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INTRODUCTION

What are (semi-)simplicial complexes, and what are they good for?
A simplicial set is a combinatorial affair, i.e., a family of sets and maps
between them, from which may be deduced the homotopy properties
of a topological space.

The singular simplicial set S(X) of a topological space X is defined
as follows: For each integer n = 0,

S(X), = {f:8[n] > X},

where f varies over all continuous maps of §[n] (= the standard
Euclidean simplex of dimension 7n) to X. For each integer 0 <7 < n,
there are natural maps

d; : S(X), = S(X)p » the ¢-th face operator,

5; ¢ S(X), = S(X)ps1 the i-th degeneracy operator,
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108 CURTIS

which satisfy the simplicial identities. S(X) can be used to define some
of the usual invariants (e.g., the homotopy and homology groups of X)
and to prove some of the usual theorems (e.g., the Hurewicz theorem).
If X is the topological space of a polyhedron (sometimes called a
simplicial complex), there is a simplicial set K determined by X as
follows. Order the vertices of X, and for each integer n > 0, let

Kn - {<7)0 [ARES] vn>}7

where the v; are vertices (repetitions allowed) of a simplex of X with
vy < v; < < v, . Again there are face and degeneracy operators

d‘i : Kn’_)Kn—l 1
Si:Kn—>K,ﬂ+1,

obtained by deleting or repeating the i-th vertex, respectively.

We shall be concerned with describing the homotopy groups of a
simplicial set (equivalently, of the underlying topological space) by its
combinatorial structure, especially by bringing in some algebra. For
example, Kan’s construction assigns to each simplicial set K, a simplicial
group GK (i.e., a family of groups, with face and degeneracy operators
which are homomorphisms), which is the simplicial analogue of the
loop space. Techniques of group theory applied to GK sometimes
permit calculations of homotopy groups of K.

Broad Outline

Each section will have its own outline, together with some relevant
references. Some additional comments: Sections 1-3 describe basic
algebraic topology treated simplicially. Included are: The relation
between simplicial sets and topological spaces; homotopy groups,
homology groups, and the Hurewicz theorem; fibrations, minimal
fibrations, and the Moore-Postnikov system. Also included is the G()
construction, and the closely related W(-) construction, which is the
classifying complex for fibre bundles. Section 4 describes Milnor’s F(-)
construction, which is the “loops on the suspension.” Some group-
theoretic techniques are used to prove the Hilton—Milnor theorem, as
well as theorems of James and Hopf. Section 5 is the standard relation
between simplicial Abelian groups and Abelian chain complexes. Sec-
tion 6 gives the simplicial fibre-bundle theory of Barratt, Guggenheim,
and Moore; the main result is the classification of fibre bundles.
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Sections 7-8 give the approach to the homotopy of a simplicial set
by taking GK, filtering by its lower central series, and examining the
quotients. In this way there arises a form of the Adams spectral sequence
which works unstably as well. Section 9 describes a more general
construction of Bousfield and Kan leading directly to an “unstable
Adams spectral sequence.” Section 10 is Bousfield’s version (using GK)
of Adams’ cobar construction, which is useful in studying the differentials
which occur in Sections 7-8. In Section 11 we give some applications
to the J-homomorphism, the EHP-sequence, the Hopf-invariant, and
Samelson and Whitehead products. Especially see the tables pertaining
to the homotopy groups of spheres, unitary groups, etc. Section 12
is the simplicial extension theorem, which is used to establish the
relation between simplicial homotopy and topological homotopy.

These notes are a slightly modified version of lectures given at
the Matematisk Institut, Aarhus, Denmark, 1967-1968. I have been
most strongly influenced by previous lecture notes of Barratt, Kan, and
Moore. Covering simplicial theory in different ways are [L], [M],
and [Q].

I have tried to show aspects of homotopy theory from the simplicial
point of view. The topology underlying this is well represented in the
literature in the papers of Adams, Barratt (unpublished), James,
Mahowald, Toda, Whitehead, and others.

The proofs, where not indicated, are supposed to be straightforward.

1. SiMPLICIAL SETS

We begin by defining simplicial sets (older terms: semisimplicial
complexes, c.s.s. complexes, s.s. complexes), or more generally, simplicial
objects in a category %, in case all the objects and maps are in €.

The homotopy relation (~) is defined for simplicial maps. Homotopy
becomes an equivalence relation if the range is a Kan complex, i.e.,
a simplicial set satisfying the extension condition. More generally,
homotopy in a category € is defined for simplicial objects in €. It is
an elementary but important principle that functors preserve homotopy.

We define minimal complexes, and show that any Kan complex has
a minimal complex which is unique to within isomorphism, a useful
property.

The singular and geometrical realization functors relate spaces to
simplicial sets. To know that we are really getting anywhere with the
latter, we need to know that these induce a one-one correspondence
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between homotopy types of CW spaces and Kan complexes, and also
induce a one-one correspondence between homotopy classes of maps
in the two categories. This can be deduced from the simplicial extension

theorem, whose proof is deferred until Section 12.
The references for Section 1 are [E], [E, Z], [Mol], [Mo2], [Mil].

DEfFINITION (1.1). A simplicial set K is a sequence of sets,
K = {K,, K, ,..., K, ,...}, together with functions

- e
di-lxn"”’Kn-l:
s, K, -~ K.,

for each 0 <7 < n These functions are required to satisfy the
simplicial identities

dd; = d;_,d; for 7 <j,
§51d; for <y,
d;s; = {identity for i=7,7+1,
s;d; 4 for i>7-+1,
8§55 = $5,15; for <.

Remark. Let O be the category of finite ordered sets and order-
preserving maps. The above definition of a simplicial set is equivalent
to asserting that K is a contravariant functor from @ to the category
of scts, where

K, = K({0, 1,..., n}),
d; = K(the map which skips number ¢),

s; = K(the map which repeats number 7).

One need not try to remember the simplicial identities—they may be
recalled easily from the properties of the maps in 0.

A simplicial map f: K —>L is a family of functions f, : K, — L,
commuting with the d; and the s, .

Elements x € K,, are called #-dimensional simplices; elements of K,
are called vertices. A simplex x is called degenerate if x = s,y for some v,
some 7. Every simplex can be uniquely expressed in the form
x = §; **+§; ¥, where y is nondegenerate and i, > -+ >, > 0. For
each integer n > 0, let K™ be the 7 skeleton of K, that is, the smallest
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subsimplicial set of K which contains all the nondegenerate simplices
of K of dimension < n. Arguments sometimes go by induction on the
nondegenerate simplices, or by induction on the skeletons, in analogy
with CW spaces.

If each of the K, , and each of the d; and s;, are in a category ¥,
then K is called a simplicial object over %; frequently the words “‘object
over €’ are replaced by the generic name for objects in €. Equivalently,
by the remark above, a simplicial object over % is to be considered as a
contravariant functor from @ to €. If f: K — L is a simplicial map with
each f, in %, then f is called a simplicial map over %.

TerMINOLOGY (1.2). What is usually called a simplicial complex 1s
defined as follows. In Euclidean space R¥, any ¢ 4 1 points p, ,..., p, in
general position determine a (closed) simplex, say o[ pg ,..., p,l, by

O'[PO yeeey Pq] = {Zaipi}:

where a; > 0, Xa, = 1. The corresponding open simplex o( py ,..., p,)
is the interior of of pg ,..., p,] in the hyperplane. A simplicial complex X
is to be a collection of open simplices such that (1) Every face of any
simplex of X is again in X; (2) two distinct open simplices are disjoint.

As will be seen, such a simplicial complex X determines a simplicial
set K by adding degenerate simplices to the collection, but not every
simplicial set K is of this form. We shall call such special simplicial
sets (arising from a simplicial complex) polyhedral (see Section 12).

Following the usual terminology, we make other uses of the word
complex, not necessarily as simplicial complexes, and keep the terms
simplicial complex or polyhedral simplicial set where appropriate. To
anticipate: A simplicial set L which is a subsimplicial set of a simplicial
set K (i.e., for each n, L, C K, , and L is closed under the d; and s;)
is called a subcomplex of K. A simplicial set satisfying the extension
condition (1.12) is called a Kan complex; a minimal complex (1.20)
is a special sort of Kan complex, etc. Another, different use of the
word complex occurs in Section 3 as chain complex.

ExampLrEs (1.3). Let X be a simplicial complex, and let the vertices
of X be ordered. Let K be the simplicial set
K, = {{vy,..., v, : the v; are vertices of a simplex of X with vy < -+ < v,},
di<7)0 geery 7)7L> = <‘Uo seeey ‘vAz se=y ‘vn>7

$:K0g yoeny Unp = Vg yorey Uiy Vg yerey Up )
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More ExaMPLES (1.4). The standard z simplex A[#] is the simplicial
set with vertices Q, 1, 2,..., n, where

(A[n])a = {<'UO yeery Ugp O0<yy << <y, <.

Let i, = <0,i,...,n)> € (4[n]),, . The “boundary of A[x]” is d[n] =
A[n]»1 = the n — | skeleton. The #n sphere S™ is the quotient simplicial
set A[n)/4[n]. Thus S™ has two nondegenerate simplices, a vertex which
we call %, and o, in dimension #, which is the image of 7, . In dimensions
n + g, S™ has the iterated degeneracy of *, and simplices s; - s; 0, ,
where n + ¢ > 1, > = > 17, = 0. !

ProposiTioN (1.5). Let K be a simplicial set, and x € K, . Then there
s a unique simplicial map

Jo: d[n] > K

such that f,(i,) = x. Call f, the representing map for x. If x € K, , with
all d;x = x, then f, passes to the quotient

Jo:S"— K.
with f,(0,) = x.

ProLoNGATION (1.6). An important construction is the following,
which is called by Dold the “prolongation of 7. If T is a covariant
functor from % to &, and K is a simplicial object over %, let TK be
the simplicial object over 2 obtained by applying T to each K, and
to each d; and s, . Equivalently, regarding K as a functor from € to %,
TK is the composed functor T o K from ¢ to . If f: K—L is a
simplicial map over €, then Tf: TK — TL will be a simplicial map
over Z.

ExampLE. Let Z(-) be the free Abelian group functor. Then the
simplicial Abelian group Z(S")/Z(+) will be an Eilenberg-MacLane
complex K(Z, n).

ProposiTioN (1.7). Let A be a simplicial Abelian group and let
ac A, . Then there is a unique simplicial homomorphism

fo: Z(4[n]) > 4
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such that f(i,) = a. If ac 4, , with all d;a = 0, then f, passes to the
quotient simplicial group

fo: K(Z,n)— A
with f,(c,) = a.

Some ConsTrucTIONS (1.8). Let K and L be simplicial sets. The
Cartesian product K X L is to be the simplicial set

(K XL)n :‘Kn XLna
dyx, y) = (d, diy),
si(%, ) = (%, $;3)-
A base point in K is a vertex * and all of its degeneracies, also denoted
by *. A map of simplicial sets with base points means * goes to x.
A simplicial set is called reduced if there is only one vertex.
The wedge K v L is the subcomplex of K X L consisting of all (x, x)
and all (x, y). The edge (or smash) is K AL = K X L|K v L.
The cone CK is defined by
(CK), ={(x,9): 2K, ,,0<Ck<<n} with (% ¢) allidentined to x,
_ (xg—1) for 0<i<y,
(% 9) = g(di_qx, q9) for ¢<i<n,

(x,g+1) for 0 <1<y,

Ll for ¢ <i<n

The reduced suspension SK = CK|K, the quotient simplicial set.
Let I be the simplicial set 4[1]. In I, let O stand for the vertex {0}
and for any of its degeneracies €0,..., 0); similarly for the vertex 1.

DerinttioN (1.9). If f, g : K — L are simplicial maps of simplicial
sets, we call f homotopic to g if there is a simplicial map
F:KxI—L
with  F(x,0) = f(x), F(x, 1) = g(x),
in which case write f~g. If M C K is a subcomplex, write f~g

(rel M) if F is constant on M. Note that a homotopy F can be regarded
as a family of functions (not simplicial maps)

{F}:K,—~L,
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for each integer # > 0 and each t eI, , where F(x) = F(x, t). The F,
satisfy some conditions: For each tel,,

d;oF, :Fdl-todi,
“"iOFt stitosi.

If all of the F, are in a category %, we say that F' is a homotopy in %.

PrincipLe (1.10).  Functors preserve homotopy: Let T be a functor
from € to &, and suppose

{F}:f~g: K—Lis ahomotopy in €

Then
{TF,}: Tf ~ Tg : TK — TL is a homotopy in &.

Note that even if F: K X I — L is itself a map in some category,
TF: T(K x I)— TL is not, in general, another homotopy.
Let A¥[n] be the subcomplex of A[n] generated by all d(z,,) for i # k.

DeriNiTION (1.12). We say that a simplicial set K satisfies the
extension condition if every map f:A¥[n] —> K has an extension
g:d[n) - K.

Simplicial sets satisfying the extension condition are Kan complexes.
As we see later, the singular simplicial set of a space is a Kan complex;
a simplicial group is a Kan complex. But simplicial sets arising from
geometrical simplicial complexes are not Kan complexes, and neither

are A[n], 4[n], S”, and other simple simplicial sets.

ProrositioN (1.13). Let K be a simplicial set. Then K satisfies the
extension condition < for every collection v, ,..., V. ,..., ¥ Of simplices in
K,  ,withdy;, = d;_,y; fori < j, i # k, j # k, and there is a simplex
yeK, withd;y =y,,1# k.

This matching face property is sometimes taken as the definition of
the extension condition.

Lemma (1.14). Let A C B denote any of the following pairs:
A[n] x A¥[m] C A[n] x A[m)],
(d[n] x A% [m]) v (d[n] x A[m]) C A[n] x A[m)].
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Then for any Kan complex K and simplicial map f: A — K, f can be
extended to a map g : B — K.

Proof. For each such pair, 4 can be obtained from B by successively
adjoining a simplex and one of its faces, all other faces already lying
in a subcomplex. Iterated application of the extension condition gives
the lemma.

Remark. Of course this lemma is a special case of the simplicial
extension theorem and could better be deduced from it.

Lemma (1.15). Let K be a Kan complex, L any simplicial set. Then
any map f : L X A¥[m] — K can be extended to amap g : L X A[m] — K.

Proof. By skeletons of L; the step from L»~1 to L™ is shown by
the preceding lemma applied to each nondegenerate simplex of L, .

CoroLLARY (1.16). If K is a Kan complex, the homotopy relation (~)
1s an equivalence relation on the set of maps from L to K.

The “inclusion as i-th face” map ¢;: Ad[n — 1] — 4[n] and “‘%-th

projection” 7, : 4[n] — d[n — 1] are the simplicial maps defined on
the vertices by

. = q, q <i’
€’L(q) gq _+_ 1’ q 2 i’

(19 <7
7:9) gq 1, g¢>i

Thus if x € K,, is represented by f,, : 4[n] — K, dx € K,,_, is represented
by f, o ¢; and s;x is represented by f o7, .

DerINITION (1.16). Let L and K be simplicial sets. Then the
function complex K% is defined by

(KY),, = {simplicial maps f: L x 4[n] - K}
where
dif =fo(lp X &),
sif =Ffo(le X n)

Remark. Careful scrutiny would reveal that this is very analogous
to the function space definition for spaces.
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PropositioN (1.17). If K is a Kan complex, so is K-,

Proof. Let fy oo, fu yeer o € (KE),_; have matching faces, i.e., each
fi: L x Ad[n — 1] — K, and if we consider each such 4[r — 1] as the
i-th face of A[n], the f; agree on (4[n])»? to give a simplicial map
fiL x A¥[n] — K. By (1.15) f extends to g:L x 4[n] — K. Then
g € (K%), is the required simplex with d;g = f,, 7 = k.

As usual, a simplicial map f: L — K is called a homotopy equivalence
if there is a simplicial map g: K — L with fog~1gand gof~1,,
in which case write L ~ K. Also there are the usual definitions of
retract, deformation retract, strong deformation retract, etc.

DerintTion (1.18). Let K be a Kan complex. Then for x, y € K, ,
call x ~ y if the representing maps f, and f, are homotopic (rel 4[n]).

ProrosiTioN (1.19). Let K be a Kan complex, x,ye K, . Then
x>~y <> dx = d;y for all i, and for some 0 < k < n there iswe K, ,
with dyw = x, dj yw =y, anddw = disie = ds,y, kR #1 # k + 1.

DerinitionN (1.20). A Kan complex M is called minimal if
x~y=x=y If Kis a Kan complex, then a subsimplicial set
M CK is called a minimal subcomplex of K if M is minimal and if M
is a strong deformation retract of K.

PropositTioN (1.21). If M is minimal <> whenever v, w € K, ., with
dv = daw, 1 #+ k, then div = dw.

Lemma (1.22). Let K be a Kan complex.

(1) Suppose xe K, , veK, ; with dax ~v. Then there exists
ze K, withdz = dx for i = k and d,.z = v.

(2) Let F:4[n] X I > K and let x = F(i,,1). Suppose x ~ y.
Then there exists G : A[n] X [ - K with G(i,,,1) =y and F = G on
the subcomplex (A[n] x 0) U (d[n] x I).

Turorem (1.23). Any Kan complex K contains a minimal subcomplex
M; any two such minimal subcomplexes of K are isomorphic.

Proof. Let M, consist of a choice of one vertex in each homotopy
class in K, . Suppose M; is defined for all 0 < j <<n — 1. Let M,
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consist of a choice of one simplex from each homotopy class in K, of
simplices all of whose faces are in M, _; , choosing always a degenerate
one if possible.

To show that M is a Kan complex, let y, ,..., $ .-, ¥ € M, _, have
matching faces. Then there exists ye K, , d;y = y;, 7 #* k. As d},y has
all of its faces in M,,_, , it is homotopic in K to (a unique) we M, _, .
Then let z € K,, with d;2 = d,;y, i # k, and suppose d;z = w. Then
z =~ x (homotopy in K) where x € M, satisfies dix = y, for { # k.

To show that M is a deformation retract of K, we construct
F: K x I— K. To define F on K© x I choose for each vertex v € K,
a simplex x € K; with dyx = v and djx = w, where v ~ w, we M.
Let F(v, 7,) = x. Suppose F is defined on (K™ x I) U (K X 0). For
each nondegenerate y € K, , F defines a map

G, : (d[n] x I)u (4[n] x 0)—K

Extend G, to 4[n] X I. Then G(z, X 1) has all of its faces in M,

n—1>
and so is homotopic to a simplex z in M,. Now construct
G, : 4[n] x I - K with G,/(, X 1) = 2, G,/ = G, elsewhere. Putting
these G,’ together gives F on K™ x I, and thence F on K X I.

LevMa (1.24). Let f ~ g : K — M where M is minimal. Then if f is
an isomorphism, so is g.

Proof (sketch). The homotopy F: K X I— M yields a family
{F}: K, — M, for each n >0, each tel,, as in (1.9). Then F, is
an isomorphism, and so is F, for each t €I, . This latter can also be
shown by induction on ¢, as ¢ “crosses” I, , using the minimality of M.

Remark. 1If it is only assumed that f is one-one, then so will g be
one-one. But if f is only assumed to be onto, then g may not be onto.

CoroLLARY (1.25). Let f: M — M be a homotopy equivalence of
minimal complexes. Then f is an isomorphism onto.

COROLLARY (1.26). Let f: K — L be a homotopy equivalence. Then
any minimal complex M of K is isomorphic to any minimal complex N of L.

Proof. The composite M — K — L — N is a homotopy equivalence,
and hence is an isomorphism.
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EucLipean Simprices (1.27). Let 8[#] C R**! be the topological
space (as a subset of R**1)

d[n] = {(%o, -, ¥5) : Zx; = 1, %, = 0},
Let ¢, : 8[n — 1] — 6[n] and %, : 8[n + 1] — 8[n] be defined by
€% yeeey Xy_q1) = (Xg seres Osursy X q),
"}i(xo (A xn+1) = (xO preey X ’Jf" Xitl seees xn+1)'

SINGULAR SiMpLICIAL SET (1.28). For each topological space X, let
S(X) be the simplicial set

S(X), = {all continuous f : §[rn] — X7},
d{f) =fee:,
s{fy =feomi-

Then S is a functor from .7, the category of topological spaces, to &£,
the category of simplicial sets.

GEeoMETRICAL REALIZATION (1.29). Let K be a simplicial set, and let
RK be the topological space (as the disjoint union)

RK = |} (8[dim «], ).

xeK

Denote an equivalence relation on RK by (p, x) ~ (¥, g) if either

(I) dx—=y and «(q) = p;

(2) sw=y and 7:(9) = p-
Then let RK = RK/(~) with the identification topology. It is easy
to see that R defines a functor from % to 7.

In fact, each geometrical realization is a CW space; “CW complex”
is Whitehead’s term, but “complex’” has too many other meanings to be
usable here. If X is a geometrical simplicial complex, and K is con-
structed from X as in (1.3), then RK is homeomorphic to the topological

space of X.
If K and L are simplicial sets, then there is a natural map

m: R(K X LY— RK x RL
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which is continuous, one-one, and onto, but not a homeomorphism in
general. However, m will be a homeomorphism if either

(i) Both K and L are countable;

(i1) One of the two spaces RK or RL is locally finite.
For details, see Ref. [Mil]. In particular, since R(4[1]) = 6[1] (= the

unit interval), which is a finite CW space,

R(K x A[1]) =~ RK x 8[1].

This geometrical realization is related to the following construction.
For a simplicial set K, let K be the simplicial set which is the disjoint
union

K = | (4[dim «], x)

xeK

and for (w,x)eK,, ie, for ued[dimx],, dfu, x) = (du, x) and
si(u, x) = (s;u, x). Let an equivalence relation on K be defined by
(u, x) ~ (v, y) if either

(1) de=y and {v) = u;

2) s;x=y and 74v) = u.
Then there is a natural equivalence K ~ K(~).

This construction is useful, for example, in the following way. To

subdivide K, first subdivide each 4[n] C K, put on an equivalence,
and pass to the quotient set. See (12.4).

ApjoiNT Maps (1.30). Suppose K is a simplicial set, X is a
topological space, and f: K — SX is a simplicial map. Let f:RK > X
be the function

f(p, %) = f@&)(p)
for each x € K, , p € 8[n]. It is easily verified that f is well-defined and

continuous.
On the other hand, suppose g : RK — X is a continuous map. Let
§: K — SX be the function

@) p) = g(p, %)

for xe K,,, p € 8[n]. Then § is easily seen to be a simplicial map.
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ProrosiTION (1.31). There is a one-one correspondence
{simplicial maps K — SX} < {continuous maps RK — X}

which is natural in K and X, and preserves homotopy.

DerinTioN (1.32). If L is a Kan complex and K any simplicial
set, let [K — L] stand for the set of homotopy classes of maps of K
to L. Also, for topological spaces X and Y, let [X — Y] stand for the
set of homotopy classes of maps of X to Y.

PropostTioN (1.33). (1) Thefunctor R : & — T preserves homotopy,
and defines a function

[K—L]— [RK— RL].

(2) The functor S :.J — .& takes topological spaces to Kan com-
plexes, preserves homotopy, and defines a function

[X —> Y] [SX - SY].
Proof. (1) Suppose
F:K xd41]—-L
is a simplicial homotopy. Then
RF : R(K x 4[1])— RL

will be the continuous homotopy, since R(K x A4[1]) is homeomorphic
to RK x 9[1] by (1.29).
(2) Suppose
H:Y x8[l]> X

is a continuous homotopy. Then the required simplicial homotopy
will be the composite

SY x A[1]— SY x S@[1]) = S(Y x §[1]) =425 SX.

EquivaLence oF SimpriciAL AND ToprorocicaL Homotory (1.34).
Proposition (1.33) is not good enough. To establish the connection
between simplicial homotopy and topological homotopy, we need the
following.
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THeOREM (1.35). (1) For K a simplicial set and L a Kan simplicial
set, R induces a one-one correspondence

[K — L] — [RK — RL).

(2) For Y a topological space, and X a CW space, S induces a one-one

correspondence

(3) R and S induce a one-one correspondence between homstopy types
of Kan complexes and homotopy types of CW spaces.

THEOREM (1.36) (Simplicial extension theorem). Let K be a simplicial
set and L a Kan complex. Suppose there is a continuous map p : RK — RL.
Then there is a simplicial map g : K — L with Rg ~ p : RK — RL.

Proof (In Section 12). It takes some subdivision and a semi-
simplicial approximation theorem—a little complicated, but basically
elementary. (1.35) then follows easily from (1.36).

2. HomoTtory GROUPS

For each Kan complex K, with base point x, the z#-th homotopy
set m, (K, *) is defined, becomes a group for n > 1, and becomes an
Abelian group for n = 2. It is elementary to prove the homotopy
addition theorem for Kan complexes.

Fibre maps of simplicial sets are defined by a fill-in property similar
to the extension condition. Fibre maps have the usual properties,
like the long exact sequence in homotopy, existence of induced fibre
maps, etc. ‘

Following the treatment of Moore [Mo2], we introduce the Moore-
Postnikov system of a simplicial set. For a minimal complex K, the
maps in the Postnikov system for K are minimal fibre maps. This can
be used to show that a weak homotopy equivalence between minimal
complexes is an isomorphism; thus, a weak homotopy equivalence
between Kan complexes is a homotopy equivalence.

The reference for Section 2 is [Mo2].

DeriniTION (2.1). For each Kan complex K with base point *,
the z#-th homotopy set 7,(K, %) is to be the set of ~ equivalence classes
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of simplices of K, all of whose faces are at the base point x. Write [x]
for the equivalence class in 7,(K, %) containing x.

For each n > 1, define an operation + in 7,(K, *) as follows. For
a, b emn,(K, x), put

a-+b=[dw],

where we K, satisfies [dyw] = b, [dyw] = a, and dw = * for all
3I<i<n+ 1.

ProrositioN (2.2).  Under this operation, =,(K, *) becomes a group
Jor n > 1; w (K, %) is an Abelian group for n > 2.

As usual, if G is a simplicial group (with identity e as base point),
then the two group structures in 7,(G, ¢) agree, and are both Abelian
even for n = 1.

Henceforth simplicial sets mean with basepoint, maps are to preserve
*, and write 7,(K) for 7,(K, *). If f : K — L is a map of Kan complexes,
let f, be the function f, : 7, (K) — m,(L) defined by

Jolx] = [f(=)].

Prorosition (2.3). Let f: K — L be a map of Kan complexes. Then
Ju : m(K) —> 7 (L) is well-defined, and f, is a homomorphism for n > 1.
Furthermore, if f ~g: K — L (rel ), then f,, = g, .

THEOREM (2.4) (Homotopy addition theorem). Let K be a Kan
complex, and y;e K, for 0 <i < n+ 1, with all d;y, = =. Then in
mu(K),

[yl =[] 4 [3e] = 4+ (=1 [yna] =0
< there is ye K, ., with djy = y, for 0 <i < n—+ 1.

Proof (<=). For n = 2, the statement is the definition of - in m,(K).
For n > 2, first consider the special case where y, = * for i # g,
g + 1,9 + 2. If also ¢ = 0, the statement is the definition of + in 7,(K).
For ¢ > 0, use the extension condition on K to move the relation one
step to the left. That is, take w € K, ., with d,_jw = 5,19, , dw = ¥,
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dpa® = 5,Yqs Bqrs® = Sy_1 Y412, and all other faces.of w except d,,,w
are to be x. The faces match, as seen from the following table:

dq—-l da d(l+1 d0+2

dg W = Sq1Ye12 "0 X ¥ Yotz Vero
dw =y vk Yo DYera Va2
den® = $4¥q ok Yo Ve *
dgyot T
dos® = Sq1¥ar2 " Yoz Yerz % *

Then the only non-x faces of 2 = d,,,ware d,_12 = y,,5, 4% = Y11
d .12 = y,. It now follows by repeating this move ¢ times that the
formula holds for such special case.

For the general case, make use of the following:

SuBLEMMA. Let K be a Kan complex, and let x € K, , with dix = x;
for 0 < i < n-+ 1. Let g be any integer < n — 1, and let we K, , have
facesdw = x;fori # q,q9+ 1, and dw = *, d,,,w = 2. Then in = (K)

(=1 [xg] + (=1 [x4a] + (1) [5] = 0.

Proof. Use the extension condition on K to find v € K, ,, whose
faces are d;v = s5,,.,x; f01:i K<qg—1,dp = sx,, dy 0 = X, dy 30 = w,
and dv = s,,4%; ; for i > ¢ + 4. The faces match, as seen from the

following table:
doy dy Aoy dyy dyig

dyq¥ = Sga¥qy kK Kgg Kgy ke
A = 5%, ek Xy X % *
d4a? = = = —
Ay =% U Xga1 ¥g X1 Xgra Xess
dos? = w o Xga ¥ B Xgpe Xgag
dosal = Sero¥ers "1 K K F Hgg Ko

Then the only non-x faces of dq' 10 = u are du = %, d, . u = %415
d,.u = 2, so the asserted relation follows by using the special case

of the theorem.

607/6/2-2
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To conclude the general case, let ye K, ,, with d;y = y,, for
0<i<n+ 1 ForeachO < g <n—1,letw,eK,,, satisfy dw, = *
fori < ¢, dw, = y, for i > q + 2, and suppose d,,,w = z,.

Then the sublemma applied to w, and w,,; shows that

(17 [2a] + (=)™ o] + (=1 [3a] = O.
Summing these gives the result.
Proof of (=). Suppose ¥4, ¥1 ..., Ypup are in K, with all d;y, = x,
and that
[o] — (3] + - + (=" [¥naa] = 0.

By the extension condition applied to F, ¥y ..., Y41 » there is x € K,
with d;x — y, for ¢ £ 0. By the previous steps,

[dox] — [31] + =+ + (1) [yl = 0.

Then dyx ~ y,, so there is we K, with dyw = dyx, dyw = y,, and
daw = x for ¢ = 2. Another use of the extension condition shows
that there is 2 € K, ,, with dyz = w, djz = «, and d;z = 5, ,y, , for
3 <i<n+4 2 Then y = dyz satisfies d;y = y, as required.

DeriNiTION (2.5). A simplicial map p : E — B is called a fibre map
if whenever f: A¥[n] — E and g : A[n] — B with p o f = g | A*[#], then
there is an extension of f to a map f' : A[n] — E, with pof’ = g.

The picture for this is the diagram

Ak —— E
5 7

b

A[n} —2— B

Call f' an extension of f which covers g. There is also a matching face
definition of a fibre map, analogous to the one for the extension condition.
Notice that the map K — x is a fibre map < K satisfies the extension
condition.

Remark. It is easy to show that if f: X — Y is a Serre fibre map
of topological spaces, then Sf: SX — SY is a simplicial fibre map.
The other way is also valid, as shown by Barratt (unpublished) and
Quillen [Q2]: If p : E — B is a simplicial fibre map, then Rp : RE — RB
is a Serre fibre map.
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TueoreM (2.6) (Covering homotopy theorem). Let p: E— B be a
fibre map and let K be any simplicial set. Suppose thereis amapf: K — E
and a homotopy F: K x I — B with F(x, 0) = pf(x) for all x€ K.
Then there is a (covering homotopy) G : K X I -~ E withp o G = F and

G(x, 0) = f(x).

Proof. This is not hard using some earlier prismatic techniques.
DerINITION (2.7). A sequence of simplicial maps
F*,E-*,B

is called a fibration if p is a fibre map onto, and 7 maps F one-one and
onto p~I(x).

Let F — E — B be a fibration, where B is a Kan complex. For each
integer n > 1, define @ : m,(B) — m,_(F) by 0b = [dw] for b € 7,(B),
where w € E,, satisfies djw = « for # > 0 and [p(w)] = b.

THEOREM (2.8). @ is well-defined, independent of the choice of w.
For n = 1, 9 is a homomorphism. The sequence

o> o (F) — s (B 2 1 (B) — > () > o+ —> o E) — m(B) — *

is exact; that is, the counter-image of * of each map is the image of the
previous map.

The proof is straightforward. Call this the long exact sequence in
homotopy (LES in #) of the fibration.

Patus anp Loops (2.9). For each Kan complex K, with base
point x, the path complex PK is to be the simplicial set

(PK),L = {xeKn+1 : dl dn+1x — *},

and for each 0 <7 < n, d; on (PK), is to be the restriction of d;,
on K, , and similarly for each s;. Let p : PK — K be the simplicial
map which sends x € (PK),, to dyx € K,, . The loop complex 2K is to be
the subcomplex p~1(x) C PK. That is,

RK), ={xeK,, :4d - dyyx = xand dpx = *}.

Then
QK> PK—2>K
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is a fibration with contractible total complex. In this case, of course,
0 : my(K) — m,_1(2K)

is an isomorphism for each » > I, but possibly not onto for n = 1.
A map (f, g) from one fibre map p’ : E' — B’ to another p: E — B
is a commutative diagram:
E—1>E

bl

B —*2>B
A homotopy (0, ¢) : (f, g) =~ (h, k) is a commutative diagram:

ExI2>E

lp’xl ip

B xI-*>B
where 0 : f ~ h and ¢ : g =~ k. The term strong homotopy is used if  is
constant, Le., if (8, £) = (b, s) for all &' € B,’, and all t,s¢€1,.

Inpucep FiBrRe Maps (2.10). Let p: E— B be a fibre map, and
let f: A— B be a simplicial map. Then as usual there is an induced
fibre map p’ : E' — A, where

(En = {(x a) € By X A, : p(x) = f(a)}

with the evident face and degeneracy operators. There is a map

(£, f) of fibre maps

E_T,E
o
A-1>B

For a special case, an inclusion 7 : 4 — B of a subsimplicial set induces
a fibre map E' — A4, where E' = p~1(A4). If v is any vertex of B, the
simplicial set p~!(v), called the fibre over v, is a Kan complex.

ProposiTioN (2.11). Let p:E—> B be a fibre map, and let
f~g:A— B. Then the fibre maps induced by f and g have the same
homotopy type, by strong homotopies.
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Proof. Let F: A X I — B be the homotopy between f and g. Let
PPiE— A, f':E'—> A4, and p: E-> A x I be the fibre maps
induced by f, g, and F, respectively. Thus p° is the part of p over 4 X 0.
There is a homotopy F?: E® x I — E with a commutative diagram

E° XI_!f_,E

pa L

AxI—=A4AxI
so that the composite
BB x1->E xI-F5E

can be considered as a map u: E° — E'. Similarly, there is a map
F1: E' X I - E which produces a map v : E* — E° By considering
the diagram

B x A2]—2—E

e

7

BOx 2] —A X1

where 6 on E° X (dy,) is F°, and 6 on E° X (d,4,) is the composite
Flo (u X 1), there results a map ¢, which when restricted to E° X (d,z,)
gives v + 4 ~ lg . Similarly - v ~ 1.

Moore-PosTNiKOV SYSTEMS (2.12). Let K be a simplicial set. For
each integer n > 0 let an equivalence relation R, on K, be defined
by xR,y for x, y € K, if each face of x of dimension < 7 agrees with the
corresponding face of y. Equivalently, xR,y <> the representing maps
Sz fy + 4lg] & K agree on 4[g]"™. Let P, K be the simplicial set where

(PnK)q = Kq/(Rn)

with face and degeneracy operators induced from those in K. The
natural sequence of maps

K—»:—>PK-—>P, K> —>PK-—>x

is called the Moore-Postnikov system for K.
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LemMmA (2.13). If K is a Kan complex, then

(1) Each K — P,K is a fibre map onto;
(2) Each P,K is a Kan complex;
(3) For each n = m, p : P,K — P,K is a fibre map onto.
Proof. (1) For dimensions ¢ < n, K, = (P,K),. For dimensions
g > n, use the extension condition on K.
(2) Since p is a fibre map onto by (1), and K is a Kan complex,
sois P, K.
(3) Similar to (1), using (2).
Let E,K be the subcomplex of K consisting of all simplices x, each
face of x of dimension < # being at the base point . Thus
E,LK—-K-—P, K

is a fibration.

THEOREM (2.14). Let K be a Kan complex. Then

(1) n(P,K) = 7 (P,K) for ¢ <m,n;
(2) 7 (P,K) =0 for ¢>0;

7 (P, K) for q>m;
(3) Tl Ens(PaK)) = 10 for g <m,

0 for g > n.

Proof. E, . ,(P,K) = % for ¢ < m. This and the LES in homotopy
shows (1). If xe(P,K), with all d;x = %, then x = x in P,K for
g > m, proving (2). The LES in homotopy shows (3).

Let F,K = E (P,K), so that there are fibrations

F,K-»P,K->P, K.

Lemma (2.15). #(F,K) =0 for n #gq, and =, (F,K)= m,(K).
Thus F,K is an Eilenberg-MacLane complex K(m,(K), n).

MinivaL FiBRE Maps (2.16). Let p: E — B be a fibre map, and
suppose we have a commutative diagram
A¥n] —L—E
7
li // lp

A[n] —2> B
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DrrFINITION (2.17). The fibre map p : E — B is called minimal if
whenever there is such a diagram, the extension f’ is uniquely deter-
mined on the missing face. That is, if f', f” are two such extensions,

Fi(din) = f(disy).

ProposiTiON (2.18). (1) If p: E— B is a fibre map and E is a
minimal complex, then p is minimal; if also p is onto, then B is a minimal
complex.

(2) If p is a minimal fibre map, then each fibre is a minimal complex.

This is straightforward from the definitions. Note that even if
p: E— B is a minimal fibre map, and B is a minimal complex, then
E might not be a minimal complex.

Weak Homorory EquivALENcE (2.19). We say that a simplicial
map f: K — L of connected simplicial sets is a weak homotopy equiva-
lence if f, : 7 (K) — w,(L) is an isomorphism for all g.

TrEOREM (2.20). If f: K — L is a map of connected Kan complexes,
then f is a weak homotopy equivalence < f is a homotopy equivalence.
A weak homotopy equivalence of two minimal complexes is an isomorphism.

Proof. 1t is sufficient to prove the latter statement, so assume that
f: K — L is a weak homotopy equivalence, where K and L are minimal
complexes. Consider the Moore-Postnikov systems

F>PK-7.pLF
P, K-l . p L

By (2.13) and (2.18), each of the complexes in the diagram is a minimal
complex, and each of the vertical maps is a minimal fibre map onto.
As the map f induces f, : 7, (K) ~ 7,(L), the fibres F = K(=,K, n)
and F' = K(n,L, n) must be isomorphic. Anticipating Section 6, we
find that P, K ~ F x ,P, ;K and P,L ~F' x ,P, L, the twisted
Cartesian products. It follows by induction that P, f is an isomorphism
for all n.
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3. Group COMPLEXES

There are two basic properties of simplicial groups, both due to
Moore. First, each simplicial group satisfies the extension condition.
Second, its homotopy groups =,(G) can be obtained as the homology,
1.e., ker d/image @ of a certain chain complex (NG, 9).

For a simplicial Abelian group 4, there are two other chain complexes,
the “total complex” with & = 2(—1)*d;, and the “normalized chain
complex,” also with & = X(—1)* d; . All three chain complexes obtained
from A have isomorphic homology groups, which by the preceding
statements are isomorphic to the homotopy groups of 4.

For each (reduced) simplicial set Kan [KI1] constructs a simplicial
group GK which has the properties for a “loop complex” for K; the
proof of this is facilitated by introducing twisting functions and
principal fibrations.

There is another construction, adjoint to the G(-) construction, which
assigns to each simplicial group G a simplicial complex WG, which
is a “classifying complex” for G.

We write e for the identity of a multiplicative group, O for the identity
of an additive group. The identity of a simplicial group will be taken
as the base point. Recall that a simplicial set K is called a simplicial
group if each K, is a group and all d;, s; are homomorphisms.

The reference for Section 3 is [K1].

Lemma (3.1). If G is a simplicial group, then G satisfies the extension
conditions.

Proof. Let yy,..., i, 5., ¥ € G,y have matching faces. Then put
Wy = SoYo »
w; = w;_y(s;dw; 1)t sy, for 0 <i<<k,
w, = wk—l(sn—ldnwk—l)_l Sn—1Vn »

Wy = Wygy(S; 1 dit0;2) 7 8 Y; for k<i<n.
Then w,,; € G, is the desired simplex satisfying d;w, ., = y, for ¢ # k.
Lemma (3.2). If f: G — H is a homomorphism onto of simplicial
groups, then f is a fibration.

Proof. Suppose yg,..., Iy 5eer ¥n € G,y have matching faces, and
x € H, with dx = f(y,) for { # k. Take v €p~Y(x), and 2, = vly,.
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Then the faces of z; match, and the construction of (3.1) applied to
the z; yields w € G,, with f(w) = e (= identity in H,) and dw = z; for
i # k. Then the simplex v - w € G, has the desired properties.

DerFintTION (3.3). A chain complex (C, ) is a sequence of groups
and homomorphisms

a
o> Cp =25 Gy —>

with image &,., a normal subgroup of ker 8, . For each integer n,
the homology group H,(C, 9) is defined to be the quotient group
ker 0, /image 0, .

ExampLE (3.4). If A is a simplicial Abelian group, then (A4, ) where
0= Y (-1},
=0

becomes a chain complex (of Abelian groups). It is an easy consequence
of the simplicial identities that 0, 0 8,,; = 0.

DeFiNiTION (3.5). For each simplicial set K, let Z(K) be the
simplicial free Abelian group generated by K, and let C,(K) be the
chain complex (Z(K), 9). The homology groups H,(K) for each n > 0
are defined by

H(K) = H,(C«(K), 9)

DerFINITION (3.6). For each simplicial group g, let (NG, @) be the
chain complex
(NG), = () ker d,,
i#0
8, = d, (restricted to (NG),).

TueoreM (3.7). For a simplicial group G, =, (G) ~ H, (NG, ).

Proof. Let w: ker én — m,(G) be the function w(x) = [x]. Then
it can easily be checked that w is a homomorphism. Also, x € ker w <
z € image 0, , , so induces an isomorphism.

CoroLLARY (3.8). A simplicial group considered as a simplicial set
satisfying the extension condition will be a minimal complex <> the chain
complex (NG, 8) is minimal, i.e., each 9, is the null homomorphism.
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For any simplicial Abelian group A4, let DA be the subgroup generated
by all degenerate simplices. Then it is easily checked that

0n(DA)y C (DA)py

and (4/DA, &) also becomes a chain complex. The following is a
standard exercise [Mac].

STANDARD EXERCISE (3.9). For a simplicial Abelian group A4, the
natural maps

H,(NA, &)« H,(A4, &) > H,(A/DA, &)

are isomorphisms.

Remark (3.10). Combined with (3.8), we have H (K) ~ =, (Z(K));
that is, the homology groups of K are isomorphic to the komotopy groups
of Z(K), both being isomorphic to the homology groups of the chain
complex (C(K), 9).

If fg:K—~L, with f~pg, then also Z(f})~ Z(g) as maps
Z(K) — Z(L). In this case, f, = g, : H(K)— H(L). In particular,
if K and L have the same homotopy type, then H (K) ~ H,(L).

Hurewicz HomomorpHISM (3.11). For any Kan complex K, the
natural inclusion K — Z(K) induces homomorphisms for n = 1,

hy, : wK)— 7, (Z(K)) ~ H,(K).

THeOREM (3.12) (Hurewicz). If K is a connected Kan complex with
7(K) = Ofori < n(n = 2),thenh, : = (K)— H,(K)is an isomorphism.

Proof. It is sufficient to prove the theorem for a minimal complex M.
In this case, #,(M} = M, , and consider

hy : M, — H(M).

(1) A, is onto: The elements of M, generate H,(M) and if x,y
are in M, , then the formal sum k,(x) 4+ A,(y) in H (M) i1s homologous
to £,(2), where z in M, is constructed using the extension condition
in M.

(2) &, 1is one-one: For if #k,(x) =0, there must be ¢ =
Zbjc; € Cp (M), with 8¢ = x in C,(M). By the homotopy addition
theorem, d¢; = 0 in m,(M); hence 0Xb;c;, and therefore also x must
be 0 in = ,(M).

i
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Remark. For n = 1, this method shows that if s,(x) = 0, then x is a
commutator. Thus the result for n = 1 becomes m(K)/[m(K), m(K)] ~
Hy(K).

CoroLLarY (3.13). If K is a connected Kan complex with =\(K) = 0
and H(K) = 0 for all i > 2, then K is contractible.

DEerFINITION (3.14). A principle bundle is a triple (G, ¢, K), where G is
a simplicial group, K is a reduced simplicial set, and ¢: K — G is a
function (called twisting function) decreasing dimension by one,
satisfying

d#{x) = t(d;41%) for i>0,

dot(x) = t(dyx) - H{dyx),

st(x) = t(s;,4%) for >0,
x = H(sp%).

The bundle complex G X K is to be the simplicial set (G X K), =
G, x K, with face and degeneracy operators

dy(a, x) = (dya * 1(x), dy()),
(3.14a) d{a, x) = (d;a, d;x) for 1 >0,

sda, x) = (5,4, s%) tor 12>=0.

It is then straightforward to verify that G X K becomes a simplicial
set and that

GG x K—>K

is a fibration. On the other hand, if we try to make a fibration
G - G x K — K, with face and degeneracy operators as in (3.14a),
the function # which occurs will have to satisfy (3.14).

If G x K is contractible, then we call G a loop group for K, and
K a classifying complex for G. In this case, 7,(K) ~ 7, ,(G) for n > 1.

DErFINITION (3.15). For a reduced simplicial set K, let GK be the
simplicial group defined by

(1) (GK), is the group which has one generator ¥ for every x € K,
and one relation syx = e for every x € K, ;
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(2) The face and degeneracy operators are given by
doF = (dyx) - (dr)7,

d% = dy 4% for >0,

$x = §;,4X.

Thus G(-) is a functor from reduced simplicial sets to simplicial
groups. In Ref. [K1], G(-) is defined for arbitrary simplicial sets with
base point by means of a maximal tree.

Observe that ¢t : K — GK by #(x) = ¥ is a twisting function, which
defines a simplicial set EK = GK x K.

THEOREM (3.16). For a (reduced) Kan complex K, GK is a loop group
for K; that is, EK is contractible.

Proof. 'The proof which closely follows Ref. [K1], consists in showing
(1) EK is connected; (2) m(EK) = 0; (3) H(K) = 0 for each n > 1.
Then (3.13) shows that EK is contractible.

We need a slightly different description of GK and EK. A “closed
n-loop of length 2%” is to be a sequence (xy,..., Xy), *;€ K, ,;, for
which dyxy;_; = dyx,; for each 0 < 7 < k. An “n-path of length 2k 4 17
is to be a sequence (x; ,..., Xy511), X; € K, 1 , also satisfying dyx,; ; = dyxy;
for each 0 < ¢ < k. (Notice: This is for reduced K, 1.e., with only one
vertex.) Among the closed 7-loops of K, introduce an equivalence
relation by

(%1 5eeer ®ap) ~ (Xg yevey Bj_1 5 Xjpp yeeey Xap)

whenever x; = X - Let {x,,..., ¥3;,> be the class of (x,..., %5;) under
the equivalence relation generated by ~. For a closed n-loop (x; ,..., ¥3;),

and for 0 <7 < m, let

di(%y ey Xor) = di1Xy peens dig¥or),s

S{(Xy yores Xaz) = (Siqa¥q »eeer Diy1¥or)
The d; and the s; respect the equivalence relation and G'K becomes
a simplicial set where (G'K), is the set of equivalence classes of closed

n-loops. It can easily be verified that the function f: G'’K — GK,
defined by

SBY grey Bgpy = By((Xp) ™! Ey(d) ™1 o+ Ty (¥r) ™

is a simplicial isomorphism, and thus by transport of structure, G'K
becomes a simplicial group.
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Similarly define E'K by equivalence classes of paths, and
f: E'K — GK x K is an isomorphism, where

Loy sy Xy = (FH 5ees Xy doXopin)-

We shall need to use the following, the proof of which is a standard
exercise.

ProposITION (3.17). Let X be a connected Kan complex, and T C X
a maximal tree; that is, T is a connected subcomplex of X containing all
the vertices of X, but no reduced n-loops. Then m,(X) ~ F|R, where F 1s
the free group generated by the set X, , and R is the normal subgroup
of F generated by all teT,, and all (dw)(dw)™" (dyw) for we X,

nondegenerate.

We can now complete the proof of (3.16).
(1) EK is connected, since m(EK) — wy(GK) is onto.
(2) We calculate =, (EK) by (3.17). Let T be the subcomplex of EK

consisting of

Ty = (EK), = {(g, *) : g € (GK)o},
Tl = {(S0g7 x):g€ (GK)O ,x€ Ky},

T, — §U si:r,,_1§ forall n>2.

The T is a maximal tree in EK and hence = (EK) is isomorphic to F/R
as in (3.17), where F is the free group generated by (EK),, and R is
the normal subgroup containing all (s, g, x) and all (dgu)(dyu)! (du),
where u € (EK), is nondegenerate. First take u = (54, s,x) to obtain
(sodoh, x)(h, x)71 (h, x) € R, whence also (&, x)~! (h, ¥) € R. Next take
u = (sok, y) to obtain (ky, dyy)(k, d;y)! (sodik, d;¥) € R, whence also
(ky, dyy)(k, d,y) € R. Thus all (g, ¥) € R, so m(EK) = 0.

(3) There is contracting homotopy D for (C,(E'K), 2). For each
U= (% gy Bypp s let for 0 < i <Kim, 1 <j <20+ 1,

Ui 5 == {Sip1®1 yeeny Siga®ig s 8 7" Sody *o" dpXsy for jodd,
Uy 5 == 854201 youes Sy 5 S5 °0 Sody *** dpy) for jeven.

Let Du = Y;;(—1)"**u,;. Then a straightforward calculation
shows that
On1Dn + D, 10, = identity on C(E'K).

Thus H,(EK) = 0 for all n, and EK is contractible.
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Hurewicz HomomoreuisMm (3.18). For a simplicial group G, let
I,G = [G, G] be the commutator subgroup of G (in every dimension).
Then the fibration

,G- G- GII,G

yields a long exact sequence in homotopy. Take G = GK, where K
is a reduced Kan complex. Then it is not difficult to verify that there
is a commutative diagram

my(K) — H(K)

l l

ix Px z
s y(156G) — 7"q—l(G) — 7"'q—l(G/FzG) —

Kan [K1], gives the following reformulation of the Hurewicz Theorem,
which we state without proof.

ProposiTioN (3.19). Let F be a simplicial group with each F, free.

Then

(1) #(F) — mo(F|I,F) is onto and has for kernel the commutator
subgroup [m(F), mo(F)];

(2) If wF) =0 for all i < n (n = 1), then m(I',F) = 0 for all
1 < n.

If we take F = GK, where K is a reduced Kan complex, and the
LES in 7 of the fibration I'.F — F — F/I,F, then (3.19) produces the
usual form of the Hurewicz theorem. For simply connected K, the
groups 7 (I',F) are isomorphic to J. H. C. Whitehead’s I' groups, and
the LES in = becomes the “‘certain exact sequence.”

DeriNITION (3.20). If G is a simplicial group, then define a simplicial
set WG by

(WG)w = {(gn-1 1 80) 3 8: € Gl
Ay(&n-1 5+ Go) = (En—z s> Lo)s
di(gn—l 3t gﬂ) = (di—lgnfl E AR ] d()g'n—i “En—i-1s&n-i—21 go)’
si(gnwl 3oty gO) = (si—lg'n-l yen S08n ¢ En—i-150 go)
Then it is not hard to verify the following statements:

(1) Wis a Kan complex;
(2) t: W— Ggivenby #( g,_1 ,.-» o) = £n_1 1S a twisting function;
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(3) The complex G X ,V—Vé' is contractible;

(4) Let (G, t, K) be a principle fibration. Then there is a simplicial
map f: K — WG where

f () = (#(x), dg),..., #(dg %))

and the fibration over K with fibre G, induced from p : G x , WG —
W(G), is just G x K.

(5) For areduced Kan complex K, the simplicial map f: K —~ WGK
defined by

f(x) = (%, x,..., %)
is a homotopy equivalence K ~ WGK.

Remark (3.21). If A is any simplicial Abelian group, then WA
will also be a simplicial Abelian group. This is related to the cone and
suspension functors in the category of simplicial Abelian groups as
follows. Let CA be defined by

(CA)n = An @ An—l o @ AO

with face and degeneracy operators as in (1.8); then S4 = CA4/4
becomes

(SA) ~ Apy @ - @ 4.

It can be seen easily that WA ~ SA.

. For example, if 7 is any group, let K(=, 0) be the simplicial group
which is 7 in every dimension, all face and degeneracy operators being
the identity. Then W(K(m, 0)) is a minimal complex for K(m, 1). If =
is an Abelian group, then the n-fold iterate W)(K(, 0)) is a minimal
complex for K(m, n). The fact that any other potential minimal complex
for K(m, n) must be isomorphic to this one follows from (3.09).

4. Freg SimpLIcIAL GROUPS

A free simplicial group is one which is free in each dimension and
the bases can be chosen stable under the degeneracy operators. Just
as free groups have some special properties, so do free simplicial groups.
Kan’s construction gives a free simplicial group GK, as does Milnor’s
FK which is isomorphic to GSK.
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We shall use (special cases of) three purely group-theoretical devices,
viz., the Nielsen—Schreier-Reidemeister method for describing genera-
tors of subgroups of free groups, the Tietze transformations, which
replace one set of free generators by another, and the collection process
of P. Hall.

These are technically useful in working with free simplicial groups;
as an easy example we prove a theorem of Hopf which describes for
any complex K, the quotient of H,(K) by thc subgroup of spherical
cycles. Other examples can be found in Kan’s papers, e.g., in computing
75(S?). These group-theoretic devices are used especially in the Hilton-
Milnor theorem; we give a proof closely following Ref. [Mi2].

We write e for the identity of a (multiplicative) group, and (x, y)
for the commutator x—ty~lxy.

The references for Section 4 are [C2], [H], [K2], [Mi2].

DermviTioN (4.1). A simplicial group F is called a free simplicial
group if
(1) For each n > 0, F, is a free group with a given basis;
(2) The bases are stable under all degeneracy operators; that is,

if x€F, is a basis element, then s;x € F, ., is also a basis element for
each 0 <7 < n

Remark. GK is a free simplicial group.

Group Homotories (4.2). If f, g : G — H are simplicial homomor-
phisms of simplicial groups G, H, then we call f group homotopic to g
if there is a homotopy F = {F} : G —> H between f and g, and for
which each F, is a homomorphism. It is not in general true that group
homotopy is an equivalence relation, but it is an equivalence relation
if the domain G is a free simplicial group. Thus if f,g,h: G— H
with f ~ g and g ~ k by group homotopies, then a group homotopy
f ~ k can be constructed by a suitable choice for each nondegenerate
generator. We leave the details to the reader.

ScHREIER SYSTEMs (4.3). We interpolate here the Nielsen-Schreier—
Reidemeister technique for describing subgroups of free groups; also
see, for example, Ref. [H]. To begin with, consider just groups, not
simplicial groups. Let X = {x;} be a set, let F = FX be the free
(non-Abelian) group generated by X, and let H be a normal subgroup
of F.
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DerFINITION (4.4). A Schreier system S for the cosets of H in F
is a set of elements in F with the following three properties:

(1) Each coset of F/H contains exactly one element of S;

(2) The identity e € S;

(3) If the reduced word x5! -+ x5 € S then so is every shorter word
xp-apeSfor 1l <h < <k

Remark (4.5). We have defined what is usually called a two-sided
Schreier system for the cosets of H in F. If H is only a subgroup of F,
not necessarily normal, then there is a similar definition of a Schreier
system for the right cosets of H in F, except that (3) is changed to
read h = 1.

If S is a Schreier system for the normal subgroup H in F, let ¢ be
the function from F to S which takes each coset to its representative
in S. The fundamental result is the following.

THEOREM (4.6). H is freely generated by those reduced words

ye($(yx)
where y € S, x € X, and yx(¢(yx))™* £ e.

We shall frequently be concerned with a simpler situation. Let Z
and Y be sets, let f: FZ — FY be a homomorphism of the free groups,
and suppose there is a function s : Y — Z, extended homomorphically
to s : FY — FZ such that fo s = 15, . Then the following is immediate
from (4.6).

CoRrOLLARY (4.7). In this situation, ker f is freely generated by those
s(w) zsf (2)7* s(2) 7,
where s FY, z e Z — s(Y).

Tierzé TRANSFORMATIONS (4.8). Let F = FW be the free group
generated by a set W and let ae W. Then F is also freely generated
by the set

W = (W — {a}) U {a}.
If a, b € W, then F is also freely generated by the set

W = (W—{a)ud-a.

607/6/2-3
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These are the (elementary) Tietze transformations which replace one
set of free generators by another. We denote them by 7'(a — a7!)
and T(a — ba), respectively.

More generally, let u, v e F(W — {a}) and let T(a — ua*'v) be the
Tietze transformation which replaces the generator a by wa*'v. Such
a T can be obtained by a finite sequence of elementary ones. Under
some conditions, an infinite sequence of transformations can still be
applied to obtain a free generating set; see, for example, Ref. [C2].

CoLLEcTION PrOCESs (4.9). Let X be a set, and let weFX be a
reduced word. Suppose the symbol x occurs in w, and that the element
standing next to the left of x is y. Then use the identity yx = xy(y, x)
to change the expression for w = --- yx --- to

w = - xy(y, x) -,

and the occurence of x has been shifted one place to the left. Also
yx~1, y~lx, and y~*x~1 are handled by similar identities, but with slight
complications; see, for example, Ref. [H], p. 165.

We look for the leftmost occurence of x, and “collect” it all the way
to the left by repeated applications of this process. In this way, the
expression for w will become

w = x%,

where v i1s an expression in the remaining symbols of X and some
new ones of the form (y, x), ((y, x), x), etc., created in the collecting
process.

We next choose another symbol, collect it to the left, and repeat.
Eventually the expression for w becomes

W=y Ay,

where we have collected x, ,..., x,, (in this order), and #,, is expression
involving symbols created in the collecting process.

Basic CommuTaToRrs (4.10). Let X = {x,,..., x,} be a set, and call
the x; the basic commutators of weight one, ordered by the indexing
set. Inductively suppose defined the basic commutators of weight
< n — 1; let them be %, ,..., xy,_y , ordered by the indexing set. Then
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let the basic commutators of weight # be all expressions (x;, x;) such
that

(1) weight x, 4 weight x; = n;
2) i>j5
(3) If x;, = (x),, %), then & < j.

Let the basic commutators of weight <z be #, ,..., X, , ordered by
the already chosen order on those of weight <, and taking those of
weight z (in any order) after those of weight < .

Remark. Let g be the integer-valued function on basic commutators
by g(x;) = 0 for 1 <7<, and g(x;, x;) = j. Then the conditions
above read that (x;, x,) is to be counted as a basic commutator if (1),
(2), and (3): g(x;) < J.

Remark (4.11). It is unnecessarily restrictive to collect the elements
singly. Let 4 C X be any subset, and collect the part of w in FA4 to
obtain w = w,v, where w, e FA and v is obtained in the collecting
process. For example, in F(4 v B), we can collect first all a € 4, then
all b € B, then all (b, a) € B A A4, then all (b, a, a) € (B A 4) A A), etc.,
to obtain :

W = WWy *** Wy Ty, -

Here each w, € F(C) where C is a ‘‘basic smash product” of the sets
A, B, and r,, is some remainder term. This is the process underlying
the Hilton—Milnor theorem.

ExampLE (4.12). Let G = GK be the free simplicial group where
K is a reduced simplicial set. The above techniques can be used to
describe m(K) ~ m(G) in the form F/R, where F is free on K, and
R is the normal subgroup generated by all (dyx)(dx)™* (dpx) for x € K,
nondegenerate.

Let us do even more. Let I',G be the commutator subgroup of G
(in every dimension). We describe m(I;G) and m(G), and thereby
deduce a theorem of Hopf.

We do this in three steps.

(1) First apply corollary (4.7) to
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and find that VG, = ker d, is freely generated by those
50803(S0d12) " (S080) ™

where g, € G and 2 is a nondegenerate generator of G, . Let 5, g, = g7,
and 2(syd;2) ' = y. Thus NG, is freely generated by

{3 &7vg5-
Some Tietze transformations, T( g 'yg — y~'g~lyg), show that NG, is
freely generated by

(& )

(2) Next observe that
N(I,G), = IG, N NGy = G« NG|,

where for 4, B subgroups of a group, 4 o B is the smallest subgroup
containing all (a, b) for ae A, be V. To see this, first note that

G, - NG, C I',G, N NG, .

Next, suppose @ € NG, . Then by (1), w must be a word in y, (g, y),
where the y are in one-one correspondence with nondegenerate gener-
ators 3 of G,. An easy collecting process argument shows that if =
is also to be in I',G, w must be a product of elements of the form (x, y)
and (g, y), where the x € G, are obtained in the collecting process.
Thus w € G; » NG, so (2) holds.

(3) Let F = Gy, and dy(NG,) = RCF, so that #(G) ~ F/R.
Then

dy(G, - NG,) = F o RC Ty(F).

Thus my(I',G) ~ Ty(F)/F o R. The fibration
G >G> GII,G

yields a long exact sequence in homotopy,

oK) — 2> Hy(K)——2 s 5y = s (K) % H(K)
{ Q
770(1" 2G) — ”O(F )
X Q
I'(F)/Fo R—>F|R



SIMPLICIAL HOMOTOPY THEORY 143

From the exactness, coker A, ~ ker7,, and we have proven the
following:

TueoreMm (Hopf). If K is a complex with =,(K) ~ F|R, then
Hy(K)/ho(mo(K)) ~ I'(F) N R[F o R.

ExampLE (4.13). It is illuminating to see how Kan (Ref. [Kl1],
p. 308) computes my(S?) from the free simplicial group G = GS2
First find free generators for each of the groups of the sequence

(NG), —2> (NG), - 2> (NG), .

Then my(S?) a ker 9,/image 9, is seen to be infinite-cyclic on one
generator n == (5,0, $0).

THE FK ConsTRUCTION (4.14) (Milnor [Mi2]). For each simplicial
set K with base point %, let FX be the result of applying the free group
functor to K, with the single relation * = identity e. The free product
of two group complexes G x H is defined by (G x H), = G, x H,
Then F(K v L) ~ FK xFL.

ProrosITION (4.15). There is a canonical isomorphism FK ~ GSK,
where GSK 1is the result of applying Kan’s construction G to the reduced
suspension SK of K.

Proof. For each xe K,, there is (x,1)€(SK),,;, and (x,1) a
generator of (GSK), . The map x — (x, 1) is easily seen to give an
isomorphism of the simplicial groups.

Let A and B be simplicial sets with base point. The idea is to
decompose F(4 v B) into a Cartesian product

FA X FB X F(B A A) X -

by a collecting process.

PRrOPOSITION (4.16). For simplicial sets A and B, the simplicial set
F(A v B) is isomorphic to the simplicial set FA X F(B v (B A FA));
that is, ignoring the group structure.

Proof. The collapsing map 4 v B — A induces a homomorphism
f:F(A v By —>FA. Then (4.7) and (4.8) show that kerf is freely
generated by the set {b, (b, w)} for b€ B, w e FA. Identify (b, w) with
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(b Aw)ye BAFA, and the kernel becomes isomorphic with
F(B v (B A FA)). There is short exact sequence

e—>F(Bv (BvFA)—~>FAvB)—>FA—e

which is split by i : FA — F(4 v B), i.e., fo1 = ig, . All this is natural
in maps in 4 and B, which thus commute with the face and degeneracy
operators, and the proposition follows.

ProrosiTiON (4.17). The simplicial group F(B A FA) is isomorphic to
F((B A~ A) v (B A A A FA)).
Proof. The inclusion 4 — FA induces a homomorphism
F(B A A)->F(B a FA4).
A homomorphism

F(B A A AFA)—F(B A FA)

is defined by (b A @ A w) — (b A a)™1 (b A w)1 (b A aw); note the group
identity ((b, @), w) = (b, a)™' (b, w)~1 (b, aw). Combining these, we
obtain a homomorphism

F(B A AY*F(B A A AFA)—F(B A BA)

which is an isomorphism. For this, use Tietze transformations (4.8)
to see that in F(4 v B), the subgroup freely generated by {(b, w)} is also
freely generated by {(b, a), (b, a), w)}, for be B, ac A, we FA.

Let A" = A A A A -+ A A, m copies. Then an induction on m, using
(4.17), shows the following: :

ProposiTION (4.18). For each m = 1, the group complex F(B n FA)
is {somorphic to

FBANAYsF(B A A x - xF(BAA™)xF(B A A™ A FA).

THeoreM (4.19). If A and B are simplicial sets with A connected,
then there is an inclusion

G:F(QBAAi)»F(BAFA)

=0

which is an homotopy equivalence.
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Proof. Each element of F(V;_, B A A%) is already contained in
F(Viz1 B A A%) for some m. This provides a homomorphism G com-
pleting the diagram

F (i/ B A Ai) L)
I 1
F({"/BA A")~——>F(§n/BA Ai) «F(B n A™ A FA)

i=1

i=1

The ‘“‘remainder” terms F(B A A™ A FA) and F(B A A%) for i > m
have trivial homology in dimensions less than m. Thus G induces
isomorphism of all homotopy groups, so in a homotopy equivalence.

Combining (4.16) and (4.19) gives the following:

CoroLLARY (4.20). If A and B are simplicial sets with A connected,
there is a homotopy equivalence

FA x F(V Ba Ai) L F(AV B).
i=0

Let 4, ,..., 4, be simplicial sets. Construct a family of basic complexes
(each is a simplicial set) in strict analogy with the basic commutators

(4.10), by the substitutions basic complex 4; for basic commutator x; ,
and (4; A 4;) for (x;, x;).

Treorem (4.21) (Hilton-Milnor). Let A, ,..., A, be connected sim-
plicial sets. Then F(Ay v +-- v A,) has the same homotopy type as the
weak infinite Cartesian product [1;., FA;, where the A, are the basic
complexes.

Proof. This results by iterating the previous decomposition. For
each m > 1, let R, = F(V A4,), where the wedge is taken over all
k > m, with g(4,) < m. Then (4.20), applied to F(4, v B) where
B =V A, , the wedge taken for & < m, gives a homotopy equivalence

F(Am) X Rm+1 - Rm .

By induction there follows a homotopy equivalence

(H FA,.) X Rpsy > R, = F(4, v v 4,).
1

=1
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This defines an inclusion of the weak infinite Cartesian product

[[FA—F4, v - v 4,).
i=1
As the 4,,..., 4, are connected, the ‘‘remainder” terms R, are n-
connected, where # — oo as m — co0. The above inclusion map induces
isomorphisms in all homotopy groups, and so it is a homotopy equiva-
lence.
Another consequence of (4.19) is the following theorem of James.

THEOREM (4.22). If A is a connected simplicial set, the complex SFA
has the same homotopy type as \/1.y SAL.

Proof. Observe that S® A K ~ K. Take B = S%in (4.19), and thus

F (V Ai) — FF4
i=1

is 2 homotopy equivalence. Apply (") to both sides, and as SK — WFK

is a homotopy equivalence, the theorem follows.

5. SIMPLICIAL ABELIAN GROUPS

A simplicial Abelian group is the analogue of a generalized Eilenberg—
MacLane space (GEM), i.e., a product of K(m, n)’s. Let S, be the
category of simplicial Abelian groups, and C, be the category of Abelian
chain complexes. It is a result of Dold and Kan that there are functors
N:%,—%, and K : ¢, — %, which are inverses and thus provide
an isomorphism of categories ., ~ €.

Under this isomorphism, group homotopies in 7, (i.e., {F,}, where
each F; 1s a homomorphism) are in one-one correspondence with chain
homotopies in %, .

Tensor products are defined in each of the categories &, , €, and
a simple form of the Eilenberg-Zilber theorem is proven.

It is a standard fact that an Abelian chain complex of free Abelian
groups is determined to within chain homotopy equivalence by its
homology groups. The above correspondences show that a simplicial
free Abelian group is determined to within group homotopy equivalence
by its homotopy groups. Using the principle that functors preserve
homotopy, we conclude that if 4 and B are simplicial free Abelian
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groups with 7,(A4) ~ m,(B), and T is a functor from the category of
Abelian groups to another category, then 7 ,(TA4) ~ =,(TB).
The references for Section 5 are [D], [D, P], [Mac].

TrE Functors N anp K (5.1).  For each simplicial Abelian group 4,
recall the chain complex (NA, 9), where

(NA), = () kerd,,
i#0

8, = d, (restricted to (NA),).
There is a functor K which is inverse to N, provided by the following:

DEFINITION (5.2). For each Abelian (and nonnegatively graded)
chain complex (C, @), let KC be the simplicial Abelian group

(KC)p =@ (Crp» 50

where s, ranges over all iterated p-fold degeneracies (0 < p < ),

Sa = i, 7 Sy

where n > i, > -» > 1, > 0. That is, the direct sum includes as many
copies of C,_, as there are different p-fold degeneracies; the summand
C, is included, corresponding to the empty degeneracy. The face and
degeneracy operators in KC are given by the rules

(1) If d;s, = s, , then d; is to map (C,,_, , 5,) = (Cp—p , ) i50MOI-
phically, and be 0 into the other factors.

(2) If d;s, = s,dy , then d; is to map (C,_,, ;) = (Cp_p1, 8) 35
the homomorphism 9,_, , and be 0 into the other factors.

(3) If dis, = s,d;, j > 0, then 4,(C,_,,s,) = 0.

(4) If s;5, = s, , then s; is to map (C,_, , 5,) = (C,—; , $5) isOmor-
phically, and be 0 into the other factors.

THeOREM (5.3). The functors N and K provide natural isomorphisms
between the categories &4 and €, .

Proof. For each Ce€,, let
®,: C— NKC
be the map of C, to the summand C, C (NKC), .
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For each 4 € %, , let
Y, KNA-~> A
be defined on the summand ((N4),_, , s,) as the composite

(NA), p,s,) —0ES00 gy — > 4,

It is not difficult to verify that @, and ¥, are natural isomorphisms.
We also leave to the reader the verification that under N and K,

homg,( , ) ~ home,( , ).

Tensor Probucts (5.4). If 4 and B are in %, , the tensor product
A ® B in &, is described as follows:
(A®B), =4, B,,
df{x ®y) = (dx & d;), 0<i<
si{x @) = (s & 5:¥), 0<igmn

i< n,

If (C, @) and (C", @) are in €, , their tensor product (C ® C’, 9) in %,

1s as follows:

(C®Cl) — @ Cﬂ ® Cq,,

p+g=n

Hx®y) =0x Ry | (—1)limex @ dy.

Howmotories (5.5). A homotopy {F} : 4 — B of simplicial (Abelian)
groups is called a group homotopy if each F, is a homomorphism. The
simplicial map F: 4 x I — B is not very enlightening; more useful is
the simplicial homomorphism

6:A4®Z(1)— B,
where Z(1) = Z(4[1]); 0 is defined by
B(x @ t) = Fyx).

A chain homotopy D between two chain maps f,g: C— C’' is a
homomorphism raising dimension by one and satisfying

an+ll)n + Dn—lan :f_g'
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Such a D provides a chain map
f:CQRN1)—C,

where N(1) = NZ(4[1]); thus N(1) has for basis v,, 2, € N(1), and
we N(1),, and 9, = v, — v, . Then for each x e C,

b(x, w) = D(x),

Bx, v0) = f(),

s, v) = g(2)

It is convenient to work with such maps ¢ and f, coming from F

and D; we call  and 0 tensor simplicial homotopy and tensor chain
homotopy, respectively.

Let 4 and B be simplicial Abelian groups. Then the shuffle (V) and
Alexander-Witney (f) maps

(4,9 ® (B,8) > (4 ® B, 8) "> (4,9 ® (B, 9)
are defined by
Vix ®y) = 2 =& (5% @ 529,

where for x € 4,,, y € B, the sum ranges over all “(p, ) shuffles”

(a; 8) = (a; yoey @y 5 by ey BY)

whose p + ¢ integers (a;,...,4a,,b,,.,b) are a permutation of

(0,..., (p + g — 1)) satisfying @) < ** < a, and b < --- < b, £+ is

the sign of the permutation, and s, = s, """y, $ = S, " %, -
Forx®yed,®B, =(AQB),,

f(x ®9) = Zpiamald)? () ® (do)* (9)s
(J)p (x) = dﬂ—ﬂ+1 dn—ldnxy
(do)? (3) = dy + dyy-

PROPOSITION (5.6). The maps V and f each induce isomorphisms of
the homology groups. The maps V and f are also defined on the normalized

chain complexes
NA ® NB—Y> N(4 ® B)—L> NA ® NB

and induce isomorphisms of the homology groups.
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The proof is a standard exercise, not too difficult; see also Ref. [Mac],

p. 238.
Let 8: A& Z(1) > B be a tensor simplicial homotopy. Then the

composite

NA ® N(1) -2 N4 ® Z(1)) 2%~ NB

will be a chain homotopy.
Let 8 : NA @ N(1) > NB be a tensor chain homotopy. Then the

composite

KN(A ® Z(1)) XL> K(NA ® N(1)) X%» KNB

will be a tensor simplicial homotopy. From this we can conclude the
following:

THEOREM (5.7). There is a one-one correspondence between simplicial
group homotopies in &, and chain homotopies in €, .

It is easy to see that if C and C’ are chain complexes of free Abelian
groups with H ,(C) ~ H,(C’) then there are chain maps f: C — C’
and g: C’— C such that the composites gof and fog are chain
homotopic to 1, and 1., respectively.

THEOREM (5.8). If A and B are simplicial free Abelian groups with
7 (A) ~ 7 (B), then there are simplicial homomorphisms f : A — B and
g: B — A such that the composites g of and fo g are simplicial group
homotopic to 1, and |5, respectively.

THEOREM (5.9). Let A and B be simplicial free Abelian groups with
7x(A) ~ 7 (B) and T a functor from Abelian groups to another category.
Then w, (TA) ~ = (TB).

The category of Abelian groups can be replaced by modules over
P.I.D., or other Abelian category where the above is valid.

ExampLE (5.10). Let SP" be the n-fold symmetric product functor.
If X and Y are simplicial sets with H,(X) ~ H,(Y), then also
H,(SP"X) ~ H,(SP"Y). For the simplicial free Abelian groups C(X),
C«(Y) have isomorphic homotopy, and H (SP"C (X)) ~ H ,(SP*( X)),
etc. This is the example Dold has in mind [D].
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SuspENsION (5.11). For each simplicial Abelian group 4, let WA
be as in (3.20) and WA = A,WA. Then WA and WA are again
simplicial Abelian groups, and the principal fibration

A—t>WA-2>WA

is a short exact sequence of simplicial Abelian groups which splits
dimension-wise.

Let T be a functor from Abelian groups to another Abelian category.
Then T, is onto, and there is a fibration

ker Tp —> TWA X2- TWA.
Since WA is contractible, so is TWA (functors preserve homotopy),
and from the LES in =,
0 : e (TWA) —=> m(ker Tp).

Then the composite o = 8710 (T1),,

1 TA) —2 r(ker Tp) —r mgy(TWA),

is called the suspension homomorphism. For more details, see Refs.
[D, P], where WA is called CA4, and WA is called S4.

SimpLIciAL VECTOR SpAces (5.12). The functors N and K also give
isomorphisms between the categories of simplicial vector spaces and
differential vector spaces. Let F be a field, and for each integer n > 0,
let C(F, n) be the differential vector space concentrated in dimension #;
that is, C(F, n), ~ F and C(F, n); = O for ¢ # n. Then any differential
vector space C is a chain homotopy equivalent to a direct sum of such
simple ones,

C ~@ CF,n).

By (5.3), a simplicial vector space V will be equally simple; that is,
V ~ KNV

~K (@ C(F, n,.))
z@ K(F, n)

where K(F, n) = K(C(F, n)).



152 CURTIS

The suspension ¢ in the category of simplicial vector spaces takes
K(F, n) to W(K(F, n)) ~ K(F,n 4 1), with o7, = 4, .

For a simple example, let T%-) be the two-fold tensor power; then
o m, V) — 7, TAWV)

is the 0 homomorphism. Later, we shall need the following, slightly more
general fact. Let 7, ® i, be the generator of =, (K(m) R K(n))
given by -

im @ l’n = Z + (sbim ® sain)’

(aib)

where (a; b) varies over all (m, n) shuffles. Under suspension, 7,, ® i,
goes to 0; that is, there must be a (universal) formula f,, ,( , ) with

Smoulimsr > tni1) = Z + (Sotmsr & Satpi1)-

(aib)

This 1s related to the homology suspension in the following way. For
any simplicial set X, let Z,(X) be the simplicial vector space generated
by X over the field of p elements. Then =,(Z,(X)) ~ H(X; Z,).
The diagonal 4 : X — X X X, where 4(x) = (x, x), induces a homo-
morphism 4 : Z,(X) ® Z,(X), and thence a coproduct

Ax

Tn(Z (X)) = ma(Z5(X) @ Z,(X))
2 2
H(X; Z,) R D H (X :Z,)QH(X:Z,)

Via suspension, m,(WZ,(X)) ~ H,(SX; Z,). Thus, for suspended
spaces, the coproduct in homology is 0; dually, in cohomology, the
cup-product is 0.

6. FiBrRe BUNDLES

How can we classify fibration? The answer is given by Refs. [Mo2]
and [B, G, M]. The first step is to replace a given fibration by a deforma-
tion retract of it which is a minimal fibration, and then to show that
a minimal fibration is a fibre bundle. Next, each fibre bundle can be
considered as a regular twisted Cartesian product (RTCP) of its base B
and fibre Y. Each RT'CP is determined by a twisting function ¢t : B — G,
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where G is a subgroup of the automorphism group of Y. Finally, the
equivalence class of such RTCP’s is in one-one correspondence with
homotopy classes of maps of B into W(G), the classifying complex of G.

For convenience, we postpone until the last the retraction of a fibration
to a minimal one, and take up fibre bundles first.

The reference for Section 6 is [B, G, M].

DrrFINITION (6.1). A fibre map p: E — B is called a fibre bundle
map if p is onto, and if for each be B, , the representing map for
b, f, : 4[n] — B induces a fibration p’ : E' — 4[n] which is isomorphic
to the fibration F X d[n] — 4[n], where F is some fixed simplicial set
called the fibre.

Fibre bundles occur plentifully, as shown by the following, which
will be proven later.

ProposiTiON (6.2). Let p: E— B be a fibre map onto, where B is
connected and p is minimal. Then p is a fibre bundle map with fibre
F = p1(x).

Thus the fibrations in the Postnikov system of a minimal complex
are all fibre bundles. If p : E — B is any fibre map onto a connected
base B, then we will also show later that there is a ‘“‘retraction” of p
onto a minimal fibre map, which is thus a fibre bundle.

Fibre bundles also occur as twisted Cartesian products. Suppose we
have two simplicial sets, B and Y, and want to make a twisted Cartesian
product with base B and fibre Y. To do this, we need to consider
simplicial groups acting on Y, in particular the automorphism group
of Y, or a subgroup of it.

SimpLICIAL AUTOMORPHISMS (6.3). Let X and Y be simplicial sets,
and recall the function complex Y* where

(YY), ={f: X x 4[n] > Y}.
Each f € (Y¥%), gives a commutative diagram
X X d[n] ——=—— Y x 4[n]

N

A[n]
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where g(x, t) = (f(x, t), ¢). It will sometimes be convenient to regard
(Y%), as the set of such commutative diagrams.
For X, Y, and W simplicial sets, there is a simplicial map

XV % VX > YV,

where ( f, g) — g o f. Thus Y¥ acts on the right of Y* and on the left
of Z¥. Also YY becomes a simplicial monoid (i.e., has an associate
multiplication). Let

aut(Y)C VY

be the subset of invertible elements, (i.e., in every dimension); aut(Y)
is a simplicial group.

If G is a simplicial group, and Y is a simplicial set, a (right) action
of G on Y is to be a simplicial map

$: Y XG—>Y

with the usual properties. Such an action ¢ determines a simplicial
homomorphism

é: G~ aut(Y)

by ¢( &) (v, 1) = (y, f(2)), where f, : 4[n] — G is the representing map
for g€ G, . That is, for each g e G, , §( g) is the composite

Y xdin]-Yl vy x4 .

On the other hand, such a map ¢ : G — aut(Y) determines an action
of G on Y by reversing the above. We call the action ¢ effective if
é is one-one, and from now on we restrict to this case (by factoring G
by kerd if necessary). We will use ¢ and ¢ interchangeably. Also,

write y o g for ¢(y, ).
For example, aut(Y) acts on Y by

$:Y xau(Y)—> Y,

where ¢(y,f) = f(y,7,) for y€Y, and f:Y X d[n] > Y. The
corresponding ¢ : aut(Y) — aut(Y) is the identity isomorphism.
Hereafter, assume that the (potential) fibres Y are Kan complexes;

better yet for the applications, assume Y a minimal complex.
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Twistep CARTESIAN ProDUCTS (6.4). We continue with our attempt
to make a fibration with fibre Y, base B. We try for total complex E,
where

E, =Y, xB,,
and suppose that the face and degeneracy operators in E satisfy
sy, b) = (s;9, s:b) forall >0,
di(y, b) = (d;y, d;b) forall >0,
(g, b) = (doy © (1), d,b),

where ¢ : B, — aut(Y),_, is some function. It is an easy consequence
of the simplicial identities that ¥ — E -— B will be a fibration < ¢
satisfies the following:

d#(b) = #(d;1b) for 10,
dyt(b) = t(d,b) o t(dh)?,
(6.43) ot(B) = t(dyb) o t(dob)
si¢(B) = #(s;1b) for i >0,
x = t(seh).

A function ¢ satisfying (6.4a) is called a twisting function, and the
simplicial set E = F X B is called a regular twisted Cartesian product
(RTCP). It looks somewhat special to suppose ¢ “twists’ only the face d, ,
but we are going to show that any fibre bundle is such an RTCP, so
allowing “twists” of all faces and degeneracies would be unnecessary.

AtLas oF A FiBre BunpLE (6.5). Let p: E — B be a fibre bundle
with fibre f. Thus for each b e B, , there is a commutative diagram

a(p) 7
F x d[n] —=>FE ——E

oo

An] 2> B

where a(b) is some isomorphism. A choice {«(b)} of this isomorphism
for each b e B is called an atlas for the bundle.

We investigate the possibility of changing, and simplifying, an atlas
by different choices of these isomorphisms. Note that we do not change

607/6/2-4
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the fibre bundle, i.e., the quadruple (F, E, p, B), in any way. If {o(d)},
{B(b)} are two atlases for the fibre bundle, then for each be B, ,

((0)) o B(B) = ¥(b),

where y(b) € aut(F), . Conversely, given such an atlas {«(b)}, and for
each b e B, an element y(b) € aut(F), , the collection

B(8) = (b) = ¥(b)
determines a new atlas.
Let b e B, , and consider a degeneracy s;. Let n; : d[n + 1] — 4[n]
be the corresponding map, and there is a commutative diagram
albj

- L bx I = - b
FxAln+] — FxAn] —»E—>E

a(i‘b)
Fxalnetl—> € -
i *
f

l 2 Alnl—2B
Aln+l— feio

Regarding «(b) € ((E’)F), , we have s;0(b) = «(b) o (1 X 7,), and it may
not in general be true that

sab) = 1 © afs;b).

By redefining ofs;b) on degenerate elements s;b € B, we can replace an
atlas by a normalized one, i.e., one for which this is true. From now
on assume all atlases normalized.

What about the face operators? Let d; be a face operator, and let
€;: A[n — 1] — 4[n] be the corresponding map. For b€ B, , we have
a commutative diagram

a(by 1,

Ixe
FxAlnt] —— FxAln] —Bs g2 g
ald; b} - |
FxOlna]l —2 5 " 7§ lp P
f

Pl e _AlnleB
/ 7

ANl fip

Then d;a(b) = «(b) o (1 X ¢;) and again it may not in general happen
that
do(b) = &; o o(d;b).
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We will disregard the monomorphism é€; since the two maps in question
have the same image in E’. Then let

§(8) = (Add))™ o da(d),

where £4b) € aut(F),_, for b € B,, . The £i(b) are called the transformation
elements of the atlas. If all £(b) e G C aut(F) we call «(b) a G atlas
and the bundle a G bundle. Two G atlases are said to be G-equivalent if

B(b) = o(B) ¥(b),
where ¥(b) € G, all be B.

THEOREM (6.6). In every G-equivalence class of atlases, there is
(at least) one atlas for which

£4(b) = e (= identity) for ¢>0.

Proof. Let {«(b)} be an atlas with transformation elements
£i(b) € G C aut(F). We can specify a new atlas on the nondegenerate
elements, and the normalizing process will take care of the degenerate
ones.

First, let b€ B, be nondegenerate. Since G is a simplicial group,
G satisfies the extension condition, so let y € G, with dyy = £(b). Put
B(b) = a(b) o y~1; then

dif(b) = dy(o(b)) o dyyt
= ofd;b) ° £(B) = (£'(9))~
— o(db).
Next, suppose inductively that {a(b)} satisfies £b) = e for ¢ > 0,

and dimension & <{ n — 1, and let b € B, be nondegenerate. Then from
the induction hypothesis,

dib) = d;_,&(b)  for 0<i<j.

Hence, using the extension condition on G, there is ye G, with
dyy = £(b) for all i > 0. Put B(b) = o(b) o y~1; then for i > 0,
d,f(b) = di(«(b)) o diy™
= ofd;b) o £%(b) = (£(B))!
= o(db).
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Thus if we replace «(b) by B(b) for each nondegenerate b € B,, , the new
transformation elements satisfy £i(b) = e for 7 > 0.

An atlas {«(b)} is called regular if £i(b) = e for i > 0. The above
shows that in every G-equivalence class of atlases, there is at least one
regular one.

THEOREM (6.7). Let p : E — B be a fibre bundle with a regular atlas.
Then the transformation elements §b) determine a twisting function

& =t:B,—aut(F),,

and thereby F' B becomes an R'T'CP. Furthermore, there is an isomorphism
of fibre bundles,

¢:F x B = E
\\/
B

Proof. The map is given by ¢(x, b) = f, o a(b)(x, 7,)).

PriNcipaL BUNDLES (6.8). Let G be a simplicial group. A G bundle
p : E— B with fibre G is called a principal G bundle. This does not
conflict with the previous definition of principal G bundles via twisting
functions (3.14) because any fibre bundle can be considered an RTCP
by (6.7). Conversely, it is not hard to show that an RTCP is a fibre
bundle, in particular, a fibration. Observe that G acts on the left of
G X Bby

g o (b, b) = (gh, b).

Equivalently, if E is a principal G bundle with regular atlas {«(b)},
G acts on the left of E by

gox = fb °© ‘x(b)(gh’ ln)’
where g€ G, , x€E,, b = p(x) e B, , and
ofd) o fo(h, 1) = x.

This action is independent of the choice of atlas in its G-equivalence
class. In a similar way, G acts on the right of E.
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Any bundle induced from a principal G bundle is another principal
G bundle. If G x ,B is the total complex and f: 4 — B, then the
composite # = fof is a twisting function, and the bundle over 4
induced by f is G x ,A4. For example, the bundles GK x K and
G x W(G) are principal bundles, and so are any bundles induced
from them.

ExampPLE (6.9). Another example of principal bundles is that of
covering complexes. Let X be a reduced Kan complex, = = m(X),
and let K(m, 0) be the simplicial group which is # in every dimension
and all face and degeneracy operators are the identity. Then let the
twisting function

t: X,—m = K(m 0),,
be given by #(x) = [d, --* d,x] € m(X). Let
X = K(m,0) X X

and p : X — X is called the universal cover of X.

ExaMPLE (6.92). More appealing and sometimes useful is the
following construction. There is a natural homomorphism f: GX —
K(m, 0), and let GX = ker(f). Then GX is a free simplicial group
representing the ‘“loops on X,” and there is a fibration

GX —> GX —1> K(x, 0).
Hence also X ~ WGX, and H(X) ~ 7, (GX|T,GX).

AssociaTep BunpLe (6.10). Let G be a simplicial group acting on
the right of a simplicial set Y, and define the associated bundle
(E*, p*, B) by E* = Y X GE, obtained from Y X E by identifying
all (yg, x) with (y,gx) for ye Y, ,g€G,, x€ E, . It is easily verified
that (E*, p*, B) is a G bundle with fibre Y.

On the other hand, if p : D — B is a G bundle with fibre Y, where
F is a subgroup complex of aut(Y), we can construct a principal G
bundle over B by using the same twisting function t: B, — G, _, .
Thus we have the following.

ProposITION (6.11). Given a principal G bundle and an action of G
on Y, ie., G Cau(Y), there is a unique associated G bundle with fibre Y.
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Given a G bundle with fibre Y, it is associated to a unique principal G
bundle.

G EQUIVALENCE (6.12). Letp: E — B and p': E! — B be two fibre
bundles with the same base and fibre, and suppose {«(b)} and {o)(b)}
are atlases for p, p! whose transformation elements are in G. Then
a map u,

is called a G equivalence if the atlases are related, for each b e B, by
wofyoalb) = fyoal(b) o ¥(b)

for some y(b) € G.
Equivalently, if £ and E' are expressed as RTCP’s F x ,B and
F x| B, respectively, then a map ,

Fx B— " —»Fx,B

\/

is called a G equivalence if
f(x, ) = (x o (b), b)
where y(b) € G.

THEOREM (6.13). Letp : E— Bbea G bundle,andletf ~g: A — B.
Then the G bundles over A induced by f and g are G equivalent.

Proof. 1t is sufficient to consider p : E — B, a principal G bundle,
Let F: A X I— B be the homotopy F:f~g. Let p°: E® — A4,
p': E'— A,and p : E— A x I be the bundles induced by f, g, and F,
respectively. Slightly modify the proof of (2.11) to construct an
equivariant homotopy F°: E® x [ — E; F° is constructed by skeletons
of E° and having chosen F%x) for one simplex of (p° X 1)1 (q, t),
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F? is then defined on the G orbit by equivariance. From F° we obtain
a map u : E® —» E* which is a G equivalence of the two bundles.

CLassIFYING BunprLe (6.14). For each simplicial group G, the
construction of (3.20) provides a classifying space W(G). The total
complex W(G) is defined by

(WG), = G, X Gy X = X Gy,
di(gn yerey go) = (dzg'n yerey dogn—i *8n—i-1) §n—i-g 0 go)y
${&n r-+r 80) = (Si&n s+ So€n—i » € Eni1 s+ Loy

and G acts (freely) on the left of W(G) by

£ (&n s 80) = (8 * &n s £0)
for g€ G, , (g4 s &o) € W(G), . Then (WG) = G x W(G), i.e.,
W(G), ~ (&) X Gpy X - X G,
& Gy X o X Gy

We call p: W(G) — W(G) the classifying G bundle, which as an
RTCP is W(G) ~ G x ,W(G), with twisting function

H(gn1 »r B0) = &n-1-

Note the following (cf. (3.20)):

(1) W = W(G) is a Kan complex: use the methods of (3.1).
(2) W is contractible:

(i) In the LES in = of the fibration g > W — W, & : m(W) —
mo(G) is onto; i

(i) m(W) = (e);
(iii) There is a contracting homotopy D for (C(W), &) where
D(gy 5eer 80) = (€, &n »oees &0)-

(3) If p: E — B is a principal ‘G bundle, express E = G X ,B,
andlet f, : B — W(G) be

Fib) = (1(8), H(dip),n..» H(dyB)).
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Then the bundle over B induced from the classifying bundle by f has
twisting function ¢.

Tureorem (6.15). The assignment t — f, sets up a one-one corre-
spondence between G-equivalence classes of principal G bundles with base B,
and [B — W(G)).

Proof. We have shown (6.13) that homotopic maps induce G-
equivalent bundles. Conversely, let f, g : B — W(G) induce the principal
bundles p°: E° — B and p': E' — B which are G-equivalent by a
u : E® — E'. Then consider the two maps

figou: B0 W(G).

We want to define F°: E® x I — W(G), an equivariant homotopy
F°: f~ gou FOis defined by skeletons of E°, using the contractibility.
Suppose F° has been defined for (E®)* ! x I, and take ¢, € E,°. Then
our hand is forced on ¢, X 0 by f, on ¢, X 1 by gou, and on ¢, x I
by F9 and by the contractibility of W(G), F° can be “filled-in” on
e, X I. Then extend F° to the G orbit equivariantly.

Now let a homotopy F : f ~ g be defined by

F(b, 1) = F((p°) 7" (8), 1),

which is independent of the choice of ( %)~ (b) by equivariance.

COROLLARY (6.16). Let Y be a complex on which G operates. Then
there is a one-one correspondence between [B — W(G)] and G-equivalence
classes of G bundles with base B and fibre Y.

The special case where G = aut(Y) is the simplicial analogue of a
theorem of Stasheff. Note especially that if Y is (a minimal complex
for) the stable sphere, Waut(Y) = B, is a classifying space for sphere
bundles.

MiniMAL FiBRATIONS (6.17). In order that these results apply more
generally, i.e., to fibrations, we sketch the retraction of any fibration
onto a minimal fibration, which is unique to within isomorphism.
Since this minimal fibration is a fibre bundle, the previous theorems

apply to it.
First we reformulate the minimality condition.



SIMPLICIAL HOMOTOPY THEORY 163

ProposiTION (6.18). Let p : E — B be a fibre map and suppose there
is a commutative diagram

d[n] x O)vd[n) xI—E

7
e
f
// >
e
7/
AW x [——2— > B

Then p is a minimal fibre map <> the fill-in ' is uniquely determined
on A[n] x (1).

Proof. This can be proven by the usual prismatic arguments.

If p: E— B is a fibre map, two simplices x,y€ E, are called
p-compatible if px = py, and two p-compatible simplices x, y are called
p-homotopic if there is a homotopy between the representing maps

0:fo~f,:d[n] —E  (reld[n])
so that p o # is a constant homotopy in B.

ProposITION (6.19). A fibre map p : E — B is minimal <> whenever
x is p-homotopic to y, then x = y.

ProrosiTioN (6.20). Let p: E— B and p' : E' — B be fibre maps
with p minimal. Let f, g be maps of p to P/,

E 25, E
|7J' |p
Y Y
BB

and suppose f =~ g by a strong homotopy. Then if f is an isomorphism,
5o is g (but g may be a different isomorphism).

Proof. Not too difficult.

THeOREM (6.21). Let p: E— B be a fibre map. Then there is a

minimal fibration p’' : E' — B which is a strong deformation retract of
p : E — B, and any two such are isomorphic.
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Proof. Similar to (1.23), as follows. E,’ is chosen by induction on
dimension . If E;_, has been chosen, let E, consist of one representative
from each equivalence class of p-compatible, p-homotopic simplices of
E, all of whose faces lie in E,_;, choosing a degenerate one if possible.

More generally, if p : E — B is a fibre map onto a Kan complex B,
we can find a minimal fibre map p’ : E' — B’ where B’ is also minimal,
and p’ is a strong deformation retract of p. Start by choosing a minimal
subcomplex B’ C B, etc.

ProrosiTioN (6.22). Let p : E — B be a minimal fibre map, and let
f:A— B be a simplicial map. Then the induced fibration is minimal.
If f ~ g : A — B then the two fibrations induced by f and g are isomorphic.

The first part is immediate from the definitions. The second part
is not too difficult (cf. (2.11) and (6.20)).

ProposiTiON (6.23). Let p: E— B be a minimal fibre map onto
with fibre ' = p~Y(x), and suppose B is contractible. Then F X B ~ E
and there is a commutative diagram

FxB 2> E

e s

B—1£—>B

where py is the natural projection and f is an isomorphism.

Proof. The identity map 1, and the constant map ¢: B— xC B
are homotopic.

CoroLLarY (6.24). If p: E— B is a minimal fibration onto a
connected base, then p is a fibre bundle.

This concludes the demonstration that if p : E— B is a fibre map
onto, then it can be retracted to a fibre bundle. Then the previous
RTCP structure and the classifying theorems apply.

7. THE LowER CENTRAL SERIES

To study a group G, it is useful to filter G in such a way that the
quotients are Abelian, e.g., the filtration on G by its lower central



SIMPLICIAL HOMOTOPY THEORY 165

series {L.CS). Furthermore, if G is a free group, the quotients of the
LCS form the free Lie algebra generated by the free Abelian group
G[I',G. The same considerations apply when G is a free simplicial
group, e.g., when G = GK. In this way there arises a spectral sequence
EYK), whose E' terms are homology invariants of K and which con-
verges to 7 (K).

A similar situation occurs when the filtration is by the mod-p
restricted lower central series (mod-p RLCS); now the quotients form
the free restricted Lie algebra over Z, generated by (G/I,G) ® Zy,.
Apply this filtration to GK and there arises a spectral sequence which
(suitably speeded up and reindexed) becomes a sort of Adams spectral
sequence for K. We describe (E'(S"),d'), calling it A(n), and
A = |, A(n), which becomes a ring under composition.

The references for Section 7 are [6A], [C2], [R].

THE Lower CENTRAL SeRiEs (7.1). Let G be a simplicial group.
The lower central series (LCS) filtration of G is obtained by taking
(in every dimension of G)

G ={(»,,.., x,) : ;€ G},

where (x, y) = x'y~lxy and (x,,..., x,) is the iterated commutator
(.os (%1, %),..., %,); here { } denotes the subgroup generated by.

THEOREM (7.2). If G is a connected free simplicial group with
7(G) = 0 for i < n, then = (I,G) = 0 for i < {n + log, r}, where {a}
denotes the least integer > a.

- Comments. We will not prove (7.2) here; see Ref. [C2]. What is
important is that connectivity I .G — o as r — 0. The proof is
complicated and involves the following steps.

(1) It is sufficient to consider the special case G = GX where X is
a finite wedge of S? for some general arguments then show that I',( )
raises the connectivity of an arbitrary free G by as much as it does
for this one.

(2) For G = GX, the techniques of Section 4 give a free basis
for I''GX, which in the case of X = wedge of 52 becomes a product
of simplicial sets involving inductively calculable connectivity. The
techniques here are similar to, and greatly influenced by, those of

Milnor [Mi2] and Kan [K1].
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Now let G = GK be the free simplicial group resulting from Kan’s
construction applied to a connected and simply connected simplicial
set K. Let GK be filtered (in every dimension) by its LCS, and let
the homotopy exact couple give rise to a spectral sequence whose terms
we call EY(K).

TueoreM (7.3). (1) The E¥(K) converge to E*(K), and @, EX(K) is

the graded group associated with the filtration on 7, (GK) = =, (K).
(2) The groups E(K),

E; (K) = n(T,GK|I',,,GK),
are homology invariants of K.

Proof. (1) The spectral sequence converges by (7.2).
(2) We will shortly show that

I',GK|I',,GK ~ L(GK|T,GK)

where L, is the 7-th component of the free Lie ring functor. Thus by
(5.9) its homotopy depends only on =, (GK/I',GK), which is H . (K)
with a dimension shift.

Free Lie RiNG (7.4). Let A be an Abelian group. Let T(4) be the
tensor ring of A, made into a Lie ring by [#,7] = a ®y —y X x.
Let L*(A) C T(A) be the sub-Lie ring of T(A4) generated by 4. L*(A4) is
called the free (unrestricted) Lie ring generated by 4. L#(A4) is universal,
viz., if A — R is any homomorphism of 4 into (the underlying Abelian
group of) a Lie ring R, then there is a unique factorisation
A —L*A4) —~ R.

Let G be a group; then the L.CS filtration of G,

>IN —>I'G— -+ > I,G—>IG = G,
yields quotients I'.,G/I',,;G which are Abelian. Furthermore,
@ I'GIT,,G — (G)

becomes a Lie ring, where for uel,/I,,,, represented by uel,,
vel /I, , represented by o€ I,

[4, 0] = (@, ) mod  Iygy .
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TureoreM (7.5) (Witt). There is a natural homomorphism
6 : LY(G|T,G) ~ L(G)
which is an isomorphism if G is a free group.

The homomorphism 8 comes from the universality of L¥ ). For the
isomorphism, see, for example, Ref. [H, p. 175].

Since 6 is natural with respect to homomorphisms (of G), the same
constructions, applied in every dimension and to the face and degeneracy
operators, work for free simplicial groups. Taking the r-th component
L, ) as a functor from Abelian groups to Abelian groups proves (7.3 (2)).

In order to get Adams-type spectral sequences, and unstable versions
thereof, we modify the filtration of G to make the quotients vector
spaces, rather than free Abelian groups. This leads us to the mod-p
restricted lower central series (RLCS).

Tue Mop-p RLCS (7.5). Let p be a fixed prime number, and let G
be a group (or work in each dimension of a simplicial group). Then
the mod-p RLCS filtration on G is defined by

TOG = {(5y oy %) 59 =7, 3,6 G},

The quotients I'?’G/I'\P]G are vector spaces, and their direct sum
becomes a restricted Lie algebra

@ Ir¥Y6Iri 6 = 296,

where the bracket is as before, and the p-th power map is x — xP.
When a prime p has been fixed, we drop the superscript ( p); hereafter
T, refers to the mod-p RLCS, and I,“ is the usual (i.e., integral) LCS.

Let ¥ be a vector space and let T(V) be the tensor algebra of V.
Then under the bracket [ , ] and p-th tensor power map x — x?,
T(V) becomes a restricted Lie algebra; let L(V)C T(V) be the sub-
restricted Lie algebra in T(V) generated by V; L¥V) will denote the
free unrestricted Lie algebra. The analogue of (7.5) is the following.

THEOREM (7.6). Let G be a group and V = G|I',G. Then there is a
homomorphism 0 : L(V) — &(G) which is an isomorphism if G is a free
group.

From here on, let E{K) be the terms of the spectral sequence arising
from GK filtered by its mod-p RLCS.
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The following was proven by Rector, Ref [R]

THEOREM (7.7). Let K be a connected and simply connected simplicial
set. Then

(1) The E{(K) converge to E*(K), which is the graded group associated
to the filtration on m,(K) modulo the subgroup of elements of finite order
prime to p;

(2) The groups EX(K), where
B! (K) = n(I\GK/T,,GK),
are invariants of H ,(K; Z,).

We proceed to describe EY(K); take p = 2 (for simplicity) and let
H,(K) stand for H(K; Z,). Also let K(n) stand for the Eilenberg-
MacLane complex K(Z, , n).

First consider the special case K = S*, the n sphere. Then

GS"I,GS" ~ K(n — 1),
so also
EV(S™) ~ m L(K(n — 1)).

To handle this, we need two operations, composition and suspension.

CompostTioN (7.8). Let x € m, L (K(n)). Then there is a (unique
to within homotopy) simplicial homomorphism

fo: K(n + @) — LK)

with [ f(4u4)] = ». If also y e 7, . L{(K(n 1 q)), represented by f,,
then the composite

K(n+ q + ¢) —2 LK + 1)) 2 LL(K(n) — L, (K(n))

determines an element x o y € 7, ,,, /L, (K(n)).
SuspENSION (7.9). Recall that the suspension ¢ is a homomorphism
o : my L (K(n)) > 7y L(K(n + 1)).

Here we consider 4 = K(n), WA = K(n + 1) in the category of
simplicial vector spaces, and L ) is the functor (cf. Section 5 or Ref.
(D, P)).
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* Suspension and composition are related by a commutative diagram:

"n+q+q'+1Lt(K(" +q+1) ~Compositon , '”n+q+q'+1Lrt(K(n + 1))

|
'”n+q+q'LtK(n + 9) Composteion Tr’n+q+q'Lrt(K(n))

SuurrLes (7.10). Let V be a simplicial vector space, and let ye V,,
zeV,. Thenlet y ® ze(V Q V),,, be given by

y@z: Z sby®saz’

(aid)

where (a; b) vary over all (p, q) shuffles; recall (5.6). For later use,
define

Ly, 2] =y@z—z@y-

THE Ring 4. We now describe EY(S?), which is =, L(K(r — 1)),
and which we also call A(n). There will be monomorphisms A(n) —
A(n + 1), and the union 4 = |J,, A(n) becomes a ring. For each m > 0,
let

A € TamLo(K(m))

be the homotopy class of 7,, ® 7, ; also A, will stand for any of its
suspensions. —

A sequence of composmons Ay, o -+ oAy will be abbreviated by A,
where I = (i} ,..., ). A sequence 7= (1 ,-.., 7;) of nonnegative integers
will be called allowable if 2¢; > 4;,, for all l < j < s — 1, or allowable
with respect to n if also 7, < n.

THEOREM (7.11). The compositions A, , for I = (i, ,..., %) allowable
with respect to n, form an additive basis of A(n); the empty composition,
denoted by 1, is to be included.

The proof will be given in the next section.

Thus we have that =, L(K(n — 1)) = O for r 5 2¢, while for r = 25,
it has for basis all compositions A, of length s and allowable with respect
to #. For this reason, speed up the filtration of GS™ by

GO I,y D DI DT,
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The new spectral sequence has isomorphic E* groups, but reindexed,
and with faster-acting differentials.

TuroreM (7.12). (1) On EYS") = A(n), d' is the derivation for
which

m—j
di\, = AP P
(") e

(2) The suspension An — 1) — A(n) is a monomorphism. The union
A =\, A(n) is a ring (under composition) with 1, and with generators
A; for each integer i > 0. The relations in / are generated by

—1—7
/\i’\2i+1+m = Z (m i ]) )\i+m—i/\2i+1+f .

i=0

This will be proven in Section 8.

8. SiMPLICIAL LIE ALGEBRAS

We want to describe the homotopy of simplicial Lie algebras. In
particular, if L(V) is the simplicial free restricted Lie algebra generated
by the simplicial vector space V, then =, L(V) is given by the formula
(8.9). This requires some preliminary techniques, especially: (1) A
Whitehead lemma for simplicial Lie algebras; (2) a decomposition
formula for 7, L(K(Z,,n — 1)) = A(n); (3) the operations of A(n) on
7 (V). We then describe the E! term of the mod-2 RLCS spectral
sequence, and obtain the proof of (7.12).

The reference for Section 8 is [B, C].

We consider simplicial Lie algebras R; that is, each R, is a Lie algebra,
and all the d,, s; are homomorphisms. R is called a free simplicial Lie
algebra if each R, is the free Lie algebra L¥(M,), and the M, are stable
under degeneracies, i.e., s,;M, C M, . Similar considerations hold for
simplicial restricted Lie algebras.

Free Li1E ALGEBRAS (8.1). Recall the definition (7.4) of the free Lie
algebra LY V'), generated by a vector space V. Let IV and W be two
vector spaces, and V' @® W — W be the homomorphism which maps
V to 0 and W isomorphically. Then LYV @ W)— LY W) has for
kernel LY U), where U is the vector space

U=WOWRV® - ®W V)@
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Vr=V®: " ®V,n copies, and LYU)— LYV @ W) is defined by
2w @0 @ ® v, [, [, 71)seees Vi)

If V,, Vsy,..., V, are vector spaces, let the basic tensor products V;
for 1 <7 < o be obtained from V,,..., V,, just as the basic commuta-
tors in (4.10). The analogous result is

Lu (@ Vz.) ~ (%L“(Vi).
i=1 =1

The lower central series of a (simplicial) Lie algebra R is defined
by I'R = R, and IR = [I,_;R, R]. The Abelianization of R is
Ab R = R/T,R.

LemmMa (8.2). Let f: R— R' be a homomorphism of connected free
simplicial Lie algebras. Then if (Abf), is an isomorphism (in homotopy),

S0 15 fy .

This is the analogue of the Whitehead lemma for simplicial Lie
algebras. The proof uses two sublemmas.

SuBLEMMA (8.3). If R is a connected free simplicial Lie algebra, then
I',R is log, r connected, i.e., m(I'.,R) = O for ¢ < log, 7.

A proof can be found in Ref. [C1]. What is important here is that
as r => oo, connectivity I'(R) — co.

SuBLEmmA (84). Letf: R— R' bea homomorphzsm of free simplicial
Lie algebras. Then if (Ab f), is an isomorphism, so is

(Frf/Pr+1f)* .
This follows from the isomorphism
I'RIT, . R ~ L*Ab R)

and the results of Section S.
The proof of (8.2) now follows from (8.3) and (8.4) by iterated
application of the five-lemma.

Proof of (7.11). We use the following two reductions.
(1) For any vector space V, the inclusion L¥ V) — L(V) and the

607/6/2-5
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squaring map L(V) — L(V) by @ — a (3 a induce a decomposition as
sets,
LHV) x L(V) ~ L(V).
This composition is natural with respect to maps, so holds for a simplicial
vector space V. Thus
m LAV D my Lo (V) & mw, L (V),
where the squaring map induces ( ) o A, i.e., composition on the right
with A, .
(2) The suspension ¢ and composition on the left with A, induce
7oL K(n) ~ 7L *K(n — 1), r odd,
wy L K(n) ~ 7y L *K(n — 1) @ 7y Ly(K(2n)), for 7 even.

Here is an outline of a proof of (2); cf. Ref. [6A]. Let W be the

simplicial Lie algebra freely generated by x in dimension n — 1, y in

dimension 7z, and 2 in dimension 2n, with d,y = x, all other dx = 0,
d;y = 0, d;x = 0. Thus, dimension-wise,

W~ L{K(n — 1) @ K(n) @ K(2n)).
Let
fi W LA(K(n)

by the homomorphism defined by f(x) = 0,f(y) = ¢, ,f () =1, ® ¢, .
Then by (8.1), ker f is dimension-wise isomorphic to the free Lie algebra
generated by

r~xerjofiren

where Z' ~ K(Z, 2n) with generator y @ y — 2. Then by a straight-
forward calculation -

d(xQR@y Q- ®y) =0  foralls
A ®y Q- Qy) =0  for i,
dn(s' QY @ @) = (*Qy @ @)
Thus

Z,, i=n—1,
mADLV) = (0" a1,
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Consider the diagram
L¥K(n — 1)) —Z>ker f W —2> LK (2n)

|+

L*K(n)

where g(i,_;) = x; h(x) = 0, h(y) = 0, h(2) = 1y, . Then g, and f,
are isomorphisms by (8.2). The decomposition formula of (2) follows,
with a little perseverence to see that

7 L K(n) —2r my L*K(n — 1)

is onto and has for inverse (on one side) the suspension o.
The proof of (7.11) now follows by two inductions, using (1) and (2).

SimpLIcIAL RESTRICTED LIE ALGEBRAS (8.5). Let R be a simplicial
RLA (over Z,), and let A be the algebra of (7.11). Then 7, (R) becomes
a restricted Lie algebra, and elements of A operate on the right of R
as follows.

(1) The bracket [x, y] for x, y € m4(R) is defined as the composite
T(R) @ m(R) > my R @ R) > my(R),

where V is the “shuffle” and m is the Lie multiplication in R.

(2) For xem,(R), ;e A with 0 <i < n, define (x)A; as the
composite

Ly(fe)

K(n + i) —— L,K(n) L(R)—™ R

where f, : K(n) — R represents x.

ProrosITION (8.6). For R a simplicial RLA over Z,, the operations
[-, -] and (*)A; in 7 (R) satisfy

(1) [x, x] = O;

() [ 2] + [y, 2 2] + [2 x,y] = 0

(3) For %, y € m,(R),
E+»Nh =@+ (A for i<nm,
E+Nrh =002+ ()% + x5
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(4) If x e m,(R), y € my(R),
[, (MA] =0 for i<n,
[x’ (y) An] - [x’y9y]9

(5) The squaring map in = ,(R) is given by x — (x)A, for x € m,(R);
(6) m«(R) is a RLA.

The proofs of these statements are exercises in simplicial formulas.
If x € m(R), y € m,(R), represented by xe R,, y € R, then

[x)y] - Z [sb"?) sa.ﬂr
(asb)
where (a; b) vary over all ( p, q) shuffles. For example, to show (2), let
x € m,(R), y € m(R), z € m(R) be represented by ¥, 7, 2. Then

w3 = 3 [sa( T [o8 505, 5]

(¢:d) (asb)

= Z [$a86%s SaSa¥s $.Z)
(a:b)
(c;d)

= Z [sc"fa S ¥, sc§]>
(cic’5¢”)
where the (c¢; ¢’; ¢") vary over subsets whose complements (¢; ¢'; ¢")
form a partition of {0, 1,..., p + ¢ + r — 1}. Similar expressions obtain
for [y, 2, «] and [, %, y], and the Jacobi law (2) follows by summing
and using the Jacobi law in R.
For (3): The expression for (x)A; is

(x) )\z = Z [sb'is sa‘f]

(asb)

where (a; b) vary over (7, {) shuffles with b, = 2 — 1. Thus

(x +y) ’\z' = Z [sb(f+y—)» sa('f+y)]

{a;b)

=@N+ N+ Y [9% 3]+ ) [%5, %]

(a:b) (asb)

= (@) A + () A + z [54%, s, 7],

(c;d)
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where (c; d) vary over all (i, 7) shuffles, and formula (3) follows. The
verification of the other formulas is left as an exercise.

For each integer n > 0, let there be given a vector space W, , and
let W= @, W, ; consider n as dimension. Then the tensor algebra
T(W) inherits a dimension by

dim(w; ® -+ ® wy) = ), dim(wy),

and so L*(WW) and L(W) also inherit a dimension.
Let ¥ be a simplicial vector space over the field Z, ; then #(V) =
@, m,(V) is such a vector space with dimension. Form the direct sum

D L#(V) @ A(n -+ 1)

with relations (generated by), for u € L(n(V)), ,
u®@A, = u?,

and call this L(#(V)) ® 4. For this, and for later use, we define, for
each graded vector space M,

MBA =@ M, ®An—1),

MP®A=0 M, R An).
Notice that additively,
LaV) R A~PLE(V)), ® An + e @A, = u®,

Let ¢ : L(m(V)) = 7, L(V) be the restricted Lie algebra map which
extends

Ly(n(V)) = m(V)C m V),

and let also
¢ : Ln(V) ® A— mL(V)

be defined by ¢(u) ® A, = (©)A;.
THeOREM (8.8). This construction yields a natural isomorphism

¢ : La(V) & A —mL(V).
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Proof Let A+ C A be generated by all allowable A, = A; o -+ o )\
with ¢, > 0 (as 2¢; > 4;,,, so also all §; > 0). Then by means of the
decomposition of 8.4 (proof of 7.11) it w1ll be sufficient to show that
the analogous

ot LY n(V)) & At — m LH(V)

is an isomorphism. We may as well assume V = @, V{(a), where each
V(a) is a K(n,). Then (8.1) shows that

V) ~ @5) LyV(6)),

where the V(b) vary over the basic tensor products of the V(a) according
to (4.10), and each V(b) ~ K(n;). Thus

LYV) =~ C—? LYK (my))
and as 7 LYK (n,)) ~ At (ny + 1),
mLHV) = @ (i) © 4 + 1)

Construct also a basis #, for L¥(#(V’)) in a similar way (i.e., by basic
products) from a basis u, for #(V). Then ¢(,) = i, , and the isomor-
phism follows.

ProposiTION (8.9). For the decomposition of (8.8) for w L(V) and
7 L(WV), we have

Ler(V)) & A—= s m L(V)

Je le

@®

La(WV) @ A~y L(WV)
where ol o 6 o @ = 6 satisfies

(1) 6:7(V)® A — 7y ((WV) is @ monomorphism;
(2) For u = [%y,..., x,) e L{(n(V)), withr = 2,

&u @A) =0;
(3) For w = v € Ly(n(V)), with v € m(V),
Hw @A) = 6(R)A A, = Aper A
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Proof (sketch). For (1), we take first the special case ¥V = K(n);
then & is a monomorphism by (7.11), considered as the suspension
o: A(n) — A(n + 1). For the general case, use V ~ @, K(n,).

For (2), the methods of (5.12) show that

ofy youny %,] = 0.

For example, if x e w,(v) and y € w,(v) are represented by ¥ and 7,
respectively, then

ol%, 3] = &p,/% 5)

etc. The details are left to the reader.

TraeOREM (8.10). Let K be a connected and simply connected simplicial
set. Then in the (unreindexed) mod-2 RLCSSS for GK,

E(K) ~ LH(K)) © 4,
and the differential satisfies
(i) For x € H,(K) CL(H(K)) C E*
[n/2]
dlx = 0%(x) + Y, (%) S¢' ® Ay
i=1
(ii) For x e L,(H(K)), k > 2,
dlx = 94(x).
Proof. (i) The map
7 (GKI[,GK) —2 > n (I,GK|T,GK)
Q Q
H(K) — (H(K) ® 4") @ Ly(H(K))
is natural in K. It follows that
Bx =Y @ TN 4 -+ (),
i>0

where T* are elements of degree i in the mod-2 Steenrod algebra A4, ,
considered as acting on the right of H,(K; Z,); the term 94(x) € L(H «(K))
will be described in Section 10, and it turns out that ¢4 is the dual of
the cup product. We want to show that T = Sg¢t, for which we need
the following facts.
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Facts (8.11). The dual (4,), of the Steenrod algebra is the
polynomial algebra Z,[, ,..., ;,...] with §; = 1. Let S¢g = Y Sq"; then

(&) Sq =& + &
(£€') Sq = ((£) SgX€') Sg).

Also, Sgi € 4, is the only nonzero element of degree 7 which vanishes
on H, (K(i — 1)). Finally, H,(K(N)) ~ (A4,), for a stable range.

Continuation of proof. Take x e H,; (K( — I)). Then (x)T7% =
since expressions of the form y @ A,_;, where y € H; ,(K), do not
occur on the right side. It remains to show I% == 0. Take N large.
If 77 were 0, then 1 &) A, would persist to E*(K(N)), contradicting the
convergence of the spectral sequence. Similarly, if 7% were 0, either
I®XN or 1 ®A + & @A, would persist to E*. Thus 11 = Sg¢!,
T2 = S¢%

Assume inductively that 7% = Sq? for 7 < 2k, and suppose T%+1 = 0,
then an easy calculation using (8.11) shows that d'd*(£,£,*) is a polynomial
in the £, with constant term Ay, ; 7% 0. But as d'd! = 0, it must be
that T2+l = Sg?+1 Similarly, £,2£,* can be used to show that
T%+2 — Sg%+2, Part (ii) will be proven in Section 10.

Proof of (1.12). 'The identity d'd* = 0 shows that for any x € H ,(K),
0= ) xS¢'S¢’ @N Ay + ) xS¢' @dA;,.

2,i>0 i>0

The Adem relations in 4, for 0 < a < 28,
lor2l ) 1 _
sese =3 (4o

c=0

) Sgetv=eSqe,

when substituted into the above identity, quickly imply the differential
and the relations for the X’s.

RErFERENCE (8.12). More can be said about the differentials in E7(K).
In particular, Ref. [B, C] shows that
(i) If x @ A, € H(K) ® A%, with s > 0, then
dx @A) =0 for 1<<r <2,
d¥(x @ N) = x @ dA, + (%%) A, + Y, xS¢° ® A 4A,

i=1

where m = [deg »/2].
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(iv) If x @ A, e Li(H (k)) & A% with £ > 1 and s > 0, then
dx®@A) =0 for 1<r <2,
d¥(x @ N) = (%) N,

If we assume that the coalgebra H, K (= H(K; Z,)) is nice in the
sense of Ref. [B], then the effect of the differentials in the speeded-up
and reindexed mod-2 RLCSSS for GK is to cancel out so many of the
cycles (i.e., they become boundaries), that E* K) becomes accessible.
This happens when H*K is isomorphic to a polynomial algebra modulo
a Borel ideal; in particular, when K is a sphere or a loop space.

For reference, we describe a chain complex W(H,K, ) which
serves as an E! term for the spectral sequence when K is nice.

The diagonal K — K x K induces

4:H,K-—>HKQ®HK
and hence also,
AK-2 BKQ K25 0KQHKQ K2

where 4, = 4,4, =1@ 4 + 4R 1, etc.
Define ¥(H ,K) as the kernel of the composition

L(H,K)—~ H,K ® H,K—~ H,K® H,K ® H.K.

The right action of 4, on H (K X K) ~ H,K @ H,K induces an
action of 4, on ¥(H,K), and the map

4:H.K—>PYH,K)
is a right A, map of degree —1. Let
o: V(HK)—~H,K

be the restriction of the homomorphism which sends [x, y] - 0 and
% @ x — x for x and y in H, K. Finally, define, for each s > 0,

WHH,K) = (H.K & 4) @ ¥(H.K) ® 4+,
then the differential 8 : W*— Ws*! has the following components:
(i) For x @ A, e H,K & A°

S(r@®N) = (x @dh) + 3 (554 @A) @ (4x @A),

t=1

where m = [(n — 1)/2];
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(i) Forx ® A, € W(H K) & A,

(x @A) = (0) + (+®@dr + ¥ #S¢' @ Mrh)

i1

where degree x = 2m + 1, and

B(x @A) = (o8 @ (@A) Ny + T (%) Sg' @ (iosd + Mnsdai ) V)

izl
@ (v®an + Y, %S¢ @ Ak
i=1

where degree x = 2m 4 2.
The main result of Ref. [B, C] is that for nice space K,

EXK) ~ HXW*(H(K)), 5).

For the indexing, an element x @ A; - A; € H,(K) & A will have
filtration s and dimension

n—1+2; and YA, N, _ €V (HK)® AT

will have filtration s and dimension # — 2 4 ¥ 7;. Thus 8 raises
filtration by one and decreases dimension by one., The dimension refers
to dimension ¢ in 7, (GK). For a more homological indexing, see
Section 9.

9. THE UNSTABLE ADAMS SPECTRAL SEQUENCE

The previous sections indicate that the E? term of the RLCSSS for
suitably nice spaces is a sort of ext group. In this section we present a
construction of Bousfield and Kan [B, K], which leads directly to a
spectral sequence for each space K, converging to the homotopy groups
of K, and for which E? is identifiable as the derived functors of
hom(-, -), as defined by Andre [An].

Throughout this section, assume m(K) = 0 and K has finite type
(i.e., m(K) is finitely generated for all g). Also assume that a prime p
has been chosen, and H,K will mean H,(K; Z ).
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THEOREM (9.1). To each simplicial set K, there is associated a spectral
sequence E(K), for 2 < r < oo, which is natural in K, and for which

(1) EyK) depends only on H, K as a coalgebra over the Steenrod
algebra A, ;

(2) The E(K) converge to E(K), which is a graded group associated
with m(K) modulo non-p-torsion.

Remark (9.2). The proof of (2) will not be given here; it is proven
by homological methods in Ref. [B, K], to which we refer the reader.
By a roundabout way, it is equivalent to the convergence statements

of (7.2) and Refs. [Cu2] and [R].

Remark (9.3). Of course corresponding statements hold (via the
functors S and R) for each topological space X. In fact the techniques
here used are not essentially simplicial. The interested reader can
supply a topological proof of (1) by letting Z,(X) be the vector space
generated by the points of X, with the topology which makes the vector
space operations continuous, and the natural map X — Z,(X) con-
tinuous and open. Then Z,(X) is a generalized Eilenberg-MacLane
space, and

T (Z)(X)) = H(X; Z,),

which is the Dold-Thom theorem.

Before beginning the proof of (9.1), part (1), we make some observa-
tions which follow from Section 5.

Observation (9.4). Any simplicial Abelian group is a generalized
Eilenberg-MacLane complex (GEM), i.e., a product of K(m, n)’s. If all
of the #»’s which occur in a space which is a GEM are Z,, we call the
space (or any homotopy equivalent one) a GEM( p). Thus any simplicial
vector space over Z, is a GEM( p). In particular, each Z,(K) is a
GEM( p). Also, as in the topological case,

Tr*(ZD(K)) ~ H*(K’ Zj))’

this time by (3.10). The functor we really want to use is not Z,() itself,
but

VK = Z(K)|Z,(*),
which is also a GEM( p). Notice that for a connected K,
(VoK) ~ H(K; Z,),
the reduced homology groups of K.
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THE ConsTRUCTION (9.5).  For each simplicial set K, letz : K — V, K
be the natural inclusion. Let

E(V,K)— V,K

be the path space fibration, as in (3.16). Then take ¢, : D,K — K as
the induced fibre map, so that there is a map of fibrations

DY(R) — E(V ,K)
Joo ]
K~ V(K)

Notice that Dy(-) is a functor from simplicial sets to simplicial sets.

Inductively define ¢, : D{K) — D, ;(K) as the fibre map induced
from the path fibration E(D, (V,K)) — D, ,(V,K) by the map
D (i) : Dy_y(K) — D,_4(V,K), so that there is a map of fibrations

D(K) E(Ds((V,K))

2 l

Da—l(i)

Ds—l(K) - Ds——l( VPK)

In this way there occurs a sequence of fibre maps

---——+DS(K)—?S—> D, (K) Dy(K) a2, K

Consider the homotopy exact couple which arises, and label the terms
of the ensuing spectral sequence E(K); more specifically,

Eit(K) = m_(D{ VZ’K))’
EXK) = H(Broy 4.
We proceed with the proof of (9.1), which is to identify E¥*(K).
LemMa (9.6). Each D(V,K) is a GEM(p).
Proof. By induction on s. The maps 7 and j,
V,K— V,(V,K)—> V,K,

where ¢ is the inclusion (not the homomorphism), and j adds linear
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combinations of linear combinations, satisfy jo: = identity. Since
Dy(V,K) is constructed as the induced fibre map

DV K) —— E(D,((V,V,K))

} !

Dy (V,K) —— D4(V,V,K)
it follows (from D,_,(j) o D,_,(f) = identity) that
D, (V,V,K)~ D, (V,K) X (another factor)
and this other factor must also be a GEM(p). As

D, (V,K)~ £ (this other factor),
so D,_,(V,K) is also a GEM(p).

Lemma (9.7). If M is a GEM(p), the spectral sequence collapses;
that is,
ESM) =0, s>0,
EYX(M) ~ mi(M).
Proof. We may assume M = VK. Then the sequence of maps
D(V,K)

25
l D a—l( i)
D, (V,K)——— D, 4(V,V,K)

yields a LES in homotopy (part of the homotopy exact couple). Since
D,_,(i), is one-one, (g,), must be 0, which shows

EM(V,K)=0, s>0,
BV, K) ~ mlV,K).

We shall use the notation

n

VPR =TV, - T,K.
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Consider next that while there is one map ¢ : K — VK, there are fwo
maps V,K = V,V, K, which are V,(i), and the natural inclusion,
which we may still call 7. There are » 4+ 1 maps

(n) - =7 1, (nt1)
VK GV K
which are fy = i, fy = V (@), [ = V5P00).
Remark. 'The family
(K, VK, VPK,., VPK,.}

is a cosimplicial object (where the objects are themselves simplicial sets).
That is, the family can be regarded as a covariant functor from ¢ to the
category of simplicial sets. The use we make of this is that 606 =0
in the following.

Lemma (9.8). For any K,
Ey(K) ~ ker 8/im 8
of the sequence
(*) oV K) —2r 7 (V, VoK) =2 (VO K) 2 e,

where 8" = Yo (— 1) (f,)x -

Proof. Consider the double chain complex

o
EM¥V,K)—2s BN,V K) L o
[ o
EQH(V,K) 2> EYX(V,V,K) > -

First take vertical homology, when all that remains is ker d! C lowest
row; then the horizontal homology must yield

H, (total complex) ~ ker 8fim 8 of (*).
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Next take homology in the other order. The sequence
fo foxfl forflyfg

K—l sy g o,y y g tolvh,

yields, after application of the functor V,(-), a sequence of homomor-
phisms
V,K—1 v v k)L vy, v K T

which is canonically acyclic. Now apply the functor =,_Dy(-) which
produces the double complex above. Since =, D) preserves the
acyclicity, taking homology of the double complex horizontally first,
produces 0, except for the left column; there we are left with

S

e
E}*(K) ~~ ker 81
o
EY*(K) ~ ker 8!
Thus also, Ex(K) ~ H, (total complex), and the lemma (3) follows.
Finally, to identify E,(K) as a derived functor, consider
resol.
H(K)—— H(V,K) —— Hy(V,V ,K) —> -

Q2 b4 &
m oV oK) —— 4V, V, K) —— mp(VIK) —> -

We consider H(K), H(V,K),..., etc., to be in the category €4 of
unstable coalgebras over the Steenrod algebra 4, . That is, each C e €4
is simultaneously a connected cocommutative coalgebra over Z,, and
a right module over 4, , where the structures are compatible concerning
the Cartan formula and the (dual of the) p-th power map. Even though
%A is not an Abelian category, we may still take derived functors
(of hom(-, -) for example), as in Andre [An]. The part of the sequence
indicated by resol. forms a resolution of H,(K) by H,(GEM(p))’s,
i.e., by models. Next apply the functor

@ home(H(S"), )
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to the sequence, with the observation that, for each s > 1,
homg ((H(S%), H(VIK)) ~ iV K).
Thus

Byt ~ ext(Z, , H(K)

considered as derived functors of homg,(+, ©) in the category ¥4,
which concludes part (1) of (9.1).

10. Tue CoBarR CONSTRUCTION

Let X be a simplicial set, and take GX. Recall from (3.18) that
(10.1a) m(GX|T,GX) ~ Hypy(X).
On the other hand Z(GX) is a simplicial free Abelian group with
(10.1b) m{Z(GX) ~ H(GX).

The cobar construction of Adams [A2] provides a spectral sequence
relating these, but the approach here is that of Ref. [B, C]. The results
are more conveniently stated for homology with Z, coefficients where p
is a prime; from now on let H,( ) stand for H,( ; Z,). Thus

GIIY'G ~ (GITyG) @ Z,
and the analogues of (9.1) are
(10.22) 7 (GX|IPGX) ~ H,y y(X),
(10.2b) 7(Z,(GX)) ~ H (GX).

For any group G, let Z,(G) be filtered by powers of the augmentation
ideal 1

Z(G) =I°D[D DI D -,

where I = {¥ a;8;: > a; = 0} C Z(G). Then @, (I"/I*"*) becomes

an associative algebra,
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ProposttioN (10.3). There is a natural homomorphism

¥ : T(GITPG)~ @ ("I

n=0
where T( ) is the tensor algebra. If G is free,  is an isomorphism.

Proof. Let 6: G —>I be the function 6(g) = g — e for all geG.
Then 6 defines a homomorphism,

0: GII "G —I|I*

Let 4 be the unique extension of 6 to the tensor algebra. The fact
that if G is a free group, i is an isomorphism follows from the remarks
in Ref. [Mac, p. 122].

THEOREM (10.4). Let X be a connected and simply connected simplicial
set. Let E'(X) be the spectral sequence arising from Z,(GX) filtered by
the powers of I. Then

(1) Each (E(X), d) is an associative differential algebra, with d* a
derivation;

(2) The E(X) converge to E*(X), which is the graded group associated
with a filtration on H (GX);

(3) EX(X) ~ T(H.(X));
(4) Let 4: X — X X X be the diagonal and suppose
4y : HyX)~ Hy(X) © Hu(X)
is given by A (x) = X %, ® ;.
Then
dx) =) + % ®F,

where y € H(X) and § € n,_y(GX|T'{(G X)) denote classes corresponding
under the isomorphism (10.2a).

There is not much difficulty here; for details see Ref. [B, C]. (2) uses
a technique of Ref. [C2], but simpler; (4) is a straightforward calculation.
We make more use of the function 8 : G — L.

PropositioN (10.5). (1) &(I",G) CI* for each n 2> 1.
(2 8: (I,G/T',,G) — I"|I**t is a homomorphism.

607/6/2-6
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(3) There is a natural commutative diagram
L(G|T,G) ——> T(G|T,G)

! l

@ (FGITyG) —> @ (IMI+)
n>=1 nz0
where i : L(-) — T(-) is the inclusion of the free RLA in the TA; the
vertical maps are the natural extensions, which are isomorphisms if G is
a free group.
We again consider the mod-p RLCS spectral sequence E(X), not
speeded-up, not reindexed.

ProposITION (10.6). The function 8 : G — Z,(G) induces maps of

spectral sequences
9 : Bi(X)— Ei(X)

with

(1) 0%, y] = [0'(x), O()];
Q) bidi — T,
3) 6* : E®(X) — E*(X) is induced by the Hurewicz homomorphism
3) (X) y
A7 (GX) — H, (GX);
(4) For x ® A, € E{X),
_x for N =1,
PO =10 Jor N =L

11. SOME APPLICATIONS

We describe the mod-2 RLCS spectral sequence for some X, e.g.,
X = sphere, unitary group, etc. Also, there are homomorphisms
between the various spectral sequences, like the | homomorphism and
the maps of the EHP sequence. For H there is a simplicial formula
like James’ combinatorial map. Using the description of E%*(S) as
H (A1), we give a proof of Adams’ result on the nonexistence of elements
of Hopf invariant one. We conclude with Kan’s simplicial formula for
the Whitehead product. ‘

The references for Section 11 are [B], [B, K], and [C3].
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E*S™) (11.1). There is a short exact sequence of differential groups,
0 —> A(m) —> A(n + 1) =2 A(2n + 1) — 0,
where 7 is the inclusion and % is the map, given on the allowable basis by

A for i =mn,
hd) = 01 for { <n.

Deriving this, we obtain the LES in homology,
> E?(S™) 2> EX( Sn+1)_’_'_> E(S2n41) o, ...

Later we will show that 4 is induced by the Hopf invariant H.

From this sequence, it is straightforward to calculate E%S™) induc-
tively. Table I describes E*S") to dimension zn 4+ 16. The basis of
allowable monomials A, is ordered lexicographically from the left, and
hence also becomes ordered. Homology classes in A are listed by the
leading term of a minimal representative. E%(S™) has for basis those
1y -»- | j for which #; << # < j (or no j, meaning in E%(S)). The notation
7; --- |  means that there is a cycle created in E*S%+) which becomes
homologous to something smaller (or to 0) in E%*S7+!). For example,
7119 is created on S8, and becomes homologous to 53 on S?°, and
this class then persists to the stable sphere. The higher differentials
which affect this part of the table are d(15) = 653, d%(14, 1) = 51233,
d3(13, 1, 1) = 344111, and 124333 = 4%8333).

E¥SU(n)) (11.2). The results of Section 8 can be used to calculate
E¥SU(n)), where (SU(n)) is the special unitary group. Recall that
H (SU(n)) is an exterior algebra generated by classes ey;_, € Hy;_(SU(n))
for 2 < i < n. The speeded-up RLCS spectral sequence, simplified by
cancelling some cycles that are obviously boundaries, shows that E¥SU(n))
will be the homology of

5 esiy @ A2 — 1),

=2

dYeg;1 @ Ap) = Zeg 1 S¢ @ Ay + €351 ® d'A;.

We still call this simplified differential group EY(SU(n)).
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TABLE I
t 112 114 116 t8 110 124111
$110 341114
t 12 114 116 +18 24111 112338
|10 71118
$18 611118 35114
P2 114 116 4111 51116 12333 22333 |4
61118 t]10 7218
t14 21114 1|6 I8 521(6 711]9 43310
rot2 111 12112 31115 32114 511 233 333 36114
30 [ 4 7018 7119
1012 11 2t 3115 5016 33 61 53 9010 73|11
o0 1 3 7
Gn
t112 +]14 12112411112 %16
t114
211241115 t116
r112 11124111 12 121241112 31124111 |4 41124111 5112411116
+14 6124111 | 8
12 2124111 (4 312411115 +116 5224111 | 6
1124111 1224111 (2 1211233 (2 322411114 5124111 2344111
$112 32411116 1116 7241111 10
224111 211233 | 4 t114 624111 5441118
11123312 1212332 311233 | 4 344111 123333 |2 124333
$113 541116 $116
44111 36111 | 4 74111 | 8 84111 94111 | 10
21233 |4 31233 (5 )14 51233 6123318 712339
12233 (2 123332 3223314 23333 | 4 24333 34333 1 4
112 t114 751118 t116
3611 |4 911110 10,111 | 12 6233 12,111 13,111 ] 14
323316 551116 433318 533319 7233110 9511110
2333 | 4 33335 3433 | 4 353315 63338 733319
11,111 12
t12 10,11 112 +114 11,21 {12 1116 14,11 ] 16
53319 921110 11,1113 761} 8 13,1,1 13,2,11 14
35315 56116 733111 653 75319 961 | 10
15,0 | 16 15,1117
11,012 11,1113 13,0 | 14 77 14,1 13,3

15




SIMPLICIAL HOMOTOPY THEORY 191

* The fibration
SU(n — 1) - SU(n) — S

gives a short exact sequence of simplified E! terms,

0 — EX(SU(n — 1)) - E{SU(n)) - EY{S*1) — 0,
which in turn give a long exact sequence

oo > EY(SU(n — 1)) - E{SU(n)) — E¥S**1) —

This provides also a straightforward inductive method for computing
E*(SU(n)). In Table II we give some results of this computation (by
hand). Similar calculations can also be made for other classical groups,
Stiefel manifolds, etc. E2(S U(n)) has for basis those e, @ A, = kiy *«- | j
for which k& < 2n <j, or no j, meaning in E¥SU). The relevant
differentials are d%,; = e,21, d%;3 = 3211, d%;31 = 32111, d%,0 =
e,111, d%,,00 = e;4111, and d%,,000 = e;24111.

TABLE II
1 t i i 4 324111
54111
t 4 t 3211119 90000 1 312335
i 711119 11,000
t i 3211 511119 531111 3233|9 9111
i
4 311]5 321t 52119 531 721111 53311
7119
30 31{5 50 70 53 73| 11 11,1113
es €7

J HomomoreHisM (11.3). The J homomorphism of G. W,
Whitehead,

J 1 7 SUR)) = mrsan(S7),
is the composite (in the homotopy groups of)
SU(n) <> SU(n) A S —L> S2n,

where o?* is the 2n-fold suspension, and f is the action of SU(zn) on §*".
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We define Ji: E{(SU) — E¥(S?") induced by J as follows. Since |
induces 0 in homology, there is a lifting f

F
i
/o

SU(2n) A S 25 Stn
where F — S%* — K(Z,, 2n) is the natural fibration. Thus we have
r,Gs™» =~ QF
S
G(SUn) A 82) —1— GS™  ~ QS

GS*|I,GS* ~ QK(Z, , 2n)
Then also
I.G(SU(n) A S?%)—L» ' [,GS™ — > I, GSPn

and define J': E{(SU(n)) — E¥{(S?") by Jt = g4 o fy o o®, where g, is
induced from

(Do Tyi + 1YT,GS™) —2 s (Iyi + 1/Tyi 4 2)(GS2).

Thus J¢ raises filtration by one, and takes homotopy dimension in
SU(n) to stem dimension in S

Cramm. JU: EYSU(n)) — EY(S2) is the map

JHeaiea @A) = Agigly -

To see this, use induction on 7, first skipping the integers 27/ — 1
which are = 2power — 1,
It is not hard to show that

(1) EXSU(n)),—g—1,5=ar-1 coOntains a single nonzero element, say x,
which persists to E*.
(2) E*(S*™)y—gnisr_1.5—qx cONtains a single nonzero element, say y.

(3) For dimensions ¢ = 8k — 1 = 2power — 1 J(x) = y.
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Hence the element in #,(S) corresponding to y is in the image of ]
By Adams’ J(x) — IV, in particular the e-invariant arguments, this is
sufficient to settle the image of [ in these dimensions (i.e., order
im | = Adams—Kervaire-Milnor number). ,

For dimensions ¢ 7 2p°%er — 1  this method does not work; for
example, ¢ = 23. This technique (using the map of Adams spectral
sequence) is similar to Ref. [Mah], and can be similarly extended to
more complicated numbers ¢g. But as the number of 1’s in the dyadic
expansion of ¢ 4 1 increases, the filtration change between E(SU)
and E (sphere) becomes too great to handle computationally.

Tre Hopr INVARIANT (11.4). Let K be a simplicial set, and define
h:FK—F(K A K)

as follows. First, let w:FK —F(K v K) be the homomorphism
w(x) == &' - x” for each generator x in FK, where x" and x” are the
corresponding generators in F(K v K). From (4.21) there is a decom-
position

[[FK; —=>F(K v K),

where the K, vary over all basic complexes in two variables, each a
copy of K. Let p be the projection (not a homomorphism) of a word
in F(K v K) onto the part of it in F(K A K), as in Section 4. Then
h is to be the composition & = p o w. The map % can be taken (via
a choice of basic complexes) to have the form: If

X = x5t e xim, e = +1,

hx) = [] (& A2,
)
where the product is taken over those (7, j) such that
(1) If
e = +1 forall j>1,
e = —1 forall 7 =1,
(2) The order is (3 ) < (i,j') if i<i’; or i=1, ¢= 41,

j>jiori=1¢=—1,7<j\.
The map % is the mmphcxal analogue of James’ combinatorial map []].
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Even though % is not a homomorphism—and the resolutions of FK
and F(K A K) involve the group structures—we can still see that 4
induces maps of the spectral sequences as follows (observation of
S. Priddy). For each basic complex K, there is a homomorphism

fi . FK,—~F(K v K)
which defines maps of the spectral sequences (for each r > 1)
£+ E(SK;) — Ef(S(K v K)).

Then there are maps

(11.5) @ E'(SK)) @I B(S(K v K)).

Using Section 8, it is easily seen that for r — 1, the map in (11.5) is
an isomorphism, and hence it is an isomorphism for all » > 1. To
each f;7, there is a projection back onto the corresponding factor. The
maps

h : E{SK)— EXS(K A K))

we seek are the composition of the maps induced from the homomor-
phism w : FK — F(K v K), and the projection onto the factor F(K A K).

For K = S* we have FK ~ GS™! and F(K A K) ~ GS*+., In
this case, a little computation shows that

for 7 =n,

Ny
) = 0 for { <.

{

ExampLE (11.6). If the element A, € E%(S™*1) survives to E*, it
represents an element of Hopf invariant one; that is, I (this element)
would be an odd multiple of the generator of m,, ,(S***1). Adams
shows that this happens only for » = 1, 3, 7. As a variant of Adams’
proof, we offer a proof using the J homorphism.

First, it is evident from the differential in A that A, can survive to
E*(S) only if n = 2¢ — 1. We shall show that

A2, = Ayima_ A pA + lower terms
= ()‘2"—1—1)2 ’\0 in  EXS)
£0 in EXS) for i>4.
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The lower two lines are straightforward algebraic properties of A. For
the upper line, it would suffice to show in E¥SU) that

d?e,_; = €34 jAyi1_gA + lower terms.
Consider the spectral sequence for BU = 2SU. In EY(BU),
diby;_, = b,; A + lower terms,

where the by, € Hy,(BU) are dual to the Chern classes ¢,, € H¥*(BU).
Then under the homology suspension, o(by_y) = €54 and o(by:_,) = 0
in filtration 0, but “reappears” in filtration 1, with

(byi_g) = €yi-1_jAge1_y 1 lower terms.

Note that by y = (byia_,)® + lower terms in H,(BU). In 2G(SU),
there is a simplex, say ¥ (given by a universal simplicial formula which
is a product over shuffles), where

F—2y (b, ) e (QG(SU)TRG(SU)) ~ Hy(BU),
X205 (60 1) Ayir_y € m(DG(SU)THG(SU)).
Then, since d'¢ = o0d?,
d¥eyi_,) = €yi-1_yApe-1 o0, + lower terms.
Tue EHP Sequence (11.7). Here is the EHP sequence of G. W.
Whitehead, formulated more like James [J] or Barratt [B].

Make the map % : FX — F(X A X) into a fibration with fibre Y.
Then the LES in =,

s (V) > mFX) s (P A X)) > (V) o

4 A
m4(X) 7 y—1(X)

is called the EHP sequence, especially when P exists; for example, in
the stable range, where m(X) — m,(Y) is an isomorphism.

For example, if X = S*, 7,(S") — 74(Y) is an isomorphism always
on the two-component. In a stable range, P is the Whitehead product

P()= [t ]
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ProposiTION (11.8). The EHP sequence for X = S™ is induced at
the E? level by the LES of (10.1).

CoroLLARY (11.9). Considering the maps E, H, and P of (10.7),

() If xem(S™) has AF >s, then H(X) € my(S2+) has
AF = s—1;

(2) If y e m o (S™+1) has AF > s, then P(y) e 7 (S") has AF > s + 2;

(3) If z € m,(S™) has AF = s, then E(2) € w, (S™) has AF > s.

Comments. Here AF means Adams filtration: xe#, (GX) has
AF > s says that x € im 7 () — 74(G). Then (1) follows from the
computation for % above. (3) is an evident property of suspension.
(2) can be shown, for a stable range at least, by a formula for the
Whitehead product, given in the next section.

This corollary can be stated more specifically in the following manner.
Suppose x € 7, (GX) is nonzero, and that x can be pulled back to I',
but no further, and projects to ¢ # 0, as in the diagram

x € myT,GX) > - — m,(GX)
2

Lo

¢ € 1 (TyGX| Iy GX)

Let us say that x is detected by ¢. (Warning % different » may be
detected by the same ¢). Then for the elements in 7,(S™), detected by
elements in E%(S™) = H, (A(n — 1)), we have

(1) If xem (S*) is detected by ¢ = AA; + lower terms, then
H(x) is detected by A; if 7 = n and A, persists to E®; otherwise H(x)
has AF > length I.

(2') and (3') similar.

Put in yet another form, if y € 7 (S?"*1) with AF(y) =s, and
P(y) = 0, then there is an x e, (S*) with H(x) =y, and
AF(x) > s + 1. If y is detected by A, 4 lower terms, then x is detected
by A A, + lower terms, or by a cycle of AF < s.

We are thus led to the following.

METHOD (11.10). Let y e w(S*) be detected by c¢ = A, + lower
terms in E*(S*"*1). Suppose A, - ¢ ~ 0 and that for filtration < s, dimen-
sion q, E*(S™1) = 0. Then P(y) # 0.



SIMPLICIAL HOMOTOPY THEORY 197

Many of the known cases of nonzero Whitehead products are obtained
by this method.

WHITEHEAD AND SAMELSON Propucrts (11.11). First suppose G is a
simplicial group, and we want to describe the Samelson product
(%, > € 1y, G) for x € my(G), y € m(G). We will need to take a product
over some shuffles, and the order matters.

Let the set of all {(a;,..., ay)} : @ < *-- < a, be ordered (antilexi-
cographically) as follows. Inductively in p, put (a, ,..., a,) < (a7',.-., a,)
if

(1) ap < a,’
or
(2) a, = a,’ and

(@) yees Apy) <(ay'yeenn @y 4)  if a,0dd,

(ay 5eees @py) > (@) yenry @py) if a,even.
Forxe G,,yeG,, put

@ = [ (5% sa)%

(a;b)

where the product is taken over all (p, ¢) shuffles (a; b). The sign + is
the sign of the shuffle; the order is antilexicographical in a = (a, ,..., a;).

In the verification that { , ) gives (to within +4) the Samelson
product, the simplicial identities enter in the form

ds. — Sqdy if neither i nor 7 + 1 e a,
$a=\s., ifiori+lea
Thus if all dx = e, d;y = e, then all d(x, y) = ¢, and { , > becomes
well-defined on homotopy classes.

The Whitehead product of u €, (X), vem,,(X) is the element
in 7y g(X)

[u, v] = (—1)? 8- 0u, dv),

where @ : 7, (X) — m4_;(GX) is the isomorphism of (3.18).
The connection between (potential) elements A, of Hopf invariant
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one and the Whitehead product [7,,7,] is the following. Let A, be
lifted to A, € I,FS™ by

Xn = H (sbin ’ Sain)a
(a:ib)
where the product is taken over all (n, #) shuffles (a; b) = (a;,..., a,, ;
by ..., b,) with b, = 2n — 1, and the order is antilexicographic in a.
Then
3 _i[lnyln] for 12271-—1,
dif = 3e for i+ 2n—1.

Thus A, is a permanent cycle < [i,,7,] = 0.

12. THE SimpLICIAL EXTENSION THEOREM

The purpose of this section is to prove the following, relative form
of the simplicial extension theorem.

THEOREM (12.1). Let K be a simplicial set, with simplicial subset
ACK, and let L be a Kan simplicial set. Suppose p: RK — RL is a
continuous map and f: A — L is a simplicial map with Rf = p on RA.
Then there is a simplicial map g: K —L with g =f on A and
Rg ~ p : RK — RL (rel RA).

We will follow a proof of Barratt [B] and Kan (lecture notes). The
method is to use a simplicial approximation theorem, and for this, some
careful subdividing. This theorem, although common knowledge, is not
well-represented in the literature.

PoLyHEDRA (12.2). A simplicial set K is called polyhedral if there
is a partially ordered set (V, <), with

K, C{{vg ey 0p) 1 79 << -+ < 0y}
di(vo 3eety vn) = (7)0 [ARLE] 751 yeery ‘U"),
51‘("’0 3erey 'vn) = ('vo yoony Ug Vg yeeny vn),

i.e., K is a subsimplicial set of the simplicial set determined by (V, <).
Observe that if K is polyhedral, then each simplex x € K,, is uniquely
determined by its vertices v(x) = d, *** d; -++ d,x. Conversely, if K is a
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simplicial set with the property that each simplex is determined by its
vertices, then K is polyhedral. If K is polyhedral and x € K, is non-
degenerate, then the vertices of x are all distinct, and each face dx
must also be nondegenerate.

TerMINOLOGY. The geometrical realization of a polyhedral simplicial
set is called a polyhedron; the old-fashioned term was “‘simplicial
complex,” or ‘“‘geometrical simplicial complex” in Section 1. A triangula-
tion of topological space X means a homeomorphism of a polyhedron
with X. We show later, following Barratt [B], that the geometrical
realization of any simplicial set may be triangulated, though it takes
two subdivisions to do so.

BarycenTric CoMPLEX (12.3). For each simplicial set K, let B(K)
be the polyhedral simplicial set obtained by taking for vertex set (V, <)
the set of all nondegenerate simplices of K, partially ordered by x < y
if x is a face of y, ie., if x = d; -~ d; y. Then

B(K)n = {(xl) yerry xn) L X SN xn}-

If f: K—L is a simplicial map, then B(f): B(K)— B(L) is the
simplicial map determined on the vertices of B(K) by B(f)(x) =y,
where for each nondegenerate x € K, f(x) = 5; ***5; ¥ with » non-
degenerate in L.

Warning %. For an arbitrary simplicial set K, B(K) might not help
much; consider, for example, K = S*, with only two nondegenerate
simplices x and o, .

In the case where K is itself a polyhedral simplicial set, B(K) corre-
sponds to the usual barycentric subdivision, and there is a homeomor-
phism % : RB(K) ~ RK. Furthermore, there is a simplicial map
@ : B(K) — K determined on the vertices of B(K) by ¢(x) = last vertex
of x, and there is a homotopy

R(p) ~h : RB(K)— RK.

Suspivision (12.4). For any simplicial set K, let K be the simplicial
set which is the (disjoint) union
K, = {) (4[dim x], x),
xck
dt, ¥) = (dg, %)

it %) = (s, ) ek tedldim,.
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Let (~) be the equivalence relation on K with (2, x) ~ (4, y) if either

dx =y and e(w) =1
or

ssx =y and  q{u) =t

Then there is an equivalence K ~ K/(~).
T'o obtain the subdivision of K, first take

SdK - | ) (B(d[dim x]), ),

xek

di(t, x) = (dit, x)) .
st %) = (53 . %)) for t € (B(d[dim x])), .

Let (~) be the equivalence relation on SdK by (¢, x) ~ (u, y) if either
dx =y and B(e))(uw) =t

or
s =19y and  B(n)(u) =t

Finally, the subdivision of K is SdK = SdK/(~).
This construction SdK is a functor from simplicial sets to simplicial
sets, with the following properties:

(1) There is a homeomorphism
h: R(SdK)— RK
obtained as follows. For each x € K, , let
R(BA[n]) %> R(A[n))
be the continuous map such that

i) Let x = s; *-*s; ¥, where y € K,, is nondegenerate. For each
vertex j of A{n], let N( ]) be the number of vertices of 4[n] which have
the same image as j under the map

Nig " My * d[n] — A[m].
Then let

e = (Grsiyay G we )
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That is, the “barycenter” of the simplex in R(SdK) represented by x
goes to an appropriately weighted point in the corresponding simplex
of RK.

(ii) For all 0 < ¢ < n, there is to be a commutative diagram
. h:v
R(B(4[n])) ——— R(4[])
R(B(si))T TR(“)
hdia:
R(B(d[n — 1])) — R(4[» — 1])

(i1) For each te B(d(n]),, let f,: d[n] — B(4[n]) be the
representing map. Then the map

R(d[n]) =2 R(B(4[n]) —— R(4[n))

is to be linear.

It is straightforward to verify that the map 4 : R(SdK)—> RK
determined by (i), {i1), (iii} is a homeomorphism. Observe also that 4 is
natural with respect to inclusions of subsimplicial sets; 4 may not be
assumed to be natural with respect to all simplicial maps. For a detailed
treatment, see Ref. [F, P].

(2) There is a simplicial map ¢ : SdK — K which is obtained by
first defining ¢ : SdK — K using ¢ : B(d[n]) — 4[#], and passing to the
quotient sets.

(3) There is a homotopy

R(¢) =& : R(SiK)— RK.

Also, there is a simplicial map « : SdK — B(K), but it might not be
possible to factor the map ¢ : SdK — K through « (consider again S7).
To get around this difficulty, make an Sd*K oppositely to SdK as
follows. First, let (V*, <) be the partially ordered set where V* = TV,
but with the opposite order. Then obtain functors B*, Sd*, a homeomor-
phism A* : R(Sd*K) ~ RK, and a simplicial map ¢*: Sd*K — K,
with properties similar to (1), (2), (3) above. v
By composing the two, we obtain the double subdivision of K.

DeFiNtTION (12.5). For a simplicial set K, its double simplicial
subdivision is defined by SD(K) = Sd Sd*K.
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As before, SD is a functor from simplicial sets to simplicial sets with
the following properties:

(1) There is a homeomorphism

H : R(SD(K)) ~ RK;

(2) There is a simplicial map
?:SDK)— K;

(3) There is a homotopy
R(®) ~ H : R(SD(K))— RK;

(4) Furthermore, for this double subdivision, there are simplicial
maps

Sd(K)—E-> BS*K —%~ K

with @ = y o B. The map B( ) = ¢(Sd*( )). The map y is defined as
follows. Let x € (Bd Sd*K),, ; thatis, x = (¥q,..., ¥,) where y, < -* <y,
are nondegenerate simplices of Sd*K. For each y; , there are representing
maps

fur: Aldim y].
Let a; be the largest integer for which

fu(a)) = f,(dim y,),
and then let
H®) == V(Y sees Yn) = 9 0@y seeos ).

It is straightforward to check that y is a simplicial map with @ = Boy.
Because of this factorization of @ through a polyhedral simplicial set,
the (semi-) simplicial approximation can be deduced from the usual
simplicial approximation theorem (which will be assumed; see, for

example, Ref. [Sp]).

Remark (12.6). 'The geometrical realization R(B(Sd*K)) is a poly-
hedron, which is homeomorphic to R(Sd*K), hence also to RK. This
is a theorem of Barratt [B], which asserts that the geometrical realization
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of a simplicial set can be triangulated. Observe that Sd*K has the
following two properties:

(i) Any two simplices have at most a single face in common;

(i) For each nondegenerate simplex x € Sd*K, there is a vertex
(the first one) such that any face of x containing this vertex is also
nondegenerate.

THEOREM (12.7) (Semisimplicial approximation). Let K be a simplicial
set, AC K a subsimplicial set, such that there are only finitely many
nondegenerate simplices in K — A. Let f: A — L be a simplicial map
(to another simplicial set L), and suppose there is a continuous map
p:RA—RL, with R(f)=p on RA. Then there is a nonnegative
integer n, and a simplicial map f': SD(K) — L with fo ®" = f’ on
SD™(A) and

R(fY~p:RK—RL  (rel RA).
Consider the diagram

BSd*SD(A) —— SD(A)

! !

SD¥K) —£~> BSd*SD(K)—— SD(K)

l

SD(L) &> BSd*L —*—~>L
and the diagram for the realizations

R(BSd*SD(A)) X2 R(SD(A))

!

R(SDY(K)) 22> R(BSd*SD(K)) 2> R(SD(K))
J,p
R(SD(L)) 2> R(BSd*L) -R%.> R(L)

Apply the ordinary simplicial approximation to the continuous map
R(B) © p o R(y), which yields an integer » — 2 > 0 and a simplicial map

SD"*BSd*SD(K)) 1> BSd*(L),

607/6/2-7
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so that the composite

SD™¥SDYK)) —S226), spn-2BSd*SD(K)) > BSd*(L) — L
is the desired map f’ proving (12.7).

ProposiTioN (12.8). Let K be a simplicial set with A C K a simplicial
subset, and let L be a Kan simplicial set. Suppose there are simplicial
maps f: A—L and f': SD* — L with f' = fo ®* on SD"A. Then
there is a simplicial map g filling in the commutative diagram

SD*4 —— SD"K

and Rf' ~ R(g - ®) : R(SDY(K)) — RL (rel R(SD(A))).

Proof. By induction; it is sufficient to take » = 1, and to consider
Sd instead of SD. Consider first the case where K has only one non-
degenerate simplex not in 4, say x of dimension m.

Let BC 8dK x I be the subcomplex

B = (Sd4 x I)U (SdK x (1)) U (¢=X(4) x (0)),
and let f: B — L be the map given by
(1) f(a, £) = fo(a) for (a,t)eSdA x I,
@) F(n 1) =fYy)  for (3 1)eSdK x (1),
B) J(5,0) =fe(y) for (3, 0)ep™(4) x (0).
We use a prism-type argument to extend f: B — L to a map

F:S8dK x I—>L

as follows. For each nondegenerate (m + 1) simplex w in SdK x I
but not in B, let

W = (S0, Sy " &% *** Soly),

where & = k(w), and let v = (Bf,)(2) for 2 € 4[m] and f, : A[m] — K
be the representing map for x. Then z = (b,,..., b,,), and there is a
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permutation (g, ..., 4,) of the integers (0, 1,..., m) so that b; is the
simplex spanned by (qy,..., a;). Order such w by w < @’ if either

(1) p(w) > p(«’) in the lexicographic order
or '
(2) p(w) = p(w') and k(w) < k(w').
Using the extension property in L, and induction on these w, the
map f: B — L can be extended to F : SdK x I — L.
Finally, let g : K — L be the simplicial map defined by
&) =f(y) for yed,

&(x) = F(dp @),
where @ is the “last” w; that is, p(w) = (0,..., m) and k(w) = m. Then
R(F): R(f) ~R(g) s ¢ : R(SdK)—>RL (rel R(SdA)).
This concludes the argument for such special case;. the general case

follows by induction on the nondegenerate simplices of K — A.
The proof of the simplicial extension theorem (12.1) now follows

from (12.7) and (12.8).

THE EQUIVALENCES ¢ AND ¢ (12.10). For each simplicial set K, let

¢y : K~ SRK

be defined by ¢y = idpy, where idy, : RK — RK is the identity and
#dyy is defined by (1.30). Thus for x € K, , ¢g(x) : t{n] — RK is the
realization of f,, the representing map for x. Similarly, for each
topological space X, let

Py RSX > X
be defined by ¢, = #ds, . For a point in RSX, represented by (p, f),

where f € (SX), , p € t[n], ¥x(p, f) = f(p). It follows immediately from
the definitions that

(4ax) o (Re) = idgy : RK — RK
(Siby) © (bsy) = idsy : SX — SX.
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Traeorem (12.11). (1) If K is a Kan complex, then ¢, : K —~ SRK

is a homotopy equivalence.
(2) If X s a realized space (i.e., X = RL for some L), then

dy 1 RSX — X is a homotopy equivalence.

Proof (1). The simplicial extension theorem applied to i, produces
a simplicial map g : SRK — K with Rg ~ iz . Then the composites
SRK —* > K %, SRK,
SRK "%, SRSRK —7*» SRK,

SRK —5R%, SRSRK —'*%, SRK,

satisfy
¢k g = (SRy) o (bsrx)
=~ (Syirk) © ($rx)

= tdgpy -

Also, the composites
RK —2*, RSRK -2, RK
RK -2, RSRK — %%, RK

satisfy (Rg) o (Réx) =~ (k) © (Rpx) = idgy - That is, R(g o ¢x) ~ idpy,
and another application of the simplicial extension theorem shows that
g o ¢y ~ idy . This completes the proof of (1).

For (2), first make use of (1), which shows that R¢; : RL —~ RSRL
is a homotopy equivalence, and has RSy, for homotopy inverse. Then
the composites

RSRL—"*t gy %

RSRL -5 | RSRSRL —'RSRL

RSRL "%, RSRSRL - B%¥rt

RSRL,

RSRL,

RSRL
|®es

RSRIL <"BSRL_ popSRIL

satisfy

(R?SL) ° (‘/’RL) = ('//RSRL) ° (RSR¢L)
=~ ($rsrr) © (Rbsy) o (RSPrL) o (RSR¢;)

= tdggpy, -
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Hence (Re,) o gy, ~ idgspr» and as (fgr) o (Rby) = idgsar, (2) is

proven.

Proof of Equivalence (12.12). For each simplicial set K, Kan complex
L,

[K—L] ~ [K-> SRL]
~ [RK — RL],
which shows part (1) of (1.35). On the other hand, for X a realized
space, Y any space,
[X — Y]~ [RSX — X]
~ [SX — SY],

which shows part (2) of (1.35) for realized spaces X. For an arbitrary
CW space X, it remains only to show that

Yy : RSX—> X
is a homotopy equivalence. For this, (12.12), part (1) shows that
Sgy : SRSX > SX
is a homotopy equivalence, hence
()% : m(RSX) — my(X)

are isomorphisms. Then the Whitehead lemma for CW spaces [Sp,
p. 405}, shows that ¢, is a homotopy equivalence.
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