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INTRODUCTION 

The main purpose of this paper is to give a brief but relatively self- 
contained account of the recent refinements of Weil's conjecture and 
Eichler-Shimura theory due to Langlands and Deligne. A secondary 
goal is to interpret these relations between elliptic curves and representa- 
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236 STEPHEN GELBART 

tions of GL(2) from the broader perspective of Langlands' philosophy 
of L-series attached to automorphie forms. 

Background material is collected in Parts I and II. Part I concerns the 
classical theory of the Hasse-Weil zeta-function and consequences of 
the theory of Eichler and Shimura. Part II develops the requisite 
representation theory and the notion of automorphic representation. 
The subject matter proper of the paper is treated in Part III. 

I am indebted to R. P. Langlands, S. Lichtenbaum, and W. C. 
Waterhouse for several helpful conversations related to this material. 
I am also grateful to P. Cartier for suggesting I prepare this paper along 
the present lines. 

I. ELLIPTIC CURVES AND THEIR ZETA-FUNCTIONS 

1. Pre l iminar ies  

In this section we collect some basic facts about elliptic curves over an 
arbitrary field in general and a finite field in particular. 

First suppose K is an arbitrary field. By elliptic curve  over K we 
understand a nonsingular curve of genus 1 furnished with a K-rational 
point taken as the origin for the group law. Every such curve has an 
affine Weiers trass  model  of the form 

y2 + alxy + aay = x a + a~x 2 + a~x + a6 , 

with coefficients a~ in K. The homogen i za t ion  

(1) 

F ( X ,  Y ,  Z )  = Y ~ Z  + a l X Y Z  -+ a a Y Z  2 - -  X 3 - -  a2X2Z - -  a 4 X Z  2 - -  a6Z a = 0 (2) 

is obtaining by setting x equal to X / Z  and y equal to Y / Z .  

Let E denote the projective curve defined by (2). The solution 
0 = (0, 1, 0) of (2) corresponds to the "point at infinity" on (1). This 
is the distinguished point which we take to be the origin of the group 
law on E. 

If  the characteristic of K is not 2 or 3 we can replace x and y by 

al 2 -k 4a~ and 9' ~ 2y + alx + a 3 P = x +  12 

to obtain from (1) the classical Weierstrass equation 

( V )  ~ = 4 9 3  - g ~ 9  - g~ ( 3 )  
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with g~, g8 ~ K. In this case the group law on E is particularly simple 
to describe. Indeed if (xl, Yl) and (x~, yz) are two points satisfying (3) 
the formulas for the coordinates of their sum are 

and 

I ( y 2 - - Y l l Z  

__ ( Y~ - -  Yl] YZXl - -  YlX2 

In particular it follows that the set of K-rational points of E, denoted 
E ( K ) ,  is a subgroup of E. Recall that E is regarded as the set of points 
in P2(K~) satisfying (the homogenization of) (3) with K" an algebraic 
closure of K. 

Now suppose E'  is another elliptic curve over K and c~ is a map from E 
to E' .  We say a is K-ra t iona l  (or just rational) if it is induced from a 
backward homomorphism of the corresponding function fields K ( E )  
and K ( E ' ) .  Equivalently, a is rational if it is given by rational functions 
of the coordinates with coefficients in K. In these terms E and E '  are 
K-isomorphic (or just isomorphic) if there is a rational bijection between 
them which is an isomorphism in the sense of groups. A related but 
weaker notion is that of isogeny. Two elliptic curves are K-isogenous 

(or simply isogenous) if there is a nontr iv ial  K-rational homomorphism 
between them. 

The affine equation (1) is called a Weierstrass model for E because of 
the familiar form it takes in characteristic not equal to 2 or 3. The 
discriminant of the cubic (3) is simply g 3  27g3L In general, for 
arbitrary K, the discriminant Zl(al, a2, a3, a4, a6) of (1) is given by 
[50, formula (2)]. In all cases, the nonvanishing of A is equivalent to the 
nonsingularity of E. 

If E'  is an elliptic curve over K with Weierstrass model 

y2 @ al,  x y  + az' y = x 8 -+- a2' x 2 + a4' x @ a6' , (4) 

then E and E' are K-isomorphic if and only if (4) is obtained from (1) by 
a coordinate change of the form 

x = u2x ' + r and y = uZy ' ~- su2x ' + t, (5) 

with r, s, t, u E k, and u ~ 0. Thus the Weierstrass model for an elliptic 
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curve is unique up to a coordinate change of the form (5). The corre- 
sponding transformation formula for the discriminant is 

A(a 1 ,..., a~) = u 12 A(al '  , .... a6' ). (6) 

Related formulas for the coefficients a i are to be found in [50]. From (6) 
it already follows that an elliptic curve over K is one and the same 
thing as a cubic equation of the form (1) with coefficients in K and 
A v e O .  

The j - i n v a r i a n t  of E is introduced through the formula 

or simply 

j ( E )  = (al 4 -k 8a12az q- 16a~ 2 -- 24a~a3 - -  48aa) ~ A -1 

j ( e )  = 1728 g~Z/(g28 - -  27gz2), 

when char(K) ¢ 2 or 3. This is an invariant of E because it is of "weight 
zero" with respect to coordinate changes of the form (5), i.e., if E is 
K-isomorphic to E', then j = j ' .  Conversely, if j = j ' ,  E and E' are 
isomorphic over some finite algebraic extension of K. In particular, if K 
is algebraically closed, j is a bijection between K and the set of iso- 
morphism classes of elliptic curves over K. 

For a detailed introduction to the general theory of elliptic curves 
over K and the classical Weierstrass theory over C see [35, Chaps. I, II]. 
For a less elementary account of the theory see [10] or [50]. 

EXAMPLE 1.1 ( C o m p l e x  Mul t ip l i ca t ion ) .  Suppose E is an elliptic 
curve over Q. Regarded as an elliptic curve over C, E is isomorphic to 
C / L  with L some lattice in C (see, for example, [35]). Each complex 
number which maps L into itself (by multiplication) then induces an 
endomorphism of E over C and all such endomorphisms so arise. In 
particular, End(E)~_ 2~. When this containment is proper, i.e., when 
End(E) contains "nontrivial" elements, E is said to possess complex  
mul t ip l icat ion .  The terminology is apt since all "nontrivial" endomorph- 
isms are actually induced by quadratic i m a g i n a r y  numbers. Applications 
of the theory of complex multiplication to the construction of class fields 
are described in [25, 37]. 

Now suppose K is a finite field. For simplicity, we actually suppose 
K = l:p. Then we let ~ denote an algebraic closure of ~:p, G the 
Galois group of ~p over I:D, and 1-[p the Frobenius automorphism 
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a --~ ~P. Recall that l-[p topologically generates G and Fv, = {~ e ~ : 
1-I  = 

If  E is an elliptic curve over Fp, let N,~ denote the cardinality of 
E(U:~,), i.e., the number  of Fp,-rational points on E. Recall that E is 
viewed as the subset of F~(~) satisfying the homogenization of some 
nonsingular cubic equation (1) with coefficients in Fp. Thus  N~ is 
(because of the point at infinity) one greater than the number  of solutions 
of (1) with coordinates in Fi~,. 

One convenient way to record the diophantine data N .  is to introduce 
the zeta-function of E. This is given by the Dirichlet series 

1 
Zz(s) = ~ N(d) ~ , (7) 

d~DJv~:o(E) 

where Div+ (E) denotes the group of positive rational divisors of E and 
N(d) is the norm of d. (A divisor d ~ ~ dp • P is positive if each dp > /0  
and rational if dp ~ dea for each ~ ~ G; the norm of d is pdeg(a), where 
deg(d) = XP d~ .) 

On a purely formal level, 

= 1-I (1 - N ( W 0  (8) 
P 

where p extends over the prime divisors in Div+ (E) (those which cannot 
be expressed as the sum of two positive nonzero divisors). The logarith- 
mic version of (8) is 

logZ~(s) = Z X"P-"S (9) 
n n/>l 

But N~ eannot possibly be greater than the cardinality of P~(Fp.). Thus  
N~ <~ p2n _¢_ p .  + 1, (9) converges for Re(s) > 2, and the series defining 
Z~(s) converges absolutely for Re(s) sufficiently large. 

THEOREM 1.2. (i) (Analytic continuation and functional equation of 
Zz(s)). The function ZE(s) has a meromorphic continuation to all of C and 
satisfies the functional equation 

z E ( , )  = z E ( 1  - s). 

(ii) (Rationality of Ze(s)). I f  

a~ ~ p + I -- N1 
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and 

then 

P(u) = 1 - -  a~u + pu ~, 

Ze(s) = P(p-2)/(1 --  p-=)(1 -- pl- 0. 

This  theorem generalizes to higher-dimensional varieties as follows. 
Let  V denote a nonsingular projective variety over IZp of dimension d 
and let Zv(s) denote its zeta-function (defined by (9)). In  [51] (see also 
[55]) Weil conjectured that 

PI(U) Pa(u) "" P2a_l(u) Zv(s) = (u = p-=), 

with Po(u) = 1 - -  u, P~,~(u) = (1 - -p~u) ,  and (for 1 <~ h ~< 2 d - -  1) 

~h 

Ph(u) = ]-I (1 -- %u). 
i = l  

This was first established in its full generality by Dwork (el. [17, 20, 39]). 
For elliptic curves (varieties of dimension 1 and genus 1) its proof is 
straightforward (see, for example, [35]). 

In  [51] Weil also conjectured a Riemann-hypothesis to the effect that 
the inverse roots %1 of Ph(u) are of absolute value ph/2. This was just 
recently proved in its full generality by Deligne [11]. Previously it had 
been proved by Hasse for elliptic curves and by Weil for arbitrary 
curves (varieties of dimension 1 and arbitrary genus). For elliptic 
curves, one gets 

P~(u) = P(u) = (1 -- %u)(1 -- %u) = 1 -- a~u + p u  s, (10) 

with 

[ %1 = 1%1 --Pl/2. (11) 

Thus  Hasse's result is equivalent to 

THEOREM 1.3 (The Riemann-hypothesis for function fields of genus 1). 
The zeros of Z~(s) lie on the line Re(s) 1 

- -  2 • 

Note that (10) implies % -+- % = ap.  Thus  (11) says lap ] ~< 2pl/2; 
i.e., N 1 differs in absolute value from p + 1 by less than 2pl/2. Theo-  
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rem 1.2 in turn relates N~ to N1 • Note also that even for elliptic curves 
the rationality result (Theorem 1.2) lies less deep than the estimate for 
N~ (Theorem 1.3). For a sketch of the proof of Theorem 1.3, see [10] or 
[5% 

Concluding Remarks. The Frobenius automorphism I-I~ extends 
naturally to an endomorphism of E whose fixed point set is E(~c~). 
Thus l ip  can also be realized as a linear map on the so-called Tate 
module of E. 

More precisely, for each I :/= p, and n > 0, elements of End(E) 
induce homomorphisms of the group of l~-division points of E (the 
kernel of multiplication by l~). The representations 

End(E)-+ End((77II =) x (z/l-)) ~ M~(7711") 

corresponding to increasing n are compatible and hence yield an/-adic 
representation 

End(E) @zQ --~ End(Qz × Qz) ~ M2(Q~) 

after taking limits and tensoring with Q. This is the standard l-adic 
representation of End(E). The free 77 rmodule of rank 2 which determines 
it is the Tate-module Tl(E). For details, see [35, p. 178], [51], or [49, 
Chap. 9]. The crucial point is that the trace of I~v on the vector space 
Vz(E ) = Tt(E) @~, Qz is independent of I and equal to ap ; i.e., 

Xl = p + 1  - -  tr  ( l - I ) .  ( 1 2 )  

More generally, one can introduce the m-dimensional l-adic co- 
homology spaces Hm(E, Q z) of Artin and Grothendieck (see, for example, 
[41]). The Frobenius automorphism then induces an endomorphism 
I-Ip.m on Hm(E, Q~) and 

Pl,(u) ---- det(I-- ~I u ). 

In particular, Hi(E, Q z) is dual to the homology representation VI(E ) and 

Z~(s) = 1 -- tr(1-I~.l) p-s + pl-2= 
(1 - -  p - s ) ( 1  - -  pl-s) 
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In  general, if V is an n-dimensional variety over F~, and P~,m(u) = 
d e t ( I -  I-I~,m u), then 

2n 

Zv(s) = 17 
~r*=O 

In  all cases, the middle-dimensional cohomology plays the crucial role. 
Similar considerations hold for an abelian variety of arbitrary genus g. 

In  this case, T Z has rank 2g over 2~ z . 

2. The Zeta-Function of an Elliptic Curve over Q 

I f  E is an elliptic curve over Q, choose a Weierstrass model for E of 
the form 

so that 

(i) 
(ii) 

y a + a l x y + a 3 y = x  8+a~x~+a4x+a6  

a~ E Z; and 

for each prime p, the p-order  of A(al ,  .... a6) is minimal. 

(13) 

Such a model  is called a global minimal Weierstrass equation for E. 
The  curve over ~ defined by (13) reduced m o d p  is denoted E~ and 

called the reduction o fE  mod p. I f  Ep is elliptic over F~, i.e., A(al,... , a6) 
0 rood p, we say E has good reduction at p. Clearly E has "bad"  reduction 
at only a finite number  of primes. H o w  bad the reduction is over all 
primes is measured by the conductor 

Cond(E) = N = 17pr~. 
ao 

Here fp = 0 if p 4" A and f~ >~ 1 otherwise. 
More  precisely, if p lA, E~ is a curve of genus 0 whose unique 

singular point is either 

(a) a node with both tangent directions defined over U:~ ; 

(b) a node with tangent directions conjugate over I:~ ; or 

(c) a cusp, where no tangent exists. 

Characterizations of possibilities (a), (b), and (c) in terms of the 
coefficients a i are given in [32, 50]. I f  the singularity of Ep is of type (a) 
or (b), then fp = 1. On the other hand, if the singularity is a cusp, f~ is 
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greater than or equal to 2 in general and equals 2 if p > 3 (for further 
details, see [32]). In all cases, f~ is invariant by isogeny. 

Remark 2.1. If E has good reduction at p then its j-invariant is 
p-integral. Conversely, if j(E) is p-integral, there is some finite extension 
L of Q such that E @Q L has good reduction at all places of L dividing p. 
This is "potential good reduction" in the sense of Serre and Tate [44]. 

EXAMPLE 2.2. Let E denote the elliptic curve with global minimal 
Weierstrass equation 

y~ + y  = x 3 -  x 2. (14) 

The discriminant of (14) is --11 and therefore E has good reduction 
at p if and only if p # 11. Moreover, the singular point of Ell is a node. 
Thus the conductor of E is 11. 

In general, if E is an elliptic curve over Q, let NI(p) denote the 
cardinality of Ep(~:~). Equivalently, NI(p) is one more than the number 
of solutions of the congruence 

y~ -q- alxy + aay =- x 3 + aix ~ + a4x + a, (rood p) 

obtained from (13). The analytic object which stores this diophantine 
data is the Hasse-Weil zeta-function of E defined by 

s) = 1-[ (1 - + ¢( p) 

= 17 

Here 

a~ = 1 + p - - N x ( p ) ,  

and ~(p) is 0 or 1 according as p does or does not divide Cond(E). 
If  p does not divide Cond(E), let ~1, % denote the characteristic 

roots of the Frobenius map M~: ( x , y ) -+  (xP, y p) regarded as an 
element of End(/~). ThenLp(u) -1 = 1 - apu + pu 2 = (1 - C~lU)(l - c~2u ) = 
(1 -u)(1 -pu )Z~( s ) .  Consequently from (11) it follows that the product 
defining ~(E, s) converges for R e ( s ) >  ~-. In particular, the product 
defining ~(E, s) determines a holomorphic function of s in the right half-plane 
Re(s) > 

Hasse's conjecture is that ~(E, s) has an analytic continuation to the 
whole plane and satisfies a functional equation relating its values at s 
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and 1 - -  s. The  exact form of the functional equation was conjectured 
by Weil [52]. The  two examples given below arc included to help 
motivate Weil 's conjecture. 

Remark 2.3. I f  p]A,  then a~ = 1 , - - 1 ,  or 0 according as the 
singularity o f / ~  is of type (a), (b), or (c). In any case, 

~(E, s) = ~ cnn -~, 
~z=l 

with c~ e 77 and c; = a~.  Moreover,  ~(E, s) = ~(E', s) if E and E'  are 
isogenous. 

EXAMPLE 2.4. The  elliptic curve with Weierstrass equation y= = 
x a - -  x admits complex multiplication by i. Moreover  [5] there exists a 
nontrivial gr6ssencharacter X of Q(i) (unramified outside 2) such that 

g(E, , )  = L(s  - -  ½, X). 

Here L(s, X) is the Hecke L-series attached to X (see [19]). The  theory of 
Hecke thus implies Hasse 's  conjecture holds for E. More  precisely, the 
entirety of  L(s, X) implies ~(E, s) is actually entire and the functional 
equation for L(s, X) implies 

(2~)~/Z(2rr) -~ F(s) ~(E, s) = (-- 1)'~(2")c2-~'/2(27r) *-2/"(2 -- s) ~(E, 2 -- s) 

for some r and n. 
The  results of Example 2.4 generalize to arbitrary E with complex 

multiplication. In fact Deuring has shown that the zeta-function of any 
such curve is the translate of some L(s, X) with X an appropriate gr6ssen- 
character of K = End•(E) (for details, see [25]). 

EXAMPLE 2.5. Let  E denote the curve of Example 2.2. Tate  has 
shown that this curve is isogenous to Fricke's curve 

y~ = --44x 3 -? 56x 2 -- 20x + 1. (15) 

But Fricke's curve is a model for the modular variety/ '0(11)\H,  obtained 
by factoring the upper  half-plane H by 
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i.e., the compactification of the set of complex points of (15) is (analyt- 
ically) isomorphic to the compact Riemann surface determined by 
/~o(11)\H. 

Actually much more is known. If  ~2n~__1 cne 2~inz is the unique cusp form 
of weight 2 on Fo(11) (with c 1 = 1) then 

~(E, s) = ~, %n -8. 
~ = 1  

Thus  from Hecke's theory of Dirichlet series attached to cusp forms it 
follows that ~(E, s) F(s) is entire and satisfies the functional equation 

(11)~/2(2~r) -s/'(s) ~(E, s) = (11)(2-s)/2(2"rr) s-2 r(2 -- s) ~(E, 2 -- s). 

In particular, Hasse's conjecture holds for E. We shall return to these 
notions in more detail in the next section. Note that the conductor of E 
equals the "level" of its corresponding modular form. 

CONJECTURE A (Hasse-Weil). I f  E is an elliptic curve over Q with 
conductor N put  

L(E, s) = N~/2(2~r)-s F(s) ~(E, s). 

Then L(E, s) is entire and satisfies the functional equation 

L(E, s) = wL(E, 2 -- s), (16) 

with w = ± 1. More generally, for  each primitive Dirichlet character X 
defined modulo m, with (m, N)  = 1, define 

and 

~(E, x, s) = ~ ~,,x(n) n - s  

n=I 

L(E, X, s) = (m~N)~/2(2~r) -s F(s)L(E, X, s). 

Then L(E, X, s) is entire, bounded in vertical strips of C, and satisfies the 
functional equation 

L(E, X, s) = w(g(x)/g(2)) x(--n)L(E, 2 ,  2 - -  s) (17) 

m with g(x) the Gauss Sum Y~v=a X(Y) e2~iu/m. 
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Note that the modular curve of Example 2.5 satisfies (16) with w = 1. 
In fact Hecke's theory implies that L(E, s)also satisfies (17) (cf. Sect. 3, 
Eq. (21)). 

There are at least two possible interpretations for the sign of the 
constant w. On the one hand, the ultimate significance of Conjecture A 
is that Example 2.5 is not special, i.e., every elliptic curve over Q should 
be related to some modular form of weight 2. This being so, the sign of w 
should be explained by a particular transformation property of the 
corresponding modular form (see Sects. 3 and 5, especially (20) and 
Theorem 5.2). 

On the other hand, the conjectures of Birch and Swinnerton-Dyer 
imply that the sign of w is also related to the parity of the rank of the 
group of rational points of E (for details, see [5, 6]). 

Because there are numerous elliptic curves related to modular varieties 
for which Conjecture A can be checked directly it was natural (with 
hindsight) to ask if all E over Q are modular in this sense and satisfy 
Conjecture A. In one form or another, the remainder of this paper is 
devoted to a discussion of this single question. 

Concluding Remark. Conjecture A is a special case of a vast conjecture 
about the zeta-functions attached to arbitrary algebraic varieties over 
arbitrary fields (el. [41] and the concluding remarks of Sect. 1). 

3. The Zeta-Function of a Modular Form 

Let GL2+(~) denote the group {a = [I a b] E GL~(R): det(~) > 0}. Then 
GL2+(R) acts on C (~ {~} by 

a(z) = (az @ b)/(cz + d) 

and preserves the upper half-plane H. 
Set 

= c I. 

An element of F0(N ) is called parabolic if it has only one fixed point in 
C (~ {oo}. The fixed point then belongs to R • (~} and is called a cusp 
of F0(N ). If  one such cusp is transformed into another by some ~ in 
/~o(N) the two cusps are said to be equivalent with respect to/ '0(N);  in 
general, T0(N ) has only finitely many inequivalent cusps. 

Let C denote the set of representatives for the cusps of F0(N ) and put 
H* equal to H (~ C. The quotient space Fo(N)\H* has the structure of a 
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compact Riemann surface. In fact rio(N)\H* is the set of complex points 
of a projective variety Xo(N ) defined over G with good reduction 
outside N [22]. In particular, if rio(N)\H* has genus 1, Xo(N) is elliptic 
with good reduction outside N. This is the case, for example, when 
N = 11, 14, 15, 17 or 19. 

If f (z) is a function on H, k is a nonnegative integer, and a = [} be] 
belongs to GL2+(N), define 

( f  [~)(z) = (ad-  bc)~/2(cz 4-d)-kf(c~(z)). 

An automorphic (or modular)form of weight k on rio(N) is a function f (z) 
satisfying the following conditions. 

(i) f lkr = f for all y e ri0(N); 
(ii) f is holomorphie on H; 

(iii) f is holomorphie at the cusps of ri0(N). 

Condition (i) implies that f ik~ is periodic in z (with period 1) for all 
e SL~(Z); Condition (iii) means that the expansion o f f  lk~ in powers of 

q ~ e2~:iz 

has only nonnegative exponents (for all ~). I f  "nonnegative" is replaced by 
"positive." f is said to be cuspidal, or a cusp form. 

Note that each cusp form has a Fourier expansion of the form 

f ( ~ )  = ~, anq n ~ ~ an e2#inz. 
n=l n=l 

The space of cusp forms of weight k on rio(N) is denoted by Sk(Fo(N)). 

DEFINITION 3.1. Fix f--~.~°°= 1 anq ~ in Se(rio(N)) (with q = e2"i~). 
For each prime number  p the Hecke operator T(p) takes f into 

T(p)~- ~ a " p~-i ~-q -}- 4(P) Z a,q~". 
n=l ~ = 1  

Here ¢(p)  is 0 or 1 according as p does or does not divide N. 
The  Hecke operator T(p) is Hermitian in Sk(Fo(N)) with respect to 

the Petersson inner product 

yZ 
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provided p J( N; if p does divide N, T(p) need not even be normal. 
Therefore, although the family {T(p)} is commutative, one cannot always 
find a basis for Sl~(Fo(N)) consisting of simultaneous eigenfunctions for 
all the T(p). The problem is that there may be "old forms" in Sk(I'o(N)), 
i.e., forms coming from Fo(r ) with r a proper divisor of N. 

DEFINITION 3.2. For each integer m, let {T(p)} m denote the family 
of Hecke operators T(p) with (p, m) = 1. Let Sk-(Fo(N)) denote the 
subspace of Sk(Po(N)) spanned by all possible functions of the form 
gj(Sz) with {gj} a basis for Sl~(Fo(r)) consisting of eigenfunetions for 
{T(p)} r, r any proper divisor of N, and 8 any divisor of N/r. The 
orthocomplement of Sk-(l~o(N)) in Sk(Po(N)) is preserved by {T(p)} n 
and has a basis consisting of eigenfunctions for {y(p)}e+; a primitive form 
in Sk(F0(N)) is any such basis element (see [31]). 

The remainder of this section will be devoted to explaining the 
detailed significance of primitive forms. 

Suppose f = ~,~=1 a~q ~ is a normalized primitive form, i.e., a 1 = 1. 
Then f is an eigenfunction for all the T(p) and the Dirichlet series 

D(f, s) = ~ a,~n -~ (18) 
n ~ l  

has an Eulerian expansion of the form 

D(fi s) = 1] (1 -- a , U  ~ -+ 4'(P) P~-l-u0-a. (19) 

Henceforth we shall deal almost exclusively with normalized primitive 
forms. For any primitive form, al @ 0. 

The series (18) is the zeta-function of f. The zeta-function of an 
arbitrary form in Sk(Fo(N)) has an expansion of the form (19) only i f f  
is an eigenfunction of all the T(p). 

If  (m, N) = 1, and X is a primitive Diriehlet character mod m, put 

and 

Suppose 

D(,,S, x) = Y~ x(n) a.n-~ 

L(s, f, X) = (mZN)"/z(2~r) -~ F(s) D(s, f, X). 

j, [o =wi  (2o) 
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with w = ~= 1 ; equivalently, 

f (-- 1/Nz) = w ikNk/~Zff (Z). 

Condition (20) is actually automatic for primitive forms (cf. [31]). In any 
case, L(s, f, X) is entire, bounded in vertical strips of C, and satisfies the 
(Hecke) functional equation 

L(s,f, X) = w(g(x)/g(x)) x(--N)L( k -- s,f, X), (21) 

with g(x) as in (17). 

Remark 3.3. Suppose f = Y~n=l a,~q in S~(Fo(N)) satisfies (20) and 
D(s,f)  satisfies (19). Then f is automatically a normalized primitive 
form [31, Theorem 7]. In this case, 

av = 0 (22) 

ifp~ IN, and 

[ a~, I = pk/Z-1 (23) 

i fp  [I N (i.e., p divides N but p2 does not). 

Concluding Remark. Note that L(s, f)  = L(s,f, 1) is essentially the 
Mellin transform of f. Indeed 

o ~ f(iy) y,-1 dy -~ (2~r) -~ r(s) D(s, f). 

4. Eichler-Shimura Theory 

The modular curve Xo(N ) is a nonsingular projective curve over 
whose function field is the field of modular functions for Fo(N ). Although 
its zeta-function is initially defined only in some right half-plane, the 
general conjecture of Hasse-Weil asserts that it continues analytically to 
the whole plane and satisfies a simple functional equation. The thrust 
of Eichler-Shimura theory is that this already follows from Hecke's 
theory of Dirichlet series attached to modular forms (i.e., the zeta- 
function of Xo(N) is determined by the action of the Hecke ring on 
&(Vo(N))). 

Our exposition in this section follows [6] (for details, see [46-48]). 
Fix p to be a prime which does not divide N. By Igusa [22] it is known 

that Xo(N ) has good reduction modp,  i.e., the reduced curve _~o(N)p 

6o7/21/3-2 
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is nonsingular over Uzp. Thus we let YIp denote its Frobenius corre- 
t 

spondenee and l ip  the transpose of YI~ on Xo(N)p × Xo(N)p. 
The fundamental congruence relation of Eichler-Shimura theory 

relates I-[p to T(p). Indeed T(p) can be regarded as an algebraic corre- 
spondence on Xo(N)~ (el. [46, Sect. 7.2]. What the congruence relation 
asserts is that 

[I'- T~ = [ I  + (24) 
p ~0 

To explain the significance of (24) for the zeta-function of Xo(N) let 
us recall some definitions. The ]acobian Jo(N) is the group of divisors of 
degree 0 on Xo(N ) identified modulo principal divisors. If Xo(N ) has 
genus g, Jo(N) defines an abelian variety over Q of dimension g. The 
reduced curve Xo(N)r also has genus g. Its zeta-function is 

Z~o(s) = P~(u)/(1 -- u)(1 --pu), 

where u = p-s and P~(u)= yI~°__l ( 1 -  oqu) (cf. the remarks after 
Theorem 1.2). The zeta-function of Xo(N ) is obtained by taking products 
over the "good" primes. Thus 

Z(Xo(N), s) = [I p~(p-s)-i = [I L~(P-O" 

Now regard T(p) as an endomorphism of the space S2(F0(N)). Since 
Se(Fo(N)) is isomorphic to the space of differentials of the first kind on 
Xo(N), its complex dimension is g. What keeps us from applying (24) 
directly is that the g-dimensional complex representation of T(p) in 
S2(1"o(N)) does not survive reduction modp.  Thus we consider the 
2g-dimensional representation coming from the standard l-adic represen- 
tation of End(J0(N)) (cf. the concluding remarks of Sect. 1). This 
representation does survive reduction modp.  

IfAp denotes the diagonal on Xo(N)~ × Xo(N)~ then YI~ ° I ~  = pAp. 
Note also that the l-adic representation just described is equivalent to 
two copies of the g-dimensional complex representation. Thus (24) 
implies 

det 11130- u l-[I lI2~ - u l-['II = [det{Ie- uT(p) + pu21g}] ~. 
I t  l !  

That is, 

detl, o-u l 2g 

= det{Ig -- uT(p) @ pu21o} ~- I-I (1 -- c~iu ). 
i = l  
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Thus one gets the desired relation between Z(Xo(N), s) (defined up to a 
finite number of factors) and the action of the Hecke operators T(p) in 
S~(Fo(N)). Applications to elliptic curves are obtained as follows. 

Suppose Jo(N) is isogenous to the product of an elliptic curve E and 
an abelian variety d (both defined over Q). Suppose also that there are 
no nontrivial Q-rational homomorphisms between E and A. Since 
1-forms on E and d lift back to 1-forms on fo(N) (hence Xo(N)) the 
decomposition of Jo(N) corresponds to a direct sum decomposition of 
S2(Fo(N)). It also corresponds to a direct sum decomposition of the 
standard complex representation of T(p). (If T(p) did not respect the 
decomposition of S2(Fo(N)) it would induce a nontrivial homomorphism 
between E and A.) 

Now note that differentials of the first kind on E pull back to a one- 
dimensional space of differential on Xo(N ). Equivalently, differentials 
of the first kind pull back to a one-dimensional subspace of S2(/'0(N)). 
Thus if f (z) ~ ~n~=l a~e 2~in" belongs to this subspace, it is automatically 
an eigenfunction for all the T(p). Normal izef  so that a 1 = 1. I f p  ~" N, 
then T(p) f  = a~f. Thus restricting the arguments used above to the 
one-dimensional subspace of S2(I'o(N)) belonging to f (or E) yields 

THEOREM 4.1. Suppose E is an elliptic modular curve, i.e., an elliptic 
curve over Q isogenous to an isolated factor of Jo(N). Then there is a cusp 
form fe in S~(Fo(N)) (the form corresponding to the unique differential of 
the first kind on E) with the property that the p-factor of its zeta-function 
coincides with the p-factor of L(E, s) for all p not dividing N. 

With "almost al lp" in place of "p ~" N "  this theorem is due to Eichler 
and Shimura. That one can deal with allp "r N results from [22]. Actually, 
from recent work of Deligne and Langlands it follows that the p-factors 
of L(s, f )  and L(E, s) agree for all p. In this sense the theory of Eichler- 
Shimura is now complete. We shall come back to this work of Deligne 
and Langlands in Part III after recasting the theory in the mold of 
representation theory. In the meantime, we take it for granted that 

L(E, s) = L(s, re). 

5. Weil' s Conjecture 

According to Theorem 4.1 and the remarks immediately following it, 
the zeta-function of an elliptic modular curve is the Mellin transform 
of an appropriate cusp of weight 2. More generally, ifk = 2, the functional 
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equations of  Hasse and Weil (17) and Hecke (21) coincide. This  is 
probably  no accident. For  any elliptic curve over Q the conjecture of 
Hasse and Weil ultimately implies L(E, s) is L(f,  s) for some appropriate 
(normalized primitive) form in S2(Fo(N)). 

EXAMPLE 5.1. 
by 

Recall the curve E (of Examples 2.2 and 2.5) defined 

y~ + Y = x a _ x ~. 

Its zeta-function is 

~(E, s) = (1 -- a n p - 0 - i  ~[ (1 -- avp -~ + pt-2~)-l, 
iO#ll 

with all = 1. Fur thermore  its conductor  is 11. On the other hand, 
Se(-P0(11)) is one-dimensional and spanned by the normalized primitive 
form 

f ( ~ )  - -  e2~i~o [ I  (1 - -  e2-i~.)~ (1 - -  e ~ " * 0 '  
~=i ~ = 1  

= (A(z) A(llz)) i/12 

with a~' = ap ; here A(z) is the unique (normalized) cusp form of weight 
12 for To(1 ) . Thus  

L(E, s) ~ L(f, s). 

CONJECTURE B (Weil's conjecture). I f  E is a elliptic curve over 
of conductor N there exists a (normalized primitive) cusp fo rmf  in S2(I'o(N)) 
such that 

L(f, s) = r(E, s). 

Note  Conjecture B implies that the pth  Fourier coefficient o f f  should 
be 0 or ± 1 when p divides N. This  is consistent with (22) and (23). The  
conjecture also implies (by the Riemann-hypothesis  for function fields 
of  genus 1) that 

l a~,l ~ 2/) 1/2. 
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This is consistent with the Ramanujan-Petersson conjecture for forms 
of weight 2 proved by Igusa, Eichler, and Shimura (cf. Theorem 4.1 
and (11)). 

Note too that Conjecture B obviously implies Conjecture A (c(. (21) 
and (17)). That  Conjecture A also implies Conjecture B results from the 
characterization of the zeta-function of a cusp form in terms of its 
functional equations (21). By establishing this characterization Weil 
simultaneously filled an important gap in Hecke's theory and unearthed 
the (conjectured) relation between elliptic curves and modular forms. 

THEOREM 5.2 [52]. Suppose the sequence of complex numbers a l ,  
a 2 .... , a~ ,... is such that 

(i) ]an l = O( n°) f °r  some a > 0 ;  

(ii) the Dirichlet series Zn~=l ann -s converges absolutely at s = k --  
for some k ~ ~ ~ 0; 

(iii) for each (m, N )  = 1, and primitive character X modulo m, 
L(s, X) -~ ~n=l a~x(n) n-s is entire, bounded in vertical strips, and satisfies 
the functional equation (21). 

Then 5:n~=1 a~e 2.'~ = f ( z )  belongs to Sk(I'o(N)) and satisfies (20). 

COROLLARY 5.3. Conjectures A and B are equivalent. 

Recall that L(E, s) = Zn~=l ann -s converges for Re(s) > ~.  Thus  in 
applying Theorem 5.2, k = 2 and 3 can be taken to be ½ + E. 

Now let E --+~v fE denote the correspondence which Well's conjecture 
establishes between elliptic curves over Q and cusp forms of weight 2. 
An arbitrary form in S2(I~o(N)) is in the image of Wonly  grit is a normal- 
ized primitive form with Fourier coefficients in 77. We call such a form a 
"rational" normalized primitive form. The natural question to ask is, 
Do the above conditions characterize the image of W? in  other words, 
given such a f o r m f  can we produce an elliptic curve E such thatfe  = f ? 
This is a question which is essentially resolved by Section 4 but more 
carefully considered by Shimura [48]. 

Briefly, since each ap is assumed to be integral, each T(p)  -- a~ may 
be regarded as an element of End(J0(N)). So let Y denote the subvariety 
of J0(N) defined by the union of the images of these endormorphisms. 
The  resulting quotient Jo (N) /Y  is then an elliptic curve (call it El). 
Moreover, from Eichler-Shimura theory (as refined by Deligne and 
Langlands) it follows that L(EI , s) ~ L( f ,  s). 
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Actually, Conjecture B already implies (without Deligne and 
Langlands) that the p-factors of the zeta-functions of E I and f agree for 
all p. To see this, compose the mapf- -~  E i just described with Weil's 
map E l --*f ' .  Since L ( f ' ,  s) ~ L( f ,  s) up to a finite number of factors 
in the Euler product, the normalized new forms f a n d f '  must coincide. 
Thus L(f ,  s) = L ( f ' ,  s) = L(Et ,  s), as desired. In particular, E t has 
conductor N. The image of the conjectured correspondence E---~fe is 
precisely the set of rational normalized primitive forms in S~(Fo(N)) and 
its inverse is the correspondence f ~ E l just described. 

CONJECTURE C. The map f - +  Ej is one-to-one onto the set of isogeny 
classes of rational elliptic curves. 

The one-to-one-ness o f f - - +  E 1 is obvious since L(f ,  s) completely 
determinesf. The onto-ness, however, is not. It asserts that any E over Q 
is isogenous to some E s with f a rational primitive form of weight 2 
such that n( f ,  s) = L(E). 

One consequence of Conjecture C is Conjecture B. Indeed suppose E 
has conductor N. By Conjecture C, there exists an f i n  S2(Po(N)) with Ef 
isogenous to E. Thus L(EI ,  s) = L(E, s) and Conjecture B follows. 

Another consequence of Conjecture C is the Isogeny Conjecture. This 
asserts that L(E, s) = L(E',  s) only if  E is isogenous to E'. Indeed 
Conjecture C produces an f and f '  such that E(resp. E') is isogenous to 
E i (resp. Ef). Thus L(E, s) ~-- L(E' ,  s) implies L(Et ,  s) = L ( E f ,  s) 
which implies L ( f ' ,  s) ~ L( f ,  s), i.e., f -~ f ' .  Thus E I = Ej, and E is 
isogenous to E'. Serre [42] proves the Isogeny Conjecture (for arbitrary 
number fields) assuming only that the j-invariant of E or E' is not 
integral. 

Remark 5.4. Conjecture C says there is a one-to-one correspondence 
between isogeny classes of rational elliptic curves of conductor N and 
rational normalized primitive forms in Sz(I'o(N)). The existence of this 
correspondence has not yet been established in general but all available 
experimental evidence supports it. For example there are no curves 
over Q of conductor N if gN = 0. Furthermore computer searches for 
elliptic curves of small conductor have produced the right number of 
isogeny classes in all cases (cf. [2]). 

Recent theoretical work on the classification of curves of given con- 
ductor also supports Conjecture C. In fact for certain N this classification 
essentially establishes the conjecture (cf. [33, 58]). 

Note finally that Conjecture C follows from Conjecture B i f  the 
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Isogeny Conjecture is assumed. Indeed for E over Q Conjecture B 
produces an f i n  S2(I'o(N)) withL(E, s) ~ L(f,  s). ThusL(E, s) = L(EI, s) 
and (by the Isogeny Conjecture) E is isogenous to E I . Conjecture C also 
follows from Conjecture B if the map E---~f= is one-to-one. Indeed the 
one-to-one-ness of this map is equivalent to the Isogeny Conjecture. 

Concluding Remark. Elliptic curves with complex multiplication are 
known to satisfy Conjecture B because Deuring showed they satisfy 
Conjecture A. Shimura [47] proves that such curves also arise as factors 
of the Jacobian J0(N); i.e., curves of "C.M. type" are "modular." 

Further evidence for Conjectures B and C is described in Part IIi. 
There Conjecture B is reformulated and generalized in terms of the 
representation theory of GL(2) over an arbitrary global field. 

II .  AUTOMORPHIC FORMS AND CUSPIDAL REPRESENTATIONS 

We explain somewhat leisurely how a representation ~rl of GL(2, A) 
is attached to a cusp f o r m f  and how the zeta-function of f is understood 
in terms of Euler-factors attached to the local components of ~rl. Much 
of this development is due to Jacquet and Langlands [23] (for more 
background and details, see [18]). 

6. Archimedean Theory 

We deal only with GL(2, R). Our point of departure is the well-known 
fact that every irreducible unitary representation of SL(2, N) is "ad- 
missible" in the following sense. 

Consider the universal enveloping algebra of the complexification of 
the Lie algebra of SL(2, N). If  ~r is realized on the Hilbert space H, and cr 
is an irreducible representation of K = SO(2), let H(a) denote the 
subspace of vectors v in H which transform according to a. (Thus 7r(K)v 
spans a finite-dimensional subspace of H equivalent to a finite number 
of copies of ~.) The algebraic direct sum 

zto = @ 
a 

is dense in H and comprises the subspace of K-finite vectors. The crucial 
fact is that by differentiation ~r induces a representation of the enveloping 
algebra on the space H °. This representation is algebraically irreducible 
since the unitary representation 7r is topologically irreducible. / t  is 
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"admissible" in the sense that its restriction to the Lie algebra of K decom- 
poses into finite-dimensional representations with finite multiplicities. 
(Equivalently, the dimension of H(a) is finite for each a.) 

Following Harish and Chandra and Jacquet and Langlands one 
focuses attention not on irreducible unitary representations of G---- 
GL(2, E) but rather on irreducible admissible representations of an 
appropriate group algebra of G. 

DEFINITION 6.1. Let J denote the universal enveloping algebra of 
the complexification of the Lie algebra of G. Let ~ denote the Dirac 
measure at [-01 o]. Then the Hecke group algebra of G is by definition 
the direct sum 

( a )  = J ® 

Observe that ~ ( G )  is an algebra (under convolution product) of 
distributions supported in the subgroup {[±~0 o]} of G. It is the simplest 
substitute for the enveloping algebra of G which takes into account the 
fact that G has two connected components. 

DEFINITION 6.2. Suppose ~ is a representation of the algebra ~¢~(G) 
on a complex vector space V. Then ~r is said to be admissible if its 
restriction to the Lie algebra of K ~ 0(2, E) decomposes into finite- 
dimensional representations with finite multiplicities. 

Remark 6.3. Almost all the irreducible representations of K = 
0(2, R) are two-dimensional. Suppose ¢ is any such representation of 
(the Lie algebra of ) K and V(cr) denotes the subspace of vectors in V 
which transform according to some multiple of ~. Then admissibility 
of (rr, V) amounts to the assertion that 

r = @ 

(algebraic sum) 

with each F(~) finite-dimensional. 
Our task now is to describe all the irreducible admissible representations 

up to equivalence. This task is simplified by the fact that all such 
representations are known to be subquotients of the following basic 
representations of Y~(G), the so-called principal series representations. 

Let/~1,/z~ denote any quasi (i.e., not necessarily unitary) characters 
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of N x. Let ~(/~1,/z2) denote the vector space of functions ~(g) on G 
which are right K-finite and such that 

for all t l ,  te ~ Ex. According to the Iwasawa decomposition, 

G = N A  SO(2), 

where _d • {[0tl o j} and N = {[o 1 ~]}. Therefore, each ~o in ~(/L1,/z~) is 
completely determined by its restriction to SO(2, ~) (and in particular 
is infinitely differentiable since this restriction must be a trigonometric 
polynomial). 

I f  X belongs to J we define (as usual) 

~o,X(g) = (d/dt) ~o(g exp(--tX))ft= o 

and let Y~ denote - - X .  By p(/z 1 ,/x2) we denote the representation of 
iF(G) on ~(tzl ,  tz~) determined by 

p(~ ,  ~.)(x) ~ = ~ ,2 .  

This representation is essentially induced from the one-dimensional 
representation 

of B = N A .  It is admissible precisely because each 9) in ~(/zl,/x~) 
restricts to a trigonometric polynomial on SO(2, ~). What is remarkable 
is that every irreducible admissible representation of x/f (G) is a subquotient 
of some such p(t~l, Ix2). Therefore the classification of irreducible ad- 
missible representations is reduced to the study of how (and when) these 
p(izl, t~2) decompose. 

To analyze the reducibility of p(txl, ix2) one computes the action of 
certain Lie algebra elements on convenient basis elements of ~(/~1,/z~). 
To this end, write /z i ( t )=  (t)S*[sgn(t)] m*, where m i = 0 or 1, and 
h c C. Then 

/z(t) ~-/~l/~a(t) = t l~[sgn(t)]% 
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with s = s  1 - s ~  and m =  m ~ - - m ~ .  For each n - - = m ( m o d 2 ) ,  the 
function 

([) *][cosO --sin 00] ) =/~l(ta )#x~(t~)[ t~lt ~ li/Ze -in° 
rPn t~ tsin 0 cos 

belongs to ~(/~1 ,/x~) and the set {%} is obviously a basis for ~(/z~,/x~). 

THrO~EM 6.4. (a) I f  i~d~ x is not of the form t -+ t~ sgn(t), with p 
a nonzero integer, then ~ ( l ~ ,  kt~) is irreducible under the action o f ~ ( G ) ;  

(b) I f  thlz~a(t) = t ~ sgn(t), with p > O, then ~(t~l,  t~) contains 
exactly one invariant subspace, namely, 

~ ( ~  , ~ )  = { . . . ,  v - , - ~  , ~ - ~ - 1 ,  ~o~+~ , v , + ,  , . . . ) ,  

and the quotient ~f(tz~, t~) = ~(tL1, i~)/~s(t~,  t~) is finite-dimensional; 

(c) I f  I~(t) ~- t" sgn(t) with p > 0 then the only invariant subspace 
o f  ~ ( ~ ,  ~,~) is 

~'( t ,~ , ~ )  = { ~ + 1 ,  ~+~ .... , ~-~-.~ , ~-~-1}. 

The  representation p(t*l,/z2) will be denoted by 7r(~l,/~z) if it is 
irreducible; in case it is not, the obvious representation on the finite- 
dimensional space ~l(/z 1 , tz2) will still be denoted by ~(/~1, t*~). The  
representation on the infinite-dimensional subspace (or quotient) 
~(/~1,/z~) will be denoted by a(/~ 1 , tz2) and viewed as a member  of the 
discrete series for G. It  is defined only when/~(t)  = t" sgn(t) for some 
nonzero integer p. The  representations 7r(/~ 1 , /~)  exhaust the so-called 
principal series for G. 

THEOREM 6.5. Every irreducible admissible representation of ~ ( G )  is 
either a ~(t~,  t~2) or a a(t*l, t~); the only equivalences between these 
representations are the following. 

and 

~( ,1 ,  ,~) ~ ~( ,~ ,  t,1) ~ ~ ( , m ,  t,~v) ~ ~(,2v, ~lv), 

w h e r e  ~l(t)  = sgn(t). 
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Remark 6.6. If ~r is equivalent to the discrete series representation 
a(# 1 ,/z~) it can conveniently be indexed by the parameters p -- s 1 -- s~. 
and t = s 1 + s 2 . The significance of p is that the space of a(p ,  t) will 
contain the functions 9p+1, q~p+~ ,..., but not the function 9~-1 • Thus  
a(p ,  t) is said to have lowest weight p + l. The significance of t is that 
a(p, t) will be unitary (i.e., correspond to a unitary representation of G) 
if and only if t is pure imaginary. By contrast, a given principal series 
representation ~r(/zl,/~) will be unitary (in this same sense) iff both/~1 
and /z  2 are unitary, or just  s 1 ~- s~ is pure imaginary and s 1 -- s~ is real, 
nonzero, and between --1 and l ;  rr(fz 1 ,/'2) is then called a continuous 
series or a complementary series representation according as the first or 
second possibility occurs. 

Concluding Remarks. To attach an L-factor to each admissible 
representation ~ of W(G)  one introduces the Whittaker model of ~'. This 
is a space of functions W(g) on G such that W([~ ~]g) ~ e2~riXW(g) for 
all x c N and such that in this space the natural action of W(G)  is 
equivalent to 7r. The  terminology is apt since each function fw(t)  = 
W([o ~ 0]) actually defines a classical Whittaker function on N x. How the 
corresponding L and ~ factors arise is explained in Section 8. 

If~r belongs to the discrete series it is often convenient to parametrize 7r 
by a complex quasi-character w(z) - I z ]2r-(m+~) z m ~  with r complex 
and m and n two integers, one zero and the other nonnegative. Thus  if  ~r 
corresponds to ~o, ~r(co) - :  ~(/z 1 , /z~) with/~1/-'9,(x) : :  I x 12~ sgn(x) re+n+1 
and /zl#~-l(x)----x ~+n sgn(x). In particular, 7r(o~) has lowest weight 
m + n + 1. The  analog of this construction for p-adic fields (and their 
quadratic extensions) is explained in detail in Section 7 (el. Theorem 7.3 
in particular). 

7. p-Adic  Theory 

Our purpose is to describe the irreducible admissible representations 
of GL(2, F),  where F is a local nonarehimedean field. We also collect 
some basic facts concerning these representations. 

We start with some notation. Throughout  this section, F will be a 
finite extension of the p-adic number  field or a field of formal power 
series in one variable over a finite field. The  symbol Or will denote the 
ring of integers of F. The  absolute value on F is defined by the relation 
d(ax) -~  l a l d x ,  where dx is an invariant measure on the additive 
group ofF.  The  prime ideal of OF, defined by I a I < 1, will be denoted 
by I F .  I t  is generated (say) by ~, and OF/P F is a finite field with q 
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elements, q some power of p. The standard maximal compact (open) 
subgroup of G is 

K = OL(2, 0~). 

Now G has no enveloping algebra of differential operators but there 
is a natural group algebra for G which is fundamental for its representa- 
tion theory, namely the (Heche) group algebra W(G) consisting of all 
locally constant compactly supported functions on G. (This is an 
algebra for the group convolution product 

g 
f *g(x) =- j f(xy -1) g(y) d,y, 

where d*y denotes the Haar measure for G which assigns the measure 1 
to K.)  

Following Jacquet and Langlands [23], we say that a representation 
7r ofd4"(G) on a complex vector space V is admissible if for every v in V 
there is a n f  in ~ ( H )  such that ~r(f)v = v, and if every vr(f) maps V 
onto a finite-dimensional space. This definition of admissibility is 
motivated by the following considerations. 

Suppose ~r is an irreducible unitary representation of G on some 
Hilbert space H. Then 7r induces a representation of ~f~(G) through the 
formula 

rr( f)  = fa f(g) rr(g) a.g, 

and, as in the real case, ~ ( f )  defines a representation of iF(G) in the 
subspace of K-finite functions of H which is admissible in the above 
sense. However, in contrast to the real case, rr(g) itself acts in the space of 
K-finite vectors. Therefore it should not seem surprising that for p-adic 
groups (and admissible representations) the correspondence between repre- 
sentations of G and representations of the group algebra of G is completely 
transparent. Thus the following definition. 

DEFINITION 7.1. Suppose ~r is a representation of G on a complex 
vector space V (the space of K-finite vectors of some unitary G-space, 
for example). Then ~ is said to be admissible if (i) the stabilizer in G of 
each v in V is an open subgroup of K, and (ii) the subspace of V fixed 
by any open subgroup of K is finite-dimensional. Equivalently, the 
restriction of 7r to K contains any given irreducible representation of K 
at most finitely many times. 
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Schur's lemma holds for all irreducible admissible representations, 
unitary or not. In  particular, the restriction of ~r to the center Z of 
GL(2, F)  defines a quasi-character of F, the so-called central character 
of  rr. Every finite-dimensional irreducible admissible representation is 
automatically one-dimensional and of the form x(detg)  with X a quasi- 
character of F z. 

The  infinite-dimensional irreducible admissible representations of 
G = GL(2, F)  are either subrepresentations of some principal series 
representation or else supercuspidal representations. To describe the 
principal series, let Its, It2 be any two quasi-characters of F × and let 
~ ( I t l ,  It2) denote the space of all locally constant functions ~o on G such 
that 

*]) ~o t2 g = Itl(tl)/z2(t2) ] q/t 2 11/2~0(g) 

for all t~, t 2 e F x. The  group G acts on ~ ( I t l ,  It2) through right transla- 
tions and the resulting representation of G is called a principal series 
representation (at least when it is irreducible) and denoted by P(Itl, Its). 
Each such representation is seen to be admissible. 

THEOREM 7.2. The representation P(itl , It2) is irreducible except when 
It(x) = t~lit;l(x) - I x]  or Ix  ]-1. I f  It(x) --  Ix  I -I, then ~( i t l  , It2) 
contains a one-dimensional invariant subspace and the representation 
induced on the resulting factor space is irreducible. I f  It(x) = l x ], then 
~ ( I t l ,  It2) contains an irreducible invariant subspace of  codimension 1. 
(The irreducible representations P(Itl, t~2) are denoted by 7r(Itx , It2) and 
called principal series representations; i f  ItxIt~l(x) = ] x ] or I x ]-1, the 
resulting irreducible infinite-dimensional subquotients of  P(Itl, It2) are 
denoted by (r(Itl , It2) and called special representations; the one-dimensional 
quotients are denoted by zr(tz 1 , It2).) 

Two representations ~r(Itl ,/z2) and ~(vl,  v2) are equivalent if and only 
if (It1, I t z ) -  (vl, v2) or (v2, Vx)- An analogous result holds for the 
special representations. The  question remains: How are the super- 
cuspidaI representations of G obtained (those which do not appear as 
subrepresentations of P(Itl, It2)) ? The  answer is that (almost all) these 
representations arise as subrepresentations of the various Weil representa- 
tions of G defined as follows. 

Fix a nontrivial additive character r ofF.  For each separable quadratic 
extension L of F, let x --+ x ~ denote the nontrivial element of Gal(L/F), 
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q(x) ~ - xx  ~ the corresponding norm, and t r ( x ) =  x @ x ~. Let 5°(L) 
denote the Schwartz-Bruhat space of locally constant compactly sup- 
ported functions on L and r'(s) the (unique) representation of SL(2, F) 
in 5a(L) such that 

and 

r~([_~ lO])~(x) ~- Y fL qg(Y)'c(tr(x~y))dY. 

Here ~ is a Gauss sum and dy is a suitably normalized Haar measure 
on L. Since r'(s) commutes with the natural action of the norm 1 group 
of L in 5e(V), r~(s) decomposes according to the characters o fL  x. 

More precisely, for each quasi-character o~ of L the subspace of 
functions in 5e(L) satisfying 

• (xh) = ~-~(h) ~(x) 

for all h ~ L with q(h) • 1 is invariant for r'(s) and the resulting repre- 
sentation rJ(s) extends to a representation of G+ = {g~ GL(2, F): 
det(g) c q(LX)}. Note that G+ has index 2 in GL(2, F). 

THEOREM 7.3. Let ~r(oJ) denote the representation of GL(2, F) induced 
from ro~'. Then 

(i) 7r(co) is irreducible, admissible, and independent of 7; 

(ii) ~r(oJ) is supercuspidal if there is no character ~ of F × such that 
o~ = 8oq; 

(iii) if the residual characteristic of F is odd, and oJ and L vary as 
above, all supercuspidal representations of GL(2, F) thus arise. 

For further details see [18] or [23]. If  the residual characteristic of F 
is even, supercuspidal representations of GL(2, F) which are not of the 
form =(co) will be called "irregular." In general, supercuspidal representa- 
tions are often also called absolutely cuspidal. They are characterized 
among the irreducible admissible representations of GL(2, F) as those 
whose matrix coefficients are compactly supported modulo the center Z. 
They can also be characterized in terms of their Whittaker models (cf. 
Sect. 8 below). 
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We close this section with some facts relating to the decomposition 
of the restriction to K of an arbitrary irreducible admissible representa- 
tion of G. Of course one knows a priori that any such decomposition 
contains a given irreducible of K at most finitely many times. But it is 
a more delicate question to ask exactly how many times. 

DEFINITION 7.4. An irreducible admissible representation ~ of G is 
called class 1 or spherical if its restriction to K contains the identity 
representation at least once. 

THEOREM 7.5. An (infinite-dimensional) irreducible admissible repre. 
sentation rr of G is class 1 if  and only i f  ~r = 7r(/Zl,/~2) for some pair of 
unramified characters tzl , tz2 o f f  × and 7r is not a special representation. In 
this case the identity representation is contained exactly once in ~r. Further- 
more, i f  %(g) denotes any function in the (one-dimensional) subspace of 
K-invariant vectors in ~(1~1, tz2), and ~ denotes the Hecke operator 
corresponding to convolution over G with the characteristic function of the 
double coset K[~ °]K, then 9o(g) is an eigenfunction of ~ , and 

%,T~(g) = q1/2(q~l + q~) %(g) 

i f  i~,(x) = I x I s~. (Recall that [ (5 [ = q-1.) 

I f  7r is not class 1 there is the following useful result (due to Miyake 
and Casselman; see, for example, [18]). 

THEOREM 7.6. Let ¢r denote any irreducible admissible (infinite- 
dimensional) representation of G with central character ~. Then there is a 
largest ideal c(rr) of OF such that the space of vectors v with 

for all 

[ca l[ a 1 
is not empty. Furthermore, this space has dimension 1. The ideal c(~) is 
called the conductor of 9. 
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If 7r is class 1, then c(~) is OF. In general, we have the table: 

Representation 

7r =- w(/zl,/~) (principal series) 

• r ----- a(/~l,/x2) (special representations) 

7r supercuspidal 

Conductor 

(Conductor of/zl) (Conductor of/~2) 

(Conductor of/x) 2 or ~o0~ 

N 2 

Recall that the conductor of any quasi-character/x of F x is the largest 
ideal cSnO~ such that/~ is trivial on the subgroup 1 @ ~)nOe of Or x. For 
the special representation w(/z 1 ,/x2), the conductor is ~5Oe if and only 
if/z is unramified. 

DEFINITION 7.7. An admissible representation ~r of G on a complex 
space V will be called preunitary (or simply unitary) if there exists on V 
an invariant positive-definite hermitian form. 

If ~r is preunitary, the operators 7r(g) can be extended to unitary 
operators on the Hilbert space obtained by completing V with respect 
to this form and the result is a unitary representation in the classical 
sense. Furthermore, this completion will be topologically irreducible if 
and only if (% V) is algebraically irreducible. 

The (pre-)unitary irreducible admissible representations 

the supercuspidal representation with unitary central character; 

the principal series representations 7r(ix ~ , ix2) with both ix1 and tx2 

THEOREM 7.8. 

of G are 

(i) 
(ii) 

unitary; 
(iii) the representations ~(1~1,1~2) of the principal series for which 

=  l(x) and  = i x  I o, 0 < < 1; 

(iv) the special representations with unitary central character. 

This result is entirely analagous to the real situation. Therefore the 
representations in (ii) and (iii) are called continuous (respectively, 
complementary) series representations of G. 

8. L-Functions and E-Factors 

Suppose F is R or Q~, ¢ is a nontrivial character of F, and ~r is an 
irreducible admissible representation of GL(2, F). The factors L(s, ~r) 
and e(s, % ~b) defined in this section play a crucial role in the global 
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functional equation of Hecke. One way to introduce them is to study the 
zeta-functions attached to the Whittaker model of ~r. 

THEOREM 8.1 (Existence and Uniqueness of the Local Whittaker 
Model). Suppose rr is an irreducible admissible (infinite-dimensional) 
representation of GL(2, F). Then in the space of locally constant functions 
on G such that 

(x ~F, g c G), there is a unique subspace ~(rr)  (the Whittaker space) 
which is invariant for the right action of G and equivalent (as a G-module) 
to ~r. 

Theorem 8.1 is also valid for F = ~ (cf. the concluding remarks of 
Sect. 6). In this case one considers irreducible admissible representations 
of the group algebra 3/f(G) and solutions of (25) which are C ~ and such 
that W([0 t 0]) = O(i t I)N as t --* oo. 

For F nonarchimedean, the functions fw(t) =- W([0 t 0]) are locally 
constant on F x and vanish outside some compact subset ofF.  The space 
they comprise is called the Kirillov space of 7r. It contains the space of 
locally constant compactly supported functions on F x with codimension 2 
if ~- belongs to the principal series, codimension 1 if ~r is special, and 
codimension zero if ~ is supercuspidal. In general, if ~(x) belongs to the 
Kirillov space of ~r, ~r([~ ~]) ~:(x) : ¢(bx) ~(ax). 

Let zr denote an irreducible admissible representation of G and ~(Tr) 
its Whittaker space. Suppose X is a unitary character of F x, g c G, 
W~ ~(~r), and s a complex number. Then the local zeta-function 
attached to (g, X, W) is defined by the formula 

(26) 

Caution. Although ( ( a ) =  W([~ 0]g) is a relatively well-behaved 
function on F ×, it is not necessarily locally constant of F. Therefore the 
function of s defined by (26) is not necessarily a zeta-function of the 
type studied by Tate (cf. [19, Chap. 8.1]). 

In the Theorem below, 7r @ X denotes the tensor product of ~ with 
the one-dimensional representation x(det g). Also # denotes the contra- 
gredient of ¢r defined by ~(g) -- trr(g-1) (for vectors ¢ in the dual space 
of ~r fixed by an open subgroup of G). 

6o7]2I/3-3 
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THEOREM 8.2. (i) The integral defining ~(g, X, W, s) converges for s 
with sufficiently large real part; 

(ii) There exists an Euler factor L(x, X @ 7r) with the property that 

~(g, X, W, s)/L(s, X @ ~) 

is an entire function of s for every g, X, and W, and such that 

g(1, x, W°, s) = L(s, x @ ~) (27) 

for an appropriate choice of WOe ~ ( ~ ) ;  

(iii) The function ~(g, X, W, s)possesses an analytic continuation to 
the whole s-plane and satisfies the functional equation 

~(g, x, HI, ,) ~(s, ¢, ~ ® x) = ~(~g'  x ~ 7  ~, w ,  I - ~) 
L(~, x ® ~) L(1 - -  s, x -~ ® ~) ' 

where E(s, ¢, X @ 7r) is independent of g and W, c% is the central character 
of % and w = [ o ~]. 

Remarks 8.3 (Concerning the Statement of Theorem 8.2). 

(i) By an Euler factor we understand a function of s of the form 
p-l(q) where P is a polynomial such that P(0) -~ 1 and q = ] c5 ]-1 if v 
is finite. For archimedean places v, the factor L(s, ~) will be a product 
of certain gamma functions to be specified below. In either case L(s, ~r) 
is unique. (Indeed if L(s, rr) and L*(s, ~r) are two Euler factors satisfying 
the conditions of the theorem their quotient is an entire function 
without zeros.) 

(ii) Suppose two irreducible admissible representations ~r 1 and ~r 2 
of G induce the same central character. Then  ~r 1 and 7r 2 are equivalent 
if and only if 

e(s,¢,X@~l)L(1 - - s ,x - l@~r 1) e(s,¢,X@~2)L(1 - - s , x - ~ @ )  ~) 
L(s, x ® ~1) L(s, x ® ~ )  

for all X. In other words, the factors L(s, X @ w) and e(s, ~, X @ ~r) 
uniquely determine w among all representations with given central 
character. Some of these factors can be explicitly described as follows. 

Suppose first that F is nonarchimedean. I f /x  is a quasi-character of 
F x, set L(s,/x) equal to (1 --/~(c5)q-8) -1 if/* is unramified, and equal to 1, 
otherwise. 
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rr L ( s ,  zr) e(s, ~, ~r) 

rr = ~r(1"1 , 1"~) (pr inc ipa l  ser ies  o r  L(s ,  1*OL(s, 1"~.) e(s, 1*Oe(s, 1"2) (equa ls  1 if  1"1 

o n e - d i m e n s i o n a l )  a n d  1"~ are  un rami f i ed ! )  

- - 1  
e(s, 1*Oe(s, 1"2)L(1 - -  s, 1*a ) 

= o(1.1 , ix~) (special  re -  L(1.1 , s) 
L(s ,  t'2) 

p r e s e n t a t i o n )  

rr s u p e r c u s p i d a l  1 u n i m p o r t a n t  to u s  

Now suppose F = R. If/*(x) = ] x ]r(sgn(x)) m is a quasi-character of 
~x, set L(s,/*) equal to re-l~ ~(s+r+m~ Fcs+r+m)/2; set e(s, ¢,/*) equal to 
(i sgn(u)) m [u is+r-l/2 if ¢(x) = 2 ~ix. If  ~o(z) = ]z  ]2r zm2n is a quasi- 
character of C x (as at the end of Sect. 6) set L(s, ¢o) equal to 2(27r) -(s+~+m+n) 
l"(s @ r + m -~ n), and e(s, ¢, ¢0) equal to i~+n~o(u) l u 12s-1. 

T A B L E  B 

L(s ,  w) e(s, ¢J, w) 

~r = rr(1*l ,/*2) (pr inc ipa l  ser ies  or  
f i n i t e -d imens iona l )  

rr = a(p ,  t )  (d iscre te  ser ies  r e p r e s e n t a t i o n  

o f  t he  f o r m  rr(¢o)) 

L(s, ~OL(s, ~) 4s, ¢, 1.04s, ¢, ~) 

L(s, (o) i sgn (u)e(s, ~, ~o) 

Concluding Remarks. (i) One can regard L(s, X @ ~r) as the g.c.d, for 
the family of meromorphic  local zeta-functions ~(g, W, X, s). The  
privileged Whittaker function whose Mellin transform is precisely 
L(s, X @ rr) (in the sense of Eq. (27)) is (roughly speaking) the "lowest 
weight" vector in W'(Tr). More precisely, i f F  is nonarchimedean, W°(g) 
corresponds to the vector v in Theorem 7.6; i f F  -- N, and ~r = ~r(p, t), 
W°(g) is the function with weight vector p q- 1. 

(ii) Tables A and B include L and e-factors for the finite-dimen- 
sional representations rr(/*l ,/*2). However,  since Whittaker models do 
not exist for such representations, the assignment of these factors results 
from other considerations (cf. [23, Sect. 13]; and Sect. 11 of this paper). 
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9. Cuspidal Representations 

Our task is to realize primitive cusp forms on Fo(N ) as privileged 
representations of GL(2). 

Let ~ denote the ring of adeles of Q and Zo~ + the subgroup of G~ -- 
GL(2, /~) consisting of positive real scalar matrices at infinity and the 
identity elsewhere. For each prime p and integer N let K~(N) denote 
the compact subgroup of G~ = GL~(Qp) defined by 

The quotient space 

X = Z~+Ge\GA 

has finite volume with respect to the natural right-invariant measure 
inherited from the unimodular group GA • In fact, the map 

[g /2 1 (2a) x q- iy ~+ y-ll2J 

provides an isomorphism from Zoo+Ge\G~/S02(R) [II~<o~ Kv(N) to the 
modular variety Fo(N)\H and SO2(N)I Iv<,  K~(N) is compact. 

Let T denote the right regular representation of G~ in L2(X). Since 
the measure on X is right invariant T is a unitary representation of Ga .  
Let T O denote the restriction of T to the subspace L02(X) consisting of 
functions in Lz(X) satisfying the cuspidal condition 

for almost every g ~ G~. Roughly speaking, T o exhausts the discrete 
spectrum of T. 

More precisely, let Le2(X) denote the subspace of L2(X) spanned by 
functions of the form x(g) = X( det g) with X a character of ~+xQx\&x 
(recall X has finite measure). Then the restriction of T to Lo2(X) @ Le2(X) 
exhausts the discrete spectrum of T (i.e., the orthoeomplement of 
Lo2(X) @ Le2(X) has no minimally invariant subspace for the action of 
G~ and T restricted to this orthocomplement decomposes continuously). 

We say that an irreducible unitary representation ~r of G~ is auto- 
morphic if ~r occurs in T and cuspidal if it occurs in T O . This terminology 
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is chosen because certain special cuspidal representations of Ga corre- 
spond one-one to normalized primitive forms of weight k. 

Indeed any irreducible unitary representation 7r of GL(2, ~ ) =  
I-Ip<oo GL(2, Qa,) can be factored as an infinite tensor product of local 
representations 7r~ of GL(2, Qp) almost all of which are class 1. Moreover, 
these local representations are completely determined by ~r. Thus we 
write re = @~<oo %0, a restricted infinite tensor product. This factor- 
izability of irreducible unitary representations of G~ was first established 
by Gelfand, Graev, and Pyatetskii-Shapiro and later generalized by 
Jacquet and Langlands [23] (see [18, Sect. 4.C] for further discussion). 

Now suppose w is an irreducible unitary representation of G~ satisfying 
the following properties. 

(a) rr = @p<oo r% occurs in T O ; 
(b) the "conductor" I]~o<o~ c(re~) of rr is N; 
(c) rroo is the unique discrete series representation reoo k of GL(2, N) 

which is trivial on the center and has lowest weight vector k; and 
(d) for all p ~ N, % is equivalent to the class 1 representation 

%(~,, ~). 
Then in the space of re in L=(X) there is (essentially) one function So(g) 

which, via the isomorphism (28), corresponds to a primitive form f~ in 
Sk(_l"o(N)). Moreover, T(p)f¢ ~- p(k-1)/2(tz~l(p ) @/z~-*(p))f¢ for each 
p'F N. Thus certain cuspidal representations indeed correspond to 
classical forms in Sk(Fo(N)). The Ramanujan-Petersson conjecture 
(cf. [11, 16]) asserts that /*1 and /z 2 above are actually unitary, i.e., 
¢%(/~1,/z2) is a continuous (as opposed to complementary) series repre- 
sentation of GL(2, Og) (see [18, Sect. 5.B] for details). 

In general, an arbitrary cuspidal representation w of GA no longer 
corresponds to a form in Sk(Fo(N)) , or even Sk(Fo(N), ¢), because redo 
need not belong to the discrete series. At worst, however, rr will corre- 
spond to a real-analytic cusp form in the sense of Maass. In particular, if re 
has conductor N, the function f ( z )  corresponding to the priviledged 
one-dimensional subspace of the space of re will be a form on Fo(N ). It is 
by considering arbitrary cuspidal representations that Jacquet and 
Langlands [23] simultaneously treat real analytic and holomorphic forms 
of arbitrary level. 

Now suppose 

f(z) = ~ an e2~inz 
n=l 
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is an arbitrary normalized primitive form in S~(G(N)). Then  f ( z )  lifts 
to a function 9I(g) on X via the isomorphism (28). More  precisely, 
suppose g - - y g ~ k  o with g ~ G ~ ,  y ~ G e ,  go----- [ ~ 2 ] ~ G L + ( 2 , R )  = 
{g ~ GL(2, N): act(g) > 0}, and k 0 ~ Ill0<* K~(N). Then  q~](g) = 
f (g~( i ) ) j (g~,  i) -k, with g~(i) = (ai 4- b)/(ci + d), and j (g~,  i) = 
(ci -5 d)(det g~) -1/2. 

The  fact that f ( z )  is automorphic of weight k and level N implies 
that ~oi(g ) is right invariant for I]~< ~ Kp(N) and that is transforms under  
SO2(Q) = {[seJ°~ ~ -sineos o]} according to the character #ko. The  fact that 
f ( z )  is cuspidal in the classical sense implies that ~oi(g ) belongs to Lo2(X). 
What  remains to show is that the right translates of ~ot(g ) span an 
infinite-dimensional subspace H ( f )  of L2(X) isomorphic to some 
cuspidal representation. 

Let  ~9 denote the unitary representation of G~ generated by H ( f ) .  
Then  ~r I is the direct sum of irreducible unitary representations 7r ~ each 
one of which occurs in T O . Moreover,  according to the factorizability 
result quoted above, each w* can be written as @~<~ ~rv ~. 

Since every right translate of q~i(g) shares the same eigenvalue for the 
so-called Casimir operator of Go ~ GL(2,  ~), the infinite component  
of each summand 7r i of w1 is completely determined. Indeed this com- 
ponent  must  be the discrete series representation ¢(p, t) w i t h p  = k - -  1 
and t -~ 0. On the other hand, for each p 4" N, the Hecke operator T(p) 
acting on f corresponds to the convolution operator ~p acting on 9I(g) 
(cf. Theorem 7.3 with c5 = p). Therefore,  since each 7r i contains a 
function which is right K~o(N)-invariant and an eigenfunction of r~o with 
eigenvalue a~ , the p-component  of each summand of ~'i (with p ~ N)  
is the unique class 1 representation ~(/x~,  tzz) of GL(2,  Q~) which has 
trivial central character and satisfies 

a = p(~-l)/2(tx~l(p ) 4- I~l(p)). (29) 

We know now that each summand of ~r] has the same local factor for 
p ~ co and all p not dividing N. But according to the discussion above, 
each distinct summand corresponds to a distinct form in Sk(Fo(N)). 
Therefore,  since Sk(Fo(N)) is well known to be finite-dimensional, ~9 
has only finitely many summands.  To  conclude that ~r I is actually 
irreducible we need only apply the following two "multiplicity 1" 
results. The  first, due to Casselman and Miyake, asserts that two irre- 
ducible constituents of T O coincide as soon as they agree at all but  
finitely many finite places (cf. [18, Theorem 5.14]). The  second, due to 
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Jacquet and Langlands [23], says that any given irreducible ~r occurs 
at most once in T o . 

A detailed discussion of the correspondence f+-+ rrj appears in [18]; 
numerous examples are given there as well as in [9, 13]. 

10. Hecke Theory ~ la Jacquet and Langlands 

Let G denote (for the moment only) an arbitrary reductive algebraic 
group defined over Q. Following Langlands [26], one attaches to G, 
and each finite Galois extension E of Q, a complex group LG°, and 
a semidirect product LG = rG° × Gal(E/Q), the "L-group" of G. One 
also introduces the notion of "cuspidal representation" for G. For 
G = GL(2), "cuspidal representation" is as in Section 9, and LG° = 
GL(2, C). 

In general, one conjecture of [26] is that one can attach to each cuspidal 
representation rr = @~0 r% of G, and each finite-dimensional holo- 
morphie representation r of LG°, an eulerian product 

r(s, ~, r) = Fir( , ,  ~ ,  r), 
p 

indexed by the primes of O. If  ~ denotes the contragradient of r, one 
wants L(s, 7r, r) and L(s, % 1~) to admit meromorphie continuations to 
the whole s-plane. Moreover, if ¢ = I-I¢~o is any nontrivial additive 
character of/~ trivial on Q, one wants to introduce factors e(s, ~rp, r, ~bp), 
almost always equal to 1, so that E(s, % r) • H~o e(s, %0, r, ~@) is 
independent of ~b, and L(s, % r) satisfies the functional equation 

L( , ,  ~, r )  = 4 , ,  ~, r ) L ( 1  - -  ,, ~, ,.~). 

If r is irreducible and nontrivial, L(s, % r) should actually be entire (at 
least when G = GL(n), n > 1). 

It is precisely these conjecture (among others) which Jaequet and 
Langlands resolve affirmatively for G = GL(2) and r the standard 
representation of GL(2, C) by itself. Our purpose here is to summarize 
their results and quickly indicate their connection with the classical 
theory of Hecke. 

How does Hecke's theory attach a Dirichlet series to f in Sk(N, ¢) ? 
According to the concluding remark of Section 3, one simply takes the 
Mellin transform o f f  along the line {iy: y > 0}. That is, 

f? L(s, f )  = f(iy) y8-1 dy. (30) 
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(Strictly speaking, the Dirichlet series attached to f is D(s, f ) =  
(2~) ~ Hs)-lL(s,f). However, our interest is in the L-function F(s,f), 
a simple modification of D(s,f).) 

To understand how one might generalize Hecke's construction, it is 
helpful to rewrite (30) in the framework of the adele group of GL(2). As 
in Section 9, let ~t(g) denote the function on G~ = GL(2, A) corre- 
sponding to f in Sk(Fo(N)). Then  

<.(s + ((,.- ,)l,),i) = Jo.,  o1),  i.,*,. 
(Recall A x kl @x~+(Hp<oo 0~,x).) Now exploit the Fourier expansion of 
f(iy). Using adeles, 

so ([g 01D = e~o ~ W~ ([~0 y 01] ). (31) 

Here W~(g), the "first" Fourier coefficient of 9~([~ ~]g), is defined by the 
integral IQ\~ 9°([~o ~]g) ¢(x) dx. Substituting (31) in (30) yields 

f  o([y °,])i, 
But W~(g) is right K-finite, C °° as a function of Goo, satisfies 

for all x ~ A, and generates a space of functions on which the (convolu- 
tion) action of Gn is equivalent to w I (i.e., L(s,f) is the Mellin transform 
of a privileged function in the global Whittaker space ~(wt)  of ~vl). 

So suppose now that 7r = @ w~ is an arbitrary irreducible unitary 
representation of G~. By the local theory of Section 8, each w~ possesses 
a unique Whittaker model "/4/'(%). Thus  the space of functions on Gn 
generated by those of the form W(g) = H Wp(g~), with Wp = Wp ° 
for almost every p, provides a Whittaker model ~//~0v) for ~r. Following 
Hecke, Jacquet and Langlands [23] essentially introduce L(s, 7r, 1) 
(henceforth denoted L(s, w)) as the Mellin transform of an appropriate W 
in ~#~(7r). What they actually do to get this privileged W is piece together 
the local functions Wp ° of Theorem 8.2. 

To state the main theorem of Jacquet and Langlands we set 
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for each grSssencharacter X = l-I x~o of F. Since % is almost always 
class 1 this product is actually a finite product by Table A. We also put 

r(s, x ® ~) = F[ L(s, X~ ® ~ ) .  

This product converges for Re(s) sufficiently large since for almost 
every v, L(s, X1o (~) %) is of the form 

[1 - ~ x ~ ( ~ )  p-+] -~[1  - ~ x ~ ( ~ )  q-+] - l ,  

with ] t%(x)] = i %(x)[ = ] x ]:L~/~, 0 ~ a ~ 1. 

THEOREM 10.1. Suppose :v = @ =p has central character ¢. Then = 
occurs in T o if and only if L(s, X @ 7r) satisfies the following properties for 
every grossencharacter X o fF:  

(i) L(s, X @ :r) extends to an entire function bounded in vertical 
strips; and 

(ii) L(s, X @ ~) satisfies the functional equation 

L(s, X @ ~r) = E(~, X, s)r(1 -- s, X -1 @ ~), (32) 

where ~r(g) = ¢-1(g)~(g). 

The thrust of this theorem is more than that the L-functions attached 
to constituents of T o enjoy the properties listed above. It is that these 
properties characterize the constituents of To among the arbitrary 
irreducible representations of G~. In other words, both Hecke's theorem 
and Weil's "converse theorem" are generalized in one fell swoop. The 
precise connection is this. If zr is the cuspidal representation of G~ 
corresponding to the normalized primitive f o r m f  in Sk(Fo(N)) then 

L(s, 7r) = L(s + ((k -- 1)/2),f) (33) 

and (32) reduces to (21). 
Note that 1/L(%, s) is a polynomial of degree 2 in p-s if and only if 7r~ 

has conductor 0. The group theoretic significance o f f  in (33) is that ~i 
generates the one-dimensional space of functions in the space of ~v which 
transform under K ( N )  ~ I-I~<~ Kv(N)  according to the central character 
of zr and transform under SO~(~) according to the character e ik°. 

Since we have discussed only the case of Q we hasten to add that 
Jacquet and Langlands work over arbitrary global fields. Of course in 
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this generality their results need no longer have significant classical 
content. Nevertheless, it is in this context that Weil's conjecture can be 
attacked most successfully. 

III. ELLIPTIC CURVES AND CUSPIDAL REPRESENTATIONS 

Let K now denote a global field and G the group GL(2) regarded as 
an algebraic group over K. Let Ga and G/c denote the adelic and K- 
rational points of G. The right regular action of GA in L2(GK\GA) then 
provides a unitary representation of Ga which decomposes as a general- 
ized direct sum of irreducible constituents. 

Let K denote an algebraic closure of K and Gal(K/K) the corre- 
sponding Galois group (below we deal with Weil groups). The general 
reciprocity laws conjectured by Langlands asserts that to any two- 
dimensional representation e of Gal(K/K) there should be associated 
an irreducible constituent 7r(cr) of L2(GK\G~). Moreover, this corre- 
spondence should be a product of local correspondences. 

To see this, for each place v of K, let K.  and Gv denote the corre- 
sponding completions of K and G. Let Gal(Kv/Kv) denote the corre- 
sponding Galois group (again, it should be the Weil group). To each 
two-dimensional representation % of Gal(K,/K~) one should be able to 
associate an irreducible representation %(%) of G v . But there are 
embeddings of Gal(K~/K~) into Gal(K/K) (unique up to conjugation). 
Thus a representation cr of Gal(-~/K) gives rise to a ev for each v and 
7r(e) should be the restricted tensor product @ %(%). 

The correspondences % ~ %(~v) and e ~-~ ~r(e) are natural in that 
they preserve Euler factors. Nevertheless, one might hope for a more 
profound realization of them. This is what much of the recent work of 
Deligne and Langlands concerns. Indeed the fundamental result of 
Eichler-Shimura theory, recast in the mold of representation theory, 
says precisely that a correspondence which arises naturally in the 
arithmetic of elliptic modular curves coincides with the correspondence 

+-+ ~r(a) just described. 
For simplicity we deal primarily with the field K = Q. This case 

already suffices for a treatment of the classical theory and at times 
considerably eases our exposition. Nevertheless, if it is appropriate to 
deal, say, with a function field, or a local field with positive characteristic, 
we shall not hesitate to do so even if some of the terms involved have 
not been carefully defined. 
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1 1. Weil  Groups and the Galois Classification of  Representations of  GL(2) 

Let  K denote Q~0 or N. Roughly speaking, according to Langlands, the 
set of n-dimensional representations of the Well group of K should 
correspond one-to-one to the set of irreducible admissible representations 
of GL(n, K).  Moreover, the corresponding L and e factors (defined for 
the unramified representations by Artin and Hecke (at least when 
n = 2)) should coincide. 

I f  n = 1 this conjecture amounts to the fundamental  reciprocity law 
of local abelian class field theory. For n = 2 the situation is already 
considerably more complicated and not yet completely resolved. The 
difficulty is that p-adic fields possess many nontrivial extensions. Since 
the corresponding theory for the reals is almost transparent by com- 
parison we sketch this case first. 

The only extension of K = ~ is C ~ K. In this case the Well group 
W K i s  the group generated by K x and an element e with e 2 = --1 
and eze -1 = ~ for z ~  C x = K ×. If  v denotes the homomorphism of 
W x  to Nx given by v(e) = --1 ,  v(z) = z~, the quasi-characters of WK 
are all of the form/x o v for/~ some quasi-character of Nx. 

An arbitrary two-dimensional  representation ~ of WK is then either 

(1) reducible and the direct sum of two one-dimensional represen- 
tations of the form/z  i o v; or 

(2) irreducible and induced from a quasi-character m of C x with 
oJ =/= ~ o c for c complex conjugation in C. 

In case (2) we have oJ(z) = I z 12r--(*n+n)zmz ~, with r complex and m and 
n two integers one zero and the other nonnegative. The  corresponding 
L-functions are L(cr, s) = L(IXl , s)L(l~2, s) and L(cr, s) = L(~o, s), respec- 
tively. Recall that L(/zi, s) = 77 -1/2(s+ri+m~) ln((s _ L  ri @ mi)/2) if ~i(x) = 
] x ]r~ sgn(x)m, and L(co, s) = (27r)--(s+r+((ra+n)/2)) F(S @ r @ ((m @ n)/2)) 
if w(z) =- I z 12~-(~+~)zme ~. Similarly, if ¢(x) = exp(2rr(--1)l/2 ux), 
e(s, ~, ¢) equals e(s, i~1, ~b) e(s, tz2, ¢) if ~ = / z  1 o v @ #2v, and equals 
((-- 1)1/2 sgn u) e(s, co, ¢o tr), otherwise. Here E(s,/% ~b) = ((-- I)1/2 sgn u) m 
× I u js+r-1/2 and e(s, oJ, ¢o  tr) = i m+n w(u) i u [2.s+zr-1 (cf. [18, p. 1941 
and Sect. 8 of this paper). 

For each possible a above one can define an irreducible admissible 
representation ~r(a) of GL(2, K)  whose corresponding L and e factors 
coincide with those of ~ and whose central character is det a. Namely, 
in case (1) above, 7r(a) is the (possibly finite-dimensional) principal 
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series representation qr(/~l, ~2)" In case (2), ~r(a) is ~(~o), the discrete 
series representation belonging to the co-component of the basic Weil 
representation; more precisely, in the notation of Section 6, ~r(w) = 
~(/~1,/z2), with/~1/~2(x) = [ x ]2r(sgn x) m+n+~ and/~l/~-~(x) = xm+n(sgn x). 
Thus ¢~(w) is a discrete series representation with lowest weight vector 
m + n + l .  

As already noted, the situation for a p-adic field K is more complicated 
precisely because K possesses many nontrivial finite extensions. Let us 
therefore fix K to be Q~ and let k denote the residue class field of Q~. 
Let K ~ denote an algebraic closure of K, k the closure of k, and 9 the 
automorphism x ~-> x p. Recall that Gal(k/k) is isomorphic to 2 and 
topologically generated by 9. 

To deal simultaneously with all finite extensions of K we introduce 
the (absolute) Weil group WK. This is the (dense) subgroup of Gal(K/K) 
consisting of all elements whose image in Gal(k/k) is a power of 9- The 
inertia subgroup of Gal(K/K) is the subgroup of Wx whose image in 
Gal(k/k) is trivial. To topologize WK we require that I be an open sub- 
group and that it have induced on it the usual (profinite topology). In 
particular, if W(k/h) denotes the subgroup of Gal(k/k) generated by 9, 
we have 

o - ~  I - ~  w ~  , w ( ~ / k )  ~ o 

0 --+ I --+ Gal(tV/K) ~ Gal(/~/k) --~ 0 
¥ 

For more details, see [15]. 
Note that the topology for WK just described is stronger than the 

topology it inherits from Gal(K/K). Thus WK has more continuous 
n-dimensional representations than Gal(K/K). Following Deligne, we 
call any element of WIC or Gal(K/K) whose image in Gal(k/k) is ~o -~ the 
geometric Frobenius. We denote such an automorphism by F. 

DEFINITION 11.1. By an n-dimensional representation of WK we 
understand a pair (a, N) such that 

(i) a is a continuous homomorphism from W~c to GL(n, C), in 
particular, a is trivial on some open (finite-index) subgroup of I; 

(ii) a is semi-simple, i.e., a(F) is diagonalizable for each Frobenius 
F; and 
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(iii) N is a nilpotent element of M(n, C) such that a(w) Na(w) -1 = 
%(w)N for all w ~ WK. 

Here % denotes the quasi-character of Wx which via the isomorphism 
of class field theory corresponds to the normalized absolute value on K ×. 
Since we normalize this isomorphism to take F to a uniformizing 
variable ~, %(F) = p-1. 

The notions of equivalence, irreducibility, direct sum, quotient and 
tensor product for WF-representations are defined in the usual way; in 
particular, (cr, N ) @ ( a ' , N ' )  = ( o @ # , N @ I - b  1 @N' ) .  If ~ is 
trivial on I, ~ is said to be unramified. 

PROPOSITION 11.2 [15, p. 93]. All irreducible representations (0, N) of 
WK are of the form (e, O) with ~ irreducible. 

Note that one-dimensional representations of WK are just quasi- 
characters. But by class field theory, W} b is isomorphic to K x, i.e., one- 
dimensional representations of WK are indistinguishable from quasi- 
characters of K x. 

In general, when a is n-dimensional, we shall often abbreviate (a, N) 
by a even when ~ is not irreducible. This notation will be abusive because 
the pair (0, N) may be indecomposable even when e itself is completely 
reducible. A case in point is the n-dimensional special representation 
sp(n) - (0, N) defined as follows. Fix a canonical basis {e0, e 1 ,..., en_~} 
f o r  C n and define (0, N) by a(w)e~ == co,i(w)ei, Ne~_ 1 = 0, and Ne i = 
ei+ 1 (0 ~ i < n -- 1). Then (a, N) is indecomposable even though (r is 
completely reducible. In fact, we have 

PROPOSITION 11.3 [13, p. 93]. Every indecomposable representation of 
WK is of the form p @ sp(n) with p irreducible. 

Remark 11.4. The notion of WK-representation given by Defini- 
tion 11.1 seems first to have been made explicit by Deligne. Why this 
sophisticated notion is needed will become clear below. Roughly 
speaking, the usual notion of W,c-representation is too restrictive to bring 
into play the special representations of GL(2, K). Indeed these representa- 
tions correspond naturally to two-dimensional l-adic representations of 
W~c and such representations correspond not to complex representations 
of WK in the familiar sense but rather to complex representations of the 
form p @ sp(2). Thus Langlands' conjecture relating each representation 
of GL(2, K) to one of Wt: fails unless "WK-representation" is understood 
in the sense of Definition 11.1. The precise conjecture is 
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CONJECTURE 11.5. (a) There is a one-to-one correspondence ~r ~ Tr(a) 
between the set of equivalence classes of all two-dimensional representations 
of WI( and the set of equivalence classes of all irreducible admissible represen- 
tations of GL(2, K); 

(b) The correspondence a +-+ v(a) preserves L and E factors in the 
obvious sense. 

Although the L-factor attached to (~, N) is simple to describe, the 
c-factor is not. The L-factor is d e t ( / d -  a,(F)p-8)-~ with a I the restric- 
tion of a to the subspace of ker N left fixed by a(I). In particular, L(cr, s) 
has degree 2 if N = 0 and cr is unramified. To define e(s, a, ¢) one first 
introduces a function @r, ¢) depending only on (a, N) and ~b (for details, 
see [9, Sect. 2; 15, Sects. 4, 5, 8]). The complete condition of part (b)of  
Conjecture 11.5 is then that for each quasi-character X of K x, 

([; o]) 
L(~, x ® ~(~)) 

Z,(s, x -1 ® ;@)) 

4s, x ® ~(~), ¢) 

-= det a(a)I, 

= L(s, x ® ~,), 
= L(s, X -1 @ ~), 

= ~(~, x ® ,~, ¢). 

The remainder of this section is devoted to summarizing all that is 
known (at the moment) concerning Conjecture 11.5. Note that the above 
conditions (by virtue of Remark 8.3(ii)) imply that 7r(e) is uniquely 
determined by ~. 

The significance of the continuity assumption on (a, N) in Definition 
11.l is that ~ must factor through afinite extension of K. More precisely, 
if E is a finite Galois extension E of K, there is a fundamental class in 
H~(Gal(E/K), E x) and a canonical extension 

1 --+ E ~ ~ We/K--~ Gal(E/K)-+ 1, 

with WE~I( the relative Well group of E over K (for details, see [3, 54]). 
According to Shafarevich [38, 45, 57] this extension satisfies (and is 
determined by) the following property. There is a homomorphism s from 
W~/rc to Gal(Eab/K ) such that the diagram 

E ~ - - ~ -  W~/x , Gal(E/K) 

lc 
Gal(Ea~/E ) -~- Gal(E~dK)--+ Gal(E/K) 
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commutes.  Here Ea~ denotes the maximal abelian extension of E and c 
is the injection of local class field theory. From this description of We/K 
it follows that there is a canonical surjection 

Moreover,  every (continuous) representation of WK determines one of 
Wu/K for E sufficiently large. In particular, from the point of view of 
representation theory, it suffices to deal with the relative Weil groups 
over K. Note that WI~/K = K x. 

EXAMPLE 11.6. (i) Suppose / .1,/ '2 are two quasi-characters of K x 
and ~ is a representation of WK equivalent to the representation 

o /*2(~K(w))] 
Then  set r;(e) equal to ~r(/*l ,/x2). Recall that ~r(a) will be one-dimensional 
if/*l/*~d(x) = Ix ] or Ix 1-1. 

(ii) Suppose E is a quadratic extension of K, eo is a quasi-character 
of E × = We/e C WE~It which does not factor through the norm map 
Ne/K, and e is the two-dimensional representation of We/K induced 
from aJ. Then  set ~r(a) equal to the absolutely cuspidal representation 
~r(~o) referred to in Section 7. 

The  correspondence cr ~ rr(~) described in Example 11.6 is easily 
seen to preserve L- and e-factors. Thus  it is natural to ask: Which 
representations ~ and rr(e) are excluded from it? According to [15, 
Proposition 3.1.4] every irreducible two-dimensional representation of 
W,r is induced (as above) from a quasi-character ~o of a quadratic exten- 
sion provided the residual characteristic of K is odd. On the other hand, 
this same restriction on K implies that every absolutely cuspidal repre- 
sentation of GL(2,  K)  is of the form ~r(co). Thus  we have 

PROPOSITION 11.7. Suppose K -- •p with p ~= 2. Then Conjecture 
11.5 is true. 

Indeed in this case the correspondonce a ~ rr(~) provided by 
Example 11.6 misses only the "special" representations, i.e., the repre- 
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sentations /x @ sp(2) of WK and the representations a(/x,/x I x 1-1) of 
GL(2, K). Thus  pairing these representations in the obvious way yields 
the proposition. 

For Q2 the problem is that there exist "irregular" absolutely cuspidal 
representations, i.e., absolutely cuspidal representations not of the form 
rr(eo). Equivalently, there exist two-dimensional irreducible WK-repre- 
sentations not induced from a quasi-character of a quadratic extension. 
In either case, these "extraordinary" representations are only finite in 
number. Thus  one should be able to inspect them case by case to reach 
the desired conclusion. On the Galois side the requisite classification 
was essentially obtained by Weil [56]. The  "extraordinary" representa- 
tions are apparently now being carefully studied by Henniart (work in 
progress). 

On the GL(2) side a complete classification of the absolutely cuspidal 
representations has been obtained by Kutzko [24] (see all Casselman [8]). 
The representations of the compact subgroups of GL(2, K) needed to 
induce these representations have all recently been investigated by 
Nobs and Wolfhart and Kutzko. According to Cartier, the entire 
question should be settled soon. A description of the extraordinary 
representations of PGL(2, Q~) has been announced by E. A. Neklyudova 
(Functional Anal. dppl. 9 (1975), 75-77). 

Concluding Remarks. Jacquet and Langlands [23] prove that one can 
indeed attach to each two-dimensional representation a of W% the 
appropriate ~r(a) provided Artin's conjecture is true. Their  methods are 
global and are explained in Section 12 below. Tying this together with 
results of Drinfeld (Math. Sbornik 94 (1974), 594-627), Deligne sub- 
sequently established the desired bijection. 

12. Conjectures of Artin and Langlands 

Suppose K is a global field, K is a separable closure of K, and E is 
a finite Galois extension of K. The  (absolute) Weil group Wlc is defined 
in [54]. In the function field case it is described as in the local theory 
but in the number  field case its construction is less straightforward. 
Suffice it to say that in the latter case WK is disconnected and its quotient 
by the connected component of the identity is precisely Gal(K/K). 

The (relative) Weil group We/K is an extension of Gal(E/K) by the 
idele class group of E. As in the local theory, We/K is a canonical quotient 
of the absolute Weil group WK • In particular, each continuous finite- 
dimensional representation of W/~ actually defines a representation of 
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We/x for some appropriate E. So once again, from the point of view of 
representation theory, it suffices to deal with the relative Weil groups 
We/K . 

If v is any place of K, let any extension of v to E also be denoted by v. 
For each place v there is a homomorphism from W(Ev/Kv) to Wz/r 
which is completely determined up to inner automorphism. Thus a 
continuous finite-dimensional representation cr of WK defines a repre- 
sentation % of Wz,/~ which is uniquely determined up to isomorphism. 

Using the local factors of Section 8 one can follow Artin and Weil by 
attaching to a a global L4unction 

L(s, ~) = I1 L(s, ~o). 
q) 

This function is initially defined only in some right half-plane Re(s) > s o . 
However, according to Artin [3] and Brauer (Ann. of Math. 48 (1947), 
502-514) it extends to a meromorphic function defined on all of C and 
it satisfies a functional equation of the form 

L(,, o-) = ,(s, , , )L(1  - -  s, ,~). (34) 

Here cr is the contragredient of or. 
The crucial result of Langlands [27] is that the "root number" e(s, (r) 

can be expressed as a product of local constants. More precisely, given ~, 
and a nontrivial character ¢ = I-Iv ~v of K\A,  the factors @%, Cv, s) 
are such that @rv, ~hv, s) = 1 for almost all v, the product I~v e(%, Cv, s) 
is independent of ¢, and 

, (~,  s) = 11 , ( ~ ,  ¢~ ,  s). (35) 

CONJECTURE 12.1 (Artin). L(cr, s) is entire i f  cr is irreducible and non- 
trivial. 

CONJECTURE 12.2 (Langlands). I f  ~ is a two-dimensional irreducible 
representation of WK, 

~(,~) = (~ ~ ( ~ )  
V 

is a cuspidal representation of GA. 

607/21/3-4 



282 STEPHEN GELBART 

The correspondence alluded to in Conjecture 12.2 has already been 
established for ~ induced from quasi-characters of a quadratic extension 
of K. This is [23, Proposition 12.1]. The  corresponding form ~r(e) is a 
generalization of the theta-series attached to binary quadratic forms in 
the classical theory of Hecke and Maass (for more details and references, 
see [18, Sect. 7]). 

For arbitrary e the representation 7r(e) is not even defined unless 
Conjecture 11.5 is assumed. Also implicit in Conjecture 12.2 is the fact 
that for almost all v, % is unramified and %(ev) is class 1 for almost all v. 
In [23], Conjecture 12.2 is proved assuming the truth of Artin's con- 
jecture. The  proof uses (34), (35), and a refinement of Jacquet and 
Langlands' converse to Hecke theory (cf. [23, Corollary 11.6, Theorem 
12.2]). Note that Artin's conjecture is true for function fields (this was 
proved along with the Riemann-hypothesis). Therefore Conjecture 12.2 
is a real theorem in this case. In fact, what falls out of the proof of this 
result is the following. 

PROPOSITION 12.3 (cf. [23, Proposition 12.6]). Suppose Artin's 
conjecture is true for K. Then to each place v of K, and each two-dimensional 
representation of W ~ ,  one can associate an irreducible representation of 
GL(2, K~) so that the corresponding E and L factors are preserved. In 
particular, if K~ is a local field of positive characteristic, the correspondence 
%-- .  %(%) (alluded to in Conjecture 11.5) exists. 

As already noted, it follows from subsequent (unpublished) work of 
Deligne's that Conjecture 11.5 is true for local fields of positive charac- 
teristic, and indeed for arbitrary fields, provided Artin's conjecture is 
always true. 

In general, the conjectured correspondence a--~ 7r(a) provides an 
analog of the abelian reciprocity law for nonabelian extensions of 
whose Galois group has a faithful two-dimensional representation. 
Thus  the goal is to prove Conjecture 12.2 directly and then deduce 
Artin's conjecture from it (rather than the other way around). This is 
what Artin did for GL(1). Dramatic progress in this direction for GL(2) 
has recently been made by Deligne and Serre [16] and Langlands [29] 
but much remains to be done (see Sect. 15 for further discussion of 
this problem). 

13. Well's Conjecture Reformulated 

For K an arbitrary global field, and E an elliptic curve over K, the 
zeta-function of E has been defined in [53]. When gamma factors for 
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the (possibly nonexistent) archimedean places of K are included this 
zeta-function will be denoted L(E, s). 

CONJECTURE D. I f  E is an elliptic curve over K there exists a cuspidal 
representation 7r(E) of G~ with the property that 

L(~r(E), s -- 1/2) = L(E, s). 

In case K is a function field this conjecture has already been proved 
by Deligne [15]. In this case L(E, s) can be shown to be entire by some 
general results of Grothendieck. The difficult step is to establish the 
correct functional equations so that the converse theorem to Hecke 
theory can be applied (as in the proof of Conjecture 12.2). The idea is 
that L(E, s) may be regarded as an Artin L-function attached not to a 
complex representation of WK but to a strictly compatible system of 
l-adic representations. These representations arise naturally from the 
arithmetic of E (see below). Moreover, their e- and L-factors piece 
together as desired to recapture the global data (for details, see [15]). 

In general, Conjecture D generalizes Conjecture B. Indeed from (33) 
with h = 2 it follows that Conjecture D reduces to Conjecture B when E 
is elliptic over Q. But if Conjecture B is true, and ~(E, s) ~- ~n~__l ann -s, 
then the primitive form corresponding to ~r(E) must be f ( z ) -  
Y~=l a~e 2'~in~. Thus Conjecture B can be restated as follows. 

CONJECTURE B'. Let E be elliptic over Q with conductor N and zeta- 
function 5~=1 ann -~. Then the function 

f(z) = ~ a~e ~ 

is a normalized primitive form in S2(Fo(N)). 

To formulate a representation theoretic version of this conjecture one 
needs to define 7r(E) directly in terms of the reduced curves Ep.  This 
is what Langlands does in [26]. Since the construction is significant in 
its own right and useful in Section 14 of this paper we sketch it briefly 
below. For simplicity, we once again suppose K = Q. For the case of an 
arbitrary number field, see [26]. 

Suppose first that p is such that the j-invariant of E is p-integral. For 
precisely such primes E has "potential good reduction" in the sense of 
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Serre and Tate, i.e., good reduction over some extension Kp of Qp. 
For l ~ p, let V~(E) denote the Tate module of E over C t and let %,I 
denote the corresponding l-adic representation of WK. From [44] it 
follows that %,~ lifts to a two-dimensional complex representation % 
which is independent of l. In this case %(E) may be defined to be the 
representation 7r~(%) given by Conjecture 11.5. Note that if E actually 
has good reduction at p, then 7%(E) will be class 1. More precisely, good 
reduction at p implies that % is the direct sum of two unramified 
characters/Zl,/z2, with/zl/z~-l(x) =# ] x ] or [ x ]-~; consequently 7r(%) = 
zr(/z I ,/x2). (In general, good reduction at p is equivalent to the fact that 
Vz(E ) is unramified at p for all l • p; el. [50, Theorem 4].) 

Now suppose p is such that j(E) is not p-integral (this is possible for 
only finitely many p, but is automatic if Ep has a node). The correspond- 
ing l-adie representation %,z of WK~ in H~I(E) (the l-adic cohomology 
space dual to Vz(E)) is then of the form 

Here /z~ and #2 are quasi-characters of Kvx which take values in Q 
(hence C) and satisfy/xa/~-l(x) = T x ]-1 (for details, see [42, Appendix]). 
The crucial ingredient is Tate's theory of ultrametric theta-functions, 
i.e., Tate's model for an elliptic curve with nonintegral j-invariant. 

In case p is such that j(E) is not p-integral set Try(E) equal to the 
special representation %(/z 1 ,/x2). Note that this correspondence is 
consistent with Conjecture 11.5. Indeed the l-adic representation %,z 
(which is reducible but not indecomposable) may be replaced by the 
complex representation ap = (%,  N) = sp(2) @/£1 [ X 1-1. Thus z%(E) 
is just 7%(%) in the sense of Conjecture 11.5. Note too that L(%, s) = 
L(Gp,z, s ) =  L(Trv(crD), s ) =  L@~(E), s) is always of the form 
(1 -- app-s) -1. 

Finally supposep = oo. In this case set crp(E) equal to ~p(ap), where ap 
is the representation of W E induced from the character z -+ [ z [-lz of 
C ×. According to Section 6, 7rv(ap) is then a discrete series representation 
~r~o 2 with lowest weight vector 2. 

If we now piece together the local maps 

E ~ %(E) 

just defined in terms of the local correspondences % ~-~ zr~(av), we 
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obtain a global correspondence 

E--+ 7r(E) = @ %(E) 

and a representation-theoretic interpretation of Conjecture B'. 

CONJECTURE D'. I f  E is an elliptic curve over Q, then the representation 
cr(E) is a cuspidal representation of GL(2, A) and 

L(~(E), s -- ½) = L(E, s). 

Clearly 7r(E) corresponds to a normalized primitive form of weight 2. 
Additional conditions on 7r(E) are imposed by the rationality of E and 
the Riemann-hypothesis for /~v" 

I f f  is the primitive form associated to E by Conjecture B it is natural 
to ask how the corresponding cuspidal representation of Gt~ is related 
to ~r(E). Of course if Conjectures B' and D' are true these representations 
must  coincide because their L-functions do. But without assuming this 
it does not seem to be a trivial matter to compare these representations 
locally. One problem is that if % is an "extraordinary" irreducible 
representation of WQ~, ~r(%) is an irregular supercuspidal representation 
of GL(2, Qe). Perhaps work in progress will soon resolve this ambiguity. 

14. Eichler-Shimura Theory Revisited 

Recall Shimura's correspondence between rational primitive forms in 
S2(Fo(N)) and elliptic curve over Q. The principal result is that the zeta- 
function of the curve agrees with the zeta-function of the form at all 
places not dividing N. What happens at the remaining places was 
essentially left open because too little was known about the reduction 
of Xo(N ) at these places. 

In 1970 Deligne obtained the first general results about the bad 
reduction of Xo(N). Encouraged by these results Langlands proposed 
the refinement of Eichler-Shimura theory described below. Experts can 
consult [28] for the original statement of results (such people should not 
be reading this paper). Others should see [9, 21]. 

Suppose 7r = @p 7rp is the cuspidal representation of G~ corresponding 
to the rational normalized primitive form f in S~(Fo(N)). Following 
Shimura, one associates to f the rational elliptic curve E~, and following 
Langlands, one associates to E~ the representation ~r(E~) = @~ ~r~o(E~) 
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as in Section 13. What then is the relation between ~r(E~) and the original 
representation ~r ? In particular, what is the relation between the local 
factors at the ends of the path below ? 

Conjeetu~'e 11.5 

7rf @ 7r~ (Section 1 !) 

/ 

Ser~e-Ta~e , 
2~ 

CONJECTURE 14.1. The local representations {op} and {o,'} coincide; 
i.e., for each prime p, 

% = %(E~). (36) 

Note that rc~ --  ~r®(E~) by definition. 

The full thrust of this conjecture is that the correspondence 7r, ++ % 
is completely natural from the point of view of geometry and the arith- 
metic of elliptic curves. 

For p . ~ N ,  Conjecture 14.1 is equivalent to the Eichler-Shimura 
theory. Indeed p ~" N implies ~,  is a class 1 representation of GL(2, Q,) 
corresponding to some pair of unramified quasi-characters (t~ 1 ,/z2) of 
G,×. Thus from (29) it follows that 

T(p) f~  : a , f  =- p~/~(l~-~l(p) + t~-~a(p))f~ , 

i.e., the p-factor of the zeta-function of 7r is (1 -- avp -s -}- pl-Zs)-l. But 
p ~" N also implies that E~ has good reduction at p. Thus the corre- 
sponding representation %' of the Well group is the direct sum of two 
unramified characters v 1 , v 2 , which by Eichler-Shimura theory must be 
/~1,/z2 (i.e., the representation 7r~(~0' ) is precisely ~rv ). A comprehensive 
treatment of Eichler-Shimura theory from the point of view of represen- 
tation theory and modern algebraic geometry is given by Pyatetskii- 
Shapiro [34]. 

One can also verify Conjecture 14.1 directly in case ~r corresponds to 
the unique normalized primitive form in $2(F0(11)). In this case ~rla is 
the special representation associated to the pair of quasi-characters 
([ x I -1/2, ]x [1/2) and ~r~0 is class 1 for all p :~ 11. The representation 
~rll(E~) of Section 10 is a special representation equivalent to 7rll because 
the reduction of E~ modulo 11 has a node with rational tangents (eL 
Example 2.5). 
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In general, Conjecture 14.1 has now been proved for all wp and p 
except ~r 2 an irregular supercuspidal representation of GL2(Q). The  
case of an arbitrary principal series representation or special representa- 
tion is due to Langlands [28]. The proof for "regular" supercuspidals 
is due to Deligne (unpublished). The  method of Langlands is com- 
pletely new in that it is based on the Selberg trace formula for GL(2) 
and a strong form of the Lefshetz fixed point formula of algebraic 
geometry. 

More examples and consequences of Conjecture 14.1 (including the 
earlier results of Deligne on bad reduction) are discussed in [9]. 
According to Langlands it already follows from the current state of 
Conjecture 14.1 that the p-factors of L(f, s) and L(Ej, s) coincide for 
all p (without verifying (36) for irregular supercuspidal representations 
~r~). Although Langlands has convinced me of this fact I am unable to 
reproduce the arguments here. 

Concluding Remark. In Section 4 (and the present section) we assumed 
f (and ~ri) to be "rational." We made this assumption purely to simplify 
the discussion. Without it the eigenvalues o f f  generate a finite algebraic 
extension K of Q and the corresponding E I is no longer an elliptic 
curve but rather an abelian variety of dimension n = [K: Q] (cf. [48]). 
In this case the zeta-function of the variety E 1 is a product of the zeta- 
functions o f f  and certain "twistings" off .  The  corresponding modifica- 
tion in the statement of Conjecture 14.1 is explained in [9, 28]. 

15. Odds and Ends 

In Sections 12 and 13 we described two correspondences with image 
in the set of cuspidal representations of G~(Q). The first, given by 
Conjecture 12.2, is defined for two-dimensional semi-simple representa- 
tions of the Weil group W e . The  second, given by Conjecture D', is 
defined for isogeny classes of elliptic curves over Q. We denote these 
correspondences by ~r(a) and ~r(E), respectively. Both are predicted by 
special cases of the conjectures of [26]. 

In [23] a correspondence is defined for the nontrivial automorphic 
representations of the adelization of the multiplicative group of a quater- 
nion algebra. We denote this correspondence by ~r(~'). It too takes 
values in the set of cuspidal representations of Gt~ and preserves L- 
functions. Since ~r(e), ~r(E), and ~(Tr') share the same range space it is 
natural to ask: When do the corresponding L-functions L(a, s), L(E, s), 
L(¢r', s), and L(% s) coincide ? 
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Relations between these L-functions are of particular number-  
theoretical interest when the Euler factors defining them are determined 
in an elementary way. This is the case, for example, for L(¢, s), L(E, s) 
and L(~', s), at least when the quaternion algebra does not split at 
infinity (cf. [30]). 

To obtain relations between these functions, [23, Theorem 16.1] is 
particularly useful. This theorem gives a simple criterion for 7r be in the 
image of 7r(Tr') and it can easily be applied to 7r(¢) and 7r(E). Thus one 
obtains a general result about the relations between L(cr, s), L(E, s) and 
L(w', s). Previously, only isolated examples of such relations were 
known. 

A criterion for rr to be in the image of 7r(E) is not difficult to give in 
terms of the weight and rationality of the primitive form corresponding 
to rr (see Sect. 13). For such ~r the construction of Shimura described in 
Section 5 produces an elliptic curve which inverts the correspondence 

In general it is not easy to characterize the image of ~(a). Suppose, 
however, that a defines an irreducible representation of the Galois 
group, i.e., a is trivial on the connected component of the neutral element 
of WQ. Then a~ is the direct sum of two one-dimensional representa- 
tions of Gal(C/R). Moreover, assuming that the determinant of ~ is odd, 
7r(a) corresponds to a normalized primitive form in SI(Fo(N), ~) with 
e(--1) = --1 and all such cuspidal representations of G~ thus arise. 
(See [31] for the definition of primitive form with nontrivial character 
and [16] for the definition of odd a.) 

What Deligne and Serre do in [16] is invert the correspondence 

restricted to "Galois representations" of the above type. In particular, 
they produce for each ~r belonging to s o m e f  in SI(Fo(N), 4) a e such that 
7r(a) = a. Thus from Conjecture 12.2 there results a bijection between 
certain primitive cusp forms of weight 1 and certain two-dimensional 
representations of Gal(Q/Q). 

The results of Deligne and Serre also make it possible to prove 
Artin's conjecture for a wide variety of nontrivial a. Indeed, the image 
of a(Gal(~/Q) in PGL2(C ) is either dihedral, tetrahedral (Aa), octahedral 
($4), or icosahedral (As). The dihedral case is trivial in the sense that 
is then induced from a quasi-character of some quadratic extension. 
Thus L(a, s) = L(~(a), s) with 7r(a) a cuspidal representation of GL(2, A) 
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(cf. Conjecture 12.2 and the remarks immediately following it). What 
Langlands does in [29] is prove Conjecture 12.2 for a wide range of 
tetrahedral and octahedral a by combining the result of Deligne and 
Serre with a generalization of the recent theory of "lifting" automorphic 
forms due to Saito and Shintani. In particular, Artin's conjecture is 
proved for these ~. It is interesting to note that Selberg's trace formula 
once again plays a crucial role in this work. 

Suppose finally that ~r ~ @ 7r~ is a cuspidal representation of Gn 
with ~ro~ a discrete series representation of weight k ) 2. Rather than 
worry about whether ~ is in the image of ~7(a) it is more profitable to 
follow the path initiated by Eichler and Shimura. As in [28, 34], a crucial 
step is to associate to 7r an appropriate two-dimensional/-adie represen- 
tation ~ of Gal(Q/Q) (cf. [15, Theorem 6.1]). The refinement of Eichler- 
Shimura theory described in Section 14 amounts to the assertion that 
the L- and e-factors of Trp coincide with those of a for all p. 

In the classical context of cusp forms of weight k ) 2, the /-adic 
representations also play a crucial role in [14] (see also [43]). For p not 
dividing the level o f f  Deligne shows that a:o is the trace of the Frobenius 
on H~-I(V, Q~), V an appropriate ( k -  1)-dimensional variety defined 
over ~0. The Ramanujan-Petersson conjecture for forms of weight 
k ) 2 is thus proved using Weil's conjectures (cf. [11] and the concluding 
remarks of Sect. 1). The Ramanujan-Petersson conjecture for forms of 
weight 1 is a consequence of [15]. 

For further examples of results in this area the reader is referred to 
Borel's account [7] of what is now called the "philosophy of Langlands." 

Note added in proof. Langlands has now sketched a proof of Artin 's conjecture for 
all two-dimensional tetrahedral representations of the Galois group of an arbitrary 
number  field. Among other things, his proof uses the recently established fact that  cusp 
forms on GL(2) "lift" to GL(3) (see [18b]). This  fact also implies that L(s, ~r, r) is entire 
when zr is cuspidal and r is the symmetric square of the standard representation of GL(2, C) 
(cf. the remarks at the beginning of Sect. 10). 
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