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Abstract

For origin-symmetric convex bodies (i.e., the unit balls of finite dimensional Banach spaces) it is conjec-
tured that there exist a family of inequalities each of which is stronger than the classical Brunn—Minkowski
inequality and a family of inequalities each of which is stronger than the classical Minkowski mixed-volume
inequality. It is shown that these two families of inequalities are “equivalent” in that once either of these
inequalities is established, the other must follow as a consequence. All of the conjectured inequalities are
established for plane convex bodies.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

The fundamental Brunn—Minkowski inequality for convex bodies (compact convex subsets
with nonempty interiors) states that for convex bodies K, L in Euclidean n-space, R", the volume
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of the bodies and of their Minkowski sum K + L = {x +y :x € K and y € L}, are related by

V(K + L) > V(K)" + V(L)#,

with equality if and only if K and L are homothetic. As the first milestone of the Brunn—
Minkowski theory, the Brunn—Minkowski inequality is a far-reaching generalization of the
isoperimetric inequality. The Brunn—Minkowski inequality exposes the crucial log-concavity
property of the volume functional because the Brunn—Minkowski inequality has an equivalent
formulation as: for all real A € [0, 1],

V(1 =MK +AL) > V(K)"*V(L)*, (1.1)

and for A € (0, 1), there is equality if and only if K and L are translates. A big part of the classi-
cal Brunn—Minkowski theory is concerned with establishing generalizations and analogues of the
Brunn—-Minkowski inequality for other geometric invariants (see, e.g., [1,56,61] for some recent
developments). The excellent survey article of Gardner [18] gives a comprehensive account of
various aspects and consequences of the Brunn—Minkowski inequality.

If hg and h are the support functions (see (2.1) for the definition) of K and L, the Minkowski
combination (1 — A)K 4 AL is given by an intersection of half-spaces,

A=MK+iL= () {x eR" :xu < (1 — Dhg )+ M@},

uesn—1

where x-u denotes the standard inner product of x and u# in R". Assume that K and L are
convex bodies that contain the origin in their interiors, then the log Minkowski combination,
(1 —X)-K + A-L, is defined by

(1=2)K—4 AL = ﬂ (x eR" : xu < hg () hrw)*). (1.2)

uesSn—1

The arithmetic—geometric mean inequality shows that for convex bodies K, L and A € [0, 1],
1—-2)K+ AL (A—-A)K+AL. (1.3)

What makes the log Minkowski combinations difficult to work with is that while the convex body
(1 —A)K + AL has (1 —A)hg + Ahy as its support function, the convex body (1 —A)-K +, A-L
is the Wulff shape of the function h} 1} .

The authors conjecture that for origin-symmetric bodies (i.e., unit balls of finite dimensional
Banach spaces), there is a stronger inequality than the Brunn—Minkowski inequality (1.1), the
log-Brunn—Minkowski inequality.

Problem 1.1. Show that if K and L are origin-symmetric convex bodies in R”, then for all
A €10, 11,

V(1=K 4 A-L) > V(K)' V(D). (1.4)

That for origin-symmetric bodies, the log-Brunn—Minkowski inequality (1.4) is stronger than
its classical counterpart (1.1) can be seen from the arithmetic—geometric mean inequality (1.3).
Simple examples (e.g. an origin-centered cube and one of its translates) show that (1.4) cannot
hold for all convex bodies.

As is well known, the classical Brunn—Minkowski inequality (1.1) has as a consequence an
inequality of fundamental importance: the Minkowski mixed-volume inequality. One of the aims
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of this paper is to show that the log-Brunn—Minkowski inequality (1.4) also has an important
consequence, the log-Minkowski inequality.

Problem 1.2. Show that if K and L are origin-symmetric convex bodies in R”, then

h . 1 V(L
/ log—LdVK > —log ( ). (1.5)
sn—1 ]’l n

Here Vi is the cone-volume probability measure of K (see definitions (2.5), (2.6), (2.8)).

Just as, for origin-symmetric bodies, the log-Brunn—Minkowski inequality (1.4) is stronger
than its classical counterpart (1.1), for origin-symmetric bodies, the log-Minkowski inequality
(1.5) turns out to be stronger than its classical counterpart.

The classical Minkowski mixed-volume inequality and the classical Brunn—-Minkowski in-
equality are “equivalent” in that once either of these inequalities has been established, then the
other can be obtained as a simple consequence. One of the aims of this paper is to demon-
strate that the log-Brunn—Minkowski inequality (1.4) and the log-Minkowski inequality (1.5) are
“equivalent” in that once either of these inequalities has been established, then the other can
be obtained as a simple consequence, although perhaps a bit less simply than in the classical
(p =1) case.

Even in the plane the above problems are non-trivial and unsolved. One of the aims of
this paper is to establish the plane log-Brunn—Minkowski inequality along with its equality
conditions.

Theorem 1.3. If K and L are origin-symmetric convex bodies in the plane, then for all real
A€ 0,1]

V((1 = 1)K 4+ AL) > VK)' V(D). (1.6)

When A € (0, 1), equality in the inequality holds if and only if K and L are dilates or K and L
are parallelograms with parallel sides.

In addition, in the plane, we will establish the log-Minkowski inequality along with its equality
conditions.

Theorem 1.4. If K and L are origin-symmetric convex bodies in the plane, then,

1. V(L)

hy o -
log £ 4V > = log ——2 17
/S. B =28V -7

with equality if and only if, either K and L are dilates or K and L are parallelograms with
parallel sides.

The above Minkowski combinations and problems are merely two (important) frames of a
long film. In the early 1960s, Firey (see e.g., [60, p. 383] and [20]) defined for each p > 1,
what have become known as Minkowski-Firey L ,-combinations (or simply L ,-combinations)
of convex bodies. If K and L are convex bodies that contain the origin in their interiors and
0 < XA <1 then the Minkowski-Firey L ,-combination, (1 — A)-K +, A-L, is defined by

1=K+ rL= [ {xeR":x.ug((1—A)hK(u)PHhL(u)P)””}. (1.8)

uesn—1
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Firey also established the L ,-Brunn—Minkowski inequality (an inequality that is also known as
the Brunn—Minkowski-Firey inequality). If p > 1, then

V(1 —2)-K 4, A-L) > V(K) V(L) (1.9)

with equality for A € (0, 1) if and only if K = L.

In the mid 1990s, it was shown in [40,41], that a study of the volume of Minkowski—Firey
L ,-combinations leads to an embryonic L ,-Brunn—-Minkowski theory. This theory has expanded
rapidly (see e.g. [5,8-12,16,18,22-30,32-55,58,62-65,67-69]).

Note that definition (1.8) makes sense for all p > 0. The case where p = 0 is the limiting case
given by (1.2). The crucial difference between the cases where 0 < p < 1 and the cases where
p > 1 is that the function ((1 — )»)hf( + Ahf)l/p is the support function of (1 — 1)-K +, A-L
when p > 1, but this is not necessarily the case whenever 0 < p < 1. When 0 < p < 1,
the convex body (1 — A)-K +, A-L is the Wulff shape of ((1 — A)h;} + Ah{)l/p. Unfortunately,
progress in the L ,-Brunn-Minkowski theory for p < 1 has been slow. The present work is a
step in that direction.

It is easily seen from definition (1.8) that for fixed convex bodies K, L and fixed A € [0, 1], the
L ,-Minkowski-Firey combination (1 — A)-K -+, A-L is increasing with respect to set inclusion,
as p increases; i.e., if 0 < p < ¢,

(1=2)-K+4p AL € (1 —2)-K 44 A-L. (1.10)

From (1.10) one sees that the classical Brunn—Minkowski inequality (1.1) (i.e. the case p = 1
of (1.9)) immediately yields Firey’s L ,-Brunn—Minkowski inequality (1.9) for each p > 1.
The difficult situation arises when p € [0, 1) because now we are seeking inequalities that are
stronger than the classical Brunn—Minkowski inequality.

The L ,-Brunn—-Minkowski inequality (1.9) cannot be established for all convex bodies that
contain the origins in their interiors, for any fixed p < 1. Even an origin-centered cube and one
of its translates show that. However, the following problem is of fundamental importance in the
L »-Brunn—Minkowski theory.

Problem 1.5. Suppose 0 < p < 1. Show that if K and L are origin-symmetric convex bodies in
R", then for all A € [0, 1],

V((1 = A)-K 4, A-L) > V(K) V(L) (1.11)

From the monotonicity of the L ,-Minkowski combination (1.10), it is clear that the log-
Brunn—-Minkowski inequality implies the L ,-Brunn—Minkowski inequalities for each p > 0. We
note that there are easy examples that show that the L ,-Brunn—Minkowski inequality (1.11) fails
to hold for any p < 0 — even if attention were restricted to simple origin symmetric bodies.

One of the aims of this paper is to show that the L ,-Brunn—Minkowski inequality (1.5) can
be formulated equivalently as the L ,-Minkowski inequality.

Problem 1.6. Suppose 0 < p < 1. Show that if K and L are origin-symmetric convex bodies in
R”", then

)y %> Vi 1.12
<fs <E> K) ‘(V(K)) ‘ (42



1978 K.J. Boroczky et al. / Advances in Mathematics 231 (2012) 1974-1997

For each p > 1, the inequalities (1.11) and (1.12) are well known to hold for all convex bodies
(that contain the origin in their interior) and are also well known to be equivalent, in that given
one, the other is an easy consequence.

From Jensen’s inequality it can be seen that the L ,-Minkowski inequality (1.12) for the case
p = 0, the log-Minkowski inequality (1.5), is stronger than any of the L ,-Minkowski inequalities
(1.12). The L ,-Minkowski inequality for the case p = 1, the classical Minkowski mixed-volume
inequality, is weaker than all the cases of (1.12) where p € (0, 1).

Even in the plane the above problems are non-trivial and unsolved. One of the aims of this
paper is to solve the problems in the plane. Solutions in higher dimensions would be highly
desirable.

We will prove the following theorems.

Theorem 1.7. Suppose 0 < p < 1. If K and L are origin-symmetric convex bodies in the plane,
then for all A € [0, 1],

V(1 —A)-K 4 A-L) > V(K) V(D)™ (1.13)
When A € (0, 1), equality in the inequality holds if and only if K = L.

Observe that the equality conditions here are different than those of Theorem 1.3.

Theorem 1.8. Suppose 0 < p < 1. If K and L are origin-symmetric convex bodies in the plane,

then,
hy\P b (VL)\?
L — P 2
— ) 4V, > —=) , 1.14
(/s (hK) K) - <V<K>> (49
with equality if and only if K and L are dilates.

Observe that the equality conditions here are different than those of Theorem 1.4.
The approach used in this paper to establish the geometric inequalities of these theorems is
new.

2. Preliminaries

For quick later reference we develop some notation and basic facts about convex bodies. Good
general references for the theory of convex bodies are provided by the books of Gardner [19],
Gruber [21], Leichtweiss [31], Schneider [60], and Thompson [66].

The support function hg : R" — R, of a compact, convex set K C R" is defined, for x € R",
by

hg(x) =max{x-y: y € K}, 2.1

and uniquely determines the convex set. Obviously, for a pair K, L C R" of compact, convex
sets, we have

hg <hy, ifandonlyif, K CL. 2.2)

Note that support functions are positively homogeneous of degree one and subadditive.

A convex body is a compact convex subset of R” with non-empty interior. A boundary point
x € 3K of the convex body K is said to have u € S"~! as one of its outer unit normals provided
x-u = hg(u). A boundary point is said to be singular if it has more than one unit normal vector.
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It is well known (see, e.g., [60]) that the set of singular boundary points of a convex body has
(n — 1)-dimensional Hausdorff measure " ~! equal to 0.

Let K be a convex body in R” and vk : 9K — S"~! the generalized Gauss map. For arbi-
trary convex bodies, the generalized Gauss map is properly defined as a map into subsets of §" .
However, H"~!-almost everywhere on 3K it can be defined as a map into S”~!. For each Borel
set  C "L, the inverse spherical image vlgl (w) of w is the set of all boundary points of K
which have an outer unit normal belonging to the set w. Associated with each convex body K in
R” is a Borel measure S on $"~! called the Aleksandrov—Fenchel—Jessen surface area measure
of K, defined by

Sk(w) = H" " (wel (o)), (2.3)

for each Borel set @ € §"~1; ie., Sk(w) is the (n — 1)-dimensional Hausdorff measure of the
set of all points on d K that have a unit normal that lies in w.

The set of compact convex subsets of R"” will be viewed as equipped with the Hausdorff
metric and thus a sequence of convex bodies, K;, is said to converge to a body K, i.e.,

lim Ki =K,

i—00
provided that their support functions converge in C (S"~1), with respect to the max-norm, i.e.,
lhk; —hilloo = 0.

We shall make use of the weak continuity of surface area measures; i.e., if K is a convex body
and K; is a sequence of convex bodies then

lim K; = K = lim Sk, = Sk, weakly. 2.4)

i—00 i—00

Let K be a convex body in R” that contains the origin in its interior. The cone-volume measure
Vi of K is a Borel measure on the unit sphere $”~! defined for a Borel w € §"~! by

1
Vg (@) = — [ xvg (x) dH" 7 (%), 2.5)
n xeugl(w)
and thus
1
dVx = —hg dSk. (2.6)
n
Since,
1
V(K) =~ / i () d Sk ), @7
n uesn—1

we can turn the cone-volume measure into a probability measure on the unit sphere by normal-
izing it by the volume of the body. The cone-volume probability measure Vi of K is defined by

_ 1
T V(K)

Vk Vk. 2.8)
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Suppose K, L are convex bodies in R” that contain the origin in their interiors. For p # 0,
the L ,-mixed volume V, (K, L) can be defined as

p
| (”_L> dvk. 2.9)

VP(K,L)=/ Ik

N
We need the normalized L ,-mixed volume \_/p (K, L), which was first defined in [48],

1
_ _(Vp(K,L)\7 BN - \7
V”(K’L)_< V(K) ) _(/s <E> dVK) '

Letting p — 0 gives

_ hr o -
Vo(K, L) = exp (/ log—LdVK>,
sn—1 l’lK

which is the normalized log-mixed volume of K and L. From Jensen’s inequality we know that
p— I_/p(K , L) is strictly monotone increasing, unless iy, /hg is constant on suppSk .

Suppose that the function k; (1) = k(t,u) : I x §"~! — (0, 00) is continuous, where / C R
is an interval. For fixed ¢t € I, let

K= () (xeR": xu <kt u)
uesr=1

be the Wulff shape (or Aleksandrov body) associated with the function k;. We shall make use of
the well-known fact that

==

hg, <k; and hg, =k;, ae. wrt Sg,, (2.10)

t

for each t € I. If k; is the support function of a convex body, then g, = k;, everywhere.
The following variant (proved in e.g., [25]) of Aleksandrov’s Lemma (see e.g., [2, p. 103]
or [60, p. 345]) will be needed.

Lemma 2.1. Suppose k(t,u) : I x S"' — (0, 00) is continuous, where I C R is an open
interval. Suppose also that the convergence in

dk(t, u) . k(4 s,u) —k(t,u)
= lim
at s—0 N

is uniform on S"V. If {K,}ic1 is the family of Wulff shapes associated with k;, then

dV(K,)_/ Ok(z, u)
i Jg1 ot

dSk, ().

Suppose K, L are convex bodies in R". The inradius r (K, L) and outradius R(K, L) of K
with respect to L are defined by

r(K,L)y=sup{r >0:x+rL C K and x € R"},
R(K,L)=inf{t >0:x+tL D K and x € R"}.

If L is the unit ball, then (K, L) and R(K, L) are the radii of maximal inscribable and minimal
circumscribable balls of K, respectively. Obviously from the definition, it follows that

r(K,L)=1/R(L, K). @2.11)
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If K, L happen to be origin-symmetric convex bodies, then clearly

h h
r(K,L) = min K () and R(K, L) = max K(u).
uesn=1 hp (u) uest—1 hp(u)

2.12)

It will be convenient to always translate K so that for 0 < ¢ < r = r(K, L), the function
k; = hg — thy is strictly positive. Let K; denote the Wulff shape associated with the function
ky; i.e., let K, be the convex body given by

K, ={x eR": x-u < hg(u) —thy(u) forallu € $"~'}. (2.13)
Note that Ky = K, and that obviously

tli_r)r(l) K: =Ky=K.
From definition (2.13) and (2.2) we immediately have

K;={xeR"':x+tL C K} (2.14)
Using (2.14) we can extend the definition of K, for the case where t = r = r(K, L):

K, ={xeR':x+rL CK}.

It is not hard to show (see e.g. the proof of (6.5.11) in [60]) that K, is a degenerate convex set
(i.e. has empty interior) and that

th_r)r} V(K;) =V(K,) =0. (2.15)

From Lemma 2.1 and (2.9), we obtain the well-known fact that for0 <t <r =r(K, L),

%V(Kz) = —nVi(K;, L). (2.16)

Integrating both sides of (2.16), and using (2.15), give the following lemma.

Lemma 2.2. Suppose K and L are convex bodies, and for 0 <t <r =r(K, L), the body K; is
the Wulff shape associated with the positive continuous function k; = hg —thy. Then, whenever
O0<t=<r=r(K, L),

t
V(K)—-V(K;) = nf Vi(Ks, L)ds. (2.17)
0

More general versions of Lemma 2.2 can be found in the literature (see e.g., Diskant [13]).
3. Equivalence of the L ,-Brunn-Minkowski and the L ,-Minkowski inequalities

In this section, we show that for each fixed p > 0 the L ,-Brunn—Minkowski inequality and the
L ,-Minkowski inequality are equivalent in that one is an easy consequence of the other. In par-
ticular, the log-Brunn—Minkowski inequality and the log-Minkowski inequality are equivalent.

Suppose p > 0. If K and L are convex bodies that contain the origin and s, # > 0 (not both
zero) the L ,-Minkowski combination s-K +, -L, is defined by

5K 4p t-L = (x € R" : xeu < (shg )P + thy )?)'""? forall u e $"~1).
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We see that for a convex body K and real s > 0 the relationship between the L ,-scalar multipli-
cation, s-K, and Minkowski scalar multiplication sK is given by:
1
s:K=srK.

Suppose p > 0 is fixed and suppose the following “weak” L ,-Brunn—Minkowski inequality
holds for all origin-symmetric convex bodies K and L in R” such that V(K) =1 = V(L):

V((1—2)-K 4, AL) > 1, 3.1)

for all A € (0, 1). We claim that from this it follows that the following seemingly “stronger”
L ,-Brunn—Minkowski inequality holds: if K and L are origin-symmetric convex bodies in R",
then

V(s-K 4, t-L)% > sV(K)n +1V(L)", (3.2)

for all s, t > 0. To see this assume that the “weak” L ,-Brunn—-Minkowski inequality (3.1) holds
and that K and L are arbitrary origin-symmetric convex bodies. Define the volume-normalized

bodies K = V(K)~# K and L = V(L) L. Then (3.1) gives
V((1 =) K+, ML) > 1. (3.3)

Let A = V(L) (V(K)#% + V(L)#) . Then
(1-2)K+, AL = - ! — (K + L).
(V(K)F 4+ V(L)F)7

Therefore, from (3.3), we get

V(K 4, L7 > V(K)7 + V(L)".

If we now replace K with s-K and L with ¢-L and note that V(s-K)g =5 V(K)%, we obtain the
desired “stronger” L ,-Brunn—Minkowski inequality (3.2).

Lemma 3.1. Suppose p > 0. When restricted to origin-symmetric convex bodies in R", the L ,-
Brunn—Minkowski inequality (1.11) and the L ,-Minkowski inequality (1.12) are equivalent.

Proof. Suppose K and L are fixed origin-symmetric convex bodies in R”. For 0 < A < 1, let

O =0 —=21) K+, AL;

i.e., O, is the Wulff shape associated with the function g, = ((1 — A)h;} + Ah{)Tl’. It will be
convenient to consider g, as being defined for A in the open interval (—¢,, 1 4 ¢€,), where €, > 0
is chosen so that for A € (—¢,, 1 + €,), the function g, is strictly positive.

We first assume that the L ,-Minkowski inequality (1.12) holds. From (2.7), the fact that

1
ho, = ((1 — )L)h;} + )\hi)E a.e. with respect to the surface area measure Sy, , (2.6) and (2.9),
and finally the L ,-Minkowski inequality (1.12), we have

1
V(Q)») = _/ hQ)L dSQA
n Jgn-1

1 -
- fsn_l (1 = Whi + bR, " dSo,
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= (1 - )")Vp(Q)w K) + )LVp(Q)w L)

= (1 =MV ™

n—p

V(KYT +AV(Qy) T V(L) (3.4)

This gives

2 p\MP 1- A
V(@) = ((1 —MV(K)" +)~V(L)") = V(K) V(L) (3.5)

which is the L ,-Brunn-Minkowski inequality (1.11).

Now assume that the L ,-Brunn—Minkowski inequality (1.11) holds. As was seen at the
beginning of this section, this inequality (in fact a seemingly weaker one) implies the seemingly
stronger L ,-Brunn—-Minkowski inequality (3.2). From inequality (3.2) we may conclude that
the function f : [0, 1] — (0, c0), given by f(X) = V(Q;L)g, has the property that f(A) >
(1 — X)) f(@0) + Af(1). Unfortunately this is less than concavity, which is the property of f
we require. In the classical case (p = 1) the desired concavity can be obtained (as described
in e.g., Schneider [60, p. 309]) by applying (3.2) to subintervals. That this argument works for
p < 1isnot obvious since a property of Wulff shapes is needed. A full argument runs as follows.

For given o, 7 € [0, 1], let

Ko =(—-0)K+,0-L, Ki=(1—-1)K+pt-L.
Since K, is the Wulff shape of the function ((1 — O’)/’ll;( + oh{)l/”, we have
hg, < ((1 — o)hb +ohf)/P.
If L e[0,1]and @ = (1 — A)o + At, this gives
(1= Mhy +ihl < (1 =01 = o) +oh]1+Al(1 — D)k + Thy]
=[1-MN1-0)+21(1- r)]h’;} +[(1—Mo + )\r]hf
= (11— a)h;} —i—ahi.

Thus, [(1 — A)h‘;}a + Ah’;}r]l/f’ < [(1 — a)h% + ah¥1"/P and taking the Wulff shapes of these
functions allows us to conclude that

(1= 1)Ko +prK: €1 —a)K+paL.
This gives
F((1 =10 +2t) = V(1 —a)K +pa-L)P/"
> V((1 = 2)-Ko +p r-K)P/"
> (1= MV(K)P/" + AV (K )P
=1 =Mf()+Arf(r),
which is the desired concavity of f.

The convex body Q;, is the Wulff shape of the function g, = ((1 — 1) i + A h7)1/P. Now,
the convergence as A — 0 in

1-p I-p;p
qr — 90 h hg "hy —hg
— (b — h) =

A P p
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is uniform on $"~!. By Lemma 2.1, (2.6) and (2.9), and (2.7),

av hy " —h
(O _ / i S il ST S [Vp(K, L) — V(K)].
dir r=0 sn—1 p p

Therefore, the concavity of f yields

VKT (Vp(K, L) = V(K) = f'(0) = f(1) = f(0) = V(L)" — V(K)7,
which gives the L ,-Minkowski inequality (1.12). [

Lemma 3.2. For origin symmetric convex bodies in R", the log-Brunn—Minkowski inequal-
ity (1.4) and the log-Minkowski inequality (1.5) are equivalent.

Proof. Suppose K and L are fixed origin-symmetric convex bodies in R”. For 0 < A < 1, let
05 =1 —=2) K+ AL;

i.e., 9, is the Wulff shape associated with the function g, = h };)‘h)i. It will be convenient to
consider g, as being defined for all A in the open interval (—¢,, 1 + €,), for some sufficiently
small €, > 0 and let O, be the Wulff shape associated with the function g;. Observe that since
qo and g are the support functions of convex bodies, Q9 = K and Q1 = L.
We will first suppose that we have the log-Minkowski inequality (1.5) for K and L. Now
ho, = h}{)‘h)i a.e. with respect to Sp, , and thus,
1 hl—lhk

0= hg, log X—Lds
V(@) Jsii 9 Thg, O
1-=2x ! ho, 1 hi
—AN)— 0
w0 Jo @ % hg,
1 V(K V L
(1—-x)—1log ()—i-)» log (L)
n "V(@Qy n T V(O
1 VKV
= —log M (3.6)
n V(@)
This gives the log-Brunn—Minkowski inequality (1.4).
Suppose now that we have the log-Brunn—Minkowski inequality (1.4) for K and L. The body
Q). is the Wulff shape associated with the function g, = h}{)‘h)]:, and the convergence as . — 0
in

dSo, + A ——— ho, log dSQA

1
nV(Qy) Jgn-1 hQ

v

is uniform on §”~!. By Lemma 2.1,
dv(Qx)
dh =0

However, in a manner similar to that used in the proof of Lemma 3.1, the log-Brunn—Minkowski
inequality (1.4) can be used to conclude that A — log V(Q;) is a concave function, and thus

1 dv(Qy) _ _
Vow d |, = V@V~ V(Qo =logV(L) ~logV(K). 3.8)

When (3.7) and (3.8) are combined the result is the log-Minkowski inequality (1.5). [

h
- / hi log = ds. 37
n—1 h[(
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4. Blaschke’s extension of the Bonnesen inequality

From this point forward we shall work exclusively in the Euclidean plane. We will make use
of the properties of mixed volumes of compact convex sets, some of which might possibly be
degenerate (i.e., not convex bodies). For quick later reference we list these properties now.

Suppose K, L are plane compact convex sets. Of fundamental importance is the fact that for
real s, t > 0, the area, V(sK +7L),of sK+tL = {sx+ty : x € K and y € L} is ahomogeneous
polynomial of degree 2 in s and #:

V(sK +tL) = s*V(K) + 2stV(K, L) + t*V(L). @.1)

The coefficient V (K, L), the mixed area of K and L, is uniquely defined by (4.1) if we require
(as we always will) that it is symmetric in its arguments; i.e.

V(K,L)=V(L, K). 4.2)

From its definition, we see that the mixed area functional V (-, -) is invariant under independent
translations of its arguments. Clearly, for each K,

V(K,K) = V(K). (4.3)

The mixed area of K, L is just the mixed volume Vi (K, L) in the plane and thus from (2.9),
we see it has the integral representation

1
V(K,L) = 3 /Sl hr(u)dSk (u). 4.4)

For u € S' we will write u for the image of u under the counterclockwise rotation by a right
angle. Observe that if K is degenerate with K = {su : —c < s < ¢}, where u € Slandc > 0,
then Sk is an even measure concentrated on the two point set {u"} with total mass 4c.

From (4.1), or from (4.4), we see that for plane compact convex K, L, L’ and real s, s’ > 0,

V(K,sL+s'L'"y=sV(K,L)+s'V(K,L'), 4.5)

and this, together with (4.2), shows that the mixed area functional V (-, -) is linear (with respect
to Minkowski linear combinations) in both arguments.
From (4.4) we see that for plane compact convex K, L, L', we have

LCL = V(K,L) <V(K,L), (4.6)

with equality if and only if iy = hps a.e. w.rt. Sk.

The basic inequality in this section, inequality (4.7), is Blaschke’s extension of the Bonnesen
inequality. It has been a valuable tool used to establish a variety of isoperimetric inequalities
(see e.g., [6,15,57,59]). In the form presented below, Lemma 4.1 can already be found in Bol’s
work [7]. Since the equality conditions of inequality (4.7) are one of the critical ingredients in the
proof of the log-Brunn—Minkowski inequality, we present a complete proof of inequality (4.7),
with its equality conditions.

Lemma 4.1. If K, L are plane convex bodies, then forr(K,L) <t < R(K, L),

V(K)—2tV(K,L)+t*V(L) <0. .7
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The inequality is strict whenever r(K,L) <t < R(K,L). Whent = r(K, L), equality will
occur in (4.7) if and only if K is the Minkowski sum of a dilation of L and a line segment. When
t = R(K, L), equality will occur in (4.7) if and only if L is the Minkowski sum of a dilation of
K and a line segment.

Proof. Let r = r(K, L) and suppose ¢ € [0, r]. Recall from (2.13) that
K;={x €eR" :xu < hgu) —thy(u) forallu € "7},
and that from (2.14), we have
K,+tL CK. 4.8)

However, (4.8) together with the monotonicity (4.6), linearity (4.5), the symmetry of mixed vol-
umes (4.2), and (4.3) gives

V(K,L) > V(K; +tL,L) =V(K;, L) +tV(L). (4.9)
Now Lemma 2.2 and (4.9) give

t
V(K) — V(K,) = 2/ V(K,, L)ds
0
t
< 2/ (V(K,L)—sV(L))ds
0
= 2tV(K,L) —t*V(L). (4.10)
Thus,
V(K)—2tV(K,L)+1*V(L) < V(K;). (4.11)

From (4.9) and (4.10) we see that equality holds in (4.11) if and only if,
V(K,L)=V(Ks;+sL,L), foralls e [0,¢?], (4.12)
which, from (4.6) and (4.8), gives
hg = hg, +shp, ae. wrt. S

for all s € [0, ¢].
By (2.15) we know V (K,) = 0 and thus K, is a line segment, possibly a single point. There-
fore, from (4.11) we have

V(K)—2rV(K,L)+r*V(L) <0. (4.13)
We will now establish the equality conditions in (4.13). To that end, suppose:
V(K) —2rV(K,L)+r*V(L) = 0. (4.14)
Then, by (4.12) we have
V(K,L)=V(K,+rL,L).
However, this in (4.14) gives
V(K) —2rV(K, +rL,L) +r*V(L) =0,
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which, using (4.5), can be rewritten as
V(K)=2rV(K,,L) —r’V(L) = 0.

But, since V(K,) = 0 this can be written, using (4.1), as
V(K)—-V(K,+rL)=0.

Since K +rL C K, the equality of their volumes forces us to conclude thatin fact K, +rL = K.
Therefore, K is the Minkowski sum of a dilation of L and the line segment K, (which may be a
point).

Since 1/R(K, L) = r(L, K) from (2.12), from inequality (4.13), and its established equality
conditions, we get

V(L) —2r'V(L,K) +r*V(K) <0, wherer' =r(L,K)=1/R(K,L),

with equality if and only if L is the Minkowski sum of a dilation of K and a line segment.
However, using the symmetry of mixed volumes (4.2), this means that

V(K) —2RV(K,L)+ R*V(L) <0, where R = R(K, L), (4.15)

with equality if and only if L is the Minkowski sum of a dilation of K and a line segment.
Finally, inequalities (4.13) and (4.15) together with the well-known properties of quadratic
functions show that

V(K)—2tV(K,L)+t*V(L) <0, wheneverr(K,L) <t < R(K,L). O

5. Uniqueness question for planar cone-volume measures

Given a finite Borel measure on the unit sphere, under what necessary and sufficient conditions
is the measure the cone-volume measure of a convex body? This is the existence question for
the unsolved log-Minkowski problem. It requires solving a Monge—Ampere equation and is
connected with some important curvature flows (see e.g. [3,4,17,64]). The uniqueness question
for the log-Minkowski problem asks under what conditions can two different bodies have
identical cone-volume measures. It appears to be more difficult than the existence question. Even
in the plane, the uniqueness question has not been settled. Gage [17] showed that within the
class of origin-symmetric plane convex bodies that are also smooth and have positive curvature,
the cone-volume measure determines the convex body uniquely. For even discrete measures, the
uniqueness question for the log-Minkowski problem, for plane convex bodies, was treated by
Stancu [64].

In this section, we shall settle the uniqueness question for the log-Minkowski problem for
arbitrary origin-symmetric plane convex bodies. For plane convex bodies that are not origin-
symmetric, the problem remains both open and important.

The uniqueness question for the log-Minkowski problem is related to Firey’s worn stone
problem. In determining the ultimate shape of a worn stone, Firey [14] showed that if the cone-
volume measure of a smooth origin-symmetric convex body in R" is a constant multiple of
Lebesgue measure (on $”~!), then the convex body must be a ball. This established uniqueness
for the worn stone problem for the origin-symmetric case. In R3, Andrews [3] established the
uniqueness of solutions to the worn stone problem by showing that a smooth (not necessarily
origin-symmetric) convex body in R® must be a ball if its cone volume measure is a constant
multiple of Lebesgue measure on S2.
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The following inequality (5.1) was established by Gage [17] when the convex bodies are
smooth and of positive curvature. A limit process gives the general case, but the equality con-
ditions do not follow. As will be seen, the equality conditions are critical for establishing the
uniqueness for cone-volume measures in the plane.

Lemma 5.1. If K, L are origin-symmetric plane convex bodies, then

h3 s _V&®

s hy K=V Ja

with equality if and only if K and L are dilates, or K and L are parallelograms with parallel
sides.

hr dSk, 5.1

Proof. Since K and L are origin symmetric, from (2.12) we have

hg (u)
r(K,L) < ) < R(K, L),

for all u € S!. Thus, from Lemma 4.1 we get

h h
VK) -2 K () k)
hp (u) hp (u)
Integrating both sides of this, with respect to the measure k7 d Sk, and using (4.4) and (2.7), give
h h 2
0> / ViK)— 2"y ok 4 ( K(”)> V(L) | hy(u)dSk )
s! hp (u) hp (u)

hk (u)?
hp(u)

2
V(K,L>+< ) V(L) <0,

= —2V(K)V(K,L) + V(L)/1 dSk (u).
S

This yields the desired inequality (5.1).
Suppose there is equality in (5.1). Thus,

hi (u) hi (u)
hr(u) hp(u)

If K and L are dilates, we are done. So assume that K and L are not dilates. However, K and L
not being dilates implies that ¥ (K, L) < R(K, L). From Lemma 4.1, we know that when

V(K) -2

2
V(K, L)+ ( ) V(L) =0, forallu e supp Sg. 5.2)

hi (u)
r(K,L) < L) < R(K, L),
it follows that
hi () hi )\
V(K)—-2 V(K, L V(L 0,
K =2 VDT (hL(u)) )=
and thus we conclude that
hxWw)/hp(m) e {r(K,L), R(K, L)} forallu e supp Sg. (5.3)

Note that since K is origin symmetric, supp Sk is origin symmetric as well. Let ug € supp Sk;
then either hg (up)/hr(uo) = r(K, L), or hg(uo)/hr(uo) = R(K, L). Suppose it is the case
that hx (ug)/ hy(up) = r(K, L). Then from (5.2) and the equality conditions of Lemma 4.1 we
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know that K must be a dilation of the Minkowski sum of L and a line segment. However, K and
L are not dilates, so there exists an xo % 0 such that

hg ) = |xo-ul +r(K, L)hr(u),

for all unit vectors u. This together with hg (uo)/hr (ug) = r(K, L) shows that xq is orthogo-
nal to ug and that the only unit vectors at which hx/h; = r(K, L) are ug and —ug. However,
supp Sx must contain at least one unit vector u; € supp Sk other than +uy. From (5.3), and
the fact that the only unit vectors at which hg/hy = r(K, L) are the vectors ug and —ug, we
conclude hg (u1)/hp (1) = R(K, L) and by the same argument we conclude that the only unit
vectors at which hg /h; = R(K, L) are uy and —u1. Now (5.3) allows us to conclude that

supp Sx = {Fuo, £u1}.

This implies that K is a parallelogram. Since K is the Minkowski sum of a dilate of L and a line
segment, L must be a parallelogram with sides parallel to those of K. If we had assumed that
hg(uo)/hp(up) = R(K, L), rather than r(K, L), the same argument would lead to the same
conclusion.

It is easily seen that the equality holds in (5.1) if K and L are dilates. A trivial calculation
shows that equality holds in (5.1) if K and L are parallelograms with parallel sides. [

The following theorem was established by Gage [17] when the convex bodies are smooth and
have positive curvature. When the convex bodies are polytopes the theorem is due to Stancu [65].

Theorem 5.2. If K and L are plane origin-symmetric convex bodies that have the same cone-
volume measure, then either K = L or else K and L are parallelograms with parallel sides.

Proof. Assume that K # L. Since
Vk = VL,

it follows that V(K) = V(L). Thus, since K # L, the bodies cannot be dilates. Thus inequality
(5.1) becomes

h h h h
/—Ldez/ K avg and /—Kdez/ ZLoavy, (5.4)
st hg st he st he st hg

with equality, in either inequality, if and only if K and L are parallelograms with parallel sides.
Using (5.4) and the fact that Vx = V[, both twice, we get

hi (1) hi (u)
/sl e 4 VKW = /s noan VK@

[ hk)
- /s 0

hi ()
> /S v

R ER0)
= Ly g e

Thus, we have equality in both inequalities of (5.4), and from the equality conditions of (5.4) we
conclude that K and L are parallelograms with parallel sides. [
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6. Minimizing the logarithmic mixed volume

Lemma 6.1. Suppose K is a plane origin-symmetric convex body, with V(K) = 1, that is not a
parallelogram. Suppose that Py is an unbounded sequence of origin-symmetric parallelograms
all of which have orthogonal diagonals, and such that V (Py) > 2. Then, the sequence

/Sl log hp, (1) dVg ()

is not bounded from above.

Proof. Let uj i, uz x be orthogonal unit vectors along the diagonals of P. Denote the vertices
of Py by £hy xu1 i, £ho ruz k. Without loss of generality, assume that 0 < hjx < ho . The
condition V (Py) > 2 is equivalent to &1 xh2 x > 1. The support function of Py is given by

hp,(u) = max{hy g|u-uikl, hoxlu-uzil}, (6.1)

for u € S!. Since S' is compact, the sequences u ; and u, ; have convergent subsequences.
Again, without loss of generality, we may assume that the sequences u1 x and u7 ; are themselves
convergent with

lim ULk = U] and lim Uk = uz,
k— 00 k— 00

where u1 and u; are orthogonal.

It is easy to see that if the cone-volume measure, Vg ({£u1}), of the two-point set {£u1} is
positive, then K contains a parallelogram whose area is 2Vg ({u1}). Since K itself is not a
parallelogram and V (K) = 1, it must be the case that

Vg ({Fu1}) < % (6.2)
For § € (0, %), consider the neighborhood, Us, of {+u;}, on st
Us={ueS" :|juu|>1-86).
Since Vi (S') = V(K) = 1, we see that for all or § € (0, %)

Vi (Us) + Vk (Ug) = 1, (6.3)

where Uy is the complement of Us.
Since the Us are decreasing (with respect to set inclusion) in § and have a limit of {4},

lim Vg (Us) = Vg ({£u1}).

§—07t
This together with (6.2), shows the existence of a §, > 0 such that

1
Vi (U —.
k (Us,) < 5
However, this implies that there is a small €, € (0, %) so that
1

7, = Vk (Us,) — 3 +¢, <O0. (6.4)

This together with (6.3) gives

1 1
Vi (Us,) = 3 € + 1, and VK(U(SCO) =3 + € — T,. (6.5)
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Since u; ; converge to u;, we have |u; x — u;| < &, whenever k is sufficiently large (for both
i = 1andi = 2). Then for u € Us, and k sufficiently large, we have

[y gl = lueuy] — lu-(uy g — up)l
> uur] — urp — ui
= 1 _80 _30
> do,

where the last inequality follows from the fact that §, < % We know that |u-u1|> + |u-us|? = 1,

forall u € S'. Thus, for u € Uy , we have [u-uz| > (1 — (I — 8,)%)7 > 28,, which shows that
when k is sufficiently large,

[ k| > |u-ua| — u-(uz ke — uz)|
> |u-un| — lugx — uzl
> 28, — 8o
= 4,.

From the last paragraph and (6.1) it follows that when £ is sufficiently large,

Sohl,k ifu e Uao,

hp () = {aohg,k ifueUS. (6.6)

By (6.3) and (6.6), (6.5), the fact that 0 < A < hyx together with (6.4), and finally the fact
that iy xho x > 1 together with €, € (0, %), we see that for sufficiently large k,

0

/ loghp, dVig 2/ 10ghpde[(+/ loghp, dVk
st Us ug,
> logé, + VK(USU) loghl,k + V[((U(SCO)IOg hz,k

1 1
= log 80 + <§ + 7, — 60) loghl,k + <§ — T+ 60) loth,k

1
= log, + 2¢,log ha i + (5 — 60) log(hi xha k)

+o(loghy x —logha k)
> logé, + 2¢,loghy k.

Since Py is not bounded, the sequence /2  is not bounded from above. Thus, the sequence
/ loghp, dVk
Sl

is not bounded from above. [

Lemma 6.2. If K is a plane origin-symmetric convex body that is not a parallelogram, then
there exists a plane origin-symmetric convex body Ky so that V(Ky) = 1 and

/logthVKz/ loghg,dVk
s! s!

for every plane origin-symmetric convex body Q with V(Q) = 1.
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Proof. Without loss of generality we may assume that V(K) = 1. Consider the minimization
problem,

inf/ loghgdVk,
Sl

where the infimum is taken over all plane origin-symmetric convex bodies Q with V(Q) = 1.
Suppose that Qy is a minimizing sequence; i.e., Q is a sequence of origin-symmetric convex
bodies with V (Q) = 1 and such that fsl log h g, d Vi tends to the infimum (which may be —o0).
We shall show that the sequence Qy is bounded and the infimum is finite.

By John’s Theorem, there exist ellipses Ej centered at the origin so that

Ex C Or C V2Ey. 6.7)
Let u k., uz i be the principal directions of Ej so that
hik < har, wherehy=hg (u1x)and hy i = hg, (us k).

Let Py be the origin-centered parallelogram that has vertices {£hy xu1 k., £ho ru2 )} (observe
that by the Principal Axis Theorem the diagonals of Py are perpendicular). Since Ey C V2P, it
follows from (6.7) that

P, C Oy C2P. (6.8)

From this and V(Qx) = 1, we see that V (Py) > ‘l‘.

Assume that Qy is not bounded. Then Py is not bounded. Applying Lemma 6.1 to /8 P4
shows that the sequence f g1 log hp d Vi is not bounded from above. Therefore, from (6.8) we see
that the sequence f gl loghg, dVik cannot be bounded from above. However, this is impossible
because QO was chosen to be a minimizing sequence.

We conclude that Qy is bounded. By Blaschke’s Selection Theorem, Qy has a convergent
subsequence that converges to an origin-symmetric convex body Ky, with V (Kp) = 1. It follows
that [ log hk, dVk is the desired infimum. [

7. The log-Minkowski inequality

We repeat the statement of Theorem 1.4.

Theorem 7.1. If K and L are plane origin-symmetric convex bodies, then

with equality if and only if either K and L are dilates or when K and L are parallelograms with
parallel sides.

Proof. Without loss of generality, we can assume that V(K) = V(L) = 1. We shall establish
the theorem by proving

/loghLdVKz/ logthVK,
S! St

with equality if and only if either K and L are dilates or if they are parallelograms with parallel
sides.
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First, assume that K is not a parallelogram. Consider the minimization problem

min/ loghg dVk,
Sl

taken over all plane origin-symmetric convex bodies Q with V(Q) = 1. Let K¢ denote a solution,
whose existence is guaranteed by Lemma 6.2. Our aim is to prove that Ko = K and thereby
demonstrate that K itself is the only solution to this minimization problem.

Suppose f is an arbitrary but fixed even continuous function on S'. For some sufficiently
small 8, > 0, consider the deformation of /g, , defined on (—8,, §,) x S 1 by

qr(u) =q(t,u) = hKO(M)etf(”).

Let Q; be the Wulff shape associated with g;. Observe that Q; is an origin symmetric convex
body and that since g is the support function of the convex body Ko, we have Qg = Kj.

Since Ky is an assumed solution of the minimization problem, the function defined on
(_807 80) by

f— V(Q,)—iexp{f 1oghQ,de},
Sl

attains a minimal value at t = 0. Since i, < ¢, this function is dominated by the differentiable
function defined on (—§,, é,) by

t—> V(Q,)_% exp {/ log g, dVK} .
Sl

However, clearly both functions have the same value at 0 and thus the latter function attains a
local minimum at 0. Thus, differentiating the latter function at t = 0, by using Lemma 2.1, and
recalling that V(Qp) = V(Kp) = 1, shows that

1
—5/ hKo(”)f(u)dSKo(”)+/ Jfw)dVi(u) =0.
s! s!

Thus, since f was an arbitrary even continuous function, we conclude that

/1 f)dViy(u) = /1 fw)dVi (u)

S N

for every even continuous f, and therefore,
Vk = Vk,-

By Theorem 5.2, and the assumption that K is not a parallelogram, we conclude that Ky = K.
Thus, for each L such that V(L) =1,

/loghLdVKZf IOgthVK,
st St

with equality if and only if K = L. This is the desired result when K is not a parallelogram.
If K is a parallelogram the proof is trivial, but for the sake of completeness we shall include
it. Assume that K is the parallelogram whose support function, for u € S!, is given by

hg (u) = ai|vi-u| + az|va-ul,
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where vy, v € S! and a;,ap > 0. It follows that suppSx = {:tvli, :i:sz}, while also
Vk({£vt) = 2ajax|vi-vy], and [vivs| = |vpvf]. It is easily seen that V(K) =
4a1a2|v1-vj-| = 1, and that

exp/;] loghr dVk = \/hr(v{)h(v). (7.1

Recall that V(L) = 1. The parallelogram circumscribed about L with sides parallel to those of
K has volume

4hp (V)b (03D |v1-vy |71 = 16ajazhy (vi)h (vy),

and thus, 16a1a2hL(v1L)hL(v2l) > V(L) = 1, or equivalently

hp (viHhy (vy) > ,
LD)h(vy) > 16a1a,

with equality if and only if L itself is a parallelogram with sides parallel to those of K. Thus,
by (7.1), the functional |, g1 log hy d Vi attains its minimal value if and only if

1
hi(iHh(vy) = T

i.e., if and only if L is a parallelogram with sides parallel to those of K. [J

Proof of Theorem 1.3. Lemma 3.2 shows that the log-Minkowski inequality of Theorem 7.1
yields the log-Brunn—Minkowski inequality (1.6) of Theorem 1.3. To obtain the equality
conditions of the log-Brunn—Minkowski inequality (1.6), we need to analyze the equality
conditions of the inequality (3.6) in the proof of Lemma 3.2. The equality conditions for the
log-Minkowski inequality of Theorem 7.1 show that equality in inequality (3.6) would imply
that either K, L and Q) are dilates or that K, L and Q, are parallelograms with parallel sides.
This establishes the equality conditions of Theorem 1.3. [

Proof of Theorem 1.8. Jensen’s inequality (along with its equality conditions), shows that the
L ,-Minkowski inequality, for p > 0, of Theorem 1.8 follows from the Lo-Minkowski inequality
of Theorem 7.1. [

Proof of Theorem 1.7. Lemma 3.1 shows that the L ,-Minkowski inequality of Theorem 1.8
yields the L ,-Brunn-Minkowski inequality of Theorem 1.7.

To obtain the equality conditions of the L ,-Brunn—Minkowski inequality (1.13) of Theo-
rem 1.7 we need to analyze the equality conditions of inequalities (3.4) and (3.5) of Lemma 3.1
which were used to derive the L ,-Brunn-Minkowski inequality of Theorem 1.7 from the
L ,-Minkowski inequality of Theorem 1.8.

From the equality conditions of Theorem 1.8, we know that equality in inequality (3.4) im-
plies that K and L are dilates. However, inequality (3.5) is a direct consequence of the concavity
of the log function and this concavity is strict. Hence, equality in inequality (3.5) implies that
V(K) = V(L). Thus we conclude that equality in the L ,-Brunn—Minkowski inequality (1.13)
of Theorem 1.7 implies that K = L. [
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