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Abstract

We show that the adjunction counits of a Fourier—-Mukai transform @: D(X1) — D(X5) arise from
maps of the kernels of the corresponding Fourier—-Mukai transforms. In a very general setting of proper
separable schemes of finite type over a field we write down these maps of kernels explicitly — facilitating
the computation of the twist (the cone of an adjunction counit) of ¢. We also give another description of
these maps, better suited to computing cones if the kernel of @ is a pushforward from a closed subscheme
Z C X1 x X». Moreover, we show that we can replace the condition of properness of the ambient spaces
X1 and X by that of Z being proper over them and still have this description apply as is. This can be used,
for instance, to compute spherical twists on non-proper varieties directly and in full generality.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

The bounded derived category D(X) of coherent sheaves on a variety X had long been
recognized as a crucial invariant of X which holds a wealth of information about its geometry.
In order to work conveniently with functors between the derived categories of two varieties the
language of Fourier—Mukai transforms was developed by Mukai, Bondal and Orlov, Bridgeland
and many others. In brief, we can define a functor D(X;) — D(X3) by specifying an object
in the derived category of D(X; x X»). A morphism between such defining objects induces
a natural transformation between the functors. In this paper we write down the adjunction
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counit of a general Fourier—Mukai transform in this language — as morphisms of defining
objects.

Let X and X, be a pair of smooth projective varieties. We have the following commutative
diagram:

X1 x Xy x X4 (1.1)
T2 i”n 723

X1 x Xy X1 x X X2 X Xy

T b0} ) 2
X, X, X

Let E € D(X1 x X3). The Fourier—Mukai transform from X to X, with kernel E is the
functor

Pp(—) =mu (E @7y (-)). (1.2)

Here and throughout the paper all the functors are derived unless mentioned otherwise. It is
well-known (e.g. [4], Lemma 1.2) that the left adjoint of ¢ is the Fourier—Mukai transform
from D(X5) to D(X;) with kernel EV ® n{(Oxl) where n{(Oxl) = 115 (wx,)[dim X>]. Denote
this adjoint by @gld] . A composition of Fourier—Mukai transforms is again a Fourier—Mukai

transform ([15], Prop. 1.3). In particular, d5lEadj &g is the Fourier—Mukai transform D(X;) —
D(X1) with kernel

0 = mis. (THE ® THEY ® 15y (Oxy) ) (1.3)

On the other hand, the identity functor Id is the Fourier—Mukai transform D(X1) — D(X) with
kernel O p = A,Ox, where A is the diagonal inclusion X| — X; x Xi.
Consider now the left adjunction counit

Y oy —1d. (1.4)

In general, morphisms between Fourier—Mukai kernels map neither injectively nor surjectively to
natural transformations between the Fourier—Mukai transforms. Thus there is no a priori reason
for (1.4) to come from some morphism Q — O A. In this paper we construct explicitly a natural
choice of such morphism, working in a much greater generality of separated schemes of finite
type over a field.

The principal application is to compute, and even define, spherical twists. These are an
important class of auto-equivalences of the derived category D (X) of a variety X. They are first
examples of genuinely derived auto-equivalences, in a sense that they are neither shifts, nor come
from auto-equivalences of the underlying abelian category Coh X. In brief, a spherical twist is
an auto-equivalence of D(X) produced from a spherical object in D(X) or, more generally, a
spherical functor D(Y) — D(X). Spherical objects were introduced by Seidel and Thomas
in [21] as mirror symmetry analogues of Lagrangian spheres on a symplectic manifold. Their
defining properties ensure that the twist by a spherical object is an auto-equivalence of D(X).
This was generalized in [2] to exact functors between triangulated categories in such a way that
Seidel-Thomas spherical objects are precisely the (Fourier—Mukai kernels of) spherical functors
D(Spec k) — D(X), where k is the base field.
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Taking the twist of a functor is completely general and does not in itself rely on the fact that
the functor is spherical. The ideal definition would be the following:

“Definition”: Let C and C; be triangulated categories. Let S be an exact functor C; — C3
which has a right (resp. left) adjoint R (resp. L). The twist (resp. the dual co-twist) of S is the
functor Tg: Co — C» (resp. F g : C1 — C1) which is the functorial cone of the adjunction counit
SR — Id (resp. LS — 1d).

The problem with this definition is the well-known fact that cones in triangulated categories
are not functorial. The cone of a morphism between two objects is uniquely defined (up to an
isomorphism), but a cone of a morphism between two functors might not exist or might not
be unique. This is usually fixed by restricting to a setting where the cone of a morphism of
functors is well-defined, cf. [2], Section 1. One way is to consider only the functors which are
Fourier—Mukai transforms and only the natural transformations which come from morphisms of
Fourier—Mukai kernels. But then to define a twist of a Fourier—Mukai transform we need a natural
choice of the morphism of Fourier—-Mukai kernels underlying the corresponding adjunction
counit, while to compute the twist we need an efficient way of computing the cone of this
morphism. This paper addresses both of these issues.

The construction of the natural morphism of Fourier—Mukai kernels underlying the adjunction
counit of a general Fourier—Mukai transform is carried out in Section 3. Thanks to the recent
advances in Grothendieck duality machinery summarized in Section 2 we can work with
separated schemes of finite type over a field and with derived categories D,.(—) of unbounded
complexes with quasi-coherent cohomology. So let X1 and X» be two separated schemes of finite
type, E a perfect object of D(X| x X») and @ the Fourier—Mukai transform D(X{) — D(X»)
with kernel E. Let X; be proper, so that the left adjoint @?dj of @ is again a Fourier—Mukai
transform. Then the left adjunction counit @Z’d] ¢ — Id is induced by the morphism
0 = m3 (1HE ® m3HEY @ nj3m1(Ox,)) — O which roughly is the composition of the
following:

A
135 <The adjunction unit Id — A3, A5 for the diagonal X| x X B X x Xy x X1> (1.5)

Ay, (The evaluation map E ® EY — Ox, xx, on X| x X») (1.6)
Ay (The adjunction counit 711*71{ Ox,) = OXI) . (1.7)
For the precise formulas see Theorem 3.1. When X; is also proper &g, @?dj and

(1.5)—(1.7) restrict to the full subcategories of D,.(—) consisting of bounded complexes with
coherent cohomologies. If X5 is smooth ni (Ox,) = n;‘ (wx,)[dim X»] as before. Theorem 3.2
give the analogous result for the right adjunction counit.

This allows us to define the twist and the dual co-twist of any Fourier—Mukai transform.
Section 4 deals with the issue of computing them. Anyone trying to compute the cone of
the decomposition (1.5)—(1.7) will find it ill-suited to the task if the support of E has high
codimension in X| x X». We give an example in Section 4.1 with E the structure sheaf Oz of
a complete intersection subscheme Z in X x X; of codimension d > 0 which satisfies certain
transversality conditions. Then morphisms (1.5) and (1.6) both have huge cones with non-zero
cohomologies in all degrees from —d to 0. However these two cones mostly annihilate each
other and the cone of composition (1.5)—(1.6) is actually quite small. This suggests an alternative
decomposition of (1.5)—(1.6) better suited to computing cones, cf. (4.4).
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In the rest of Section 4 we make this into a general argument. The key idea is to take the
decomposition (1.5)—(1.7) obtained in Section 3 and apply to it the base change for Kiinneth

maps. If E is a pushforward of an object from a closed subscheme Z & x 1 X X3, then the
evaluation map E ® EY — O X, x X, involves the derived self-intersection of Z inside X; x X».
In precise terms, it involves the Kiinneth map (see Section 4.3 for the definition) for the fiber
square o 4 depicted on the left in (1.8):

Z——>Z 7 — X1 xZ
Restriction to X x X ﬂ X1 xXox X
oA 1z s 1 2 1 2 1 o 1723
24>LZ X1 x X2 Zx Xy — X1 x X2 x X,
zZ12

(1.8)

Thus in (1.5)-(1.6) we first restrict fiber square o to the diagonal X; x X7 in X; x X5 x X
which turns it into o4 and then we do the Kiinneth map on o 4. Given two subschemes, the
cone of the Kiinneth map for the fiber square of their intersection reflects, roughly, how far this
intersection is from transverse. In o 4 we have the self-intersection of Z in X; x X, which is
the opposite of transverse. This suggests first doing the Kiinneth map on o, as the intersection
of Z x X1 with X| x Z in X| x X, x X| may be more transverse, and then restricting to the
diagonal Z in Z'.

Write wz; for the composition Z e X1 x X» Iox 1- In Proposition 4.4 we prove that
Kiinneth maps commute with arbitrary base change. Then in Theorem 4.1 we show that the
composition (1.5)—(1.7) is isomorphic to roughly the following (cf. Theorem 4.1 for precise
formulas):

113+ (The Kiinneth map for o) (1.9)
135l 775 (The adjunction unit Id — A, A™* for the diagonal Z N Z’) (1.10)
Ay z14 (The evaluation map for E on Z) (1.11D)
Ay (The adjunction counit T[ZI*N!ZI(OXI) — OXI) . (1.12)

This is our preferred decomposition of morphism Q — O A. Theorem 4.2 gives the analogous
statement for the right adjunction counit.

One advantage of decomposition (1.9)—(1.12) is that most of the morphisms in it can become
isomorphisms under fairly reasonable assumptions on E and Z. Indeed, while the Kiinneth map
for square o is never an isomorphism unless Z is the whole of X| x X5, the Kiinneth map
for o is an isomorphism whenever the intersection of Z x X with X| x Z in X1 x X5 x X
is transverse. The evaluation map for £ on Z is an isomorphism whenever E is a line bundle
or any invertible object of D(Z). The adjunction counit in (1.12) is an isomorphism whenever
z 2 Xy issuchthat mz1,0z = Ox,, e.g. Z is ablowup of X or a Fano fibration over it. This
allows for a number of scenarios where the twist or the dual co-twist of @ can be written down
fairly easily, as we demonstrate in Corollary 4.5.

Another advantage of decomposition (1.9)—(1.12) is that it moves the action away from
ambient spaces X| x X» x X1 and X| x X» to their subschemes Z’ and Z. This allows us
to replace the assumption of X, being proper by the assumption of Z being proper over X and
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X5 (see Theorem 4.1). Something to be appreciated by those who want to do spherical twists on
non-compact varieties, e.g. total spaces of cotangent bundles of projective varieties.

Finally, in Section 5 we give an example of an explicit computation using Theorem 4.1. We
consider the naive derived category transform induced by a Mukai flop. This transform is not
an equivalence — it was proved by Namikawa in [17] by direct comparison of Hom spaces. We
demonstrate how its dual co-twist can be computed quickly and efficiently by our methods.

2. Preliminaries

Let k be an algebraically closed field of characteristic 0. The level of generality we choose to
work at in the main body of this paper is that of separated schemes of finite type over k. These
assumptions are necessary for the Grothendieck duality machinery which ensures that the direct
image functor in the definition of a Fourier—Mukai transform has a right adjoint. Without them
we cannot expect a general Fourier—Mukai transform to have a right and a left adjoint.

Some of the auxiliary results we prove along the way hold in a greater generality than the
one above. We would like to think of these results as being of potential interest to others who
find themselves in an unfortunate situation of having to show a complicated diagram of derived
functors to commute. We try therefore to state these results in maximal generality they hold at.

By a ringed space we always mean a commutative ringed space. By a concentrated map of
schemes we mean a map which is quasi-compact and quasi-separated. A scheme X is said to be
concentrated if it is concentrated over Spec Z. If Y is a concentrated scheme, thenamap X — Y
is concentrated if and only if X is concentrated [6, Section 1.2].

We make frequent use of a notion of a perfect map of schemes X i) Y, cf. [8, Section 4].
For maps of finite type between noetherian schemes f is perfect if and only if it is of finite
Tor-dimension, i.e. the derived functor of f* is cohomologically bounded.

Given an adjoint pair of functors (F, G), by the right adjoint with respect to F of some
natural transformation F H; — Hj, we mean the natural transformation H; — G H; induced by
the adjunction. Similarly, by the left adjoint with respect to G of some H; — G H, we mean the
FH; — H, induced by the adjunction.

Throughout the paper we employ a variety of Greek letters to denote an assortment of natural
maps which exist between compositions of standard derived functors. These are defined at length
over the course of Sections 2.1-2.3, but for the convenience of our readers we have also compiled
a brief index:

the projection formula

of f+A® B > fi(A® f*B) (2.28)
Br Id— fif* (2.22)
Yy f*fi—>1d (2.22)

the sheafified Grothendieck duality
dr fx RHomy (A, f*B) — RHomy (fxA, B) | (2.31)

€f fuf = 1d (2.30)
So.f f*8" = (go f)* (2.18)
Ng.f (go e = gulfs 2.17)
645 | A—> RHomy (RHomy (A, B), B) | (2.14)

23 E — EYY (2.15)

Kf f+A® fuB — fx(A® B) (2.27)
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the Kiinneth map
Ko | fix(AD) ® f2(A2) — hs (g (A1) ® g5(Ay)) | (4.9)

Af Id — f*fs (2.30)
the base change

Ko g fi = fig” (2.34)

vy fYA®B) > f*(A)® B (2.24)

& | RHomy (A, B) ® C - RHomy (A, B® C) | (2.10)

Ep EY ® (—) > RHomy(E, —) (2.12)

0 (A B)®C > A® (B®C) 2.7
T | f«RHomy(f*A, B) — RHomy(A, fB) | (2.21)
(o RHom(A ® B, C) —> RHom(B, R’Hom(A, C)) (2.8)

Xf f*A® f*B — f*(AQ B) (2.32)

2.1. Derived categories and derived functors

Let X be a scheme or a ringed space. We denote by D(Ox-Mod) the unbounded derived
category of the abelian category Ox-Mod. We denote by Dgc(X) (resp. D(X)) the full
subcategory of Ox-Mod consisting of complexes with quasi-coherent (resp. bounded and
coherent) cohomology. We denote by Dpe,(X) the full subcategory of D(X) consisting of the
objects which are locally quasi-isomorphic to a bounded complex of free O x-modules of finite
rank.

For a reference text on derived categories and derived functors we recommend [7], for the
traditional approach, and [13], for a more modern approach. One should also mention the
expositions in [10] and [19]. A key feature of the modern approach is that thanks to the results
of [20] we can now work freely with unbounded complexes. The authors of this paper adhere to
a general principle that wherever possible general results on derived functors and isomorphisms
between them should first be proved in the setting of Dqc(—), and then shown to restrict to the
usual setting of D(—) where applicable.

All the functors in this paper are assumed to be derived, unless specifically mentioned
otherwise. With two exceptions listed below we suppress all the usual R’s and L’s and use
the same notation for the derived functor as for its abelian category counterpart. Below we
summarize basic facts about the derived functors we make use of.

Let X be a ringed space. The derived tensor product functor exists as a functor

(—) ® (—): D(Ox-Mod) x D(Ox-Mod) — D(Ox-Mod)

and always restricts to a functor Dqc(X) X Dgc(X) — Dgc(X) [13, Section 2.5]. For X a locally
noetherian scheme and for A € Dperr(X) the functor A ® — restricts to a functor D(X) — D(X)
[7, Prop. 11.4.3]. Similarly, for any n € Z the derived tensor product functor in n variables
(—)®- - -®(—) exists as a functor from the product of n copies of D(Ox-Mod) into D(Ox-Mod)
[13, Section 2.5.9].

The derived functor of the functor Homy (—, —) of taking the global Hom space between two
Ox-modules exists as a functor

R Homy (—, —): D(Ox-Mod)*® x D(Ox-Mod) — D(I'(Ox)-Mod),

see [13, Section 2.4]. We make an exception and do not suppress ‘R’ here in order to differentiate
the object RHomy (A, B) in D(I'(Ox)-Mod) from the morphism space Hompx)(A, B).
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Similarly, the derived functor of the sheafified Hom functor Hom x (—, —) exists as a functor
RHomyx(—, =): D(Ox-Mod)°*? x D(Ox-Mod) — D(Ox-Mod).

We do not suppress ‘R’ here to emphasize the relation with R Homy. If X is a locally noetherian
scheme, then for any A € D(X) the functor R Hom x (A, —) restricts to a functor D;‘C(X ) —
Dyc(X) [7, Prop. 11.3.3]. Here D;‘C(X) is the subcategory of D,.(X) consisting of complexes
with bounded below cohomology. If X is a noetherian scheme and A is perfect the functor
RHomx (A, —) restricts to a functor Dqc(X) — Dgc(X) and then to a functor D(X) — D(X)
[3, Lemma 1.4.6].

Let now Y be another ringed space, and let f: X — Y be a map of ringed spaces.

The derived direct image functor exists as a functor

f«(=): D(Ox-Mod) — D(Oy-Mod),

cf. [13, Section 3.1]. When f is a concentrated map of schemes f, restricts to a functor
Dge(X) — Dgc(Y) [13, Prop. 3.9.2]. If X and Y are noetherian and f is properl then f, restricts
to a functor D(X) — D(Y) [8, Théoreme 2.2.1].

The derived inverse image functor exists as a functor

f*(=): D(Oy-Mod) - D(Ox-Mod),

cf. [13, Section 3.1]. When f is a concentrated map of schemes f* restricts to a functor
Dgc(Y) — Dge(X) [13, Prop. 3.9.1]. If X and Y are locally noetherian and f is perfect, then f*
restricts to a functor D(Y) — D(X) [7, Prop. 114.4].

2.2. Adjunctions and dualities for derived functors

Let X be a ringed space. For any A € D(Ox-Mod) the functor
A® (—): D(Ox-Mod) — D(Ox-Mod)
is left adjoint to functor
RHomx(A, —): D(Ox-Mod) — D(Ox-Mod),

cf. [13, Prop. 2.6.1].

For any A € D(Ox-Mod) denote by AV the object R Homx (A, Ox) € D(Ox-Mod). There
is a natural morphism A — AYY which is an isomorphism for any A € Dpert(X) [9, Prop. 7.2].
So (—)Y restricts to a self-inverse category equivalence Dperf(X) — Dpert(X)°PP giving us the
duality functor for perfect complexes.

For any A € Dpe(X) there is a canonical isomorphism AY ® (=) ~ RHomyx (A, —), see
Section 2.3(3), so

A® (—): D(Ox-Mod) - D(Ox-Mod)
is both the left and the right adjoint of functor
AY ® (—): D(Ox-Mod) — D(Ox-Mod).

I'In a non-noetherian world one can work with a more general notion of a quasi-proper scheme map, cf. [13,
Section 4.3].
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Let now Y be another ringed space and let f: X — Y be a map of ringed spaces. Then
functor

f*(=): D(Oy-Mod) — D(Ox-Mod)
is left adjoint to functor
f«(—): D(Ox-Mod) — D(Oy-Mod),

cf. [13, Prop. 3.2.1].
Suppose now that X and Y are concentrated schemes and let f: X — Y be a scheme map.
Then the functor

fe(=): ch(X) g ch(Y)
has a right adjoint which we denote as
fx(_): ch(Y) - ch(X)a

cf. [13, Theorem 4.1] or [18, Section 4].

To state the rest of the Grothendieck duality results in their full presently known generality we
would have to introduce a number of notions (pseudo-coherence, quasi-properness, etc.) which
are only meaningfully different from well-established ones in non-noetherian context. Since the
main bulk of this paper deals with schemes of finite type over a field, we prefer to state these
results for noetherian schemes only and refer the reader to [13, Section 4] for a more general
story.

So let X and Y be noetherian schemes and let f: X — Y be a separated scheme map
of finite type. Adjunction (f, f*) induces a natural morphism §7: fs RHomx (A, f*B) —
RHomy (fA, B), see Section 2.3(10), often referred to as the sheafified Grothendieck duality
morphism. For 8¢ to be an isomorphism we need f* to commute with restriction to open sets
of Y [13, Section 4.6]. When f is proper f* commutes with Tor-independent base change
for all objects in D(;LC(Y) and so §7 is an isomorphism for all A € D .(X) and B € D;Q.(Y)
[13, Section 4.4]. If f is also perfect, then f>* commutes with Tor-independent base change for
all of Dy (Y) and so §  is an isomorphism forall A, B € D, (Y) [13, Theorem 4.7.4]. Moreover,

the natural map xr: f*(A)® f*(B) = (A ® B), cf. Section 2.3(11), is an isomorphism for
all A, B € Dyc(X) [18, Section 5].

By a result of Nagata any separated map of finite type between noetherian schemes
decomposes as an open immersion followed by a proper map ([16], or [23] for a more modern
exposition). So to make (—)* commute with flat base change we can try and modify its behavior
over open immersions. Indeed, there is a unique way to paste (—)* over proper maps with (—)*
over étale maps in a way compatible with étale base change of (—)* (see [13], Theorem 4.8.1
for more detail). The result is the pseudo-functor (—)', Deligne’s twisted inverse image pseudo-
functor, which associates to any finite-type separated map f: X — Y of noetherian schemes a

functor f': D/.(Y) — D/.(X) with a number of nice properties:

) f'= S| p+ when f is proper and f'= f*|p+ when fis étale.
qc qc

(2) For any f functor f' commutes with Tor-independent base change [13, Theorem 4.8.3].
(3) For perfect f functor f ! restricts to a functor D(Y) — D(X) [3, Remark 2.1.5].
(4) There exists, as explained in [13, Section 4.9.1], for all A € D(;LC(X ) a natural morphism

FH(Oy)® f*(A) — f'(A). @2.1)
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If f is perfect then (2.1) is an isomorphism [13, Theorem 4.9.4] and the morphism

F*(4) > RHomx (O, £'(4)) 22)

right adjoint to (2.1) with respect to f! (Oy)®(—) is also an isomorphism [3, Lemma 2.1.10].
(5) If f is aregular immersion of codimension n, then f’((’)y) = wyx,y[—n] where wx,y is the
top wedge power of the normal bundle N sy [7, Cor. I1L7.3].
(6) If f is smooth of relative dimension 7, then f ! (Oy) = wx/y[n] where wy,y is the top wedge
power of the sheaf !2)]( /Y of relative differentials [22, Theorem 3].

When f is both perfect and proper, then f' = f*| D and all the above properties of f* apply

to the whole of f*: Dy. — Dy.. We do not therefore distinguish between f “and f* when f
is perfect and proper.

If f is proper the RHS of (2.2), as a functor in A, has left adjoint f; (f!Oy ® (—)). If f
is also perfect we denote this functor by f; and the fact that (2.2) is an isomorphism implies
immediately that fi: D;c(X) — Dyc(Y) is the left adjoint of f*: Dyo(Y) — Dgyc(X) and the
adjunction counit f, f* — Id is the composition

RO = L O @ ) 25 o 2 1

Finally, let X be a separated scheme of finite type over a field k and let m;: X — %k
be the structure morphism. The functor R Homx (—, n,ik) restricts to a self-inverse category
equivalence D(X) — D(X)PP, the global?® Grothendieck duality functor Dx/i. For any
separated finite-type map f: X — Y between two schemes of finite-type over k, the duality
D,/ interchanges f* and f' [13, Prop. 4.10.1]. For proper f the dual of f, under Dqji s fi
itself — this is precisely the sheafified Grothendieck duality isomorphism.

2.3. Standard relations between derived functors

There exists a number of well-known morphisms and isomorphisms between compositions of
the derived functors listed in Sections 2.1 and 2.2. Here we compile for the convenience of the
reader a list of such elementary relations employed throughout this paper.

For a number of these morphisms of derived functors we say below that they are compatible
with the corresponding natural morphisms for sheaves. For full detail on this the reader should
consult the reference we quote for each result, but roughly we mean the following. A natural
transformation of compositions of derived functors

Rfio---oRf;, > Rgjo---oRgy 2.3)

is said to be compatible with a natural transformation of compositions of the underlying abelian
category functors

fio-rofyp—>gro--ogn (2.4)

21e. overa point. One can obtain duality theories on X relative to any separated, finite-type map 7g: X — S with §
noetherian, but only after restricting to objects of D(X) perfect over S (see [8], Cor. 4.9.2 etc.). Since the objects perfect
over a point are precisely the complexes with bounded and coherent cohomologies, the global duality works for all of
D(X).
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if the following diagram commutes

2.4
Qofioofy—2D 0oglo-ogm 2.5)

L

Rfio---oRf00 "% Rgo---0oRgmoQ

where Q denotes localization functor from each chain homotopy category to the corresponding
derived category and the vertical arrows are composed from the natural transformations Qo f; —
RfioQand Qog; — Rg; o O that Rf; and Rg; come equipped with by the definition of a right
derived functor. Compositions of left-derived functors are treated analogously.

(1) Commutativity and associativity of tensor product. Let X be a ringed space. Then for any
A, B, C € D(Ox-Mod) there exist unique natural isomorphisms
A®B > B®A (2.6)
and
p: (AQB)®C > AQBRC > A®(BRC) 2.7)

which are functorial in A, B and C and which are compatible with the corresponding natural
isomorphisms for sheaves [13, Section 2.5.7 and Section 2.5.9].

(2) Sheafified (A ® (—), RHom(A, —)) adjunction. Let X be a ringed space. Then for any
A, B, C € D(Ox-Mod) there exist unique natural isomorphism
va: RHomyx (A Q® B, C):)RHomx (B,RHomy (A, C)) 2.8)

compatible with the corresponding natural isomorphism for sheaves [13, Prop. 2.6.1].

Applying the derived global sections functor to (2.8) produces the adjunction
isomorphism for the pair (A ® —, R Homx (A, —)). We call its counit the evaluation map
of A and denote it by

eva: AQRHomyx (A, —) — 1d. 2.9)

An important instance is the morphism A @ AY 40 x obtained by applying ev4 to Ox.
(3) Perfect objects and R Hom. Let X be a ringed space. For any A, B,C € D(Ox-Mod)
define

E:RHomx (A,B) @ C —> RHomx (A, B® C) (2.10)
to be the right adjoint with respect to A ® (—) of the composition

eva

-1

AQ® (RHomx (A, B) ® C) LN (AQ RHomx (A,B)) C — B®C. (2.11)

If either of C or A belong to Dpert(X), then & is an isomorphism [3, Lemma 1.4.6]. In
particular, for any E € Dpe(X) we have an isomorphism

£p: EV ® (—) > RHomx(E, —) (2.12)

of functors D(Ox-Mod) — D(Ox-Mod).
The adjunction (E ® —, R Homx (E, —)) induces via &g an adjunction (EQ —, EY ®—)
whose adjunction co-unit we also denote by evg:

E®(EY®-) % E®RHomy(E, —) 25 1d. (2.13)
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(4) Ox-reflexivity for perfect objects. Let X be a ringed space. For any A, B € D(Ox-Mod)
define
0a.p: A — RHomx (RHomyx (A, B), B) (2.14)
to be the right adjoint with respect to R Homx (A, B) ® (—) of

A®RHomy (A, B) —4 B.
If B = Oy the resulting morphism
Oa: A — AYY (2.15)

an isomorphism for all A € Dpert(X) [3, Prop 1.4.4].
Let E € Dyef. The adjunction (EY ® —, EYY ® —) induces via the isomorphism

0 L o .
E = EYV an adjunction (EY ® —, E ® —) whose adjunction co-unit we denote by evpgv:
EV®E®—) %L EVe(EYo-) £ 1d. (2.16)

(5) Pseudofunctoriality of direct and inverse image. Let X, Y, Z be ringed spaces and X i>
8 . . L .
Y = Z be maps of ringed spaces. There exist unique isomorphisms
Ng.r: (80 f)x — g fe of functors D(Ox-Mod) — D(Oz-Mod) (2.17)
and
Lo f8" = (go f)* of functors D(Oz-Mod) — D(Ox-Mod) (2.18)

which are compatible with the corresponding natural isomorphisms for sheaves. These
isomorphisms give (—), and (—)* the structures of a covariant and a contravariant
pseudofunctor over the category of ringed spaces [13, Section 3.6]. Specifically, for any

map X i) Y of ringed spaces we have

md,s =nspd=1d and a5 =¢ra=1d (2.19)

and for any maps X i) y & z248 W of ringed spaces the following diagrams commute

og, f *{1.
(hogo fle ™t (hog)fe and  fro'h* —C fr(hog) . (2.20)
nh-é"’fl \thvls' ;g,fi \L;hog,f
(g 0 f)a 5——> hags [ (go f)*h* ——=(hogo f)*

«Ng, f Nh.gof

We write 1y, ¢ for the corresponding isomorphism (h o g o f)x S hygy fy and Chg, r for
the corresponding isomorphism f*g*h* = (ho g o f)*.

(6) Sheafified (f*, f«) adjunction. Let X, Y be ringed spaces and let X i> Y be a map of ringed
spaces. For any A € D(Oy-Mod) and B € D(Ox-Mod) there exists a unique bifunctorial
isomorphism

7;: fRHomyx(f*A, B) = RHomy (A, f,B) 2.21)

compatible with the corresponding natural isomorphism for sheaves [13, Prop. 3.2.3].
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Applying the derived global sections functor to (2.21) produces an adjunction
isomorphism for the pair (f*, f,). We denote its unit and counit by
Br: Id— fof* and yp: f*fi — Id. (2.22)
The adjunction (f*, f,) is compatible with pseudofunctoriality in the following sense.

Let X i) Yand Y 5 Z be maps of ringed spaces, then the following diagrams commute:

B 8B ¥y, 173
Id —> g.g* g fuf* 8" A8 g fo ———> [*fu 1d,
Beor J/ng--lfo(g*f*(g'f) and ;g'fo(f*g*n;,lf)l Yeof
(g0 fulgo ) (g0 /)*(go s

(2.23)
see [13, Section 3.6] for more details.
(7) Monoidal functor structure for inverse image. Let X, Y be ringed spaces and let X i) Y be
a map of ringed spaces. For any A, B € D(Oy-Maod) there exists a unique isomorphism
vi: f*(A®B) = f*(A)® f*B (2.24)

functorial in A and B which is compatible with the corresponding natural isomorphism for
sheaves [13, Prop. 3.2.4(i)]. It is worth noting that as a natural transformation of functors in
B isomorphism v is conjugate to Ty in sense of [14, Section IV.7].

Map vy is compatible with the associativity of the tensor product in the following sense.

Let X i) Y be a map of ringed spaces. Then the following diagram

f*((A®B)®C)i>f* (A®B)®f*CL®I>(i(f*A®f*B)®f*C (2.25)

- |

frA®BeC) = ffAS [T (B&C) 1= fFAQ(fTB® f70)

commutes for any A, B, C € D(Oy-Mod) [13, Section 3.4].
Map v is compatible with pseudofunctoriality in the following sense. Let X i> Y and
Y Zbe maps of ringed spaces. Then the following diagram commutes

*

Svg vf

f*¢*(A® B) fr(Eg*A®g*B) fre*A® f*g*B (2.26)

{gi\L ifg,f@%-f

(80 /)*(A® B) (80 f)*A®(go /)*B

forall A, B € D(Oz-Mod) [13, Section 3.6].
f

(8) Monoidal functor structure for direct image. Let X, Y be ringed spaces and let X — Y be
a map of ringed spaces. For any A, B € D(Ox-Mod) define morphism

kr: fxA® fiB — f+(A® B), (2.27)

functorial in A and B, to be the right adjoint with respect to f* of the composition

Vgof

FfA® fB) S A B X2 A B.
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Map «y is compatible with the associativity of the tensor product and with
pseudofunctoriality in a way analogous to map vy [13, Section 3.4 and Section 3.6].

(9) Projection formula. Let X, Y be ringed spaces and let X —f> Y be a map of ringed spaces.
For any A € D(Ox-Mod) and B € D(Oy-Mod) define the projection formula morphism

af: fLA® B — fu(A® f*B) (2.28)

to be the right adjoint with respect to f™* of the composition

(AR B) 5 frfA® B L5 A®fB

If X and Y are concentrated schemes, then af is an isomorphism for all A € Dy(X) and
B € Dy(Y) [13, Prop. 3.9.4].
The projection formula is compatible with pseudofunctoriality in the following sense.

Let X —f> YandY 5 Z be maps of ringed spaces. Then the following diagram

A®gufiB — >, (8*A® fuB) — > g, f. (f*g*A®B)  (229)
Id®nf_gT: :lg*f*({f,g@Id)
A®(g0f)*B*>(g0f)*((g0f)*A®B) g« fx((go f)*A® B)

commutes for any A € D(Oz-Mod) and B € D(OX-Mod) [13, Prop. 3.7.1].
(10) The sheafified Grothendieck duality morphism. Let X and Y be concentrated schemes and

let X i) Y be a map of schemes. Denote the unit and counit of the ( S f X) adjunction by
AprId— f*fie and ep: fif* —1d. (2.30)

The (fs, f*) adjunction is compatible with pseudofunctoriality, in the sense that the
analogues of diagrams (2.23) for §y and A ¢ also commute, see [13, Cor. 4.1.2] for more

details.
Define for any A € Dyc(X) and B € Dy (Y) the sheafified Grothendieck duality
morphism
8r: fxRHomx (A, f*B) — RHomy(f:A, B) (2.31)

to be the composition
f« RHomx (A, f* B) f*R'HomX (fF*feA, f*B)

2 RHom (f+A, ff*B) s RHom (f«A, B).

When X and Y are noetherian and f is proper § ¢ is an isomorphism for all A € Dy (X)
and B € Da‘C(Y) [13, Theorem. 4.4.1]. If, in addition to the above, f is perfect, § ¢ is an
isomorphism for all A € Dqc(X) and B € Dy (X) [13, Theorem 4.7.4].

(11) Let X, Y be concentrated schemes and let X —f> Y be a map of schemes. For any
A € Dye(X) and B € Dy (Y) define morphism

xr: [fA® f*B— f*(A® B) (2.32)

functorial in A and B to be the right adjoint with respect to f, of the composition

X * a.;l X €r®ld
(U AQ f*B) — fuf*"A®B —— A®B



2082 R. Anno, T. Logvinenko / Advances in Mathematics 231 (2012) 2069-2115

where a;l is the inverse of the projection formula isomorphism. When f is proper and
perfect x  is an isomorphism [13, Exercise 4.7.3.4(a)].
(12) Base change. Let o be a commutative square

/

X/gHX

f’i lf (2.33)

/
V==Y

of ringed spaces. We define the base change morphism

o & fu — fig™ (2.34)

to be the right adjoint with respect to f"* of the composition
—1
or, equivalently [13, Prop. 3.7.2], the left adjoint with respect to g, of the composition
By ’rk nf_'-lﬁ'/ N IO S /o

fo = f38:87 == (foghg = (8o f)eg" — g+ 18-
This defines u, as a morphism of functors D(Ox-Mod) — D((’)}—Mod). When o is a
square of concentrated schemes the base change map restricts to a morphism of functors
Dyc(X) = Dyc(Y').

We use o7 to denote the transposed square

g'l lg (2.35)

In particular, we denote by u,r the base change map f*g, — f'*g. foro’.

If the restriction of 11, to complexes with quasi-coherent cohomology is an isomorphism,
then o is said to be independent. A fiber-square of concentrated schemes is independent if
and only if it is Tor-independent, i.e. for any x € X and y’ € Y’ such that f(x) = g(y') =
y € Y we have

Torioy,,. (Ox,x,Oyry) =0 foralli >0, (2.36)

cf. [13, Theorem 3.10.3]. In particular, a fiber-square of concentrated schemes is
independent if f or g are flat. Another good reference for the above material is [12,
Section 2.4], where the proofs are carried out via computations with the underlying
Fourier—Mukai kernels.

2.4. Further relations
To prove our main results in Section 3 we need three technical results which we could not find

in the literature. The first two state that the projection formula commutes with certain adjunction
units and counits of the direct image functor.
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Lemma2.l. Let X = Y i) Z be maps of ringed spaces. Let A € D(Oy-Mod) and

B € D(Oz-Mod). Then the following diagram commutes:

fxBg®Id
f+A®B : f+8+8*A® B

afl lf*agoaf (2.37)

S (A® [*B) ——> fi8:8" (A® [*B) —— 8 (§"A® g"[*B).
*Pg Jx8xVg

Proof. By functoriality of o f it suffices to show that the square

fe(Be®f*1d)
fx+(A® f*B) — "> £, (g:8"A® f*B)

f*ﬁgl if*ag

f48+8" (A® f*B) ——— fi8+ (§*A® g* f*B)

f*g*Vg

commutes. This square is the image under f, of the square

Be®1d
A® f*B : 8:8"A® B

ﬁgl iag (2.38)

88" (A® [*B) ————> 8« (8" A® " [*B).

To show that (2.38) commutes we show that its left adjoint with respect to g, commutes. By
definition of « its left adjoint with respect to g, is (yg ® Id) o v,. So the left adjoint with respect
to g, of (2.38) is

" « g*(ﬂg®ld) % % * Vg * * * £k
§ARf'B) — g " (g+8"AQ f*B) — =g "g:g"A®¢* f*B
Vg lyg@ld

and by functoriality of v, it suffices to show that the following composition is the identity
morphism:

*BoR1d ®Id
AR B LY et A g B L2 st A® gt B

Rewrite it as (g*B, o ¥,) ® Id. Since B, and y, are the unit and the counit of the adjunction

(g*, g«), the morphism g*A M g™ A is the identity morphism. The result follows. [
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Lemma 2.2. Let X, Y, Z be concentrated schemes and X LN Y i) Z be scheme maps. Let
A € Dyc(Y) and B € Dyc(Z). Then the following diagram commutes:

fx€e,®ld

f*g*gXA(X)B f+A® B
f*agoafl l“f (2.39)
fi8: (8" A® g™ ["B) > fugug™ (A® [*B) > [ (A® [*B).

Proof. The proof is analogous to that of Lemma 2.1. By functoriality of a s it suffices to show
that the image under f; of

2+8"AQ® [*B
“gl €;®Id
g (8 A® 8" f*B) ;== 8.8 (A® [*B) ——~ A® [*B

commutes. Since o is an isomorphism, this is equivalent to the diagram

g+:8 AQ® f*B
“]T €, ®1d
I
8 (8¥A® " [*B) > 88" (A® [*B) ——> A® f*B

commuting. But as €, is the adjunction counit, the composition € o g4 x, is the left adjoint of
Xg With respect to g*. By the definition of x, this left adjoint is precisely (¢, ® Id) o ag’l. The
result follows. [

The third result shows that for a perfect object E the adjunction co-units for £ ® (—) commute
with the associativity of the tensor product:

Lemma 2.3. Let X be a ringed space. Then for any A € D(Ox-Mod) and E € D e ¢ (X) the
following diagrams commute

E®(EV®A)6V—E>A (EV®E)®AMA
p1 l le and pJ/ lld (2.40)
v _> v
(E®EY)®A—— A EY®(E®A) —— A.

Proof. The adjunction counit £ ® (EY ® A) £, A was defined as the composition

Id
E®(EV®A)%L>E®RHom(E,A) =t A.

Therefore its right adjoint with respect to £ ® (—) is isomorphism £g. But isomorphism £ was
defined to be the right adjoint with respect to E ® (—) of the composition

E@(EY®A) I (E@EY) @A SEO0
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Therefore the left diagram commutes.

For the right diagram, recall that by its definition the adjunction co-unit EY @ (EQ A) MMM T
is

evpv

1d®0E)RId
) EV® (EVY ® A) A.

EV®(E®A)

Since the left diagram commutes and p is functorial, we can rewrite the composition above as

OF evpv (Ox)

-1
EV®(E®A) > (EYQE) ®A—— > (EYQE")®A
To show that the right diagram commutes it now remains only to show that

1d®6 evpv (Ox)
EV®E~—E>EV®EVV EVIVX Oy

@
is the map EY ® E e©0), Oyx. The right adjoint of the composition above with respect to
.. 0 . .. .
EY ® (—) is just the map E —> EVV. But 6 was defined as the right adjoint with respect to

EV®(-)of EY®E evE—(O@) Oyx. The claim follows. O
Define a morphism
eve: EYQEQ®(—) — Id (2.41)
to be the composition

eve (Ox)®Id
=

EY®E®(-) —> (EY®E)® (-) Id.

By Lemma 2.3 the canonical isomorphisms identifying EY ® E ® — with EY ® (E ® —) and
E® (E V' ® —) identify (2.41) with the adjunction counits for the adjunctions (E¥ ® —, E ® —)
and (E ® —, EY ® —), respectively. We thus abuse notation by speaking of (2.41) as “the
adjunction counit” for these two adjunctions.

3. Adjunction morphisms for Fourier-Mukai transforms
3.1. Compact case

Let X and X be a pair of separable schemes of finite type over an algebraically closed field
k of characteristic O with X, proper. We have the following commutative diagram

X1 x Xy x X1
712 lnm 723

X1XX2 X]XXl X2XX1 (3.1)

T b0} %) 2
X X X1

All the morphisms in it are separated and of finite-type. They are also flat, and therefore perfect.
Moreover, morphisms 71 and 713 are proper.
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Definition 3.1. Let E be a perfect object of D(X| x X»). The Fourier—-Mukai transform @f
from X to Xs with kernel E is the functor Dyc(X1) — Dyc(X2) given by

Pp(—) =m (E®@ 7] (—)).

By the adjunctions described in Section 2.2 functor @£ has both left and right adjoints. The
left adjoint @if’dj is isomorphic to the Fourier—Mukai transform from X, to X; with kernel
E V®ni (Ox,). The composition @?dj @ is then isomorphic [15, Prop 1.3] to the Fourier—Mukai
transform from X to X| with kernel

0 = T34 (nTZE QmHEY ® n;}nl! (OX1)> )

Let now A denote the diagonal inclusion X; < X x X and, by abuse of notation, let it also
denote the induced inclusion X| x X» — X x X2 x X, so that there is the following fiber
square:

X1XX2(A>X1XX2XX1

l i (3.2)

XIC—A) X1 X X]

The identity functor Id is isomorphic to the Fourier—Mukai transform from X to X; with kernel
A,Ox,. We now state the main result of this section:

Theorem 3.1. Let X1 and X» be two separable schemes of finite type over k with X, proper. Let
E be a perfect object of D(X1 x X») and Pg be a Fourier-Mukai transform from D;.(X1) to
Dyc(X2) defined by E.

The adjunction counit yg : Qifldj & — 1d is isomorphic to the morphism of Fourier—Mukai
transforms Dyc(X1) — Dyc(X1) induced by the following morphism of their kernels:

0 =713« (”TzE ®m5EY ® ”;3”1!(0&))

TP ALAF (nl*zE RTLEY ® nggar{(oxl)) (3.3)
T3, A* (nf‘zE ® TLEY ® niyr! (0X1)> ~ A (E® B @) (OX1)> (3.4)
AW, S
Aty (E ®E'® n{(oxl)) LOVE At (n{(oxl)) 3.5)
, A*enl
A*ﬂl*ﬂi(OX]) - A*OX| (3.6)

where (3.4) is composed of isomorphism vp: A* (— ® —) 5 oAx (=) ® A* (=) and of
pseudofunctoriality isomorphisms corresponding to the identities m13 o A = A o m and
7T120A=7‘[230A=Id.

We first need the following crucial lemma:
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Lemma 3.2. Let o be the fiber square

X;x Xox X1 22 5 X, x X5

o i lnz 3.7)

X1 X X2T>X2.

Then the following diagram of functors commutes:

Vs
Ty My ————>1d

Mql~ ~inn23.mc,,,;_d (3.8)

* * ok
7'[23*7'[12 m 7T23*A*A 7'[12.

Proof. It suffices to show that the right adjoints with respect to 75 of the composition

K 23:BA
TS0 —> M3y ————> M3 A A*T), (3.9)

and of the composition

-1
Vr N193,4% 75 A
s —> 1d ——25 mos A A*aly (3.10)

coincide. By the definition of morphism 1, the right adjoint with respect to 7 of (3.9) is

-1
724 By w  T2m23%Mm) 7y 7247234 A

Ty ——> TM4TT124TT |y ——————> 247235715 270035 A A ]
which by functoriality of 7y, 7, © 1, 21],] , is the same as

772*ﬁrr12 %
Ty —> T24T12%TT o

1
T2+ B A w5 T2m3%Mm 1, £ %
———— M2 A AT, ————— 72,23 Ak ATy, (3.11)

By pseudofunctoriality of the direct image, cf. (2.20), the morphism of functors

77712,7Z23°777?21,n12
T24TT125 Ay — > M2, 235 A

is the same as the morphism of functors

72, (ry3, 4005 ) A)
24 TT125 Ayg ——————— M2T234 Ay

and we can therefore rewrite (3.11) as

-1
Brin 12484 Np3, ATy 5,7
* * * % 12:7A *__%
o | Id — 2471y — M2 A Ay ———= w3, AL Anly ). (3.12)
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By the compatibility of B with pseudofunctoriality as per diagram (2.23) we can
rewrite (3.12) as
’7ﬂ12<A°§71_1]2.A

Brizo
s (Id Frized, (m12 0 A)y(m12 0 A)* ———— w12 A A%,y

-1
7)7123.A07IJTIZ_A

7T23*A*A*n’ik2) .

Cancelling out 77;112 A © Ny, A and noting that B ,, A = Id since 12 0 A = 1d yields

-1
Mmy3.4% 75 A
o (Id — > 3. A A*n},

which is clearly the right adjoint of (3.10) with respect to 7z} The result follows.  [J
Proof of Theorem 3.1. Set

Q' =3 (nf@xl ® Ev) QnHE
so that Q = 713, Q’. Since 71p o A = 3 o A = Id we have a natural isomorphism

§n23,A®§n12,A

470" "4 At (n0x, @ BY) ® Ak 7 Ox, @ EYQE.  (3.13)

We therefore define a morphism

; (3.13) eVE |

70x, ® EY ® E =5 1l0y,. (3.14)

3.3)—(3.6
Let us write the morphism of functors induced by the morphism Q ﬁ—l) A,Oyx, of

FM-kernels as:

A*Q

o (M3 Q' ® 7 (—)) L5 7tg, (13 A, A% Q' @ 7 (—)) (3.15)

—1
nA.nlonm,A

o (134 A0 A% Q' ® 7T (—) o (A1 A% Q' ® 7} ()) (3.16)

. %) o~ G.14) - y

Fou (AuminA* Q' @ 7 () S e (Aumiam| Ox, @7 (-)) (3.17)
€x - ~

7o (el Ox, @ 7 (2)) = 72 (4:0x, (). (3.18)

On the other hand, @ is the composition of functors ;‘ , E®(—) and m;4. Each of these functors
has a left adjoint, these adjoints are m*(rri Ox,®—-), E V®(—) and 715‘, respectively. Therefore,

the adjunction counit @Z’dl &r — 1Id is the composition of the three corresponding adjunction
counits:

s (ﬂi(’)xl ® EY ® m3mo (E @y (—))) . (”ioXl ®E'QEQm| (—))

(3.19)
! Vv * CVE ! *
71 (710x, ® EY @ E@ 7 (=) =5 m, (n{Ox, @ 77 (-) (3.20)
€11 0X7
Ts (ni@xl Q) (—)) NS Tl 3.21)
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The claim of the theorem is that the composition (3.19)—(3.21) is isomorphic to the composition
(3.15)—(3.18).

Let us clarify some terminology. We say that two morphisms of functors f — g and f' — g’
are isomorphic if there exist connecting isomorphisms f — f’ and g — g’ such that the
diagram

f—g (3.22)

commutes. Clearly it is an equivalence relation on the set of all morphisms between all functors
between two given categories. In particular, it is transitive.

If we further have a morphism of functors g — / which is isomorphic to a morphism of
functors g’ — h” then f — g — h is isomorphic to f' — g — g’ — h”, where
the connecting isomorphism g’ = g” is the composition of the inverse of the connecting
isomorphism g — g’ with the connecting isomorphism g — g”.

Our strategy therefore is to consecutively replace the morphisms which compose (3.19)—(3.21)
by isomorphic ones until we obtain (3.15)—(3.18). However, every time we replace a composant
by an isomorphic one, we introduce a new connecting isomorphism. In the end we have to
compose a long chain of these isomorphisms (each composed of natural isomorphisms detailed
in Section 2.3) and simplify the result. It is a mechanical exercise in pseudofunctoriality of direct
and inverse image and the associativity of tensor product. To present it in full detail would be
very tedious, the end result being always obvious from the start. This had long been lamented in
the literature, cf. [7, Section II.6]. To keep the focus on the substance of a proof we only state
the final result of each such computation of a connecting isomorphism, unless something non-
trivial is involved. For our most meticulous readers (and our most inquisitive referees) we have
included in the Appendix an unabbreviated proof, where all such computations are carried out in
full detail.

We begin with morphism (3.19). By Lemma 3.2 it is isomorphic to

1% <Ev ® 7] Ox, ® 7237} (E®@n} (—)))

LN (Ev ® 7 Ox, ® 3 AuA*ly (E @ 7} (—))). (3.23)

By Lemma 2.1 morphism (3.23) is further isomorphic to

op
mm3, (0 @ Ty (-)) PR miems, As (A*Q' @ A*mfymf (-)). (3.24)
Finally, since 7] o w33 = 713 o 713 and 7| o w1 = 771 o 73, see diagram (3.1), the corresponding
pseudofunctoriality isomorphisms imply that (3.24) is isomorphic to

~ ~ ofa -~ ~
autti3e (Q' @ T (—)) —> faumize Ay (A%Q' @ Ayt (-)). (3.25)
We proceed to morphism (3.20) which is induced by the adjunction counit 711’ Ox,®EYQE —
niOXl. By its definition morphism (3.14) is isomorphic to this adjunction counit, and so (3.20)
is isomorphic to

(3.14)

T (470 @ 7} () 71 (7} Ox) @ 7 () (3.26)
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As 73 o A = 71 o A = Id by pseudofunctoriality (3.26) is isomorphic to

B (40 07 5] ) U 2o dm (xl0n, @ A ). 620

Finally, the same pseudofunctoriality isomorphisms imply that (3.21) is isomorphic to

€11 0Xmy

ATty (nioxl ® mf A (—)) T, e ALARE (- (3.28)

We have now shown that (3.19)-(3.21) are isomorphic to (3.25), (3.27) and (3.28),
respectively. Next, we compute the connecting isomorphisms. The isomorphism connecting
(3.25)—(3.27) works out to be the pseudofunctoriality isomorphism

2136 As (A* Q' @ A 57 (—))

-1
NAmx Onﬂlg.A

———— T Amry (AT Q' @ i AR (-)) (3.29)

and the isomorphism connecting (3.27)—(3.28) works out to be the identity.

We can now conclude that the adjunction counit @?dj ®r — Id, being the composition of
(3.19)—(3.21), is isomorphic to the composition of (3.25), (3.29), (3.27) and (3.28). The claim of
the theorem then follows from the fact that the following diagram commutes:

s (M13: Q' @ T} (=) — = T2.713+ (Q' @ /7T (—)) (3.30)
(3.15) (3.25)
Tow (135 A A% Q' @ T (—)) — F2u13:. A5 (A* Q' ® A* 57} (—))
(3.16) (3.29)
Tox (Aam1: A% Q' @ 7 (—)) — > M2u Asrr1s (A* Q' @ 7 A* T (—))
(3.17) (3.27)
Tos (A*m*n]!()x, ® 7?;“(—)) — > A A1 (7T]!OX| ® ﬂfkﬂ*ﬁr(—))

(3.18) (3.28)

where the horizontal isomorphisms are all due to the projection formula. To see that diagram
(3.30) indeed commutes, observe that its topmost square commutes by Lemma 2.1, the middle
two commute by functoriality and the lowermost square commutes by Lemma 2.2. [

An identical proof yields an analogous result for the right adjunction counit:
Theorem 3.2. Let X and X» be two separable schemes of finite type over k with X, proper. Let

E be a perfect object of D(X1 x X3) and Wi be a Fourier—Mukai transform from D4.(X3) to
Dy (X1) defined by E.
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The adjunction counit yy: Vg Wgadj — 1Id is isomorphic to the morphism of Fourier—-Mukai
transforms Dyc(X1) — Dyc(X1) induced by the following morphism of objects of D(X1 x X1):

0 = 7134 (”TQEV ® myE ®”Tz”1!(OX1)>
T3P s _x v * x|
—— T3+ A AT (T HEY @ mp3 E @ wim(Ox,) (3.31)

T13s A, AF (n;"zEV ®THE @ 1y (Ox)) = A (E® EY @ 7{(0x))  (3.32)

Ay migev
A (E® EY @ 7](0x)) =% A, (7](0x)) (3.33)
| Asen)
A*Ttl*ﬂi (OX1) — > A*OX| (3.34)

where (3.32) is composed of isomorphism va: A* (—® —) 5 A% (—) ® A*(—) and of
pseudofunctoriality isomorphisms corresponding to the identities w3 o A = A o my and
7[120A=71230A:

3.2. Non-compact case

In practice, one often has to deal with cases when neither X| nor X, are proper. A common
way to deal with such situations is to restrict to the full subcategories of objects with proper
support. However, with a bit of care it is still possible to work in full generality.

So let X and X» be any two separable schemes of finite type over k, not necessarily proper,
and let E be a perfect object of D(X1 x X»). We want to write down the left adjoint @?dj of
Op = 1oy (E ® 711*(—)), but since 1 is not necessarily a proper morphism, the left adjoint to
7} does not necessarily exist.

To construct (Z5 , we compactify X, — that is, we choose an open immersion j: Xy < X2
with X, proper over k, cf. [16], or [23] for a more modern exposition. We shall abuse the notation
by using j to also denote immersions X x X» — X X Xoand X; x Xa x X1 — X1 x Xo x X
where it causes no confusion. For any such compactified product space we shall denote by 7;
and 7;; projections onto corresponding factors. Also, write E for j,E.

We have the following commutative diagram:

- J
X1 XX2<—)X1 x X»

RS

X <—>X2

Lemn_la 33. Let E € Dperp(Xy x X2). There is an isomorphism of functors Dyc(X1) —
Dyc(X2)
qc

;= j.Pr. (3.36)

Its left adjoint with respect to jy is an isomorphism of functors Dyc(X1) — Dgc(X2)

J1ep > . (3.37)
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Proof. For the first claim, we set (3.36) to be
45);" = T2« (]*E by ﬁ'ik(_))
—1
o _ . )7y Nz, ;98717 )
= T (E ® j*75(—) ——25 jumaw (E @ (=) = ju BF.
For the second claim: (3.37) is the composition of the image of (3.36) under j* with the

adjunction counit y;: j*j, &g — @g. And y; is an isomorphism since j is an open immersion
[5,Prop.94.2]. O

We now need the following key lemma:

Lemma 3.4. Let X be a concentrated scheme andlet U 2> X be an open immersion. Let D;c(X )
be the full subcategory of D,.(X) formed by the images of the objects of Dyc(U) under j,. Let

D/ (X) and D; erf (X) be the full subcategories of Déc(X ) consisting of complexes with bounded

and coherent cohomology and of perfect complexes. Then:

(1) Functors j, and j* restrict to mutually inverse equivalences between D;L.(X ) and Dyc(U).

(2) For any A € Dyo(X) functors A ® (—) and R'Homx (A, —) restrict to functors DéC(X) —
D;C(X) and are identified by j* with j*A ® (—) and R Homy (j*A, —).

(3) Let X' 1) X be a concentrated map and consider the following base change diagram:

U’ Hj[ X’

o gi J,f (3.38)
j

U——X

The functors f, and f* restrict to functors between DéC(X "y and D;C(X ) and are identified
by the equivalences j* and j'* with functors g, and g*. ‘

(4) Let X be noetherian. The equivalence j* identifies D/ (X) and D;Wf (X) with D' (U) and
D;lgr f (U), the full subcategories of D(U) and D pery(U) consisting of objects whose support
is closed in X.

(5) Let X be noetherian. For any A € D;‘C(X ) functor RHomx (—, A) restricts to a functor

DI (X) — D;C(X) and the equivalence j* identifies it with R Homy (—, j*A).

Proof. Since j is an open immersion, the adjunction co-unit j* j, LA Id is an isomorphism. It

follows that jy is fully faithful, so its restriction to a functor Dy.(U) — D;(X) is tautologically

an equivalence. It also follows that j* is the inverse equivalence to j,. This settles claim (1).
For claim (2), it follows from the projection formula isomorphism

"
A® ju(=) = jx(j*A® )

that A ® (—) restricts to a functor D/ (X) — D ;(X) and that this restriction is identified by j*
with

JTA® (=) Dye(U) = Dye(U).

The assertion for the functor R Homx (A, —) follows similarly from the sheafified adjunction
isomorphism

jsRHomy (j*A, —) 5, RHomx (A, j«(—)).
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The claim (3) follows in the same way from the pseudo-functoriality isomorphism
Sels M) J«&« and the flat base change isomorphism f™ j, Mo, Jrg*.

For claim (4), first note that j is an open immersion of noetherian schemes and thus perfect.
Now let A be any object of D/(X) and let B = j*A so that A = j, B. Since j is perfect, B lies
in D(U). We have Supp;; B = (Suppy A) N U and we need to check that this set is closed in X.
Since A € D(X), we know that Suppy A is closed in X and any point p € X lies in Suppy A if
and only if L;A # 0, where ¢, is the inclusion map. On the other hand, for any p € X\ U we have
t;A = L;;j*B = 0 by the base change formula. Hence Suppy A C U, so Suppy B = Suppy A
and hence closed in X. We conclude that B € D(U) as required.

Conversely, let B € D(U) and let A = j,B. Since B € D(U) we can find a fat enough
closed subscheme Z LY U with the underlying set Supp;; B to ensure that B >~ k,.C for some

jok
C € D(Z). Since Suppy; B is closed in X, the composite map Z °% X is a closed immersion.
We conclude that A = j B >~ jikxC =~ (j 0 k). C lies in D(X), as required.
We have now shown that j* identifies D/ (X) with D' (U). Finally, any inverse image functor

takes perfect complexes to perfect complexes [9, Cor. 4.19.1], therefore j* takes D per / (X) to

D;’grf(U ). Conversely, let A be a perfect object in D (U), then it is, in particular, of finite
Tor-dimension. As j is perfect, j,A is also of finite Tor-dimension [8, Cor. 3.7.2]. Since we

already know that j,A € D(X), we conclude that j,A is perfect. Thus j* identifies D’ erf(X)
with D;’;r f(U ). This settles claim (4).

For claim (5), take any B € D/ (X). Then, as before, we can find a closed immersion Z i) U
and an object C € D(Z) such that B = (j o k).C. We then have a functorial isomorphism

nj,ko /ok

RHomy ((j 0 k)sC, A) ek R Hom (c, ( ok)’A)

which shows that functor R Hom x (—, A) restricts to a functor D’ (X) — Dé.c(X ). Finally, this
restriction is identified by j* with R Homy (—, j*A) because j is an open immersion and hence
the natural morphism

j*RHomy (B, A) - RHomx (j*B, j*A)

is an isomorphism [3, Lemma 2.1.7]. O

Corollary 3.5. The Fourier—Mukai transform
Pr:  Dyc(X1) = Dyc(X2)
has a left adjoint @gdj , and this adjoint is isomorphic to the Fourier—Mukai transform

LDEV®711!((9X1): ch(XZ) — ch(Xl).

If Suppy, «x, E is proper over X| and X, then ®g and @gdj restrict to functors between
D(X1) and D(X>»).

Proof. We only prove the first claim, as the assertion about the restriction to D(X1) and D(X>)
is standard. By Lemma 3.3 functor @ is isomorphic to j. $g. Hence it restricts to a functor

Dyc(X1) — Déc()_(z). Thus, by the same lemma, @ is isomorphic to the composition

P i I
Dye(X1) —> Dye(X2) — Dye(X2).
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By Lemma 3.4(1) the functor D (Xz) LN DqC(Xz) is an equ1valence whose inverse is the
functor j,. Therefore @ has a left adjoint @ 1s0m0rph1c to Q5 ]*, that is to

(B @7 O0x) @75 )u(5).
By Lemma 3.4(2)—(5) this is further isomorphic to

71je (EY ® /7] (Ox) @ 75 (5).

Since 1 = 71 o j, the claim now follows by the pseudofunctoriality of (=), and (—)". O
3.36
The isomorphism &z B39, J« @ of functors induces the unique isomorphism
qsgzdj i @?djj* (3.39)

of their left adjoints ch()_( 2) = Dyc(X1) which makes the diagram

(pg"’f b: (3.40)
(3.39)0(3.36)l~ VE

ladj ~ ladj
@a]J*J*@ET)@;]@E = 1d

of functors Dy¢(X1) — Dyc(X1) commute. Therefore the adjunction co-unit @ladj o 5 1d
is isomorphic to the adjunction co-unit @ladj &5 —> Id. The standard Fourier-Mukai kernel of
@Zld} Py is

Q = 7_[13* (ﬁl*zE & ﬁ';}Ev & ﬁfgﬁl!(OXl)>

and Theorem 3.1 supplies us with the morphism Q0 — A, x, Which induces @lad} O — 1d.
We obtain:

Proposition 3.6. The adjunction counit yg: @ﬁ;dj & — 1d is isomorphic to the morphism
of Fourier-Mukai transforms Dg.(X1) — Dyc(X1) induced by the morphism 0 — A, Ox,
of Theorem 3.1.

As a non-essential aside, the standard Fourier—Mukai kernel of @?dj o itself is
0 = T34 (rri*ZE QmHEY ® n;}nl! (OX1)> )

The functors @g’d" &F and @g'd" & are isomorphic, but it does not a priori mean that Q and 0
are isomorphic. However, it is easy to check that they are — we leave the details as an exercise
for the reader.

4. An alternative description for the pushforward kernels

Whenever E is direct image of an object from the derived category of some subscheme of
X1 x X the decomposition of the morphism Q — O given in Theorem 3.1 is usually very



R. Anno, T. Logvinenko / Advances in Mathematics 231 (2012) 2069-2115 2095

poorly suited for computing cones. We first illustrate this in Section 4.1 with an example where
E is the structure sheaf of a global complete intersection subscheme and so everything can be
worked out explicitly using Koszul-type resolutions. For a general closed subscheme of X| x X»
such a resolution does not exist and a different approach is needed. But with an insight obtained
from Section 4.1 we set up some general machinery in Sections 4.2 and 4.3 which we then apply
in Section 4.4 to obtain a better description of the morphism Q — O 5 for E being a pushforward
from an arbitrary closed subscheme.

4.1. The global complete intersection example

Let X and X, be a pair of smooth varieties over k with X, proper. Let N be a vector bundle
of rank d on X; x X, and let s be a regular global section of \V. Let Z be the zero-locus of s in
X1 x Xo, it is a closed subscheme of codimension d and normal bundle N|z. Let Z x X; and
X1 x Z be Tor-independent in X; x X x Xy, i.e. the derived tensor product Oz x, ® Ox,xz
is Oz where Z' = (Z x X1) N (X1 x Z). We can rewrite the first two morphisms in the
decomposition of Theorem 3.1 for E = O as the images under 713, (— ® 73,75 Ox, ) of the
following morphism in Dy (X1 x X2 x X1):

* % v Ba V] Asevo,
771202 ®7723OZ — Ay (OZ & Oz) —_— A*OXlxXz- 4.1
Note that by the flat base change for the twisted inverse image pseudofunctor (see Section 2.2)
the object ni@xl is just the shifted line bundle 7} wy, [dim X>].
The structure sheaf O has a global Koszul resolution on X| x X»

NNY = AMTINY o5 VY = Oxyxx, (4.2)

whose differential maps are defined in the usual way by valuations at s. In particular, they all
vanish along Z. Dualizing the Koszul complex, we see immediately that OO} is isomorphic to
07 A N[—=d]in D(X| x X»).

We have 7,'(Z) = Z x X; and 753" (Z) = Xi x Z. So 1,0z =~ Ozxx,, while
13,0, = Ox xz ® n;‘3(/\dj\/)[—d]. Thus 7},0z ® 307, the first term in (4.1), equals
Ozxx, ®0x,xz® n§‘3 (/\d J\/) [—d]. By assumption Z x X and X x Z are Tor-independent,
and JT;}) A4 NT—d] is a line bundle, so we conclude that the first term in (4.1) equals
(33 AT Nz [—d].

On the other hand, A, ((’)z ® (’);), the second term in (4.1), is isomorphic to the image under
A, of the restriction of the dual of the complex (4.2) to Z. Since all the differentials vanish along
Z, this equals

d
4, (02 Niz = - 2 A NIz) = D N Nal-il, (43)

i=0

where A(Z) is the image of Z under X x X, A) X1 x Xp x X;.
Thus the decomposition (4.1) is not practical from the point of view of computing
cones. Its first map goes from (), A N z[—d], a single sheaf sitting in the degree d, to

@?:0 AN Azy[—il, a huge complex with non-zero cohomologies in all degrees from O to d.
Its second map goes from this huge complex to O A(x, x x,)» a single sheaf sitting in the degree 0.
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We get two huge cones with non-zero cohomologies in all degrees from 0 to d which almost
entirely annihilate each other when we take the cone of the map between them.

In the rest of this section we prove, in a much more general setting, that there exists a more
economical decomposition than (4.1). Applied to the case at hand, our result will tell us that the
decomposition (4.1) filters through the summand AY | a(z)[—d] of @y Al N a(z)[—i], and
can be written simply as:

‘> A
(5 AN [—d] 222,

A (Ox,xx,—>02z) "
~ A*O} 1772 A*Oxlxxz. (4-4)

A Nlazl—d]

The cones of these two maps are small compared to those in (4.1) and easy to compute.

4.2. A decomposition of the evaluation map

LetY i) X be a map of concentrated schemes.

Proposition 4.1. For any E € D(Oy-Mod) the following diagram commutes

1d®3
f+E @ RHom (fLE, Ox) <— f+E ® fx RHom (E, f*Ox).
Kf
f« (E @ RHom (E, f*Ox))
4.5)

evg

f*fXOX

€f

Ox

Proof. Let us show that the right adjoint of (4.5) with respect to fi E ® (—) commutes. The result

in [13, Prop. 3.2.4(ii)] tells what is the right adjoint of f, E ® fi(—) K—f> f«(E ® —) with respect
to f+E ® (—). It follows immediately that the right adjoint of

<

f+E ® fu RHom (E,—) —> f, (E ® RHom (E, =) <5 f, ()
with respect to fu £ ® (—) is

feRHom (E. =) 5 f.RHom (f* fuE.~) ~> RHom (f.E. fu—).
Therefore the right adjoint of the composition € s o evg ok in (4.5) is

£ RHom (E, f*Ox) 2> f.RHom (f* f.E, £*Ox)

s RHom (£.E, fof*Ox) <> RHom (f.E, Ox).

By definition this is just the sheafified Grothendieck duality morphism

§
f«RHom (E, f*Ox) =5 RHom (f,E, Ox).
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So is clearly the right adjoint of the composition ev gy, Eo(Id®8 f) in (4.5). The claim
follows. [

4.3. Kiinneth maps and the base change

LetY l) X be a map of concentrated schemes. Morphism« ¢ : fi(—)® fu(—) = fu (—® —)
can be interpreted as the Kiinneth map of the commutative square:

Y
Y

We recall the basics on the Kiinneth map, cf. [13, Section 3.10]:

1d
E—

—_—

Y
if (4.6)
f X

Definition 4.2. Let

752y

o: 81 l lfz 4.7

Y —X

h

be a commutative square of concentrated schemes. Setting &1 = f| o g1 = f2 o g define the
Kiinneth map to be the bifunctorial morphism

Kot f1x(A1) ® fax(A2) = hy (87(A1) ® 85(A2))  A; € D(Y) (4.8)
which is the composition

Fie(AD) ® Fru(A2) 25 hoh* (fi(AD ® fon(A2)

R T
By (B fra (A1) ® B fou(Ag)) L5252

o (85 17 Fia(AD ® 85 £5 fox(A2)) 2272 1, (g5(A)) ® 83(A)) 4.9)

with B, being the adjunction unit Idy — h,h* and y, being the adjunction counits f* fix —
Idy,.

A commutative square is called Kiinneth-independent if its Kiinneth map is a bifunctorial
isomorphism. For fiber squares of concentrated schemes this notion of independence is
equivalent to several others:

Proposition 4.3 ([13], Theorem 3.10.3). Let

Z =Y Xxyzi>Y2

o: 81l lfz (4.10)

Y ———X

h

be a fiber square of concentrated schemes, then the following are equivalent:
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(1) o isindependent, i.e. the base change map iy : f{ f2+ — g1x8&5 is a functorial isomorphism.
(2) o is Kiinneth-independent.

(3) o is Tor-independent, i.e. for any pair of points y1 € Y1 and y2 € Y2 with f1(y1) = fa(y2) =
x € X we have

Torpy,  (Ov),3, O, y,) =0 foralli > 0. (4.11)

What we saw in Section 4.1 is a special case of a very general base change statement for
Kiinneth maps:

Proposition 4.4. Let

Z$Y2

o gli lfz @.12)

Y —X
fi

be a commutative square of concentrated schemes and seth = flog) = frogr. Letu: X' —> X
be any morphism and let o' be the fiber product of o with X' over X, that is the outer square
(Z',Y{,Y;, X') in the commutative diagram

/ &2
72y,

4 1 J/ lfz H (4.13)

Y —X

VAN

1
f

Z Y,

Yy

X/

where Y/ = Y; xx . u X', Z' = Z xxnuX = Z Xy, g;u Y] and the four squares between o’
and o are the corresponding fiber squares. Let also h' = f{ o g| = f, o g}. Finally, to unburden
the notation, write

-1
nu,f’ Onfl N
o 1y, for the pseudofunctoriality isomorphism fisu — 5 u, fle

Lol
u, f 1
e (y, for the pseudofunctoriality isomorphism u* f* - firu*

e iy, for the base change map u* fi, — f| u* of the corresponding fiber square.

and analogously for f>, g1, g2 and h.
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Then for any objects A1 € D(Y1) and Ay € D(Y3):
(1) The following diagram commutes in D(X'):

W (Fie(AD) ® foe(A2) ——m u*h, (g5(A1) ® g5(A2))
(Hf] ®Mf2)°vul ih;«((ggl@{ﬂ)ov")o/"h (4.14)
FL A0 © f3,0* A2) — = I, (87 A1) © g5 e A2)

(2) The following diagram commutes in D(X):

fix(A) ® fru(Ar) ——— h, (g5(A) ® g5(A2))

,Bul \Lh*lgu

ustt* (f14(A1) ® f2:(A2)) hausu* (g7(A1) ® g5(A2)) (4.15)
”*((/‘fl ®“f2)°Vu)\L J{”*h;(({gl®§g2)°"u)°'7h

e (f1, A1) ® f3,(u* A2)) ——— .l (87" (A1) ® g5"(u* Ar))

Proof. By definition, the right adjoint of the base change map u*h, N Rl .u* with respect to u*

is the composition 7, M) hausu® Iy u bl u*. It follows that the diagram (4.15) is the right
adjoint of the diagram (4.14) with respect to u,, so we only need to prove that (4.15) commutes.

Let B 5 h4u,C be any morphism between some B € D(X) and some C € D(Z'). Let
[ be the left adjoint u*h*B — C of m with respect to h,u,. By compatibility of the inverse

image/direct image adjunction with pseudofunctoriality, the left adjoint with respect to uh/, of
-1

the composition B 2 hauC BN uh,C is the composition 2*u*B 2 w*h*B AN C. Hence
the left adjoint with respect to u,/h/, of the upper-right half

o Vu h*ﬁu
f1xA1 ® fosAs 25 hy (g7 A1 ® g5 As) 2

Nhohits (Lg; ®Lg,)
—_—

hauy (W8T AL @ u*gh Az)
ush!, (87 u* A1 @ gh'u*Az)
—1
of (4.15) is the composition of 2™*u* (f1.A1 ® f2:A2) g—h—> u*h™ (f1+A1 ® fa+Az) with the left

adjoint of

o uOh*ﬁu
fixA1 ® fruAr = h (8741 ® g5A2) RN

hatts (¢g) ®Lg,)
— T

Ny (”*gTAl ® M*g;AZ)
hauty (87U A1 @ g5 u*Az)

with respect to h.u,. Making use of the definition of «, in (4.9), this adjoint works out to be

° e ou*
u*h* <® fiAi) " (®,M ingi) - ®u*g§“fi*ﬁ*Ai
; i

& gl vy; ®i Lgi
— ®u*ng,- 0 gl u*A;.
;

i
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—1
Composing with 2*u* (f1.A1 ® f2xA2) Dy e (f1xA1 ® fa.A2) and simplifying we see
that the left adjoint of (4.15) with respect to u,h, is

nut <® fi*Ai>

i 8,{*5;1.1
_

(@i ;/j./lg/l)cvh/oh’*uu
eI I ek %
Q) si" i u* fixAi
i

& gl u vy
®g§*u*ﬁ*ﬁ*Ai It INELN ®g§*u*f\i.
i i

Similarly, the left adjoint of the lower-left half

10 (@ 117 )ottvu
_—

Bu
F14A1 ® frxA2 —> usu™ (f1xA1 ® f2xA2) s (fl " Ay ® fru*As)

UK 57

— uhl, (g7 u* A1 @ g5u*Asz)

of (4.15) with respect to u,h’, works out as

(®i ;‘;fg{)ov,l/oh’*v,,
/ 1%
nut (@) fishi

i

%
& & 1" us, Sisivy,
% plx g/ * 1 Ik ok
——>®gifi fish"Ai —> (X) & u" Ai.
: .

1

®gl{*f;'/*u*fi*Ai
i

It therefore suffices to show that the following diagram commutes for i = 1,2 and for all
A,‘ (S D(Y,')

k=1

8i Sy
fl'/*u*fi*Ai i u*fl*ft*Al
fl./*ufl.l lu*yfi (4.16)

fi/* i/*u*Al_ T> U*A;.

y . o )

By definition of wy in (2.34) the right adjoint with respect to f* of f/*u*fi, —
u*yy, Lt

u* 7 fis L NEEN precisely u™* fix (N fl.u*. So the right adjoint with respect to f/* of

(4.16) is the diagram

u® fisxA;
K
K
1ok AL Ik A
S Aj —— [l u™A,

Id

which clearly commutes. [
4.4. The adjunction counits for the pushforward Fourier—Mukai kernels

We can now apply the generalities of the previous two sections to obtain an alternative
decomposition to that in Theorem 3.1 of the morphism of Fourier—-Mukai kernels which induces
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the canonical adjunction morphism @?dj &g — Id in case where E is a pushforward of an object
onsome Z — X| X X»5.

Let X; and X; be a pair of separable schemes of finite type over k. Let Z 4 X 1 X Xp
be a closed immersion proper over both X and X;. Denote by 7z the composition Z 2
X1 x Xp I x 1. Consider the following fiber squares:

1z12 1723
Zx X1 —= X1 x X2 x X, X1 xZ—— X1 x Xy x X
o12: ﬂzul lﬂlz and 073 ﬂzz3l J{ﬂzz
Z‘LZ>X1XX2 24LZ>X1XX2'

Then Z' = (Z x X)) N (X1 x Z) ‘z, X1 x Xy x X fits into the fiber square

1%

LZ/
o Up 1723 “4.17)
ZXX1WX1XX2XX1.
Let o 5 denote the square obtained from (4.17) by base change X1 x X5 £> X1 X Xo x X1

d
z I z

X /
lrp3

72l ——= X1 xZ

Id L/IZ\L \ ilzzs
Ly

ZXX1*>X1XX2XX1

Z/ Ta

Observe that:

p (4.18)

X1 x Xo

e Composition Z A) 7z X1 x X1 x X equals Z LN X, é) X1 x X;.

e Compositions Z i A LY Z x X1 T8 Zand Z —> Z x X 2% 7 are the identity map.

L/
e Compositions Z A) 732 X, xZ I Zand Z —> X1 xZ 2%, 7 are the identity map.

Theorem 4.1. Let E; € D(Z) be such that E = 1z,(Ez) is perfect in D(X; x X3). Let
@g be the Fourier—-Mukai transform D(X|) — D(X3) with kernel E. The adjunction counit

@?dj Sg — Idy, is isomorphic to the morphism of Fourier—Mukai transforms induced by the
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composition:

0z = M3« (1212475 1, EZ ® 1723750, R Hom (Ez, 7}, (Ox,)))
TT13xKo

|
Tisuizy (1157512 Bz @ (3553 R Hom (Ez, 7 (Ox,)))
n13*LZ’*ﬁA

!

T13et 0 8. 80% ({7051, E7 ® 5, R Hom (Ez, ), (Ox,))
~ A*”Z'*((gﬂzn-tﬁzeﬂg’{ﬂzzsﬁéyA)OVA)O"A‘”ZIO";113»lzuﬂ(4'19)
Awz1s (Ez ® RHom (Ez, w5, (Ox))))
Azis(eve,)

A*”ZI*THZl(OXl)

Aseny,

A*OXI

Proof. Assume first that X is proper. By Theorem 3.1 the adjunction counit @g’dj Op — Idy, is
induced by the morphism of Fourier—Mukai kernels which we reproduce here for the convenience
of our readers:

134 (nf‘QE ® 735 (EV ® 7| (Oxl))) LEN T13: Ay A* (nf‘zE ® 7)5 (Ev ® 7] (Ox1)>>
(4.20)
A A (ThE @ 73 (EY @ 7}(0x))) = A (E@ EY @ 7{(0x)))  (42D)

Aty (E QE'® n{((’)xl)) Al (n{(oxl)> 4.22)
| Asen
Aty (ni(OXI)) L ALy, 4.23)

where the connecting isomorphism (4.21) is Ax715 ((Cryp, A ® Ly, 4) ©VA) O NA 7, © 777:113 A
We have E = 17, E7 and

2.10
EY ®7Ti0xl = (LZ*Ez)V ®7‘L’i(’)xl !> R Hom (LZ*Ez,JTiOXl)

87!
22, ;R Hom (EZ, ngloxl). (4.24)

BT WT

. . . 12 23 .1
Using the isomorphisms 7{5tz« — 1712477, and 735174« —> 1723475, and functoriality
of B, we see that (4.20) is isomorphic to
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!
135 (1212475 1, EZ ® 122347553 R Hom (E7z, 75, Ox;, ) )

lnmﬂA (4.25)
T3 A A% (1212475 1, Ez ® 1223:75 ;R Hom (Ez, 7, Ox,)) -
By Proposition 4.1 it also follows that (4.22)—(4.23) is isomorphic to the composition
Ay (1z+E7 ® 1z«RHom (Ez, n!ZIOXl))
A*ﬂl*KaA
Asmivizs (Ez @ RHom (Ez, n!Zlel))
AuT1xlz4eVE,
A*Tfl*tz*t!zfrll (OXI) (4~26)
A*T[I*GLZ
A*ﬂl*ﬂi (OXI)
Aser,
A* (OXI )
The connecting isomorphism from (4.25) to (4.26) works out to be
T3 A A% (1212475 1, Ez ® 12232705 ;R Hom (Ez, w1, Ox, ))
:\L(““zu@mﬂzzs)wﬂ
4.27)

!
T35 s (12 A* 1051, EZ ® 174 A% 105, R'Hom (Ez, 5, Ox,))
:lA*”I*(lZ*frrZ12,A®‘Z*Z7‘r223.A)°’7A,7r1 OH;I]SvA
|
Artix (1z+Ez ® 1zRHom (Ez, 7, Ox,)) .

By functoriality the bottom isomorphism of (4.27) commutes with the top morphism of (4.26),
so we conclude that (4.20)—(4.23) is isomorphic to the composition of

|
13 (1212475 1, EZ ® 1203475, R Hom (Ez, 7, O, ))

T13:8A

!
7135 A A* (1212475 1, EZ ® 17035705 R Hom (Ez, 1, Ox, )

= | 113+ A ((mZ12@ 1 z23)0v A) (4.28)

135 Ay (lZ*A*JT;uEZ ® 1z+ A5, RHom (EZ, n!Zlel))

7T13*A*KUA

T3 Aitze (A*75,Ez ® A*n%.R'Hom (Ez, 74, Ox,))
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with
|
135 Al zs (A*rr;leZ ® A*n,;,RHom (EZ, n'Zlel))

= A*”l*(gnzn,A@{nZB,A)OTIA,nl077;11314

|
AW, ST (EZ ® RHom (Ez, R'Z]OXI))
A*ﬂl*lZ*eVEZ

.

Asmixtzetym(Ox,) (4.29)
A*ﬂl*etz

A*ﬂl*ﬂi(oX1)~

A*enl

A,0x,.

The claim of the theorem follows by applying the base change for Kiinneth maps of
Proposition 4.4(2) to (4.28) and noting that as wz; = 71 otz so by compatibility of the (fi, f*)
adjunction with pseudo-functoriality, counits 7j4€,, and €5, at the bottom of (4.29) compose to
give €5,

Suppose now X» is not proper. Then, following Section 3.2, we compactify X, by choosing
an open immersion j: X» — X, with X, proper. Similar to the conventions in Section 3.2, we
use j to also denote all the compactification maps induced by j: X» — X, and we put a bar
over various objects and morphisms to denote their compactified versions. E.g. we denote the

inclusion Z % X 1 X X2 EN ¢ 1 X X by iz. B:y the argument above the compactified version
of the composition (4.19) gives a morphism Qz — A(’)xl which induces the compactified

adjunction counit @lbfd] Pz — Idx,. By the results of Section 3.2 the compactified and the
uncompactified adjunction counits are naturally isomorphic, therefore to prove the claim of
the theorem it suffices to exhibit an isomorphism Q7 = Q7 which composed with the
uncompactified (4.19) gives the compactified (4.19).

All the morphisms in (4.19) except for the first one are independent of the ambient space
X,. To be more precise, we have 713 ol = @30 j oty = m3 o ty, and hence the
compactified versions of last four morphisms in (4.19) are isomorphic to the uncompactified ones
via pseudofunctoriality isomorphisms. It therefore suffices to find an isomorphism Q = 0z
that would make the following diagram commute:

T13xKe o %ok !
0 Ti3stzr (157512 Ez ® U375 R Hom (Ez, 5, Oy, ))
-1
~ ZT’?HB.LZ/O’?;;B.[Z, (430)
A = - [ Ik % !
0 1ok Ttz (G575 12 Ez ® U370 R Hom (Ez, 75, Ox,)) -

But 7135 > 7134« and square o is obtained from square o by the base change j: X; x X2 x
X1 — X7 x X2 x Xj. So the desired statement is precisely the base change for Kiinneth maps
of Proposition 4.4. [
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We have similarly:

Theorem 4.2. Under the assumptions of Theorem 4.1 let Wg: D(X2) — D(Xy) be the

Fourier—Mukai transform with kernel E. The adjunction counit Vg W;:adj — 1d is isomorphic

to the morphism of Fourier—Mukai transforms induced by the composition:
0, = mi3« (112475 ;R Hom (Ez, 7, Ox,) ® 1223:7 523 E7)
T134Ko
T13:7's (15, R Hom (Ez, 7, Ox,) ® 75, E7)
T3l 714 BA
T3tz A A* (15, R Hom (Ez, 7, Ox,) @ 7555 E)
~ A*ﬂm*(({,,le,,/lz’A®§ﬂzz3’/23,4)om)om,n21077;13,!2/,4 (4.31)
AT 714 (RHom (Ez, ”!ZIOXI) ® Ez)
A*”ZI*CVEZ

Asz157,(Ox))

Aseny

A,0x,.

One of the main advantages of the alternative decompositions offered by Theorems 4.1 and
4.2 is that most of the morphisms in them can become isomorphisms under fairly reasonable
assumptions on Z, X1 and X». We can then write down twists of $g and Vg fairly easily, for
example:

Corollary 4.5. Let X1 and X, be separable schemes of finite type over a field k. Let Z N
X1 x X be a regular closed immersion proper over X| and X,. Suppose n71,0z = Ox, where
71 is the composition Z Z X1 x X2 o, X1. Suppose also that Z x X and X1 x Z are
Tor-independent inside X1 x X» x X1 and denote by Z' their intersection. Denote by 17 the
inclusion Z' — X1 x X7 x Xj.

Then the Fourier—-Mukai kernel of the dual co-twist of Po,: D(X1) — D(Xp) is
135l 775 (L ® Ta[1]) where T p is the ideal sheaf of the diagonal Z in Z' and L is the pullback
of n!Zl((’)xl) via X1 x ZtoZ'.

Proof. The Fourier—Mukai kernel of the dual co-twist of @ is the cone of the morphism of

kernels underlying ng‘dj &r — Id. Applying Theorem 4.1, we note that under the assumptions
of this corollary, all the morphisms in (4.19) become isomorphisms with the exception of

Ik % /% % !
3%l 7"« (‘1277212EZ ® 13377, R Hom (EZ’ ”ZloXl))
l”m*lz’*ﬂA

x 1k % Ik % !
T35l 75 A A (1127[212Ez ® 1537 ;3R Hom (EZ, nZIOXI)) .
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Since Ez = Oy the above simplifies to the direct image under 13,7/, of
Ik ! O Ba ANk ! O
1037703771 (Ox) — A A7 (1337703771 (Ox,) ) -

Write £ for L/2>"37T§237r!21((’)x1). By Lemma 2.1 (with f = Id) the morphism £ ﬁ—A> A AL s

isomorphic to £L ® (Oz — A, A*Oy). Since Oy ﬂ—A> A A*Oy is just the sheaf restriction
Oz — A,Oyz,its cone is ZA/[1] and the claim follows. [

5. An example

Let us give a concrete example of using the results of Section 4. For this example we
choose the naive derived category transform induced by the Mukai flop. This transform is not an
equivalence — it was proved by Namikawa in [17] by direct comparison of Hom spaces. Below
we use Corollary 4.5 to compute the kernel which defines its dual co-twist as the Fourier—Mukai
transform. We stress that the value of this section lies not in the answer itself, but in demonstrating
how the methods of the paper apply to obtain it. However, the reader may observe that the kernel
we obtain is a line bundle supported on the zero-section of the product. We shall demonstrate
in [1] that this is the reason for the braiding which occurs between natural spherical twists in the
derived categories of the cotangent bundles of complete flag varieties (see [11], Section 4).

Let V be a 3-dimensional vector space and let X be the scheme T*PP(V), that is the total space
of the cotangent bundle of P(V). Similarly, let X5 be the scheme T*P(V"). These schemes admit
the following description:

o o
VS A
X = 0O C U CvV
:={U1 CV, @ € End(V) | dimU; = 1,a(V) C Uy, a(U)) =0}
o o

N A
X, = 0C U CV

={U,CV, @ € End(V) | dimUs =2,a(V) C Uz, a(Us) =0}.

We also have a variety

o o

m
Z=30"Cc Uy Cc UcCcV

with natural “forgetful” maps ¢ : Z — Xj which forget one of the subspaces. Each map ¢y is
isomorphic to the blow-up of the zero section carved out by ¢ = 0 in X;. Both blowups have the
same exceptional divisor F C Z which is carved out by o = 0:

F={0cU, cU,cCV}.

The resulting birational transformation X; --+ X, which transforms the zero-section P(V) —
X into the zero-section P(VY) < X; is a local model of a four-dimensional Mukai flop. Note
that maps ¢ are proper and, since each map ¢y, is a blowup of Xy, we have ¢, 0Oz = Oy, .
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Let & be the functor ¢4¢7 from D(X1) to D(X>) and let us compute its dual co-twist. The
functor @ is a Fourier—Mukai transform with the kernel 7,0z, where 1z = ¢1 X ¢p : Z —
X1 x X;. We have:

o,00,0) oy,

Y “T
XixXoxX;=30C U,U,Ul CV

aj=ay  o1=0ay o o
Zx X1 = << T~ — A~
0’c Uy cU Ccv,0cCcU cvVv
o o wm=a] wr=q|
X1 xZ= A~ T .
0OocCc U CvVv, 0°C Ul c Uy CcV

It follows that Z' = (Z x X1) N (X| x Z) C X| x X3 x X can be described as

, o o
:m
z 0°Cc U,Uf C U, CV

a(V)gUmU{}‘

Observe that for any point of Z’ we have Uy = Uj or a = 0 (or both). Therefore Z’ consists
of two irreducible components: the diagonal AZ and the zero section

P=]0cU,U cU,cV}.

The intersection AZ N P considered as a subvariety of AZ is the exceptional divisor F of the

blowups Z ﬂ X; described above. On the other hand, let P &) P(V) xP(V) be the map which

forgets the subspace Us. It is the blowup of the diagonal of P(V) x P(V) and its exceptional
divisor in P is carved out by Uy = Uy, i.e.itis F = AZ N P again.
By Corollary 4.5 the dual co-twist of @ is the Fourier—Mukai transform X; — X with kernel

K =m3472 (LR TAll]) € D(X1 x X1).

Here 17 is the inclusion Z' < X| x X2 x X1, ZA is the ideal sheaf of AZ in Z’ and L is the
pullback of ¢i (Ox,)toZ'viaX| x Z.

Since Z ﬂ) X is the blow-up of the zero-section P(V) < X; whose codimension is 2, we
know that ¢>!1 (Ox,) is the line bundle Oz (F) where F is the exceptional divisor of the blow-up.
On the other hand, pulling back along the projection

Z —P(V) xP(VY)

induces an isomorphism
Pic Z ~ Pic P(V) x Pic P(V").

A simple calculation shows that Oz (F) is the pullback of Op(y)xp(vv)(—1, —1). Similarly
Pic Z' ~ PicP(V) x PicP(V") x PicP(V)

and L, being the pullback to Z’' of qb’l(Oxl) via X|; x Z, is then the pullback of
Opv)xpvvyxpv)(0, =1, =1).
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Since Z’ has two irreducible components AZ and P, we have Zp =~ 1p,Op(—AZ N P)
where ¢p is the inclusion P <> Z’. We therefore have K =~ m13.z2:4ps (05 L ® Op(—F)[1]).
A simple computation shows that O p (—F) is the pullback of Op(y)xpvvyxp(v)(—1, 1, —=1) and
therefore 1, £ ® Op(—F) is the pullback of Op(y)xpvvyxpv)(—1, 0, —2). We conclude that
K ~ 134204 ps 9ty (Op(vyxp(v) (—1, —=2)[1]).

Now observe that the following diagram commutes

Lp LZ/

P 7' X1 x Xo x X1
¢13l 7Tl3l
P(V) x P(V) X1 x Xy

t0
where (g is the zero-section inclusion of P(V) x P(V) into X x X . We conclude that

K ~ 10:013:073 (Opvyxpvy (=1, =2)[11) = 104 (Op(v)xp(v) (=1, =2)[1]) .
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Appendix. The unabridged proof of Theorem 3.1

Here we give a complete version of the proof of Theorem 3.1. It contains explicit computations
of all the connecting isomorphisms which we left out of the version in the main body of the
paper so as to emphasize the meaningful part of the proof. The version below is for referees
and others who relish seeing how the monoidal structure of the inverse image functor commutes
with pseudofunctoriality and with the associativity of tensor product. Lasciate ogne speranza, voi
ch’intrate.

Proof. Set
Q' =3 (nf@xl ® Ev> QnHE

so that Q = 713, Q’. Since 73 o A = mr3 o A = Id we have a natural isomorphism
ArQ 2 Ay (”1!0)(1 ® Ev> Q A*nyE

{7r23.A®§7112.A
_—>

(riox, @ EY) ® E. (A1)
We therefore define a morphism

A.l EQ(EV®(—-)—1d
argr A, (riox ®E) 0 LeEeO)7 g (A2)
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In these terms, the morphism of FM-transforms D(X) — D(X) induced by QO M
AQy is:
~ I o ok ld—> A, A% * ~ %
72w (T13 Q' @ T} (—)) ——— 724 (T13:4: 470" @ 71 (—)) (A.3)
-1
~ * A/ ~ s TAm N34 * A/ ~ %
T2 (7713*A*A 0 ®n (_)) — 2 (A*Tfl*A 0 ®m (_)) (A4)
. - (A2) . .
T2 (A*T[I*A*Q/ ® 77]*(_)) —> T2« (A*T[l*niOXl ® 771*(_)) (A.5)
B ) - x m*ni—ﬂd » -k
Fou (Aemrm} Ox, @ 7 (2)) T2 e (440, @ (). (A6)

On the other hand, @ is the composition of functors f‘ , E®(—) and ;4. Each of these functors
has a left adjoint, these adjoints are 71, (ni Ox,®—-), E V'® (—) and n;‘, respectively. Therefore,

the adjunction counit @?dl &g — 1Id is the composition of the three corresponding adjunction
counits:

T % <T[]!OX1 ® (Ev &® 77;772* (E ® 77;k (_))))

5y —>1d | v "

22w (710x ® (B @ (E @i () (A7)
m. (j0x, @ (B @ (@i () “2228 a, (rfox, @71 (0) - (A8)
. (710, @ 7} (4)) = 1d. (A9)

The claim of the theorem is that the composition (A.7)-(A.9) is isomorphic to the composition
(A.3)—(A.6)

Let us clarify some terminology. We say that two morphisms of functors f — g and f' — g’
are isomorphic if there exist connecting isomorphisms f — f’ and g — g such that the

diagram
8
g/

commutes. Clearly it is an equivalence relation on the set of all morphisms between all functors
between two given categories. In particular, it is transitive.

_—>

(A.10)

DL

IS

~

If we further have a morphism of functors g — h which is isomorphic to a morphism of

/)

functors g’ — h” then f — g — h is isomorphic to f' — g — g” — h”, where

the connecting isomorphism g’ — g”

is the composition of the inverse of the connecting
isomorphism g — g’ with the connecting isomorphism g — g”.

Our strategy therefore is to consecutively replace the morphisms which compose (3.19)-(3.21)
by isomorphic ones until we obtain (3.15)—(3.18).
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Observe that the following diagram, whose vertical arrows are all isomorphisms, commutes:

(A7)

71 (7] Ox, ® (EY ® m5mas (E @ 7 (-)))) 714 (7] Ox, ® (EY ® (E ® 7} (-)))) (A.11)
P! p!
148 (3 72, —>1d)
i ((BY @ 71, Ox,) @ mima (E @ 7} () - i ((EY ®7,0x,) © (E® 7} ()
3 ld®(n”23_Ao:;l'2_A)
71 ((EY ® 1} Ox,) @ mazur}y (E @ 7 () fa 71 ((EY ® 1} Ox,) ® maac A A%, (E ®@ 7y (-)))
Uy u’A‘ 0 Sty
i, (1 (EY @ 11 Ox,) @ 11 (E @ 77 () fa T, AuA* (15 (EY @ 71 Ox,) @ 71, (E ® 77 ()
p o(ld®vyy, ) plo(1d®vyy, )
ms, ((n33 (EY ® 7 Ox,) @ THE) @ 1yt (-) $> T, A A* (35 (EY @ m{ Ox,) @ m, E) @ miym (-))
1d "

) vABA :
T3, (735 (EY @ 11 Ox,) @ 1, E) ® w7} (=) ————> m.73, As (A% (75 (EY @ 7, Ox, ) @ aHE) ® A*nfymf (-)).

The first square in it commutes by functoriality of p~!, the second commutes by Lemma 3.2,
the third commutes by Lemma 2.1, the fourth commutes by functoriality of 84 and the fifth
commutes tautologically.

We now want to simplify the connecting isomorphism in the right column of (A.11). By
compatibility of the projection formula with pseudofunctoriality (see diagram (2.29)) we have
an equality

A © Oy © (Id @1y, ) = (gy;zl,A ® Id) 0 1lry3, 4 © (30

of two morphisms
(Ev ® nioxl) ® Aty (E @ 7f (—))

Since mp3 0 A = Id, we have ay,,04 = Id. It follows that the right-hand column of (A.11)
equals to

m1x (n}0x, & (EY o (E@xf ) (A.12)
m1s (Y @7} 0x, ) © (E® i ()
(52 2557 5. o125,

mism23, A (8%3 (EY ©7] Oy ) @ A%ty (E@ 7} ()

VA op_l o(]d®un12)ovzl

T %723, Ax (A* (”;3 (EV ®7‘[i OX] ) ®7ZTZE) ® A*Tfl*zﬂl* (—)) .
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Note that v;l and Id ®v,, commute by functoriality. Note further, that by the compatibility of
the map v with the associativity of the tensor product (see diagram (2.25)) we have an equality

VA © ,of1 o le = (vzl ® Id) o ,of1 o (Id®v )
of two morphisms
Ay (EY @ 7{0x, ) ® A" (ThE @ 7y} (-)
— A% (v (EY @ 7{0x, ) @ THE) ® Ay (-).
It follows that composition (A.12) equals to
w14 (r{0x, @ (BY @ (E@rf ())) (A.13)
—1
1. ((EY 7oy, ) ® (Eo 7} ()

-1 -1
(t 23vﬂ®(mwﬂ'20 ”12‘4))077”23”

15703, A (A*n% (Ev ® "io)ﬂ) ® (A*?TTZE ® A*H’Tz?l’ik (*)))

71703, A (A* (n% (EV ®ni OX] ) 7 2 ) ® A*m |*2 |* (- ))
By compatibility of v with pseudofunctoriality (see diagram (2.26)) we have an equality

-1 -1
VA © Vg, © §n12 A = VmpoA © (§ﬂ1z,A ® §n12’4>
of morphisms
EQni(—) — A'nE® A*nlyn(—).

Since w12 o A = Id we further have v ,,4 = Id. Therefore

—1 -1
(CTQ},A ® <VA © vﬂ]z 0 gﬂ]z,A)> ° nn23>A = (;.7{23 A ® (CJT]Z A ® ;T[IZ A)) ° 777723>A

in (A.13). Finally, by functoriality of o and of 7,,, A we have

,0_1 o <§7T23 A® (gmz A® {mz A)) O Nry3, A

- ((CN_ZLA ® CTT_IZ»A> ® grr_lz,A) O My A 0P .
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We conclude that (A.13) equals to

m1. (7} Oy, ® (BY ® (Ee} ) (A.14)

lplwl

1. (((EY @7j0x, ) ® E) @7} ()
| (ka5 55

miamy, As (4% (733 (EY @ 7] Ok ) @7}y E) © A%yt ().

Recall now that we write Q” for 7735 (Ev ® ni(’)x] )®n1*2E and note that leo(gﬂ_z; A® {ﬂ_li A)
in (A.14) is precisely the inverse of isomorphism (A.1). So what we have shown above is that
(A.7) is isomorphic to

op
123 (Q' @ T (<)) = Ty Ay (ATQ' ® Atmiywi(-)) (A.15)
with the connecting isomorphism on the RHS being
71 (710x, ® (Y ® (E @ 7 ()

((A ™ ® A)onm aop~lop™!

771*7723*A* (A*Q/ & A*Tﬁ*zﬂ'ik(_)) .
As ] o mp3 = 7y o w13 and wy o Wy = 71 o 713 (see diagram (3.1)) we have the following

commutative square

(A.15)
7170234 (Q' @ w7} (=) —— T3 Au (A% Q' ® Aty ()

(Id@({_{] 713og,,]‘,,lz))or,ﬁz)ﬁmoq;llﬂB \L \L(I(@(C”] nl3°§71ﬂ|2))°’7'f2 13, 13

25T 135 (Q/ ® 771*377[1*(_)) m 24T 135 A (A* Q/ ® A*ﬂm”]*( ))

We finally conclude that (A.7) is isomorphic to
7134 (Q' @ w571 (— )) SZLZN 136 Ax (A" Q' @ A* 57 (—)) (A.16)
with the connecting isomorphism on the RHS being

14 (ni@xl ®(EYQ(E®ny (—))))

((A 1) ®§ﬂl 3, A)orlnz 713,490 lop_l

0470135 Qs (A* Q' ® A7 (— )) . (A.17)
Here we have used the fact that by pseudofunctoriality relations (2.19) and (2.20) we have
777?2,7113 o ’7;11,7123 © nﬂzj;,A = nﬁz,ﬂg o ’77‘[107‘[23,A = ’7:%2,:113 o nﬁzonlg,ﬂ = 777?2,7113,A

L -1 S |
and similarly gfn,ms 0 Lmim2 08, A = gfn,ms,A'
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Next, we note that the following diagram commutes:

14 (7] Ox, @ (BY & (E® 7} ())) K

T4 (nioxl ®7{i‘(—)) (AIS)

p—lop—1 d

Tk (((ni@xl ® EV) ® E) o (7>) (-®EV)@E—~Id

T4 (n’i@xl ®rzi" (—))

A.D" gl 1d
(A2)
L (A*Q’ @ (7)) Tk (rr; Ox, ®xf (7))
—1 -1
(Id®fﬁl .A)oﬂﬁzvﬂ (Id®[ﬁl ,A)DnﬁZYA
(A2)

gy Ay (AQ) @ TF A% (0)) ——————————> Ty Asmy, (r{ Ox, @7 A% ().

Here the top square commutes by Lemma 2.3, the second square commutes by the definition of
map (A.2) and the third square commutes by the functoriality. Therefore (A.8) is isomorphic to

A2 : i
Fon Ariy (AQ @ 77 A%7F () L2 2y Ay, (nioxl ® AT (—)) . (A19)

And finally, the following square

(A9)

714 (7] Ox, ®7} () 1 (A.20)

-1 -1 -
(Id@gﬁl,A)onﬁz,A i ‘/[ﬁl Ay, A
”H(”io)(l@”i‘(—))—”d

Fgu Auryy (7] Ox| @ 7F Axf () g A ARTE (-)

commutes by functoriality. Therefore (A.9) is isomorphic to

) n1*<n; Ox, ®n{k(—))—>ld

e ATty (nioxl ® 1 A (—) A A ATRE (5). (A21)

We now compute the connecting isomorphisms. Composing the inverse of (A.17), the
isomorphism in the right column of (A.11), with the isomorphism in the left column of (A.18)
we obtain

TT24TT135 A (A* Q/ ® A*nlﬂ}»ﬁl*(_))

(Id®(§ﬁl,AOQ“ﬁl,n13,A))°’77?2-A'77?2-7T13-A

T Aurtis (A% Q' @ wf A7 ()
and by pseudofunctoriality relations (2.19) and (2.20) this is equal to
2470134 A (A* 0'® A*T[Eﬁf (_))

(Id® (55}”1 04”13”))0"&”1 Ongllsvﬂ

T Autrs (A* Q' @ mf A* 7 (-)) . (A22)
On the other hand, the composition of the inverse of the isomorphism in the right column of
(A.18) with the isomorphism in the left column of (A.20) is clearly 1d.

We can now conclude that the adjunction counit @Z‘dj &g — Id, being the composition of
(A.7)-(A.9), is isomorphic to the composition of (A.16), (A.22), (A.19) and (A.21). The claim
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of the theorem then follows from the fact that the following diagram commutes:
2 (134 Q' ® T} (=) ——————— 727134 (Q' @ W57} (—)) (A.23)
(A.3) (A.16)
e (M13: A A* Q' ® (=) — Ainmt13: s (A* Q' @ A*nfsitf ()
(A4) (A.22)
Fox (Aam1x A% Q' ® 7 (=) ——> 2 Auris (A% Q' ® T A*7F(—))
(A5) (A.19)
Tou (Asm157; Ox, @ 75 (—)) —> Ao Auis (7] Ox, @ TF A* 7 (—))

(A.6) (A.21)

~

where the horizontal isomorphisms are all due to the projection formula. To see that diagram
(A.23) indeed commutes, observe that its topmost square commutes by Lemma 2.1, the middle
two commute by functoriality and the lowermost square commutes by Lemma 2.2.  [J
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