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0. Introduction

One of the most attractive problems on enumerative combinatorics of convex polytopes is to find
a combinatorial characterizations of the Ehrhart polynomials of integral convex polytopes. First of all,
we recall what the Ehrhart polynomial of a convex polytope is.

Let # C RN be an integral convex polytope; i.e., a convex polytope any of whose vertices has
integer coordinates, of dimension d, and let 0% denote the boundary of &. Given a positive integer n
we define the numerical functions i(4#, n) and i* (£, n) by setting

i(®,n)=nPNzN, (P, n)=nP\or)NzN.
Here n? = {no : @ € £} and |X] is the cardinality of a finite set X.

The systematic study of i(#, n) originated in the work of Ehrhart [1], who established the following
fundamental properties:

(0.1) i(4, n) is a polynomial in n of degree d (and thus in particular i($, n) can be defined for every
integer n);

(0.2) i(P,0) = 1;

(0.3) (loi de réciprocité) i*(#, n) = (—1)%i(», —n) for every integer n > 0.

We say that i(#, n) is the Ehrhart polynomial of #. An introduction to the theory of Ehrhart
polynomials is discussed in [6, pp. 235-241] and [2, Part II].
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We define the sequence &g, 1, 82, . . . of integers by the formula

(1— 0! [1 —|—Zi(:/°,n)k”:| - Z&-A". (1)
n=1 i=0

Then the basic facts (0.1) and (0.2) on i(#, n) together with a fundamental result on the generating
function [6, Corollary 4.3.1] guarantee that §; = O for every i > d. We say that the sequence

5(‘(/j) = (807 8]7 e 8d)

which appears in Eq. (1) is the §-vector of . Thus 8o = 1and §; = |P N ZN| — (d + 1).
It follows from loi de réciprocité (0.3) that

d
o st_,-)ui"'l

" _ =0
E i*(P, A" = SR (2)

n=1
In particular 84 = |(# \ 34) N ZN|. Hence §; > §4. Moreover, each §; is nonnegative [7]. In addition,
if (#\ 82) NZN is nonempty, i.e., 84 # 0, then one has §; < §; forevery 1 < i < d[3]. Whend = N,

the leading coefficient (Z?:O 8;)/d! of i(£, n) is equal to the usual volume vol(#) of & [6, Proposition
4.6.30].
It follows from Eq. (2) that

max{i: 8 # 0} + min{i : i(P \ dP) NZN £ P} =d + 1.
Let s = max{i : §; # 0}. Stanley [8] shows the inequalities

So+81+ - +6 <8+ 1+ -+6-, 0<i=<[s/2] (3)
by using the theory of Cohen-Macaulay rings. On the other hand, the inequalities
Sa—1+68q2+ - +8mi <+ + -+ 8i+8, 1<i<[(d-1)/2] (4)

appear in [3, Remark (1.4)]. These inequalities (3) and (4) are discussed in detail by Stapledon [5].
Somewhat surprisingly, when Z?:o 8; < 3, the above inequalities (3) together with (4) give a
characterization of the possible §-vectors. In fact,

Theorem 0.1. Let d > 3. Given a finite sequence (8y, 61, . . ., 84) of nonnegative integers, where 55 = 1
and §1 > &4, which satisfies Z?:o 8; < 3, there exists an integral convex polytope » C R¢ of dimension
d whose §-vector coincides with (8o, 81, . . ., 8q) ifand only if (8¢, 81, ..., 8q) satisfies all inequalities (3)
and (4).

The “Only if ” part of Theorem 0.1 is obvious. In addition, no discussion will be required for the case
of 3¢ 8 = 1.The “If " part of Theorem 0.1 will be given in Section 2 for the case of > §; = 2 and
in Section 3 for the case of Z?:o 8 = 3.

On the other hand, Example 1.2 shows that Theorem 0.1 is no longer true for the case of Zf;o 8 =
4. Finally, when d < 2, the possible §-vectors are known [4].

1. Review on the computation of the §-vector of a simplex

We recall from [2, Part II] the well-known combinatorial technique for computing the §-vector of
a simplex.

o Given an integral d-simplex ¥ C RN with the vertices vg, vy, ..., Vg, We set F = {(a, 1) €
RN*! : « € F}, which is an integral d-simplex in RN with the vertices (v, 1), (v1, 1),
....(ve, Dand 3F = {(a, 1) € RN : a € 9} is its boundary. Clearly i(¥, n) = i(¥,n) and
i*(¥,n) =i*(¥,n) foralln. N

e The subset ¢ = C(F) C RV*! definedby € = {rB : B € ¥,0 < r € Q} is called the simplicial
cone associated with & C RN withapex (0, . . ., 0).Its boundaryis d¢€ = {rﬂ :BeEIF,0<re Q}.
Onehasi(,n) = |{(a,n) € C:a € ZV} |and i*"(F,n) = | {(a,n) € €\ IC : € ZV} |.
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e Each rational point @ € € has a unique expression of the form o = Z?:o ri(v;, 1) with each
0 < r; € Q. Moreover, each rational point « € C\d€C has a unique expression of the form
o= Z:'j:o ri(v;, 1) witheach 0 < r; € Q.

e Let S (resp. S*) be the set of all points o« € € N ZN*! (resp.a € (€ \ 9€) N ZN*1) of the form
o= Z?:o ri(vi, 1), whereeachr; € Qwith0 < r; < 1 (resp.with0 < r; < 1).

o The degree of an integer point («, n) € C is deg(a, n) = n.

Lemma 1.1. (a) Let &; be the number of integer points « € S with dega = i. Then

8o+ -+ + 8ah

14 ) i(F. A" = T

n=1

(b) Let &7 be the number of integer points o € S* with dega = i. Then

o ’ (1 — 2)d+1 !

(c) One has 8] = (g41)—iforeach1 <i<d+ 1.

Example 1.2. Theorem 0.1 is no longer true for the case of Z?:o 8; = 4. In fact, the sequence
(1,0,1,0, 1, 1, 0, 0) cannot be the §-vector of an integral convex polytope of dimension 7. Suppose,
on the contrary, that there exists an integral convex polytope £ C RN with (8, 61,...,8;) =
(1,0,1,0, 1, 1,0, 0) its §-vector. Since §; = 0, we know that & is a simplex. Let vg, v1, ..., v; be
the vertices of 4. By using Lemma 1.1, one has S = {(0,...,0), («, 2), (8,4), (y,5)} and S* =
{(@',3), (B, 4), (v, 6), (3|, vi,8)}. Write o’ = Y/ r;v; with each 0 < r; < 1.Since (¢, 3) &S,
thereis0 < j < 7 withr; = 1.If thereare 0 < k < £ < 7 withr, =r, = 1,say, 19 = r; = 1, then
0 <rg<1foreach2 < g <7and 21.7:2 r; = 1. Hence (&/ — vo — vy, 1) € S, a contradiction. Thus
there is a unique 0 < j < 7 withr; = 1,say,70 = 1. Thena = 21-7:1 riviand y = 217:1(] — ;.
Let ¥ denote the facet of # whose vertices are vy, vo, ..., v; wWith 8(F) = (6;, 87, ...,85) € 7.
Then &), = é; = 1. Since §; < §; foreach 0 < i < 6, it follows that §(F) = (1,0, 1,0, 0, 1, 0). This
contradicts the inequalities (3).

2. A proof of Theorem 0.1 when ZLO 6 =2

The goal of this section is to prove the “If” part of Theorem 0.1 when Z,—d:o &; = 2. First of all, we
recall the following well-known lemma:

Lemma 2.1. Suppose that (8, 81, . .., 84) is the §-vector of an integral convex polytope of dimension d.
Then there exists an integral convex polytope of dimension d + 1 whose §-vector is (8¢, 81, . .., 84, 0).

Proof. Let # C R" be an integral convex polytope of dimension d and @ C RN*! the convex hull of
{(ar, 0) € RN : o € 2} together with (0, ..., 0, 1) € R¥*'. Then @ is an integral convex polytope
of dimension d + 1. It follows that

n

i@m=) iP.q. n=012...
q=0

where i(#, 0) = i(@, 0) = 1. Hence

1+Zi(é‘2,n)k" = |:I+Zi(?,n)k”:| A4+r+r%+--)

n=1 n=1

- [1 +) i, n)k“:| a—-n"

n=1
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Thus
o0 o0
(1— )42 [1 +Y i, n))»”i| =(1- 1% [1 +Y i, n)A”:| ,
n=1 n=1
as desired. O
Letd > 3.We study a finite sequence (8, 81, . . ., §4) of nonnegative integers with g = 1and §; >

84 which satisfies all inequalities (4) together with Z?:o 6; = 2.Since §p = 1,81 > §4and Z?:O 8 =2,
one has 64 = 0. Hence there is an integer i € {1,...,[(d + 1)/2]} such that (&, 81, ...,8q4) =

(1,0,...,0, 1 ,0,...,0), where 1 stands for§; = 1. By virtue of Lemma 2.1 our work is to
— —
i-th i-th
find an integral convex polytope & of dimension d with (1,0, ..., 0, 1 ,0,...,0) € z4*1 its
((d+1)/2)-th
§-vector.
Let # C R? be the integral simplex of dimension d whose vertices vg, vy, .. ., vq are
©,...,0, 1, 1 ,0,...,0, i=1,...,d—1,
— ——
v = i-th  (i+1)-th
! (1,0,...,0, 1), i=d,
0,0,...,0), i=0.

When d is odd, one has vol(#) = 2/d! by using an elementary linear algebra. Since

%{(Uo, 1) +(U]7 1) +"'+(Ud7 1)} = (1! 17 ) 17 (d+ 1)/2) S Zd+17

Lemma 1.1 says that §411),2 > 1. Thus, since vol($) = 2/d!, one has
D) —
8(#)=0(@,0,...,0, 1 ,0,...,0),
((d+1)/2)-th

as desired.
3. A proof of Theorem 0.1 when Y"1, §; = 3

The goal of this section is to prove the “If” part of Theorem 0.1 when Z?:o 8§ = 3.Letd > 3.
Suppose that a finite sequence (8, 81, ..., §4) of nonnegative integers with §o = 1 and §; > §4
satisfies all inequalities (3) and (4) together with ZLO 8 = 3.

When there is 1 < i < d with §; = 2, the same discussion as in Section 1 can be applied. In
fact, instead of the vertices of the convex polytope arising in the last paragraph of Section 1, we may

consider the convex polytope whose vertices vg, vy, ..., vg are
@,...,0, 1, 1 ,0,...,0, i=1,...,d—1,
— ——
v = i-th  (i+1)-th
! 2,0,...,0,1), i=d,
(0709'~'50)7 l:0.
Now, in what follows, a sequence (8g, 61, . . ., 64) with each §; € {0, 1}, where §o = 1and §; > &g,

which satisfies all inequalities (3) and (4) together with Z?:O 6; = 3 will be considered.

If 54 = 1, then §; = 1. However, since d > 3, this contradicts (3). If §; = 1, then §, = 1 by (3).
Clearly, (1,1, 1,0,...,0) € z%! is a possible 8-vector. Thus we will assume that §; = 84 = 0. Let
Sm=6 =1withl<m<n<dletp=m—1,qg=n—m—1,andr = d — n. By (3) one has
0 < q < p. Moreover, by (4) one has p < r. Consequently,

0<q<p<r, p+q+r=d—2. (5)
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Our work is to construct an integral convex polytope & with dimension d whose §-vector coincides
with§(») = (1,0,...,0,1,0,...,0,1,0,...,0) for an arbitrary integer 1 < m < n < d satisfying
—— —— ———
p q r
the conditions (5).

Lemma 3.1. Let d = 3k + 2. There exists an integral convex polytope & of dimension d whose §-vector
coincides with

(1,0,...,0,1,0,...,0,1,0,...,0) € Z**".
— — N— — N— —
k k k

Proof. When k > 1, let # < R? be the integral simplex of dimension d with the vertices
Vo, V1, ..., Vg, Where

,...,0,

. 1), i=d—1,
1,1,0,...,0,1), i=d,
,...,0), i=0.

By using the induction on k it follows that vol(#) = 3/d!. Since

1
3 {0, D+ L D+ + (v, Dy=1,1,...,1,k+1) € 2%,

Lemma 1.1 now guarantees that 8,7 > 1 and §;

. w1 = 1. Hence Skr1 = land Sy = 1, as
required. O

Lemma3.2. et d = 3k + 2, £ > 0and d = d + 2¢. There exists an integral simplex  C RY of
dimension d’ whose §-vector coincides with

1,0,...,0,1,0,...,0,1,0,...,0) € 24+,
~—— —— —— —

k+¢ k k+¢

Proof. (First Step) Letk = 0.Thusd =2andd = 2¢ + 2.Let £ C R? be an integer convex polytope

of dimension d’ whose vertices vg, v1, ..., Uyt are
2,1,0,0,...,0), i=1,
0,2,1,0,...,0), i=2,
©0,...,0, 1, 1 ,0,...,0)0 i=3,...,214+1,
v = S~ =
i-th  (i+1)-th
(1,0,...,0, 1), i=2l+2,
,...,0), i=0.

As usual, a routine computation says that vol($#) = 3/d’!. Let v be the point
1 1 +1 2 l+1
—{(vg, D)+ (v1, 1) + (v, D} + = Vyg, 1) + = Vgg—1, 1
3 {00, D+ (1, 1) + (2, D) B;uq) 3;(2‘”)

belonging to RY*+!. Then
v=(1,1,...,1,£+1) ez,

Thus Lemma 1.1 guarantees that §,,1 > 1and 8j+1 > 1. Hence ;11 = 8¢42 = 1, as required.
(Second Step)Letk > 1.We write  C R for the integral simplex of dimension d’ with the vertices

Vg, U1, - - - 5 Uskt20+2 as follows:
e v =(0,0,...,0),
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ev;=(1,1,1,0,0,..., 0 ,1,1,...,1),
——
(3k+2)-th
e v, =(0,1,1,1,0,..., 0 ,1,1,...,1),
(3k+2)-th
ey =¢,...,0, 1, 1, 1 ,00..., 0 ,1,0,1,0,...,1,0),fori=3,4,5,...,3k
—_ —— T —— —
ith  (i+1)-th (i+2)-th (3k+2)-th
e vy = (1,0,0,...,0,1, 1 ,1,0,1,0,...,1,0),
(3k+2)-th
e vy =(1,10,0,...,0, 1 ,1,01,0,...,1,0),
(3k+2)-th
ey =(00,..., 0 ,...,0, 1,0,1,0,...,1,0),fori=3k+3,3k+5,...,3k+2(+1,
— —_
(3k+2)-th i-th
ev;,=(0,0..., O ,...,0, 1,1,0,1,0,...,1,0),fori=3k+4,3k+6,...,3k+20+2.
— ——
(3k+2)-th i-th
Let A denote the (3k + 2) x (3k 4 2) matrix
1 1 1 0 -+ .o ... 0
0 1 1 1 0
A:
0
0 . 1 1 1
1 0 1 1
1 1 0 v «vr oo 0 1

Then a simple computation on determinants enables us to show that

A *
d!vol(P) = 1 =|A] = 3.
0
1
(3k+2+26) x (3k+2+26)

One has
1 2
3 {(vo, D) + (v1, 1) + - -+ + (V3pga, D} + 3 {(skss5, 1) + (Varg7, 1) + -+ - + (Uskr2e41, D}

1
+ 3 {(v3kg6, D) + (U3kys, 1) + - - + (Usk2e42, 1}
=(,..., Lk+1,1,k+2,1,....k+01,k+0+1) ezt
Hence 8xy¢+1 = Sokre+2 = 1,asrequired. O

In order to complete a proof of the “If” part of Theorem 0.1 when ZLO 8 = 3, we must show
the existence of an integral convex polytope  C RY of dimension d whose §-vector coincides with
(1,0,...,0, 1,0,...,0, 1 ,0,...,0),wherel<m<n<dandn—-m—-1<m-—-1<d-—n.

m-th n-th
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First, Lemma 3.1 says that there exists an integral convex polytope whose §-vector coincides with
(1,0,...,0, 1 ,0,...,0, 1 ,0,...,0) ez
~—— ~——
(n—m)-th (2n—2m)-th
Second, Lemma 3.2 guarantees that there exists an integral convex polytope whose §-vector
coincides with
1,0,...,0, 1,0,...,0, 1,0,...,0)ez"™,
—— ——
m-th n-th
Finally, by using Lemma 1.1, there exists an integral convex polytope & of dimension d with
8(£)=(1,0,...,0, 1 ,0,...,0, 1 ,0,...,0) €z,
—— ——
m-th n-th

as desired.
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