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We consider the quantum dynamics of a charged particle evolving
under the action of a constant homogeneous magnetic field, with
emphasis on the discrete subgroups of the Heisenberg group (in the
Euclidean case) and of the SL(2, R) group (in the Hyperbolic case).
We investigate completeness properties of discrete coherent states
associated with higher order Euclidean and hyperbolic Landau
levels, partially extending classic results of Perelomov and of
Bargmann, Butera, Girardello and Klauder. In the Euclidean case,
our results follow from identifying the completeness problem with
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hyperbolic setting follow by using a combination of methods from

coherent states, time-scale analysis and the theory of Fuchsian
groups and their associated automorphic forms.
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1. Introduction

In this paper we consider the quantum dynamics of a charged particle evolving under the action of
a constant homogeneous magnetic field, first in the Euclidean and then in the hyperbolic setting. The
goal is to construct discrete coherent states associated with the evolution of the particle when higher
Landau levels are formed and to obtain conditions on the completeness of such coherent states. This
extends well known results of Perelomov [ 1] and of Bargmann et al. [2]. In the first part of the paper,
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we consider a constant magnetic field acting on the Euclidean space realized as the complex plane C,
leading to the formation of a discrete spectrum known as the Euclidean Landau Levels. In the second
part of the paper, we let a constant magnetic field act on the open hyperbolic plane realized as the
Poincaré upper half-plane C™ = {z € C,Imz > 0}, leading to the formation of a mixed spectrum,
with a discrete part corresponding to bound states (hyperbolic Landau levels) and a continuous part
corresponding to scattering states.

The concept of a set of states on a lattice in phase space was first considered by ]. von Neumann in
the Euclidean case [3]. It became physically very attractive because it contains the fundamental com-
mutation relations of quantum mechanics. Indeed, lattices have an underlying unit cell (fundamental
domain) related to the size of the Planck constant (see Fig. 1).

In his treatment of quantum mechanics [3], ]. von Neumann raised the question of completeness
of coherent states indexed by a lattice. The question turned out to be nontrivial from a mathematical
point of view and, so far, it has only been fully understood for some special coherent states. This is
the case of the coherent states associated with the first Landau Level. The situation has been clarified
in [2] and [ 1], because it can be related to the structure of zeros of analytic functions, where classical
methods from complex analysis can be used. However, in higher Landau Levels, even the case of the
Euclidean Landau levels is not yet fully understood. In both the Euclidean and Hyperbolic setting,
one has to deal with spaces of polyanalytic functions [4-9]. Since polyanalytic functions have a much
more complicated structure of zeros [10], several essential tools from complex analysis cannot be
applied. However, in recent years, important progress has been made by combining analytic function
theory with methods from time-frequency analysis [11,4,12]. The purpose of the first part of this
paper is to translate these results from time-frequency analysis to the setting of coherent states
attached to higher Landau Levels. This has a twofold purpose: to bring the results to the attention
of the physics community and to motivate the results on the hyperbolic setting of the subsequent
section, where time-scale (wavelet) theory replaces time-frequency (Gabor) analysis. Indeed, our
main object of study in the paper is the quantum dynamics of a charged particle evolving on the open
hyperbolic plane under the action of a constant magnetic field. While previous work on this problem
has been concerned with the spectral properties of the corresponding Landau Hamiltonian [ 13,14] and
their associated continuous coherent states [ 15], the investigation of the associated discrete coherent
states labeled by discrete subgroups of PSL(2, R) = SL(2, R)/{Z%I} seems to have been overlooked.
The discrete coherent states are relevant for the understanding of the hyperbolic setting because
the nontrivial dynamics is induced by the tesselation of the Poincaré plane by discrete subgroups of
PSL(2, R), which are called Fuchsian groups. Important examples of Fuchsian groups are provided by
the modular group PSL(2, Z) and by the congruence groups of order n. Some background and examples
of Fuchsian groups are given in the last section. This is a remarkable instance of the usefulness of
analytic number theory in a physical problem. The idea of using Fuchsian groups as a replacement for
the Euclidean lattices seems to have first been used by Perelomov, who provides a full analysis of the
first hyperbolic Landau level in [ 16, Chapter 14], where the analysis is done in the disc. In the present
paper we make the corresponding analysis for the higher hyperbolic Landau levels. As the unit cell of
the model one considers a fundamental domain for the group. For instance, the set

1
D={Z€C+:|Z|Zland |Rez|§2}

is a fundamental domain for the modular group PSL(2, R).

The shadow area in Fig. 2 represents the fundamental domain D.

The following terminology will be used [17]. A functional Hilbert space # has a system {f;} of
coherent states, labeled by elements g of a locally compact group G if:

(i) There is a representation T : g — T of G labeled by unitary operators Ty on

(ii) There is a vector fy € # such that for f; = T, [fy] and for arbitrary f € # we have:

<f,f>ﬂ=/|(f,fg)|2dv(g>,
G

where dv stands for the left Haar measure of G.
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Fig. 1. An Euclidean lattice and a fundamental domain. See Section 2.3.

)
~ K
AR

Fig. 2. The modular group PSL(2, Z). See Section 3.5.

The core of the paper is organized in two sections and an Appendix with the more technical
proofs. Section 2 deals with Euclidean Landau levels and Section 3 with their hyperbolic analogues.
In each of the sections, after providing some background on the mathematical and physical model,
we first construct the coherent states associated with the higher levels and then investigate their
discrete counterparts. We finish with a short conclusion including some remarks about the theoretical
methodology, highlighting the interaction between physical and signal analysis which has made
possible the investigations carried out in this paper.

2. Euclidean Landau levels

2.1. Definitions

The Hamiltonian operator describing the dynamics of a particle of charge e and mass m, on the
Euclidean xy-plane, while interacting with a perpendicular constant homogeneous magnetic field, is
given by the operator

1 . e \?
H=_—— (th — 7A> , 2.1)
2m, c

where h denotes Planck’s constant, c is the light speed and i the imaginary unit. Denote by B > 0 the
strength of the magnetic field and select the symmetric gauge

r B B
A=——-xB=(—zy,=x],
2 272
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where r = (x,y) € R2. For simplicity, we set m, = e = ¢ = i = 1in(2.1), leading to the Landau
Hamiltonian

w2 B L (12 LB 22)
=5 \Uax ™27 ay 2 '

acting on the Hilbert space L? (RZ, dxdy). The spectrum of the Hamiltonian Hé consists of infinite
number of eigenvalues with infinite multiplicity of the form

1
Eg:(n+§)3, n=0,1,2,.... (23)

These eigenvalues are called Euclidean Landau levels. Denote the eigenspace of Hé corresponding to
the eigenvalue €2 in (2.3) by

Apn (R?) = {¢ € I* (R?, dxdy) , Hy [¢] = €/ ¢} . (2.4)

The following functions form an orthogonal basis for A, (C) [5]:

n! i1
@ =\ B T A B, 0

J! n=1_y (n) 2 ;
e (Blzl), 0<j,

(2.5)

2
ej,n(z) =

where the Laguerre polynomial is defined as

L n+ o\ th
L) = Z(—l)k<n B k>k!, o> —1.

k=0

Remark 1. In his book [16, pag. 35], Perelomov points out that the basis (2.5) had been used by
Feynman and Schwinger in a somewhat different form in order to obtain an explicit expression for
the matrix elements of the displacement operator. The functions (2.5) are also related to the complex
Hermite polynomials [ 18]. They occur naturally in several problems and different representations are
used. For instance, they have recently found applications in quantization [19-21], time-frequency
analysis [4], partial differential equations [22] and planar point processes [5]. In the next section we
recall a characterization theorem of the eigenspace g , (RZ) as the range of a suitable coherent state

transform of the Hilbert space L? (R), originally obtained in [23].

2.2. Coherent states for Euclidean Landau levels

Define the Heisenberg group H as the Lie group whose underlying manifold is R> together with
the group operation

1
x,y,r)(xt,y1, 1) = (x +x,y+y,r+r+ 3 (xyr — x/y)) .

The continuous unitary irreducible representations of H are well known [24]. Here we consider the
Schrédinger representation Ty of H on the Hilbert space L? (R, dt) [25] defined as

T, ey,0) [¥1(8) = exp (i (Bt — VByt + gxy>> W (t — «/Ex)
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for (x,y,r) € H,B > 0,4 € [?> (R, dt) and t € R. This representation is square integrable modulo
the center R of H and the Borel section oy of H over H/R = R? which is given by oy (%, y) = (x,y, 0).
Further, the following identity holds

/ (V1. Ts.o000y) [01]) (Th.op ey (2] ¥2) At (X, y) = (Y1, ¥2) (@1, ¢2) (2.6)
R2
for all Y1, V2, 1, 2 € L? (R). Displacing the reference state

_1
(£ 0)g, = (V2'n) 2 e 3H, (1), teR,
where Hj, (.) is the Hermite polynomial
[n/2] k n—2k
n! (=1)" (2t)
TACED BE a2
= kl(n—2k)!

via the representation operator Tp ,(xy), ONe obtains a set of coherent states denoted by the kets
vectors |(x, y) , B, n), with wave functions

_1 B 1 2
(t| (x,y),B,n) = (~/72"n!) 2 exp <—i«/§ty + iixy -3 (t - \/§x> )Hn (t — x/ﬁx) . (27)
The following resolution of the identity

ILZ(R) = /]R;Z |(X7y) 5 Bv n> ((Xsy) 7Bz n| dl’l/ (XaJ’)

holds as a consequence of (2.6). Thus the construction of coherent states is justified by the square
integrability of representation Ty modulo the subgroup R and the section op. For n = 0 (the lowest
Euclidean Landau level), the states |(x, y), B, 0) coincide with the canonical coherent states of the
harmonic oscillator. The coherent states (2.7) are associated with the coherent state transform

Vg L* (R) — L* (R, dxdy)
such that, given ¢ € I? (R),

VB,H [‘P] (X! y) = / (t I (X7 y) ) B7 n)(/) (t) dt
R

Thanks to the square integrability of T, the transform Vj , is an isometrical map. Since V , maps the
Hermite functions (an orthogonal basis of L? (R)) to the basis (2.5) (see [4] for details) its range is
exactly the eigenspace in (2.4):

Vi.n [L2 (R)] = g (Rz) .

Another realization of this eigenspace can be obtained by intertwining the Landau Hamiltonian (2.2)
as follows

B> (1 B B> 92 0
Ag=e2? | -HL, — — e 2% = — +Bz—.
? (2 2 2) 3920z 9z
The space s, (R?) then becomes
Agn (C) = {p € I*(C, e du) , App = nBy} . (2.8)

If B= 7 and n = 0 the space (2.8) is precisely the Fock-Bargmann space of entire square integrable
functions with respect to the Gaussian measure on C. For n > 0, the characterization takes the form

Varn [I2 (R)] = Az (C)

where the coherent state transform is given explicitly by

Varn 9] (2) = €377 0 Vo 1 [0] (2) = (—1)" By [9] (V72)
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where

Balel ) = 1", [0 Oexp (—%tz V2t - %wz) H, <t - w;f) .

The transform \N/zm is precisely the true polyanalytic Bargmann transform and the space 4, , (C) is
the true-polyanalytic space of index n, see [26,4,5].

2.3. Completeness properties

We want to understand the completeness properties of the coherent states constructed in the
previous section once they are labeled by a lattice A C C. The key observation is the fact that
their completeness and basis properties are equivalent to the completeness and basis properties of
Gabor systems with Hermite functions [ 11] and to sampling and uniqueness sets in true-polyanalytic
spaces [4]. Consider the lattice

A = Alwr, wp) = {Mw1 + Mywy; my,my € Z} CC

spanned by the periods @ and w; € C with Im(w;/w;) > 0. The size of the lattice A is the area
of the parallelogram spanned by w; and w,. Identifying R?> with C we can write A = 272, where
2 = |w1, wy]is aninvertible 2 x 2 matrix. The size of the lattice can now be defined ass(A) = |det £2|.
We say that A is a set of sampling for the space 4 , (C) if there exist constants C;, C; > 0 such that
forall F € Ap, (C),

_ 2
CilIFI%, o) < D_IF 0P e™ < GIIFIZ, o -
reA

Given a point (g, p) in the phase space R?, the corresponding time-frequency shift is
Tap 1) =e™f(t—q), teR.

Let h, (t) denote a Hermite function. The set G (h,,, A) := {n(qﬁp)hn, (q,p) € R} is a Gabor frame or a
Weyl-Heisenberg frame in L (R) whenever there exist constants C;, C, > 0 such that

oy = D0 |{F T Ul

q,p)eA

2
2
= C2 ||f||L2(]R) .

It follows from the lower inequality that if G (h,, A) is a frame then G (h,, A) is complete. For
simplicity, we consider the square lattice A, =  (Z +iZ), ® € R. In this case s(A,) = w?. For
B = m, it was proved that the lattice A,, is a set of sampling for 4, , (C) if and only if G (h,, A)
is a Gabor frame, see [4]. The following result is a consequence of combining this identification with
relatively recent results from time-frequency analysis.

Theorem 1. Let (|(x,y), 7, 1)) ,er2 be a system of coherent states attached to the nth Landau level
defined in (2.7). Then, the following holds:

() If @ < 15 then the system (|(x, ¥) , 70, M) x pea,, is complete.

(i) If w? > 1 then the system (|(x,y) , 7, ) (x.y)e4, IS incomplete.

Proof. The completeness property (i) follows from the fact that if v? < ﬁ then G (h,, A) is a Gabor

frame [11], therefore complete. The property (ii) is a consequence of the fact that, if > > 1, then a
Gabor system cannot be complete [27].

Remark 2. In the case n = 0 it is a classical result [1,2] that the systems are complete if v < 1and
incomplete if w? > 1. The above result is an extension of these results to coherent states attached to
higher Euclidean Landau levels e, n = 1,2, 3, .. ..
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Remark 3. For n > 0 there is still a considerable gap between conditions (i) and (ii). Finding a whole
description of the completeness and frame properties of Gabor systems indexed by lattices is a highly
non-trivial problem which has been subject of study since [11]. The very recent preprint [28] seems
to answer the question in the case of rational lattices.

Remark 4. The Landau Hamiltonian arises in the two-dimensional quantized Hall effect. A coherent
states formalism for the study of this problem has been developed by projecting the higher order states
in the lowest Landau Level, which can be modeled by analytic functions [29]. It is reasonable to expect
that the discrete coherent states associated with higher Landau Levels may provide an alternative
formalism.

3. Hyperbolic Landau levels

3.1. Hyperbolic Landau levels

In the hyperbolic setting, the configuration space is now the Poincaré upper half-plane C* = {z €
C,Imz > 0}. It is a complete two-dimensional simply connected Riemannian manifold of constant
negative curvature R = —1, endowed with the metric ds* = y=2 (dx? + dy?), where z = x + iy. A
constant homogeneous magnetic field on C™ is given by a 2-form dup defined as

2B
dug = —dedy
y

where B is the field intensity. The form du; is exact and any 1-form A such that dug = dA is called a
vector potential related to du. For our purposes it is convenient to choose A = 2By~ !dx. In suitable
units and up to an additive constant, the Schrédinger operator describing the dynamics of a charged
particle moving on C* under the action of the magnetic field B is given by [13]:

Hp == y? ” + ” 2iBy-
=Y\ a0 9y? Vox'
Different aspects of the spectral analysis of the operator Hg have been studied by many authors,

(see [14,13] or, for a more mathematical approach, [30]). We list here the following important
properties.

(i) Hg is an elliptic densely defined operator on the Hilbert space L? ((C*, dpLB), with a unique self-
adjoint realization that we denote also by Hp.

(ii) The spectrum of Hg in L? ((C+, duB) consists of two parts: a continuous part [1/4, +ool, corre-
sponding to scattering states and a finite number of eigenvalues with infinite degeneracy (hyperbolic
Landau levels) of the form

=B-n@1-B+n), n:O,l,Z,...,LB—%J. (3.1)

The finite part of the spectrum exists provided 2B > 1.The notation |a| stands for the greatest integer
not exceeding a.

(iii) For each fixed eigenvalue €&, we denote by

& (C*) ={@ e > (C*, dus) , He® = €)@} (32)
the corresponding eigenspace. Its reproducing kernel is given by

)" I (2B -7\ " 7\
Kop ey = D <—n)< ¢> (g)

n!I" (2B — 2n) 4lmz Im¢ z—¢
4Imz Im¢
xaF | =2B—m, —m, 2B — 2m, ———~
|z —¢|

where ,F; is the Gauss hypergeometric function.



344 L.D. Abreu et al. / Annals of Physics 363 (2015) 337-353

Remark 5. The condition 2B > 1 ensuring the existence of the discrete eigenvalues means that the
magnetic field has to be strong enough to capture the particle in a closed orbit. If this condition is
not fulfilled the motion will be unbounded and the particle will escape to infinity. More precisely,
the orbit of the particle will intercept the upper half-plane boundary whose points stand for points
at infinity [ 13, pg. 189]. To the eigenvalues in (3.1) correspond eigenfunctions which are called bound
states. This terminology is due to the fact that the particle in such a bound state cannot leave the
system without additional energy.

3.2. Bergman spaces

For n = 0, the reproducing kernel of 85 ((C*) reduces to
(Imz Im¢)®
—\2B °
(z-9)

This is the reproducing kernel for the (2B — 2)-weighted Bergman space A1 (C), constituted by
analytic functions f on the upper half-plane with finite norm

Kop (z,¢) = e™B4®

Wl ey = [ U @15 2ty < +oc.
C

Thus, &5 (C*) coincides with A5 (CT).

An important fact to be used in the Appendix proof of the main results is the following. Note also
that for a general weight v, the Bergman space A, (C*) is connected to the space L (R, t~'dt) by
the integral transform defined as

+o00 43 )
Ber, [h] (z) = / t72 h(t)e“dt (3.3)
0

see, for instance [31,32]. This provides an isometric isomorphism
Ber, : I* (R*, t7'dt) — A, (C*).
The transform is onto because one can deduce from the special function formula

r(m+1+a) (u—l)m 1

m! u yot1 (34)

o0
/0 t*LY (t)e Mdt =

that the Laguerre functions are mapped to a basis of A, ((C*) formed by rational functions which
are further mapped to the unit disc by a conformal map. Some details and remarks about these
calculations are given in [33] and [34].

3.3. The affine group acting on the Poincaré half-plane

For our purposes we will recall a characterization theorem of 85 ((C+) as the range under a suit-
able coherent state transform Wj , defined on the Hilbert space # := 2 (R*, t‘1dt). We start with
the identification of the Poincaré upper half-plane C* with the affine group G = R x R™, by setting
z = x+iy = (x,y).The grouplaw of G is (x, y) . (x/, y/) = (x + yx/, yy).Gis alocally compact nonuni-
modular group with the left Haar measure du (x, y) = y~2dxdy and modular function A (x, y) =y~ ..
By this identification the space L? (G, du) coincides with the space L ((C*, dug).We shall consider one
of the two inequivalent infinite dimensional unitary irreducible representations of the affine group G,
denoted 7, realized on the Hilbert space # as

e (X, y) [@] () :=exp (ixt/2) ¢ (yt), ¢ € H, t € R,
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This representation is square integrable since it is easy to find a vector ¢g € # such that the function
*,y) = (4 (x,¥) [¢o] , ¢0) 4 belongs to 1? (G, di). This condition can also be expressed by saying

that the self-adjoint operator K : # — # definedasK [¢](.) = (.)_%w (.) gives

[ ) (or s e D G ) VLol = ) (i il K [,
G

for all ¥y, V2, @1, 2 € H. The operator K is unbounded because G is not unimodular [35]. We will
also use the notation

7l (% p) 9] (6) =y? exp (ixt/2) p (), @ € H#, t € R
such that
70y [03e O] © = Bl kel ©) (35)

and also, for functions @ such that their Fourier transform belongs to L (R*) (this is essentially the
Hardy space where the wavelet transformation is often defined),
_1 _
"y @1t =y 20 (y (t —x).

For shortness of notations, in some situations we will represent the point (x, y) by the complex num-
ber z = x + iy, often with no explicit mention.

3.4. Coherent states for higher hyperbolic Landau levels

Now, as in [15], we consider a set of coherent states denoted by the ket vectors |(x, y) , B, n) and
obtained by displacing, via the representation operator 7 (x, y), the reference state vector |0}z, in
the Hilbert space # with wave function given by

1
r2B—n)\ 2
(t]0)p, = <(T)) tB—ne—%tL;Zsznq) (t).
Precisely,
|(x,y),B,n) =71 (X,¥) |0)pp. (3.6)
The wave functions of the coherent states (3.6) are given by
1
I 2B—n)\ 2 —n —Leoy—i _on—
(t | (x.y),B,n) = (T) (ty)" " e 2 OTLEED (ry) (3.7)

These coherent states are completely justified by the square integrability of the unitary irreducible
representation 77 and if follows from the special function formula (3.4) that we have a resolution of
the identity for the space # = L? (R™, t~"dt):

1y = c5, / du (x,y) |(x,y), B, n) ((x,y),B,n|,
G

where cg, = (2(B—n) — 1)~'. The coherent states (3.6) are associated with the coherent state
transform
-1 - dt
Wenlo]l (%, y) = c3 . (t] x,y),B,ng(t) = (3.8)
R

The range of the map Wj,, : [* (RT, t~'dt) — L* (CT, dus) is the eigenspace (3.2):
W [I* (RT, t71dt)] = &) (CT)
for every n € Z, N[0, B— 3] provided that 2B > 1.

Remark 6. Note that, for n = 0, the lowest hyperbolic Landau level, the states |(x, y) , B, 0) coincide
with the well known affine coherent states [36].
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3.5. Wavelet transforms with Laguerre functions

In this subsection we write the coherent states of the previous section in terms of wavelet
transforms with analyzing wavelets @7 defined via the Fourier transforms in terms of Laguerre
polynomials LY as

a+1
2

FoX(t) =t 2 e 'LY(21). (3.9)

Some of the structural properties of @7 that will be key in our approach are a consequence of their
explicit formula, which displays @ as linear combinations of {@g”"}ﬁzo:

n(_)k
o= 2 (Zf?j) 5.

k=0

Now, let ¢ € [? (R, t~'dt). Combining (3.8) and (3.7) gives

1

~1(r@B—m\ 2 n = L (2B—2n— dt

Weanlol (. y) = ¢35, (T) /+ (ty)B " e~ 2t 00 2B=2n=D) W)@ ®
. R

With z = x + iy, we have that —Jt (y + ix) = 3&iz. Set g, = cgn (n) ™' I" (2B — n) and rewrite the
above as

1 1 _on— d
Wa.n [0] (. 9) = v, / 0 (0) ()" edsie P (tw)?t- (3.10)
Rt

Since 74 (%, y) [(.)% lﬁB‘z"‘l(.)] () = (ty)5 " e2Z[ 252D (ty) then (3.10) becomes

1 1 dt
Wanlelxy) =it [ 0 (man[OIET0]) 0 F

1

= Vo (w, 7y (X, Y) [(.)% [2p-2n (.)]) (3.11)

LZ(R+,%) ’
Since 7, (x, ) [(.)% é (.)] (t) = t2x! (x,y)[¢ ()] (t), then (3.11) becomes

Wealel x,y) = yBTnj <()7%¢()’ ﬂl @) [liBiZ”A] (')>L2(R+.dt) ’

If o € [*(RT,t7'dt), then ! (t‘ﬁo) is in H? (C*) and the scalar product above may also be
written as

(0200 7 @[ 0), =W [FTH (07 0) ] @),

12(RT,dr)
where W _>s-n-1 stands for the wavelet transformation [31], defined as
n
W¢' [‘ﬂ] (X,y): (‘p’nl¢>L2(R)7 Z:X—’_iy’ y>05

where £ @ e [? (]R““, t‘ldt). The two transforms are related as follows

Wan 9] (.3) = vt Wt [F7 (071 000) ] . (312)

Remark 7. This also means that we have another realization of the bound states space &2 (C™) in
(3.2) as the image of the Hardy space H ((C+) under the wavelet transform W 2-m-1.
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With the help of the transform Ber, in (3.3), we will be able to express the transform Wg ,, [f] of
any function f in [2 (R*, t”dt) as a combination of derivatives of an analytic function.

Proposition 1. If f € [* (RT, t~'dt), then

& @ 2B—n—1\ s
Wnlf1@ =v5,i ) =0 ( n—k )y" HEW @)
k=0 :

where F (z) = Beryp—ny—1 [f] (z) belongs to the weighted Bergman space Ayg—_n)—1 (C*).

Proof. Take f € [* (RT, t~'dt). Then the functionu = # ! (t‘%f) € H? (C"). Write F := Ber, [f],

where v = 2 (B — n) — 1.In [32, pg. 256], it is shown that the wavelet transform of u decomposes in
terms of derivatives of the analytic function F € Ayg_n—1 (C*) as

n =~k
~ 20" (2B—n—1
W(Pg(B—n)—]u (Z) = E T n— k

) YEIEHE® () (3.13)
k=0

Recalling the relation (3.12) between the two transforms, we may rewrite (3.13) as

IR @) (2B—n—1\ pon1
Wanf 069) = Vet D=1 ( n—k )an 7Y @) (3324)
k=0 .

This completes the proof.

3.6. Fuchsian groups and their automorphic forms

Let I, be the identity matrix. Since one can identify the Poincaré half-plane C* with the quotient
group

PSL(2,R) :=SL(2,R) / {£L},

also known as the group of Mdébius transformations, the subgroups of PSL (2, R), known as Fuchsian
groups, describe the isometries of the hyperbolic metric of C*. Since the nontrivial dynamics of
a particle in the upper half-plane is induced by its tesselation by discrete subgroups, we want to
understand the completeness properties of the coherent states introduced in the previous section,
once they are labeled by Fuchsian groups. Thus, we need to recall some basic facts about Fuchsian
groups and their associated automorphic forms. Consider the group SL (2, R) of real 2 x 2 matrices
with determinant one, acting on C* according to the rule

az+b _<a b

g.Z:m, c d> ESL(Z,R)-

Notice that g and —g have the same action on C.
A Fuchsian group G is a discrete subgroup of PSL (2, R). The most important example is the modular
group PSL (2,7) = SL(2,Z) / {£L,}, where

5L(2,Z)={<g Z):a,b,c,deZ,ad—bc:l}.

An important class is provided by the congruence groups of order n, G(n),

G(n) = {(g Z) €SL(2,7Z) : (‘CJ Z) = :tl(modn)}.

Further terminology will be required. The G-orbit Gz of a point z € C* under the action of the group
Gis
Gz ={gz:g €G}.
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A fundamental domain for a Fuchsian group G is a closed set D C C* such that D is the closure of its
interior D, no two points of D° lie in the same G-orbit and the images of D under G cover C*. For
instance, a fundamental domain for G = PSL (2, Z) is given by

1
D=1{zeC":|z| > 1and |Rez| < =} .
2

In the hyperbolic model, the orbit of an element z € D will replace the role of the lattice A (w1, @) in
the Euclidean model of the previous section, while the fundamental domain D replaces the role of
the parallelogram spanned by w; and w,. We will restrict to Fuchsian groups such that D has finite
hyperbolic area. In this case, D can be chosen as a polygon with an even number 2k of sides. The sides,
grouped in pairs, are equivalent with respect to the action of G. The vertices of the polygon are joined
in cycles of vertices which are equivalent to each other. If the region is a polygon with vertices lying on
the boundary of C*, the cycle is called parabolic (often referred to in the literature as cusps), otherwise
it is called elliptic. Let r be the total number of cycles and ey, . . ., e; be the orders of the inequivalent
elliptic points of G. Joining equivalent vertices and cycles, leads to the construction of the Riemann
surface G \ C*, whose genus § is given by 2§ = 1+ k — r. The set (4,1, eq, ... ., e;) is called the
signature of the group G. It contains information to compute the area S; of the fundamental domain D:

Sc =27 {29—2+Z{1 - SH (3.14)
1=1 !

Now we introduce the notion of an automorphic form associated with G. Forallm € 7,z € C* and
any function f with domain C*, let

(flng) @ =(z+d)"f(gz), g= (2 Z) €SL(2,R).

An automorphic form of weight m with respect to a Fuchsian group G is a meromorphic function f on
C* such that
(flng) =1,
for all g € G. The number N of zeros of f inside the fundamental domain D of the group G is given by
Poincaré’s formula
Sc
m—.
2
The set of all automorphic forms of weight m is denoted by 27" (C*). Consider also oI (C*), the set
of functions f € 27 (C*) holomorphic on C* (including all cusps of G). We write ¢! (CT) for the set
of functions f € 27 ((C+) which are zero at all cusps of G (the so-called cusp forms). The inclusions
among these spaces are the following:

¢? (CF) C ol (CF) c 28 (c).

N = (3.15)

The dimension dim $Hol! ((C*) is known explicitly [37, p. 46, Theorem 2.23] in terms of m, the genus
g of the Riemann surface G \ C™, the orders of the inequivalent elliptic points of G. Assuming that all
cusps of G are equivalent,

(2m—1)(g—1)+2{m<1—§)J, m>1
=1 !

i +) —
dim ol (CT) = g, m=1 (3.16)
1, m=20
0, m < 0.

Here | x| denotes the largest integer less or equal to x.
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3.7. Completeness theorem

The next results (see the Appendix for proofs) provide necessary conditions for the completeness
of the discrete coherent states indexed by Fuchsian groups.

Theorem 2. Let {|z, B, n)},.c+ be asystem of coherent states attached to the nth hyperbolic Landau level.
If the subsystem {|go, B, n)}gec indexed by the Fuchsian group G associated with the automorphic form
Fo of weight my, vanishing at one point o € C* is complete, then
1B—n
moy = — .
214+n

If we can choose the automorphic form of weight my = é—’é where S; is the area of the fundamental
domain the above theorem can be rephrased as a necessary upper bound on Sg.

Corollary 1. Let {|z, B, n)},cc+ be a system of coherent states attached to the nth hyperbolic Landau level.
If the subsystem {|g&o, B, n)}gcc indexed by the Fuchsian group G vanishing at one point ¢, € C' is
complete, then

1+n

S¢ < 4m

Let us consider dim ol ((C*) > 2. This guarantees the existence of an automorphic form of
weight m vanishing at a given ¢y, using appropriate linear combinations. When ¢ = 0 and m > 2, my
can be evaluated explicitly in terms of the signature (0, r, ey, ..., e;) of the group Fuchsian group G.

Corollary 2. Let G be a group of signature (0,1, ey, ..., ), with dim $olf ((C+) > 2and m > 2. If the
subsystem {|g¢o, B, n)}gcc indexed by the Fuchsian group G is complete, then

! 1 1+n
Z{I—J—Zsz tn
= e B—n

In particular, if G = PSL (2, Z), then

1 1+n
- >2 .
6 B—n

Remark 8. If we impose the frame condition on the coherent states, the inequality

1B—n

mo = -~
21+n

is an obvious consequence of Theorem 1 because the frame property is stronger than the completeness

property. In the case of the Fuchsian group of dilations, it is possible to use a standard perturbation

argument from wavelet theory [38], which assures that small pseudohyperbolic perturbations of the

index set of a wavelet frame keep the wavelet frame property and obtain a strict inequality (this has

been done in [39] and [32]). However, it is not clear if such a perturbation argument can be adapted

to the case of a general Fuchsian group. We leave the problem as a question for the interested reader.

4. Conclusion

We have constructed discrete coherent states associated with the evolution of a particle under the
action of a constant magnetic field when higher Landau levels are formed, first in the Euclidean and
the in the hyperbolic model. Both in the higher Euclidean and the hyperbolic Landau levels, one can
construct discrete coherent states by indexing the continuous ones by the discrete subgroups that
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reflect the symmetries of the underlying geometry. The main conclusion is that, in both cases, the
completeness of the coherent states depend explicitly on the size of the fundamental domain, on the
order of the Landau Level and on the intensity of the magnetic field. The analysis of the hyperbolic
case is based on the properties of the automorphic form of weight m associated with the Fuchsian
group G of the hyperbolic plane. If G admits an automorphic form of weight with a single zero inside
D, then S¢ = %’ and we can choose the automorphic form of weight mg = Z’ST—G where S; is the area
of the fundamental domain. Then, the following restriction must be imposed for the completeness of
the coherent states:
1B—n
moy = — .
214+n

In terms of the area S; of the fundamental domain

1+n
SG<4JT .
B

The methods used in this paper have their origins in several areas of mathematics, physics and
signal analysis. It is not surprising that signal analysis and physics are strongly interrelated, since
time-frequency (Gabor) analysis is the counterpart of the standard coherent states and time-scale
(wavelet) analysis is the counterpart of affine coherent states and affine integral quantization [20].
But the arithmetic aspects connected to the hyperbolic geometry seem to have been somehow
overlooked. Among the possible subgroups, only the Fuchsian group of dilations has been used in
signal analysis [39], leading to the standard discretization of the half plane used in wavelet theory.
We speculate that the discrete coherent states introduced in this paper may be useful in the analysis
of signals, due to the variety of the discrete groups of the upper half-plane. Finally, we would subscribe
to the last sentence of the conclusion of [20], since we believe it also applies to the current research:
(...)mutual irrigations between quantum physics and signal analysis deserve a lot more attention in future
investigations.
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Appendix

Proof of Theorem 2. Let f e [?(R*, t~'dt). Then we can use Proposition 1

n =~k
WB,n [f] (Z) — VBTH% Z % (ZB —n-— ]) yB—n—%+I<F(I<) (Z) (A.])
k=0 :

n—k

where
F = Beryg—n)—1[ul € Ay—n)—1 ((C+) .

The idea of the proof is the following. Using the theory of automorphic forms, we will construct a
function H € Ayp_n—1 (CT) vanishing at a point £, € C* and such that, fork = 0,...,n, H®
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vanishes at G¢o, the orbit of ¢, under the action of G. Then set F = H in (A.1); the surjectivity of
Bery_ny_1 assures the existence of f € [(R", t~1dt) such that

H = Beryg—n)—1[f]
{WB.n f1@ :2(63, )iflz € Ggo. (A2)

The function H is constructed as follows. Let Fy,, be a modular form of weight my, that is, a function

analytic on the upper-half plane such that

_ —amg az+b
Fny(2) = (cz 4+ d) Fing (cz n d) . (A.3)

If G admits an automorphic form Fp,, (z) vanishing at possible cusps and vanishing at a point ¢, € C*¥,
the functional equation (A.3) implies that Fy,, (z) vanishes at G¢,. Since

az+b

Imz)~ ' |1 = |cz+d|?,

(Imz) m<cz+d>’ lcz + d|
we have

az + b\ |™ az+b

F = (I | F, .

[Fing(2)] = (1m2) m(cHd) mo(cz+d>’
Thus, the function

mo

m _ az +b
(Im2)™ |Fypy (2)| = ’[m (cz —l—d)

az+b
Fpg | ——

z+d
is non-negative and continuous in the fundamental region D. Moreover, it tends to 0 as Imz — oo
(this follows from an argument using g-expansions [40, pg. 94, formula (40)]). Hence, due to its G-

invariance, it is bounded in the whole upper half-plane C*. As a result, the automorphic form Fiy (2)
satisfies

|Fmg ()| < llmz| ™™, foreveryz € C*. (A4)

The above argument is well known in number theory (for instance, it is an important step in the proof
of Hecke’s bound on Fourier coefficients of cusp forms [40, pg. 94]). Now we argue by contradiction,

supposing that 2m, < ﬁ%’;. This implies the existence of € > 0 such that mg(n + 1) = %

o = 2(B — n) — 1. Define
H@) = @z + )~ [Fny @] @)

and observe that H # 0 and that the derivatives H® (z) vanish at G¢y. The estimate (A.4) then yields

atl—e

H@)| < |z 4 i€ (Imz)~ D™ = |z 4§~ (Imz) ™ z . (A.5)
Now let w € D. With the change of variables z = i % one can write the integral in the unit disk. The
detailed calculation follows
2i (1—w*) (1= w)”
z+i= ; Imz = ——; Imz)* dut(z) = ————du®P(w),
g T wp (Imz)* du™(z) |1_wlmzu()

where duP(w = x + iy € D) = dxdy is the area measure in the unit disc and du*(z)(z € C*) =
d (Rez) d (Imz) is the area measure in the upper-half plane. Thus (A.5) becomes

1 w+1
g (i
(1 — w)ett (ll —w)

+1—
SA—jwP)="7
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Now, in order to show that H € Ayg_n)—1 ((C*), the integral can be estimated as follows.

1 w+1
/D (1—w>a+1H<'1—w>

f (1= [w) =+ (1 — |w®)*du® (w)
D

2
(1 = lw)*du® (w)

/ IH@)I” (Im2)* dp* (2)
ct

N

/(1 — lwP» " edul(w) < oo.
D

The last inequality can easily be verified directly by definition of area measure or using the reproduc-
ing kernel equation for Bergman spaces in the unit disc. Thus, H(z) € Ag—2—n)—1(C") vanishes on G,
together with its derivatives and H(z) satisfies (A.2). This is enough to finish the proof, since the exis-
tence of a nonzero f € [?(RT, t~1dt) such that Wy, [f] (z) vanishes on the whole orbit G¢, leads to

1

_1 - d
c,,,;/ ET2 B0 0% =Wy 1@ =0, 2 < Ga,
Rt

and contradicts the hypothesis of {|g¢o, B, n)},<; being complete. Thus, the condition 2m, < b-n

1+n
does not hold. As a result one must have mg > %%

Proof of Corollaries 1 and 2. If dim $olf’ ((C*) > 2 one can find an automorphic form of weight m
vanishing at a given ¢y, using appropriate linear combinations. Moreover, if ¢ = 0 and m > 2,

r 1
dim $olf (C*) =1 —2m+2; Lm (1 - el)J (A6)
Then, comparing (A.6) with the formula (3.14) for S¢ and using Poincaré’s formula (3.15), gives:

N > dim $olf (C*) —1>1,
since dim $Hol? (C*) > 2. Thus, the quantity

moSg
2
is minimized when N(mg) = 1, leading to the explicit value of the least weight my:

27 r L 1J
my=—= 1——|-2
SG Xl: €

=

N(myg) =

-1

The statement for G = PSL (2, Z) can be obtained by using its signature (0, 3; 2, 3, c0) or by showing
directly that the area of the fundamental domain is S¢ = 3.

References

[1] A.M. Perelomov, Theoret. Math. Phys. 6 (1971) 156-164.
[2] V.Bargmann, P. Butera, L. Girardello, J.R. Klauder, Rep. Math. Phys. 2 (1971) 221-228.
[3] J.v. Neumann, Mathematische Grundlagen der Quantenmechanik, Springer-Verlag, Berlin, 1932, English translation:
“Mathematical Foundations of Quantum Mechanics”, Princeton Univ. Press, 1955.
[4] L.D. Abreu, Appl. Comput. Harmon. Anal. 29 (2010) 287-302.
[5] A.Haimi, H. Hedenmalm, ]. Stat. Phys. 153 (1) (2013) 10-47.
[6] L.D. Abreu, Integral Equations Operator Theory 73 (2012) 177-193.
[7] N. Askour, A. Intissar, Z. Mouayn, C. R. Acad. Sci. Paris Sér. 1 325 (1997) 707-712.
[8] N.L. Vasilevski, Integral Equations Operator Theory 33 (1999) 471-488.
[9] N.L. Vasilevski, Commutative Algebras of Toeplitz Operators on the Bergman Space, in: Oper. Theory Adv. Appl., vol. 185,
Birkhduser, Basel, 2008.
[10] M.B. Balk, Polyanalytic Functions, Akad. Verlag, Berlin, 1991.
[11] K. Grochenig, Y. Lyubarskii, C. R. Acad. Sci. Paris, Ser. 1 344 (2007) 157-162.


http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref1
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref2
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref3
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref4
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref5
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref6
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref7
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref8
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref9
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref10
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref11

L.D. Abreu et al. / Annals of Physics 363 (2015) 337-353 353

[12] AJ. Bracken, P. Watson, J. Phys. A 43 (2010) Art. no. 395304.

[13] A. Comtet, Ann. Phys. 173 (1987) 185-209.

[14] C. Grosche, Ann. Phys. 187 (1988) 110-134.

[15] Z. Mouayn, ]. Phys. A: Math. Gen. 36 (2003) 8071-8076.

[16] A.M. Perelomov, Generalized Coherent States and Their Applications, 1986, in: Texts and Monographs in Physics, vol. 6,
Springer, pp. 156-164, 1971.

[17] S.T. Ali, ]J.P. Antoine, ].P. Gazeau, Coherent States and Their Generalizations, Springer, Berlin, 2000.

[18] M. Ismail, Trans. Amer. Math. Soc. (2015) online published, http://dx.doi.org/10.1090/tran/6358.

[19] S.T. Ali, F. Bagarello, J.P. Gazeau, Ann. of Phys. 332 (2012) 127-142.

[20] H. Bergeron, J.P. Gazeau, Ann. Phys. 344 (2014) 43-68.

[21] N. Cotfas, ].P Gazeau, K. G'orska, J. Phys. A: Math. Theor. 43 (2010) 305304-1-14.

[22] M. de Gosson, Comm. Partial Differential Equations 33 (10-12) (2008) 2096-2104.

[23] Z. Mouayn, J. Phys. A: Math. Gen 37 (2004) 4813-4819.

[24] G.B. Folland, Harmonic Analysis in Phase Space, in: Ann. Math. Stud., Vol. 122, Princeton Univ. Press, Princeton, NJ, 1989.

[25] M.E. Taylor, Math. Surv. Monogr., Vol. 22, Amer, Math. Soc., Providence, RI, 1989.

[26] N.L. Vasilevski, Differential Operators and Related Topics, Vol. I (Odessa, 1997), 371-386, in: Oper. Theory Adv. Appl.,
vol. 117, Birkhduser, Basel, 2000.

[27] ]J. Ramanathan, T. Steger, Appl. Comput. Harmon. Anal. 2 (1995) 148-153.

[28] K. Grochenig, A. Haimi, ].L. Romero, Complenetess of coherent state subsystems, 2015, preprint arXiv:1507.02124.

[29] S.M. Girvin, T. Jach, Phys. Rev. B 29 (1984) 5617-5625.

[30] S.J. Patterson, Compos. Math. 31 (1975) 227-259.

[31] L. Daubechies, Ten Lectures On Wavelets, in: CBMS-NSF Regional Conference Series in Applied Mathematics, 1992.

[32] L.D. Abreu, C. R. Acad. Sci. Paris, Ser. 1349 (2011) 255-258.

[33] L.D. Abreu, Int. Transf. Spec. Funct. 19 (2008) 463-470.

[34] P. Duren, E.A. Gallardo-Gutiérrez, A. Montes-Rodriguez, Bull. Lond. Math. Soc. 39 (2007) 459-466.

[35] M. Duflo, C.C. Moore, J. Funct. Anal. 21 (1976) 209-243.

[36] J.R. Klauder, J. Phys. A: Math. Theor. 45 (24) (2012).

[37] G. Shimura, Introduction to The Arithmetic Theory of Automorphic Functions, Publ. Math. Soc. Japan, no11, Tokyo-
Princeton, 1971.

[38] G. Ascensi, . Bruna, IEEE Trans. Inform. Theory 55 (2009) 2250-2259.

[39] K. Seip, Proc. Amer. Math. Soc. 117 (1993) 213-220.

[40] ].-P. Serre, A Course in Arithmetic, Springer, 1973.

Further reading

[1] H.G. Feichtinger, Monatsh. Math. 92 (4) (1981) 269-289.
[2] H. Hedenmalm, B. Korenblum, K. Zhu, The Theory of Bergman Spaces, Springer, 2000, ISBN 978-0-387-98791-0.
[3] W. Roelcke, Math. Ann. 167 (1966) 292-337.


http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref12
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref13
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref14
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref15
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref17
http://dx.doi.org/10.1090/tran/6358
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref19
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref20
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref21
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref22
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref23
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref24
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref25
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref26
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref27
http://arxiv.org/1507.02124
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref29
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref30
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref32
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref33
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref34
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref35
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref36
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref37
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref38
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref39
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref40
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref41
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref42
http://refhub.elsevier.com/S0003-4916(15)00344-9/sbref43

	Discrete coherent states for higher Landau levels
	Introduction
	Euclidean Landau levels
	Definitions
	Coherent states for Euclidean Landau levels
	Completeness properties

	Hyperbolic Landau levels
	Hyperbolic Landau levels
	Bergman spaces
	The affine group acting on the Poincare half-plane
	Coherent states for higher hyperbolic Landau levels
	Wavelet transforms with Laguerre functions
	Fuchsian groups and their automorphic forms
	Completeness theorem

	Conclusion
	Acknowledgments
	Appendix
	References
	Further reading


