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Abstract

We prove an improvement of flatness result for nonlocal minimal surfaces which is independent of the
fractional parameter s when s — 17.

As a consequence, we obtain that all the nonlocal minimal cones are flat and that all the nonlocal minimal
surfaces are smooth when the dimension of the ambient space is less or equal than 7 and s is close to 1.
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The purpose of this paper is to study some regularity properties of nonlocal minimal surfaces
as they approach the classical minimal surfaces.

Letn > 2 and s € (0, 1). Given two non-overlapping (measurable) subsets A and B of R"”, we
define

1
A B

Given a bounded open set 2 C R” and a set E C R", we let

Js(E,2):=L(ENR,(CE)NR)+ L(ENK,(CE)N(CR))
+L(EN(€NR), (CE)N Q).

We say that E is s-minimal in £2 if for any E C R” for which EN (C2) = E N (C) one has
that

Js(E, 2) < J5(E, 2).

That is, E is s-minimal if it minimizes the functional among' competitors which agree outside £2.

The functional J; has been recently introduced in [6] as a model for nonlocal minimal sur-
faces, and its relation with the classical minimal surfaces has been established in [8,2], both in
the geometric sense and in the Gamma-convergence framework.

Besides their neat geometric motivation, such nonlocal minimal surfaces also arise as limit
interfaces of nonlocal phase segregation problems, see [11,12].

The main difficulty in the framework we consider is, of course, the nonlocal aspect of the
contributions in the functional. The counterpart of this difficulty, however, is given by the fact
that the functional is well defined for every (measurable) set — in particular, there is no need to
introduce Caccioppoli sets in this case. Nevertheless, in spite of the results of [6,8,2], several
regularity issues for s-minimizers are still open.

1 Following a standard convention in geometric measure theory, all the sets will be implicitly assumed to contain their
measure theoretic interior and to lie outside their measure theoretic exterior — this is possible up to changing a set with a
set of zero Lebesgue measure, which does not affect the functional Js. More explicitly, if we set

Eg:={x€Est 3r>0st |[(CE)NB,(x)] =0} and

Eg :={x€Est I >0s.t |EN B (x)| =0},

we take the convention that Eq C E and ENEg =J.
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The purpose of this paper is to develop some regularity theory when s is close to 1 by a com-
pactness argument, taking advantage of the regularity theory of the classical minimal surfaces.
Our main result is the following improvement of flatness:

Theorem 1. Let s, € (0,1), @ € (0, 1) and s € [s,, 1). Let E be s-minimal in By. There exists
&y, > 0, possibly depending on n, s, and «, but independent of s, such that if

IEN B S {Ix - en| <&} 0.1)
then 3E is a C"*-graph in the e,-direction.

The crucial part of Theorem 1 is that its flatness threshold ¢, is independent of s as s — 17:
in fact, for a fixed s, an improvement of flatness whose threshold depends on s has been obtained
in [6] (see Theorem 6.1 there). The techniques used to prove Theorem | (hence to obtain a
threshold independently of s as s — 17) are a uniform measure estimate for the oscillation,
and a Calderén—Zygmund iteration. Both these tools have somewhat a classical flavor, but they
need to be appropriately, and deeply, modified here: in particular, some fine estimates performed
in [7] turn out to be very useful here in order to obtain bounds that are independent of s, and the
iteration is not straightforward, but it has to distinguish two cases according to the size of the
cubes involved, and the technical difficulties arising in the course of the proof turn out to be quite
challenging.

As aconsequence of Theorem 1, we obtain several regularity and rigidity results for s-minimal
surfaces, such as:

Theorem 2. Let n < 7.
There exists €, > 0 such that if s € (1 — €,, 1) then any s-minimal cone is a hyperplane.

Theorem 3. Let n < 7.
There exists €, > 0 such that if s € (1 — €,,1) then any s-minimal set is locally a
CL % hypersurface.

Theorem 4. Let n = 8.
There exists €, > 0 such that if s € (1 — €,, 1) then any s-minimal set is locally che, every-
where except, at most, at countably many isolated points.

Theorem 5. There exists €, > 0 such that if s € (1 — €,, 1) then any s-minimal set is locally C'*
outside a closed set X, with H?(X) =0 for any d > n — 8.

For other recent regularity results for nonlocal minimal surfaces see [3,13].

1. Notation

A point x € R"” will be often written in coordinates as x = (x', x) € R x R.
The complement of a set £2 € R" will be denoted by C£2 := R" \ £2. For any P € R" and
p > 0, we define the cylinder
Ky(P):={|x" = P'| < p} x {lxn — Pal < p}.

We also set K, := K, (0).
The (n — 1)-dimensional cube of side R centered at x|, € R~ will be denoted by Qg (x,).
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If v e §"!, given x € R", we define its projection along v, that is 77,x 1= x — (x - V).

Given a set E C R", we denote by dg (x) the signed distance of a point x € R”; we will take
the sign convention that dg(x) > 0if x € CE.

If ¥ C R" is a C2-portion of hypersurface, we define H{(P) to be the mean curvature of X
at P (with the convention that H{ equals the sum of all the principal curvatures).

The k-dimensional Lebesgue measure of a (measurable) set A C R¥ will be denoted by |A].

We let @ be the (n — 2)-dimensional Hausdorff measure of the boundary of the (n — 1)-di-
mensional unit ball.

Often, we will denote by ¢, C a suitable positive constant, that we allow ourselves the latitude
of renaming at each step of the computation.

2. Proof of Theorem 1

Now we start the proof of Theorem 1, which is based on several steps.

First, we need to approximate our s-minimal surface with a graph. As soon as s approaches 1,
a flat s-minimal surface approaches a classical, smooth, minimal surface, and this will allow us
to keep the Lipschitz norm of this approximating graph under control.

Then, we perform an estimate on the detachment of this graph from its tangent hyperplane: this
bound (together with a suitable auxiliary function and an estimate relating the integral equation
with the classical mean curvature equation in the limit) provides an Alexandrov—Bakelman—Pucci
type theory that controls the oscillation of the graph in measure.

This may be repeated at finer and finer scales via dyadic decomposition, by possibly taking
advantage of the closeness to the smooth minimal surface when the size of the cubes become too
small. In this way, one obtains a pointwise control on the oscillation of the approximating graph
(and so of the original s-minimal surface), leading to the proof of Theorem 1.

Below are the full details of the proof.

2.1. Building a graph via the distance function

One of the difficulties of our framework is that the s-minimal surfaces we are dealing with
are not necessarily graphs. To get around this problem, we follow an idea of [5] and we consider
level sets of the distance function in an appropriate scaling (this may be seen as a sup-convolution
technique).

For this, we recall the following classical geometric observation on the regularity of the level
sets of the distance function:

Lemma 6. Let E C R". Assume that

{xn<_y}mKr§EmKr§{xn<V}ﬂKr, (21)

for somer >y > 0.

Let 8 € (0,r/4) and 8% := {x e R" s.t. dp(x) = £8}.

Then, there exist ¢ € (0,1) and C € (1, 4+00) such that if y/§ < c then SENK,_ o5 is a
Lipschitz graph in the nth direction with Lipschitz constant bounded by C\/y JS.

Furthermore, 8~ (resp., 8) may be touched at any point of K,_»5 by a tangent paraboloid
from above (resp., below).
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Proof. We focus on 8§, the case of 8§ being analogous. We would like to show that for any
x,2€8 NK,_»s

Xn — 2n <C\/§|x'—z’

from which the desired result follows by possibly exchanging the roles of x and z.
For this, we argue like this. For any x € 8~ N K, _5s, the ball of radius § centered at x is
tangent to d E at some point y(x) € dE N K,, and, conversely,

) (2.2)

the ball of radius § centered at y(x) is tangent to 8~ at x. 2.3)

Let e, :=(0,...,1). Since x + de,, € Bs(x), we have that x + de,, must lie in the closure of E.
Hence, by (2.1),

X F8< . (2.4)

Similarly, since y(x) € 9 E, we obtain from (2.1) that

Yn(x) = —y. (2.5
By (2.4) and (2.5),
Yn(x) —xp 28 —2y. (2.6)

In the same way, we see that

(@) —zn =286 —2y. 2.7)
Now, if |x" — 7| > /¥, we use (2.1) and (2.6) to deduce that

Xn —Zn < (xn _yn(x)) + ‘yn(x)| + ‘yn(z)‘ + b’n(z) _Zn‘
SQ@y=8+y+y+|y@ -z
<Ry =8)+y+y+$

4)/<4\/%|x/_z/

which proves (2.2) in this case.
So, we may focus on the case in which

|x' = 2| <V/ve. (2.8)
Then, from (2.7),

)

P =y = =Y @ =2+ @ -z =y @ =+ 6 —2p)%
which gives
v/ () — 2| <2v/y8. (2.9)

Hence

=V @] <] =2+ [ =¥ @] <38,
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due to (2.8) and (2.9), and so, in particular,

|x' = y'(@)| < i. (2.10)
~ 100

So, we can define

pi= (3@ =5~ |y @ — ). @1

‘We observe that

p €93B;s(y(2)). (2.12)

Also, from (2.6) and (2.1),

V(@) = Xp 2 yn (@) —yu(x) +8 -2y 286 —4y > 0.

Therefore, by (2.10), we have that x must be below Bs(y(z)), hence (2.12) implies that

Xp < Pn- (2.13)

Now, we define P := (p — y(2))/6 and Z := (z — y(z))/5. We observe that P, Z € 9By, due
to (2.12). Also, Py, Z,, <0, due to (2.7) and (2.11). Moreover, | P’| + |Z’| < 1/50 thanks to (2.9),
(2.10) and (2.11). As a consequence

|P, — Z,] < 100|P' = Z'|".

By scaling back, this gives that

100 100
|Pn — zul < —|P —z/|2: T‘x’ —z”z < lOO/g’x’ -7

’

where (2.8) was used once again. From this and (2.13), we infer that

X — Zn < Pu — 20 < 100 /%Ix/—zﬂ,

which gives (2.2) in this case too.
Then, the desired Lipschitz property is a consequence of (2.2), and the existence of a tangent
paraboloid follows from (2.3) (and, by (2.6), the touching occurs from above in this case). O

We point out that the Lipschitz bound C/y /6 in Lemma 6 is optimal, as the example in Fig. |
shows.
A global version of Lemma 6 is given by the following result:

Corollary 7. Let E, C R". Suppose that dE, N K, is a CY%-graph in the nth direction, for
some a > 0, and let M, be its C%-norm.
Then, there exists c« € (0, 1), possibly depending on M,, such that the following holds.
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e 5P \
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| Y5 2 >
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\

Fig. 1. Optimality of the Lipschitz constant v/y /8§ =y /+/8y in Lemma 6.

Let y,8 € (0,1/4), E C R" and suppose that

E N K> lies in a y -neighborhood of E,. (2.14)

Let 8% := {x e R" 5.t. dp(x) = +6}.

Then, 8 N Ky is a Lipschitz graph in the nth direction, provided that y/§ < c,, § <
oy VIFO and v < e,

More precisely, there exists a constant C > 1 for which 8 N Ky is a Lipschitz graph in
the nth direction and the Lipschitz norm of 8T N K is controlled by C\/y 5 + M,, where M,, is
the Lipschitz norm of 0E, N K.

Furthermore, 8~ (resp., 8) may be touched at any point of K|_»s by a tangent paraboloid
from above (resp., below). Finally, for any |x'| < 1/2,

ut(x') —u™ (x') S2Q+ Mo)(y +6). (2.15)

Proof. Since dE, N K, is C1, it separates with power (1 + «) from its tangent hyperplane,
with multiplicative constant M,. Then, we take r := (y /M.) 1/(1+@) and we cover 0E, N K > with
cylinders K, centered at points of d E, and rotated parallel to the tangent plane of d E,.

By construction, in each of these cylinders, 0 E, separates no more than M, it = y from
its tangent hyperplane, and so E is 2y-close to such hyperplane. Therefore, Lemma 6 applies
(with y there replaced by 2y). Consequently, in each of these cylinders, 8 is a Lipschitz graph
with respect to the normal direction v of 8 E, (and its Lipschitz norm is bounded by C+/y /8 with
respect to v).

This proves the first part of Corollary 7. It remains to prove (2.15). For this, we fix |x'| < 1/2
and we set P* := (&', u*(¥')) € 8. Then, we take QF € E that realizes the distance, i.e.
|PT — QF| =6. By (2.14), we find points R* € 9 E, such that |R* — Q*| < y. Notice that

[(RF) = (PH)[<[(RF) = (@%) ] +[(@F) = (PF)[ <y +5.
Therefore, since (PT) = (P7) = u(x),

[(RY) = (R)[<|(RY) = (PH) | +[(P7) = (R7) [ <2y + ).
So, since dE, is a Lipschitz graph,

RS = Ry | < M| (RT)" = (R7)'| <2Mo(y +9).
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In particular,

|RT —R™| <201+ My)(y + )
and so
[Pt — P
<|PY—of|+|ot —RY|+|RT—R7|+|R" -0 |+ |0 - P|
<2(1+ My)(y +8) +2y + 28,

which gives (2.15). O
2.2. Detachment from the tangent hyperplane

Next result is one of the cornerstones of our procedure since it manages to reconstruct a
geometry similar to the one obtained in Lemma 8.1 of [7]. In spite of its technical flavor, it
basically states under which conditions we can say that a function separates from a tangent
hyperplane quadratically in a ring, independently of s as s — 1~

Lemma 8. Fix C > 1. Lete, R > 0 and ¥’ e R"~ .
Let u : R"*™! — R be a Lipschitz function, with

|Vu(x")| < C (2.16)

ae. |x' —xX'|<Randlet, :=u(X), x .=, x,) and E := {x, <u(x")}.
Assume that

XEQY) — xee(y) €
—5) / T dygﬁ. 2.17)
Br(¥)

Suppose that there exists P € CH VR such that

|VP(x')| + R|D*P(x')| <& (2.18)
ae |x' —¥|<R

P(E)=u(x") and P(x')<u(x') in|x'—%|<R. (2.19)

Then, there exists a constant C > 1, only depending on n and C, such that’ the following re-
sult holds, as long as ¢ € (0, 1/C). There exists an (n — 1)-dimensional ring S, := {|x’ — X'| €

2 The reader may compare (2.20) here and (8.1) in [7]. Notice that such an estimate, roughly speaking, says that u
separates quadratically from its tangent hyperplane in a ring, up to a set with small density — and the constants are
independent of s.

From this, a general geometric argument implies a uniform quadratic detachment in a whole ball with smaller radius
(see (8.2) and (8.3) in [7]) and consequently a linear bound on the image of the subdifferential of the convex envelope
(see (8.4) in [7]), and this is the necessary ingredient for the Alexandrov—Bakelman—Pucci theory to work (see Sections 8,
9 and 10 in [7]). In our framework, u will be the level set of the distance from an s-minimal surface: we will add to it the
auxiliary function of Section 2.4 and consider the touching point of the convex envelope. These points, by construction
are touched from below by a hyperplane, so u is touched from below by a smooth function, which motivates the setting
of Lemma 8.
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(r/C,r)}, withr € (0, R], such that, for any M > O we have

18, 0 () =% = VPE) - = &) > My ¢

S, Sy (2.20)
\

Proof. We consider the normal vector of the graph of P at x’, to wit
(=VPE"), 1

JIVPGE)R+1

Let also
P = {x, <P(x)},
L:={x, <VP(X) (x'—%)+x,} and
A=x < 4e 2
=x4+1{|x-v| < ;lrrv)d .

We recall that m, is the projection along v (see Section 1) and we notice that A is just the
translation and the rotation of the set

4
i< )

and so, for any p > r > 0,

n+1
/ xa(y)dy < /[ / dyn]dy/gcgp ) (2.21)

R
By (3)\By(x) VISP Iyal<@e/BIY'1?

On the other hand, since L is a halfspace passing through x, the following cancellations hold:

f xL(¥) — xer(y)

Fpm dy=0. (2.22)

xL(y) = xer(y)dy =0 and
B (\B: (¥) B ()\B, (%)

Moreover, by (2.19), we have that P C E, thus

XE = Xp andso xer < xep- (2.23)
Also, the quadratic detachment of P from its tangent plane given by (2.18) implies that (L \ A) N
Br C PN Bgand (CP)NBr C((CL) U A) N Bg. Therefore, in Bg,

XL — XA < xpna < xp o and  xep < xerLyua < xerL + xa. (2.24)
So, from (2.23) and (2.24), we obtain that, in Bg,

XE — XCE 2 XP — XCP = XL — XCL — 2XA- (2.25)
Now, for any m € N, let
R
rp = —————,
(2+ C)n)m
Ry =By, (%) \ By,,,(¥) and
/ Xe(Y) — xee(y) J

b, =
" |X — y|nts

R
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Here above C is the one fixed in the statement of Lemma 8. We claim that there exists m € N
such that

Cyerl—s
b < "7’”,
R

(2.26)
for a suitable constant C, > 1. The proof is by contradiction: if not, we have

f XE(y)_XCE(y)d

|X — ylrts
Br(x)
+00 Coé‘ +o00 . Coé‘ +o00 _ _(—s)m
:me> R Zrmsz RS Z((2+C)n)
m=0 m=0 m=0
C,e 1 C,e 1

R 1 (@+0On-0— R C—s

for some C > 0. This is in contradiction with (2.17) if C, is large, and so (2.26) is established.

From now on, m will be the one given by (2.26), and C,, will be simply C (and, as usual, we will
take the freedom of renaming C line after line).

Now, we make use of (2.25), (2.22) and (2.21) to obtain that

1 1
/(XE(y) - )(eg(y))<|)E — - > dy

y|n+s rr’:11+s

m

1 1
> /(XL(y) — xeL(y) = 2xa(»)) ( oy ) dy
Rﬂ‘l
1 1
= [ 220 ( EEN ) w
> 2 _XA(y)
|x _ y|n+s
C
> [y
Fm
R,
Csr,}q_s
- R
Combining this with (2.26), we conclude that
[EN Ry| — [(CE) N Ry | _/ XE(Y) — xee(y) J
+s - n-+s
e ry
R)ﬂ
1 1
=bm— [ (xe() — xc£() TR
R "
< Csr,il_s

R
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that is
C n+1
|EﬂRm|—|(€E)ﬂRm|g%. (2.27)
Now we prove that
C n+l1
/ u(x') —x, = VP(¥') - (x" = %) dx’ < 8;’” . (2.28)

{rm1 <P =%'1<rm / (Cy/m))

To this scope, we observe that
K, /S Br, € K,
and 7,11 < 1,y /(C/n). Hence
Sm = {rms1 < |x' = %'| <rm/~/n} x {|xn = Xn| <rm/v/n} S R (2.29)

Of course, no confusion should arise between S, here and S, in the statement of Lemma 8.
Let o := xg — xL = xerL — xeg. We recall that

a+xa>0 in Ry, (2.30)

due to (2.23) and (2.24).
Accordingly, by (2.21), (2.22), (2.29) and (2.30),

|EN Ryl —[(CE) N Ry |

= / xe(Y) — xee(y»)dy —0

Ry
:/XE()’)_XGE(y)dy_/XL(y)_XGL(y)dy
Ry Ry
=2fa(y)dy
R
ZZfQ(Y)+XA(Y)dy_2/XA(y)dy
R Ry
Cerﬁﬂ'l
>2/a(y>+xA<y>dy— . 231)
Sm

Now, we use (2.16) and (2.18) to see that, if |y’ — X'| < r,,/(C+/n), we have
|[VP(x) - (v = %) | < |y = X| <rm/+/n and
lu(y') = %u| = |u(y') —u(x)| < Cly' = X'| <rm//n. (2.32)

Hence, fixed y’, with |y — X'| € (rui1,7m/(C+/n)) we see that a(y’, y,) = 1 when (', y,) is
trapped between E and CL (notice that it cannot exit S,, from either the top or the bottom,
by (2.32)), i.e., when

Xn+ VP - () (0 = X) < yn <u().
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So, recalling (2.30) and integrating first in dy,, we have that

[atr+xaay> / (u(y) - %0 — VP(E) - (v — ¥))" dy.
Sm {‘y/_i/le(rm-#lsrm/(Eﬁ))}
This, (2.31) and (2.27) imply (2.28).

Then, (2.20) follows from (2.28) and the Chebyshev Inequality, taking r :=ry, / (Cn), S, =
{Ix' = x| € (1, Vm/(Cﬁ))} and noticing that |S,| ~ r:}l_l (remember that S, C Rn—l)' O

2.3. The mean curvature as a limit equation

In this section, we show that the integral equation of s-minimal surfaces converges, in a some-
what uniform way, to the classical mean curvature equation as s — 17—, and we remark that the
estimates improve as the surfaces get flatter and flatter (see [1] for a more detailed discussion on
nonlocal curvatures). An estimate of this kind will be useful in the computation of the forthcom-
ing Lemma 10.

Lemma9. Lets € [1/10,1). Letx € (0, 1). Let F CR", x, € 9 F, and suppose that 0 F N By (x,)
is a C>*-graph in some direction, with C*>-norm bounded by some M > 0.
Then, there exists C > 1, only depending on o and n, such that

(n 1)(1—5)/XF(Y) xer(y) CM(1—s)

dy| < ) (2.33)

'%(xa) - yps r

where H is the mean curvature (see Section 1) and

1 1
= 2.34
r: mm{ Yy } (2.34)

In particular, if M € (0, 1],

(n— 1)(1—S)/XF(y) xer(y)

|n+s

'J-C(xa) - dyl<cM —s). (2.35)

Proof. Without loss of generality, up to a translation and a rotation, which leave our problem
invariant, we may take x, = 0 and the tangent hyperplane of dF at 0 to be {x, = 0}. In this
way, we write d F as the graph x,, = g(x'), for |x'| < 1/4/n, with Vg(0) = 0 and 3 (0) = Ag(0).
Up to a rotation of the horizontal coordinates, we also suppose that D?g(0) is diagonal, with
eigenvalues Ay, ..., A,—1. In this way

-1
1”
=5 2 kv +h(y)
i=1
and |h(y")| < M|y'[>T%. So, for any |y'| < r,

g(v)| < Mr? (2.36)

l\)l‘
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thanks to (2.34). We observe that, by rotational symmetry,

/ y]2_|y/‘—(n+5) dy': / yIZ’y/|—(n+S) dy/

{Iy'I<r} {ly'I<r}
forany j =1,...,n — 1 and therefore, by summing up in j,
1—s
wr 2—(n+s
— _ / |y’| (n S)dy/
{ly'I<r}
—(n+s —(n+s
—(n—1) / A" dy' = -1 f VY[ ay
{ly'I<r} {ly'I<r}
foranyi =1,...,n — 1. Therefore
n—1 1—s
_ wr SH)
Sy [T ay = (2.37)
£ (n— D1 —s)
1<y '=
Let now
T
G . dt
(0= [ G ayen
0

We observe that G,(0) =0, G(0) = 1 and |G” (v)| = (n+5)(1 +72) = H+D2 17| < (n+ D7 ].
Therefore, a Taylor expansion gives

Gy(t) =7+ Gy(1),
with |G, (1)| < C|z|3. Therefore, if we write

n—1

. 80N 1 2 T
= = Aiyi +h
g( ) |y/| 2|y/|§ iYi (y)
with [2(y")| = [h(y")|/]y'| < M|y'|'*®, we have that
G,(3()) =8(y') + Gs(2(v))
1 n—1 _ -~
= 3y 24 HAK) + Gs(3()
i=1

1 n—1
Ay 2 L)
i=1

with
le()| < [a(y)|+Cla()] <cm(ly | + |y ) <comly ™
for any |y’| < r. As a consequence of this and (2.37),

/ Gs@GY @' THO)

- @ - 2.38
T Y T s (2-38)

{Iy'1<r}
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with |e1| < CMr1+"‘_S/(1 + o — ) < CM. Now, since the map (0,4+00) 3t~ 1—e ' is
concave, we have that 1 — e’ € [0, ¢], hence

1-r'"""e[0, (1 —s5)logr™'].
Accordingly, we may write (2.38) as

/ G:@0) , __ @HO)

— 2.39
VT Y S a2 (239)

{ly'1<r}
with |e2] < CM (1 +logr™1).
Now, we recall (2.36), we integrate in the vertical coordinate and we substitute ¢ := y, /|y’| to
obtain that
/ xr(y) = xer(y)

|y|n+s dy

r

8G" ’
_ / dyy _ dyy, y/
e (Y12 + [yn P 972 YR+ Ly )72
yisr

—-r 8O
gy r
_ / 1 /‘ dyy B dyn dy’
[y’ |+s (L4 (yal/1y' D> t)/2 I+ Y1/ lyu)2) )72
1yI<r -r ()
0] r/1y']
_ 1 dt dt d
- |yl|n+s—l (14 t2)(n+s)/2 o (1+ t2)(n+s)/2 y
yI<r =r/1y'| g0
1 . ~
= / Gt LGs @) = Gs (/1Y) = Gs(r/1y']) + 6o (2 ()] 4"
ly'<r

Therefore, since Gy is odd,

/ xF(y) = xer(y) dy=2 / Gs(8(y") V= @ H(0)
P YT T =D =)
K, Iy'1<r
with |e3] < CM (1 +1logr™1), due to (2.39).
Now, we point out the following cancellation:

+ &3 (2.40)

— 1
XF(y) = xer(y) dy| < dy
Iyl +s [y +e
KA\B, (KK, ) Oyl <M1y'1)
. s/2 _
<cM / ol gy = M@ =D M
srs r
r/mn
Accordingly, we can write (2.40) as
xr(y) — xer () @ H(0)
— Y dy=—"—"""+¢4
|yprts (n =D =)

-

with |e4] < CM (1 +logr=!' +r~1) < CMr~!. This proves (2.33).
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Then, (2.35) follows from (2.33) and (2.34), by observing that, if M € (0, 1], we have that r =
1/n so it does not depend on M. O

2.4. Construction of an auxiliary function

The purpose of this section is to obtain a special function, which is positive in a large ball, and
that satisfies the correct inequality with respect to the integral operator of (2.17) in a smaller ball.
This is needed to apply an appropriate variation of the local Alexandrov—Bakelman—Pucci theory
of [4,7], in order to localize the set in which the solution we are considering becomes positive.
Indeed, the following function is the one that replaces the auxiliary functions in Lemma 4.1 of [4]
and Corollary 9.3 of [7] for our framework (here, some technical complications also arise since
the operator in (2.44) is both nonlocal and nonlinear in its dependence on the sets):

Lemma 10. Fix R > 0 and constants c1, ...,cs > 0. Fix also co € (0, c1). There exists C > 1
(possibly depending on cy, ..., cs > 0 but independent of R) such that, if 1 —s,e € (0,1/C], the
following results hold.

There exists @ € C®° (R, [—CeR, CeR)) satisfying the following conditions:

@ (x') >R if|x’|>(c1+cz)R, @ (x') < —4¢R lf|x| ciR, and

sup |[V&| + R|D*®| < Ce. (2.41)
Rn—1

Also, let L be an affine function with

1
VLI < —, 2.42
VLIS 5 (2.42)

set
S:=L—-@ and F:= {xn < 5()/)} (2.43)
Then

9 / xF(y) — XGF()’)d o C4 (2.44)

x—y |n+v y=z RS
c3R(x)

forany x € 3F N{coR < |x'| < (c1 + ¢ +¢5)R}.
Proof. Up to replacing @ (x") with R® (x’/R), we may and do consider just the case R = 1.
Then, the function we will construct is depicted in Fig. 2.

More explicitly, we take @ to be smooth, radial, radially increasing, satisfying (2.41) with
R =1, and in fact

||¢||C2“(R" (DI C(1+Mq)8
and such that

q q
c c
@ (x") ——8< Ol;q —4— |0f|Lj>
cf x
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Fig. 2. The auxiliary function @ (with R = 1).

if |x’| > co. Here, ¢ > n — 3 is a fixed free parameter and j, > 0 will be chosen appropriately
large3 at the end of the proof. We observe that, if |x'| > cg,
—q—1
82| < equqcglx’| ",
’8%@‘ <eqlg+ 3),uch|x’]_q_2 and
—AP=AP=—sq(q—n+ 3uqcy |x’|7q72.

Accordingly, if |x'| > cg,

J1+|V®2e[l,2] and

= (D2PVP) - VP eq(q+3—n)uch x,‘_q_z
1+|VP|? 4 0

3 At the moment we only need that j4 is so large that

a, (1 1 >>6
C —— ——— | =>6.
0 A (it

In this way, if |x'| > ¢] + ¢2, then

q q

AL chL

¢(x/)28<0q4_4_ oM >>8
I (c1 +c2)4

that gives (2.41).
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as long as ¢ is small enough, thanks to (2.42). Hence, we estimate the mean curvature of d F at
some point x with |x’| € (co, c1 + ¢ + ¢5] as

1 ~ (D*®VP)-VP
7<A¢ %) S Mg
V14 |Vo|? 1+ V|

c
Therefore, if x € 0F, |x'| € (cg, c1 + ¢2 + ¢5], we have that

XFOY) — xer(y) Elhg
1— dy > —
( ) / |x _ y|n+s y C2

Hx) =

—CU+pe(l =) >
Bey (%)
thanks to (2.35) in Lemma 9, as long as 1 — s and ¢ are small enough. This and a suitably large
choice of u, give (2.44) (namely, we take uy/C 3>¢). D
2.5. Measure estimates for the oscillation

We obtain the following measure estimate. Such result may be seen as the counterpart, in our
framework, of the measure estimate in Lemma 4.5 of [4] and Lemmata 8.6 and 10.1 of [7].

Lemma 11. Fix C > 1. Let k e R and R > 0. Let u : R"~' — R be a Lipschitz function, with

C>
[Vu(x)|<C (2.45)

a.e. |x'| <3R, and
u(x") =« forany |x'| > R. (2.46)

Let E :={x, <u(x")}.
Assume that, for any x € 0E N By,

_9 XEQY) — xee(y) dy < £ (2.47)
|x _ y|n+s RS
Br(x)
Then, if
(12nf u<k+eR (2.48)
3R
we have that
|{u—/c MsR}ﬂQR|>,uRn 1 (2.49)

for appropriate universal constants M > 1 and u € (0, 1), as long as 1 — s and ¢ € (0,1/C],
with C > 1 suitably large. _
Here, M, . and C only depend on n and C.

Proof. Up to translation, we may suppose that k = 0. Let @ be as in Lemma 10 (with cp, ..., ¢5
to be conveniently chosen in what follows). Let v :=u + @ and I" : R"~! — R be the convex
envelope of v~ :=min{v, 0} in BﬁﬁR, that is

supg £(x) if [x/| < 6/nR,

I'(x) ::{ e
0 if |x'| > 6/nR,
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where & above is a short-hand notation for all the affine functions £ such that £(y") < v~ (y’) for
any |y’| < 6./nR (see pages 23-27 of [4] for the basic properties of the convex envelope). Let T
be the touching set between v and I, i.e.
T:={x"¢€ R st r(x")y=v(x)}.
Let
m, := — inf v.
O3r

Notice that v < u — 4¢R in Qj3g, due to (2.41) (for this we choose ¢j := 34/n/2 in Lemma 10,
so that Q3g C {|x’| < ¢1 R}; the other constants cg, ¢, ..., ¢s will be fixed in the sequel).
Therefore, by (2.48),

inf v < —2¢R,
O3r

som, > 2eR.
We recall that all the hyperplanes with slope bounded by m,/(CR) belong to VI'(Bg /;r)
(see page 24 of [4] and also (3.9) there), hence

n—1
g <c<%> <clvr@). (2.50)

Now, for any x’ € T, we let

L(x):=v(x)+VI(x) (x'—%) and

P=L—.
We point out that v > 0 in {|x’| > 3./n R}, thanks to (2.41) and (2.46) (for this, we choose ¢ :=
34/n/2 in Lemma 10, so that ¢ + ¢ :=3/n).

In particular, since I" < 0, we see that X’ € T C {|x/| < 3./nR}.
Also, from (2.41), we have

Ce
R

Moreover, v is above I" which is above L in Bg JiR> by convexity, therefore, for any e € sl

|D*P| = |D*®| < (2.51)

0>I(x'+Re)>L(x'+Re)=v(xX')+ RVI(x')-e>—CeR+ RVI'(X') e
that is VI'(x’) - e < Ce. So, since e is an arbitrary unit vector, we get that

IVL|=|VI(X')| < Ce, (2.52)
and so, by (2.41),

|DP| < Ce. (2.53)
Now we observe that

T C Og. (2.54)

The proof is by contradiction: if not, u + @ > L in {|x'| < 64/nR}, with equality at some X’
with X’ ¢ Qg. In particular, |X’| > R/2. Then, we can use Lemma 10, with F as in (2.43) (no-
tice that (2.42) is satisfied here due to (2.52)). For this, we set ¥ := (X', u(x’)) € 9F, and we
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choose cg := 1/4, c4 := 2 and ¢5 := 1004/n in Lemma 10. In this way since E N Bs ik 2
Fn BﬁﬁR, we deduce from (2.44) that
XE(y) XGE()’) XF(Y) — xer(y) 2e
(1) / KEDVZXCEW) gy (g gy [ HEDLZXCEW) ) 28
=yl lx —y|"*s R®
Bg(X) Br(x)
This is in contradiction with (2.47) and so it establishes (2.54).
Also, given x’ € T, we have that P(x’) = v(x’) — & (x’) = u(x') and

PLIrr—o<v—>d=u.
This, (2.45), (2.47), (2.51) and (2.53) say that the hypotheses of Lemma 8 are fulfilled (up to
scaling ¢ to Ce). As a consequence, by (2.20), for any M large enough,

. 2,
1S A {u(x) — u(®) — VPE) - (¢ — &) > =2y ¢

M
for a suitable ring ¥ := {|x’ — %| € (r'/C, rg)} and a suitable r € (0, R].
On the other hand, by (2.41),

2 2
erg o Mers,
R ~ 2R
it x' € SO, as long as M is big enough. Consequently, using that v lies above I" and that X’ € T,
we have that

—@(x)+@(x)+ Vo (Y)- (x' —x) > -

) Mer%
2R

)= IE) =VE(E)- (- x
ri)-o)-rE)+ew)- (VF(")— ¢(¥)) - (' =)
v(x) - (x) - (f)+ (*) = (VI () = Ve (%) - (' = ¥)
u(x’) —u(¥) = VPE) - (' = ¥).

The latter estimate and (2.55) imply that

~
A A =

Mer f

IS N (r(x)—Tr&E@)-VIE)-x' —%) > il < C
|SE)| M
So, by taking M appropriately large and using Lemma 8.4 of [7] we deduce that
Cer?,
F(x’)—F()E’)—VF()E) (x —)E’)< R" (2.56)

for any |x" — x'| < rg /2.
In particular, for any |x' — ¥’| < rg/4, we set p := rg /4, we plug the point x’ + pe in-
side (2.56), we use the convexity of I" twice and we obtain

[(x'+pe) = I(F) = VI (F) - (5" + pe— )
F(x)+pVI(x) - e = (&) = VI (¥) - (x'+pe =)

rx)+vr) -(x=x)+pVr(x)-e—rx)—vr(x')-(x' +pe—x')
=p(VI(x')=VI(X))-e.
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So, since e is an arbitrary unit vector, it follows that

Cerg

V() - VI (E) <

for any |x’ —x’| < ry/ /4, that is: the (n — 1)-dimensional ball of radius rz /4 centered at X’ (which
we now call B®)) is sent, via the map VI, inside the (n — 1)-dimensional ball of radius Cerz /R
centered at VI'(X’) (we observe that the latter is a ball smaller by a scale factor Ce/R, and let
us call B such a ball).

Now we cover T with a countable, finite overlapping system of these balls, say {B(/} jeN- By
the previous observations, this covering induces a covering of VI'(T) made of balls {BW)} jeN,
with |§(j)| < C(e/R)" 1 BY)|. So, we obtain the measure estimate

vr@| <3 |BY)| <c<%> 3B, (2.57)

jeN jeN

On the other hand, we observe that, if |x’ — ¥’| < rz, then

u(x/) < u(x ) — F(x/)
<u(x) - I(E)=VIr(E)- (' —¥)
=u(x') —u(@)—@(x') = (VP(X') + Vo (X)) (x —x')
<ulv) ~ul¥) o () ~ VOF) - (v~ ¥) + | ¥

< u(x/) — u(i/) — VTP()E/) . (x/ — )E/) + CeR

thanks to the convexity of I" and (2.51). Therefore

-, Mer?,
S {u(x/) —u(®) - V() (- ) < }

cs@n {u(x/) < CeR}

< B n{u(x') < CeR}. (2.58)

Also, by (2.55)

-, Mer?,

$O 0 {u(x’) —u(®) - V() - () < o H
3 ) )
(gt
M 2 C

This and (2.58) give that
|BY)| < c|B¥) n{u(x') < CeR}|.

Gathering this estimate, (2.50) and (2.57), and using the finite overlapping property of {BY/)} ey,
we conclude that
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P n—1 )
"l <C|lvrm| < C(E> > [BY)
jeN

n—1
< C(i) 3 1BY N {u < CeRy|

R ,
jeN

(8)1’!—1
<Cl -
R

Accordingly, (2.49) is a consequence of (2.59) and (2.54). O

U BY N {u< CeR}|. (2.59)
jeN

2.6. Uniform improvement of flatness

The cornerstone of the regularity theory of [6] is Lemma 6.9 there, to wit a Harnack Inequality,
according to which s-minimal surfaces become more and more flat when we get closer and closer
to any of their points. However, the estimates in Lemma 6.9 of [6] are all uniform when s is
bounded away from both 0 and 1, but they do degenerate as s — 1~ (see, in particular, the
estimate on /1 on page 1129 of [6]), therefore such result cannot be applied directly in our
framework.

For this scope, we provide the following result, which is a version of Lemma 6.9 of [6] with
uniform estimates as s — 17. In fact, the reader may compare Lemma 12 here below with
Lemma 6.9 in [6]: the only difference is that the estimates here are uniform as s — 17.

Our proof is completely different from the one in [6] and it is based on the uniformity of the
results obtained in the preceding sections, together with a Calderén—Zygmund iteration, which
needs to distinguish between two scales of the dyadic cubes.

Lemma 12. Fix s, € (0, 1) and « € (0, 1). Then, there exist K € N and d € (0, 1) which only
depend on n, o and s,, for which the following result holds.

Let a :=2"%% Let E be a set with s-minimal perimeter in Byk+1, with s € [1/10, 1). Assume
that

IE N By € {Ixu| <a} (2.60)
and, foranyi € {0, ..., K},

9E N By S {Ix - vi| <a2'0F®} (2.61)
for some v; € S"~1. Then

either 0E N By C {xn < a(l —dz)} or 0ENB;C {x,, }a(—l +d2)}. (2.62)

Proof. The proof is not simple, but the naive idea is to argue by contradiction, supposing that
there is a sequence of E;’s that oscillate too much. Then one performs the following steps:

e By [8], one gets a sequence s; — 17 for which E; approaches a classical minimal sur-
face E,;
e By (7), one shadows E; with level sets of distance functions uji from above and below, and

the graphs of uj: are close to dE, as s; — 17
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o Since (by contradiction) we assumed E; to oscillate too much, there are points of E; (and so
of the graphs of uj.t) that stay very close to the bottom and the top of the cylinder of height a;

e Accordingly, from the fact that there is a point for which u; is close to the bottom, we

deduce that & is close to the bottom in a rather large set: for this, one needs to use a dyadic
cube argument — when the cubes are reasonably big, one can repeat Lemma 11, and when
the cubes get too small one takes advantage of the regularity theory for the classical minimal
surface E,;

e Analogously, from the fact that there is a point for which u;r is close to the top, we deduce

that u;’ is close to the top in a rather large set;

e In particular, we find a point for which uj is close to the top and u; close to the bottom, that

is uT — u7 is of the order of a;

o This is in contradiction with (2.15) and so it completes the proof.

We remark that, in these arguments, there are two uncorrelated scales involved. One is the flat-
ness of order one (which, in the course of the proof, will be dominated by a configuration of
cylinders whose ratio between the height and the base is some &*); the other is the one induced
by the criticality ratio for the minimal surfaces flatness condition (which is some universal ¢,). Of
course, both these configurations are somewhat induced by the trapping of the surface in a strip
of small size a. The interplay between these two scales is what allows us to choose the critical s
in an independent way, and so to decouple the ratio of the scales involved. Finally, this implies
also that as the flatness ¢, of (0.1) improves (while the classical minimal surfaces flatness ¢, is
a fixed constant), we can apply the decrease of oscillation more and more times, so that in the
vertical blow-up limit we get a Holder graph, that is harmonic in viscosity sense (see [6]).

Below is the full detail discussion. The proof is by contradiction. If the claim were false, since
the estimates of Lemma 6.9 of [6] are uniform when s > 1/10 is bounded away from 1, it follows
that there exist

spi—>17, (2.63)
and a sequence E; of s;j-minimal surfaces in Byx+1 such that

0E; N By §{|xn|<a} (2.64)
and, forany i € {0, ..., K},

IE; N By S {|x - vj] <2119} (2.65)
for suitable v; € $"~!, but

IE;NByN{xy >a(l —d*)}#@ and IE; N By C |x, <a(—1+d?)} #2. (2.66)

By (2.63) and Theorem 7 in [8], we have that XE; converges inL! (B(9/7)2l() to some E, (possibly
up to subsequence). Therefore (see the remark after Corollary 17 in [8]) E; approaches E,
uniformly in B(g /72K and then, by Theorem 6 in [8], we have that E, is a classical minimal
surface in Byk .

We will define y; to be the distance between E; and E, in B, : by construction

lim y; =0. (2.67)

Jj—>+oo
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Let also
8] Z=Cl)/j1/(l+a),
and notice that
lim §; =0. (2.68)
Jj—>4o00

Now, we observe that Ko > 4(1 + @) if K is large enough, and so we can take K’ € N such that
Ko , Ka
— = 1<K {——.
2(1 + ) 2(1+a)
Now, we denote by ¢, the flattening constants of the classical minimal surfaces (see, e.g., [5] and
references therein) according to which if a minimal surface is trapped in a cylinder whose ratio
between the height and the base is below &,, then the minimal surface is a C'**-graph in half the

cylinder. By (2.65), (2.69) and the uniform convergence of E ;, we see that, for large K (possibly
in dependence of ¢,),

(2.69)

3E*ﬂBzK/ §{|x.vK,| Kozzl(’(lJra)}

<
C{lx-vgrl <

-
27Ky {lx - vl <ol
and so

dE, N By, is a C1*-graph. (2.70)
Now, we use Corollary 7 with y :=y; and § :=§;: for this, we define

s;t i={x e R" s.t. dgg, (x) = £} (2.71)
and we deduce from (2.70) and Corollary 7 that SJjF N Byxr—s is

the graph of a uniformly Lipschitz function, say uf (2.72)
Also, from (2.15), (2.67) and (2.68), we have that

ui (x') —uj (x') < C3; (2.73)

for any |x’| < 1, as long as j is large enough.
Now we will concentrate on u; (the case of u;r being specular): we set E]_ ={x, <u"(x"},

so that BE; = S;. From (2.66) and the fact that S]f lies below E j, we obtain that there exists e
R"~1 with

lc'| <d (2.74)
and

ui (&) <a(=1+d%). (2.75)

As usual in these types of proofs, the convenient d in our argument will be chosen later on, in
dependence of the constants of the previous lemmata (see (2.82) below).

Now, we use the following notation: given any x € S;, let y(x) € 9E; such that |y(x) —
x|=4;,and let v(x) := y(x) — x. Then

E; +v(x)CE. (2.76)
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Indeed, if p € E]_ + v(x), we have that p — v(x) € Ej_ and so Bs, (p—vx)) C I_fj. Then,

since |v(x)| =4, we have p € Bs;(p — v(x)) € E , proving (2.76).
Moreover dE has zero Lebesgue measure (see, e.g., Corollary 4.4(i) of [6]), thus we infer
from (2.76) that, if x, € an_,

XE]._-',-v(x,,) < xeg and Xe(Ej_+U(X0)) Z XCE- (2.77)

Therefore, using (2.77), the Euler-Lagrange equation satisfied by E (see Theorem 5.1 of [6])
and the change of variable z := x + v(x,), we obtain

/ Xg; () = Xe@;) () / XE7+0(e) @) = Xe(E; 40,0 ()
X = Z

lx — x0|n+5j |z — y(x0)|n+s]'

R}‘l Rﬂ
XxE(@) — xee(2)

E——T dz <0 (2.78)

for any x, € BE]._ N Bc. On the other hand, by (2.65), we have that |x, - v;| < Ca2!1+9 and so
0E; N Byi(x,) COE; N Byitc
C {lx vl < Ca2 ™ C {|(x —xp) - ] < Ca2'1H)
for any 1 <i < K — C. Therefore, for j large,
IET N Byi(x0) S {](x = x0) - vi] < Ca2' 119}

forany 1 <i < K — C. As a consequence, we obtain the following cancellation:

dx

' / XE;(X) _XQ(EJT)(X)

|x _ x0|n+s_,-

CB1(xo)

K—C
<

i=1

XE]_— (x) — X@(Ej_)(x)
|x _x0|n+sj

X

B, (x0)\B,i—1 (x0)
N / XE;(X)_XQ(E;)(x)d
X
|x _ x0|n+sj
CB,k—c (x0)

[K—-C

1 1
2 / = / o — %ol dx}

SI=l B (xo)\Byim1 (x0) CB,k—c (xo)
{|(x—xo)~v,-|<Ca2"“+“>}

N
a

[K—-C

+00
a21(l+a)pn 2 pn—l

L i= 1 2K—C

< Ca (2.79)

provided that j is big enough (in particular, s; is larger than o).



L. Caffarelli, E. Valdinoci / Advances in Mathematics 248 (2013) 843-871 867

Therefore, by (2.78) and (2.79), for any x,, € 8Ej_ N B¢,

Xp-(x) — Xe(Ef)(x)
/ ! / dx < Ca. (2.80)

|x — xo |n+sj
B1(x0)
With this, we are in position to obtain a finer bound in measure, often referred to with the name
of “LA-estimate” (see, e.g., Lemma 4.6 of [4] and Lemma 9.2 of [7] for the corresponding re-
sults for fully nonlinear or fractional operators, the proof of which is based on related, but quite
different, techniques). Such estimate will be based on a Calder6n—Zygmund type dyadic cube
decomposition. According to the different scales involved, we use either a repeated version of
Lemma 11 or the vicinity of the classical minimal surface E, to deduce the necessary rigidity
features.
Here are the details of such LP-estimate. We take u € (0,1) and M € (1, +00) as in
Lemma 11, and we fix a large integer k, such that

k l
(I—w' < T (2.81)
Then, we choose
1
d:.= W—ku (S] (0, 1), (282)

we setaj :=a +d; + y;, and we claim that, for any k € N, with 1 <k < k,, we have that

.Mk_ko

{u;+a,->“’—}ngl <1 -k (2.83)

2

as long as j is large enough.
Indeed, when k =1, (2.83) is a consequence of (2.49), by applying Lemma 11 here with ¢ :=

daj, k := —aj and R := 1 — for this recall (2.75), (2.80) and (2.82) in order to check (2.47)

and (2.48), and consider the complement set in (2.49): such configuration is sketched in Fig. 3.
Then, we proceed by induction, by supposing that (2.83) holds for kK — 1, and we prove it

for k < k,. For simplicity, we just perform the step from k = 1 to k = 2 (the others are analogous).

For this, we define

.- ajM>* - a; Mo
A= uj+aj>T NQ; and B:= uj+aj>T NQ;.
Notice that
ACBCQ (2.84)
and
a; M=k
|A] < {u;+a,;>JT}ﬂQ1 <1 —p, (2.85)

since we know that (2.83) holds when k = 1.
Now we take a dyadic cube decomposition of @, with the notation that if Q is one of the
cubes of the family, its predecessor is denoted by Q. We claim that

if JANQ|>(1—u)|Q| then QCB. (2.86)
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{fn = u; (L/)}

Fig. 3. Proving (2.83) when k = 1.

Notice that if (2.86) holds, then, by Lemma 4.2 of [4] (applied here with 6 := 1 — ) and the
inductive assumption (that is, in this case, (2.83) with k = 1), we have that

ajMzik"
s N1 =1A

{uj—{—aj >

<1 —w|Bl=(1—pu) <(1—p)?

_ alefko
u; +aj> B — N Qi

This would complete the induction necessary for the proof of (2.83), hence we focus on the proof
of (2.86).
For the proof of (2.86), we argue by contradiction, by supposing that

[ANQl>(1—wl0] (2.87)
but there exists £ € O \ B, i.e.

1—k,
uj (§) +aj < %
We denote by ¢ the width of Q (which is, say, centered at some x, € R"~!). We need to dis-
tinguish two cases, according to the scale of the cube Q, namely, we distinguish whether or
not a; /¢ < &, using either Lemma 11 or the minimal surface rigidity (here £* is a small quan-
tity, say the minimum between the threshold for the classical minimal surface regularity &,, as
introduced after (2.69), and the small constants given by Lemma 11: a precise requirement about
this will be taken after (2.90)).
If

(2.88)

aj/t<e", (2.89)

we use Lemma 11. For this scope, given x,, € 8E/7 N B¢, we notice that
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{zn = u;(17,>}

Fig. 4. Proving the inductive step of (2.83) when a; /¢ < &*.

XEjf (x) — XG(E;)(x)

|x _ x0|n+s]- X
Bi\Be(x0)
XEJ_—(X) - XQ(E]_—)(X)
= |x _ x0|n+s/- dx
(B1\B¢ (xo))N{|xn|<Caj}
+00
1 "2 Ca;
<C |x’ —x/ |n+S_,- dx < Caj pn+s dp < gl—i—s'
(€Be(xo)N{Ixal<Cay) ’ ¢

As a consequence, recalling (2.80),

Xg= () = XeE—)(X) eV,
(l—Sj)f B CENT gy < L5004 (2.90)

|x_x0|n+5j = 1+

By(x0)
With this, we are in position to apply Lemma 11 withk := —a;, R:={fand ¢ := ale_k"/(%) -
notice indeed that (2.47) follows from (2.90), (2.48) follows from (2.88) and, recalling (2.89),

we see that & < e*M'~% /2 which is small if so is £*: this configuration is represented in Fig. 4.
So, we obtain from (2.49) that

ajM> ko
IANQ|= {u;+aj>’#}ﬂQ'
=|{u; —k>MeR} N Q[ <(1-wIQl,

which is in contradiction with (2.87). This proves (2.86) if (2.89) holds true.

Now we deal with the case in which a; /¢ > ¢, and we fix 6 € (0, 1) to be chosen suitably
small in the sequel. We set p := aj/(eze*). Notice that, for small 8, we have that p > 10a;/e* >
10¢. Also, the ratio between a; and p is below 6%&*, hence a minimal surface that is trapped
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inside {|x'] < p} x {|xn| < 8a;} is the graph of a function w, with V| < 63/?¢*. Accordingly,
the oscillation of w in {|xl/| < 6E} is bounded by 6&*¢ < fa;. (2.91)

Keeping this in mind, we take j so large that y;, i.e. the distance between E; and E, is less
than 62¢* p/2 (recall (2.67)). Also, for large j, we have that the graph of u; is at distance §; less

than 03¢* p/2 from E, and so less than 03&* p from E, (recall (2.68) and (2.71)).

Accordingly, dE* N {|x/| < 6¢} is trapped in a slab of width 4a; + 203¢*p < 8a;, and,
by (2.88), its boundary contains a point with vertical entry below (a; M 1=ko /2) + 63¢* p. Then,
by (2.91), the whole of d E* N {|x]| < 4} has vertical entry below

—a; + (ale_k"/Z) +03%* p+ fa;.
Consequently, the graph of ™ on Q would stay below
—aj+ (a;jM' % /2) +0%*p+0a; +0%e*p
=—a;+ (alefk”/2) +30a;j < —a; + (ajszk”/Z),
as long as we choose 0 < M'=ko(M — 1)/6. Hence, A N Q = @, which is in contradiction

with (2.87). This ends the proof of (2.86), and therefore the one of (2.83).
As a consequence, by taking k := k, in (2.83) and recalling (2.81), we obtain that

i <-%lng 52 (2.92)
j D) = 4 .
for large j. A mirror argument on ujr gives that
wts%lnols? (2.93)
J 2 1= 4 .

for large j. So, by (2.92) and (2.93), there must exist y; such that u (y;) < —a;/2 and u;r(y}) >
aj/2, hence

uj(y;) —uj(vj)=a;=a/2.

This is in contradiction with (2.73), and so the proof of Lemma 12 is completed. O
2.7. Completion of the proof of Theorem 1

Thanks to Lemma 12, we have obtained a statement analogous to the one of Lemma 6.9 of [6],
but with uniform estimates. Then, the argument from Lemma 6.10 to the end of Section 6 in [6]
also yield the proof of Theorem 1 here.

3. Proof of Theorem 2

The proof is by contradiction. We suppose that there are si-minimal cones Ej that are not
hyperplanes, with sy — 1. By dimensional reduction (see Theorem 10.3 of [6]), we may focus
on the case in which Ej is singular at the origin.

From [8], up to subsequence, we have that Ej approaches locally uniformly a classical cone
of minimal perimeter. Since n < 7, we have that such a cone is a halfspace, say {x, < 0} (see,
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e.g., Section 1.5.2 of [10]). So, for large k, we have that (0.1) holds true for Ey, namely
ExN B C{lx-enl <&}

Therefore, by Theorem 1, we obtain that d Ey is smooth, i.e. Ex is a hyperplane, for infinitely
many k’s. This is a contradiction with our assumptions and it proves Theorem 2.

4. Proof of Theorem 3

Let E be s-minimal. We take the blow-up of E and we obtain a minimal cone E’ (see Theo-
rem 9.2 of [6]).

By Theorem 2, we know that E’ is a hyperplane. Then, d E is C1%, thanks to Theorem 9.4
in [6]. This ends the proof of Theorem 3.

5. Proof of Theorems 4 and 5

The proofs of Theorems 4 and 5 follow now verbatim the ones of Theorems 11.7 and 11.8
in [9] (the only difference is that the dimensional reduction is performed via Theorem 10.3 of [6],
and the regularity needed in low dimension is assured here by Theorem 2).
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