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Abstract

Let X be a subanalytic compact pseudomanifold. We show a de Rham theorem for L forms on the
nonsingular part of X. We prove that their cohomology is isomorphic to the intersection cohomology of X
in the maximal perversity.
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0. Introduction

During the three last decades, many authors studied L? differential forms on singular vari-
eties. The history started with Cheeger who computed the cohomology of L? forms on pseudo-
manifolds with metrically conical singularities [4]. He proved in [5] that the L? cohomology is
actually isomorphic (for pseudomanifolds with metrically conical singularities) to intersection
homology in the middle perversity (see also [8]).

Intersection homology was introduced independently by Goresky and MacPherson in [10] in
order to study the topology of singular sets. Its main feature is to satisfy Poincaré duality for
a large class of singularities, sufficiently general to enclose all the complex projective analytic
varieties (see [10,11]).

* Research partially supported by the NCN grant 2011/01/B/ST1/03875.
* Correspondence to: Instytut Matematyczny PAN, ul. Sw. Tomasza 30, 31-027 Krakéw, Poland.
E-mail address: gvalette@impan.pl.

0001-8708/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.2im.2012.07.020


http://www.elsevier.com/locate/aim
http://dx.doi.org/10.1016/j.aim.2012.07.020
http://www.elsevier.com/locate/aim
mailto:gvalette@impan.pl
http://dx.doi.org/10.1016/j.aim.2012.07.020

G. Valette / Advances in Mathematics 231 (2012) 1818—1842 1819

Cheeger’s de Rham theorem thus provided a means to investigate the topology of singular
sets via differential geometry. It also enabled to carry out a Hodge theory on pseudomanifolds
with metrically conical singularities, which was developed by Cheeger himself in a series of
works [4-7].

L? cohomology, p # 2, turned out to be related to intersection homology as well. Let us
mention some of the many related works which then appeared. In [28], Youssin computes the
L? cohomology groups of spaces with conical horns. He shows that the L?” cohomology groups
are isomorphic to intersection cohomology groups in the so-called L? perversity 1 < p < oo.
He also describes quite explicitly the case of f-horns. The so-called f-horns are cones endowed
with a metric decreasing at a rate proportional to a function f of the distance to the origin. Saper
studies in [19] the L? cohomology for sets with isolated singularities with a distinguished Kihler
metric.

In [12], the authors focus on normal algebraic complex surfaces (not necessarily metrically
conical). They also show that the L? cohomology is dual to intersection homology (see also [20]).

In [3], the authors show, on a simplicial complex, an explicit isomorphism between the L”
shadow forms and intersection homology. The shadow forms are smooth forms constructed by
the authors in a combinatorial way, like Whitney forms [27].

It is striking that, all the above mentioned de Rham theorems include an assumption on the
metric type of the singularities or are devoted to low dimensional singular sets whose metric
type is easier to handle. In this paper, we focus on L* forms, i.e., forms having a bounded
size. We prove a de Rham theorem for any compact subanalytic pseudomanifold, establishing
an isomorphism between L cohomology and intersection homology in the maximal perversity
(Theorem 1.2.2). We also prove that the isomorphism is provided by integration on subanalytic
singular chains. The class of subanalytic pseudomanifolds covers a large class of subsets such
as all the complex analytic projective varieties. Furthermore, the theory presented in this paper
could go over singular subanalytic subsets which are not pseudomanifolds and we could adapt
the statement to arbitrary subanalytic subsets.

This theorem, which applies to any compact subanalytic pseudomanifold, is proved by looking
in details at the metric structure of subanalytic sets (see Section 2). The sharp description of the
metric type of singularities obtained [22,23] will make it possible to work without any extra
assumption on the metric type of the singularities.

As a consequence, we immediately see the L°° groups are finitely generated. The purpose is
also, as in the case of L? cohomology, to find a category of forms for which we can carry out
a Hodge theory for any compact subanalytic singular variety. Performing analysis or differential
geometry on singular spaces is much more challenging that on smooth manifolds because the
metric geometry of singular sets is much harder to handle.

1. Definitions and the main result

This paper deals with subanalytic sets. We recall their definition and outline their basic
properties in Appendices A and B at the end of the paper.

1.1. L®°-cohomology groups
Before stating the main result, we need to define the L°° cohomology groups.

Definition 1.1.1. Let Y be a C* submanifold of R”. As Y is embedded in R”, it inherits a natural
structure of Riemannian manifold. We say that a j-differential form w on Y is L if there exists
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a constant C such that for any x € Y:
()] < C,

where |w(x)| denotes the norm of w(x) (as a linear mapping). We will write d for the exterior
differential operator.

We denote by 2J,(Y) the real vector space constituted by all the differential C* j-forms w
such that w and dw are both L°°.

Given w € 2,(Y), we set |w|oo = SUP, ey l@(x)].

The cohomology groups of this cochain complex are called the L* cohomology groups of
Y and will be denoted by H3 ().

1.2. Intersection homology in the maximal perversity and the main theorem

We recall below the definition of intersection homology (see [10]). Intersection homology as
defined in the latter article depends on a “perversity”. The definition below corresponds to the
case of the maximal perversity = (0, 1, ..., [ — 2) (the letter ¢ stands for “top” perversity).

As we will be interested in the only case of the maximal perversity, we specify this particular
case in the definition and shall not introduce the technical notion of perversity. But this accounts
for the notation 7" C;(X) (which is the notation of [10]) used below.

Given a subanalytic set X, we denote by X, the set of points of X at which X is locally a
C*®° manifold (without boundary, of any dimension) and we will write X;,, for the complement

of Xee in X.
Subanalytic singular simplices are subanalytic continuous maps ¢ : 7; — X, T; being the
oriented j-simplex spanned by 0, ey, ..., ej where ey, ..., e; is the canonical basis of R/. Given

a globally subanalytic set X C R" we denote by Co(X) the resulting chain complex (with coef-
ficients in R). We will write |c| for the support of a chain ¢ and by dc the boundary of c.

Definition 1.2.1. An /-dimensional pseudomanifold is a globally subanalytic locally closed set
X C R" such that X, is a manifold of dimension / and dim X;,, <[ — 2 (see Appendix A for
the definition of the dimension).

A globally subanalytic subset Y C X is called (¢; i)-allowable if dim Y N X;,, < i—1. Define
I'C;(X) as the subgroup of C;(X) consisting of those chains & such that |&| is (¢, i)-allowable
and |0&| is (¢, i — 1)-allowable.

The jth intersection cohomology group of maximal perversity, denoted by I' H/(X), is
the jth cohomology group of the cochain complex I'C*(X) = Hom(I'Co(X); R).

In this paper, we prove the following.

Theorem 1.2.2. Let X be a compact subanalytic pseudomanifold. For any j:

HL (Xyeg) ~ I'HI (X).

This theorem is proved in Section 4. This requires to investigate in details the metric type of
subanalytic singular sets. This is accomplished in Section 2.

We then briefly recall the notion of normalization of pseudomanifolds in Section 3.

We will also show that the isomorphism is given by integration on simplices (Section 4.3).
Simplices are singular and lie in X (whereas forms are only defined on X,.¢) but integration is
well defined and gives rise to a cochain map if the simplices are subanalytic (see Section 4.3 for
details).
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Notations and conventions. We denote by B" (x; ¢) the ball of radius ¢ centered at x € R" while
§"~1(x; &) will stand for the corresponding sphere. The symbol |.| will denote the Euclidean
norm while d (., .) will stand for the Euclidean distance.

We denote by k(04) the field of Puiseux series >
with ) oy a;t' convergent for ¢ in a neighborhood of zero (see Appendix B). We can order this
field by setting f < g in k(04) if f(z) < g(¢) for ¢ positive real number in a neighborhood of
zero. We write T for the indeterminate. The motivation for considering this field is clarified in
Appendix B.

Let R stand for either R or k(04). By Lipschitz function, we will mean a function f : A —
R, A C R", satisfying for some integer N:

If() = fOGDI = Nix = x'),

for all x and x" in A. It is important to notice that we require the constant to be an integer for
k(04) is not Archimedean (see again Appendix B). Amap & : A — R™ is Lipschitz if so are all
its components; a homeomorphism 4 is bi-Lipschitz if # and 2! are Lipschitz.

Given two functions f, g : A — R, we write f ~ g (and say that f is equivalent to g) if
there exists a positive integer C such that é <g<Cf.

Given a function £ : A — R, we denote by I% its graph and by & its restriction to a subset
B of A. Given two functions ¢ and £ on aset A C R” with & < ¢, we define the closed interval
as the set:

[E;¢]l={(x;y) e AxR:E(x) <y <C()}.

The open and semi-open intervals are then defined analogously.

Given A C R”", we respectively write c/(A) and Int(A) for the closure and the interior of
A (with respect to the Euclidean topology). We also define the (topological) boundary of A by
8A :=cl(A)\ Int(A).
Convention. All the sets and mappings considered in this paper will be assumed to be globally
subanalytic (if not otherwise specified), except the differential forms.

For the convenience of the reader, all the necessary definitions and basic facts of subanalytic
geometry may be found in two Appendices at the end of the paper, where references of proofs
are also provided.

i .
aiTr, p € Nya; € R,i,m € Z,

i>m

2. Lipschitz retractions

This section provides some results about the metric geometry of globally subanalytic sets.
These results will be very important to compute the L°>° cohomology groups later on. Given a
germ of subanalytic set X at xo, we shall construct a Lipschitz strong deformation retraction r;,
t € [0,1], ro = x¢, r1 = Id, of this germ onto xo (Theorem 2.3.1). It is the main result of this
section.

By way of motivation for all the results of this section, let us briefly outline the strategy of
the proof of Theorem 2.3.1. Let X be the germ of a singular (subanalytic) set. Replacing X by X
(see (2.7) for X), we may estimate the distance to the origin by the first coordinate. We proceed
by induction on n, if X C R". The result is therefore true for 7, (X) if 7, : R" — R"~!is the
canonical projection. By Corollary 2.1.4 and Lemma 2.1.5, up to a bi-Lipschitz homeomorphism
preserving the first coordinate, we know that X may be included in the graphs of finitely many
Lipschitz functions. We thus can lift the retraction obtained by induction, making use of the
estimates of Lemma 2.2.3 so as to establish its Lipschitz character.
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The techniques of this section, especially Theorem 2.3.1, can have other applications
(see [21]). We start by recalling some results of [22,23].
Given n > 1 and a positive constant M we set:

CalM) = {(x1;x) e RxR"1:0<|x| <Mx;}.
Forn = 1, we just set C{ (M) = R.

2.1. Regular vectors
In the definition below, R stands for either k£(0) or R.

Definition 2.1.1. Let X be a subset of R”. An element A of $” ! is said to be regular for X if
there is a positive real number « such that:

d(; TxXreg) > o,
for any x in X,g.

Recall that the order relation in £(01) was defined by comparing the series on a right-hand-
side neighborhood of zero. Therefore, in the above definition, the inequality means in the case
R = k(04) that for x € X,., the limit at zero of the Puiseux series d(A; Ty X,.;) cannot be
smaller than o > 0. It is important to notice that « is required to be a positive real number
and not a Puiseux series: it implies that the Puiseux series d(A; Ty X,.¢) may not tend to zero at
ZEero.

Regular vectors do not always exist, as it is shown by the simple example of a circle.
Nevertheless, we can get a regular vector without affecting the metric type of a subanalytic set.

Theorem 2.1.2 (/22]). Let X be a subset of k(01)" of empty interior. Then there exists a bi-
Lipschitz homeomorphism h : k(04)" — k(01)" such that e, is regular for h(X).

For instance, if X is the circle (in k(0;)?) defined by x> + y? = 1 then the provided bi-
Lipschitz homeomorphism may send X onto a triangle (in k(0)?). We see (intuitively at least)
that it is not possible to require #(X) to be a smooth manifold even if so is X. Such a mapping
h is the generic fiber (see Appendix B) of a family of homeomorphisms sending the cylinder
(0, &) x C, where ¢ is a positive real number and C denotes the unit circle in R2, onto the product
of a triangle with the interval (0, ¢). The situation gets more difficult when X is singular since it
may have many different limits of tangent spaces at a singular point.

Definition 2.1.3. A map & : R® — R" is x;-preserving if it preserves the first coordinate in the
canonical basis of R”.

It is shown in [23] that, if the considered subset lies in C, (M), then the homeomorphism
of Theorem 2.1.2 may be chosen x;-preserving. In [23], the result was for semialgebraic sets.
Below, we prove it in the subanalytic framework.

In the proof below, we consider subsets of R” as families of subsets of R"~! parameterized
by the first coordinate. Given t € R, we write X, for the set of points of X having their first
coordinate equal to 7.

Corollary 2.1.4. Let X be the germ at 0 of a subset of C,(M) of empty interior, M > 0. There
exists a germ of xi-preserving bi-Lipschitz homeomorphism (onto its image) h : C,(M) —
C, (M) such that e, is regular for h(X).
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Proof. Apply Theorem 2.1.2 to the generic fiber:
Xo, = {x:(T;x) € Xroy}

where Xy, ) denotes the extension of the set X to k(0) (see Appendix B). This provides a bi-
Lipschitz homeomorphism H : k(04)"~! — k(0,)"~! which immediately gives rise (via the so-
called transfer principle, see again Appendix B) to a x| -preserving bi-Lipschitz homeomorphism
h:(0;8) x R — (0;¢) x R, (¢, x) — (¢, h;(x)), with h; bi-Lipschitz (with the same
constant as H) for every t < ¢ and such that there is a real number « > 0 such that

d(en, Txh(Xy)) = a, 2.1

for any x € h(X;)reg and t positive small enough. Up to a translation, we may assume that
h:(0) = 0 so that 2 maps C, (M) into C,(M"), for some M’. Up to a x -preserving linear mapping,
we may assume M = M.

We now check that e, is regular for the germ of Y := h(X). Suppose not. It means that the
element (0, ;) belongs to the closure of the set:

{(x,u) :x € Yyegand u € Ty Y, eq).
As a matter of fact, by curve selection lemma (see Appendix A), there exists an analytic arc

v : [0;e] = Yoo with y(0) = O and e, € 7 := lim; 0 Ty (1) Yreg- On the other hand, by (2.1),
we have e, & lim;_0 T} ()Y, (r). This implies that

TN (1) # lim (Ty) Ve O fer) ).

and consequently T may not be transverse to (ej) (since otherwise the intersection with the
limit would be the limit of the intersection), which means that T C (el)L. This implies that the

limit vector lim;_, ¢ I)):E_gl = lim,;_,g % € 1 is orthogonal to e;. Therefore,

y1 (1)
im =
=0 |y (@)]
in contradiction with y (t) € C,(M).
Let us now show that /4 is also Lipschitz with respect to the parameter x;. Suppose that the
germ of £ fails to be Lipschitz. In this case, the element (0, 0, 0) belongs to the closure of the set
germ:

{(p’qaZ)ZPGCn(M),qun(M)’p#CLZ lp—q| }

— h(p) = h(@)]
Then, by curve selection lemma (see Appendix A), we can find two analytic arcs in C, (M),
say p(t) and ¢(t), tending to zero and along which:

lp(1) —q@)| K [h(p(1)) — h(g(D)]. 2.2)

Recall that i preserves the fibers of 7y, the projection onto the first coordinate. We may
assume that p(¢) (and thus h(p(¢)) too) is parameterized by its xj-coordinate, i.e., we may
assume 71 (p(t)) = t, ¢t > 0 small (f(¢) := w1 (p(t)) being a real analytic function, it induces a
homeomorphism in a right-hand-side neighborhood of the origin whose inverse f ! is a Puiseux
series). As p(t) and h(p(t)) are Puiseux arcs in C,, (M) we have:

Ih(p(®)) = h(p')| ~ |t — 1| 2.3)
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and

lp@) — p() ~ 1t =1’ < |p(t) —q@)], (2.4)

where ¢’ denotes the first coordinate of g ().
Therefore, by (2.2)—-(2.4) we have for some constant C € R:

1h(p(1) = h(g()] ~ [h(p(")) — h(g®)] ~ |p(t) — )] < Clp®) —q @),
a contradiction. Arguing in the same way on 2!, we could show that / is bi-Lipschitz. [

There is a close interplay between Lipschitz functions and regular vectors.

Lemma 2.1.5. Assume that ey, is regular for a set X C R". Then X is contained in the union of
the respective graphs of some Lipschitz functions & : R" ' > R i =1,..., k.

Proof. Take a cell decomposition compatible with X. Since e, is regular for X, the set X is
the union of some cells which are graphs (not bands, see Definition A.2.1) of some analytic
functions n; : D; — R,i =1,...,k, where D; C R"~! Observe that, because ey, is regular for
their graph, the 7;’s have bounded derivatives.

By Theorem 1.2 of [13], there is a finite partition of every D; into analytic manifolds, say
Dj1,..., Din,;,and a constant M such that any given two points x and y in the same D; ; may
be joint by an arc whose length does not exceed M|x — y|. This implies that any given smooth
function f : D; j; — R, j < m;, which has bounded derivatives is Lipschitz. In particular, »;
induces a Lipschitz function on every D; j, say 1; ;.

Now, the lemma follows from the fact that we can extend each ; ; : D; ; — R to a Lipschitz
function &; ; : R*~! — R by setting:

& j(x) =inf{n; ;(y) + L; jlx —yl: y € Dj ;},

where L; ; denotes the Lipschitz constant of n; ;. [

2.2. Some preliminaries

Before constructing the desired retraction, we need to put the set in a nice position. For this
purpose, we will need yet another result whose proof may be found in [22] as well (Proposi-
tion 2.2.1 below). It is a consequence of the preparation theorem [16,14,25].

Basically, this proposition says that distance functions (i.e. functions of type x — d(x, W),
W C R") may be used as a “basis of valuations”, in the sense that every (globally subanalytic)
nonnegative function may be compared (up to constants) to a product of powers of distance
functions (after a partition).

We recall that, except the differential forms, all the sets and functions of this paper are assumed
to be globally subanalytic.

Proposition 2.2.1. Let X C R" and let £ : X — R be a nonnegative function. There exists a
finite partition of X such that over each element of this partition the function & is ~ to a product
of powers of distances to subsets of X.

The powers involved in the above proposition are always rational numbers.

Remark 2.2.2. We now would like to formulate two observations that will be useful in the proof
of the next lemma.
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(1) If X is the union of the graphs of finitely many Lipschitz functions &1, ..., & over R" then,
using the operators min and max, we may find an ordered family of Lipschitz functions
01 < --- < 6 such that X is the union of the graphs of these functions.

(2) Given a family of Lipschitz functions f, ..., fir defined over R"~!, we can find some
Lipschitz functions & < --- < &, on R"! and a cell decomposition D of R"~! such
that over each [&;p; &i+1/p], where D € D, the family of functions

ly = ALy = fi@I f1(0), - fi(x),

(for (x; y) € [&p; &i+1/p]) is totally ordered (for relation <). Indeed, it suffices to choose
a cell decomposition D of R”~! compatible with the sets f; = f 7 and to apply (1) to the

functions fi, (fi — f}), (fi + f;),and 2500 i <k j <k.

The lemma below somehow combines Corollary 2.1.4 and Proposition 2.2.1 in a single state-
ment. We denote by 7, : R” — R"~! the orthogonal projection onto R” !,

Lemma 2.2.3. Given some germs X1, ..., Xy C C,(M) at O, there exist a germ of x|-preserving
bi-Lipschitz homeomorphism (onto its image) h : C,(M) — C,(M) and a cell decomposition €
of R" such that for some representatives of the germs:

(1) & is compatible with h(X1), ..., h(Xy) and h(C,(M)).

(2) ey, is regular for any cell of € which is a graph (not a band, see Definition A.2.1).

(3) Given finitely many nonnegative functions &1, . . ., &y, on C, (M), we may assume that on each
cell E C h(C,(M)) of &, each function & o h™" is ~ to a function of the form:
ly —0@)["a(x) (2.5)
(for (x; y) € R* 1 x R) where a, 0 : 7,(E) — R are functions with 6 Lipschitz, r € Q.
Proof. It will be convenient to complete the family Xy, ..., X by setting X1 = C,(M).
Apply Proposition 2.2.1 to the functions &;, j = 1, ..., m. This provides a partition E1, ..., Ej

of C, (M) together with some subsets of C, (M), say Wy, ..., W, such that on each E;, i < b,
each function &;, j < m, is equivalent to a product of powers of functions of type g > d(g; Wy),
k <ec.

Possibly refining the partition E;, we may assume that the Wy ’s are unions of some elements
of this partition (thanks to existence of cell decompositions, see Appendix A). Hence, on every
E;, if d(x, Wy) is not identically zero, then it is nowhere zero and d(x, Wy) is equivalent to
d(x, §Wy). Therefore, we may assume that the W;’s have empty interior, possibly replacing
them with their boundaries (if a function &; is identically zero on E; then (3) is trivial on E;).

Apply now Corollary 2.1.4 to the union of the 6 X;’s, the §E;’s, and the W} ’s. This provides a
germ of x-preserving bi-Lipschitz homeomorphism /4 : C,(M) — C,,(M) which maps the latter
subsets into the union of the graphs of some Lipschitz functions 61, ..., 0;.

By Remark 2.2.2(2) applied to the family of functions constituted by the 6;’s together with
all the (n — 1)-variable functions x +— d(x; m,(Wx N I}y,)), v < d, k < c, we know that there
exist a finite number of functions 71 < --- < 5, and a cell decomposition D of R~ such that
for every D € D, over each [n;,p; ni+1,|pl, i < p, the family constituted by all the n-variable
functions |y — 6, (x)|, v < d, together with the functions

x=>dx;m,(WeNIy)), v=<d k=<c

is totally ordered (for order relation <, considering the latter functions as n-variable functions).
By (1) of Remark 2.2.2, we can find a totally ordered finite family oy < --- < o, such that
Uﬁ‘: | I'5; contains both the graphs of the 6;’s and the graphs of the »;’s.
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Consider a cell decomposition D’ of R” compatible with the cells of D, the sets defined by
all the equations 0; = 0;,7 < 1, j < pu,as well as all the sets A(X;) NIy, j <s+1,i < .
The graphs of the respective restrictions of the functions o7, ..., 0y, to the sets 7, (E), E € D,
define a cell decomposition £ of R”.

For a proof of (1), takeacell E € £, E C C,(M). If E is a graph (not a band) then (1) for E
follows from the fact that D’ is compatible with the /(X j) NIy, s. Assume thus that E is a band,
say (0i|p, 0i+1|p) Wherei <, D C R"1 As dh(X;) C Uszl Iy, forall j, the set ENh(X;)
is open and closed in E. Hence, if E N A(X ;) is nonempty it is equal to E (E is connected). This
yields (1).

Observe that e, is regular for any cell of £ which is a graph, since the o;’s are Lipschitz
functions. This already proves that (2) holds.

To prove (3), fix acell E C h(C,(M)) of £ which is a band, say (ox|p, ox+1/p) Where k < p,
D c R"~1 ((3) is trivial if E is a graph). We first check that E is included in i (E;), for some i.
As Sh(E;) C Uszl Iy, , foreach i, the set ENA(E;) is open and closed in E. Hence, if ENA(E;)
is nonempty it is equal to E. As h(E), ..., h(E}) constitute a partition of 4 (C,(M)), this shows
that E C h(E;), for some i.

Consequently, as h is bi-Lipschitz, each &; o h~! is equivalent to a product of powers of
functions of type g — d(q; h(W;)), i < c. It is thus enough to show (2.5) for these latter
functions.

As the 6,,’s are Lipschitz functions, we have for any v € {1, ..., d}:

d(q: h(W;) N I,) ~ |y — 6y (x)| 4+ d(x; w7, (R(Wi) N [5,)) (2.6)

where ¢ = (x; y) in R* ! x R.

By construction E C [0k, k+1,]4], forsome k < p and A C R"~!. As a matter of fact, for
every i, the terms of the right-hand-side are comparable with each other (for partial order relation
<) over the cell E. Therefore, the left-hand-side is ~ to one of them on E.

Note that, as each 2 (W;) is included in the union of the graphs of the 6,’s, we have:

d(g: h(Wp)) = min d(g: h(Wi) N I,).

The latter family of functions is totally ordered over E. Hence, by (2.6), each function
d(q; h(W;)) is equivalent over E either to one of the functions x +— d(x; 7, (h(W;) N I},)),
or to some function (x; y) — |y — 6, (x)|,v € {1,...,d}. Thus, (3) holds. [

2.3. Lipschitz retractions of subanalytic germs

We are now ready to construct the desired strong deformation retraction. Given X C R" we
define:

X={(;x)eRx X:|x| =y} .7)

Observe that X is a subset of Cuy1(1).

In the theorem below we write d, r; for the derivative of 7; which exists for x generic although
r; is not smooth since, like all the mappings in this paper, r is implicitly assumed to be subanalytic
and thus smooth on a (subanalytic) dense subset.

By Lipschitz deformation retraction onto xp, we mean a Lipschitz family of maps r; with
ro(x) = xp and ri(x) = x.
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Theorem 2.3.1. Let X C R" be locally closed and let xo € X. Then, for any ¢ > 0 small enough
there exists a Lipschitz deformation retraction

r: XN B"(xp;e) x [0; 1] = X N B"(xg; ¢), (x,t) = ri(x),

onto xq, preserving Xyeg fort > 0.
Furthermore, the derivative dyr; tends to 0 as t — 0 for any x generic in X;eq.

Proof. We will assume for simplicity that xo = 0. We will actually prove by induction on n the
following statements.

(A,) Let X1, ..., X, be finitely many subsets of C,,(M) and let &, ..., &, be bounded functions
on C, (M), with M > 0. There exists ¢ > 0 such thatif weset U, .= {x € C,(M) : 0 < x1 < &},
there is a Lipschitz strong deformation retraction of U,

r:Ug x[0; 1] = Ug, (x,t) = ri(x),
onto 0 such that for any j < s:

(1) r; preserves X; N U, fort € (0; 1].
(2) dyr; goes to zero as t tends to O for any x generic in X ; N Uk.
(3) There is a constant C such that for any i and any 0 < # < 1 we have for all x € U,:

§i(ri (x)) < C&i(x). (2.8)

Before proving these statements, let us make it clear that this implies the desired result. If
X C R" then X (see (2.7) for )A() is a subset of C, 41 (1) to which we can apply (A,+1). Then, as
X is bi-Lipschitz equivalent to X, the result immediately ensues. Thanks to (1), we may assume
that the retraction preserves X, ..

As the theorem obviously holds in the case where n = 1 (with r;(x) = tx), we fix some
n > 1. We also fix some subsets X, ..., X; of C,(M), for M > 0, and some bounded functions
El, ooy 1 Cy(M) — R.

Before defining the desired map, we need some preliminaries: we first construct a family of
bounded (n — 1)-variable functions o1, ..., o, to which we will apply (3) of (A,_1).

Apply Lemma 2.2.3 to the family constituted by the germs of the X;’s and the zero loci of the
&i’s. We get a xp-preserving bi-Lipschitz map 4 : C,(M) — C,(M) and a cell decomposition £
such that (1) and (2) of the latter lemma hold. Moreover, thanks to (3) of the latter lemma, we may
also assume that the &;’s are like in (2.5) on every cell. As we may work up to a xj-preserving
bi-Lipschitz map we will identify 4 with the identity map.

By Lemma 2.1.5, the union of the cells of £ for which e, is regular may be included

in the union of the graphs of finitely many Lipschitz functions 5y, ..., n,. Moreover, by
Remark 2.2.2(1), we can assume 1y < - -+ < 1.
In order to define the desired functions o1, . .., 0p, letus fix acell A of £, and set A =1, (A),

7, : R" — R"~! denoting the projection onto the (n — 1) first coordinates. Choose then j < v
and set D := (nj|47; 1j41/4). By construction, D is included in a cell of £.

Since the & ’s are like in (2.5) on D, forevery k = 1, ..., m, there exist some (n — 1)-variable
functions on A’, say 6 and a, such that for (x; y) € D C R x R:
Ex(x; ) ~ [y — Ok ()" ay (x), (2.9

where oy is a rational number (possibly negative).
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As £ is compatible with the zero loci of the &’s, we have on A’: if & is not identically zero
on D then either 6 < n; or 6y > n;y1. Fix k with & # 0 on D. We will assume for simplicity

that 6, < nj.
It means that on D:
&(x:y) ~min((y — 1 (x)%ar(x); (n;(x) — 6 (X)) ar (x)), (2.10)
if o is negative, and
Ec(x:y) ~ max((y — n;(x)) ™ ag (x); (nj(x) — O (x))*ar(x)), (2.11)
in the case where o is nonnegative.
We are now ready to define the desired family o7, ..., o, of (n — 1)-variable functions. We
first set for & # 0 on D:
Kk (x) = |n; (x) — O (x)|“a(x). (2.12)

Since & is bounded, by (2.5), this defines a bounded function. Complete the family « by adding
the functions min(f; 1) where f describes all the (711 — n;)ax’s.

Doing this for all the cells A € £ and integers j < v, and collecting all the respective families
k obtained in this way, we eventually get a family of bounded functions o7y, ..., o).

We now turn to the construction of the desired retraction. Consider a cylindrical cell
decomposition D compatible with the cells of £ and the graphs of the ;’s. Apply the induction
hypothesis to the family of sets 77, (D)NC,,—1 (M), D € D. This provides a deformation retraction
r:Vex[0;1] > Vg, e >0,where Vy :={x € C,_1(M) : 0 < x| < ¢}

We are going to lift r to a retraction of [71)v,, 7y|v.]. Thanks to the induction hypothesis,

we may assume that the functions o1, ..., 0p, as well as the (7,41 — 1;)’s and the functions
x = & (x; n;(x)) satisfy (2.8).
Now, we may lift r as follows. On (n;;7;4+1), j =1,...,v — 1, we set
y —n;j(x)
v(q) = :

T () —nj(x)’
ifg = (x;y) € (n;;nj+1) C R x R, and then
71(q) = (re(x); (@) (j41 (e (X)) — 0 (e (x))) + 0 (11 (x))).

This mapping is then easily extended continuously on each I, by setting if ¢ = (x; n;(x)):

71(q) = (ri(x); nj(r (x))).

For any j, the mapping 7 maps linearly the segment [7;(x); nj41(x)] onto the segment
[nj(r:(x)); nj+1(r¢(x))]. Thanks to the induction hypothesis, the inequality (2.8) is fulfilled by
the function (n;4+1 — n;). Therefore, as r is Lipschitz, we see that 7" is Lipschitz as well. As 7
preserves the cells of £, it preserves the X ;’s, the zero loci of the &s, and Us.

We have to check that the & ’s fulfill (2.8) along the trajectories of 7. We check it on a given
cell Eof D.If E C I); for some j, this follows from the induction hypothesis since we have
assumed that the functions x > & (x; n;(x)) satisfy (2.8) on E.

Otherwise, there exists j such that E sits in (n;; 1;+1). Fix an integer 1 < k < m. On the
cell E, the function & may be estimated as in (2.9). By the induction hypothesis we know that
ki (see (2.12), if & = 0 on E then (2.8) is trivial for &) satisfies (2.8).

If a function £ is bounded and if min(§; 1) satisfies (2.8) then & satisfies this inequality as
well. We will therefore check (2.8) for min(&; 1).
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Observe also that if two given functions £ and ¢ both satisfy (2.8) then min(¢; ¢) and
max(&; ¢) both satisfy this inequality as well. Hence, by (2.10) and (2.11), it is enough to show
that the functions min((y — 1, (x))*ax (x); 1) and the functions |6y — n;|*ay satisfy (2.8). The
latter functions are nothing but the «;’s for which we already have seen that this inequality is
true. Let us focus on the former functions.

For simplicity we set

Fx;y) = (y —nj(x)*a(x)
and
G(x) = ()41 — 1)) ay(x).
We have to show the desired inequality for min(F’; 1). We have:
F(x;y) =v(@)* - Gx). (2.13)
Remark that the function v(7;(q)) is constant with respect to ¢. This implies that:
F(ri(q)) = v(@)™ - G(ry (x)). (2.14)

We assume first that o is negative. Thanks to the induction hypothesis (min(G; 1) is one of
the o;’s) we know that for some constant C we have for all x in 7, (E):

min(G (r¢(x)); 1) < C min(G(x); 1).
This implies (multiplying by v¥ and applying (2.13) and (2.14)) that for g € E:

min(F (77(q)); v**(g); 1) < Cmin(F(q); v (q); 1).

But, as ay is negative, min(F; v¥; 1) = min(F; 1), which yields the desired inequality for
min(F; 1), as required.

We now assume that oy is nonnegative. Thanks to (2.13) and (2.14), it actually suffices to
show the desired inequality for G. But, as & is bounded, by (2.11) so is G, and the result follows
from the induction hypothesis since min(G; 1) is one of the o;’s (as G is bounded and min(G, 1)
satisfies (2.8) then G satisfies this inequality as well). This yields (2.8) along the trajectories of 7.

We now check that d,7; tends to zero when ¢ goes to zero. It follows from the induction
hypothesis that d,r,; goes to zero as ¢ goes to zero, for any x generic. As the ;’s have bounded
derivatives, this already proves for almost every x:

}iilg)dx[(ni —ni+1) or ] =0. (2.15)
On the other hand, a straightforward computation shows that for ¢ = (x; y):

C
&z V| < —————,
[7i (x) — nit1(x)]
which, together with (2.15) and (2.8) for (n;4+1 — n;), implies that dq7t tends to zero as ¢ goes to
zero. [

Remark 2.3.2. The mapping r; could be proved to be bi-Lipschitz for every ¢ > 0. The Lipschitz
constant of rt_1 may of course tend to infinity as ¢ goes to zero. We nevertheless could have a
control on the way distances are contracted by r;, similarly as in [22,23]. We could show that for
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a suitable basis of unit 1-forms 6y, ..., 6, and some functions ¢y, ..., ¢, on R" such that almost
everywhere on X,., N B" (xp; €) x [0, 1]:

n
rEp(x) & Y gi(x: 267 (x),
i=1

where p is the metric of R” and r;*p its pull-back. Similarly as in [22], the functions ¢;, which
are the contractions of the metric that r operates, could be expressed as powers, products, and
sums of distance functions in X (i.e. x — d(x; W) with W C X N B"(0; €)) and the function
(x;t) — t. These powers may be negative which makes it difficult to get decreasing functions
and accounts for the difficulty we have in the proof of the above theorem.

3. Normal pseudomanifolds

In this section, we shall also deal with fopological pseudomanifolds. Given X C R”, denote
by X0, the set of points of X near which X is a C°-manifold (of any dimension). We say that a

locally closed set X is an /-dimensional topological pseudomanifold if dim X \ X,eg <l-1

reg

and if X?eg is an /-dimensional manifold.

Definition 3.0.3. An /-dimensional topological pseudomanifold X is called normal if for any x
in X,dim H;(X; X\ {x}) = 1.

We shall recall some basic facts about normal pseudomanifolds. These may be found in [10]
(Section 4) and make normalizations very useful to investigate intersection homology in the
maximal perversity. Observe that if X C R” is a normal topological pseudomanifold which is
connected then H;(X) = R, since if there were two generators, say o and 7, dim o | N |t| < [,
we would have H;(X; X \ x) # R at any point of the intersection of the supports.

The main interest of normal spaces lies in the following lemma. Denote by L(x; X,.,) the
set " L(x; &) N Xyeg. It is well known that the topology of L(x; X,g) is independent of ¢ > 0
small enough.

Lemma 3.0.4 (/10]). A topological pseudomanifold X C R" is normal if and only if L(x; X?eg)
is connected at any point of X \ X° reg:

See for instance [10] Section 4 for a proof. The very significant advantage of normal pseudo-
manifolds lies in the following proposition.

Proposition 3.0.5 ([10]). Let X be a normal topological pseudomanifold. The mapping o
I"Hj(X) — H;(X), induced by the inclusion between the chain complexes, is an isomorphism
forall j.

3.1. Normalizations of pseudomanifolds

We shall need some basic facts about normalizations.

Definition 3.1.1. A normalization of the topological pseudomanifold X is a normal topological
pseudomanifold X together with a finite-to-one continuous mapping : X — X such that, for
any pin X,

Mot @gen1(p HI(X; X\ q) > Hi(X; X \ p)

is an isomorphism.
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We are going to see that normalizations are useful to compute intersection homology in the
maximal perversity.

Proposition 3.1.2. Every pseudomanifold X admits a normalization 1 : X — X. The mapping
7 then induces a homeomorphism above the regular locus of X.

Proof. We follow the construction of [10]. Consider a triangulation of X (since X is globally
subanalytic, it admits a C 0 triangulation, see Appendix A), i.e., a homeomorphism 7 : K — X,
with K finite union of open simplices.

Let L be the disjoint union of all the closures in K of the /-dimensional open simplices of
K (where [ is the dimension of X). Identify the closure in K of two (I — 1) open faces of two
elements of L if these two faces coincide in K. This provides a simplicial complex X. Denote
then by 77 : X — X the map induced by 7.

Observe that by construction the mapping 7 is a homeomorphism on the complement in X of
the (I — 2)-skeleton. It is thus easily checked from the definition that the mapping 7 induces a
homeomorphism above X,.¢ and that L(x, X 9€g) is connected at singular points. [J
Remark 3.1.3. It is possible to see that the normalization of a pseudomanifold is unique, up to a
homeomorphism.

It is not difficult to see from their construction that normalizations must identify (z;i)-
allowable chains of X with (¢; i)-allowable chains of X, which implies that they yield an iso-
morphism between the intersection homology groups (see [10]).

Proposition 3.1.4 ([10]). Let 7 : X — X be a normalization of X. Then, for any j the induced
map 7, - I"Hj(X) — I'Hj(X) is an isomorphism.

4. Computation of the L*> cohomology groups
This section proves the main result of this paper, Theorem 1.2.2.
4.1. Weakly differentiable forms

For technical reasons, we will need to work with non smooth forms, which are weakly differ-
entiable, i.e., differentiable as distributions. Therefore, the first step is to prove that the bounded
weakly differentiable forms give rise to the same cohomology theory. We will follow an argument
similar to the one used by Youssin in [28].

Let M be a smooth manifold. We denote by A(’)(M ) the set of C2 j-forms on M with compact
support.

Definition 4.1.1. Let U be an open subset of R". A continuous differential j-form « on U is
called weakly differentiable if there exists a continuous (j + 1)-form e such that for any form

pedy 7 )

/a/\d(p:(—l)j“/a)/\(p.
U U

The form  is then called the weak exterior differential of « and we write @ = da. A con-
tinuous differential j-form o on M is called weakly differentiable if it gives rise to weakly
differentiable forms via the coordinate systems of M.



1832 G. Valette / Advances in Mathematics 231 (2012) 1818—1842

We denote by ﬁéo (M) the set of weakly differentiable forms which are bounded and which
have a bounded weak exterior differential. They constitute a cochain complex whose coboundary
operator is d. We denote by ﬁ;O(M ) the resulting cohomology groups.

It is well known that if w is smooth then it is weakly differentiable and dw = dw. Therefore
2L(M) C ﬁéo(M ). Moreover, every L weakly differentiable form may be approximated (for
the L° norm) by smooth bounded forms (with approximation of the differential if it is L*°).
Consequently, any weakly differentiable O-form w satisfying dw = 0 is constant.

We shall see that smooth and weakly differentiable forms give rise to isomorphic cohomology
theories. The lemma below addresses the case of compact manifolds with boundary.

Given a smooth manifold with boundary K, we write H j g (K) for the de Rham cohomology
of K, i.e., the cohomology of the C*° differential forms on K.

Lemma 4.1.2. Let K be a compact manifold with boundary. The mapping H;R (K) — ﬁéo (K\
0 K) induced by the inclusion between the respective cochain complexes is an isomorphism.

Proof. As the smooth forms on K satisfy Poincaré Lemma (see for instance [2]), they give rise
to a fine torsionless resolution of the constant sheaf. By the uniqueness of the map between sheaf
cohomology theories with coefficient in sheaves of R-modules, it is enough to show Poincaré
Lemma for weakly differentiable forms, i.e., it is enough to show that every point of K has a
contractible neighborhood U in K such that for any o € ﬁéo(U \ 0K), j > 0, there is o €
2N\ 9K), such that da = .

Poincaré Lemma for ﬁéo(K \ dK) may be either derived by following the same argument as
for the smooth forms on compact manifolds with boundary or directly deduced from the proof
of Theorem 4.2.1 which actually applies to any weakly differentiable bounded j-form w (this
theorem indeed states a more difficult result since it deals with every subanalytic set, possibly
singular). O

For noncompact manifolds, we can now prove the following.

Proposition 4.1.3. For any C° manifold M (without boundary), the inclusion 25 (M) —
ﬁ;o (M) induces isomorphisms on the cohomology groups.

Proof. It is enough to show that, for any form « € ﬁio (M) withda € .ngﬂ (M) (i.e. o is weakly

differentiable and do is smooth), there exists 6 € ﬁéo_l (M) such that (a + do) is C™® (if j=0
then 6 = 0).

Choose a sequence of compact smooth manifolds with boundary K; C M, i € N, such that
for each i > 0, K; is included in the interior of K; 1 and UK; = M.

Fix a form a € ﬁéo(M ) with da € (ZgOH(M ). We are going to construct a sequence (6;);eN
in ﬁéo_l(M) such that for every i € N, we have supp 6; C Int(K;) \ K;—> as well as [6;] +
|d;|s < 1 and such that the form &; := o + ZZ:O db. is smooth in a neighborhood of K;_;.

Before defining inductively the 6;’s, observe that 6 := Y72 6; is the desired form (this sum
is locally finite).

We now define the 6;’s by induction on i. Let us assume that 0y, ..., 6;_; have been con-
structed, i > 1 (we may set K_| := K_» := (§). We will also argue by induction on j. For
Jj = —1, both cochain complexes vanish and the result is clear.
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Observe that by Lemma 4.1.2, there exists a smooth j-form 8 on K; such that df = doj_1. Tt
means that (o;_; — B) is d-closed, and thus again by Lemma 4.1.2 there is a smooth j-form S’
on K; such that

a1 —p=p +dy, (4.16)

withy € ﬁgo_l)(l(,-).

Thanks to the induction on i, we know that there exists an open neighborhood V of K;_> on
which a;_ is smooth. This implies that dy is smooth on V. Therefore, applying the induction
hypothesis to y (which is a (j — 1)-form), we can add a weakly exact form do to y to get a form
smooth on a neighborhood of K;_». Multiplying ¢ by a smooth function which has compact
support included in V and which is 1 on a neighborhood W C V of K;_», we get a form ¢’ on
M such that (do’ 4 y) is smooth on W. It means that we can assume that y is smooth on an open
neighborhood W of K;_5. We will assume this fact without changing notations.

By means of convolution products with a bump function, for any ¢ > 0, we may construct a
smooth form y, such that |y, — y|c0 < ¢ and |dy, — 37/|c>o <eonK;.

Consider a smooth function ¢ which is 1 on a neighborhood of (M \ W) N K;_; and with
support in (K; \ 0K;) \ K;—3. Then, set:

0; (x) == @ (x)(ye — ¥)(x). (4.17)
If ¢ is chosen small enough |6;|cc + |39i|oo < 1. On a neighborhood of (M \ W) N K;_1,

because ¢ = 1, we have by (4.16) and (4.17): o1 + d6; = B+ B’ + dy. which is clearly
smooth. The form («;_; + d6;) is smooth on W as well, since «;_ and 0; are both smooth. [

4.2. Proof of the de Rham Theorem for L°° cohomology

We are now ready to prove Poincaré Lemma for L cohomology.

Theorem 4.2.1 (Poincaré Lemma for L> Cohomology). Let X C R" be locally closed and let
xo € X. There exists € > 0 such that for any closed form w € 2,(B" (xg, €) N Xreg) j =1, we
can find a € Qéo_l (B"(x0, &) N Xreg), such that w = da.

Proof. Letr : X N B"(xp, &) x [0; 1] = X N B"(xp, €) be the map obtained by applying The-
orem 2.3.1 to X. For simplicity, as our problem is local, we will identify X with the subset X N
B"(xp; ¢). Letw € Qéo(Xreg), with j > 1 and dw = 0. By Proposition 4.1.3, it is enough to find
o € ﬁgl (Xreg) satisfying do = w.

The problem is that » may fail to be weakly smooth. To overcome this difficulty, we shall work
with an approximation of . We need to be particular since we wish to preserve the property that
the derivative of 7; goes to zero (pointwise and generically) as ¢ goes to zero.

Consider a sequence of compact subsets, (K;);en, such that UK; = X,z x (0; 1) and K; C
Int(K;41), for any i. Let Y be the set of points of X,., x (0; 1) at which r fails to be smooth.
Define then a sequence of compact subsets fori > 1:

Li={qeK;:d(qgY)=1/i}.
Define also

X" =cl(Y) N (Xreg x {O})
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and observe that, since Y is of positive codimension in X,.¢ x (0, 1), X " is of positive codimen-
sion in X,., (we will consider it as a subset of X,.g).

As r is continuous, we may choose, for a given g; > 0, a C* approximation r; (not necessar-
ily subanalytic) of r on K; satisfying for any x in this set:

|72 (x) — rir (X)] < é&;.
Furthermore, as r is smooth on L;, we may require that on this set
|dyris — dyre| < & (4.18)

Moreover, as the first derivative of r is bounded, the first derivative of r; may be assumed to be
bounded as well.

Let (p;)ien be a partition of unity subordinated to the covering (/nt(K;4+2) \ K;)ien of
Xreg x (0;1). Set r’ = @;r;. If the sequence ¢; is decreasing fast enough, then a straight-
forward computation shows that the first derivative of r” is bounded above.

Furthermore, given any positive continuous function € : X,., x (0; 1) — R, we can have if
the sequence ¢; is decreasing fast enough:

r/(x) — ri(0)] < e(x;1). (4.19)

Finally, we shall check that d,r; tends to zero as ¢ goes to zero for x & X'. Fix x in X, \ X'.
There exists a > 0 such that {x} x [0; a] does not meet Y. It means that for any i/ large enough

Ki N (fx} x [0;a]) = Li 0 ({x} x [0; a]). (4.20)

For ¢ small enough, if ¢;(x; t) # 0 then (x;¢) € K;4+» and thus by (4.20) belongs to L;15. By
(4.18), this implies that if &; tends to zero fast enough, lim,_,¢ |dy7/| = 0 forevery x € X reg \ X 8
We also see for the same reason that dyr; tends to the identity as ¢ goes to 1 (for almost every x).

Let ¥ : W — X, be a retraction where W is a tubular neighborhood of X,.,. Taking W
small enough, we may assume that 7 has bounded first partial derivatives. By (4.19), r/(x) be-
longs to W if the function ¢ is decreasing fast enough. Hence, composing r’ with 7 if necessary
we may assume that r’ preserves X,.,. We will assume this without changing notations.

Define two L™ forms w; and w on X,., x (0; 1] by:

r*w = w; +dt A w).

Now, we may set:

1
o(x) :=/ wy(x; t)dt.
0

As w is L* and r’ has bounded first partial derivatives, the form « is clearly bounded. By
Lebesgue’s dominated convergence theorem, it is continuous. We claim that it is weakly dif-
ferentiable and that do = w. )

Let us fix a C2-form ¢ € Ag_/ (Xreg) with compact support. We have, by definition of a:

1
/ aAndp = / / wy Ade = lim r*w Ade. 4.21)
Xreg Xreg 0 1=0 Xregx[t;l]

As r’*w is closed, by Stokes’ formula we have:

/ o Ade = (—l)f/ w(x)mo(x)—(—l)f/ w1 (x; 1) A p(x),
Xregx[t;l] xexreg

X€Xyeq
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since lim,— 1 r*w(x; t) = w(x) for any x € Xyeg. Recall that dyr{ tends to zero as ¢ goes to 0
for almost every x. This implies that w; (x; ¢) goes to zero as ¢ goes to 0. Hence, passing to the
limit we get:

/ a/\dga:(—l)j/ WA Q,
Xreg X”’é’

as required. [

Proof of Theorem 1.2.2. Let 7 : X — X be a normalization of X (see Proposition 3.1.2). Let
us define a presheaf on X by

DLU) = QLU N Xyep),

for every open set U of X (7risa homeomorphism above X,.z). For every j, this presheaf
immediately gives rise to a sheaf that we will denote by FZ,. We will write F,. x for the stalk
of Fl, at xo € X, i.e., the vector space obtained after identifying two sections which coincide

near xg. As X is compact, any global section of }'éo is bounded, so that, since m induces a
homeomorphism above X,:

T3 (X) = 023, (Xreg), (4.22)

as cochain complexes. _ B

We denote by Ry the constant sheaf on X. Let xg € X and set U® := B"(xp,e) N X. As 7w
is a normalization, 7 (U®) N X, is connected, which means that Hgo (Xyeg N (U?)) =R, for
& > 0 small enough.

Moreover, by Theorem 4.2.1, for j > 0, the germ at m(xg) of a smooth bounded closed
Jj-form w on w (U®)N X, is the exterior differential of the germ of aform o € féo_,;o. Therefore,
the sequence:

d

0— Ry -5 70 Lopl 4 (4.23)

o0
is a fine torsionless resolution of the constant sheaf. By classical arguments of sheaf theory
(see for instance [26]), the latter exact sequence of sheaves implies via (4.22) that HZ, (X reg) 18
isomorphic to the singular cohomology of X. But then, by Propositions 3.0.5 and 3.1.4, we get:

HL(X,0q) ~ HI(X) ~ I'H/(X) ~ I'H/(X). O (4.24)
4.3. Integration on subanalytic singular simplices

We are going to prove that the isomorphism is provided by integrating the forms on the
allowable chains. We first check that integration gives rise to a well defined cochain map. This
may be done because we restrict ourselves to the #-allowable subanalytic singular cochains. Let
X be a compact pseudomanifold.

Let L C X, ¢ be an oriented manifold of dimension j with c/(L) (¢; j)-allowable i.e.:

dimcl(L) N Xging < (j —2).

Set dL := cI(L) \ L. Then, for any given w in Q‘o/o_l(X,eg), f; dw and f(aL)reg w are well
defined since w is continuous almost everywhere on (0L),.e and bounded. We start by recall-

ing a version of Stokes’ formula proved by Lojasiewicz in [15] who generalized a formula of
Pawtucki [17].
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Lemma 4.3.1 ([15]). Take L and w as in the above paragraph. Then:

/ a):/da). (4.25)
(OL)reg L

Lojasiewicz’s formula is actually devoted to bounded subanalytic forms, but the required
property is indeed that they are bounded and extend continuously almost everywhere on the
closure of the manifold L, which obviously holds true when the form is L and c/(L) is (¢; j)-
allowable.

Next we turn to see that integration is well defined for any (¢; j) allowable subanalytic
singular simplex. Leto : A; — X be an oriented (¢; j)-allowable (subanalytic) simplex. Denote
by 0, the set of points in o l(Xx reg) Near which o induces a smooth mapping. Observe that
the complement of 0., in A; has Lebesgue measure zero. Hence, it makes sense to set for

® € 2% (Xreg):

/a)::f o*w:/ oc*w. (4.26)
o A; Oreg

Stokes’ formula continues to hold for subanalytic singular (¢; j)-allowable simplices.

Lemma 4.3.2. Let 0 € I'Cj(X) and w € .Qggl (Xreg). Then the integral defined in (4.26) is
finite and:

/da):/ . 4.27)
o do

Proof. Let
'={x;y)eXxAj:x=0()},

and consider a cell decomposition of R”*/ compatible with I". Refining it, we can assume that
the boundary of a cell is a union of cells. For simplicity, we will identify A; with I" and assume
that o is the canonical projection (restricted to ).

Let C C I" be a cell of this cell decomposition and let i := dim C. Observe that either o)c is
a diffeomorphism or dimo (C) < i. In the former case, if we endow o (C) with the orientation
induced by A; via o, we have by definition:

/a*a :/ o (4.28)
c o (C)

for any o € _Qéo(Xreg) (we shall need both the cases « = w and ¢ = dw). If dim o(C) < i,
then both vanish and this remains true. Note that, as a cell decomposition is a finite partition, the
latter formula already shows that the integral defined in (4.26) is finite.

By Lemma 4.3.1, if C is a cell of dimension j:

42 42 42
/a*dw(zs)/ da)(zs)/ a):/ w(zg)/ — (4.29)
C a(C) (o (C)) o(0C) aC

the third equality being true because o is identified with a linear mapping (a projection) on the
cell C. As A; is a union of cells, the latter equality still holds if we replace C with A;. We
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conclude that for relevant orientations:

/dw:/ oc*dw (4é9)/ a*w:/ w. O
o A; A ; do

J
In conclusion, we get that the isomorphism of Theorem 1.2.2 is given by integrating the
differential forms on the simplices.

Theorem 4.3.3. Let X be a compact pseudomanifold. The cochain maps

Wl 2 0L (Xyeg) — I'CH(X),

o= |:c7 = / a)i| ,
o
induce isomorphisms between the cohomology groups.

To prove it, observe that the cochain map ¥y induces a sheaf homomorphism (recall that the
L forms give rise to sheaf on the normalization of X, see the proof of Theorem 1.2.2). By
the uniqueness of the map between sheaf cohomology theories with coefficient in sheaves of
R-modules, this map must coincide with the isomorphism (4.24).

Remarks 4.3.4. Theorem 1.2.2 still holds if X is a pseudomanifold with boundary [10] (indeed,
our Poincaré Lemma for L° cohomology does not assume that X is a pseudomanifold). The
relative version is then true as well, by the five lemma. Again, the isomorphism is provided by
integration of forms on allowable chains.

It is worthy of notice that the arguments of the proof of Theorem 1.2.2 also apply in the
noncompact case, establishing an isomorphism between the cohomology of the locally bounded
forms (locally in X, not in X,.,) and intersection homology in the maximal perversity.

The results of this paper remain true if we replace the subanalytic category with a polyno-
mially bounded o-minimal structure [24]. We need the structure to be polynomially bounded
for we made use of the preparation theorem for proving Proposition 2.2.1. It is unclear (but not
impossible) whether the results of this paper, especially Theorem 2.3.1, are valid on a non poly-
nomially bounded o-minimal structure, especially for the log — exp sets, on which a generalized
preparation theorem holds [14].
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Appendix A. Globally subanalytic sets
A.l. Basic definitions

Let N be an analytic manifold. Recall that a subset E C N is called semianalytic if it is
locally defined by finitely many real analytic equations and inequalities. More precisely, for each
p € N, there is a neighborhood U of p in N, and real analytic functions f;, g;; on U, where
i=1,...,r, j=1,...,s,such that

ENU = Um{x €U :gj(x) > 0and f;(x) =0}.
i=1j=1
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A subset E C N is subanalytic if it can be locally represented as the projection of a semian-
alytic set. More precisely, for every p € N, there exist a neighborhood U of p in N, an analytic
manifold P, and a relatively compact semianalytic set Z C N x P suchthat ENU = n(Z),
where w : N x P — N is the natural projection. In particular, semianalytic sets are subanalytic.

A subset of R” is globally subanalytic if it coincides with a subanalytic subset of P" after
identifying R"” with and open subset of P" via:

OVisee ) = iy iy i R — P

We will denote by S,, the set of globally subanalytic subsets of R”.
Clearly, a bounded subset is subanalytic if and only if it is globally subanalytic. We say that a
function is globally subanalytic if its graph is globally subanalytic.

A.2. Basic properties of globally subanalytic sets

Any real algebraic set is globally subanalytic. Furthermore, globally subanalytic sets have the
following very useful properties (see [24]):

(1) S, is stable under unions, intersections and complement.

2)IfAeS,and Be S, then A X B € Spy44-

(3) If 7 : Rt — R” is the projection on the first n coordinates and A € S, 41, then 7(A) € S,.
(4) The elements of S; are precisely the finite unions of points and intervals.

When a family of sets has these properties, we say that it constitutes an o-minimal structure.
These properties are indeed all the basic properties we need to do most of geometric constructions
(such as triangulations, stratifications, retracts, ... ). Property (3) is the motivation for introducing
subanalytic sets: semianalytic sets are not stable under projection and thus do not fulfill (3).

Property (4) is a finiteness assumption which makes it possible to derive all the finiteness
properties of globally subanalytic sets. The first one and the most important is existence of cell
decompositions (see definition below). Most of the results we give below are not really proper to
globally subanalytic sets and are shared by all the sets definable in an o-minimal structure. We
will therefore often refer to [9] for proofs.

Definition A.2.1. A cell decomposition of R” is a finite partition of R” into globally subanalytic
sets (Cj)ier, called cells, satisfying certain properties explained below.

n = 1: A cell decomposition of R is given by a finite subdivision a; < --- < a; of R. The cells
of R are the singletons {a;}, 0 < i < [, and the intervals (a;, a;+1), 0 < i < [, where
ap = —oo and a4+ = +00.

n > 1: A cell decomposition of R” is the data of a cell decomposition of R”~! and, for each
cell D of R"~!, some globally subanalytic functions analytic on D (which is an analytic
manifold):

{p,1 < <<&pupy:D—R.
The cells of R” are the graphs
{(x,¢p,i(x)):x € D}, 0<i=<ID),
and the bands
(p,isEp,i+1) ={(x,y) :x € Dand {pi(x) <y < {p,i+1(x)},

for0 <i <I(D), where {p o = —o0 and {p (p)+1 = +00.
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A cell decomposition is said to be compatible with finitely many sets Aj, ..., Ay if the A;’s
are unions of cells.

Given some globally subanalytic sets Ay, ..., Ag, it is always possible to find a cell decom-
position compatible with this family of sets. Detailed proofs may be found in [9].

This already describes very precisely the geometry of globally subanalytic sets. Below, we list
some related extra basic properties, useful for us.

o (curve selection lemma) Let A € S, and b € cl(A). There is an analytic map y : (—1,1) —
R" such that ¥ (0) = b and y ((0, 1)) C A.

¢ (subanalycity of the connected components) Subanalytic sets have only finitely many con-
nected components. They are subanalytic.

¢ (uniform bound) Let f : A — B be a globally subanalytic map, with finite fibers. There is
k € N such that card f~'(b) < k for any b.

¢ (subanalytic choice) Any globally subanalytic map f : A — B (not necessarily continuous)
admits a globally subanalytic section, i.e., a globally subanalytic map s : B — A such that
fs(b) =0.

© (subanalycity of the regular locus) Let X € S,. Then X, is a finite union of analytic mani-
folds; it is globally subanalytic and dense in X.

For a proof of curve selection lemma or subanalycity of the regular locus we refer the reader
to [1]. A proof of all the other statements may be found in [9].

The set X, is the union of finitely many analytic manifolds. The dimension of X, denoted
by dim X, is the maximal dimension of these manifolds.

Appendix B. Some basic model theoretic principles
B.1. Formulas

We shall need some basic facts of model theory. We first define what we call £-formulas. Basi-
cally, it is a sequence constituted by quantifier and some symbols, like for instance Vx, Iy, x <
2yz. More precisely, L-formulas are defined inductively as follows:

(1) If f is a globally subanalytic function then f(x) > 0 and f(x) = 0 are £L-formulas.

2) If &(xq,...,x,) and ¥(xq,...,x,) are L-formulas, then “® and ¥”, “® or ¥”, and “not
@”, are L-formulas as well.

(3) If &(y, x) is an L-formula, then 3x, @(y, x) and Vx, P(y, x) are L-formulas.

The parameters x = (x1,...,X,) in @(x) denote the free variables (those which are not
quantified). The symbol £ stands for language: L£-formulas are sentences “in the language of
subanalytic geometry”. Roughly speaking, £-formulas are all the mathematical sentences that
one can write using quantifiers, globally subanalytic functions, equalities and inequalities.

As an example, consider the formula ®(x):

Ve > 0,30 >0, Vy, [x—yl<a=|fx)—-fOl<e

However, the formula 3n, n € N and y = nx is not an L-formula (N may not be described by
an L-formula). Observe that this formula does not define a subanalytic set of R2. Indeed, the
following fundamental result relates £-formulas to subanalytic sets.
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Proposition B.1.1. If ¢(x) is an L-formula, then the set {x € R" : ®(x)} is globally subana-
Iytic.

To briefly account for this proposition, let us point out that the sentence 3y, f(x, y) = 0 defines
the projection of the set defined by f(x, y) = 0. Thus, for this sentence the result follows from
Property (3) of Appendix A.2. The proposition is then showed by induction on the number of
quantifiers (the case of the universal quantifier may be reduced to the existential by considering
the negation of the sentence, for more details see [9], Theorem 1.13).

This proposition shows how important it is to work with a category of sets which is stable
under projection. As a consequence of this proposition, the interior and the closure of a globally
subanalytic set are globally subanalytic.

Another consequence of this proposition is that if the graph of a function is defined by an
L-formula, then this function is globally subanalytic. It enables to establish that a function is
subanalytic without much work.

For instance, if £ : R"” x [0, 1] — [0, 1] is a globally subanalytic function then the function
defined by ¢(x) = inf;¢[0,11£(x, t) is globally subanalytic. It is then easy to check that if A
denotes a subanalytic set then the function x — d(x, A), which assigns to x the Euclidean
distance from x to A, is globally subanalytic.

B.2. Field extensions

Consider all the one variable globally subanalytic functions which are defined in a right-
hand-side neighborhood of the origin and identify any two of them which coincide in a small
right-hand-side neighborhood of the origin. It follows from Puiseux Lemma [18] that this set is

indeed the field of real Puiseux series ) ;. ,, T, m e Z,a R, with D oieN a;t convergent
for ¢ in a neighborhood of zero. We shall denote this field k(0.). We may embed R < k(0),
sending every real number onto the corresponding constant series.

We can order this field by setting f < g in k(01) if f(t) < g(¢) for ¢ in a right-hand-side
neighborhood of the origin. Observe that the indeterminate 7" is smaller than any positive real
number in k(04). Consequently, this field is not Archimedean.

We may also define the Euclidean norm on k(0.4)", by |x| := Y 7_, )ci2 € k(04). This gives

rise to a topology. A good reference for all the results of this section is [9].
Extension of sets and functions. As the composite of globally subanalytic mappings is globally
subanalytic, any globally subanalytic function £ : R” — R may be extended to a function
Ekoy) © k(O)" — k(0y), &k (x(T)) == E(x(T)), x(T) € k(0). Any L-formula may then
be also “extended” to k(04). For instance the formula @, 3x € R”, f(x) > 0, where f is an
analytic function, has the following extension P, ) to k(04):

Ix € k0", fro,)(x) = 0.

In other words, we can extend a formula by extending the functions this formula involves.

It is not very difficult to check that if two formulas define the same set in R” then their
respective extensions define the same set in k(04)" (see [9]). Hence, we may define the extension
of the set A .= {x € R" : ¢(x)} by setting

Ak, = {x € k(01)" : P,y (1)}

In other words, the extension of a set is obtained by regarding the associated equations and
inequalities in the field of real analytic Puiseux series. This set is merely the set of germs of
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Puiseux arcs lying on A. For instance, the extension of the sphere S”~! (generally still denoted
by §"~1) is the set:

n
xek(Op": Y xP=1¢.
i=1

Generic fibers. Let now A C R x R" be a globally subanalytic set. Regarding the first variable
as a parameter, we will consider this set as a family. We define the generic fiber of this family
of sets as (recall that T € k(04) stands for the indeterminate):

Ag, ={x € k(0" : (T, x) € Ak}

It is nothing but the set of germs of Puiseux arcs x(¢) such that (¢, x(¢)) € A for every ¢ positive
small enough. Observe that we can also define the generic fiber of a family of globally sub-
analytic functions f : A — R, which is the function fo, : Ao, — k(04) which assignsto x €
Ak04) the value fr,)(T, x).

We then can define the subanalytic sets (resp. mappings) of k(04)" as the collection of all
the generic fibers of subanalytic families of sets (resp. mappings). This constitutes a family of
Boolean algebras which enjoys the same properties as (S,),en. Indeed, as they satisfy (1-4) of
Appendix A.2, they then satisfy all the other properties which come down from these properties.

As a matter of fact, Proposition B.1.1 is still true if we replace R with £(04). For example,
the function x — d(x, A) is well defined and globally subanalytic if sois A C k(04)".

We can also define the generic fiber of a formula. If &(z, x) is a formula, with x and ¢ free
variables (¢ considered as a parameter) we define the generic fiber of @(z, x) as the formula
obtained by replacing ¢ with the indeterminate 7', i.e. we set Py, (x) = Py, )(T, x). This of
course reduces the number of free variables.

Transfer principle. The study of the generic fiber of a family A C R x R” can provide us infor-
mation on what happens on the fiber A; for generic parameter ¢. More precisely, we have the
following very important fact. Let ¢(¢) be an L£-formula. The formula @, holds true in k(0)
if and only if @(¢) holds for every positive real number # small enough. This is a consequence of
a more general theorem sometimes referred as £0s’s Theorem.

To make it more concrete, let us illustrate it by some examples. One may easily derive from
this fact that if the generic fiber of the family of functions f : R x R” — R is bounded by 1 then
there is € > 0 such that sup,..g» f (¢, x) is not greater that 1 for any ¢ € (0, ). This is due to the
fact that Vx, f(z,x) < 1isan L-formula.

Less easy, but still true, is the fact that if fo, is continuous then there is & > 0 such that the
restriction f : (0, ¢) x R” — R is continuous (the non obvious part is the continuity with respect
to the parameter ¢ € (0, ¢) which is not guaranteed by the above transfer principle, see [9] Sec-
tion 5.6 for details). This points out the interplay between the geometry of globally subanalytic
sets of k(04+)" and the geometry of families of globally subanalytic sets of R x R”, for generic
parameters.

To give another illustration, let us focus on the argument of the proof of Corollary 2.1.4.
Applying Theorem 2.1.2 provides a bi-Lipschitz globally subanalytic map H : k(0.)""! —
k(04 )"~!. This homeomorphism is the generic fiber of a family of mappings / : (0, &) xR"~! —
(0, &) x R"~1. As the desired property (see (2.1)) holds for hq, , by £0§’s Theorem, it also holds
for h;, for t > 0 small enough (since it may be expressed by an £-formula).
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To summarize, we get parameterized versions of theorems just by working with a bigger
underlying field. Working with a bigger field often makes no difference as most of the time we
simply have to write k(04) instead of R.
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