the formation. It is common in the literature to assume perfect
velocity tracking which does not hold in real applications. To remove this assumption,
integrator backstepping is applied. A general control structure for mobile robot follower j

is presented in Figure 1.
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Figure 1: Follower j Controller Structure
Using (10), (12) and simple trigonometric identities, the error system (6) can be

rewritten as

e, cos@, sin6@, O} L, cos(V¥;, +6,)—L;cos(‘Y;+6,)
€, |= —sinHj cosﬁj 0 Ly, sin(‘I’W + Hi)—Ll.j sin(‘Pij +6) (13)
e, 0 0 1 0, -0,

After further simplification, (13) can be rewritten as

e, Ly, cos(‘W,, +e)—L;cos(W; +e;)
e, =|e,|=| Ljsin(¥, +e,;)—L;sin(¥, +e;) (14)
e 0,-0,

The transformed error system now acts as a formation tracking controller which not only

seeks to remain at a fixed desired distance L, with a desired angle y,, relative to the

lead robot i, but also achieves the same orientation as the lead robot which is desirable

whenw, =0.
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In order to calculate the dynamics of the error system (14), it is necessary to calculate
the derivatives of L, andy;, where their desired values L, andy,, are considered as

constants. Consider the two robot formation depicted in Figure 2. The x and y

components of L, can be defined as

ix - xi“eﬂ" B xj,/}‘om - xi - di cos 0’ - x] (15)
L,=y, -y, =y —dsing -y,
and the derivative of the x and y components of Lé./. can be found to be
Ll-jx=V,~C059i—vjcosé?j+dja)jsin6?j (16)

L, =v,sint,—v,;sin, —d, @, cost,

ijy

Noting that L}, = I, + L, and¥, = arctar{i] — 0 +7, it can be shown that derivatives

iix
of the separation and bearing are consistent with [12] and [18] even when using the
kinematics described in (2) such that

L,=v;cosy,—v,cos¥; +d ,w;siny,

(17)

\Pi/ = Li(vi sin¥, —v;siny; +d,w,cosy, —L,w,)

i
wherey , =¥ +e ;.
Now, using the derivative of (14), equation (17) and applying simple trigonometric

identities, the error dynamics can be expressed as

e, -V, +v,cose,; +me;, —o, L, sin(¥,, +e ;)
e, |=|-we, +v,sine,; —d o +ol,cos(¥, +e;) |- (18)
e

3 W, —;
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=X
Figure 2: Leader-Follower Formation Control
Examining (18) and the error dynamics of a tracking controller for a single robot in
[1], one can see that dynamics of a single follower with a leader is similar to [1], except
additional terms are introduced as a result of (2) and (17).
To stabilize the kinematic system, we propose the following velocity control inputs

for follower robot j to achieve the desired position and orientation with respect to leader i

as
V. v, cose, +ke; Vvic
Vie :[a)/]} :L)I. F (v, +k, )kze‘,ﬂ (v,.1+j lk %, sinejj " LW,J (19)
where
Ve =—@Ly, sm(Wy, +e ;) (20)
and

‘ejz‘(a)[(dj +Lijd)+(vi +kv)k3dj +kv)

1k, +|e,ld, =

yay’cz_
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Comparing this velocity control with the tracking controller designed for a single
robot in [1], one can see that the two are similar except for the novel auxiliary terms
which ensure stability for the formation of two robots using kinematics alone.

Additionally, the design parameter k£ was added to ensure that asymptotic stability holds
even whenv, =0.

Before we proceed, the following assumptions are needed.
Assumption 1. Follower j is equipped with sensors capable of measuring the
separation distance L, and bearing y/, and both leader and follower are equipped with

instrumentation to measure their linear and angular velocities as well as their orientations

0, and 0, .

Assumption 2. Wireless communication is available between follower j and leader i
with communication delays being zero.
Assumption 3. Leader i communicates its linear and angular velocities v, , @, as well as

its orientation @, and control torque 7, to its followers at each sampling instant.

Assumption 4. For the nonholonomic system of (2) and (3) with n generalized

coordinatesg, m independent constraints, and 7 actuators, the number of actuators is

equal to the number of degrees of freedom (7 =n —m).
Assumption 5. The reference linear and angular velocities measured from the leader i

are bounded and v, (r) > 0 for all «.

Assumption 6. K =[k, k, k,]" isa vector of positive constants.
Assumption 7. Let perfect velocity tracking hold such thatv, =v, andv, = v, (this

assumption is relaxed later).
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Remark: These assumptions are standard in the formation control literature.
Theorem 1 [22]: Given the nonholonomic system of (2) and (3) with n generalized

coordinates g, m independent constraints, and  actuators, along with the leader follower

criterion of (1), let Assumption 1-7 hold. Let a smooth velocity control input v, for the

follower j given by (19), (20), and (21).  Then the origin e; =0 consisting of the

position and orientation error for the follower is asymptotically stable.

Proof: Consider the following Lyapunov function candidate

1
V,= 5(3_?1 ten)+

l-cose,,

3 (22)

Clearly, ;>0 and ¥, =0 only whene;, =0. In [22], it is shown that the derivative of

(22) is

. k :
V, <~k —d (v, +k ke, — +k,)sin’ e, (23)

2

Clearly Vj <Ofor allv, >0, and the velocity control (19), (20) and (21) provides

asymptotic stability for the error system (14) and (18) ande, — 0 ast — oo.

Remark: The asymptotic stability of the error system (14) and (18) is proven without
the use of Barbalat's Lemma which is required in [1].
C. Dynamic Controller

Now assume that the perfect velocity tracking assumption does not hold making
Assumption 7 invalid. A two-layer NN is considered here consisting of one layer of
randomly assigned constant weights ¥ € ®“* in the first layer and one layer of tunable
weights w e ®* in the second with a inputs, b outputs, and L hidden neurons. The

universal approximation property for NN's [19] states that for any smooth function f(x),
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there exists a NN such that/f(x)=w'o(V"x)+c whereegis the NN functional

approximation error and o(-) : R* — R’ is the activation function in the hidden layers.
The sigmoid activation function is considered here. For complete details of the NN and
its properties, see [19].

Remark: |||| and ||||F will be used interchangeably as the Frobenius vector and matrix
norms [19].

Define the velocity tracking error as

e.=v. —V, (24)

Je Je J

Differentiating (24) and adding and subtracting A ,(g,)v .and V,

mj

(q,)v,. to (3) allows the

mobile robot dynamics to be written in terms of the velocity tracking error and its

derivative as
M,(q,)é,. =V,,(q,.4,)¢; + [;(x ) +7, (25)
where
[i(6) =M (9,09, +7,,(a;,4,)v,+ F;(v)) (26)
Definex; =[v,,&,v,,@,q;,v,,w,,e;,é;] . The function f,(x,)in (26) will be used to
bring in the dynamics of leader i through v, by observing that
\'/jc =fvcj(\'/l.,a'),.,v,.,a)i,ej,e'j). (27)

The leader i's dynamics (9) can be rewritten as

8 =M B Tala.d F) -7 (28)
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Substituting (28) into (27) results in the dynamics of the i" leader robot to become

apart of v, as

Vie=f(v,0,,0,,7,,¢,.¢,) (29)

A conventional computed torque controller with velocity tracking could be defined as
[21] and [22]

7,=B'(M K, +f(x) (30)

where f L(x;) is defined by (26) and K, is a positive gain matrix. However, the jth follower

is not able to constructv, since knowledge of the dynamics of leader i is required,

making (30) unavailable.

Remark: In [1] and [2], the reference velocity is taken as a constant by ignoring the
dynamics of the reference cart. That assumption is not valid here since the reference cart
has been replaced by a physical robot i which appears to be the leader. Thus, the
dynamics of leader robot i must be considered in follower j's torque command.

Therefore, the NN is introduced to approximate the dynamics of the mobile robots—

both leader and followers. Define a control torque for follower j to be as

_ AT 7
Tj :Wj O-(xj)+K4ejc’:~fj+K4ej"' (31)
where
- _ I T T T - T T T - T T
¥ =V [vjr P L€ &GV Vie Ve \',,:()] (32)

and K, is a positive definite matrix defined by K, =&,/ and fjis the NN estimate of

(26). The last element of the NN input vector (32) is a preprocessed derivative of control

velocity (19), (20) and (21) assuming the leader's acceleration is zero (i.e.v, =0). Since
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the leader's acceleration is not always zero, the first four terms of (32) are introduced to

accommodate the dynamics of the leader and the omitted terms of v]TL Substituting the

torque control (31) into the mobile robot error system (25), the closed loop equations

become

M, =—~(K,+V,

mj

)eﬂ,+f/,+fd+gj (33)
where the velocity tracking errore,,, is driven by the NN functional estimation error

fi=1-1, (34)
According to [19] and [2], applying control (31) does not guarantee that the 7, will make

the velocity tracking error (24) small. In order to guarantee that (24) is small, it is

required to specify a method of selecting K, and j}j such that the velocity tracking error

is bounded. The weight estimation errors for follower j can be defined similarly to (34),

such that
W,=W,-W, (35)
Before proceeding, the following are required.

Definition 1: An equilibrium point x,is said to be uniformly ultimately bounded

(UUB) if there exists a compact set S < R"so that for all x, € Sthere exists a

bound B and a time 7'(B, x,) such that ||x(t) - X,

< Bforall t>1¢,+T[19].

Assumption 8. On any compact subset of R", the ideal NN weights are bounded by

known positive values for all followers j = 1,2,...N such that HWJHF <w,[19].

Assumption 9. The NN reconstruction error for all followers j is bounded such

thate | < £, , and the disturbances are bounded such that|z, [ <, [2].
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Assumption 10. Let the NN approximation property hold for the function f;(x;) (26)
with accuracy ¢, for all followers j for allx; j=12,..N in the compact set S [19].

Theorem 2: Let Assumptions 1-6 and 8-10 hold and let k, be a sufficiently large
positive constant. Let a smooth velocity control input v . (#) be defined by (19), (20) and

(21) for the j” follower. Let the torque control (31) for the j follower robot (3) be

applied and let the weight tuning law be given as

Vf/j =Fo.e’ —K‘F‘

Jj e

e (36)

where F = F" > 0and x > 0 a small design parameter. Then e;, e, and Wj which are the

je
position, orientation , and velocity tracking errors as well as the NN weight estimates,
respectively, for follower j are UUB. Furthermore, the velocity tracking errors can be
made as small as desired by increasing the gain matrix K, .

Proof: Consider the following Lyapunov candidate:

VI=V,+V (37)

J

where Vj is the Lyapunov candidate from Theorem I and defined in (22). Vyy is defined

as

P RS
Vi = Ee_fchejc +Et’”{W_/TF ). (38)

Differentiating (37) yields VJ.' = Vj +VjNN, and in Theorem I, it was stated and proved

thath <0, therefore, we will focus on V'J.NN which is

: N O
Vi = €M ¢, +§e;cM jeje + W FTW (39)
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Substitution of the closed loop error dynamics of follower j (33) and the weight tuning
law (36) into (39) and application of the skew symmetric property produces
W (W, -W)}+el.(¢,+7,) (40)

;T
Viw ==, Kqe . + 4 €je

after simplifications. Applying Assumptions 8 and 9 and noting that [19]

o] 08, ~T)s=(¥, ), A <[] ] {7
allows (40) to be written as
Vi <ecIK e+ <7 (7], -m)—(ey+di (41)
Completing the square with respect to HWJHF produces
Vi< Kumles H{V?gF —VZMJZ _wa —(gy +d,,)] (42)
where K, . 1s the minimum singular value of K,. Equation (42) is less than zero if the

terms in the braces are greater than zero. The term in the braces is guaranteed to be

positive if

K W4}‘; +ey, +dy,
e 11> < =b,, (43)
4m1
or
R o
4 min

Examining (43), it is evident that He jCH can be made arbitrarily small by increasing the

gain matrix K,. Therefore, it can be concluded that VjNN is negative outside of a compact

set. Selecting the gain matrix K, such that (43) and (44) are satisfied ensures that the
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compact set defined by‘e el < b, is contained in S so that the approximation property

holds [19]. Thus, the position, orientation, velocity tracking errors and NN weight
estimates for follower j are UUB.
D. Leader Control Structure

In every formation, we assume there is leader i such that the following assumptions
hold:

Assumption 11. The formation leader follows no physical robots, but follows the
virtual leader described in [1].

Assumption 12. The formation leader is capable of measuring its absolute position
via instrumentation like GPS so that tracking the virtual robot is possible.

The kinematics and dynamics of the formation leader i are defined by (8) and (9),
respectively. From [1], the leader tracks a virtual reference robot with the kinematic

constraints of (7), and the tracking error for the leader and its derivative are found to be

e, | [ cosd sing O0fx, —x
e, =|e,|=|—sin@ cosl, Ofy -y (45)
es| | 0 0 1|6 -6
éy] [-vi+v,cose, +me,
and ¢ =|e,|=| —we,+v,sine; (46)
€| @, =&,

The control velocity v, () can be defined as [1]

B v, cose, +k,e,

(47)

ic :
|:a)ir +kyv,e, +kyv, sine,

Defining the error system for leader i using similar steps used to form (25) and (26)

for follower j, the control torque for leader i can be defined similarly to follower j's as
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7 =W HE) + Kueo= 1, + K e, (“48)

wherex, =V'[v/ vl V1, K,,=k,I, and e, is defined similarly to (24). Let the NN
weight updates for the leader i be given by

W, =Fo.e! —kF

17ic

W, (49)

eic

Remark: Since the formation leader tracks a virtual robot, it is able to calculate

v! since the virtual robot does not have dynamics.
Assumption 13. The leader's reference linear velocity v, is greater than zero and

bounded and the reference angular velocity , is bounded for all 7.

Assumption 14. K, =[k,, k,, k;]" isa vector of positive constants.

Theorem 3: Given the kinematic system of (8) and dynamic system (9) for leader i
with n generalized coordinates ¢; m independent constraints, and » actuators, let

Assumption 4 and Assumptions 8-14 hold for leader i. Let k, be a sufficiently large

positive constant. Let there be a smooth velocity control input v, (¢) for the leader i

given by (47), and let the torque control for the lead robot i (48) be applied to the mobile
robot system (9). Then leader's position, orientation, and velocity tracking errors as well
as the NN weight estimates error are UUB.

Proof': Consider the following Lyapunov candidate V=V, +V,,,,

1 1- .
where Vv, = 5 (&2 +el)+ ks (50)

i2

and Vi =y €M e+ a7 F7) (51)



68

Taking the derivative of (50) and substitution of the error dynamics and control velocity
(46) and (47), respectively, reveals the following after simplification
V,=—k,e —Evir sin’ e;; <0 (52)
i2

Examining (51) and comparing it with follower j's Lyapunov function (38), one can see
that they are identical in structure. Define the error dynamics for the leader i using the
same methods used to find the follower's error dynamics (25) and (26). Then it is straight
forward to conclude using the same steps and justifications used to derive equations (39)-
(44) that the leader's position, orientation, and tracking velocity errors as well as its NN
weight estimation errors are all UUB. Next the stability of the formation is introduced.
E. Formation Stability

The stability of the formation can be demonstrated by using the individual Lyapunov
functions as given in the following theorem.

Theorem 4: Consider a formation of N+/ robots consisting a leader i and N

followers. Let Assumptions 1-6 and §-14 hold. Let k, and £k, be sufficiently large
positive constants. Let there be a smooth velocity control input v, (¢) given by (47) for
the leader i, and let the torque control from (48) for the lead robot i (9) be applied. Let
there be a smooth velocity control input v, (¢) given by (19), (20), and (21) for the Vi
follower and torque control given by (31) for the j* follower robot (3) be applied. Then

roor T

the origin e, =[¢/ e, e e]]" =0 wheree; €

i ic J

RUANIENIXL augmented position,

orientation and velocity tracking error systems and

1]
=

7,1=0
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where ZjT e RV Vis the augmented NN weight estimation error matrix for the leader i

and N followers, respectively, is UUB.

Let the augmented NN weight update be given by
7 =Fo. e’ —Kﬁ”ec”Z (53)

ijc

c ic

where el =g, € JeRTT, g tjg @) o)) T ew ™™ and
F = diag(F) e REDLOD for i 12 N

Proof: Consider the following Lyapunov candidate
N
Vi = ZVI +V+ Vi (54)
1
where V' is defined by (22), V.is defined by (50), and »,, is defined as
Vi =~ M e+ LriZTFZ (55)
NN _Eec ec+5tr{ ij 1])

whereM:diag(]Wi,Mj) e WD for j=1,2,...N . Examining (22), (50) and (55) it
can be concluded that (54) is positive definite for e, ¢Oandz.j #0. Taking the

derivative of (54) yields
Vy=2V 4V, +V (56)
It was shown in Theorem 1 that VJ. <0 for allj in N, so clearly
N .
DV, <0 (57)
1
In Theorem 3 it was shown thatf/i <0, so consider now

Viw=e M é, +%ef1\7 e +tr{Z] F*lzfj} (58)
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Examining (58) and comparing it with follower j's Lyapunov function (39), one can see
that they are identical in structure. Define the augmented error dynamics system to

include leader i as well as followers j = 1,2,...N such that M =diag(M,, M ) e R""D7*D
and ¢ =[e; ¢} ]eR""are valid using the same methods used to find the follower's error

dynamics (25) and (26). Then it is straight forward to conclude using the same steps and
justifications used to derive equations (39)-(44), that the position, orientation, velocity
tracking, and the NN weight estimations errors for the entire formation are UUB.
Remark: The position, orientation, velocity tracking, and the NN weight estimations
errors for the entire formation are UUB for the case when follower j becomes a leader to
follower j+1. Proof of this claim follows directly from Theorem 2 and the Lyapunov

candidate

" J+1
v, =2V] (59)

J

where Vs defined in (37).

II1. LEADER-FOLLOWER OBSTACLE AVOIDANCE
In the previous section, a tracking controller for leader-follower based formation
control was developed that sought to drive follower j to a reference location and desired
orientation with respect to leader i. However, with the introduction of obstacle avoidance
schemes, the orientation of the follower j will vary from its leader's as a result of avoiding
an obstacle that was in the path of follower j but not its leader. Therefore, when an
obstacle is encountered, it is logical for follower j to track a reference point, but no

specific orientation with respect to its leader so that it can avoid the obstacle.
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The proposed obstacle avoidance scheme is designed to take advantage of the
tracking ability of the follower robots. When an obstacle is encountered, the desired
separation and bearing is redefined so that the follower robot is guided around the
obstacle. To accomplish this, the desired separation and bearing are no longer considered
to be constants but are considered to be time varying.

Remark: 1In this section, the time varying desired separation and bearing will be

denoted as L, (¢) andy,(¢) while the constant desired separation and bearing will be
written as L, andy/, .
Consider the formation tracking control error system presented in (14), but rewritten

as

e ][ Ly (0)cos(¥,, (0)+8,)~ L, cos(¥, +8,)
e, = jol | _| i . ij 7 i i (60)
/ e Ly, (t)sin(¥,, () +6,)— L, sin(\¥;, +6,)

jo2

wheregj =6, — 0, and only the normal and tangential components of the separation and

bearing errors are considered. The dynamics of (60) can be found in a similar manner

used to derive (18), and written as

€01 _ ‘é‘jol Vvt COSéjj-a)jejaZ —a L, (O)sin(¥, +§j_) 61)
€| |€n—we, tvsing —d o +al,(t)cos,,+0,)
where
€ =Ly (t)cos(¥,, (1) +0,) -V, ()L, (1) sin(¥,, () + ) (62)
and
€., =L, (0)sin(¥,, (t)+0,) + ¥, ()L, () cos(¥,, (1) + 0)) (63)

Comparing (61) with (18), one can see that they are identical except for the terms

added as a result of the time varying desired separation and bearing
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A. Obstacle Avoidance
Consider the configuration shown in Figure 3. It is desired that follower robot j
maintains a distance s, from all obstacles; therefore, to navigate around the obstacle, the

following simple approach is proposed.

v, W
YA o Wy

Obstacle

Figure 3: Obstacle Encounter

When the nearest edge of an obstacle is detected at an angle 8, and distance s relative
to follower j such thats <s,, the desired separation and bearing, L, (¢) andy ,(?), are

modified such that the follower is steered away from the obstacle by

2
1 I 1
Ly () = Ly, —EKL[;——j

Sq
(64)

2
1 I 1
\Piid (1) = ‘ngd +—=K, (— ——j Sgn(\Pijd)
2 s s,

where sgn is the signum function and K, and K, are positive design constants.

Examining (64), one can see that the shifts introduced to the desired separation and

bearing are similar to repulsive potential functions commonly used in robotic path



73

planning [20]. Here we use the potential like function to push the desired set point of the
follower robot j away from the encountered obstacle thus steering the robot around the
obstruction.

In order to calculate the expressions in (62) and (63), derivatives of the desired

separation and bearing are necessary. The measured distance s and angle 6, can be

written in terms of the x and y components s as

22,2
sT=s.+5,

65
0 = arctan{s—y] ()
s

X

where

S, :x/—xo
| (66)
Sy :yj_yo

and x, and y, are the coordinates of the obstacle. Note that the obstacle is not necessarily

stationary, and assume that the obstacle can be defined by the kinematic model

X, =v, cosb,

. 67
y, =V, sing, (67)
Differentiating (65) and (66), and substitution of (2) and (67) reveals
s=v;co8(0,-0)—d,w,sin(0, —6,)-v,cos(6, - 6,)
(68)

0, = 1 (v, sin(0, — 0,) +d,w, cos(0, - 6,) - v, sin(6, — 6,))
A

Before continuing, the following assumptions are required.
Assumption 15. Follower j and the leader i are equipped with instrumentation capable

of measuring the distance s and relative angle of the obstacle 6, .
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Assumption 16. The velocity v, and orientation &, of the obstacle are not available to

follower j and leader i.

Since the velocity v, and orientation 8, of the obstacle are not available to follower j,
the derivatives in (68) must be estimated. Assuming that s and és are smooth functions,
define the estimates of s and 9'3 using standard backwards difference equations as

§=s(t)— st — AY)

A (69)
0 =060(t)-60.(t—Ar)
where At is an arbitrarily small sampling period.
Now we can define the derivative of (64) as
. I 1)1
k[l 1]
s S, )s
(70)
. _ I 1)1
lP{/'d (t) =— Sgn(\Pijd )KW ; — S— S—ZS
d
Substitution of (70) into the error dynamics defined in (62) and (63) yields
A I 1)1 — 1 1)1 . —
e, =K,|———|5Scos(¥,, (1) +0,)+sgn(¥;,)K,| ——— | 5L, (O)sin(¥,,, (1) +6,) (71)
s s, )s s s;)s

A I 1)1 . ~ 1 1)1 o1
€,,= L{;——JS—Zssm(LPW(t)+Gj)—sgn(‘}’yd)KW[;—S—js—zsLW(t)cosC{’W(t)+Gj) (72)

d d
To stabilize the error dynamics in the presence of an obstacle, the following velocity
control inputs for follower robot j is proposed to achieve the desired position and

orientation with respect to leader i as

. v, coséj +ke, —aL,,sin(l,, +§j)
v _|: ]CO:| (73)

(0

jeo

e,

= 1 — — |+l 3
z(a)iLWcos i T0) ke, +v,sinb,) jz
J

J
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Theorem 5 [22]: Given the kinematic model of nonholonomic mobile robot in (2),
along with the leader follower criterion of (1), let Assumptions I-5 and Assumption 7

hold. Let k,,k,, K, and K, be positive constants, and let the smooth velocity control

input v, (¢) for the j’h follower be given by (73). Then the origin e, =0 consisting of

the position error for the follower is stable in the sense of Lyapunov.

Proof: Consider the following Lyapunov candidate

1
Vjo = E (ejz‘ol + 6302) (74)

Clearly, V,, >0 and V,, =0 only whene,, =0. It is shown in [22] that taking the time
derivate of (74) and substitution of the error dynamics (61) and control velocity (73)
reveals

Vv S—E e. 2—E[e

& ’ 82
Jo 2 Jo 2 jo _TJJ +_J_ (75)

k) 2

and it can be concluded that the formation errors are bounded during an obstacle
avoidance maneuver. Moreover, these bounds can be made arbitrary small by
increasingk .

Remark: In order to remove the perfect velocity tracking assumption of Assumption
7, the dynamic control presented in Theorem 2 can be applied by replacing the velocity
control input (19) with (73) when in the presence of an obstacle. Also, since leader robot
i does not track a physical robot, any existing obstacle avoidance method can be utilized
by the leader. When the leader robot performs an obstacle avoidance maneuver, the
entire formation will continue to track the leader, and once the leader has steered around

the obstacle, the followers can navigate the obstruction on an individual bases. That is,
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the obstacle avoidance method selected for the leader does not affect the stability of the
entire formation in the presence of obstacles.
B. Formation Stability in the Presence of Obstacles

Before proving the stability of the entire formation in the presence of obstacles, an
additional assumption is required.

Assumption 17. Leader i utilizes a path planning algorithm such that by tracking the
virtual reference cart described in [1], the lead robot i navigates around any encountered
obstacles.

Under Assumption 17, the lead robot i navigate around obstacles by tracking its
virtual reference cart. Therefore, the controller described in Theorem 3 is used to control
the leader in both the absence and presence of obstacles. The path planning algorithm for
the leader 7 is beyond the scope of this paper and therefore is not included here.

Theorem 6. Consider a formation of N+/ robots consisting of a leader i and N
followers in the presence of obstacles. Let Assumptions 1-6 and 8-17 hold. Let Let

k..k,, K, ,K,, k,andk, be sufficiently large positive constants. Let there be a smooth

velocity control input v, (¢) for the leader i given by (47), and let the torque control for

the lead robot i from (48) be applied to the mobile robot system (9). Let there be a

smooth velocity control input v, (¢) for the 7™ follower given by (73) and torque control

for the j” follower robot given by (31) be applied to the mobile robot system (3). Let the

augmented NN weight update be given by (53). Then the origin

iR(r(l+N)+n+(n—l)N)xl .

e, =le] e, e, e, =0 wheree;, € is the augmented position,

orientation and velocity tracking error systems and Z ' =]

=

7,1=0



77

where ZjT e RV Vis the augmented NN weight estimation error matrix for the leader i

and N followers, respectively, is stable in the sense of Lyapunov.

Proof: Consider the following Lyapunov candidate
N
Vie= D Vo4V, +Vyy (76)
1

where V', is defined in (74), V;is defined in (50) and V,, is defined in (55).

Differentiating (76) yields

ZV +V 4V (77)

and it was shown in equation (52) of Theorem 3 that K <0 after substitution of the error

dynamics and velocity control inputs (46) and (47), respectively.  Substitution of the

error dynamics and control inputs (61) and (73), respectively, into Vjo reveals

N
z Z( jul 102 + e Sjl + ejaZeSJZ) (78)
1

where¢, =¢,, —¢,,and¢,, =¢&,, —¢,,. Noting the similarities of (78) with Theorem 5

allows (78) to be written as

e

) (79)

Jjo

N . N _ )
ZVJ;, < Z(_kueﬂ,\ ve)
where k = min(k,,k,)ande; =

‘ €o

yields

N . N
2V.<
1

A %
i) (80)
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and (80) can be rewritten as

k

N N7 1.
ZV/'OS— Eejo2+—(e
T 12" 2

Jjo

2 2
& .
—= | [+ )= 81
2| } ot s
Note that the first summation in (81) is always less than or equal to zero, and the last

summation can be made arbitrarily small by increasingk . Next, note that VNN 1s as

defined in (58). Examining (58) and comparing it with follower j's Lyapunov function
(39), one can see that they are identical in structure. Define the augmented error

dynamics system to include leader i as well as followers j =1,2,...N such that
M =diag(M,,M ;) e R""" ™ and ¢ =[e] e, ]JeR"™*are valid using the same methods

used to find the follower's error dynamics (25) and (26). Then it is straight forward to

conclude using the same steps and justifications used to derive equations (39)-(44) that

V. 1s negative outside of a compact set S. Therefore, combining this result with the

results of (52) and (81), it can be concluded that the entire formation is stable in the sense
of Lyapunov when in the presence of obstacles.
Remark: The stability of the formation for the case when follower j becomes a leader

to follower j+7 follows directly from the Lyapunov candidate

+1

7 =S+ V) (82)

J

and applying Theorem 2 and Theorem 5.

IV. SIMULATION RESULTS
A wedge formation of five identical nonholonomic mobile robots is considered where

the leader's trajectory is the desired formation trajectory and simulations are carried out in
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MATLAB under two scenarios: with and without obstacles. In the first scenario, two
cases are considered. First, perfect velocity tracking in the presence of dynamics
examined. In this case, the mass, coriolis, and input transformation matrices are assumed

to be known by both the leader and its followers so that the control torque

t =B (M (q )v,+V, (q ,¢ )v,)can be calculated. In the second case, only the input

transformation matrix is assumed to be known, perfect velocity tracking is not assumed,
and the control torques (31) and (48) are applied. In both cases, unmodeled dynamics are

introduced in the form of friction as

J

F _ /Llleign(Vj) + /’ljzvj
H3sign(@)) + p,0;

where 1, varied between 0 and 1 for each robot. The leader's reference linear velocity is

5 m/s while the reference angular velocity is allowed to vary.

In the second scenario, obstacles are added in the path of the follower robots and the
obstacle avoidance scheme of Theorem 5 is demonstrated, and both a static and dynamic
obstacle environment is considered.

A simple wedge formation is considered such that follower j should track its leader at
separation of Ll.jd =2 meters and a bearing of Wia = +120° depending on the follower's
location, and the formation leader is located at the apex of the wedge. The wedge
formation that will be considered is shown in Figure 4. In the figure, followers 1 and 3
track the leader and followers 2 and 4 track followers 1 and 3, respectively.

Remark: 1In the proceeding analysis, L, F1, F'2, F3,and F'4 will be used to denote the

leader, follower 1, follower 2, follower 3, and follower 4, respectively.
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Figure 4: Formation Structure
The controller gains are shown in Table 1.

Table I; Controller Gains

Leader K., = diag{40}| k, =10 ki, =5 k=4
Follower j K, =diag{40} | k, =7 k,=20 | ky;=.01 | k,=1
(j=1234)

For the NN controllers, F' = diag{40}, x =0.1 are used for both leader and follower
controllers. The following robotic parameters are considered for the leader and its
followers: m=5kg, I =3kg®, R=.175m, r=0.08m ,and d =0.45m.

A. Scenario I: Obstacle Free Environment

Figure 5 shows the resulting trajectories for both cases described above. In both cases,
the robots start in the bottom left corner of Figure 5 and travel towards the top right
corner of the figure. A steering command in the form of angular acceleration is given to
the formation at x =2. Examining Figure 5, it is apparent that perfect velocity tracking
does not hold in presence of dynamics as the formation not only forms incorrectly, but
also does not follow its trajectory. Even if a velocity tracking loop is introduced,
knowledge of the full dynamics is necessary for conventional torque controllers, and full
information is very unlikely and impractical. In case 2, only the torque input

transformation matrix is known. All other dynamics, including terms like friction, are
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learned online. With the NN dynamical controllers, the wedge formation was achieved

and maintained, and small, bounded errors are observed in Figures 6 and 7.
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Figure 7: Bearing tracking errors
B. Scenario II: Obstacle Ridden Environment
Now, the wedge formation of five robots is considered in an environment with
stationary and moving obstacles, and the controller gains outlined in Table I along with
the gains shown in Table II were utilized.

Table II: Obstacle Avoidance Gains

K,=5|K, =15

v

Figures 8 and 9 depict the formation trajectories in the presence of stationary
obstacles. Examining the zoomed formation trajectories shown in Figure 9, it is evident
that the robots are able to maneuver around the encountered obstacle while
simultaneously tracking their leaders. Because the followers on the outside of the

formation track the robots in the inner formation, the movements of the robots in the
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interior of the formation propagate to followers on the exterior of the formation. Thus,
when a robot on the interior of the formation performs an obstacle avoidance maneuver,
their movements are mimicked by their followers which is evident in Figures 8 and 9.
Figures 10 and 11 illustrate the desired separation and bearing, respectively, for follower
robot 2. Examining the plots, the constant set points become time varying when an
obstacle is encountered and return to constant values once the obstruction is navigated.
Figures 12 and 13 display the formation tracking errors for all followers. Examining the
plots, one can see that the separation and bearing tracking errors are small and bounded
when in the presence of an encountered obstacle which supports the theoretical
conjecture.

Next, the formation is tested in the presence of a dynamic obstacle environment.
When the obstacle is encountered in this scenario, the obstacle begins to move with a
constant velocity until the robot has completely navigated around the obstacle to avoid it.
Figures 14 and 15 show the formation trajectories. The dotted lines represent the path of
moving obstacles, and the connected circles denote the obstacles' final positions. Figures
16 and 17 display the desired separation and bearing time history of follower 2 in the
dynamic environment. Again, the influence of the obstacle on follower 2 can be
observed when the desired separation and bearing become time varying. Figures 18 and
19 present the formation tracking errors for all four followers. Examining the figures, it
is clear that the separation and bearing tracking errors are small and bounded in the

presence of moving obstacles.
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V. CONCLUSIONS

In the absence of obstacles, a stable tracking controller for leader-follower based
formation control was presented that considers the dynamics of the leader and the
follower using backstepping. The feedback control scheme is valid even when the
dynamics of the followers and their leader are unknown since the NN learns them all
online. Numerical results were presented and the stability of the system was verified.
Simulation results verify the theoretical conjecture and expose the flaws in ignoring the
dynamics of the mobile robots as well as the effects unmodeled dynamics have on
conventional computed torque controllers with perfect velocity tracking assumption. In
the presence of obstacles, a stable tracking controller was presented which allows each
follower robot to navigate around obstacles while simultaneously tracking its leader. The
control was shown to be effective in both a static and dynamic obstacle environment, and
numerical results were presented. The stability of the system was verified, and the

simulation results verified the theoretical conjecture.
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SECTION

2. CONCLUSIONS AND FUTURE WORK

In this thesis, a combined kinematic/torque controller was developed for controlling
formations of nonholonomic robots under two scenarios. First, an asymptotically stable
controller was developed under the assumption that all robot dynamics were known and
available to each robot. The asymptotic stability was shown using Lyapunov methods
and numerical results were presented supporting the theoretical conjecture and exposing
the flaws in ignoring the dynamics of the mobile robots. Dynamics, like the
centripetal/coriolis terms, become an influence on the robots during maneuvers as simple
as turning, and the path the robots take when the dynamics are modeled is different than
the path the robots take when the dynamics are ignored.

In the second scenario, the assumption of full information about the robot dynamics is
removed by introducing a neural network (NN). The universal approximation property of
the NN is utilized to learn the complete dynamics of the robot formation including terms
like friction, and it was shown using Lyapunov theory that the errors for the entire
formation are uniformly ultimately bounded. Numerical results were provided supporting
the theoretical conjecture and revealing the flaws associated with perfect velocity
tracking assumptions. It was shown that even when the dynamics of the robots are
known perfect velocity tracking assumptions do not hold in presence of dynamics and the
formation failed to form correctly.

Additionally, a stable tracking controller was presented which allows each follower
robot to navigate around obstacles while simultaneously tracking its leader. The control

was shown to be effective in both a static and dynamic obstacle environment. The
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stability of the system was verified, and the simulation results verified the theoretical
conjecture.

In future work, the NN controller developed here can be extended to utilize a NN
with multiple layers of tunable weights since a multilayer NN possesses better
approximation properties than a NN with a single layer of tunable weights. However, the
closed-loop stability is more involved using a multi-layer NN. Additionally, a NN
controller can be combined with the robust integral of the sign of the error (RISE)
feedback. By incorporating the RISE feedback, it is possible to show that the errors for
the entire formation are asymptotically stable and the NN weights are bounded using
Lyapunov theory as opposed to uniformly ultimately bounded (UUB) stability which is
typical with most NN controllers. It is important to notice that asymptotic stability is a

more powerful result than UUB.
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