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Abstract

In the first part of this paper, we establish the global existence of solutions of the liquid crystal (gradient)
flow for the well-known Oseen—Frank model. The liquid crystal flow is a prototype of equations from the
Ericksen—Leslie system in the hydrodynamic theory and generalizes the heat flow for harmonic maps into
the 2-sphere. The Ericksen—Leslie system is a system of the Navier—Stokes equations coupled with the
liquid crystal flow. In the second part of this paper, we also prove the global existence of solutions of the
Ericksen—Leslie system for a general Oseen—Frank model in R2.
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1. Introduction

A liquid crystal is a state of matter intermediate between a crystalline solid and a normal
isotropic liquid. Research into liquid crystals is an area of a very successful synergy between
mathematics and physics. There are a lot of analytical and computational issues, which arise in
the attempt to study static equilibrium configurations. Numerical and experimental analysis has

* Corresponding author.
E-mail address: hong@maths.uq.edu.au (M.-C. Hong).

0001-8708/$ - see front matter Crown Copyright © 2012 Published by Elsevier Inc. All rights reserved.
doi:10.1016/j.aim.2012.06.009


http://www.elsevier.com/locate/aim
http://dx.doi.org/10.1016/j.aim.2012.06.009
http://www.elsevier.com/locate/aim
mailto:hong@maths.uq.edu.au
http://dx.doi.org/10.1016/j.aim.2012.06.009

M.-C. Hong, Z. Xin / Advances in Mathematics 231 (2012) 1364—1400 1365

shown that equilibrium configurations are expected to have point and line singularities [21].
Mathematically, Hardt et al. in their fundamental papers [15,16] proved the existence of an
energy minimizer u of the liquid crystal functional and showed that a minimizer « is smooth
away from a closed set X of 2. Moreover, ' has Hausdorff dimension strictly less than one.
In [1], Almgren and Lieb did some related analysis indicating that the phenomenon is of wider
interest. In physical theory, an equilibrium configuration corresponds to a critical point, not
necessarily an energy minimizer, of the liquid crystal energy. Critical points are much harder to
understand mathematically than minima. From the above result of Hardt et al., minimizers cannot
have line singularities. Following the work of Bethuel-Brezis—Coron on harmonic maps in [4],
Giaquinta et al. [12] found a relaxed energy for the liquid crystal systems, whose minimizers
are also equilibrium configurations. On the other hand, Giaquinta et al. [11] also proved that
minimizers of the relaxed energy for harmonic maps are smooth away from a 1-dimensional
singular set. Further developments on the regularity results on harmonic maps were surveyed
in [13]. There is an interesting open problem to prove that minimizers of the relaxed liquid crystal
energy have line singularities. The first author in [17] proved the partial regularity of minimizers
of the modified relaxed energy of the liquid crystal energy. However, the partial regularity of
minimizers of the relaxed energy for liquid crystals is still mysterious. In some related studies
of liquid crystals, Bauman et al. [3] studied the Landau—de Gennes free energy used to describe
the transition between chiral nematic and the smectic liquid crystal phase, Lin and Pan [29] used
the Landau—-de Gennes models to investigate the magnetic field induced instabilities in liquid
crystals, and the existence of infinitely many liquid crystal equilibrium configurations prescribing
the same boundary was obtained in [18].

A general description of the static theory of liquid crystals is given by Ericksen in [9]. A liquid
crystal is composed of rod like molecules which display orientational order, unlike a liquid, but
lacking the lattice structure of a solid. The kinematic variable in the nematic and the cholesteric
phase may be taken to the optic axis, which is a unit vector field u in a region £2 C R> occupied
by the materials. The liquid crystal energy for a configuration u € H'(£2; §?) is given by

Eu; Q) :/ W (u, Vu) dx, (1.1)
0

where the Oseen—Frank density W (u, Vu), depending on positive material constants ki, k2, k3
and k4, is given by

W (u, Vi) = ki (div u)? + ko (u - curl u)? + kzu x curl u|? + ka[tr(Vu)? — (div u)?].
Without loss of generality, as in [15] or [13], we rewrite the density

W(u, Vi) = a|Vul> + V(u, Vi), a = minfki, ks, k3} > 0, (1.2)
where

V(u, Vu) = (k) — a)(div u)*> + (ko — a)(u - curl u)*> + (k3 — a)|u x curl u|>.

A static equilibrium configuration corresponds to an extremal (critical point) of the energy
functional E in H'(£2, §?). The Euler-Lagrange system for the general Oseen—Frank functional
(1.1) (see details in the Appendix of Section 5) is

Va [ng (u, Vu) — uluin(zl (u, Vu)] — W,i(u, Vu) + W, (u, Vu)ului

+ Wy (u, Vi) Vau'u' + Vi (u, Viyu! Vou' =0 in 0 (1.3)
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for i = 1,2,3, where we adopt the standard summation convention. In a special case of
ki = ky = k3, the system (1.3) becomes the harmonic map equations into $2. However, the
equilibrium system associated to the energy functional (1.1) is not elliptic for every choice of the
constants ki, kp and k3.

In the first part of this paper, we investigate the liquid crystal flow for a model with the
Oseen—Frank density (1.2). For a domain {2 in R3 orinR2, a map u(x, ) : 2 x [0, 00) — $2is
a solution of the liquid crystal flow if u satisfies

ou'

o =V [Wpé (u, Vi) — ulu Vi (u, W)] — W, (u, Vat)

+ Wi (u, Viyu'u' + Wy (u, Vu)Vaulu + Vi (u, Vu)u! Vou' (1.4)

in 2 x [0,00) fori =1,2,3.

The flow equation (1.4) is a prototype of equations from the Ericksen—Leslie system in the
hydrodynamic theory (cf. [9]). The liquid crystal flow (1.4) also generalizes the heat flow for
harmonic maps into the 2-sphere. Since the seminal work of Eells and Sampson [7], many
studies on the heat flow for harmonic maps have been carried out. In 2-dimensional case,
Struwe [33] established the global existence of the weak solution of the harmonic maps flow
with initial data, where the solution is smooth except for a finite number of singularities. In
higher dimensional cases, Chen and Struwe [6] proved the global existence of partially regular
solutions to the harmonic map flow. Since (1.4) is not parabolic, the system of the liquid crystal
flow is complicated, so the question on global existence for the liquid crystal flow (1.4) for the
Oseen—Frank model remains unresolved. In this paper, we prove the global existence of solutions
of the liquid crystal flow in 2D.

We set

HIR% §2) = {u ‘u—beH ®ERY, Jul =1 ae. in RZ]

for a constant vector b € S2.
Then, one of our main results in this paper is the following global existence for this flow in
2D (i.e. u is a constant along a direction in R3):

Theorem 1. Let ug € Hb1 (R2; 8?) be a given map. Then there exists a global weak solution
u(x,t) : R? x [0, 400) — §2 of (1.4) with initial value u(0) = uq such that u is smooth in
£2 x [0, +00) except for a finite number of singularities {(xf, Tl)}lK=1 € R? x [0, +00) with an
integer K > 0 depending on ug. Moreover, there are two constants gy > 0 and Ry > 0 such that
each singular point xf at the time Ty is characterized by the condition

limsup E (u (1), Bg (xf)) > g
t /Ty

forany R > 0O with R < Ry.

This result can be regarded as an extension of the well-known result of Struwe in [33] on the
heat flow for harmonic maps in dimension two. Since the liquid crystal flow is not a parabolic
system, the flow (1.4) is more complicated than the harmonic map flow. In particular, we cannot
apply the well-known theory of partial differential equations directly to prove the local existence
for the liquid crystal flow. Instead, we consider a family of Ginzburg—Landau approximation
flows to prove the local existence of solutions to (1.4). To prove Theorem 1, we need to get a
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L2-estimate of V2 similarly to one in [33]. However, the flow (1.4) is not a parabolic system, so
we overcome the difficulties due to the term V,, [u'u’ sz (u, Vu)] by using the fact that |u| = 1
as observed in [17]. ‘

In the second part of this paper, we investigate the Ericksen-Leslie system with the
Oseen—Frank density W (u, Vu) in (1.2). In the 1960s, Ericksen [9] and Leslie [23] established
the hydrodynamic theory of liquid crystals independently. The Ericksen—Leslie theory describes
the dynamic flow of liquid crystals, including the velocity vector v and direction vector u of
the fluid. Let v = (vl, v2, v3) be the velocity vector of the fluid and u = (ul, u?, u3) the unit
direction vector. The Ericksen—Leslie system in {2 x [0, o) is given by (e.g. [24,27])

v+ V)0 —v AV 4V P =AY, (inukWpﬁ(u, Vu)), (1.5)

V-v=0, (1.6)

W+ -Vl = V, [Wp&(u, Vi) — uul Vi (u, Vu)] — W, (u, Vur)

+ W,k (u, Vu)ukui + Wpé (u, Vu)Vaului + Vpg (u, Vu)ukvaui (1.7)

fori =1, 2, 3, prescribing the boundary condition

v(x,t) =0, ulx,t) =uplx), V(x,t) e df2 x (0, 00) (1.8)
and with initial data

v(x,0) = vo(x), u(x,0) = ug(x), divvg=0 Vx e . (1.9)

Here v, A are given positive constants, and P is the pressure.

The system (1.5)—(1.7) is a system of the Navier—Stokes equations coupled with the liquid
crystal flow (1.4). The study of the Navier—Stokes equations is of great interest. Tremendous
results on the existence and the partial regularity for the Navier—Stokes equations have been
established (e.g. [31,5,25,35]). In this paper, we are only concentrating on the existence of
solutions of the Ericksen—Leslie system. Since the functional E (u; (2) in (1.1) with the constraint
|u| = 1 is complicated, one considers Ginzburg—Landau functionals

Eg(u;m:f [W(u,ww%a—wﬁ)z} dx
I7) 2¢

for any function u € H'(£2; R3). Then, the approximating Ericksen—Leslie system is given by

v+ (- V' —v AV 4+ VP =2V, (Vx,.u"wpk_(u, Vu)), (1.10)
J
V.v=0, (1.11)
. . 1 .
uy + (v Vyu' = Vg [Wpé(u, Vu)] — W,i(u, Vu) + 8—214’(1 — u®) (1.12)

fori = 1,2, 3, prescribing the boundary condition (1.8) and initial condition (1.9).

In the case of ki = k» = k3, Lin and Liu [27] proved the global existence of the classical
solution of (1.10)—(1.12) with (1.8) and (1.9) in dimension two and the weak solution of the
same system in dimension three. Lin and Liu in [28] also analyzed the limit of solutions (v, u)
of (1.10)—(1.12) as ¢ — 0, but it is not clear that the limiting solution satisfies the original
Ericksen—Leslie system (1.5)—(1.7) with |u| = 1. Therefore, there is an interesting question to
establish the global existence of solutions of (1.5)—(1.7) with (1.8) and (1.9). The question for
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the case of k| = k» = k3 has been answered by the first author in [19] in R2 and Lin et al. [26] in
a general case for a domain of R? independently. The system (1.5)—(1.7) or (1.10)—(1.12) for the
general Oseen—Frank model is more complicated than the system for the case of ki = ko = k3
since there is no maximum principle for the parabolic system (1.12) in the case k; # k> (see [2])
and the term W, (u, Vu) in (1.12) will cause a trouble to prove the global existence for the
system.

In this paper, we will prove the global existence of weak solutions to the Ericksen—Leslie
system (1.5)—(1.7) for a general Oseen—Frank model in R2. More precisely, we have the
following.

Theorem 2. Let (ug, vg) € Hbl (R2; §2) x L2(R2,R?) be given initial data with dvivg = 0.
Then, there exists a global weak solution (u, v) : RZ x [0, +00) — $2 x R? of (1.5)—(1.7) with
initial values (1.9), where the solution (u, v) is smooth in R? x ((0, +00) \ {Tl}lel)for a finite
number of times {Tl}le. Moreover, there are two constants g9 > 0 and Ry > 0 such that each
singular point (xf, Tl) € X x {11} is characterized by the condition

1imsup/ Vu(,0) 1>+ v, 1) 1P dx > &
t/T JBr(xh)

forany R > 0O with R < Ry.

The main idea to prove Theorem 2 is to combine the idea in [19] with the proofs of Theorem 1.
The first key step is to prove the local existence of solutions of the system (1.5)—(1.7) by
considering the approximation system (1.10)—(1.12). To prove the global existence of solutions
to (1.5)—(1.7), one of the key steps is to get a L2-estimate of V2u and Vv in R? x [0, T'] under a
small energy condition as in [33]. To show the regularity of the weak solution (u, v) of (1.5)-(1.7)
inR?x (0, T'), we establish a local energy inequality under the small energy condition, which was
first used by Struwe in [34] for the H-system flow. Finally, we prove the regularity of solutions
by controlling L?-estimate of VZu and Vv in R? for ¢ € (0, T). Since (1.7) is not a parabolic
system, the proof of Theorem 2 is more difficult than one for the case of k; = ko = k3 in [19].
We overcome a number of difficulties on the regularity and the uniqueness for the systems by
employing the invariance of the density (1.2) after a rotation.

Remark 1.1. The referee kindly pointed out to us that Lin and Wang [30] proved recently the
uniqueness of the weak solutions in Theorem 2 for the case of k; = k; = k3. However, it does
not seem easy for us to adapt their analysis to prove the uniqueness of the weak solutions in
Theorems 1 and 2, due to the difficulty in handling the term Va[Wp‘,-x (u, Vu) — ulu VPL (u, Vu)]
in Eq. (1.4) or (1.7). We hope to investigate this issue elsewhere.

The rest of the paper is organized as follows. In Section 2, we prove the global existence
for the liquid crystal flow (1.4) in 2D. Some global estimates for (1.5)—(1.7) are established in
Section 3. Then, we complete a proof of Theorem 2 in Section 4. Finally, the regularity issue for
the systems is dealt with in Section 5.

2. Existence of partial regular solutions of the liquid crystal flow

First, it is noted that due to (1.2), the density function W (z, p) satisfies

alpl> < W(z, p) < Clp|?>, VzeR? peM>?
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for some 0 < a < C < +o0 and since W(z, p) is quadratic and convex in p, it holds that

2 ksl 2
Vpl{cplj_W(Z’ 12554 Ej > alé|

for any & € M3*3, any z € R? and p € M3,
In this section, we consider the flow (1.4) in R2. For simplicity of notations, u is assumed to

be a constant along x3-direction in R3; i.e. 33 x“3 =0.

For any two positive constants 7 and 7 with 7 < T, we define

Vi, T) = :u (R? x [z, T] — Sz, | u is measurable and satisfies

T
esssup/ |Vu(-,t)|2dx+/ / IV2u)? + |8,u? dx dt < oo}.
R2 T R2

t<t<T

Lemma 2.1. Let u € V(0,T) be a solution of the system (1.4) with initial value uy € H'
(Rz, 52). Then, for any t| € [0, T]

/ |8,u|2dxdt+E(u(t1)) < E(ug). 2.1)
R2x(0,1)
Moreover, forallt € [0, T], xg € R2 and R > 0, it holds that

/ Wu(x,t), Vu(x,t))dx < / W (ug(x), Vug(x)) dx
BRr(xq) Bag(x0)

! 2
+ CF - |VL£()| dx, (22)
where C is a constant.

Proof. Multiplying (1.4) by ylelds

faud /W(V)dv iq /W(V)auid
— X =— i (u, Vu)—Vau' dx — i(u, Vu)— dx.
r2 | Ot Rz Pe dr Rz ot

This implies

fau2d+d/W(V)d 0
- X —_— , X = U.
R2 | Ot dt Jgr2 v

(2.1) follows from integrating the above identity.
Let ¢ € C3°(Bar(x0)) be a cut-off function satisfying 0 < ¢ < 1,|V¢| < C/Rand ¢ = 1
on Bg(xp). Multiplying (1.4) by ¢2 and then using Young’s inequality yields

J.

du|?
ot

“3 ela

Then, (2.2) follows from using (2.1) and integrating the above inequality. [

® dx+_/ W(u(x, 1), Vu(x, 1))$* dx <C ‘—’ [VullpVe|dx

814

¢ dx—}—Cf W (u, Vu)|V¢| dx.
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From [33] we obtain the following.

Lemma 2.2. There are constants C and Ry such that for any u € V(0, T) and any R € (0, Ro],
we have

/ |Vu|*dxdt < C esssup/ IVu(-, )> dx
R2x[0,T] Br(x)

0<t<T,xeR?
(f |V2u|2dxdt+R_2/ |Vu|2dxdt>.
R2x[0,T] R2x[0,T]

Lemma 2.3. Let u € V (0, T) be a solution of (1.4) with initial value ugy € H'. Then there are
constants €1 and Ry > 0 such that if

ess sup / |Vu(, t)|2dx < €]
0<t<T,xeR? Y BR(x)

forany R € (0, Ro], then

[ IV2u|?dx dt < CE(uo) (1 + TR™?), (2.3)
R2x[0,T]

/ [Vul*dxdt < Ce1E(ug) (1 + TR™?). (2.4)
R2x[0,T]

Proof. Multiplying (1.4) by Au’ yields
B_IAM dx = Va [Wp,- (u,Vu) —u"u Vpk(u,Vu)]Au dx
Rz Rz o o
— / W,i(u, Vu)(Aui —ukut A uk) dx
R2
+ / Wk (u, Vu)Vaukui Au'dx
Rz ¢

+ / Vo u, Viyu* Vou' Au'dx =1, + L+ I3 + Iy.
Rz ¢

Note that the terms I> and I3 of the above identity can be controlled by C|Vu|?| A u|. It suffices
to estimate terms /; and I4. Since |u|> = 1, —u’ A u' = |Vu|?. We note

Volubu Vi (u, V)] = Vou u' Vi (u, Vi) +u* Vou' Vi (u, Vie) + 1 u' Vo Vi, Vir).
Integration by parts twice yields
L+ = / Vg [Wpi (u, Vu)] V‘fﬁui dx +/ Vaukuink (u, Vu) A u' dx
R2 ¢ R2 “
—/ u Vo Vo (u, V)| Vul* dx.
R2 “

Note

Va Vi (1, Vit) = Vi o1 (u, Vu)V7 o ul + Vi, Vi) Vou!
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and
) — ) 2 o J
Vg WPé, (u,Vu) = Wl’él’ﬂ (u, Vu)Vyﬁu + Wp&u_, (u, Vu)Vgu’.
This implies

d 2 2 ig2
o R2|Vu| dx—i—/Rz Wp&p{/-(u,Vu)VaﬁulvyﬁuJ dx

< C/ IVul>(|Vul® + |V2ul) dx. (2.5)
R2
As pointed out at the beginning of this section, we have
_ 2 ig2 212
Wp{;pi (u, Vu)Vaﬁu’VyﬁuJ > a|Veu|

for the constant @ > 0. Then, choosing £; > 0 to be sufficiently small and applying Lemma 2.2
lead to (2.3) and (2.4). O

Lemma 2.4. Let u € V(0, T) be a solution of (1.4) with initial value ug € H'. Assume that

ess sup / [Vu(, t)|2dx < €]
Br(x)

0<t<T,xeR?2

forany R € (0, Rol. Let T € (0, T] be any constant. Then it holds for all t € [t, T],
/ IV2u(x, )] dx < Co, (2.6)
RZ

with a uniform constant depending only on t, T, Ry, and E (up).

Proof. The proof is similar to Lemma 3.10 of [33]. Using a proper cut-off function if necessary,
we assume in the following proof that f |8,Vu|2(~, t), dx is finite. _

Differentiate (1.4) with respect to 7, multiply the resulting identity by d,u4', and then integrate
to obtain

1d

2dt 2|3tu|2dx+/zwpi pé(u,Vu)Va B u' Vg 0 ul dx
R R b

§C/ (18, ul [Vul? + [Vul 13, ul |V, ull dx
RZ

+/ 3 u' V, [u" WF Vi (u, V3, u)] dx.

R2 “

Note that

W, (u, Vi)V 8 u' Vg du’ dx za/ VO, u(x, 1)|? dx.

R2 PaPp R2

Since [u| = 1,50 Y_; 8 u' u* = 0. And hence,

/Rz B! Vg (w’ Wk Vi (u, Vo, u)) dx < chz |8, ul [V V3, ] dx.

It follows from these and Cauchy’s inequality that

1d

—— |a,u(x,r)|2dx+f/ |va,u(x,r)|2dx50/ 10; u|? |Vu|? dx. 2.7)
2dt R2 2 R2 R2
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Note that

1 1

2 2

cf |8,u|2|Vu|2dx§C</ |8tu|4dx) (/ |Vu|4dx>

R2 R2 R2
1 1 1
2 2 ) 2 4 2
§C</ |0; u| (x,t)dx> (f |0; Vu| (x,t)) (/ V| dx)
R2 R2 R2

< ‘_l/ [V, u(x, )|* dx + (c/ |Vu(x,t)|4dx> / 10; u(x, 1)|? dx.
4 RZ R2 RZ
This, together with (2.7), yields that for all # € (0, T],

Ny P <m%1+”/|va<rWd
— u(- X — ul(-, X
dt R2 d ’ 2 R2 !

§(C/ |Vu(-,t)|4dx)/ 10; u(-, 1)|* dt. (2.8)
RZ RZ

It follows from (2.8), (2.4), Lemma 2.1, and Gronwall’s inequality that forany 0 <s < < T,

/ |at M(', t)|2 dt (chst f]R2 ‘VL[(',I)|4dxdl) / |al M(‘, s)|2 dx
R2 R2

IA

< o E(uo><1+TR’2>./ 19, u(-, 5)|* dx.
R2

Combining this with (2.1) shows that for any fixed 0 < v < T, there exists a constant C such
that

esssup/ 18, u(-, )2 dt < Ct~" E(ug) eCe1 E@)I+TR™) (2.9)
T<t<T JR?
with a uniform constant C. On the other hand, using (2.5), integration by parts yields that for any
telr,T],

/ IV2u(, 0> dx < c/ |Vu(-,t)|4dx+C/ 10; u(-, 1)|*> dx

R2 R2 R2

C
< Cor [ IVutnPdx+ Sl Ew) + € [ 1o uc.nPdx.
R2 R 0 R2

Combining this with (2.9) shows that for suitably small ¢, the desired estimate (2.6) holds with

Co = CE(ug) (% e E<“0>(1+TR"2>> . (2.10)
By the well-known Gagliardo-Nirenberg—Sobolev inequality, we have for any x € R?
3/4 1/4

luCx, 1) —u(x, )| = Cllux, t1) —ux, ) g, o) G, 1) —u G, )15 g )

3/4
§C<M)W%hm%wa>m—mw

t<t<T

T 1/8
x (/ / |atu|2dxdt>
0 R2

< Clt1 — n|'/8.
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It follows from (2.6) and the Sobolev embedding theorem that u(x, #) is Holder continuous in x
uniformly for 7 € [, T]. Then we get that u is Holder continuous in C'/8(R? x [, T']) for any

T < Tj.Due to Proposition 5.1 in the Appendix, « is in cls. Hence, u is regularin (0, 77). O

Remark 2.1. Let u € V(0, T) be a solution of (1.4) with initial value ug € H,?. Assume that
there are constants £; and Ry > 0 such that

ess sup / [Vu(, t)|2dx < €]
Br(x)

0<t<T,xeR?

for any R € (0, Ro]. Then, for any ¢ € [0, T] and R < Rp, we have

/2 IV2u(x,t)*dx < Cy = Ci(lluoll g2, Co)-
R

Theorem 3 (Local Existence). For a map ugy € th (R2, §2), there is a solution u € V (0, t1) of
(1.4) with initial value ug for some t; > 0.

Proof. For any map ug € Hbl (R?, §2), it can be approximated by a sequence of smooth maps in
HZ(R?, $%). Without loss of generality, we assume that ug € H?(R?, $?) is smooth. The liquid
crystal flow is not a parabolic system, so one cannot apply the well-known local existence theory.
Instead, we prove the local existence by an approximation of the Ginzburg—Landau flow in the
following:

oul

1 .
e =V, [ W e, Vue)| = Wy e, Vaee) + Ul = Jue ) @.11)

with initial value ug € Hbz(Rz, $?) and ug € C*. Applying the standard local existence theory
of quasi-linear parabolic systems (cf. [8] or [2]), there is a local regular solution u, of (2.11) with
initial value u.(0) = uy.

For simplicity of notations, we define

V(t, T) = {u (R? x [z, T] — R3|u is measurable and satisfies

T
esssup/ |Vu(-,t)|2dx+/ /(|V2u|2+|8,u|2)dxdt<oo
R2 . JR2

t<t<T

forO0 <t < T < 400 and set
1
eeu) = W, Vi) + = (1 — [u])?, Esw):f ee(u) dx.
2¢e RrR2

Taking the inner product of (2.11) with 9; u,, one can obtain that for any s > 0 in the maximal
interval of existence,

/ |0y u8|2dx dt + E¢(ug(s)) < E(up). (2.12)
R2x(0,s)

Moreover, repezating similar arguments in Lemma 2.3 (see (2.29) below) yields that the solution
ug belongs to V (0, T;) for a maximum time 7 and hence is regular R? x [0, T;.). The maximum
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time T is characterized in the following: For a singular point x¢ at T, there are g9 and Ry > 0
such that

limsup/ |Vue(, )>dx > g0 > 0
BRr(x0)

t—T;

for any positive R < Ry.

Next, we will show that there is a uniform lower bound time #; > O such that 7, > #; and u,
is bounded in V (0, 1) uniformly in €.

A similar argument as in Lemma 2.1 shows

t
| etwwandrs [ ctomnds g [ Vuolds
BR(x0) By (x0) R* Jr2

fort < Ts.
It follows from this inequality that for suitably small ¢; and Ry, there is a time #; uniform in
& with t; < T such that

sup / es(Uug(x,1))dx < & (2.13)
Bg(x0)

0<t<n
for R < Rg and thus u, is smooth for [0, #1] for all ¢ > 0. Next, we claim that for0 <t < f;

3 < lug(x,t)| < 5 for all x € R“. (2.14)

To verify this claim, we re-scale the solution by u(x, ) = u.(ex, 82t). Then u satisfies

B I Lo i ~ 2

o =V, [Wpé (, Vu)] - W,iu, Vi) +u' (1 — |u]”) (2.15)
with initial value ug(ex). Let T be the maximal time in [O, é—lz] such that (2.14) holds, i.e.,

L lu(x, )| < )

— u(x, < —

2~ 2
for any (x,t) € R2 x [0, ]. Note that in this case, the basic energy inequality (2.12) becomes

/ 19, i1 dx dt +/ (W (i, Vii)(s) + l(1 —a(s)|*)?dx < E(uo)
R2x[0,s] R2 2

t
forall s [o, —12] (2.16)
&

and the condition (2.13) turns into

1
ess sup / o <|va(-, 5>+ 5= |12|2)2> dx < & (2.17)
Bpg(x

Osssé—]zxeRz
for R < Ry.
Multiplying (2.15) by A# and integrating over R? lead to
1d

~12 ~ ~ ~i
—— + Vy | W i \Y4
2t Ja |Vie|“ dx /RZ a[ I’a(”’ u)] Au'dx

—f Wﬁi(zz,w)midwr/ i —a?) Ad' dx =0. (2.18)
R2 R2
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Note that
f B —aP) Adtdx = —/ IVi|>(1 — |i|?) dx +2/ V)i |? | dx.
R2 R2 R?

Then, combining the above identity with (2.18) yields that for any s, ¢ € [0, t] with s < ¢,
1 2 ! 2 ~ig2 j
- [P i -
E/Rz IVa(-, )| dx +fs fRz W i @ Vi)V Vgl dox di

t
§C/ |Vu(.,s)|2dx+C// IVir|* + nl(1 = |i#|*)? + V2|1 dx di (2.19)
R2 s JR?

for a sufficiently small > O to be chosen.
On the other hand, it follows from (2.15) that for s, t € [0, 7]

/ (1 —|a>)?dxdt < c/ (19, a)* + |Val* + |VZa|>)dx dr. (2.20)
R2x[s,t] R2x[s,t]

Combining Lemma 2.2 with (2.17) shows that

/ |Vi|*dxdt < Cy & / |V2i)? dx dt
R2x[s,t] R2x[s,t]

2
+8—2 |Vii|* dx dt ) . (2.21)
Ry JR2x[s,1]

A§ a consequence of (2.19)—(2.21), (2.16), and suitable choices of 1 and &1, one can get that
e V,andforany0 <s <r <7,

/ [|V2ﬁ|2+ a- |ﬁ|2)2] dxdt < CE(uo)(1 + &*(t — )Ry ™), (2.22)
R2x[s,t]

/ |Vii(x, 0)|* dx dt < Cey Euo)(1 + &2(t — 5)Ry ). (2.23)
R2x[s,t]

By an argument similar to the proof of Lemma 2.4, one can derive from (2.15) that there exists
a positive uniform constant a such that

li ~ 2 ~ 2 l ~ 2y12
|0 u(x,)|“dx +a |0; Viu(x, t)|“dx + [0: (e (x, 1))~ dx
2dt Jr2 R2 2 Jr2
sC/ |atﬁ(x,r>|2|W(x,r)|2dx+/ 19 1 (x, 1> (1 = |ii(x, H)[Hdx. (2.24)
R2 R2
Note that

C/ 19 i (x, D)1 |Vii(x, 1) *dx
RZ

3 3
5c</ |8tﬂ(x,t)|4dx> (/ |sz(x,r)|4dx)
R2 R2
3 3 3
c(/ |8,12(x,t)|2dx> (f |8;Vﬁ(x,t)|2dx) (/ |V12(x,t)|4dx)
R2 R2 R2

‘—’/ |0; Vzl(x,t)|2dx+C(/ |Vﬁ(x,t)|4dx>/ 0; it (x, 1)|? dx.
2 RZ RZ ]RZ

IA

IA
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Hence,

d
— |a,a<x,r>|2dx+a/ |a,va<x,r)|2dx+/ 19, (|t (x, )% dx
dt R2 R2 R2

< (c/ |Vii(x, t)|4dx>/ 10, i (x, 1))* dx
R2 R2
+2/ |8, i (x, O1*(1 — Jii(x, 1) |P)dx,
R2
which yields immediately that forany 0 <t <t € (0, ;—‘2]
/ 18,7 x, 1) dx < eCJi Je2 ‘Vﬁ(x")‘4dx"t/ 18, x, 0) dx
R2 R2
t ; .
+ / (eCfo fR2 |Vu(x,l)\4dxdl/ |at ﬁ(x, S)|2(1 _ |ﬁ(x, S)|2)dx> ds.
0 R2
It follows from this, (2.23), ug € H, 2 and the definition of 7 that
A{z 19 @i (x, )|*dx < Cy = C1(E(uo), &1, 1, luoll g2, Ro) (2.25)

with a positive constant C independent of t € (0, ;—;) given by

£1 E(”O)(]‘i’p)
€1 = Cluoll ) e 0/, (2.26)

Using (2.18), an integration by parts implies that for all € (0, 7],
f IV2i(, 0> dx < c/ |Vﬁ(x,t)|4dx+Cf (1 —|a)?)*dx
R2 R2 R2

+c/ 10; it (x, 1)|> dx
RZ

Due to Lemma 2.2, and (2.17), one has

~ 4 2~ 2 Cer &
C [Vi(x,t)|"dx < & IVou(x, t)|“dx + 5 E(ug).
R? R2 Ry

Thus one can get that for all € (0, 7)

2
/ V2 u(x, 1))?dx < CE(ugp) (1 + %) +CC. (2.27)
R2 RO

By the Sobolev embedding theorem, i is B-Holder continuous in x uniformly in all ¢+ €
[0, t] with B < 1. Repeating the similar analysis as in the proof of Lemma 2.4 and using

.. . . ~ 1 .
Proposition 5.1 in the Appendix, we get ii € C'8 on R? x (0, ). If there is a x; € R? such
that either |iz(x, 1)| < % or |u(xy, t)| > % By the uniform Holder continuity of #, there exists a

constant C, with the property that ﬁ < %, and

1
(1 —la(x, 0)»)* > =, xe B (x).
4 ic,
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Hence,

1
/ (1 —lia(x,n)?dx = 7B 1_(0)] > 21, (2.28)
B 1 (x1) 4 3G
4y

which contradicts to (2.17) for suitably small 1. Here we have used the fact that C; depends
only on the upper bound of C;, which may be chosen to be independent of &1 by the choice of #;.
This implies that % <lu(x,t)| < % for all ¢ € [0, t]. By the continuity of # at T and the maximal
choice of t, T must be the value ;—‘2 This shows that (2.14) holds for all ¢ € [0, #].

Next, it follows from (2.12), (2.22) and (2.23) that u, are uniformly bounded in \7(0, t1) for
all ¢ and

1
/ f |:|V2us(x, D>+ iz(l — Jug (x, z)|2)2] dx dt < CE(uo) (1 + t—‘z) . (229
0 R2 & R

0

5] 1
/ / IV ue(x, 0)|* dx dt < Cey E(up) (1 + —12> . (2.30)
0 JR? R

0

Letting ¢ — 0, we can prove the local existence of a solution of (1.4) in V(0,¢;). O
Now we complete the proof of Theorem 1.

Proof. By Theorem 3, there is a local solution u on [0, #;) for some #; > 0. By Lemmas 2.3
and 2.4, the solution can be extended to [0, 77) for a maximal time 77 > O such that there is a
singular set X' at 77. Each singularity xil € X' at Ty is characterized by the condition

limsup E (u (t), Bg (xil)) > g
t/T
for any R > 0 with R < Ry. It is easily shown that the solution u € V is regular for all ¢ €
(0, T1). By Lemma 2.1, we can show that the singular set X' and the singular times are finite
(See [33]). Theorem 1 is thus proved. [

Remark 2.2. Although we cannot prove the uniqueness of the weak solutions in Theorem 1, we
will prove the uniqueness of smooth solutions (see Lemma 3.5 below in Section 3).

3. Global existence for the Ericksen—Leslie system

In this section, we derive a priori estimates for solutions to the Ericksen—Leslie system
(1.5)-(1.7). Without loss of generality, we assume that v = A = 1 in (1.5).
For the case 2 = R2, we still consider (1.5)—(1.7) in R3 by taking ;Tvg =0, (,;’—JZ = 0. In this

case, V- v = g_;j + % = 0in (1.6) is well-defined.

For two positive constants T and T with t < T, we denote

V(,T) = {u ‘R?x [1,T] > §? |u is measurable and satisfies

T
esssupf |Vu(, t)|2dx +/ / |V2u|2 + |8tu|2dxdt < 00
R2 T R2

T<t<T
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and

H(z, T) = {v :R? x [t,T] — R? |v is measurable and satisfies

T
esssup/ Iv(.,t)|2dx+/ / |Vv|2dxdt <00¢.
t<t<T JR? r JR?

For each pair (u, v), define
1
e(u,v) = W(u, Vu) + §|v|2, E(u,v) = / e(u,v)dx.
R2
Lemma 3.1. Let (u,v) € V(0,T) x H(0,T) be a solution of (1.5)—(1.7) with initial values
ug € H'(R?; §?) and vy € L*>(R%*; R3). Then for t € (0, T},
13
[ ewtnvends+ [ [ G+ @ vuk -+ 0P dra
R2 0 JR2
=/ e(ug, vo) dx. 3.1
R2

Proof. Multiplying (1.5) by v and using (1.6), one gets

1d
2 dt R2
Multiplying (1.7) by u; + (v - V)u yields

[v]? dx + /Rz |Vv|?dx = /Rz vjviv,-ukwpé(u, Vu)dx. (3.2)

/ (ui + (v V)uh) (Vo, [Wpi (u, Vu) — ukuink (u, Vu)]) dx
Rz o o
+ /2(u§ + (v VU (=W, (u, V) + W (u, Vuyubu') dx
R
+ / (ui + (v - V)ui)(+ka (u, Vu)Vaukui + Vpk (u, Vu)ukvaui) dx
Rz o o

= / lus + (v - Vul? dx. (3.3)
R2
Note that |u|> = 1 implies
uiﬁtui =0, uianui =0.
Integration by parts yields
/ ui (Va [Wpi (u, Vu) — ukul Vo (u, Vu)]
Rz o o
— Wi (. V) + Vi (a, Vu)ukVaui) dx

. . d
= _/1;{2 Vol [Wpé w, W)] — U)Wy . Vi) dx = == [ W v G4
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Using (1.6) and integrating by parts, we get
/Rz(v V)i (Va [Wpé (, Vi) — b u' Ve (u, Vu)]
— Wity Vi) + Ve (a, Vu)ukVaui) dx

= /H;Z Vakakuin& (u, Vu) + vk[VkVauin& (u, Vi) + Vi Wi (u, Vi)l dx

= —/ Vo0 Vi W (u, Vu) dx. 3.5)
R2 “

It follows from (3.3)—(3.5) that
d )
— Wu, Vu) dx —i—/ lus + (v - V)ul2 dx = —/ Vakaku’W i (u, Vu)dx. (3.6)
dt R2 R2 R2 Pa

Therefore, (3.1) follows from integrating (3.2) and (3.6) in¢t. O

By the same proof as in Lemma 3.1 of [33] (see also [20]), there exists a constant C; such
that for any f € H(0, T) and any R > 0, it holds that

/ |f1*dxdt < Cy esssup/ |f (0> dx
R2x[0,T] Bg(x)

0<t<T,xeR?

(/ |Vf|2dxdt+R—2f |f|2dxdt>. (3.7)
R2x[0,T] R2x[0,T]

Then, we have the following.

Lemma 3.2. Let (u,v) € V(0,T) x H(0,T) be a solution of (1.5)—(1.7) with initial values
up € H' and vy € L2. Then there are constants £ and Ry > 0 such that if

ess sup / e(u(-, 1), v(,1)dx < g
Br(x)

0<t<T,xeR?

forany R € (0, Ro], then

/ IV2ul?> + Vo> dxdt < C (1 + TR’Z)/ e(ug, vo) dx, (3.8)
R2x[0,T] R2
/ (\Vul* + |v[Ydx dt < Ce1(1 + TR_Z)/ e(ug, vo)dx. (3.9)
R2x[0,T] R2

Proof. Multiplying Au’ with (1.7) yields

ou'! ; .
/ —+-Vu' ) Au'dx
R2 at

= / Va [W[,i (u, Vu) — I/tkMiV[,k (u, Vu)] Audx
Rz o o
— f W,i(u, Vu) A uldx + / uk i Wi (u, Vu) A u' dx
R2 R2

+ / ka (u, Vu)Vaukui Auldx + / Vpk (u, Vu)ukvaui Auldx.
R2 o R2 o
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As in the proof of Lemma 2.3, one can derive

d 2 2 P2
o RleuI afx—l—'/]RZ Wp&pi(u,Vu)VaﬁulvyﬂuJ dx

= C/2<|Vu|2+ W) (IVul? +V2u)) dx
R

b
<5 [vrRaxrc [ avet+far
4 Jr2 R2
Applying (3.7) and Lemma 2.2 again shows

/ IVul* + |v[* dx dt < C181/ IV2u|? + |Vu|> dx dt
R2x[0,T] R2x[0,T]

+C & R’Z/ [Vul® + |v|? dx dt.
R2x[0,T]

Then (3.8) and (3.9) follow by choosing ¢; = %. U

Lemma 3.3. Let (u,v) € V(0,T) x H(0,T) be a solution of (1.5)—(1.7) with initial values
(ug, vo). Assume that there exist constants €1 > 0 and Ro > 0 such that

sup / |Vu(x,t)|2+|v(~,t) |2dx < é&].
Bgy (%)

xeR2,0<t<T

Then forallt € [0, T], xo € R and R < Ry, it holds that

t 1
/ e(u(~,t),v(~,t))dx+/ / (|Vv|2+-|a,u+v-W|2> dx dt
Bgr(xq) 0 JBr(xo) 2

1 1
12 t 2
< f e(ugp, vo)dx + Cr— (1 + —2) / e(ug, vo)dx, (3.10)
Bag(x0) R R R?

where C3 is a uniform positive constant.

Proof. Let ¢ € Cgo(BZR(xo)) be a cut-off function with ¢ = 1 on Bg(xg) and |V¢| < %,
V2| < & forall R < Ry.
Multiplying (1.5) by v$? and integrating over R? show

/ vt~v¢2+(v~V)v-v¢2—Av-v¢2+VP-v¢2dx
R2
= / Ve "W i (u, Vi)V v' % dx + / Vo "W (u, Vu)v' Vy ¢? dx.
Rz Pj J Rz Pj J
Integration by parts yields

1d
/ (v - v9? — Av - v?) dx = ——/ |v|2¢2dx+/ Vo - V(vp?) dx
R2 2dt R2 R2
1d

B Edt R2
Integrating by parts and using (1.6) give

/ V,, Pvig?dx = —2/ PV ¢V, ¢ dx
R2 R2

P+ [ 19oPeax— [ WPOVOP + 0 g
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and
. 1
[ vt =3 [ oAVl == [ tuPeveds.
R2 2 R2 R2
Hence,
Ld I|</>d+fIV|¢d
v v
2dt * *

- /RZ(W +2P + |[VulH' ¢V, pdx + /Rz 2(IVP|> + ¢ A ¢) dx

+ / Ve "W i (u, Vi)V v ¢ dx + / Ve kW i (u, Vo' Ve ¢%dx.  (3.11)
R2 ! Pj / R2 ! pj /
Multiplying (1.7) by (u} + (v - V)u')$? and using |u| = 1 lead to

lu, + (v - VyulP¢?dx = [ @l + o'V YVo [W, (u, Vi) — uFu' Vi (u, Vu)lg? dx
R2 R2 Do Do

+ /}Rz(ui + UIV[Mi)(—Wui (u, Vu) + Vpé (u, Vu)ukVaui)qbz dx.
Integration by parts yields

/ UiV [ Wi (u, V) — uu' Vi (u, Vu)lg? dx
Rz o o
+/ U (=W, (u, V) + Vo (u, Viyu* Vou')§* dx
R? *
_/Rz[vauin&(u,Vu)—i—uiWui(u,Vu)]qudx —fRz g Wi (1, Vi) Vo * dx

d )
- / W (u, Vu)p? dx — 2/ uW i (u, Vi)V dx.
dt R2 R2 P
Integrating by parts twice and using (1.6), we obtain
/ vlvlu"va[wp,- (u, Vu) — uFul Vo (u, Vu)lg? dx
Rz o o
+ f vlvlui(—Wuf (u, Vu) + Vi (u, Vu)ukVaui)q)z dx
R2 “
- / (Voo Viu' + 0V Vu YW, (u, Vu)p® dx
R? “
- / W'V YW, (u, V) Vop® dx — / VIV Wi (u, Vu)g? dx
R2 ¢ R2

=— | Vo'Vl W, (u, Vu)p>dx — | 'Viu)W, (u, Vu)Vag? dx
R2 Pa R2 Pa

+2/ V'W(u, Vu)pVip dx.
]RZ
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Combining the above three identities yields

d
—/ W(u,Vu)¢2dx+/ lus + (v - Vu|?¢p? dx
dt R2 R2
= _/ Vo o' Viu' W (u,Vu)¢2dx—/ ) + v Ve YW i (u, V) Vo p® dx
R2 “ R2 “
+2/ VW (1, Vu)p Vi dx
R2
. k i 2 1 2,2
< V0" Viu' Wy (u, Vu)g dx + = lu; + (v - Vul“¢p~dx
R2 « 2 R2

+C/ |Vu|2|V¢|2dx+2f VKW (u, Vu)p Vi  dx. (3.12)
R2 R2

Integrating (3.11) and (3.12) in ¢ on [0, 5] leads to

2 * 2 1 2 42
/ e(u(-,s),v(, 5))¢ dx+/ / (lvvl + Slur + (- Viul )¢ dxdt
R2 0 Jr2 2

N
< [ etw g+ [ [ o+ 1VuP + 2P0 6V, dra
R2 0 R2
N s
+2/ / (v-V)uksz_c(u,Vu)q&inquxdt—i—Z/ / le(u,Vu)QBVl(ﬁdx
0 JR? ! 0 JR2

+C/0‘ Az('”'2+'v”'2)('v¢'2+ 91| A ¢)) dxdt. (3.13)

This, together with (3.1), shows immediately that

$ 1
/ <|v(-,s>|2+|Vu(~,s)|2)dx+f/ <|Vv|2+—|u,+(v-V)u|2>¢2dxdt
B (xg) 0 JRr2 2
s
5/ (Ivo|2+|VM0|2)dX+C/ f (1vI? + [Vul* + |PDIvll¢| V| dxdt
Byr(x0) 0 JR2

S
+CF /Rz(|u0|2+ [Vuo|?) dx. (3.14)

It follows from Holder inequality, (3.1) and (3.9) that

/ / (P +Vul»)lvl¢|| Vel dxdi < C/ / (o] + [Vul )| v ar

o[ Lot sna) ([ [ o)

152 s \2
< Ce? (1+—) /e(uo,vo)dx. (3.15)
RZ

Similarly,

/f |P||v||¢||V¢|dxdt<c// |P|—dxdt
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2
<C(// |P| dxdt) (/f%d dt)
R2 R2 R
52 2 s :
< C— (/ e(uo,vo)dx> <// |P|2dXdl> (3.16)
R R2 0 JR2
for R < Ry.

On the other hand, it follows from the relation that
AP = —Vyu, [Vx,.ukwpk(u, Vu) + vfuf] on R? x (0, TJ,
J

due to (1.5), and the Calderon—Zygmund estimate (cf. [5]) that

s N
// |P|2dxdt§C/ / (Vul* + o[ dx dt < Ce (1+iz)/ e(ug, vo)dx.
0 JR2 0 Jr2 R/ Jr2

This, together with (3.16), yields

1

1
s 52 s\z 3
/0fRz|P||v||¢||v¢|dxdr5C7(1+ﬁ> 6 /Rze(uo,vo)dx. (3.17)

The desired estimate (3.10) now follows from (3.14), (3.15) and (3.17). O

Lemma 3.4. Let (u,v) € V(0,T) x H(0,T) be a solution of (1.5)—(1.7) with initial value
(ug, vg) € Hbl (R2, $2) x L2(R2,R3) and div vy = 0. Assume that there are constants &1 and
Ro > 0 such that

ess sup / |Vu(-,t)|2+|v(-,t) |2dx <&l
0<t<T,xeR2 J Br(x)

forany R € (0, Rol. Let T be any positive constant. Then, for t € [t, T], it holds that
/ IV2u(x, ))? + |Volx, )*dx < Ct~ ' (1 + TR™?). (3.18)
R2

Moreover, u and v are regular for all t € (0, T).

Proof. Note that, in a-priority, fRz | A v|*and fRz |V3u|? might not be finite. However, by a
standard cut-off argument, we can assume that fRz | A v|? and fRz |V3u|? are finite without loss
of generality in the following proof.
Multiplying (1.5) by Av' and integrating by parts, we obtain
1d
—— | |Vu|*dx +/ | A v|? dx
2dt Jr2 R2
= / (- Vv') Av'dx +f VIV W, Vu)l &' dx
R2 R2 J

1
5-/ |Av|2dx+C/ |v-Vv|2dx+C/ (V2ul? + |Vu|Vul?dx.  (3.19)
4 RZ RZ RZ

Differentiating (1.7) in xg, multiplying the above equation by Vg A u' and then integrating by
parts, one can obtain
1d

—5 |Au|2dx+/ [(vﬁv.V)uf+(U.V)V,gu"]v,3Au"dx
R2 R?
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= / [v W i (u, Vi) — Wk u' Vo (u, W)] — VW, (u, W)] Vg Au' dx
R2 ¢
+ / VeI W, (u, Vu)uFu' + w ok (U, Vi) Vg uku’]Vﬁ Aut dx
R2

+/ VoIV (. Viyu*Veu'1 Vg Au' dx. (3.20)
R? Pe

The first term on the right hand side of (3.20) is a bit more complicated. Since W (u, p) is
quadratic in p, we have

VgﬁWpé(u, Vu) =V, [W,; -(u Vu)V,guj + W -(u VVgu)]

Wi i (1, vu)v2ﬂuf + Wik pi (4, Vi)V, uFVgu
+ Wp_],-pé (u, VV,gu)Vﬁylu + Wu,-pé (u, Vvﬁu)Vyu/. (3.21)
Then, integrating by parts and using Young’s inequality, we have

/Rz VpVa Wy, (. Vi) Vg Au' dx =/ Vs Wy (. VIOVt dx

> f/ [V3u|? dx —Cf IVul>(|Vul* + |V2ul?) dx. (3.22)
4 Jr2 R2

Note that |u|> = 1 implies
u'Vg Aut + Veu' Aut = —Vg|Vul|®.

By this identity, one can estimate the second term and the last term on the right hand side of
(3.20) as follows:

/ Vg [va (uku" Ve, W)) — Vi, Vu)ukVaui] Vg Aul dx
RZ o o
= ,/R2 Vﬁﬁ (ukVpé (u, Vu)) ul Vg A u' dx
+ / Vﬁui Va (uk Ve (u, Vu)) Vg A u' dx
R2 *
< 9/ IV3u|? dx +c/ IVul>(IV?u)® + |Vul*) dx. (3.23)
4 R2 RrR2

The other terms can be estimated easily in (3.20). Then it follows from (3.20)—(3.23) that

1d
-4 |Au|2dx+c—l/ IV3ul? dx
2dt R2 4 R2
< c/z Vo2 Vul?> + [v]2IV2u)? + ([V2ul? + |Vu|H) | Vul? dx. (3.24)
R

It follows from —u - Au = |Vu|2, (3.18) and (3.24) that

d
£ (f IV2u)? + |Vv|2> + 3/ (|v3u|2 n |V2v|2) dx
dt R2 4 R2

< c/ (I? + |Vul?) (|Vu|2 + |V2u|2) dx. (3.25)
RZ
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By the Gagliardo—Nirenberg—Sobolev inequality, one has

C/ (Iv)? + [VulH (VoI + [V2ul?)dx
R2

§C(/ (|v|4+|Vu|4)dx>2(/ (|Vv|4+|v2u|4)dx>2
R2 R2
1

1
2 2
§C</ (|Vv|2+|V2u|2)dx> (f (|v2v|2+|v3u|2)dx>
R2 R2

1

) (/ (ul* + |Vu|4)dx)2
RZ

a
< —/ (V20]? + |[V3uPdx + (c/ (u* + |Vu|4)dx>
8 Jr2 R4

. (/ (Vv]? + |V2u|2)dx) )
RZ

This, together with (3.25), shows that for r € (0, T'),

d
—/ (|Vv<x,r)|2+|v2u(x,t>|2>dx+f/ (V20 (x, )7 + |V3u(x, 1)*)dx
dt Jgr2 8 Jr2

< (C/2(|Vu|4 + |v|4)dx> /2(|Vv(x,t)|2+ IV2u(x, 1)|>)dx. (3.26)
R R

It follows from (3.9), (3.26), and Gronwall’s inequality that for any s and t with7 < s < ¢
E T’

/Rzuwz +IV2u)(x, 1) dx

< (eijfRZ(IVu|4+|v|4)(x,t)dxdl) </ (|VU|2 + |V2M|2)(.x,s) dx)
R2

< (eC81 (I+TR™) / e(ug, vo)dx> / (Vv]? + |[V2ul>)(x, s)dx. (3.27)
R2 R2
Thanks to (3.8), (3.27), and the mean value theorem, we conclude that

sup /2(|V2u|2 + VUl (-, Hdx
R

r<t<T

< Ct™' (1 + TR™?) E(ug, vg) €€ 11T Do) (3.28)

for any T > 0. Then, by a proof similar to the one in Lemma 2.4, we can show that u# belongs to
C'/3(R? x [t, T]) for any T > 0. In the Appendix below (Section 5), we can show that (u, v) is
regular forall € (0,7]. O

Remark 3.1. Let (u,v) € V(0,T) x H(0, T) be a solution of (1.5)—(1.7) with initial values
(ug, vo) € Hbz(Rz; 5?) x H'(R?; R?) and div vg = 0. Assume that there are constants &; and
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Ro > 0 such that

ess sup /B()|Vu(-,t)|2+|v(~,t) |2dx<£1
R(x

0<t<T,xeR?

for any R € (0, Rp]. Then, for ¢ € [0, T'], we have

sup / (IV2u(x, D> + [Vou(x, 1)]?) dx
RZ

0<t<T
< C3(1 4+ TR™2) E(ug, vo) eC51IHTR D Ewo.v0), (3.29)
with C3 = C(lluol 2 + ol r1)-

We are not able to prove the uniqueness of solutions to (1.5)—(1.7) for initial value in H Ix1?
as one in Lemma 3.12 of [33]. However, we obtain

Lemma 3.5. Let (u1, v1), (u2, v2) € V(0,T) x H(0, T) be two smooth solutions of (1.5)—-(1.7)
with smooth initial values (ug, vy) € Hg(Rz; 52) x H'(R?: R?) and div vy = 0. Then (uy, v)
= (u2, v2).

Proof. Following the proof of Proposition 5.2 in the Appendix, we can assume that
[Vui| + [Vua| + [vi] + 2] = C
for a constant C > 0. For simplicity, we set in (1.7)
B(u, Vu) = —W,i(u, Vi) + Wi (u, Viyuu' + W ok (u, Vu)Vau*u!
+ Vi, Viu)uF Vo u
It follows from (1.7) that

1d
2dt Jr2

= /z(u{u'l ij (u1, Vuy) — Méuévpj (u2, V“Z))Va(“li - ”12) dx
R o o

|(uy — up)|* dx + /RZ(WI,Q (ur, Vuy) = Wi (u3, Vi) Vo (4 — uh) dx

- /RZ[—B(M, Vuy) + B(uz, Vuz) + (v1 - Vur) — (v2 - Vyuz] - (uy —u2) dx

= Is+ Ig. (3.30)

By Young’s inequality, the last term on the right hand side of the above identity can be estimated
as

Is = —/Rz[—B(ul, Vuy) + B(uz, Vuz) + (vi - Vuy) — (v2 - Vyual - (w1 —uz) dx

IA

a
c/ lup — ual* + vy —v2|2dx+—/ IV (u1 — u)|* dx.
RZ 4 RZ

The difficult part is to estimate /5. Using a uniform open ball covering of R?, we can estimate
only the local integral

/ (u-{u"lvp,- (uy, Vup) — ugugvpj (u2, Vur))V(u — uz)dx.
By, (x0) “ “
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Now we can think about Eq. (1.7) with 5’7"3 = 0in a domain of R3. After a rotation R € O(3),
the integrand (1.2) has the following invariant property:

W (Ru, RVuR™) = W(u, Vu).

Therefore, the system (1.5)—(1.7) is invariant for a rotation. Without loss of generality, we can
assume that ug(xp) = (0, 0, 1). Since u; and u5 are uniformly continuous in (x, #) € R2 x [0, 7]
for some T > 0, there exists a constant ro > 0 such that for any (x, ) € By, (xp) x [0, 7]

[uy(x, 1) —up(xp)| <&, luz(x, 1) — up(xo)| < &.

Then

/ u{uile(ul,Vm —Vuz)va(uil—“é)dx
Bro(xo) Pa

< Cs/ IV (u, —u2)|2dx+C/ V(@3 —u3)|* dx.
By (x0) By (x0)
It follows from |u| = 1 that
u3Vlu3 = —ulvlul — u2V1u2.
Then an elementary calculation shows that
V@i —u3)| < Cluy — ua| + Ce|V(u1 — u).
By a covering argument, we apply all above estimates to obtain

Is < CS/ |V (uq —uz)lzdx—i-C/ (1 — u2)|? dx.
R2 R2

Therefore, choosing ¢ sufficiently small yields

1d 5 a 5
—— — dx + — Vu — d
2t J [y —uz)|”dx + > /RZ' (w1 —un)|"dx
=< C/ (1 — u2)|* + |v1 — va|* dx. (3.31)
RZ

Using (1.5) and (1.6), one can obtain
1d

2 2
- —wnldx+ [ |V —w)*d
2dr J [vr — v2|dx /RZI (vi —v2)|"dx

< éfzuvl — 0l lut — s + V(s — ux)?) dx
R
1 2
+5 | IV — )l dx. (3.32)
2 R2
Combining (3.31) with (3.32) gives

1d

~ a
1a Clut —urt?+ Lo — 2) d
27 R2< |y — us| +4|v1 v|7) dx

~ a
< C/ (C|u1 — w4 Ly — v2|2) dx. (3.33)
RZ 4
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Integrating (3.33) in ¢ and applying Gronwall’s inequality, we conclude
~ a
/ (Clur = s + Flor = val?) (1) dr
R2 4
~ 2@ 2
< C/ (Clul —uz|” + — vy — v2f )(',O)dt =0.
R2 4
This proves our claim. [
4. Local existence and proof of Theorem 2

In this section, we prove the local exis}ence of solutions of (1.5)—(1.7) and complete the proof
of Theorem 2. Recall the notation that V (z, ) denotes the space V (z, ) where S2 is replaced
by R3.

Lemma 4.1. For a pair (ug, vo) € Hg (R2, 82) x L%(R%, R?) with div vy = 0 in R? in the sense
of distribution, there is a local regular solution (ug, ve) € \7(0, T) x H@O,T) of (1.10)—(1.12)
with initial data (1.9) for some T > 0.

Proof. Although Lin—Liu proved only the global existence of the solution to (1.10)—(1.12) with
initial data (1.9) for the case of k1 = k» = ks, their proofs still work for the local existence for
the system (1.10)—(1.12). Thus we omit the details and refer readers to [27,28]. O

Theorem 4 (Local Existence). For a pair (ug, vo) € Hb1 (Rz, $2) x L2(R%, R3) with divvg = 0
in R? in the sense of distribution, there is a local solution (u,v) € V(0,t1) x H(0,#1) of
(1.5)—(1.7) with initial value (ug, vo) for some t; > 0.

Proof. For any map ug € Hb1 (R?, §2), one can approximate it by a sequence of smooth maps in
Hb1 (R2, $2). Without loss of generality, we assume that ugy € Hb2 (R2, $2) and vo € HY(R%, R?)
with div vg = 0 in R? are smooth. Then thanks to Lemma 4.1, there is a local regular solution
(g, ve) € V x H of (1.10)—(1.12) with initial data (1.9).

For each pair (u, v), set

1
ee(u,v) = W, Vu) + — (1 — [u»? + [v|*,  E(u,v) =f ee(u, v)dx.
282 R2
Then same calculations as for (3.1) give
E(ug(-, 1), ve(-, 1))
t
”/ /zﬂaz e + (Vg - Vite)uel? + Ve *)? dx dt = E(uo, vo). @.1)
0 JR

By an analysis similar to the proof of Lemmas 3.2 and 3.1, one can show that there exist
uniform positive constants Ry and 1, and a positive time T, = T (e, Rp, £1) such that the problem
(1.10)—(1.12) with initial data (1.9) has a regular solution (u,, v;) € V(0, T,) x H(0, T;) for each
fixed ¢ > 0, and furthermore, it holds that

1
sup / Ve (O + [0: (. O 4+ s (1 — Jue (- D) dx < & 4.2)
Br(xo) 2

0=<t=<T;

for any positive R < Ry.
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Next, we will show that there~is a constant 1| > 0, independent of ¢, such that 7, > #; and the
solution (u., ve) is bounded in V (0, 1) x H (0, ¢1) uniformly in .
First, we claim that for all ¢ € [0, min{1, T,}]

1 3

3 < uelx, 0| < 7 4.3)
To verify (4.3), we re-scale the solution by

Ax, 1) = ug(ex, £21), 3(x, 1) = eve(ex, €21), P(x,t) = &2 P.(ex, *1).

Then (&, v) solves the following approximate Ericksen—Leslie system

U+ (- V)V — AV + Vi P = =V, (Vy,ii* W i (i, Vi), (4.4)
J

V.5=0, (4.5)

i+ @@V =V, [Wp(,'y @@, Vﬁ)] — Wi (@, Vi) + a* (1 — |il?) (4.6)

fori = 1, 2, 3, with initial data
v(x,0) = vg(x), iu(x,0) =up(x), Vxe R?, 4.7

where iig(x) = ug(ex) and vg(x) = gvg(ex) satisfy
/ e(io(x), vo(x)) dx = / e(uo(x), vo(x)) dx.
R2 R2

The condition (4.2) becomes

ess su Viu 2 l 1—|u 2y2 5% d 4.8
p IVa(, )"+ =( (-, ) |17)° + |v]"dx < &1 (4.8
B (x) 2

0<t< xeRr?
&

for any R € (0, Ro]. While the basic energy identity (4.1) becomes
P ~12\2
W, Vi) + = (1 — |a|*)" | (-, )dx
R2 2
t
i f /z(lar @ + 19 @+ (0 - VYA, dx dt = E(uo, o) (4.9)
0 JR

forallt € (O, %)
&

Without loss of generality, we assume 7, < 1. Let 7 be the maximal time in [0, %] such that

1
1 <lu(x,t)] <2. (4.10)

By (4.1) and similar arguments as for Lemma 3.2, one can derive from (4.4)—(4.6) that there
exists a uniform constant C such that

T
CO/ / <|V2ﬁ|2+|Vf)|2> dx di
0 R2

T
5—/ / Aﬁ-ﬁ(1—|ﬁ|2)dxdt+C/ [Vuol? + |vo|* dx
0 R2 R2

T
+C/ / IVii|* +19|* dx dt. 4.11)
0 JR?
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Integration by parts yields

T
—/ f Ai - (1 — |a)?) dx dt
0 R2

T 1 T
=f / |Vﬁ|2(1—|ﬁ|2)dxdt——/ / V)i |* | dxdt (4.12)
0o JrR2 2 Jo Jr2

By Young’s inequality and using (4.1), (4.6) and (4.10), one can obtain

T T T
/ / |V12|2(1—|12|2)dxdt§n/ / (1—|12|2)2dxdt+C/ / [Vi|* dx dt
0 R2 0 R2 0 R2

T T
5;7/ / |V2u|2dxdt~|—C/ / |V12|4dxdt+C/ (I Vuol*> + |vol?) dx (4.13)
0 R2 0 R2 R2

for a small constant 7.
Combining (4.11)—(4.13) and choosing ¢ sufficiently small in (4.2) with Lemma 2.2, we
conclude that

T T
/ / (|V2ﬁ|2+|VD|2) dxdt+/ / (1 — |i|?)? dx dt
0 JR2 0 JR?

re?
<C (1 + —2)/ e(uo, vo) dx 4.14)
R R2

for any R < Ry.
It follows also from Lemma 2.2, (4.8), (4.9) and (4.14) that

T 2
[ f (IVil* + [5[* dx dt < C e (1 4 %) E(uo, vo) (4.15)
0 RZ R

for any R < Ry.
Now following the calculation for (3.25), one can derive that for any ¢ € (0, 1),

< (f (|v2ﬁ|2+|Vﬁ|>(-,r>dx) +‘—’f (IV3al? + V23 (. r)dx
dt R2 4 Jgr2
< c/ (0 + ValP)(Vol® + [V2a?) (., rdx
R2

+C ‘/ Ve@' (1 —i|*) - Vg Ad'dx
R2

+C/ |Vii|® (-, )dx. (4.16)
RZ
Note that

C

/ V@' (1 — |i|*)) - Vg A’ dx
RZ

:C‘/ A = i) - Ail dx
]RZ

< C/ |V2ﬁ(-,t)|2dx+Cf Vi (-, 0)[*dx (4.17)
R2 R2

and

c/ Vit (-, 1)|® dx —c/ |Vﬂ(-,t)|4ﬁ-Aﬁdx—C/Va(|Vﬁ|4)ﬁ-Vaﬁdx
R2 RZ

IA

c
—/ |V12(-,t)|6dx+C/ IVi(-, )2 |V, H)ldx.  (4.18)
2 Jr2 R2
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It follows from (4.16)—(4.18) that
% </RZ(|v2a|2 + VP, t)dx) + i—: /}Rz(|v3ft|2 + IV25?) (-, )dx
<C [ Q3P+ AP VP + Vil )dx
e (/Rzuv%(-,mh |W<-,r)|4>dx).
Using the Gagliardo—Nirenberg—Sobolev inequality, one can get

c/ (5% + [Va») (VD] + |VZ%i|?)dx
RZ

1 1
§C</ (|ﬁ|4+|Vﬁ|4)dx)2(/ (|Vﬁ|4+|V2ﬁ|4)dx>2
R2 R2

50(/ (|V5|2~|—|V2ﬂ|2)dx>2</ (|V26|2+|V3ﬁ|2)dx>2
R2 R2

1
2
(/ (|6|4+|Vﬁ|4)dx>
RZ
sff (V25 + [V P)dx + c/ (5[ + |Viil*)dx
8 R2 Rz
/ (VD + |VZi>)dx.
RZ
This, together with (4.18), shows that

d
—/ <|v2ﬁ|2+|v5|2)(~,r>dx+3/ (V32 + [923)) (-, 1)dx
dr Jr2 8 Jr2

< (C/Z(Iﬁl“ + |V12|4)(~,t)dx) /2(|V2ﬁ|2+ V32, )dx + h(t) (4.19)
R R
with
h(t) = c/z(wzm2 +|Vi|H(, tdx. (4.20)
R

It then follows from (4.14), (4.15), (4.19)—(4.20), and Gronwall’s inequality that for all ¢ €
0, 1),

/ (V2 + VIR, )dx < o€ o a4V CDdxar, f (IV2u0l? + Vv P)dx
R2 R2
t
+/ o€ S QW+ CDdxdl (o5 g
0

2 t
Cep (1455 ) E(ug,vo)
<e (1457 ) EGo.vo (”“0”312 + lvoll%,: +/(; h(s)ds)

2 2
TE Ce (1455 ) E(ug,vo)
< (nuon;ﬁnvonip +c(1 +—R2) E(uo, vo)) (Cor(i+iz) o), (4.21)
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Suppose that there is a x| € R? such that |i(x1,1)] < 1/2 (or lie(xy, t)| > %) with some

t € [0, t]. It follows from (4.21) that & is C %-continuous uniformly in (x, ¢). Then, there is a
Ro

constant Cy4 so that for x € By/sc,(x1) with ﬁ < =%, we have
1

(1 — Ji(x, n»H?* >

E.

Then

1 . 2.2 1

- (1 —lix,nP2dx = <|B__(0)] > &1

2JB 4 @ 8 G

acy

which contradicts (4.8) for a sufficiently small &;. This shows that our claim (4.3) holds for all
te [0, %]

Finally, we show that (u,, v,) is bounded in V (0, min{T,, 1}) x H(0, min{T,, 1}) uniformly
for any positive ¢ < 4C4Ry.
For any ¢ < min(1, Tg), it follows from (4.14) and (4.15) that

t 1 t
/ / (|V2u8|2+|Vv€|2)(x,t)dxdt+—/ f (1 = Jug)?)*dx dt
0 R2 484 0 R2

<C (1 + #) E(ugp, vp), (4.22)

! t
//(|Vug|4+|vg|4)(x,t)dxdt§C81 1+ — ) E(uo, vo). (4.23)
0 R2 R2

Let ¢ be the cut-off function as in the proof of Lemma 3.3. Then by an analysis similar to the
ones in (3.14)—(3.17) and using (4.22) and (4.23), one can get

d 1
/ e(us('v t), Ug(', t))‘ﬂz dx +/ / ('Vvé"z + _lat Ug + Ve - Vug|2> (pzdx dt
R? 0 Jr2 2
<fe(u v)2dx+Ci l—i—L %E(u Vo)
= [, o v0)9 R 7 0> V0

+ B ] Ug Ve C ¢ d.x dl . 4.24
0 ]RZ 28

On the other hand,

t
1
/0 /R 57 (= luel)? e - Vi) dx dr

1 1

t 1 2 t |U |2 2
- 214 €

EC(/() /R A d“”) (/0 /R R? d“”)

12 1 212 : 3
<C— R2E(1_|u€| ) dxdt ) (E(uo, v0))?

1

Gy
=Cx <1+F> E(uo, vo) (4.25)

where one has used (4.1) and (4.22).
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Hence,

/ eé‘(u&‘(-xv t), Ué‘(x7 t))dx S / E(MO, UO)dx
B (x0)

BRrr(xo)
1 1
12 t \2
+ CE (1 + F) E (uop, vo) (4.26)
for any R < Ry. First, choose R; > 0 so that
€1
/ e(ug, vo)dx < — 4.27)
Bog, (x0) 2
for all xg € R2. Then, set
. e1 Ry
t1 = minj Ry, . (4.28)
4C(e1 + E(uo, vo))

Then fort < 11,
/ ee(ue(x,1), ve(x,1))dx < g1
Bg(x0)

forall xog € RZand R < R;. Cons~equently, we have shown that there is a uniform ¢ < min{7, 1}
such that (u,, v,) is bounded in V (0, #1) x H (0, ¢1) with #; independent of ¢. Letting ¢ — 0, we
can prove the local existence of solution (u, v) € V (0, #;) x H (0, t;) with initial data (1.9). U

Now we complete the proof of Theorem 2.

Proof. By Theorem 4, there is a local solution (u#,v) € V(0,1) x H(0, ) of (1.5)—(1.7) in
R2 x [0, 7;] with initial conditions (1.9) for some #; > 0. By Lemmas 3.4 and 3.5, the solution
can be extended in [0, 77) for a maximal times 77 such that at 77, there is at least a singular point
xil € R? such that

lim sup/ e(u,v)(-,t)dx > g
/Ty JBR(x))

for any R < Ry for some Ry > 0 and g9 > 0. It is easy to see the solution (#,v) € V x H
is regular for all + € (0, 71). Then there exists a sequence of {f,} such that the sequence
(u(ty), v(ty)) converges weakly to (u(77), v(T7)) in H'(RZ%; §%) x L%(R?; R3) satisfying

[ ewernvrax < [ e wydx— o, divorr <o,
R2 R2
Using the energy identity, there is a finite number of singular times {T,}lL:1 in Theorem 2. [J

5. Appendix: The liquid crystal flow and regularity issue

In this section, we formulate the liquid crystal heat flow and discuss C!-®-regularity issues for
solutions of the liquid crystal flow (1.4) and the system (1.5)—(1.7).

The liquid crystal equilibrium system in a form of vectors and tensors was derived by Hardt
et al. in [15] using the Lagrange multiplier method, but we need a precise form of (1.3) in
coordinates.
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Let ¢ be a smooth functional in C3° (42, R3). We consider a variation

u—+tp _ u—+tp

) = T o] (T 2t -6 + 2D

and compute
dup (A 19)u- ¢ +116P)
dt (14 2tu - ¢ + 12921/

To derive the Euler—Lagrange equations, we compute

d
— / W(us, Vuy) dx =0.
d[ N =0
This implies
du] V!
/ Wi Rl + Wpf ot dx =0,
0 dt o dt —o

where W i (u p) = a_W and W, = B—W Note

dul
dt

‘We conclude that

/ . W) ¢>f —ul (u- ¢>]

= Vo' — Vou' (u-¢) —u' Vy(u - $).

t=0

S dVyu!
Y A | . t
T ¢ —u'(u-9), —ar

+ Wy (1, V) [Vaqbi Vol (U ) — 1l Vo (u - ¢)] dx =0 (5.1)

for any ¢ € C3°(42, R3). Therefore, u € H'(£2, §?) is said to be a weak solution to the liquid
crystal system if u satisfies

Va [Wp& (u, Vu) — ukuin[; (u, Vu)] + W,i(u, Vu)
— W, Viu*u' — W (u, Vu)Vou*u' — W (u, Viyu* Vou' =0
in the sense of distribution. Note |u|?> = 1, then «!Vu' = 0. This system is the exact form

of (1.3).
Then, the liquid crystal flow can be formulated as in (1.4), i.e.,
T = Ve [ Wy (Vi) = a0 Vi 0, Vi) | = W, Vi)
+ Wk (u, Vu)ukui + Wp{; (u, Vu)Vaukui + Vpé‘, (u, Vu)ukVaui.

Next, we will prove that a Holder continuous solution of (1.4) belongs to Cl@ for some «
with 0 < a < 1. For any point zg = (xg, f9) € {2 x [0, R) and any number R > 0, we use
standard notations:

B(xo.R)={x e R*:[x —xo| <R}, Q0. R) = B(xo, R) x (to — R*, 10),
Sr(z0) = B(x0, R) x {ty — R*} N dB(x0. R) x (to — R, ).
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Proposition 5.1. Let 2 be a domain in R? with smooth boundary (2. Let u be a weak solution
of (1.4) and Holder continuous in 2 x [0, T). Then, Vu is (locally) Hilder continuous with the
same exponent in §2 x [0, T).

Proof. Assume that u(x, t) is Holder continuous with exponent 8,0 < 8 < 1. Let (xq, #p) €
2 x (0, T) with Qag,(z0) C §2 x (0, T) for some Ry > 0. Note u(xo, o) = e € S2. After a
rotation, we can assume that e = (0, 0, 1).

It follows from |u| = 1 and Cauchy’s inequality that

PP IVt < (1= 1 ) Val® < 2lu — uxo, 10)]|Vul*. (5.2)
Denote
P = (p)3x2.
Using the structure of W (u, p), we can write
Wp(u, Vu) = Wﬁ(u, Vul, Vu2) + f(u, Vu3),
where | f(u, Vu?)| < C|Vu?|.

Let # = (v', v?) be the solution of the Cauchy—Dirichlet problem

vl =V, [Wﬁg (e, Vo', Vv2)] in QR (zo) (-3)

v =u' on Sg(zo).

for i = 1,2. Since (5.3) is a parabolic system with constant coefficients, it follows from
Proposition 1.2 of [14] that forall p < R < Ry

5
/ |va|2dz§c(ﬁ)/ V2 dz
0, R7 Jog

and
7
[ wi-@ipaczc(B) [ 1vi- v,
0, R7Jopg

Set w = u — v. Then for all p < R, we have

5
/|Vu|2dz§C(£)/ |Vu|2dz+C/ |Vﬁ)|2dz+C/ Vi Pdz (5.4)
2, R Jog o o

).

and

7
\Vu — (Vu),[*dz < C (3) f Vi — (Vu)gl?dz
R Or

14

+c/ |V11)|2dz+C/ Vi3 |? dz. (5.5)
ORr ORr

Note that u is S-Holder continuous in {2 x [0, T') and u(xg, #p) = (0, 0, 1).
Although there is no maximum principle for the parabolic system (5.3) with constant
coefficients, Giaquinta—Struwe in [14, p. 445] obtained that

sup [v — u(xo, fo)| < C sup |u — u(xo, fo)|
ORr ORr
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with a constant C independent of R and u. This implies
W] < u — u(xo. 10)] + v — u(xo, t0)| < CRP. (5.6)

Multiplying the difference between (5.3) and (1.4) by @' (i = 1, 2) and integrating over Qg lead
to

2
/B|1I)|2(-,t0)dx+/ Zvawiwﬁé(e,vw)dx
R

Or =1

2
5/ Zmaﬂ|Wﬁ,»(e,va)—Wﬁi(u,w)|dx+c/ Vi || Vib|dx
0 ‘ ‘ Or

R =1
2 3

- ZZvawfuiukvpk(u,W)Jrc/ BVl dx. (5.7)
Or i=1 k=1 ‘ Or

Since u is B-Holder continuous and u(xg, o) = (0, 0, 1), we have |ui| < CRP fori = 1,2.
Applying Young’s inequality and (5.2) yields

/ IV|?dz < CRﬁ/ |Vul|?dz. (5.8)
ORr ORr
It follows that for all p < R,
5
[ \Vul2dz < C (5) / |Vu|2dz+CR’3/ \Vul? dz. (5.9)
R Or ORr
p

We claim the following Cacciopoli’s inequality

1
/ |Vul?dz < C—2/ lu —usg|>dz < CR3*?8, (5.10)
0(z0.R) R= Jo@zo.2R)

for any zg € {2 x (0, o0) and R < Ry, where usp is the average of u in Q2r(x9, tp).

Next, we prove this claim. Let £ be a cut-off function in Cgo(Bg r(x0)) with0 < & < 1,
& = 1in Bgr(xo) and |V&| < %. Let T € C*(R, R) be a function that depends only on ¢ with
0O<t<l1,r=1on[g— R% fy]land T = 0 on (—o0, fo — 4R?) and |3,;7| < C/R2.

Testing (1.4) with ¢ = (u' —uéR)S%ZI(,(X,,,O) fori =1, 2, where I(_oo ) is the characteristic
function of (—o0, ty), we have

2

/ ., 10) — uzr 6> (t0) dx + f W iVt Vau' €27 dz
Bag(x0) Qor@o) =1 7

< 2/ [Wpi (u, Vu) — ukuink (u, Vu)] Vaé(ui - uéR)§r2 dz
02r(20) “ “
+c/ [Vul|*|u —u2R|§212dz+2/ lu — urg|> €77 dz
02r(z0) 02r(20)

+ f W ul Vo (u, Vi) Vo (u' — uh )62t dz + C/ \Vid 2212 dz.
Q2r(20) ¢ 02r (20)
Since u is B-Holder continuous and u(xg, #p) = (0, 0, 1), u(x, t) —uo g can be chosen sufficiently
small when Ry is small and |u'| + |u?| is also small. We need to deal with the last term above.
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However, due to (5.2), the term |Vu?3|? can be handled easily. Thus, by Young’s inequality, the
claim (5.10) follows.

Using (5.9) and (5.10), a standard iteration (cf. [10, Chapter III, Lemma 2.1]) yields that for
all p < Ry, one has

/ |Vul?dz < Cp> 3P, (5.11)

14

where C depends on Ry. An iteration by (5.9) and (5.10) yields that for any o < 1,

f |Vu>dz < Cp3+%.

P

Using (5.2) and (5.8) yields

).

7
|Vu—(Vu)p|2dsz(%)/ |vu—(vu)R|2dz+CRﬁ/ \Vul? dz
ORr 0

P R

7
<cC (ﬁ) / \Vu — (Vu)g|? dz + CR3T20+B,
R/ Jo

R

Choose o sufficiently close to 1 so that 20 4+ 8 > 2. Then, for all p < %, we have

/ |Vu — (Vu),|>dz < Cp T2

9

for some o1 with 0 < o1 < 1. This implies Vu € €191 and then Vu € C1A (cf[14]D). O

loc

Proposition 5.2. Let (1, v) be a weak solution of (1.5)—(1.7) in R® x [0, T] and assume that u
is Holder continuous in R? x [0, T). Let T be any positive constant. For t € [t, T], we have

/2 IV2u(x, ))? + |Volx, )?dx < Ct~'(1+ TR™?).
R

Then, (u, v) is smooth in R? x O, 7).

Proof. By the Sobolev embedding theorem, we have
/ [Vu(x, H)I|? + |v(x, )P dx < C
Bi(x0)

for any p > 1 and for xy € R? and ¢ > 7. By an analysis similar to the one in Lemma 2.4, we
can show that u is Holder continuous in R? x [z, T].
To get the higher order regularity, we rewrite (1.7) as

Ui — Y, [Wpé , W)] s [Vpg(u, W)] — (- V)i + B, Va), (5.12)
where B(u, Vu) is given by
B(u, Vu) = —W,i(u, V) + W (u, Vuyu*u' + W ok (i, Vu)Vou u!
+ Vpg (u, Vu)ukvaui — Va [ukui] Vp[; (u, Vu).
Since W (u, p) is quadratic and convex in p, we can write

Wp;;, (u, Vu) = a;]ﬁ (u)Vauj.
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Since u is uniformly Holder continuous, the left-hand term of (5.12) is a parabolic operator. Let
&(x) be a cut-off function in Bg(xp) and let t € C*°(R, R) be a function that depends only on ¢

withO <t <1, 7r=1o0n [to — }‘Rz, to] and t = 0 on (—o0, ty — Rz) and |0;T| < C/R2. Set
¢ = t&. Multiplying (5.12) by ¢, we have
W)} = Ve [aly 0 Valu §)] — '
= —dkuiv, [vpé , W)] b — (- V) + B, Vi)l (5.13)
By the assumption, we have
(v-Viu € LP(Qr(x0)),  |Vul> € LP(Qr(x0)) Vp > 1

But the first term on the right hand side of (5.13) which is not a ‘good’ term, needs more analysis.
Using the fact that |u| = 1, we have

u3V02lﬁu3 =—(Vgu-Vu + u‘vgﬁu‘ + u2V§ﬁu2), u3uf = —(I/t]ul] + uzutz).
Without loss of generality, we regard the solution in R3. By a rotation, we assume
u(xg, to) = (0,0, 1).
Since u is Holder continuous, there exists a small R such that
lu(x, 1) —u(xo, 10)| < €
for a sufficiently small constant ¢ > 0. Therefore
V23| < CIVul® +2(1V2u' | + |V2u?))

Apply the classical LP-estimate of parabolic systems (c.f. [8,22]) to (5.13) fori = 1, 2, we
have

bl Lo (@reon) + IV @Dk < ClOVZPliLr + CellV2ullLr(0r(xo))
+ Cluliz2r g xon + 10220 (@Rxoy + D
where ii = (1!, u?). Choosing ¢ sufficiently small, we obtain the following.
lurllr@rcxon + 1V @llLr0riron < C-
To estimate v in (1.5), it follows from Holder’s inequality that

4—p

p/4 4 4
/ [(v-VYv|Pdx < (/ |Vv|4dxdt> (/ |v|4r dxdt)
R2x[7,T] R2x[7,T] R2x[7,T]

for any p with 3 < p < 4. By the LP-estimate of Stoke’s operator (e.g. [32]), v; and VZv are in
L? for 3 < p < 4. This implies that v is Holder continuous.
Differentiating in x; in (5.12), we have

(Vs = Ve [aly 0 Va (V)| = = u' Vo [V 0, V0]
+ v#V2u 4 Vo#Vu + Vu#Viu.

By applying the L?-theory, a similar argument yields that Vu is uniformly continuous. Then, a
standard bootstrap method implies that («, v) are smooth. [
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