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Abstract

Inverse limits of nilsystems in topologically dynamical systems were characterized by Host, Kra and
Maass recently. Namely, for each d € N a certain generalization of the regionally proximal relation was
introduced, and for a distal minimal system it was shown that such a relation is an equivalence one, which
determines the maximal d-step nilfactor. One of the main results in this article is to show that the above
results hold for a general minimal system.

A combinatorial consequence is also deduced, which is the topological correspondence of the result
obtained by Host and Kra for positive upper Banach density subsets using ergodic methods.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. Background

In a recent paper [23] by Host et al. the authors characterized inverse limits of nilsystems in
topologically dynamical systems, via a structure theorem for topological dynamical systems that
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is an analog of the structure theorem for measure preserving systems. The way they achieved this
is first to define a certain generalization of the regionally proximal relation for any d € N and any
topologically dynamical system (X, T'), and then to show that this relation is an equivalence one
for any minimal distal system. Finally they used the ergodic method to prove that the quotient
of X under this relation is an inverse limit of d-step nilsystems which is the maximal nilfactor
of (X, T). We note that the case d = 1 is classic, and the case d = 2 was obtained by Host and
Maass in [24].

The question if this relation is an equivalence one for general minimal systems remains open
in [23]. We aim to study this question in the current paper. To state our main results let us recall
the notion of the regionally proximal relation of order d introduced in [23] (d = 2 in [24]). Let
(X, T) be a topologically dynamical system and let d > 1 be an integer. A pair (x,y) € X x X
is said to be regionally proximal of order d if for any § > 0, there exist x’, y’ € X and a vector
n= ny,...,ng) € Z% such that p(x, x’) < 8, p(y,y') <8, and

p(T™x', T™y') <8 foranye € {0,1}, ¢ # (0, ...,0),

wheren-€ = Zflz 1 €ini. The set of regionally proximal pairs of order d is denoted by RPI(X),
which is called the regionally proximal relation of order d.

It is easy to see that RP[d](X ) is a closed and invariant relation for all d € N. Whend = 1,
RP4(X) is nothing but the classical regionally proximal relation which determines the maximal
equicontinuous factor for any minimal system.

1.2. Main results

In this article, we completely answered the question remained in [23]. Namely, we show that
for each minimal system (X, T), RP[‘”(X ) is a closed invariant equivalence relation which is
obtained by a deep understanding of the minimal sets in the dynamical parallelepipeds Q1 (X)
for the actions of face transformations. We also show that for a factormap 7 : (X, T) — (¥, S)
between minimal systems, 7 x 7(RP (X)) = RP(Y) which is interesting itself and also
allows us to prove that X/RP4(X) is the maximal d-step nilfactor of (X, T') by using some
result in [23].

Note that a subset S of Z is dynamically syndetic if there is a minimal system (X, T), x € X
and an open neighborhood U of x such that S = {n € Z : T"x € U}. Equivalently, S C Z
is dynamically syndetic if and only if S contains {0} and 1g is a minimal point of ({0, 1}%, o),
where o is the shift map. A subset S of Z¢ is syndetic if there exists a finite subset F C Z¢ such
that S + F = Z“. In [20, Theorem 1.5] Host and Kra proved the following result. Let A C Z
withd(A) > 8§ > Oand letd € N, then

n:(nl,nz,...,nk)eZd:3< ﬂ (A—l—e-n)) > 52

e€{0,1}4

is syndetic, where d(B) denotes the upper density of B C Z.
A combinatorial consequence of our results is that if S is a dynamically syndetic subset of Z,
then for eachd > 1,

{n:(nl,...,nd)EZd:e-n:n161+~-~+ndedeS,ei6{0,1},1§i§d}

is syndetic. In some sense this is the topological correspondence of the above result obtained by
Host and Kra for positive upper Banach density subsets using ergodic methods.
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In [23] the authors showed that RP1! is an equivalence relation for minimal distal systems
without using the enveloping semigroup theory explicitly. In our situation we are forced to use the
theory. The main idea of the proof is the following. First using the structure theory of a minimal
system we show that the diagonal points acting by the face transformations are minimal, and
then we prove some equivalence conditions for a pair being regionally proximal of order d. A
key lemma here is to switch from a cubic point to a face point. Combining the minimality with
the conditions we show that RPI“! is an equivalence relation for minimal systems. Finally we
show that RP!“! can be lifted up from a factor to an extension between two minimal systems,
which implies that the factor induced by RP!“! is the maximal d-step nilfactor by using some
result in [23].

We remark that the main results of the paper can be extended to abelian group actions without
difficulty.

1.3. Historic remarks

The study of the regionally proximal relation has a long history in topological dynamics. One
of the first problems in the study of topological dynamics was to characterize the equicontinuous
structure relation S, (X) of a system (X, T); i.e. to find the smallest closed invariant equivalence
relation R(X) on (X, T) such that (X/R(X), T) is equicontinuous. A natural candidate for R(X)
is the so-called regionally proximal relation RP(X) [7]. By the definition, RP(X) is closed,
invariant, and reflexive, but not necessarily transitive. The problem was then to find conditions
under which RP(X) is an equivalence relation. It turns out to be a difficult problem. Starting with
Veech [29], various authors, including MacMahon [27], Ellis—Keynes [9], came up with various
sufficient conditions for RP(X) to be an equivalence relation. For somewhat different approach,
see [2]. Note that in our case, T : X — X being homeomorphism and (X, 7') being minimal,
RP(X) is always an equivalence relation.

In the 1970s Furstenberg gave a beautiful proof of Szemerédi’s theorem via ergodic
theory [11]. It remains a question if the multiple ergodic averages

1 N—1
5 2 NI fa (@),
n=0

converges in L2(X , ) for f1, ..., fa € L*°(X, n). This question was finally answered by Host
and Kra in [20]. For the later development along the line see [32,28,3,19].

In the paper by Host—Kra [20] the authors defined for each d € N and each measure-
preserving transformation on the probability space (X, B, ) a factor Z; which is characteristic
and is an inverse limit of d-step nilsystems. Those factors have many important applications.
Since topological dynamics and ergodic theory are twins, it is natural to ask how to obtain similar
factors in topological dynamics. In the pioneer paper [23] ([24] for d = 2) the authors succeeded
doing the job for minimal distal systems. So the main results in [23] and in the current paper
can be seen as the topological correspondence of the Z; factors in ergodic theory. We note that
the counterpart of the characteristic factors in topological dynamics was also studied by Glasner
[15,16]. For applications of the main results of the paper see [4,25].

1.4. Organization of the paper

In Section 2, we introduce some basic notions used in the paper. Since we will use tools from
abstract topological dynamics, we collect basic facts about them in Appendix A. In Section 3,
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main results of the paper are discussed. The three sections followed are devoted to give proofs of
main results. Notice that lots of results obtained there have their independent interest.

2. Preliminaries

In this section we introduce notions about dynamical parallelepipeds and nilsystems etc. For
more details see [20-23].

2.1. Topological dynamical systems

A transformation of a compact metric space X is a homeomorphism of X to itself. A
topological dynamical system, referred to more succinctly as just a system, is a pair (X, T),
where X is a compact metric space and 7 : X — X is a transformation. We use p (-, -) to denote
the metric in X. We also make use of a more general definition of a topological system. That
is, instead of just a single transformation 7', we will consider a countable abelian group of
transformations. We collect basic facts about topological dynamics under general group actions
in Appendix A.

A system (X, T) is transitive if there exists some point x € X whose orbit O(x, T) = {T"x :
n € Z} is dense in X and we call such a point a transitive point. The system is minimal if the
orbit of any point is dense in X. This property is equivalent to say that X and the empty set are
the only closed invariant sets in X.

2.2. Cubes and faces

Let X be a set, let d > 1 be an integer, and write [d] = {1, 2, ..., d}. We view {0, 1}d in one

of two ways, either as a sequence € = (€1, ..., €7) of 0’s and 1’s; or as a subset of [d]. A subset
€ corresponds to the sequence (€1, ..., €4) € {0, l}d such that i € € if and only if ¢; = 1 for
i € [d]. For example, 0 = (0,0, ...,0) € {0, l}d is the same to ¥ C [d].

Ifn=(n,...,ng) € Z¢ and € € {0, 1}, we define

d
n-e€—= E n;€;.
i=1

If we consider € as € C [d],thenn-€ =}, n;.

We denote X2 by X!, A point x € X!9I can be written in one of two equivalent ways,
depending on the context:

X = (xe 1 € € {0, 1}%) = (xc : € C [d]).
Hence x¢ = xy is the first coordinate of x. As examples, points in X! are like
(x00, X105 X01, X11) = (X, X{1}, X{2}, X{1,2})
and points in X3! are like
(000, X100, X010, X110, X001 X101, X011, X111)
= (Xg, X{1}, X{2}, X{1,2}, X{3}, X{1,3}> X{2,3}» X{1,2,3})-

For x € X, we write x[91 = (x,x,...,x) € X The diagonal of Xl jg Ald] = {x[d] X €
X}. Usually, when d = 1, one denotes the diagonal by Ay or A instead of AU,
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A point x € X9 can be decomposed as x = (X, x”) with X', x” € X411 where X' = (x :
€ € {0, 1} Y and X" = (x¢1 : € € {0, 1}4~1). We can also isolate the first coordinate, writing
X!,f” = X2~ and then writing a point X € X9 as x = (xy, x,), where X, = (xc : € # 0) €
x4,

Identifying {0, 1}¢ with the set of vertices of the Euclidean unit cube, a Euclidean isometry
of the unit cube permutes the vertices of the cube and thus the coordinates of a point x € X4,
These permutations are the Euclidean permutations of X 4] For details see [20].

2.3. Dynamical parallelepipeds

Definition 2.1. Let (X, T') be a topological dynamical system and let d > 1 be an integer. We
define Q[d] (X) to be the closure in X9 of elements of the form

(T™ex = T+ Haciy . ¢ = (¢, ..., eg) € {0, 1}9),

where n = (n1, ...,ng) € Z% and x € X. When there is no ambiguity, we write Q!9 instead of
QI(X). An element of Q[41(X) is called a (dynamical) parallelepiped of dimension d.

It is important to note that Q! is invariant under the Euclidean permutations of X141,
As examples, Qm is the closure in X2 = X* of the set

{(x, T"x, T"x, T"""x) :x € X, m,n € 7}
and QP is the closure in X3 = X8 of the set

(O, T"x, T"x, T" " x, TPx, T" Px, T" Px, T" " Px): x € X, m,n, p € 7}.

Definition 2.2. Let ¢ : X — Y and d € N. Define ¢!! : X4 — yldl by (4l9lx), = ¢x, for
every x € X4 and every € C [d].

Let (X, T) be a system and d > 1 be an integer. The diagonal transformation of X' is the
map Tl

Definition 2.3. Face transformations are defined inductively as follows: Let 7101 = T, Tlm =
dxT.If {TI.[‘F]]}‘;;I1 is defined already, then set

T = T}"*” x T}d*”, jefl,2,...,d—1),
T = idld=11  7ld-1l,

It is easy to see that for j € [d], the face transformation Tj[d] : xldl 5 x1d] can be defined
by, for every x € X [l and e C [d],

d .
[d]x _ (Tj[ ]X)G = T.Xe, J € €;
; = d ]
J (Tj[ ]x)e = X, j €e.

The face group of dimension d is the group F141(X) of transformations of X! spanned by the
face transformations. The parallelepiped group of dimension d is the group G!1(X) spanned by
the diagonal transformation and the face transformations. We often write F1¢! and G!4! instead
of Fld] (X) and G 4] (X), respectively. For G 4] and F [d], we use similar notations to that used
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for x41. namely, an element of either of these groups is written as S = (S : € € {0, 1}4). In
particular, F141 = {§ e Gl : §; = id).

For convenience, we denote the orbit closure of x € X9l under F14! by m(x), instead of
O(x, Fldly,

It is easy to verify that Q! is the closure in X9 of

(sxl4: 5 e FlI x € x}.
If x is a transitive point of X, then Q4] is the closed orbit of x?! under the group G191,

2.4. Nilmanifolds and nilsystems

Let G be a group. For g, h € G, we write [g, h] = ghg~'h~! for the commutator of g and
h and we write [A, B] for the subgroup spanned by {[a, b] : a € A, b € B}. The commutator
subgroups G, j > 1, are defined inductively by setting G; = G and G4 = [G}, G]. Let
k > 1 be an integer. We say that G is k-step nilpotent if G is the trivial subgroup.

Let G be a k-step nilpotent Lie group and I" a discrete cocompact subgroup of G. The compact
manifold X = G/I" is called a k-step nilmanifold. The group G acts on X by left translations
and we write this action as (g, x) + gx. The Haar measure u of X is the unique probability
measure on X invariant under this action. Let T € G and T be the transformation x +— 7x of X.
Then (X, T, u) is called a basic k-step nilsystem. When the measure is not needed for results,
we omit it and write that (X, T') is a basic k-step nilsystem.

We also make use of inverse limits of nilsystems and so we recall the definition of an inverse
limit of systems (restricting ourselves to the case of sequential inverse limits). If (X;, T;);en are
systems with diam(X;) < M < oo and ¢; : X;+1 — X; are factor maps, the inverse limit of the
systems is defined to be the compact subset of [ [; .y X; given by {(x;)ien : @i (Xiy1) = x;,0 €
N}, which is denoted by l(iEI{X i}ien. It is a compact metric space endowed with the distance

px,y) =D ienl /2d; (x;, y;). We note that the maps {7;} induce a transformation 7 on the
inverse limit.

In [23] authors characterized inverse limits of nilsystems in topological dynamics, via a
structure theorem for topological dynamical systems that is an analog of the structure theorem
for measure preserving systems [20].

Theorem 2.4 (Host—-Kra—Maass [23, Theorem 1.2]). Assume that (X, T) is a transitive
topological dynamical system and let d > 2 be an integer. The following properties are
equivalent:

(1) If x, y € QUN(X) have 2¢ — 1 coordinates in common, then x = y.
() If x, y € X are such that (x, y, ..., y) € QU¥N(X), then x = y.
(3) X is an inverse limit of basic (d — 1)-step minimal nilsystems.

A transitive system satisfying either of the equivalent properties above is called a (d — 1)-step
nilsystem or a system of order (d — 1).

2.5. RPHI

For a dynamical system, the regionally proximal relation of order d, denoted by RP!“! has
been stated in the introduction. It is easy to see that RP1! is a closed and invariant relation for
all d € N. Note that

... c RPIH c RPIT € ... < RPP? C RP!!! = RP(X).
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By the definition it is easy to verify the following equivalent condition for RP1!, see [23] for
a proof.

Lemma 2.5. Let (X, T) be a minimal system and let d > 1 be an integer. Let x,y € X. Then
(x,y) € RPUI if and only if there is some a, € XLd] such that (x, a,, y, a,) € Q[d+1].

Remark 2.6. When d = 1, RP[!! is the classical regionally proximal relation. If (X, T) is
minimal, it is easy to verify directly the following useful fact:

(x,y) e RP=RP!M & (x,x,y,x) e Q¥ & (x,y,y,y) € QP

3. Main results

In this section we will state the main results of the paper. We remark that the main results of
the paper can be extended to abelian group actions.

3.1. Fllminimal sets in Q9]

To show RP!“! is an equivalence relation we are forced to investigate the F!?l-minimal
sets in Q4] and the equivalent conditions for RP!!. Those are done in Theorems 3.1 and 3.4
respectively.

First recall that (Q!4!, G!9]) is a minimal system, which is discussed in [23]. In our situation
we need to understand F'“)-minimal sets in Q4. Let (X, T') be a system and x € X. Recall that

Fldl(x) = O(x, Fldl) for x € X4, Set
Qx] = {z € QN(X) : zp = x}.

We can show the following theorem.

Theorem 3.1. Let (X, T') be a minimal system and d € N. Then

(1) (Fll(xldly, Fldly js minimal for all x € X.
() (Fldl(xldly, Fldly js the unique F'9-minimal subset in QY91 [x] for all x € X.

The above theorem has the following combinatorial consequence.

Corollary 3.2. Let (X, T) be a minimal system, x € X and U be an open neighborhood of x.
PutS={ne€Z:T"x € U}. Then for eachd > 1,

{(n1,....n0) €Z8 :njey + - +ngeg €S, 6 €{0,1},1 <i <d}

is syndetic.

Remark 3.3. (1) To understand S better we state the following proposition whose proof is
similar to [26, Proposition 2.3]: The family of dynamically syndetic subsets is the family
generated by the sets S whose indicator functions 1 are the minimal points of ({0, 1}%, o)
and 0 € S, where o is the shift. Notice that a collection F of subsets of Z is a family if it is
upwards, i.e. A € F and A C B imply that B € F.

(2) We note that if S is a syndetic subset of Z then S — S D S§; — S for some dynamically
syndetic subset Sj.
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3.2. RPY s an equivalence relation

With the help of Theorem 3.1, we can prove that RP4] is an equivalence relation. First we
have the following equivalent conditions for RP“!,

Theorem 3.4. Let (X, T) be a minimal system and d € N. Then the following conditions are
equivalent:

(1) (x,y) € RPII;
Q) (&, ¥, ¥y e y) = (x, Y € Qld+1I;
B) (X, 3.y, ry) = (x, YTy ¢ Fld+T(ld+1T),

Proof. (3) = (2) is obvious. (2) = (1) follows from Lemma 2.5. Hence it suffices to show
(H = 3).

Let (x,y) € RP!“! Then by Lemma 2.5 there is some a, € X!,fl] such that (x, a,, y, a,) €
QI4+11 Observe that (y, a,) € Q! By Theorem 3.1-(2), there is a sequence {Fi} C F¢! such
that Fi(y, a,) — y[d], k — oo. Hence

Fi x Fe(x, a0, y,2,) — (x, yl90 y, yldly = (x, yld+ily,

Since Fi x Fi € 19+ and (x, a,, y, a,) € QU*!1, we have that (x, yi*™!)) € QU+11,
By Theorem 3.1-(1), yl4+11 is Fld+1 minimal. Tt follows that (x, y}**!) is also Fld+11-

minimal. Now (x, yl™) e QE+1[x] is F14+_minimal and by Theorem 3.1-(2), Fld+1]

(x[@+11) is the unique F+!-minimal subset in QI¢*![x]. Hence we have that (x, yl¢™) e

Fld+11(x[d+11) "and the proof is completed. [

k — oc.

By Theorem 3.4, we have the following theorem immediately.

Theorem 3.5. Let (X, T) be a minimal system and d € N. Then RP(X) is an equivalence
relation.

Proof. It suffices to show the transitivity, i.e. if (x,y), (y,z) € RPI(X), then (x,2) €
RPII(X). Since (x, y), (v, z) € RPI¥I(X), by Theorem 3.4 we have

DX, Xy e X), (9220 2 o+, 2) € Fla+1(yld1]),

By Theorem 3.1 (Fld+1(yld+11y Fld+11y js minimal, it follows that (y, z,z, ..., z) € Fld+1]
(y,x,x,...,x). It follows that (x,z,z,...,z) € Fld+1(xld+1l) By Theorem 3.4 again,
(x,z) e RPY(X). O

Remark 3.6. By Theorem 3.4 we know that in the definition of regionally proximal relation of
d, x' can be replaced by x. More precisely, (x, y) € RP“! if and only if for any 8 > 0 there exist
y' € X and avectorn = (ny,...,ng) € 74 such that for any nonempty € C [d]

p(y.y) <8 and p(T™x, T"Y) <.

This conclusion is first given in [23] for a minimal distal system.
3.3. RPY! and nilfactors

A subset § C Z is thick if it contains arbitrarily long runs of positive integers, i.e. there is a
subsequence {n;} of Z such that S D U?il{n,-, ni+1,...,n; +i}.
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Let {b;};cs be a finite or infinite sequence in Z. One defines
FS({bilier) = {Zbi : o is a finite non-empty subset of I}.
iea
Note when I = [d],
FS({bi}l_)) = {me te= () € {0, 1)\ {@}}.
iel
F is an [P set if it contains some F'S({p; l‘.’il), where p; € Z.
Lemma 3.7. Let (X, T) be a system. Then for every d € N, the proximal relation
P(X) C RP9(X).

Proof. Let (x, y) € P(X) and § > 0. Set
Ns(x,y) ={ne€Z:p(T"x,T"y) < &}.

It is easy to check Ns(x,y) is thick and hence an IP set. From this it follows that P(X) C
RP! (X). More precisely, set F'S({p; }?il) C Ns(x, ), then forany d € N,

(TPt FPaay rieit=tpiciyy « 5 ¢ =(ep,...,e5) €{0,1}4, € #(0,...,0).
That is, (x, y) € RP foralld e N. O

The following corollary was observed in [24] for d = 2.

Corollary 3.8. Let (X, T) be a minimal system and d € N. Then (X, T) is a weakly mixing
system if and only if RPI4 = X x X.

Proof. Since a minimal system (X, T') is weakly mixing if and only if P(X) = RP(X) = X x X
(see [1]), so the result follows from Lemma 3.7. [

We remark that more general properties for weakly mixing systems will be shown in
Theorem 3.13 in the sequel.

Proposition 3.9. Let (X, T) be a minimal system and d € N. Then RP1 = A if and only if X
is a system of order d.

Proof. It follows from Theorems 3.4 and 2.4 directly. [J
3.4. Maximal nilfactors

Note that the lifting property of RP1?! between two minimal systems is obtained in the paper.
This result is new even for minimal distal systems.

Theorem 3.10. Let v : (X, T) — (Y, T) be a factor map and d € N. Then

(1) © x 1(RP¥(X)) € RPI(Y);
() if (X, T) is minimal, then = x 7 (RP (X)) = RP!(Y).
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Proof. (1) It follows from the definition.
(2) It will be proved in Section 6. [

Theorem 3.11. Let 7w : (X, T) — (Y, T) be a factor map of minimal systems and d € N. Then
the following conditions are equivalent:

(1) (Y, T) is a d-step nilsystem;
(2) RPI(X) C R,.

Especially the quotient of X under RP1(X) is the maximal d-step nilfactor of X, i.e. any d-step
nilfactor of X is the factor of X /RP(X).

Proof. Assume that (Y, T) is a d-step nilsystem. Then we have RPI“/(Y) = Ay by Proposi-
tion 3.9. Hence by Theorem 3.10-(1),

RPYNX) c (7 x 1) N (Ay) = R,.

Conversely, assume that RP“!/(X) c R,,.If (Y, T) is not a d-step nilsystem, then by Proposi-
tion 3.9, RPI(Y) #+ Ay.Let (y1, y2) € RP[d]\Ay. Now by Theorem 3.10, there are x1, x5 € X
such that (x1, x2) € RPI(X) with (7m x 1) (x1, x2) = (y1, y2). Since 7w (x1) = y1 # y2 = 7 (x2),
(x1, x2) &€ R~. This means that RP"”(X ) ¢ R, acontradiction! The proof is completed. [

Remark 3.12. In [23, Proposition 4.5] it is showed that this proposition holds for minimal distal
systems.

3.5. Weakly mixing systems

In this subsection we completely determine Q'“! and F141(x[4]) for minimal weakly mixing
systems which helps us to understand the proof of Lemma 4.4.

Theorem 3.13. Let (X, T) be a minimal weakly mixing system and d > 1. Then
(1) (Q¥1, glaly is minimal and Q4 = x41.

(2) Forall x € X, (Fldl(xl4ly Fldly is minimal and
FI(d) = (x} x X4 = (x} x x>,

Proof. The fact that (QI4], Gl91) is minimal and Q!! = X191 is followed from (2) easily. Hence
it suffices to show (2).
We will show for any point of x € X! with x4 = x, we have

Fldl(x) = {x} x X9,

which obviously implies (2). First note that it is trivial for d = 1. Now we assume that (1), and
hence (2) holds ford — 1,d > 2.

Let x = (¥, x") € Q. Since (X, T) is weakly mixing, (X411 7=y is transitive (see
[10]). Leta € X14=11 pe a transitive point. By the induction for d — 1, Q[d_” = xld=1ljg gld=11_
minimal. Hence a € O(x”, Gl4—11) and there is some sequence F; € ') and w € X9~ such
that

Fix = F(xX,xX") —> (w,a), k — oo.
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Especially (w, a) € ]ﬁ(x). Note that

@y (w, ) = (w, (T~ 1)) € Fld(x).
We have

{w} x O(a, TV~ 1) ¢ Fldl(x),

Since a is a transitive point of (xtd=1, T[d_l]), we have

(w} x X191 = {w} x O(a, Tl4-11) c Fld(x). (3.1

By the induction assumption for d — 1, w is minimal for F“~!1 action and

Fld=Tl(w) = O(w, Fld-11) = {x} x X411, (3.2

By acting the elements of F'“ on (3.1), we have

O(w, F7H) 5 x171 ¢ Fldl(x). 3-3)
By (3.2) and (3.3), we have
{x} x X1 x1d=1 — (x) x x19 ¢ Fldl(x).

This completes the proof. [

Remark 3.14. Using the so-called natural extension, it can be shown that the main results of the
paper hold for continuous surjective maps.

4. Fl4l.minimal sets in Q!4!

In this section we discuss F{¢l-minimal sets in Q¢! and prove Theorem 3.1-(1). First we will
discuss proximal extensions, distal extensions and weakly mixing extension one by one. They
exhibit different properties and satisfy our requests by different reasons. After that, the proof of
Theorem 3.1-(1) will be given. The proof of Theorem 3.1-(2) will be given in next section. For
notions which are not mentioned before see Appendix A.

4.1. Idea of the proof of Theorem 3.1-(1)

Before going on let us say something about the idea in the proof of Theorem 3.1-(1). By the
structure Theorem A.4, for a minimal system (X, T'), we have the following diagram.

Xoo —— X

It
Yoo

In this diagram Y, is a strictly PI system, ¢ is weakly mixing and RIC, and 7 is proximal.

So if we want to show that (Fl91(x[41), F14]y is minimal for all x € X, it is sufficient to
show it holds for X . By the definition of X and Yo, it is sufficient to consider the following
cases: (1) proximal extensions; (2) distal or equicontinuous extensions; (3) RIC weakly mixing
extensions and (4) the inverse limit. Since the inverse limit is easy to handle, we need only to
focus on the three kinds of extensions.
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4.2. Properties about proximal, distal and weakly mixing extensions

In this subsection we collect some properties about proximal, distal and weakly mixing
extensions, which will be used frequently in the sequel. As in Appendix A, (X, 7) is a system
under the action of a topological group 7, and E (X, 7) is its enveloping semigroup.

The following two lemmas are folk results.

Lemmad4.1. Let 7 : (X,7) — (Y, 7) be a proximal extension of minimal systems. Let x € X,

y = w(x) and let x1, x2, ..., X, € TV (y). Then there is some p € E(X,T) such that
pX| = pxy == pX, = X.
Especially, when x = x|, we have that (x1, x2, ..., Xp) is proximal to (x, x, ..., x) in (X", 7).

Proof. This is a direct consequence of Proposition A.3. [

Lemma4.2. Let 7 : (X,7) — (Y, 7) be a distal extension of systems. Then for any x € X,
if w(x) is minimal in (Y, T), then x is minimal in (X, T). Especially, if (Y, T) is semi-simple
(i.e. every point is minimal), then so is (X, T).

Proof. Let x € X and y = m(x). Since y is a minimal point, by Proposition A.2 there is some
minimal idempotent u € E(X, 7) such that uy = y. Then w(ux) = um(x) = uy = y. Hence
ux,x € m-1(y). Since (ux,x) € P(X,T) (Proposition A.3) and 7 is distal, we have ux = x.
That is, x is a minimal point of X by Proposition A.2. [

Now we discuss weakly mixing extensions. We need Theorem 4.3, which is a generalization
of [1, Chapter 14, Theorem 28]. Note that in [18, Theorem 2.7 and Corollary 2.9] Glasner showed
that R, is transitive. So Theorem 4.3 is a slight strengthening of the results in [18]. Since its proof
needs some techniques in the enveloping semigroup theory, we leave it to Appendix A.

Theorem 4.3. Let w : (X,7T) — (Y, T) be a RIC weakly mixing extension of minimal systems,
then for all n > 1 and y € Y, there exists a transitive point (x1,x2,...,%,) of R with
X1, X2, o0y Xy € T (D).

Note that each RIC extension is open, and 7 : X — Y is open if and only if ¥ — 2%,y >
n_l(y) is continuous, see for instance [31]. Using Theorem 4.3 we have the following lemma,
which will be used in the sequel.

Lemmad.4. Let m : (X,T) — (Y, T) be a RIC weakly mixing extension of minimal systems.
Then for each'y € Y and d > 1, we have

M) (1) = (r13)* € Q)
() for all x € X'V with xy = x and 7'¥(x) = yl¥
[d

1 ] 1 11
hx (77'm) = x (v w) A,
Proof. The idea of the proof is similar to Theorem 3.13. When d = 1, for any (x,x’) € X 1l =
X x X, Flll(x,x") = O((x,x"),idxT) = {x} x X and QI(X) = X x X. Hence the

results hold obviously. Now we show the case d = 2. Let x = (x1,x2,x3,x4) € X 21 with
7Pl (xy, x2, x3, x4) = ym. By Theorem 4.3, there is a transitive point (a, b) of (R;, T x T)
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with m(a) = w(b) = y. Since (X, T) is minimal, there is some sequence {n;} C Z such that
T"x3 — a,i — oo. Without loss of generality, assume that 7" x4 — xﬁ’t,i — oo for some
xy € X. Since w(a) =y, m(xy) = y too. So

(id x id x T x T)" (x1, x2, X3, X4) = (X1, X2,a,xy), i —> 00. 4.1)

Since (X, T') is minimal, there is some sequence {m;} C Z such that T’"t’xjL — b,i > oo.
Without loss of generality, assume that 7" x; — x), i — oo for some x} € X. Since 7(b) = y,
7(x}) = y too. So

(id x T x id x T)™ (x1, x2, a, x4) — (x1,x3,a,b), i — 00, 4.2)

Hence by (4.1) and (4.2),

(x1, x5, a, b) € FRI(x). (4.3)
Thus forall n € Z,

(1, x5, T"a, T"b) = (id x id x T x T)"(x1, x5, a, b) € F2(x).
Since (a, b) is a transitive point of (R, T x T), it follows that

) x () x 77 () x 77N () € {xa) x {x)) x Ry € F2(x). (4.4)
Now we show that

il x o) x 7 ) x 7T ) = ) x 7)) € FRI). (4.5)

For any z € m~!(y), there is a sequence k; C Z such that Tkixé — z,i — oo. Thus
Tkiy = Tkin(xé) = n(Tkixé) — m(z) = y,i — oo. Since 7 is open, we have Thkizg=l(y) =
a1 (T%y) - 771(y), i — oo in the Hausdorff metric. Thus

i) x {2} x 7 ()2 C UR, (d x T x id x THki (fxr} x (x5} x 7=1(y)2) € FR(x).

Since z is arbitrary, we have (4.5). Similarly, we have (71’1 (y))4 c Q2(X) and we are done for
d=2.

Now assume we have (1) and (2) for d — 1 already, and show the case for d. Let x € X 9] with
xg = x and n[d](x) = y[d].

Let x = (x/,x”). Since 7 is weakly mixing, (R;;H, 714=11) is transitive. By Theorem 4.3
thereisa R?T‘H which is a transitive point of (R?T{H, T14=11y and 7l9-1(a) = yl4=11 Without
loss of generality, we may assume that ay = x; (i.e. the first coordinate of a is equal to that of
x"), otherwise we may use the face transformation id!“~!! x 71¢=11 to find some point in F191(x)
satisfying this property.

By the induction assumption for d — 1,
2d—1 _

a € {xj} x (n_l(y)> : c Fld-11(x"y,

Hence there is some sequence F; € F~H and w € X!~ such that

Fy x Fr(x) = Fy x Fr(x,x") — (w,a), k — oo.
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Especially (w, a) € Fl4l(x). Since mldl(x) = yldl and xld-1(a) = yld=11 jt s easy to verify
that 714~ (w) = yl¥=1] and wy = x. Note that

Ty (w, a) = (w, (T1"a) e Fldl(x).
We have

{w} x O(a, T4 1) c Fldl(x).
And so

pd—1

(W} x (nfl(y)) c W) x B2 = {w} x O(a, TW-11) ¢ Fld(x). (4.6)

By the induction assumption for d — 1, for w we have

zdfl_

{x} x (n”(y)) C Fld—Tl(w). “.7)

24-11 .
, there is some sequence {H;} C F' [d=11 guch that

pd—1

Hence for all z € {x} x (771(y))

Hyw — z,k — oo. Since 7 is open, similar to the proof of (4.5), we have that Hy (n’l (y))
d—1

— (Jr_l(y))2 , k — 0o. Hence

2d—]

Hi x Hi (W) x (77'0) ") > @) % (n*(y))zd_' . k- oo,

d—1_
Since Hy x Hy € F'¥l and z € {x} x (71’1()7))2 is arbitrary, it follows from (4.6) that

2(171_1

2d71 2(1_1
Wx(rm)  x(x'w) =wx(rTw) <A,
d
Now by this fact it is easy to get (7! (y))[d] = (z~! (y))2 c Q“l(X). So (1) and (2) hold for
the case d. This completes the proof. [

In fact with a small modification of the above proof one can show that R}Td c QM(Xx). we
do not know if {x} x R}Td—l c Fldl(x).

4.3. Proof of Theorem 3.1-(1)

A subset S C Z is a central set if there exists a system (X, T'), a point x € X and a minimal
point y € X proximal to x, and a neighborhood Uy of y such that N(x,Uy) C S, where
N(x,Uy) ={n € Z : T"x € Uy}. It is known that any central set is an IP-set [12, Proposition
8.10].

Proposition 4.5. Let 7 : (X, T) — (Y, T) be a proximal extension of minimal systems and
d e N. If (Fldl(yldl), Fldly jg minimal for all y € Y, then (Fldl(xldly, Fldly jg minimal for all
x € X.

Proof. It is sufficient to show that for any x € Fldl(x[4]) we have x¥! € Fldl(x). Let y = ().
Then by the assumption (F141(yl4l) Fldly is minimal. Note that 7[4! : (Fldl(xl4l), Fldly
(Fldl(yldly | Fldly is a factor map. Especially there is some y € F141(yl9]) such that 79l (x) = y.
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Since y € Fldl(yldly and (Fldl(yldl) Fl4l) is minimal, there is some sequence F; € F19I

such that
Fry — y[d], k — oo.
Without loss of generality, we may assume that
Fix—>1z, k— oo.
Then 7!9(z) = limy 79 (Fix) = limg Fry = !9, That is,
ze e (y), Veelo, 1}
Since 7 is proximal, by Lemma 4.1 there is some p € E(X, T) such that

pze = px =x, VYe €{0, l}d.

(4.8)

That is, pz = x4 = px!9l je. z is proximal to x!“! under the action of 79, Since x4! is

T'“_minimal, for any neighborhood U of x!“1,
Npiay(z, U) = {n € Z : (T2 € U}

is a central set and hence contains some IP set F'S({p;}7°,). Particularly,
FS({pi¥_)) € Npu(z. U).

This means for all € € {0, 1} \ {0},
(TlhPz € U,

where p = (p1, p2, ..., pa) € Z¢. Especially,
(TP‘SZE)GG{O’l}d e U.

In other words, we have
(il (g e u.

Since U is arbitrary, we have that x!/! m(z). Combining with (4.8), we have
£ ¢ Fidl),

Thus (F191(x[4l), Fl4]) is minimal. This completes the proof. [

Proposition 4.6. Let 7 : (X, T) — (Y, T) be a distal extension of minimal systems and d € N.
If (Fld] (y[d]), f[d]) is minimal for all y € Y, then (F14] (x[d]), f[d]) is minimal for all x € X.

Proof. It follows from Lemma 4.2, since it is easy to check that wldl (Fld] (x[d]), F [d]) —

(Fldl(yldly | Fldly s a distal extension. [

Proposition 4.7. Let v : (X, T) — (Y, T) be a RIC weakly mixing extension of minimal systems
and d € N. If (Fld\(yldly Fldly is minimal for all y € Y, then (FI4(x14)y, Fl4y is minimal for

all x € X.

Proof. It is sufficient to show that for any x € Fldl(x!4]) we have x4l € Fldl(x). Let y = (x).
Then by the assumption (F141(yl4l), Fl4l) is minimal. Note that 7[4] : (Fldl(xl4l) Fldly

(Fld(yldly Fldly is a factor map. Let y € Fld1(yl9l) such that 7[4(x) = y.
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Since y € Fldl(yldly and (Fldl(yldly, Fl4ly is minimal, there is some sequence Fy € Fl9]
such that

Fry — y[d], k — oo.
Without loss of generality, we may assume that
Fix >z, k— oo. “4.9)

Then 7! (z) = limy 7! (Fix) = limg Fry = yl9l. By Lemma 4.4
(d] . 291
x4 e (x} x (n (y)) C Fldl(z).

Together with (4.9), we have x!¢! ¢ FldI(x). This completes the proof. [

Proof of Theorem 3.1-(1). By the structure Theorem A.4, we have the following diagram,
where Y is a strictly PI-system, ¢ is RIC weakly mixing extension and 7 is proximal.

Xoo —— X

It
Yoo
Since the inverse limit of minimal systems is minimal, it follows from Propositions 4.5 and

4.6 that the result holds for Y. By Proposition 4.7 it also holds for X .. Since the factor of a
minimal system is always minimal, it is easy to see that we have the theorem for X. [

4.4. Minimality of (Ql41, Gld1y

We will need the following theorem mentioned in [23], where no proof is included. We give a
proof (due to Glasner—Ellis) here for completeness. Note one can also prove this result using the
method in the previous subsection.

Proposition 4.8. Let (X, T) be a minimal system and let d > 1 be an integer. Let A be a T'41-
minimal subset of X'V and set N = O(A, Fldly = c(UfsA: S e .7-'[‘”}). Then (N, Gl9) is a
minimal system, and F%)-minimal points are dense in N.

Proof. The proof is similar to the one in [17]. Let E = E(N, G!41) be the enveloping semigroup
of (N, Gy, Let 7. : N — X be the projection of N on the e-th component, € € {0, 1}¢. We
consider the action of the group G4 on the e-th component via the representation T'¢! — T and

[d] T, je€e;
U ine {id, jde

With respect to this action of GI! on X the map 7, is a factor map 7 : (N, Gl4) — (X, Gl4]).
Let 7} : E(N, Glly — E(X, Gy be the corresponding homomorphism of enveloping semi-
groups. Notice that for this action of G ] on X clearly E(X, G [d]) = E(X, T) as subsets of X X,

Let now u € E(N, T!4) be any minimal idempotent in the enveloping semigroup of
(N, T'1). Choose v a minimal idempotent in the closed left ideal E (N, Gy Then vu = v.
Set for each € € {0, l}d, ue = wlu and ve = m}v. We want to show that also uv = u. Note
that as an element of E (N, G!%1) is determined by its projections, thus it suffices to show that for
each € € {0, 1}d, UeVe = Ue.
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Since for each € € {0, 1}¢ the map m} is a semigroup homomorphism, we have veue = ve as
vu = v. In particular we deduce that v, is an element of the minimal left ideal of E(X, T') which
contains u.. In turn this implies

UeVe = UecVelle = Ue;

and it follows that indeed uv = u. Thus u is an element of the minimal left ideal of E(N, Gl4))
which contains v, and therefore u is a minimal idempotent of E(N, G 41y,

Now let x be an arbitrary point in A and let u € E(N, T'!) be a minimal idempotent
with ux = x. By the above argument, u is also a minimal idempotent of E(N, Gl4ly, whence
N = O(A, Fldly = O(x, Gld) is Gl9-minimal.

Finally, we show ZF!¢)-minimal points are dense in N. Let B € N be an F!¢l-minimal subset.
Then O(B, T = J{(T'NY"'B : n e Z} is a G¥)-invariant subset of N. Since (N, Gl4) is
minimal, O(B, T[d]) is dense in N. Note that every point in O(B, Tl is F [4]_minimal, hence
the proof is completed. [

Setting A = Al we have the following.

Corollary 4.9. Let (X, T) be a minimal system and let d > 1 be an integer. Then (Q[d], Gglaly js
a minimal system, and F\9-minimal points are dense in Q4.

5. Proof of Theorem 3.1-(2)

In this section we prove Theorem 3.1-(2). That is, we show that (Fld! (xl4ly, Fldly is the
unique F1¢1-minimal subset in Q/[x] for all x € X.

5.1. A useful lemma

The following lemma is a key step to show the uniqueness of minimal sets in Q!¢![x] for
x € X. Unlike the case when (X, T) is minimal distal, we need to use the enveloping semigroup
theory.

Lemma 5.1. Let (X, T) be a minimal system and let d > 1 be an integer. If =1 w) €
Q[d](X) for some w € XY= and it is F19-minimal, then

@l w) e Fldl(xld)),
Proof. Since (x!~!, w) e Q(X) and (Q4, Gl9]) is a minimal system by Corollary 4.9,

(xl=11 w) is in the G!-orbit closure of x[?], i.e. there are sequences {ni}x, {1}k, ..., {nd}x €
7 such that

(Td[d])nk(Tl[d])n}(__.(Td[ri]l)ng"(T[d])ng(x[d—l]w[d—l]) N S N
Let

ay = (7 Myk Ly ity ),
then the above limit can be rewritten as

(T (a, a) = (d41 x Ty @, a) — 7wy, &k — oo G.D
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Let
my s (XU Ay o (xld=1 Fldy (X)X
my s (XU Fldly o (xW=1 Fldy (o x) e X

be projections to the first 2¢~! coordinates and last 2¢~! coordinates respectively. For m; we
consider the action of the group F1¢! on X9~1 yia the representation Ti[d] > Ti[d_l] for
1<i<d-—1and T(}‘“ — idl4—1 For o we consider the action of the group Fldl gn xld=11

via the representation Ti[d] — Tl.[d*l] forl <i<d—1and T[Ed] > -1,
Denote the corresponding semigroup homomorphisms of enveloping semigroups by

mf ExML Ay  pxt-U Ay gy px ), Al o px st
Notice that for this action of 14! on X9~ clearly

(B, Flilyy = p(xt=1 Fld=1) and 75 (EX9W, Fy)) = p(xd=1 gld=1l
as subsets of (X[d_”)x[df”. Thus for any p € E(X[d], f[d]) and x € X! we have

px = p(x,x") = (7] (p)X, 73 (p)x").

Now fix a minimal left ideal L of E(X!4I, Fl4ly By (5.1), ax — x4~ k — oo. Since
(Q—11(X), =1y is minimal, there exists pr € L such that ag = n;‘(pk)x[d_”. Without loss
of generality, we assume that py — p € L. Then

75 (px ™ = a - x40 and w3 (p)xl = 1 (p)xldl,
Hence
5 (p)xld=1 = xld=11, (5.2)

Since L is a minimal left ideal and p € L, by Proposition A.1 there exists a minimal idempo-
tent v € J (L) such that vp = p. Then we have

né*(v)xld*l] = nf(v)nf(p)xld*l] = nf(vp)xld*l] = n;(p)x[dfll = xl4-1,
Let
F = S(F-1xld=1y =1 — {4 € L : 75 () x4~ = xl4=1)

be the Ellis group. Then F is a subgroup of the group vL. By (5.2), we have that p € F.
Since F is a group and p € F, we have

pFx = Fxldl c g7t (xld=1), (5.3)
Since vx[4 € Fxl4 there is some Xg € Fx!l such that vx41 = pXo. Set Xk = pixXg. Then

Xk = pixo — pxo = vxl = @} )7 Yk o0,
and

[d—1]

m(xk) = 2 (pxo) = 13 (pr)x 1 = a — x k — oo.

Let xk = (b, ax) € Fl4I(x19). Then limy by = 7} (v)xl~1.
By (5.1), we have (T4~ a, — w, k — oo. Hence

(d =1 5 U=y by ay) = (b, (T D)% ay) — (rf)x " w), &k — o0o. (5.4)
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Since id“~11 x 7= = 714 ¢ Fld1 and (by, ay) € F1dI(x14]), we have

()97 wy e Fldl(xldly, (5.5)
Since (x!?~11, w) is 4] minimal by assumption, by Proposition A.2 there is some minimal
idempotent u € J (L) such that

d—1] [d—1 d—1]

u(x4=1 wy = (] (u)x 1 Ty ()W) = (x4 wy.

Since u, v € L are minimal idempotents in the same minimal left ideal L, we have uv = u by
Proposition A.1. Thus

u(f)x wy = @ ) x4, 73 wyw)
= (] @u)x" w) = (@ @) wy = 4w,
By (5.5), we have
(=1 w) e Fldl(xldl),

The proof is completed. [
5.2. Proof of Theorem 3.1-(2)

Let (X, T) be a system and x € X. Recall
Q[x] = {z € QN(X) : 2y = x).

With the help of Lemma 5.1 we have the following.

Proposition 5.2. Let (X, T) be a minimal system and let d > 1 be an integer. If x € Q4[x],
then

x4 e Fldl(x).
Especially, (F14 x4y, Fldly is the unique F'-minimal subset in QI1[x].

Proof. It is sufficient to show the following claim:

Sd):Ifxe Q[d] [x], then there exists a sequence Fy € F such that Fy x) — xtdl,

The case S(1) is trivial. To make the idea clear, we show the case d = 2. Let (x,a, b,c) €
Q2l(Xx). We may assume that (x, a, b, ¢) is F (2]_minimal, or we replace it by some F (2]_minimal
point in its F (2] orbit closure. Since (X, T) is minimal, there is a sequence {n;} C Z such that
T"kq — x. Without loss of generality we assume T" ¢ — ¢’. Then we have

(TP (x,a,b,¢) = (id x T x id x T)"*(x,a,b,¢) = (x,x,b,¢"), k= oc.

Since (x,a,b,c) is F?-minimal, (x,x,b,c’) is also F!?-minimal. By Lemma 5.1,
(x,x,b, ¢y € FI2(x12l), Together withid x T x idx T = Tl[z] € F121 and the minimality of the
system (F121(x[21), 7121y (Theorem 3.1-(1)), it is easy to see there exists a sequence Fy € F12!
such that Fy(x,a, b, c) — x[2!, Hence we have S(2).

Now we assume S(d) holds for d > 1. Let x € QUMH1[x]. We may assume that x is
Fld+1_minimal, or we replace it by some F¢*+!-minimal point in its F{¢+!-orbit closure. Let
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x = (¥, x”), where X', x” € X!l Then x' € QI[x]. By S(d), there is a sequence F; € F'¢I
such that F;x' — x!“!. Without loss of generality, we assume that Fyx” — w, k — oo. Then

(Fr x F)x = (Fy x F)(x,x") — 4, w) e QUt1(x), k- oo.

Since Fy x Fy € Fl4t1l and x is Fl9*t.minimal, (x!9! w) is also F4*t!-minimal. By
Lemma 5.1, (xI, w) e Fld+1(xld+1]y Since (Fld+1(xld+1y Fld+11y js minimal by Theo-
rem 3.1-(1), we have x?*11 is in the F19+!_orbit closure of x. Hence we have S(d + 1), and the
proof of claim is completed.

Since x191 e Fldl(x) for all x € QI [x] and (Fldl(x[41), Fld1) is minimal, it is easy to
see that (m(x 4]y 7141y intersects all F?1-minimal sets in Q[d ] and hence it is the unique
Fl1_minimal set in Q![x]. The proof is completed. [

6. Lifting RP4] from factors to extensions

In this section, first we give some equivalent conditions for RP4], and give the proof of
Theorem 3.10-(2), i.e. lifting RP!?! from factors to extensions.

6.1. Equivalent conditions for RP]

In this subsection we collect some equivalent conditions for RP!“!,

Proposition 6.1. Let (X, T') be a minimal system and d € N. Then the following conditions are
equivalent:

(1) (x,y) € RPIL;
(2) (x,, y,...,y) (x, ylH1y ¢ Flatti(yld+11),
3) (x,de], y, X4 ]) ¢ Fla+1] (x [d+11),

Proof. By Theorem 3.4, we have (1) < (2). By Lemma 2.5 we have (3) = (1). Now show
2) = (3).

If (2) holds, then (x,y,y,....y) = (x,y¥*") e FUHI+1) and (x,y) € RPUL
Since (x,y) € RPI! ¢ RPU-1 (x, yl9y ¢ Fldi(xldl) By TheoremSl (;f 1(xldly, Fldly
is minimal. So there is some sequence Fj € F 4] such that F(x, y[d]) — x4 k — oco. Then

Fi x F(x, y* ,yy )—>(x x*],y, [d]), k — oo.

Thus we have (3), and the proof is completed. [J

Lemma 6.2. Let (X, T) be a minimal system. Then (x, y) € RP(X) if and only if (x,x, ...,

Proof. If (x,y) € RP!“! then by Proposition 6.1, we have (x, x* Y, x[d]) = (x4, v, xid]) €
QU+, Since QI+ is invariant under the Euclidean permutation of X+ we have
(x,x,...,x,y) € QU+l

Conversely, assume that (x, x,...,x,y) € Q[d‘H] Since Q [4+1] is invariant under the Eu-
clidean permutation of X [d+1] we have (x, x* Y, x[d]) € Q4+l This means that (x, y) €
RP“ by Lemma 2.5. [
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6.2. Lifting RPY from factors to extensions

In this section we will show Theorem 3.10-(2). First we need a lemma.

Lemma 6.3. Let 7 : (X, T) — (Y, T) be an extension of minimal systems. If (y1, y2) € P(Y, T)
and x; € ™! (y1) then there exists x» € P (y2) such that (x1, x2) € P(X, T).

Proof. Since (y1, y2) € P(Y, T'), by Proposition A.3 there is a minimal idempotent u € E(X, T')
such that uy; = uy, = y>. Let xp = uxy, then w(x3) = uy; = y;. By Proposition A.3
(x1,x2) € P(X, T)and 7 x w(x1, x2) = (y1, y2). U

Theorem 6.4. Let m : (X,T) — (Y, T) be an extension of minimal systems. If (y1,y2) €
RPUN(Y), then there is (x1, x2) € RP(X) such that

T X w(xy, x2) = (Y1, y2)-

Proof. First we claim that it is sufficient to show the result when (y1, ¥2) is a minimal point of
(Y x Y, T x T). As a matter of fact, by Proposition A.3 there is a minimal point (y], y;) €
O((y1,¥2), T x T) such that (y], y5) is proximal to (yi, y2). Now (y{, y5) is minimal and
(v}, ¥5) € RPII(Y). If we have the claim already, then there is (x],x}) € RP¥(X) with
m x w(xy,xy) = (¥],y5). Since (y1,y}), (02, ¥) € P(¥,T), then by Lemma 6.3 there are
x1,x2 € X with 7 x m(x1, x2) = (y1, y2) such that (x{, x1), (x5, x2) € P(X, T). This implies
that (x1, x2) € RP(X) by Theorem 3.5. Hence we have the result for the general case.

So we may assume that (y;, y2) is a minimal point of (Y x Y, T x T). Since the case d = 2
illustrates the idea of the proof better, we start from d = 2 (see Fig. 2). For the case d = 1, see
Fig. 1.

Let (y1, y2) € RP[Z](Y), then by Proposition 6.1,

2 2 3
OGP 2, D0 = O, v, v, vis v, vy, v € FBIGHED.

So there is some sequence Fj € F131 such that
Fk)’P] — (yP], ¥2, (ygz])*), k — oo.

Take a point x; € 7~ !(y;). Without loss of generality, we may assume that
FkXP] —> X = (X000, X100, X010, X110, X001> X101, X011, X111), k — 00.

Then x4 = xg00 = x; and 7P (x) = (y{z], y2, (y][Z])*)- Obviously, x € ]—"[31(x][3]).
By Proposition 5.2, there is some sequence F kl e F12l such that

1 2]
Fy: (x000, X100, X010, X110) = x|~ = (x1, X1, X1, X1), k — oo.

We may assume that
1 / / /
Fy; (x001, X101, X011, X111) —> (X001, X]075 X011> X111)» Kk — 00.

2 .
Note that 77 (xoo1, x101, X011, X111) = 7 (X001, X}y, X011 %111 = 02, ()’5 ). Since Fl x
F, kl is an element of the group generated by TI[S] and T2[3] which is in F13, one has that

/ ’ ’ 31+ [3]
(xlvxl,xlsx17x001,x101,x011,x111) € -7:[3]()51 )



S. Shao, X. Ye / Advances in Mathematics 231 (2012) 17861817

T

T2

Tq

D
D

z3

Tooo = T1
Z100
Zo10
Z110
Z101
T101
To11
Zo11
T111
T111

n

(3317 Ty, X3, ZﬁL)

>
>
>

Y2

(-1717 X2, XT3, 1:4)

7

x1

21

x3

22

Ys

A

Y2

(3317‘751; $3,$2)

(xlvxla fEl,CUZ)

Fig. 1. Thecased = 1.

U1

(«77000, 2100, 20105, L1105 L0015, 101, X011, 90111)

/ / /
(-7717-7017901»3017350017-751017730117-75111)

Y2

1
11

P N
\
N

S~
P L |
!

T101

7\

/
Ti11

1
T111

21
>

Lo11

Zo01

1807

"

/ i

Ys

A

Y2

Ya

/ ! !
(@1, 21,21, 21, Zoo1, 1015 To11> L111)

1 /"
(1,21, 21,21, 1, 1, 011, T111)

1

111
(xhxlaxhxlaxlaxlaIlaxlll)

Fig. 2. The case d = 2.

By Proposition 5.2, there is some sequence F; kz € F12 such that

2 ’ [2]
Fi(x1, x1, X001, X191) = X = (x1, X1, X1, X1), Kk — 00.

We may assume that

2 I ’ " "
Fe (e, xa, xopp, Xpqp) = (1, X1, Xop15 X111),

k — oo.
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Let 712 (xy, x1, x(; 1. x}11) = (1. y1. y3, y1) for some y3 € Y. It is easy to see that (y3, y1)
€ O((1,y2). T xT). Let FZ = (g}, 8¢. 8} &) Since (g}, g7, g} 8% 83 8¢ 8¢ g}) is an
element of the group generated by T1[3] and T3[3] which is in F131, one has that

" " [3]
(X1, X1, X1, X1, X1, X1, X011, X{17) € FBIGGH).

Again by Proposition 5.2, there is some sequence F, k3 € F2 such that
F( ) = x = ), k—
(X1, X1, X1, X1 x; = (x1, x1, X1, X1), 00.
We may assume that
3 " "
F{ (x1, x1, x1, X171 — (x1, X1, X1, X171),  k — oo.

Let 712 (xq, x1, x1, x{1)) = (1, y1. ¥1. y4) for some y4 € Y. The it is easy to see that (y1, y4) €
O((y3, y0), T x T),and hence (y1, ys) € O((y1,32), T x T).Let i} = (f!, f2. f¢. f). Then
UL RS 2 FE £ f2 f8 18 is an element of the group generated by T, and T which is
in B! and one has that

3
(x1, X1, X1, X1, X1, X1, X1, x]],) € FBIxP,

By Lemma 6.2, (x1, x{;,) € RPII(X).
Since (y1, y2) is T x T-minimal, there is some {n;} C Z such that (T x T)"(y1, y4) —
(y1, ¥2), k = oo. Without loss of generality, we assume that

(T x T)™(x1,x{1;) = (z1,22), k — oo.
Since RP(X) is closed and invariant, we have

(z1,22) € O((x1,x]]), T x T) C RPI(X).

And
m X 7(z21, 22) = Hm(T x T)"™ (7 (x1), 7 (x{1))) = Eim(T x )™ (1. ya) = (1, y2)-
This ends the proof of the case d = 2.

The idea of the proof in the general case is the following. For a point x € Fld+1l(x) we
apply face transformations F’ lk such that the first 2¢-coordinates of x; = lim F lkx will be x{d].
Then apply face transformations sz such that the first 2¢ 4 29~ _coordinates of x, = lim szxl
will be (x{d], x{d_l]). Repeating this process we get a point ((x%dH])*, x2) € Fld+1(x;) which
implies that (x1, x2) € Rpl (X). Then we use the same idea used in the proof whend = 1, 2 to
trace back to find (z1, z2). Here are the details.

Let (y1, y2) € RPUI(Y), then by Proposition 6.1, (y\), ya, (y\¥),) e Fla+1 (It g0
there is some sequence F € F“+!1 such that

1
Fkyg”” I (ygd],yz, (y{d])*), k — 0.

Take a point x; € 7! (y1). Without loss of generality, we may assume that
FkxgdH] — X, k — oo. 6.1)

Then xg = x; and 71 (x) = I, 3o, 1)),
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Letx = (xc : €(d+1) =0) € XV and xqp = (xc : e(d+1) = 1) € X Thenx = (x1, X11).
Note that

Wixy) = 7l = Y and - 7 xyp) = (32, (1)),

By Proposition 5.2, there is some sequence Fk1 e Fl4l such that

Fkl(xl) — x{d], k — oo.

We may assume that
Fkl(xn) — xi, k — oo.
Note that 74 (xyr) = 714 (xp) = (2, 1)),
Let F! = (8K : €' € {0, 1}9) and H]! = (S¥ : € € {0, 1}9*!) € FI9+U such that
(SK:iec{0, ) e@d+ 1) =0)=(S*:ec{0, 1} e@d+1)=1)=F.
Then
Hk] (x) = Fk] X Fk1 (X1, X11) — (x%d], xir) 2 x! e .m(x{dﬂ]), k — oo.

Let y! = 714+ (x1). Tt is easy to see that xe1 = xyife(d+1) = 0. For y!, y{]d+1} = y(l)om(n =)
and y! = y; forall € # {d + 1}.

Letx! = (xc 1 € € {0, )% e(d) = 0) € X! and x}; = (xe 1 € € {0, 1} e(@d) = 1) €
X191, By Proposition 5.2, there is some sequence F, kz € F1 such that

d I
sz(x}) — x% ], sz(xh) — xh , k— o0

and 71[‘”()(I ) = (y[d 1], y3, (yld_l]) ) for some y3 € Y.
Let F2 = (S : €' € {0, 1)) and HZ = (S : € € {0, 1}9*!) € F14+1 such that
(¥ :ee{0, 1) ed)=0) = (SF:e {0, 1) e(d) = 1) = F2.
Then
HX(xY) - x* e f[d“](xEdH]), k — oo.
Consider y2 = n[d“](xz). Then sz(yl) — y2, k — oo. From this one has that (y3, y1) €
O((y1, y2), T x T). By the definition of x2, yz, it is easy to see that x€2 =x1ife(d+1)=0o0r
e(d) =05 ¥y 441y = Yo..011 = ¥3 and yZ = yi forall e # {d, d + 1.
Now assume that we have xJ € Fld+11(x d+1]) for 1 < j < d with n[d+1](x~‘) = yJ such that
xé =X 1fthere exists some k withd — j+2 < k < d+1 suchthate(k) = 0; y{d 2

..... dd+1) =

visrand y/ = yi foralle # {d — j+2,....d,d + 1}, and (41, y1) € OO, y), T x T).
Letx' (xe € € {0, 1} e(d — j + 1) =0) € X9 and x}l = (x¢ : € € {0, 1}4—J+1,

e(d — j+ 1) = 1) e X9 By Proposition 5.2, there is some sequence F,{]Jr € Fldl such that

o . s ,
FPod) —» 2 B edp = x, k= oo
Let F/' = (8% 1€’ € {0, 1)) and H/*' = (¥ : € € {0, 1)%*1) € FI4+1 such that

(SKieef0, ) e@d—j+1)=0)=(S e {0, 1) ed—j+1=1)=F*"
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Then
1 . -
HIM' (o) — w01 e Flaridty g o oo,

It is easy to see that xej—H = x if there exists some k withd — j + 1 < k < d + 1 such that
e(k) =0. '
Let y~l+l = gl (xi+1) Then y/™' =y, foralle £{d—j+1,d— j+2,...,d+1},and

denote y{d—j+l d—j42,..d+1) = Vi+2- Note that sz(yj) N yj+1, k — 00. From this one has
that (yj+2, y1) € O((1, yj+1), T x T). )
__Inductively we get x!, ..., x4 and y! ,...,y lsuch that forall 1 < j < d + Ix €

Fld+1](x d+1]) with d+1](X']) = yJ. And x! = x; if there exists some k withd — j +2 < k <
d+1 suchthate(k) = 0; y{d J42did+1) = Vil andyé =y foralle #{d—j+2,...,d,d+

1}, and (yj+1, y1) € O(O1, y;), T x T).
For x4*1, we have that x?+! = x| if there exists some k with 1 < k < d + 1 such that
€(k) = 0. That means there is some x € X such that

d+1

X = (g, x1, .., x5, x0) € f[d+1](x£d+l]).

By Lemma 6.2, (x1, x2) € RP(X). Note that 77 (x2) = Vd+2-

Since (yj4+1,¥1) € O((y1,y;), T xT) forall 1 < j < d + 1, we have (ys42,y1) €
O((y1,y2), T x T) or (y1, Ya+2) € O((y1, y2), T x T). Without loss of generality, we assume
that (y1, ya+2) € O((y1, y2), T x T). Since (y1, y2) is T x T-minimal, there is some {ny} C Z
such that (T x T)* (y1, ya+2) = (¥1, y2), k — oo. Without loss of generality, we assume that

(T x T)™(x1,x2) = (21,22), k — oo.
Since RP!?!(X) is closed and invariant, we have

(z1,22) € O((x1, x2), T x T) C RPII(X).

And
T X w(z1,22) = lilgn(T x T)'™ (w(x1), m(x2)) = “,{“(T x T)'™(y1, ya+2) = (1, y2).

The proof is completed. [
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Appendix A. Basic facts about abstract topological dynamics

In Appendix A we recall some basic definitions and results in abstract topological systems,
which are used in the article. For more details, see [1,5,14,17,30,31].
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A.l. Topological transformation groups

A topological dynamical systems is a triple X = (X, 7, IT), where X is a compact T; space,
T is a T, topological group and IT : T x X — X is a continuous map such that I7(e, x) = x
and 1 (s, II(t, x)) = Il (st, x). We shall fix 7 and suppress the action symbol. In lots of papers,
X is also called a topological transformation group or a flow. Usually we omit /I and denote a
system by (X, 7).

Let (X, 7) be asystem and x € X, then O(x, 7) denotes the orbit of x, which is also denoted
by 7x. A subset A C X is called invariant if ta C A foralla € Aandt € 7.WhenY C X isa
closed and 7 -invariant subset of the system (X, 7) we say that the system (Y, 7) is a subsystem
of (X,7).If (X,7) and (Y, 7) are two dynamical systems their product system is the system
(X xY,T),where t(x, y) = (tx, ty).

A system (X, 7) is called minimal if X contains no proper closed invariant subsets. (X, 7) is
called transitive if every invariant open subset of X is dense. An example of an transitive system
is a point-transitive system, which is a system with a dense orbit. It is easy to verify that a system
is minimal iff every orbit is dense. The system (X, 7) is weakly mixing if the product system
(X x X, T) is transitive.

A homomorphism (or extension) of systems 7 : (X,7) — (¥, 7) is a continuous onto map
of the phase spaces such that w(tx) = tm(x) for allt € 7,x € X. In this case one says that
(Y, T) is a factor of (X, T) and also that (X, 7) is an extension of (Y, 7). Define

Ry = {(x1, x2) : w(x1) = w(x2)},
then Y = X/R,. Forn > 2, define
Ry ={(x1,x2,..., %) € X" 1t (x)) =7w(x2) = - = w(x)},

and let R} = X.
A.2. Enveloping semigroups

Given a system (X, 7) its enveloping semigroup or Ellis semigroup E(X,7T) is defined as
the closure of the set {t : ¢+ € 7} in XX (with its compact, usually non-metrizable, pointwise
convergence topology). For an enveloping semigroup, E — E : p — pqg and p — tp is
continuous for all ¢ € E and t € 7. Note that (X*,7) is a system and (E(X,7T), 7) is its
subsystem.

Let (X,7), (Y,7) be systems and & : X — Y be an extension. Then there is a unique con-
tinuous semigroup homomorphism 7* : E(X,7) — E(Y,7T) such that 7(px) = 7*(p)m(x)
forall x € X, p € E(X, 7). When there is no confusion, we usually regard the enveloping
semigroup of X as actingon Y: pr(x) = w(px) forx € X and p € E(X, 7).

A.3. Idempotents and ideals

For a semigroup the element u with u? = u is called an idempotent. Ellis—-Numakura Theorem
says that for any enveloping semigroup E the set J(E) of idempotents of E is not empty [5]. A
non-empty subset I C E is a left ideal (resp. right ideal) if it EI C I (resp. [E C I). A minimal
left ideal is the left ideal that does not contain any proper left ideal of E. Obviously every left
ideal is a semigroup and every left ideal contains some minimal left ideal.
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An idempotent u € J(E) is minimal if v € J(E) and vu = v implies uv = u. The following
results are well-known [6,13]: let L be a left ideal of enveloping semigroup E and u € J(E).
Then there is some idempotent v in Lu such that uv = v and v = v; an idempotent is minimal
if and only if it is contained in some minimal left ideal.

Minimal left ideals have very rich algebraic properties. For example, we have the following
proposition.

Proposition A.1. Let I be a minimal left ideal, then

1= UueJ(I) ul is its partition and every ul is a group with identity u € J(I).
(2) Forallu,v € J(I), one has that uv = u and vu = v.

A useful result about minimal point is as follows:

Proposition A.2. Let I be a minimal left ideal. A point x € X is minimal if and only if ux = x
for someu € I.

A.4. Universal point transitive system and universal minimal system

For fixed 7, there exists a universal point-transitive system S7 = (S7, 7) such that 7 can
densely and equivariantly be embedded in S7. The multiplication on 7 can be extended to a
multiplication on S7, then S7 is a closed semigroup with continuous right translations. The
universal minimal system 9t = (M, 7) is isomorphic to any minimal left ideal in S7 and M is
a closed semigroup with continuous right translations. Hence J = J(M) of idempotents in M
is nonempty. Moreover, {vM : v € J} is a partition of M and every vM is a group with unit
element v. Sometimes if there are chances of being confused then we will use M7 instead of M.

The sets S7 and M act on X as semigroups and S7x = 7 x, while for a minimal system
(X, T) we have Mx = Tx = X for every x € X. A necessary and sufficient condition for x to
be minimal is that ux = x for some u € J.

A.5. All kinds of extensions

Two points x| and x, are called proximal iff
T(x1,x2) N Ax # 0.
Let Uy be the unique uniform structure of X, then
P=PXX.T)=( |{Te:«eclx}

is the collection of proximal pairs in X, the proximal relation.

Proposition A.3. Let (X, T) be a system. Then

(1) x1, xp are proximal in (X, T) iff px| = pxy for some p € E(X,T).

(2) If x € X and u is an idempotent in E(X,T), then (x, ux) € P.

(3) If x € X, then there is an minimal point x' € O(x, T) such that (x, x") € P.

@) If (X, T) is minimal, then (x, y) € P if and only if there is some minimal idempotent u € E
(X, T) such that y = ux.

The extension 7 : (X, T) — (Y, T) is called proximal iff R, C Piff P, = ({{TaNR; 1« €
Ux} = Ry.misdistal if P, = Ax. Anextensionw : X — Y of systems is called equicontinuous
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or almost periodic if for every o € Uy there is B € Uy such that 7a N R, C B. In the metric case
an equicontinuous extension is also called an isometric extension. The extension 7w is a weakly
mixing extension when (R, 7) as a subsystem of the product system (X x X, 7) is transitive.

A.6. Vietoris topology and circle operation

Let 2% be the collection of nonempty closed subsets of X endowed with the Vietoris topology.
Note that a base for the Vietoris topology on 2% is formed by the sets

n
(U1, Us.....Uy) ={A 2" : A | JUiand AN U; 3 @ for every i},

i=1

where U; is open in X. Then (2%, 7') defined by tA = {ta : a € A} is a system again, and S
acts on 2% too. To avoid ambiguity we denote the action of S7 on 2% by the circle operation as
follows. Let p € S7 and D € 2%, then define p o D = lim,x t; D for any net {#;}; in 7 with
t; = p. Moreover

poD ={x € X :thereare d; € D with x = lim¢d;}
1
for any net t; — p in S7. We always have pD C p o D.
A.7. Ellis group

The group of automorphisms of (M, 7), G = Aut(M, 7) can be identified with any one of
the groups uM (u € J) as follows: with « € uM we associate the automorphism & : M, 7) —
(M, 7) given by right multiplication &(p) = pa, p € M. The group G plays a central role in the
algebraic theory. It carries a natural 77 compact topology, called by Ellis the 7-topology, which
is weaker than the relative topology induced on G = uM as a subset of M.

It is convenient to fix a minimal left ideal M in S7 and an idempotent u € M. As explained
above we identify G with uM and for any subset A C G, t-topology is determined by

cl;kA=umoA)=GNuoA).

Also in this way we can consider the “action” of G on every system (X, 7) via the action of S7
on X. With every minimal system (X, 7) and a point xg € uX = {x € X : ux = x} we associate
a t-closed subgroup

&(X,x0) ={a € G :axyg=xp}

the Ellis group of the pointed system (X, xg).
For a homomorphism 7 : X — Y with 7(xg) = yp we have

B(X, xg) € &(Y, yo).

It is easy to see that um ! (yo) = &(Y, yo)xo.
For a t-closed subgroup F of G the derived group H(F) = F’ is given by

H(F)=F = ﬂ{cl,O : O is a t-open neighborhood of u in F }

H(F) is a t-closed normal subgroup of F and it is characterized as the smallest 7-closed
subgroup H of F such that F'/H is a compact Hausdorff topological group.
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A.8. Structure of minimal systems

Letw : (X,7) — (Y,7) be a homomorphism of minimal systems with xo € X and yy =
m(xo) € Y. We say that 7 is a RIC (relatively incontractible) extension if for every y = pyg € Y,
p an element of M,

7' (y) = poun(yo) = p o Fxq,

where F' = &(Y, yp). One can show that the extension m : X — Y is RIC if and only if it is
open and for every n > 1 the minimal points are dense in the relation R}.. Note that every distal
extension is RIC. It then follows that every distal extension is open.

We say that a minimal system (X, 7') is a strictly PI system if there is an ordinal n (which is
countable when X is metrizable) and a family of systems {(W,, w,)},<;, such that (i) Wy is the
trivial system, (ii) for every ¢ < n there exists a homomorphism ¢, : W1 — W, which is either
proximal or equicontinuous (isometric when X is metrizable), (iii) for a limit ordinal v < n the
system W, is the inverse limit of the systems {W,},~,, and (iv) W, = X. We say that (X, 7) isa
PI-system if there exists a strictly PI system X anda proximal homomorphism 6 : X — X.

We have the structure theorem for minimal systems, which we will state in its relative form
(Ellis—Glasner—Shapiro [8], Veech [30], and Glasner [14]).

Theorem A.4 (Structure Theorem for Minimal Systems). Given a homomorphismwt : X — Y
of minimal dynamical system, there exists an ordinal n (countable when X is metrizable) and a
canonically defined commutative diagram (the canonical PI-Tower)

b or 041
X Xo X1 - Xy Xy+1 - Xy =Xoo
b4 0 Tl Ty Ty+1 oo
Y % Yo o Z ) Yy, - Y, o Zyi+1 " Yyi1 Yy =Y

where for each v < n,m, is RIC, p, is isometric, 0,, 0, are proximal and ms is RIC and
weakly mixing of all orders. For a limit ordinal v, X,,Y,,m, etc. are the inverse limits (or
joins) of X,, Y, m etc. for v < v. Thus X is a proximal extension of X and a RIC weakly
mixing extension of the strictly PI-system Yoo. The homomorphism mso is an isomorphism (so
that Xoo = Yoo) if and only if X is a PI-system.

Appendix B. Proof of Theorem 4.3

First we need the so-called Ellis trick in [14]. Refer to [14, Lemma X.6.1] for the proof.
See [18] for more discussions about weakly mixing extensions. Recall that M is the universal
minimal set.

Lemma B.1 (Ellis Trick). Let F be t closed subgroup of G acting on M by right multiplication,
Mx F—-> M, (p,a) — po.

(1) there is a minimal idempotent w € J(M) N F such that oF is F-minimal.
(2) if V is a open subset of wF, then int;cl, (V N wF) # 0.



S. Shao, X. Ye / Advances in Mathematics 231 (2012) 1786—1817 1815

Lemma B.2. Let w : (X,7T) — (Y,7) be a RIC weakly mixing extension of minimal systems
and u € J(M) be a minimal idempotent. Let x € uX, y = mw(x). Then for all n > 2, any

nonempty open subset U of um~'(y) and any transitive point x' = (x}, ..., x)_|) € R~ with
n(x;) =y, j=1,....n—1, wehave T({x'} x U) = RL.
Proof. Note that we have H(F)A = F, where F = &(Y, y), A = &(X, x), since 7 is weakly
mixing.
Claim.

fuxy x 7' (») € T} x ).

Proof of the Claim. Set V = {p € F : px € U}. Then V is a nonempty open set of F and by
Ellis trick we havey = int;cl; (V N F) # (. By the definition of H (F'), there exists & € F such
that  H(F) C cl; V.
Since F = AH(F) = H(F)A, we have
TUx}xU)Duo({x'} xU)Duo ({x'} x Vx)
D {ux’} x u(wo V)x D {ux"} x u(uo (VN F))x
= {ux'} x cl;(V N F)x 2 {ux} x cl; Vx
D {ux'} x aH(F)x = {ux'} x a H(F)Ax
= {ux'} x «Fx = {ux'} x Fx.
Since 7 is RIC, we have u o Fx = 7 ~1(y). Hence
T({x'} xU) Duo ({ux') x Fx) = {ux'} x n_l(y).
This ends the proof of the claim. [J

Now it is easy to see that 7({x'} x U) = RZ. Let (x1,x2) € RZ, where x1 € R,’;_l.

Since x’ is a transitive point of RJ’;_I, there exists a p € S7 such that px’ = x;. Then x; €
7~ (py) = pox~'(y). Thus

(x1,x2) € {px'} x por ™ (y) € T({ux'} x 7=1(y)) € T({(x'} x U).
Thus we have R =T ({x'} x U). O

Theorem B.3. Let v : (X,7T) — (Y, 7) be a RIC weakly mixing extension of minimal metric
systems and 'y € Y. Then for alln > 1, there exists a transitive point (x1, x2, . .., X,) of R with
X1,X2,...,Xy € n_l(y).

Proof. It is obvious for the case when n = 1, since R}T = X. Now assume it is true for n — 1
(n > 2). Fix a transitive point x’ = (X1, X2, ..., Xy—1) € Rﬁ_l with x1, X2, ..., X,—1 € n_l(y).
Assume that y € uY for some minimal idempotent u € J(M).

For each € > 0, define

Ve ={x €eun~1(y) : T(x', x) is e-dense in R!}.

It is easy to verify that V. is open. Now we show that V. is dense in umw—!(y). For any
AC X" zeX"8>0, A% 7is defined by p(z, 7)) < 8,V7 € A.

Now let {z1,22,...,2,} be an e-net of R7, i.e. for each z € R there is some z; (j €
{1,2,...,n}) such that p(z,z;) < €. Let U be an open subset of wr~!(y). By Lemma B.2,
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W = R". So there are some open subset Uy 2 U and #; € 7 such that #; ({x"} x Uy) <
Z1. Again, by Lemma B.2, m = R. So there are an open subset U 2 Uy and tp € T
such that r,({x'} x U») < 7. Inductively, we have a sequence U; 2 Up 2 --- 2 U, (relatively
open) and 71, ..., 1, € T such that ; ({x"} x U,) < zj,V¥je€{l,2,...,n}. Hence U, C V. This

means that V, is dense in umr —1(y).
Let I' = (72 Vi/n. Then I is a residual set of umr ! (y), and for all x € I, we have 7 (x’, x)

n=
= R7. In particular, there exists a transitive point (x1, x, ..., x,) of R} with xy,x2,...,x, €

7~ 1(y). The proof is completed. [J

References

[1] J. Auslander, Minimal flows and their extensions, in: North-Holland Mathematics Studies, vol. 153, North-Holland,
Amsterdam, 1988.

[2] J. Auslander, M. Guerin, Regional proximality and the prolongation, Forum Math. 9 (1997) 761-774.

[3] T. Austin, On the norm convergence of non-conventional ergodic averages, Ergodic Theory Dynam. Systems 30
(2010) 321-338.

[4] P. Dong, S. Donoso, A. Maass, S. Shao, X. Ye, Infinite-step nilsystems, independence and complexity, Ergodic
Theory Dynam. Systems (in press).

[5] R. Ellis, Lectures on topological dynamics, W. A. Benjamin, Inc., New York, 1969.

[6] D. Ellis, R. Ellis, M. Nerurkar, The topological dynamics of semigroup actions, Trans. Amer. Math. Soc. 353 (4)
(2001) 1279-1320.

[7]1 R. Ellis, W. Gottschalk, Homomorphisms of transformation groups, Trans. Amer. Math. Soc. 94 (1960) 258-271.

[8] R. Ellis, S. Glasner, L. Shapiro, Proximal-isometric flows, in: Advances in Math, vol. 17, 1975, pp. 213-260.

[9] R.Ellis, H. Keynes, A characterization of the equicontinuous structure relation, Trans. Amer. Math. Soc. 161 (1971)
171-181.

[10] H. Furstenberg, Disjointness in ergodic theory, minimal sets, and a problem in Diophantine approximation, Math.
Syst. Theory 1 (1967) 1-49.

[11] H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progressions,
J. Anal. Math. 31 (1977) 204-256.

[12] H. Furstenberg, Recurrence in ergodic theory and combinatorial number theory, in: M. B. Porter Lectures, Princeton
University Press, Princeton, N.J, 1981.

[13] H. Furstenberg, Y. Katznelson, Idempotents in compact semigroups and Ramsey theory, Israel J. Math. 68 (1989)
257-270.

[14] S. Glasner, Proximal flows, in: Lecture Notes in Mathematics, vol. 517, Springer-Verlag, Berlin, New York, 1976.

[15] E. Glasner, Minimal nil-transformations of class two, Israel J. Math. 81 (1993) 31-51.

[16] E. Glasner, Topological ergodic decompositions and applications to products of powers of a minimal
transformation, J. Anal. Math. 64 (1994) 241-262.

[17] E. Glasner, Structure theory as a tool in topological dynamics, in: Descriptive set theory and dynamical systems
(Marseille-Luminy, 1996), in: London Math. Soc. Lecture Note Ser., vol. 277, Cambridge Univ. Press, Cambridge,
2000, pp. 173-2009.

[18] E. Glasner, Topological weak mixing and quasi-Bohr systems, Israel J. Math. 148 (2005) 277-304.

[19] B. Host, Ergodic seminorms for commuting transformations and applications, Studia Math. 195 (1) (2009) 31-49.

[20] B. Host, B. Kra, Nonconventional averages and nilmanifolds, Ann. of Math. 161 (2005) 398—488.

[21] B.Host, B. Kra, Parallelepipeds, nilpotent groups, and Gowers norms, Bull. Soc. Math. France 136 (2008) 405-437.

[22] B. Host, B. Kra, Uniformity norms on /°° and applications, J. Anal. Math. 108 (2009) 219-276.

[23] B. Host, B. Kra, A. Maass, Nilsequences and a structure theory for topological dynamical systems, Adv. Math. 224
(2010) 103-129.

[24] B. Host, A. Maass, Nilsystemes d’ordre deux et parallélépipedes, Bull. Soc. Math. France 135 (2007) 367—405.

[25] W. Huang, S. Shao, X. Ye, Higher order almost automorphy, recurrence sets and the regionally proximal relation,
arXiv:1110.6599v1.

[26] W. Huang, X. Ye, Dynamical systems disjoint from all minimal systems, Trans. Amer. Math. Soc. 357 (2005)
669-694.

[27] D.C. McMahon, Relativized weak disjointness and relatively invariant measures, Trans. Amer. Math. Soc. 236
(1978) 225-237.


http://arxiv.org/1110.6599v1

S. Shao, X. Ye / Advances in Mathematics 231 (2012) 1786—1817 1817

[28] T. Tao, Norm convergence of multiple ergodic averages for commuting transformations, Ergodic Theory Dynam.
Systems 28 (2) (2008) 657-688.

[29] W.A. Veech, The equicontinuous structure relation for minimal Abelian transformation groups, Amer. J. Math. 90
(1968) 723-732.

[30] W.A. Veech, Topological dynamics, Bull. Amer. Math. Soc. 83 (1977) 775-830.

[31] J. de Vries, Elements of Topological Dynamics, in: Mathematics and its Applications, 257, Kluwer Academic
Publishers Group, Dordrecht, 1993.

[32] T. Ziegler, Universal characteristic factors and Furstenberg averages, J. Amer. Math. Soc. 20 (2007) 53-97.



	Regionally proximal relation of order  d  is an equivalence one for minimal systems and a combinatorial consequence
	Introduction
	Background
	Main results
	Historic remarks
	Organization of the paper

	Preliminaries
	Topological dynamical systems
	Cubes and faces
	Dynamical parallelepipeds
	Nilmanifolds and nilsystems
	 RP[d] 

	Main results
	 F[d] -minimal sets in  Q[d] 
	 RP[d]  is an equivalence relation
	 RP[d]  and nilfactors
	Maximal nilfactors
	Weakly mixing systems

	 F[d] -minimal sets in  Q[d] 
	Idea of the proof of Theorem 3.1-(1)
	Properties about proximal, distal and weakly mixing extensions
	Proof of Theorem 3.1-(1)
	Minimality of  (Q[d], G[d]) 

	Proof of Theorem 3.1-(2)
	A useful lemma
	Proof of Theorem 3.1-(2)

	Lifting  RP[d]  from factors to extensions
	Equivalent conditions for  RP[d] 
	Lifting  RP[d]  from factors to extensions

	Acknowledgments
	Basic facts about abstract topological dynamics
	Topological transformation groups
	Enveloping semigroups
	Idempotents and ideals
	Universal point transitive system and universal minimal system
	All kinds of extensions
	Vietoris topology and circle operation
	Ellis group
	Structure of minimal systems

	Proof of Theorem 4.3
	References


