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1. Introduction

The power spectrum analysis of stochastic spectra [ 1] had recently emerged as a powerful tool for
studying both system-specific and universal properties of complex wave and quantum systems. In
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the context of quantum systems, it reveals whether the corresponding classical dynamics is regular
or chaotic, or a mixture of both, and encodes a ‘degree of chaoticity’. In combination with other
long- and short-range spectral fluctuation measures, it provides an effective way to identify system
symmetries, determine a degree of incompleteness of experimentally measured spectra, and get
the clues about systems’ internal dynamics. Yet, the theoretical foundations of the power spectrum
analysis of stochastic spectra have not been settled. In this paper, a nonperturbative theory of the
power spectrum will be presented.

To set the stage, we review traditional spectral fluctuation measures (Section 1.1), define the
power spectrum (Definition 1.1) and briefly discuss its early theoretical and numerical studies as
well as the recently reported experimental results (Section 1.2). We then argue (Section 1.3), that
a form-factor approximation routinely used for the power spectrum analysis in quantum chaotic
systems is not flawless and needs to be revisited.

1.1. Short- and long-range measures of spectral fluctuations

Spectral fluctuations of quantum systems reflect the nature - regular or chaotic - of their under-
lying classical dynamics [2-4]. In case of fully chaotic classical dynamics, hyperbolicity (exponential
sensitivity to initial conditions) and ergodicity (typical classical trajectories fill out available phase
space uniformly) make quantum properties of chaotic systems universal [3]. At sufficiently long
times t > T,, the single particle dynamics is governed by global symmetries of the system and
is accurately described by the random matrix theory (RMT) [5,6]. The emergence of universal
statistical laws, anticipated by Bohigas, Giannoni and Schmit [3], has been advocated within a
field-theoretic [7,8] and a semiclassical approach [9] which links correlations in quantum spectra
to correlations between periodic orbits in the associated classical geodesics. The time scale T, of
compromised spectral universality is set by the period T; of the shortest closed orbit and the
Heisenberg time Ty, such that T} < T, <« Ty.

Several statistical measures of level fluctuations have been devised in quantum chaology. Long-
range correlations of eigenlevels on the unfolded energy scale [5] can be measured by the variance
X?(L) = var[N(L)] of number of levels N(L) in the interval of length L. The ¥?(L) statistics probes
the two-level correlations only and exhibit [10] a universal RMT behavior provided the interval L is
not too long, 1 < L <« Ty/T;. The logarithmic behavior of the number variance,

2
22 (L) = mlnwou), (1.1)
indicates presence of the long-range repulsion between eigenlevels. Here, 8 = 1, 2 and 4 denote the
Dyson symmetry index [5,6]. For more distant levels, L > Ty /Ty, system-specific features show up
in thaos(L) in the form of quasi-random oscillations with wavelengths being inversely proportional
to periods of short closed orbits.

Individual features of quantum chaotic systems become less pronounced in spectral measures
that probe the short-range fluctuations as these are largely determined by the long periodic
orbits [9]. The distribution of level spacing between (unfolded) consecutive eigenlevels, P(s) =
(6(s — Ej + Ejy1)), is the most commonly used short-range statistics. Here, the angular brackets
denote averaging over the position j of the reference eigenlevel or, more generally, averaging over
such a narrow energy window that keeps the classical dynamics essentially intact. At small spacings,
s < 1, the distribution of level spacings is mostly contributed by the two-point correlations, showing
the phenomenon of symmetry-driven level repulsion, P(s) o s?. (In a simple-minded fashion, this
result can be read out from the Wigner surmise [5]). As s grows, the spacing distribution becomes
increasingly influenced by spectral correlation functions of all orders. In the universal regime
(s < Ty/Ty), these are best accounted for by the RMT machinery which produces parameter-free
(but B-dependent) representations of level spacing distributions in terms of Fredholm determi-
nants/Pfaffians and Painlevé transcendents. For quantum chaotic systems with broken time-reversal
symmetry (8 = 2) - that will be the focus of our study - the level spacing distribution is given by the
famous Gaudin-Mehta formula, which when written in terms of Painlevé transcendents reads [6,11]

dz Znsa t
Pchaos(s) = as? exp (/ #dt> . (1.2)
0
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Here, og(t) is the fifth Painlevé transcendent defined as the solution to the nonlinear equation
(v=20)

(to) Y + (to] — o) (to] — o, +4(0])*) — 4v*(0,)* =0 (1.3)

subject to the boundary condition og(t) = —t/2m — (t/27)* +o(t*)ast — 0.

The universal RMT laws [Eqgs. (1.1) and (1.2)] apply to quantum systems with completely chaotic
classical dynamics. Quantum systems whose classical geodesics is completely integrable belong to
a different, Berry-Tabor universality class [12], partially shared by the Poisson point process. In
particular, level spacings in a generic integrable quantum system exhibit statistics of waiting times
between consecutive events in a Poisson process. This leads to the radically different fluctuation
laws: the number variance Z‘izm(L) = L is no longer logarithmic while the level spacing distribution
Pint(s) = e~* becomes exponential [2], with no signatures of level repulsion whatsoever. Such a
selectivity of short- and long-range spectral statistical measures has long been used to uncover
underlying classical dynamics of quantum systems. (For a large class of quantum systems with
mixed regular-chaotic classical dynamics, the reader is referred to Refs. [13-15].)

1.2. Power spectrum: Definition and early results

To obtain a more accurate characterization of the quantum chaos, it is advantageous to use
spectral statistics which probe the correlations between both nearby and distant eigenlevels. Such
a statistical indicator - the power spectrum - has been suggested in Ref. [16].

Definition 1.1. Let {&; < --- < gy} be a sequence of ordered unfolded eigenlevels, N € N,
with the mean level spacing A and let (§¢,8en,) be the covariance matrix of level displacements
ey = g¢ — (g¢) from their mean (g;). A Fourier transform of the covariance matrix

N N
1 ‘
Sh@) = 5 D ) Becdem) @, w € R (1.4)
=1 m=1

is called the power spectrum of the sequence. Here, the angular brackets stand for an average over
an ensemble of eigenlevel sequences. ®

Since the power spectrum is 27 -periodic, real and even function in w,
Sn(w +27) = Sy(@),  Sy(w) = Sy(w),  Sn(—w) = Sn(w), (1.5)

it is sufficient to consider it in the interval 0 < w < wyy, where wyy = 7 is the Nyquist frequency. In
the spirit of the discrete Fourier analysis, one may restrict dimensionless frequencies w in Eq. (1.4)
to a finite set

2k (16)
wp = — .
““N
with k = {1,2,...,N/2}, where N is assumed to be an even integer. We shall see that resulting

analytical expressions for Sy(wy) are slightly simpler than those for Sy(w).

Remark 1.2. We notice in passing that similar statistics has previously been used by Odlyzko [17]
who analyzed power spectrum of the spacings between zeros of the Riemann zeta function. ®

Considering Eq. (1.4) through the prism of a semiclassical approach, one readily realizes that, at
low frequencies w < T, /Ty, the power spectrum is largely affected by system-specific correlations
between very distant eigenlevels (accounted for by short periodic orbits). For higher frequencies,
o 2 T, /Ty, the contribution of longer periodic orbits becomes increasingly important and the power
spectrum enters the universal regime. Eventually, in the frequency domain T, /Ty < @ < wxy, long
periodic orbits win over and the power spectrum gets shaped by correlations between the nearby
levels. Hence, tuning the frequency w in Sy(w) one may attend to spectral correlation between either
adjacent or distant eigenlevels.
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Numerical simulations [ 16] have revealed that the average power spectrum Sy(wy) discriminates
sharply between quantum systems with chaotic and integrable classical dynamics. While this was
not completely unexpected, another finding of Ref. [ 16] came as quite a surprise: numerical data for
Sn(wy), at not too high frequencies, could be fitted by simple power-law curves, Sy(wy) ~ 1/wy and
Sn(awg) ~ 1 /a),f, for quantum systems with chaotic and integrable classical dynamics, respectively.
In quantum systems with mixed classical dynamics, numerical evidence was presented [18] for
the power-law of the form Sy(wy) ~ 1/wf with the exponent 1 < o < 2 measuring a ‘degree of
chaoticity’. The power spectrum of interface fluctuations in various growth models belonging to the
(1 + 1)-dimensional Kardar-Parisi-Zhang universality class, studied in Ref. [19] both numerically
and experimentally, was found to follow the power law with « = 5/3. The power spectrum
was also measured in Sinai [20] and perturbed rectangular [21] microwave billiards, microwave
networks [22,23] and three-dimensional microwave cavities [24]. For the power spectrum analysis
of Fano-Feshbach resonances in an ultracold gas of Erbium atoms [25], the reader is referred to
Ref. [26].

For quantum chaotic systems, the universal 1/w; law for the average power spectrum in the
frequency domain T,/Ty < wy < 1 can be read out from the existing RMT literature. Indeed,
defining a set of discrete Fourier coefficients

N
1 .
ay = E 582 e'wkl (17)
N =1

of level displacements {S¢,}, one observes the relation
Sn(wy) = var[a]. (1.8)

Statistics of the Fourier coefficients {ay} were studied in some detail [27] within the Dyson’s
Brownian motion model [28]. In particular, it is known that, in the limit k <« N, they are
independent Gaussian distributed random variables with zero mean and the variance var[a,] =
N /(272 Bk). This immediately implies

Sn(op € 1) &

B (1.9)
in concert with numerical findings. For larger k (in particular, for k ~ N), fluctuation properties
of the Fourier coefficients {ay} are unknown. In view of the relation Eq. (1.8), a nonperturbative
theory of the power spectrum to be developed in this paper sets up a well-defined framework for
addressing statistical properties of discrete Fourier coefficients {ay} introduced in Ref. [27].

An attempt to determine Sy(wy) for higher frequencies up to wy = wny was undertaken in
Ref. [29] whose authors claimed to express the large-N power spectrum in the entire domain
T./Tu < wr < wny in terms of the spectral form-factor [5]

k(o) = % ((é éezmw_gm)> - (:Z]ezmwx ge_zmm» (110)

of a quantum system, t > 0. Referring interested reader to Egs. (3), (8) and (10) of the original
paper Ref. [29], here we only quote a small-wy reduction of their result:

1 o,
Sl < D~ — Ky (52). (1.11)
wj, 2

(Here, the hat-symbol ( " ) is used to indicate that the power spectrum §N(wk &« 1) is the one
furnished by the form-factor approximation.) A similar approach was also used in subsequent
papers [30,31].

Even though numerical simulations seemed to confirm a theoretical curve derived in Ref. [29],
we believe that the status of their heuristic approach needs to be clarified. This will be done in
Section 1.3.
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Fig. 1. Power spectrum Sy(w) as a function of frequency w for eigenlevel sequences with uncorrelated level spacings. Solid
red line corresponds to the theoretical curve Eq. (1.14) with o> = 1. Blue crosses represent the average power spectrum
simulated for 10 million sequences of N = 2048 random eigenlevels with uncorrelated, exponentially distributed spacings
si ~ Exp(1). Inset: a log-log plot for the same graphs. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

1.3. Spectra with uncorrelated spacings: Form-factor vs power spectrum

A simple mathematical model of eigenlevel sequences {1, ..., ey} with identically distributed,
uncorrelated spacings {s1, ..., sy}, where ¢-th ordered eigenlevel equals
¢
g=)_s, (1.12)
j=1

provides an excellent playing ground to analyze validity of the form-factor approximation. Defined
by the covariance matrix of spacings of the form cov(s;, s;) = 0281-]», such that (s;) = 1, it allows us
to determine exactly both the power spectrum Eq. (1.4) and the form-factor Eq. (1.10).

Power spectrum.—Indeed, realizing that the covariance matrix of ordered eigenlevels equals

(88,86m) = o> min(£, m), (1.13)
we derive an exact expression for the power spectrum (N € N)
2N +1 2 1 sin((N+1/2
Sw(w)= & . f ( - o ((. +1/ )w)> (1.14)
4N sin®(w/2) 2N +1 sin(w/2)

Eq. (1.14) stays valid in the entire region of frequencies 0 < w < . For a set of discrete frequencies
wyx = 2mk/N, it reduces to

CTZ

Sn(ay) = m,

O<wy <m. (1.15)

Remark 1.3. Notice that Egs. (1.14) and (1.15) for the power spectrum of eigenlevel sequences with
uncorrelated level spacings hold universally. Indeed, both expressions appear to be independent
of a particular choice of the level spacings distribution; the level spacing variance ¢ is the only
model-specific parameter. H

For illustration purposes, in Fig. 1, we compare the theoretical power spectrum Sy(w), Eq. (1.14),
with the average power spectrum simulated for an ensemble of sequences of random eigenlevels
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with uncorrelated, exponentially distributed level spacings s; ~ Exp(1). Since the unit mean level
spacing (s;) = 1 is intrinsic to the model, the unfolding procedure is redundant. Perfect agreement
between the theoretical and the simulated curves is clearly observed in the entire frequency domain
O<w<m.

For further reference, we need to identify three scaling limits of Sy(w) that emerge as N — oo.
In doing so, the power spectrum will be multiplied by w? to get rid of the singularity at w = 0.

(i) The first - infrared - regime, refers to extremely small frequencies, w ~ N~'. It is described

by the double scaling limit
in 2
=20? (1 _ ) , (1.16)
2

sN(2) = lim »?Sy(w)

N—oo

w=0/N
where £2 = O(N°). One observes:

0(£22), 2 — 0;

sEV(R) = { 202 +0(1). @ — oo, (1.17)

(ii) The second scaling regime describes the power spectrum for intermediately small frequencies
w ~ N~ with 0 < @ < 1. In this case, a double scaling limit becomes trivial:
SCO(9) = lim a)ZSN(a))’ =202 (1.18)
N—oo 0= /N%
where 2 = O(N°). In the forthcoming discussion of a spectral form-factor [Eq. (1.27)], such a scaling
limit will appear with o = 1/2.
(iii) The third scaling regime describes the power spectrum for @ = O(N°) fixed as N — oo. In
this case, we derive
) 2 2 w?
§Y(w) = lim w'Sy(w)=0"——-——, 1.19
() = Jim &Syw) = o* s (1.19)

where w = O(N°). One observes:

5O () = { i (1.20)

| o?n?/2, w=m.
Egs. (1.17), (1.18) and (1.20) imply continuity of 8(w) across the three scaling regimes. We shall
return to the universal formulae Eqgs. (1.16), (1.18) and (1.19) later on.

Spectral form-factor.—For eigenlevel sequences with identically distributed, uncorrelated level spac-
ings, the form-factor Ky(r) defined by Eq. (1.10) can be calculated exactly, too. Defining the
characteristic function of ith level spacing,

(o]
wir) = @) = [ s (121)
0
where f;,(s) is the probability density of the ith level spacing, we reduce Eq. (1.10) to
2 Wy(7) 1—wh(r) 1 1— N
K, =1+ —Re N — — — (1) —————— 1.22
MO =145 [1 — (1) ( 1—oy(7) N 5T (122)

In Fig. 2, we compare the theoretical form-factor Eq. (1.22) with the average form-factor
simulated for an ensemble of sequences of random eigenlevels with uncorrelated, exponentially
distributed level spacings as explained below Remark 1.3. The simulation was based on Egs. (1.10)
and (1.12), and involved averaging [32] over ten million realizations. Referring the reader to a figure
caption for detailed explanations, we plainly notice a perfect agreement between the simulations
and the theoretical result Eq. (1.22).

As N — oo, three different scaling regimes can be identified for the spectral form-factor. Two of
them, arising in specific double scaling limits, appear to be universal.
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Fig. 2. Spectral form-factor Ky(t) as a function of 7 for a model and the data specified in the caption to Fig. 1. Solid red
line corresponds to the theoretical curve Eq. (1.22) with ¥(t) = (1 —2im 7). Inset: a close-up view of the same graphs;
additional black curves display limiting form-factor in various scaling regimes. Dashed line: regime (I), Eq. (1.24) with
T = T/N. Solid line: regime (II), Eq. (1.27) with 7 = T/N'/2. Dotted line: regime (Ill), Eq. (1.29), see discussion there.
Notice that the black dashed curve [(I)] starts to deviate from the red curve (after the fourth blue cross the deviation
exceeds 10%; as t grows further, the relative deviation approaches the factor 2). For larger 7, the black solid curve [(II)]
becomes a better fit to the red curve. Finally, the red curve approaches unity depicted by the black dotted line [(III)]. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

(i) The first - infrared - regime, refers to extremely short times, ¢ ~ N~!. Assuming existence
and convergence of the moment-expansion for the characteristic function ¥(t), we expand it up
to the terms of order N2,

T T?
(1) =14 2ir— —27%(?+ 1)— + O(N3) (1.23)
T=T/N N N2
to derive the infrared double scaling limit for the form factor:
sin(2n T
KED(T) = lim Ky(t) =202 (1 - L) , (1.24)
N—o0 =T/N 2nT

where T = O(N°). Notice that this formula holds universally as K~'(T) does not depend on
a particular choice of the level spacings distribution; its variance o2 is the only model-specific
parameter. One observes:

1y | O(T?), T —0;
KAT) = { 20%40(1), T — oo. (1.25)

(ii) The second - intermediate — regime, refers to intermediately short times, t ~ N~12,
Expanding the characteristic function W;(t) up to the terms of order N,

Wy(t)

_ T 2 2 72 _3p2
o2 =1+ 217‘[]\]1/2 —2n°(oc° + Uﬁ + O(N ), (1.26)

we discover that, for intermediately short times, the double scaling limit of the form factor reads

1— e—47‘[202‘J'2
KEVY2(7) = lim Ky(r) =o|1+

N—oco r—/N1/2 Tanioi | (1.27)

where T = O(N°). Hence, in the intermediate double scaling limit, the form-factor exhibits the
universal behavior too, as K{~1/2)(7) depends on a particular choice of the level spacings distribution
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Fig. 3. Limiting curves (N — oo) for the form-factor across the three scaling regimes [(I)—Eq. (1.24), (II)—Eq. (1.27),
and (I1)—Eq. (1.29)], glued together at vertical dotted lines. The functions K(~D(T), K(-/2)(T) and K)(z), describing the
regimes (I), (1) and (III), correspondingly, are plotted vs variables T = Nz, T = N'/?t and 7, each running over the entire
real half-line compactified using the transformation (0, co) = tan((0, 7 /2)). Solid red, green and blue curves correspond
to the form-factor in the model of uncorrelated spacings drawn from the Erlang(3, 3) (red), inverse Gaussian IG(1, 3)
(green) and uniform U(0, 2) (blue) distributions, exhibiting identical mean and variance. The dashed black line - to be
discussed in the main text - displays the limiting curve of the function limy_, o w?Sy(w) with 0 < w = 277 < 7 (that
is, 0 < T < /,) for all three choices of the level spacing distribution. In the scaling regimes (I), (I) and (III), the curve is
described by Egs. (1.16) and (1.18) with & = 1/2 and (1.19), respectively. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

only through its variance 2. One observes:

_ 20% 4+ 0(72), T 0;
KEm = { o? +0(1() ! T — o0. (1.28)

(iii) The third scaling regime describes the form-factor for r = O(N°) fixed as N — oo. Spotting
that in this case the characteristic function lI/sN () vanishes exponentially fast, we derive

12

KO(z) = lim Ky(zr) =1+ 2Re W) ) (1.29)
N—o0 1-— IPS(‘E)

Notably, in the fixed-t scaling limit, the form-factor is no longer universal as it depends explicitly on

the particular distribution of level spacings' through its characteristic function ¥(t ). One observes:

2 2 .
(0) _ o°4+0(t°), ©—0;
K (x) = { 1+ 0(1), T — 00. (1.30)

The three scaling regimes for the form-factor as N — oo are illustrated in Fig. 3 . The continuity
of the entire curve is guaranteed by equality of limits limr_, oo K"(T) = limy_ o K~/2)(7) and
limy_, oo KTV2(T) = lim,_qK©(z), see Egs. (1.25), (1.28) and (1.30). To highlight occurrence
of both universal and non-universal 7-domains in the form-factor, the latter is plotted for three
different choices of level spacing distributions, s; ~ Erlang(3, 3), IG(1, 3) and U(0, 2), characterized

1 For the exponential distribution of level spacings the form-factor in the third scaling regime equals unity, K©(z) = 1.
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by the same mean (s;) = 1 and the variance 02 =1/3:

Es2 exp(—3s), Erlang(3, 3);
2
1/2 _1\2
fs(s) = ©(s) x (i) exp (—3(571)> . 16(1, 3); (1.31)
27s3 2s
%@(2 —5), u(o, 2).

The three curves coincide in the universal domains (I) and (II). On the contrary, in the third
regime [(III)], the form-factor behavior is non-universal as the three curves evolve differently
depending on a particular choice of the level spacing distribution. Yet, all three curves approach
unity at infinity.

Implications for the power spectrum.—We now turn to the discussion of a relation between the
power spectrum Eq. (1.4) and the form-factor Eq. (1.10). To this end, we shall compare the
limiting forms, as N — oo, of the form-factor, studied both analytically and numerically in the
previous subsection, with the limiting behavior of the product w?Sy(w) |»=2-: as prompted by the
form-factor approximation Eq. (1.11). The latter is plotted in Fig. 3 by the black dashed line.

(i) For extremely low frequencies w = O(N~!) (equivalently, short times ¢ = O(N~!)) belonging
to the first scaling regime [(I)], the two quantities are seen to coincide

(universal) K"(T) = (universal) 8(£2) |o2xT, (1.32)

see Egs. (1.16) and (1.24). The universal behavior of both spectral indicators in the domain (I) is
illustrated in Fig. 3 arranged for three different level spacing distributions specified by Eq. (1.31).

(ii) In the second scaling regime [(II)], characterized by intermediately low frequencies w =
O(N~1/2) (equivalently, T = O(N~/2)), the limiting curve for the form-factor starts to deviate from
the one for the product w?Sy(w) |w=2x<, in concert with the analytical analysis,

(universal) KV2(T) # (universal) 8 V2(2) |5y, o= 207, (1.33)

compare Eq. (1.18) taken at « = 1/2 with Eq. (1.27). While the product s-'/2)(£2) is a constant
throughout the entire domain (II), the form-factor is described by the universal function Eq. (1.27)
irrespective of a particular form of the level spacing distribution; the relative deviation between the
two limiting curves reaches its maximum (= 2) at the borderline between the regimes (II) and (III),
in concert with the earlier conclusion of Ref. [33]. How fast this factor of 2 is approached depends
only on the value of o2, as described by Eq. (1.27). Hence, the relation Eq. (1.11) is clearly violated
in the second scaling regime, apart from a single point at the border between the regimes (I) and (II)
as stated below Eq. (1.30).

(iii) In the third scaling regime [(III)] emerging for @ = O(N°) (equivalently, r = O(N°)) the two
limiting curves depart incurably from each other: while the product limy_, o @?Sy(w), shown by
the dashed black line, follows the universal law Eq. (1.19), the form-factor displays a non-universal
behavior strongly depending on the particular form of level spacing distribution as highlighted by
solid red, green and blue curves, see also Eq. (1.29),

(nonuniversal) K©(t) # (universal) $(®) |oz2rz - (1.34)

Hence, the two spectral statistics - the form-factor and the power spectrum - cannot be reduced
to each other for any finite frequency 0 < w < 7 as N — oo.

Conclusion.—Detailed analytical and numerical analysis, performed for eigenlevel sequences with
uncorrelated, identically distributed level spacings, leads us to conclude that the spectral form-
factor and the power spectrum are generically two distinct statistical indicators. This motivates us to
revisit the problem of calculating the power spectrum for a variety of physically relevant eigenlevel
sequences beyond the form-factor approximation. In the rest of the paper, this program, initiated
in our previous publication [33], will be pursued for (a) generic eigenlevel sequences possessing
stationary level spacings and (b) eigenlevel sequences drawn from a variant of the circular unitary
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ensemble of random matrices. The latter case is of special interest as its N — oo limit belongs to
the spectral universality class shared by a large class of quantum systems with completely chaotic
classical dynamics and broken time-reversal symmetry.

2. Main results and discussion
In this section, we collect and discuss the major concepts and results of our work. Throughout

the paper, we shall deal with eigenlevel sequences possessing stationary level spacings as defined
below.

Definition 2.1. Consider an ordered sequence of (unfolded) eigenlevels {0 < ¢; < --- < &}
with N € N. Let {sq, ..., sy} be the sequence of spacings between consecutive eigenlevels such that
se =g —e&_gwithe =1,...,N and &g = 0. The sequence of level spacings is said to be stationary
if (i) the average spacing

(se) = A (2.1)
is independent of £ = 1, ..., N and (ii) the covariance matrix of spacings is of the Toeplitz type:

COV(Sg, Sm) = I|g,m‘ — Az (22)
forall ¢, m =1,..., N. Here, I, is a function defined for non-negative integersn. W

Remark 2.2. While stationarity of level spacings is believed to emerge after unfolding procedure in
the limit N — oo, see Ref. [34], it is not uncommon to observe stationarity even for finite eigenlevel
sequences. Two paradigmatic examples of finite-N eigenlevel sequences with stationary spacings
include (i) a set of uncorrelated identically distributed eigenlevels [35] mimicking quantum systems
with integrable classical dynamics and (ii) eigenlevels drawn from the ‘tuned’ circular ensembles
of random matrices appearing in the random matrix theory approach to quantum systems with
completely chaotic classical dynamics, see Section 4. H

2.1. Main results

First result.—For generic eigenlevel sequences, the power spectrum Eq. (1.4) is determined by both
diagonal and off-diagonal elements of the covariance matrix (§¢,8ep). In the important case of
eigenlevel sequences with stationary level spacings, the power spectrum can solely be expressed in
terms of diagonal elements (Seﬁ) of the covariance matrix. Theorem 2.3 establishes an exact relation
between the power spectrum (see Definition 1.1) and a generating function of variances of ordered
eigenvalues.

Theorem 2.3 (First Master Formula). Let N € N and 0 < w < m. The power spectrum for an eigenlevel
sequence {0 < g1 < --- < gy} with stationary spacings equals

1 d 1-27V\ &
Sn(w) = ~—Re (zE —~N-— ﬁ> ;var[g@]z‘, (2.3)
where z = ei®, A is the mean level spacing, and
varfe,] = (8&2). (2.4)

For the proof, the reader is referred to Section 3.2.

Second result.—Yet another useful representation — the second master formula - establishes an
exact representation of the power spectrum in terms of a generating function of probabilities
En(¢; €) to observe exactly ¢ eigenlevels below the energy e,

4 N
N! ¢ o
EN(Z;g):m ]_[/0 dej ]‘[/ de; | Puler, ..., en). (2.5)
j=1 ¢

j=t+1
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Here, Py(€1, ..., €y) is the joint probability density (JPDF) of N unordered eigenlevels taken from
a positive definite spectrum; it is assumed to be symmetric under a permutation of its arguments.
Such an alternative albeit equivalent representation of the power spectrum will be central to the
spectral analysis of quantum chaotic systems.

Theorem 2.4 (Second Master Formula). Let N € N and 0 < w < 7, and let ®n(e; ¢) be the generating
function

N
Oy(e:g) =Y (1— ) En(:e) (2.6)
£=0

of the probabilities defined in Eq. (2.5). The power spectrum, Definition 1.1, for an eigenlevel sequence
with stationary spacings equals

_ -—N 00
Sy(w) = ——Re (zﬁ —N-— 1-2 ) n z ~ / de e [On(e; 1 —2) — 2] = Sy(w),  (2.7)
- 0

where z =1— ¢ = €, A is the mean level spacing, and
. 1 9 1—27V\ &
Sv(w)= —Re[z— — N — 02z
@) =g < oz 1-z > ;
2

11— (N+1)z" + NN
N (1—2)?

For the proof, the reader is referred to Section 3.3.

Remark 2.5. Notably, representations Eqs. (2.6) and (2.7) suggest that the power spectrum is
determined by spectral correlation functions of all orders. Contrary to the spacing distribution, which
is essentially determined by the gap formation probability [5] Ex(0; &), the power spectrum depends
on the entire set of probabilities Ex(¢; ¢) with £ =0,1,...,N. ®

Third result.—To study the power spectrum in quantum systems with broken time-reversal sym-
metry and completely chaotic classical dynamics, let us consider the tuned circular unitary ensemble
(TCUEy). Obtained from the traditional circular unitary ensemble CUEy.; [5] by conditioning its
lowest eigen-angle to stay at zero, the TCUEy is defined by the joint probability density of N
eigen-angles {01, ..., 6y} of the form

N

1
Py(61,....08) = —— | — e |? e | 2.9
MO ) = [T | “TTh- (2.9)
1<i<j<N j=1
whose normalization is fixed by
N 2

do;
l_[ JP[\](G],...,GN): 1. (2.10)

0 2

Such a seemingly minor tuning of CUEy; to TCUEy induces stationarity of level spacings in TCUEy
for any N € N, see Corollary 4.3 for the proof. We note in passing that traditional circular unitary
ensemble lacks the stationarity property.

For the TCUEy, a general Definition 1.1 of the power spectrum can be adjusted as follows.

Definition 2.6. Let {#; < --- < 0y} be fluctuating ordered eigen-angles drawn from the TCUEy,
N e N, with the mean level spacing A and let (86,66,,) be the covariance matrix of eigen-angle
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displacements 86, = 6, — (0;) from their mean (6,). A Fourier transform of the covariance matrix

N N
1 4
Sn(w) = e 2 § (80,80m) €™ w e R (2.11)

(=1 m=1

is called the power spectrum of the TCUEy. Here, the angular brackets denote average with respect
to the JPDF Eq. (2.9). =®

Theorem 2.7 (Power Spectrum in TCUEy). Let {#; < --- < 6y} be fluctuating ordered eigen-angles
drawn from the TCUEy. Then, for any N € N and all 0 < w < m, the power spectrum admits exact
representation

2 _ =N 2 ~
su(@) = N D e (z% VI ) z / 9 oo 1 —2) — Sy().  (2.12)
0

TN a 1-z 1-z 2
where
~ 1|1—(N+ DN NP (N+12 1
Sn(w) =~ ‘ 5 - 5 (2.13)
N (1-2) N 11—z
and
o0 de .
Pn(p;¢)=exp | — — Nt )+ ). (2.14)
cot(p/2) 111
Here, z = 1 — ¢ = e!® whilst the function &y(t; ¢) is a solution to the o-Painlevé VI equation
(14 )6)° +454(Gn — t6, + 46, + 17 (65 + N+ 1) =0 (2.15)
satisfying the boundary condition
. N(N + 1)(N +2 _
Gn(t; C) = —t+ #; + o™ (2.16)
3mt
at — oo.

For the proof of Theorem 2.7, the reader is referred to Section 4.2.

Remark 2.8. Theorem 2.7 provides an exact RMT solution for the power spectrum in the TCUEy.
Alternatively, but equivalently, the finite-N power spectrum can be expressed in terms of a
Fredholm determinant (Section 4.3), Toeplitz determinant (Section 4.4) and discrete Painlevé V (dPy)
equations (Appendix B). While the Toeplitz representation is beneficial for performing a large-N
analysis of the power spectrum, the dPy formulation is particularly useful for efficient numerical
evaluation of the power spectrum for relatively large values of N. ®

Fourth (main) result.—The most remarkable feature of the random matrix theory is its ability to
predict universal statistical behavior of quantum systems. In this context, a large-N limit of the
power spectrum in the TCUEy is expected to furnish a universal, parameter-free law, So.(w) =
limy_s o Sn(w), for the power spectrum. Its functional form is given in Theorem 2.9.

Theorem 2.9 (Universal Law). For 0 < w < 7, the limit Syo(w) = limy_, o, Sn(w) exists and equals

Cdn
Se(@) = A(®) i lm/ L p1-2 gian
0 27'[

X [exp (— /oo ? (o1(t; @) — ioot + 2&)2)) — 1} + B(®) } (2.17)
A
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Fig. 4. A graph for the power spectrum as a function of frequency. Red line corresponds to the power spectrum calculated
through the dPy representation (Appendix B) of the exact Painlevé VI solution for N = 10% see Theorem 2.7. Blue
crosses correspond to the power spectrum calculated for sequences of 256 unfolded CUE eigen-angles averaged over 107

realizations. Inset: a log-log plot for the same graphs. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

where @ = w/2m is a rescaled frequency, and the functions A(w) and B(w) are defined as

Ay [T} Gl + @)G( — @)
Y= or sin(z @)

) (2.18)

B(&) = % sin(r@?) @22 (2 — 2a?). (2.19)
Here, G is the Barnes’ G-function, I" is the Gamma function, whilst o1(t; @) = o(t) is the Painlevé V
transcendent satisfying Eq. (1.3) with v = 1 and fulfilling the boundary conditions
ity(t)
1+ y(t)
o1(t) =0(tInt), t — 0, (2.21)

with y(t) being defined by Eq. (5.6).

oq(t) = it — 28% — + 07, t - o0, (2.20)

Remark 2.10. As a by-product of this theorem, we have formulated a conjecture for a double inte-
gral identity involving a fifth Painlevé transcendent. A mathematically-oriented reader is referred
to Conjecture 5.9. ®

Theorem 2.11 (Small-w Expansion). In the notation of Theorem 2.9, the following expansion holds as
w — 0:

1 1 .. . @ -2
= m—i—ﬁwlnw—i—a + 0(@). (2.22)
For the proof of Theorems 2.9 and 2.11, the reader is referred to Section 5.

Seo(@)

2.2. Discussion

In Figs. 4 and 5, the parameter-free prediction Eq. (2.17) for the power spectrum is confronted
with the results of numerical simulations for the large-N circular unitary ensemble CUEy. Two
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Fig. 5. Difference between the power spectrum and its singular part 1/27w as described by Eq. (1.9) at 8 = 2 (see also
the first term in Eq. (2.22)). The singular part of the power spectrum corresponds to §Se(w) = 0 as represented by a
gray dotted line. Red solid line: analytical prediction computed as explained in Fig. 4. Blue crosses: simulation for 4 x 108
sequences of 512 unfolded CUE eigenvalues. Inset: magnified portion of the same graph for 0 < w < 7 /4; additional
black dashed line displays the difference §So(w) calculated using the small-w expansion Eq. (2.22). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

remarks are in order. (i) First, the limiting curve for So.(w) was approximated by the exact Painlevé
VI solution computed for sufficiently large N through its dPV representation worked out in detail in
Appendix B. We have verified, by performing numerics for various values of N, that the convergence
of dPy representation of Sy(w) to Sso(w) is very fast, so that the N = 10* curve provides an excellent
approximation to the universal law for Se(w). A good match between the N = 10* curve and the
one plotted for a small-w expansion Eq. (2.22) of So(w) (see inset in Fig. 5) lends an independent
support to validity of our numerical procedure. (ii) Second, even though the theoretical results used
for comparison refer to the TCUEy - rather than the CUEy - ensemble (which differ from each other
by the weight function and the way the two are intrinsically unfolded?), the agreement between
the TCUEy theory and the CUEy numerics is nearly perfect, which can naturally be attributed to the
universality phenomenon emerging as N — oo.

The universal formula for So(w), stated in Theorem 2.9, is the central result of the paper. We
expect it to hold universally for a wide class of random matrix models belonging to the § = 2
Dyson’s symmetry class, as the matrix dimension N — oo. Expressed in terms of a fifth Painlevé
transcendent, the universal law Eq. (2.17) can be viewed as a power spectrum analogue of the
Gaudin-Mehta formula Eq. (1.2) for the level spacing distribution.

Apart from establishing an explicit form of the universal random-matrix-theory law for So.(w),
our theory reveals two important general aspects of the power spectrum which hold irrespective
of a particular model of eigenlevel sequences: (i) similarly to the level spacing distribution, the
power spectrum is determined by spectral correlations of all orders; (ii) in distinction to the level
spacing distribution, which can solely be expressed in terms of the gap formation probability, the
power spectrum is contributed by the entire set of probabilities that a spectral interval of a given
length contains exactly ¢ eigenvalues with £ > 0. As such, it provides a complementary statistical
description of spectral fluctuations in stochastic spectra of various origins.

2 The spectra in CUEy and TCUEy ensembles are intrinsically unfolded for any N € N, albeit each in its own way.
Indeed, in the CUEy the mean density is a constant [5,6], while in the TCUEy the mean level spacing is a constant, see
Corollary 4.3. In the limit N — oo, the two types of unfolding are expected to become equivalent.
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Considered through the prism of Bohigas-Giannoni-Schmit conjecture, the universal law
Eq. (2.17) should hold for a variety of quantum systems with completely chaotic classical dynamics
and broken time-reversal symmetry at not too low frequencies T,/Ty < @ < mw, when ergodicity
and global symmetries - rather than system specific features - are responsible for shaping system’s
dynamics.

Potential applicability of our results to the non-trivial zeros of the Riemann zeta function de-
serves special mention. Indeed, according to the Montgomery-0Odlyzko law (see, e.g., Ref. [36]), the
zeros of the Riemann zeta function located high enough along the critical line are expected to follow
statistical properties of the eigenvalues of large U(N) matrices. This suggests that the universal
law Eq. (2.17) could be detected “experimentally”. Extensive, high-precision data accumulated by
A.M. Odlyzko for billions of Riemann zeros [37] provide a unique opportunity for a meticulous test
of the new universal law.

3. Power spectrum for eigenlevel sequences with stationary spacings
In this section, we provide proofs of two master formulae given by Theorems 2.3 and 2.4.
3.1. Stationary spectra

In view of Definition 2.1, we first establish a necessary and sufficient condition for eigenlevel
sequences to possess stationarity of level spacings.

Lemma 3.1. For N € N, let {0 < & < --- < gy} be an ordered sequence of unfolded eigenlevels such
that (e1) = A. An associated sequence of spacings between consecutive eigenlevels is stationary if and

only if
{(ee — em)") = (]_pn) (3.1)
for £ > m and both q =1 and q = 2.

Proof. The equivalence of Eq. (2.1) to Eq. (3.1) at ¢ = 1 is self-evident. To prove the equivalence
of Eq. (2.2) to Eq. (3.1) at ¢ = 2, we proceed in two steps.

First, let the covariance matrix of level spacings be of the form Eq. (2.2). Substituting Eq. (1.12)
into the Lh.s. of Eq. (3.1) taken at g = 2, and making use of Eq. (2.2) twice,

2
((e¢ —&m)”) = Z Z (sisj) = Z Z lii—j
i=m+1j=m+1 i=m+1j=m+1

{—m {—m {—m{—m

Z ZIII’*]I = Z Z SiSj') 8@ m)

i'=1j=1 i'=1j=1

we derive the r.h.s. of Eq. (3.1) with g = 2.

Second, let the ordered eigenvalues satisfy Eq. (3.1) at g = 2. Substituting Symy = &¢m) — €¢(m)—1
into the definition of covariance matrix cov(s,, si;) of level spacings and making use of Eq. (3.1), we
observe that Eq. (2.2) indeed holds with Ij;_p of the form

1

S (&fmmt) = (€l O (32)

l 2
lig—m) = 5<8\(—m\+1> t3

3.2. Proof of Theorem 2.3
It follows from Eq. (3.1) of Lemma 3.1 written in the form

1
(8ecdem) = 2 ((8e7) + (8e) — (8&7i_m))) - (3.3)

where §g; = g, — £ A. Substituting Eq. (3.3) into the definition Eq. (1.4) and reducing the number
of summations therein, we derive Eq. (2.3). O
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Remark 3.2. For discrete frequencies w, = 2wk/N the power spectrum representation Eq. (2.3)
simplifies to

1 0
Sn(wy) = WRe (zk o7 — N) Z var[el]zk (3.4)

=1

Here, z, = ei®« and the derivative with respect to z; should be taken as if z; were a continuous
variable. ®

3.3. Proof of Theorem 2.4

To prove Theorem 2.4, we need the following lemma:

Lemma 3.3. For N € N, let {&; < --- < ey} be an ordered sequence of eigenlevels supported on the
half axis (0, o0), and let Ex(¢; €) be the probability to find exactly £ eigenvalues below the energy &,
given by Eq. (2.5), with £ = 0, 1, ..., N. The following relation holds:

d
d—EN(Z; &) = pe(e) — peya(e). (3.5)
&

Here, p,(e) is the probability density of £-th ordered eigenlevel where po(e) = pn+1(e) = 0 for ¢ > 0.
Equivalently,

Z—EN(JS £=1,...,N. (3.6)

Proof. Differentiating Eq. (2.5) and having in mind that the probability density of ¢-th ordered
eigenvalue equals

pile) = (e_1 Y Hfdej H/gdej

Jj=t+1
XPN(61,...,€Z,1,8,€({+1,...,EN), (37)
we derive Egs. (3.5) and (3.6). O

Proof of Theorem 2.4. —Equipped with Lemma 3.3, we are ready to prove Theorem 2.4. First, we
observe that Egs. (2.6) and Eq. (3.6) induce the relation

$ ¢ z d N
2 2pile) =~ — o 1-2-2"]. (3.8)

Second, we split the variance Eq. (2.3) into var[e,] = (¢?) — ¢2A?. The later term produces the
contribution Sy(w) in Eq. (2.7) while the former brings

N
z & d
;(sg)zz =-1-; /0 de €2 - [on(e;1—2)—2"]

2z
1—-z

/Oodee [on(e:1—2)—2"]. (3.9)
0

Integration by parts performed in the last line is justified provided an average number of eigenlevels
Nn(e) in the tail region (g, co) exhibits sufficiently fast decay Ny(g) ~ ¢~?+% with § > 0 as
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& — 00.3 Substituting Eq. (3.9) into Eq. (2.3), we derive the first term in Eq. (2.7). This ends the
proof of Theorem 2.4. O

Remark 3.4. For discrete frequencies wy = 27wk/N the power spectrum representation Eq. (2.7)
simplifies to
2 ad Zk e N
S = ——Re|z— — N dee|Dy(e;1—20)— 1] — —. 3.10
o0 = ke (g M) 125 [Cdeetonen -z -1- o G0

Here, z, = e/®« and the derivative with respect to z; should be taken as if z, were a continuous
variable. ®

4. Power spectrum in the tuned circular unitary ensemble

In this section, a general framework developed in Section 3 and summed up in Theorem 2.4 will
be utilized to determine the power spectrum in the tuned circular ensemble of random matrices,
TCUEy, for any N € N. For the definition of TCUEy, the reader is referred to Egs. (2.9) and (2.10).

4.1. Correlations between ordered eigen-angles in TCUEy

The main objective of this subsection is to establish stationarity of spacings between ordered
TCUEy eigen-angles. To this end, we prove Lemmas 4.1 and 4.2. The sought stationarity will then
be established in Corollary 4.3.

Lemma 4.1 (Circular Symmetry). Forq=0,1,... and £ = 1,2, ..., N it holds that
(67) = (27 — On_¢11)7). (4.1)
Proof. The proof is based on the circular-symmetry identity

Pe(@) = PN—t+1(2T — @) (4.2)

3 Indeed, Eqs. (2.5) and (2.6) imply an integral representation

N oo 00
oy 1-2)=]] (z/ de; + (1 —z)/ dq) NG en).
0 &

=1

Letting ¢ — oo, we generate a large-¢ expansion of the form

N ¢ e
Dy(e;1—2)=2" + ZZN_£(1 —z) (H/ d€j) Ren(er, ..., €),
=1 j=1v¢

where

N! N
Ron(€q, ..., = — dej | Py(eq, ...,
e.n(€r €) N =0 l_[ /0 € | Pn(e en)
j=C+1
is the £-point spectral correlation function. To the first order, the expansion brings @y(e; 1—z) = zZV +zV~1(1 —z)Ny(e)+
..., where Ny(e) is the mean spectral density Ry y(€) integrated over the interval (e, co). Hence, the required decay of
Nn(e) at infinity readily follows.
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between the probability density functions of £-th and (N — ¢ + 1)-th ordered eigenangles in the
TCUEy. This relation can formally be derived from the representation

1 N!

io|2
PO = RN E—l)(N—E)‘|1_ew|

() () s

o 1—[ ,91 B 191| 1_[ |el(p 19j|2 |1 _ ei9j|2. (4.3)

1<i<j<N— 1

Indeed, Eq. (4.3) yields

1 N!

—0) = _ pler—0)|?
PN-e1(27 = 0) = T = TN — 1) 1= e
(e n e
j=170 2 j=N—t41727=¢ 2
« 1_[ 16, _ 1GJ| l_[ |€ i(2m—¢p) __ 19j|2 |‘1 . ei6j|2. (4.4)
1<i<j<N— 1

The change of variables 6; = 2w — 01/ reduces the r.h.s. of Eq. (4.4) to Eq. (4.3). Consequently,

27 d 27 d
(o) = / 99 ipyp) = f 92 py(27 — )
0 0

2 21
7 dg’ " / q
= (27 — @' N pN_er1(9) = (27 — On_¢1)?). O (4.5)
0 2
Lemma 4.2 (Translational Invariance in the Index Space). Forq =0,1,... and 1 <m < ¢ < N it
holds that
(6 — Om)T) = (6]_,,)- (4.6)

Proof. It is advantageous to start with the JPDF of ordered eigenangles in the TCUEy,

PY6y,...,6v) = N'Py(61, ..., 0) Lo<o <..<oy<2r

1 i6 0, 0; |2
TNt1 [T [¢" e 1_“1 €| Lo<g, <oy <2 (4.7)
1<i<j<N

where we have used the notation

Lo<py<-<oy<2n = 1_[ O6; — 6)

1<i<j<N

with ©® being the Heaviside step function. Given Eq. (4.7), the gth moment of the difference 6, — 6,,
equals

T de 46, 27 dg, 2 dg
((Qe_gm)qh/ 71/ 7f J/ don
0 27T 0 27'[ 0 2 0 27

X (6 — 0m) P61, . .., Oy). (4.8)
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Changing the integration variables (64, ..., 0y) — (01, ..., ) according to the map
0,_, =0 — 0, r=1,...,0—1;
9/ — er’ r = E’ (49)
OI/VHHr_Zn—}-Oe—Br, r=£¢+1,...,N

and observing that both the probability density function PI(\,Ord) and the integration domain stay
invariant under the map Eq. (4.9),

PY6;, ..., 04 = PO6y, ..., 6y), (4.10)
Lo<py<-<oy<2mr — 1059{5..459&5%, (4.11)

we conclude that

2 do’ 2 dg/ d
(B — Om)") =/ 27;/ o N0 _ ) PO 60) = (0. O (4.12)
0 0

Corollary 4.3. A sequence of spacings between consecutive eigenangles in TCUEy is stationary such
that the mean position of the £-th ordered eigen-angle equals

(6e) = LA, (4.13)
where { =1, ...,N and
2
_ T . (4.14)
N+1

is the mean spacing.

Proof. Indeed, combining Lemma 4.1 taken at ¢ = 1 and Lemma 4.2 takenatq=1landm=+¢—1,
one concludes that the mean spacing

2
N+1

is constant everywhere in the eigenspectrum. Now we apply Lemmas 3.1 and 4.2 to complete the
4
proof.” O

=(0p —O—1) =

4.2. Proof of Theorem 2.7

Stationarity of level spacings in the TCUEy established in Corollary 4.3 allows us to use a
‘compactified’ version of Theorem 2.4 in order to claim the representation stated by Egs. (2.12)
and (2.13), where

N

D(p; ) =Y (1= ¢)Enlt; ) (4.15)

=0

is the generating function of the probabilities

do; 7 do;
En(t; ) = ]_[/ — / o | P ) (4.16)
¢

j=t+1

to find exactly £ eigen-angles in the interval (0, ¢) of the TCUEy spectrum. The JPDF Py(04, ..., 6n)
is defined in Eq. (2.9).

4 Notice that due to a formal convention po(p) = 0 stated below Eq. (3.5), one has to set (fy) = 0 if required.
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Substituting Egs. (4.16) and (2.9) into Eq. (4.15), one derives a multidimensional-integral repre-
sentation of the generating function @y(¢; ¢) in the form

b ( . o d9] 191 _ 1(9] 19}
w(g; §) = N+l ’ H|1 : (4.17)

l<1<]<N

satisfying the symmetry relatlon

ON2r —;¢) = (1— ¢y <¢; %)
= (1 -V onlp; ¢) = (1 - ¢ on(g; 0). (4.18)

Multidimensional integrals of the CUE-type akin to Eq. (4.17) have been studied in much detail
in Ref. [38] whose authors employed the t-function theory [39] of Painlevé equations. To proceed
with evaluation of the generating function of our interest, we introduce a new set of integration
variables

: ir—1
elGj = - J (419)
A+ 1
to write down the generating function Eq. (4.17) in the form
2NIN+T) too di; 2
Pn(p; &) = (/ / ) / A=Al (4.20)
" N(N + 1)' cottpy2)) (14 Az)N+1 H [ = 4]

1<i<j<N

Its Painlevé VI representation can be read off from Ref. [38] to establish Egs. (2.14), (2.15) and
also (2.16). For a detailed derivation of the boundary condition Eq. (2.16), the reader is referred
to Appendix A. O

Remark 4.4. For a set of discrete frequencies

, 2k
w, =
N+1
the free term in Eq. (2.12) nullifies, §N(w,/<) = 0, bringing a somewhat tidier formula
(N + 1) 9 z f” de
Sn(wy) = ———Re | z, —N-1 — @ On(p; 1—2)), 421
N(wy) N Koz Z 1-2 )y 2n © Pnlp o) ( )
where z;, = e This is essentially Eq. (17) previously announced in our paper Ref. [33]. ®

4.3. Power spectrum in TCUEy as a Fredholm determinant

To derive a Fredholm determinant representation of the TCUEy power spectrum, a determi-
nantal structure [5,6] of spectral correlation functions in the TCUEy should be established. This is
summarized in Lemma 4.5.

Lemma 4.5. For £ =1, ..., N, the £-point correlation function [5,6]
N! 2T do;
Ren(r: .00 = o ]_[f Pn(61, ..., 6N) (4.22)
=041

in the TCUEy ensemble, defined by Egs. (2.9) and (2.10), admits the determinantal representation
Ren(61, ..., 0p) = detyij<¢ [kn(6;, 6))] . (4.23)

where the TCUEy scalar kernel

1
0,0)=38 f—60")— ——3 0)8 0’ 4.24
kn(0,0) = Sy ) N+ 1 N+1(0)8n+1(60") (4.24)
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is expressed in terms of the sine-kernel

_sin[(N + 1)6/2]
Snr1(0) = TG/D (4.25)

of the CUEy ensemble.

Proof. While the determinantal form [Eq. (4.23)] of spectral correlation functions is a universal
manifestation of the 8 = 2 symmetry of the circular ensemble [5,6], a precise form of the two-
point scalar kernel «y(6, 6 ) depends on peculiarities of the TCUEy probability measure encoded in
the weight function (z = €)

W(z) = 5|1—z|2:1—cose (4.26)
characterizing the TCUEy measure in Eq. (2.9). For aesthetic reasons, it is convenient to compute a
scalar kernel xy(6, 0) in terms of polynomials {1;(z)} orthonormal on the unit circle |z| = 1

1 dz _
- — W(2) ¥e(2)¥in(z) = dem (4.27)
2im 1z]=1 4

with respect to the weight function W(z). In such a case, a scalar kernel is given by either of the
two representations (w = e ):

kn(0,0) = VW(Z)W(w) Z Ve(2) Ye(w) (4.28)

\/—1//,\, w) Yn(z) — IﬂN( Wz ) (4.29)

wz —1
Eq. (4.29), containing reciprocal polynomials
v} (2) = 2 ¥ (1/2), (4.30)

follows from Eq. (4.28) by virtue of the Christoffel-Darboux identity [40].
Since for the TCUEy weight function Eq. (4.26), the orthonormal polynomials are known as
Szegd-Askey polynomials (see §18 in Ref. [41]),

2
1//((2) = m 2F1 (—Z, 27 _Z, Z) 3 (43])

the reciprocal Szegé-Askey polynomials are readily available, too:

2( 4+ 1)
J(z) = Fi(—¢,1;,—¢—1;2). 4.32
¥, (2) (12 ? 1( ) (4.32)
Hence, Egs. (4.29), (4.31) and (4.32) furnish an explicit expression for the TCUEy scalar kernel
KN(Q, 9’)

This being said, we would like to represent the TCUEy scalar kernel in a more suggestive form.
To do so, we notice that Szeg6-Askey polynomials Eq. (4.31) admit yet another representation

£+1

2 )

= |[—— iz 1. 433

vl =\ e g) ;]Z (433)
Substituting it further into Eq. (4.28), one obtains:
2i sin[6/2] sin[6'/2]

0,0) = —— 00022 /21> 17 /2] —j— k) 4.34

(0,00 = ¢ Sini(6 — 92 ,Xo:,z j— kg (434)

- e A S (4 ok )

N+1 sin[(6 — 6')/2] ow

=0 k=0
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Owing to the representation of the CUEy sine-kernel

SIN(NG/2) _ -itw-1012
SN(Q)_ Sln(e/z) _ ZZ] (436)

the above can further be reduced to
itv-1)9-oy2 SINLO/2] sinl6'/2]

kn(0,0") = ——e -
N+1 sin[(6 — 6")/2]
a d
Sn+1(0)8n+1(0"). 4.37
X (89/ 89) N+1(0)8n41(67) (4.37)
Calculating derivatives therein, we derive
KN(G, 9/) = ei(N—])(Q—Q’)/Z (SN+1(9 — 9,) - mSN+](0)8N+](0/)> . (438)

Spotting that the phase factor in Eq. (4.38) does not contribute to the determinant in Eq. (4.23)
completes the proof. O

Remark 4.6. An alternative determinantal representation of spectral correlation functions in the
TCUEy can be established if one views the JPDF of the TCUEy as the one of the traditional CUEy 4
ensemble, whose lowest eigenangle is conditioned to stay at zero, as spelled out below. ®

Lemma 4.7. For £ = 1,..., N, the £-point correlation function, Eq. (4.22), in the TCUEy ensemble
admits the determinantal representation

1
Ren(6r,...,00) = ——deti<jj<et1 [5N+1(91 - 9])] (4.39)

N+1 0r41=0’
where 8y11(0) is the CUEy sine-kernel:
sin[(N + 1)0/2]
Snp1(0) = ——————. (4.40)

sin(6/2)

Proof. Eq. (4.39) is self-evident as the determinant therein is the (£ + 1)-point correlation function
in the CUEy,; with one of the eigen-angles conditioned to stay at zero whilst the denominator is
the CUEy,1 mean density Sy4+1(0) =N+ 1. O

Proposition 4.8. The generating function ®n(¢; ¢) in Eq. (2.12) of Theorem 2.7 admits a Fredholm
determinant representation

Oy(p; ¢) = det[1 — ci&$?], (4.41)
where IC( “)is an integral operator defined by
. de
[#57r)o0 = [ S2enton. rien (442)
0

whilst ky is the TCUEy two-point scalar kernel specified in Lemma 4.5.

Proof. To derive a Fredholm determinant representation of the power spectrum, we turn to
Eq. (4.15) rewriting it as a sum

N

€ 2
@N(W{):Z(IZ) (—C/:) (/0 ) H;QJ Pn(Bq, ..., 6N).

=0 j=1
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Performing (N — £) integrations, we obtain

(=0 (1 /‘P oy
[} ()= — | Ryn(Oq,...,0),
n(g; ¢) Z 1 7 N (01 )

Al
=0

=

where R, n(61, ..., 0;) is the £-point correlation function in TCUEy given by Eq. (4.22). Its determi-
nant representation Eq. (4.23) yields the expansion

N Lo o
Pnlp; ¢) = Z 1_[/0 27; dety<ij<¢ [kn(6;, 67)] -
i=1

=0
Here, kn(6, 6') is the two-point scalar kernel of the TCUEy ensemble, see Lemma 4.5 for its explicit
form. Further, consulting, e.g., Appendix in Ref. [42], one identifies a sought Fredholm determinant
representation given by Egs. (4.41) and (4.42). O

o~

A Fredholm determinant representation of the power spectrum is particularly useful for asymp-
totic analysis of the power spectrum in the deep ‘infrared’ limit w < 1when¢ =1-z « 1.

4.4. Power spectrum in TCUEy as a Toeplitz determinant

To analyze the power spectrum in the limit N — oo for 0 < w < 7 being kept fixed, it is
beneficial to represent the generating function ®n(¢; ¢) [Eq. (4.17)] entering the exact solution
Eq. (2.12) with ¢ = 1 — z in the form of a Toeplitz determinant with Fisher-Hartwig singularities.

Proposition 4.9. The generating function ®n(¢; ¢) in Eq. (2.12) of Theorem 2.7 admits a Toeplitz
determinant representation

ipoN
Pn(p: ¢) = N+1DN[fw(Z o)1, (4.43)
where ® = w/2m, and
o) = LI G
ozl = et (5o Foee) (444)

is the Toeplitz determinant whose Fisher-Hartwig symbol

folzip) =z -2 (%) 821.0(2)82,-0(2) (4.45)

possesses power-type singularity at z = z; = €'%/? and jump discontinuities

e*i"e 0 < argz < argz

85 +a(2) = { et argz; < argz < 2w (4.46)

at z = z;, with z, = el>7—¢/2),

Proof. Start with the multiple integral representation Eq. (4.17) and make use of Andréief’s
formula [43,44]

ao;
1—[ / w(@) det [f1(0)] det [g1(0,)
1<jL=N

1<j,{<N

do
=N! det (/ 2—w(9)fj_1(9)gg_1(9)> (4.47)
o 4T

1<j,l<N
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in which the weight function is set to w(8) = (1—-¢©(0)O(¢ —0))|1 — ei"lz, integration domain is
chosen to be £ = (0, 27), and fi_1(6) = gi_1(0) = V=17, to derive

1
Dn(p; &) = N1 og,czlgv—l [Mj—z(ﬁﬂ, C)] ) (4.48)
where
21 @ do ) N
Mj-e(¢: ¢) = (/ —Cf ) 1= e iUt (4.49)
0 0

Introduce a new integration variable z = e? in Eq. (4.49), adopt the standard terminology and
notation of Refs. [45,46] to figure out equivalence of Eqs. (4.48) and (4.49) to the statement of the
proposition. O

5. Power spectrum in quantum chaotic systems: Large-N limit

In the limit N — oo, the exact solution for the TCUEy power spectrum should converge to a uni-
versal law. To determine it, we shall perform an asymptotic analysis of the exact solution Egs. (2.12)
and (2.13), stated in Theorem 2.7, with the generating function ®y(¢; ¢) being represented as a
Toeplitz determinant specified in Proposition 4.9.

5.1. Uniform asymptotics of the Toeplitz determinant

To perform the integral in Eq. (2.12) in the limit N — oo, uniform asymptotics of the Toeplitz
determinant Eq. (4.44) are required in the subtle regime of two merging singularities. In our case,
one singularity is of a root type while the other one is of both root and jump types. Relevant
uniform asymptotics were recently studied in great detail by Claeys and Krasovsky [46] who used
the Riemann-Hilbert technique.

Two different, albeit partially overlapping, asymptotic regimes in ¢ can be identified.

Asymptotics at the ‘left edge’.—Defining the left edge as the domain 0 < ¢ < ¢g, where ¢y is sulffi-
ciently small,® the following asymptotic expansion holds uniformly as N — oo (see Theorems 1.5
and 1.8 in Ref. [46])

InDy[f5(z: 9)] = InN — i(N — 1)p — 2&* In <M>
®/2
N ds 1420
+ f —a(s)+ O(N ), (5.1)
0 S
so that
i -20? —iN
Pn(p; )= el (Sll’:;g/a;Z)) exp (/; ¢ %g(ﬂ) (l + o(N—1+2&))) . (52)

Here @ = w/2m is a rescaled frequency so that z = 1 — ¢ = e%7®, The function o(s) is the fifth
Painlevé transcendent defined as the solution to the nonlinear equation

0" = (0 —so’ +2(0' )" — 4(c"Y (o' - 1) (5.3)
subject to the boundary conditions [47]°
- - sy(s) i8] oy~ 1426 _ .
§)=—@s —2&° + ———— + 0 (e M52 L o (Is|71) as s — —ioco 5.4
o(s) = —ws — 2w T+ (e7™is )+o(sI™") (5.4)

5 In fact, here ¢y = 27 — € with € > 0.

6 Notice that, in distinction to Ref. [46], we kept two reminder terms in Eq. (5.4)—oscillatory and non-oscillatory, even
though the latter term is subleading. The reason for this is that the function o(s) will subsequently appear in the integral
Eq. (5.11) which will make the non-oscillatory reminder term dominant.
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and
o(s)=0(s| In|s]) as s— —i0,. (5.5)

The function y(s) in Eq. (5.4) equals

1 s 12(-1+20) . . ]"(2 —
)= —|= e—l\s\em
=4 ‘2‘

o)1 — )
rd+ao)(@)
The above holds for 0 < ® < 1/2.

Remark 5.1. Following Ref. [46], we notice that in Egs. (5.1) and (5.2) the path of integration in
the complex s-plane should be chosen to avoid a finite number of poles {s;} of o(s) corresponding
to zeros {g; = isj/N} in the asymptotics of the Toeplitz determinant Dy[f;(z; ¢)]. For the specific
Fisher-Hartwig symbol Eq. (4.45) we expect {s;} to be the empty set; numerical analysis of
Dn[fs(z; ¢)] suggests that its zeros stay away from the real line. H

Asymptotics in the ‘bulk’.—Defining the ‘bulk’ as the domain 2(N)/N < ¢ < ¢y, where ¢y is
sufficiently small, and £2(x) is a positive smooth function such that £2(N) — oo whilst 2(N)/N — 0
as N — oo, the following asymptotic expansion holds uniformly (see Theorem 1.11 in Ref. [46]):

8 S —20? .
Dulfs(z: )] = N'=2 G, ei™e=io7 |2 sin (g)‘ (140 (2(N)"1+22)) (5.7)
so that
~ . . —20? ~
Dn(g; ¢) = N_ZwZG(;) pl@pIN+1)p—iam |5 i (%)‘ (1 +0 (Q(N)_1+2w)) ) (5.8)
Here, G; is a known function of @
Gy = G2 + 0)G(2 — @)G(1 + @)G(1 — @) (5.9)

with G(- - -) being the Barnes’ G-function. The above holds for 0 < @ < 1/2. The leading term in
Egs. (5.7) and (5.8) is due to Ehrhardt [48].

Remark 5.2. Since both asymptotic expansions [Eq. (5.1) and (5.7)] hold uniformly in the domain
£2(N)/N < ¢ < ¢, the following integral identity for o (s) should hold:

—iT
d
lim (f d o(s) — idT + 2&% In T) = —in® + In Gy, (5.10)
T—+00 0 S

see Eq. (1.26) in Ref. [46]. Had this global condition been derived independently, it would have
provided an alternative route to producing the ‘bulk’ asymptotics out of those known in the edge
region. Notice that as T — oo, the boundary condition Eq. (5.4) implies a stronger statement:

—iT
f ?5 o(s) —i&@T + 2% InT = —izrd+InG, + O(T™"). = (5.11)
0

5.2. Asymptotic analysis of the main integral

In doing the large-N asymptotic analysis of our exact solution for the power spectrum [Eqgs. (2.12)
and (2.14)], we shall encounter a set of integrals
2

de

e =N [ 3 ontei) (5.12)
0o 2

where k is a non-negative integer and ®y(¢; ¢) is given by Eq. (4.17). We shall specifically be
interested in k = 0 and 1.
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Lemma 5.3. In the notation of Eq. (5.12), we have:

N 1—(1-¢N
Ino(¢) = NI : . (5.13)

Eq. (5.13) is exact for any ¢ € C.

Proof. To compute the integral Eq. (5.12) at k = 0, we invoke the expansion Eq. (4.15) of @n(¢; ¢)
in terms of probabilities Ey(¢; ¢) of observing exactly ¢ eigenangles of TCUEy in the interval (0, ¢),

dg
Ino(¢ NZ(] / —— En(£; 9). (5.14)

The integral above can readily be calculated by performing integration by parts:

2 d d d
[ nwn=sm- [ Lotnie)
0 %

2T d
—am+—/ X 0 peal0)—pule). (5.15)

In the second line, we have used the relation Eq. (3.5) which, in the context of TCUEy, acquires the
multiplicative factor 1/27 on its r.h.s.; there, p,(¢) is the probability density of the ¢-th ordered
eigenangle. Further, identifying (see Corollary 4.3)

do LA, €=1,...,N;
/0 5 P Pele) =100) ={ 0. (—ONiL (5.16)
where A = 27 /(N + 1) is the mean spacing, we conclude that
2
do (94+1) — (Op) 1
— En(€; ¢) = Sen = 5.17
/0 o ENE#) 2 N+1 (5.17)

forall £ =0, ..., N. Substitution of Eq. (5.17) into Eq. (5.14) ends the proof. O

Remark 5.4. The fact that Iy (¢ ) could be expressed in terms of elementary functions can be traced
back to stationarity of level spacings in the TCUEy. For one, in the CUEy, an analogue of Iy o(¢) would
have to be expressed in terms of the six Painlevé function. ®

The integral Iy .—Unfortunately, exact calculation of the same ilk is not readily available for Iy k
with k = 1. For this reason we would like to gain an insight from Eq. (5.13) as N — oo, which,
eventually, is the limit we are mostly concerned with. To this end, we extract the leading order
behavior of Iy ¢(¢) on the unit circle |z| = |1 —-¢| =1,

1 N1 -1
Ino(C) = 7 +(1-2¢) z +O(N™), (5.18)
and observe that it contains terms of two types. (i) Those bearing a strongly oscillating prefactor
(1 _ ) Z emeN

1
1-¢)N=
(1-2¢) ;

are contributed by a vicinity of ¢ = 27 in the integral Eq. (5.12) with k = 0. (ii) On the contrary,
such a prefactor is missing in the term coming from a vicinity of ¢ = 0,

1

E.
The contribution from the bulk of the integration domain appears to be negligible due to strong
oscillations €N of the integrand therein, see Eq. (5.8).



R. Riser, V.A. Osipov and E. Kanzieper / Annals of Physics 413 (2020) 168065 27

Equipped with these observations, we shall now proceed with an alternative, large-N, analysis
of Iyx(¢) for k = 0 and k = 1, where terms of the same structure (with and without strongly
oscillating prefactor) will appear. Aimed at the analysis of the power spectrum [Eq. (2.12)], whose
representation contains a very particular z-operator, we shall only be interested in the leading order
contributions to both terms. Notably, even though for k = 1 a non-oscillating term is subleading as
compared to an oscillating term, we shall argue that its contribution should still be kept.

To proceed with the large-N analysis of Iy x, we first rewrite the integral Eq. (5.12) as a sum of
two

Ini(¢) = IV X&)+ () (5.19)
such that
1) o dp E
1) =N f 2 ot (enly: ) - @505 ) (5.20)
0
and
2 d
V() = Nf zi)w" @ (9; ¢). (5.21)
0 T

Here, @,5((,0; ) is an arbitrary integrable function; it will be specified later on.
Prompted by the ‘edge’ and ‘bulk’ asymptotic expansions of @y(¢; ¢) [Egs. (5.2) and (5.8)], we
split the integral in Eq. (5.20) into three pieces

W) = Lyh(©) + CYE) + R (). (5.22)
where
) AN dg E
Ly (¢) =N oy (Dn(e: ) — P(p: ). (5.23)
(1) ZRIN dg E
Cuill) =N ¢ (Dn(; 0) — DR(9: 1)) (5.24)
Q(N)/N Y
2 d
R =N [ 2 (antpi o) - 9w ). (525)
2r—R(N)/N <70

correspondingly.

To facilitate the asymptotic analysis, we would ideally like to choose cDIEV((p; ¢) in such a way that
the contribution of the ‘bulk’ integral C,(\,]i(g') into I,(V])k({) becomes negligible. For the time being, let
us assume that such a function is given by the leadi’ng term in Eq. (5.8),

—20?
2sin (g)‘ . (5.26)

Then, I,(f'}((z) will be dominated by the contributions coming from the ‘left-edge’ [Lgvl,)k(f)] and the
‘right-edge’ [Rﬁvl,)k(g“)] parts of the integration domain. In fact, the contributions of the left and the
right edges are related to each other; an exact relation between the two will be worked out and
made explicit later on.

45’5(% ‘)= N‘Z’I’ZG@ pl@W(N+1) p—idom

The integral I,(\H{({ ).—Restricting ourselves to k = 0 and 1, we first consider the left-edge part L(n},)k(f ).
Substituting Egs. (5.2) and (5.26) into Eq. (5.23), we find, as N — oo:

2NN g4 N . 2 —20? —iNg g
M ry _ de 1 iae | (Sin(e/2) / ds
Lyi(¢) = N/(; x? € [ (7¢/2 exp A S o(s)

x (14 O(N"1#22)) — N72%* (2sin(g/2)) 2% e@¥Ne o7, } . (5.27)
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To get rid of N in the integral over the Painlevé V transcendent, we make the substitution A = Ng

to rewrite Lfvlq)k(g) in the form

20 g Ak sin(1/(2N))\ 2" it gs
(1) _ 2~ JioAd/N -
fuale) = /0 2r NK© [ ( 1/(2N) ) o </0 5 Um)
x (14 O(N1722)) — N=2%* 2sin(A/(2N)) %" e e~ G, } . (528)

. . 1
Noting that A/N = O(£2(N)/N) tends to zero as N — oo, we can further approximate LEV,),{({) as

1 2Mdy | e —*d
LE\}A’)k(;) = m/ﬂ Ekk‘zwze”"* exp (/O ?Sa(s) — i@\ + 2% In k)

_ e—i&)ﬂcd) :| +O(Q(N)k+lN—k—1+2(Z)) + O(Q(N)’H—ZN_k_]). (529)

Next, one may use Eq. (5.11) to argue that replacing £2(N) with infinity in Eq. (5.29) produces an
error term of the order O($2(N)k~1-29° N=k):

1 [ dh 02 i ds
LE\}A’)k(;) = /0 EA"‘sze'wk |: exp (/(; ?a(s) — i@\ + 2% In A)

_ e—i&)nGd} :| +O(Q(N)k+lN—k—l+2(ZJ)

L O(Q2(NYH2N*=1) 4 o(2(N )k 1-20° Nk, (5.30)

Further, choosing £2(N) to be a slowly growing function, £2(N) = In N, one readily verifies that the
third error term in Eq. (5.30) is a dominant one out of the three as 0 < @ < 1/2. Yet, it is smaller
as compared to the integral in Eq. (5.30) by a factor Q(N)’H*Z‘T)2 that tends to zero as N — oo.
Thus, in the leading order, we derive:

1 _
Ini(0) = 18 () +oN ), (5.31)
where
© dxr 22 - “*d .
2V(¢) = / 2 k-2a? giaoh |:exp ( / Bo(s) — i@r + 23 In A) - e-mcgu}, (5.32)
0 2 0 S

with k =0 and 1.

Now, let us turn to the ‘right-edge’ integral Rs\,ly),((g). Due to the symmetry relation Eq. (4.18)
shared by @,E(ga; ¢) too, we realize that the contributions of the left and the right edges are related
to each other:

(1) Z\N NN dg I E
RO =N =8 [ 5% 2m = g (@tei ) - i 0). (539
0
Considering the integral on the r.h.s. of Eq. (5.33) along the lines of the previous analysis, we
conclude that the following formula holds as N — oo:

V() = (1= )" (@) + (1), (5.34)
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where

_— o] dx L —iX d
®() = (271)"/ A s 232 jiin [ exp (/ ?so(s) —iox + 2% In A)
0 0

2

_ el } (5.35)

with k =0 and 1.
Combining Eqs. (5.31), (5.32), (5.34) and (5.35), we end up with the asymptotic result [Eq. (5.22)]

1
Wa8) = 800+ (1 = eI, (5.36)

The notation +— was used here to stress that the r.h.s. contains each leading order contribution of
both terms, the oscillating and the non-oscillating, as discussed in the paragraph prior to Eq. (5.19).
The integral I,(fjc(;).—As soon as the function @,f,(go; ¢) contains a strongly oscillating factor e®¢N, the
integral I,ﬂ(g) in Eq. (5.21) can be calculated by the stationary phase method [49]. Since there are
no stationary points within the interval (0, 277), the integral is dominated by contributions L(Ai)k({)
and RE\,ZA’)k(;), coming from the vicinities of ¢ = 0 and ¢ = 2, respectively.

Lemma 5.5. Let I?) (¢) be defined by Egs. (5.21) and (5.26), where k is a fixed non-negative integer.

N,
Then, as N — oo, it éan be represented in the following form:
IE) = L) + RY (L) (5.37)
where
1 _
L0 = g8 + oY), (5.38)
R () = (1= o)"RP +o(1), (5.39)
and
25(2)@) _ % ikt 1-20-23%)/2 ; —k—1+20° rk+1—2a%), (5.40)
T
Gy 2 1o _
D%Ef)(g) _ - em(—l+2w+2w2)/2w 1+2w2(2n)k1—v(1 . 2a)2). (5.41)
b4

Proof. Apply the stationary phase method [49] to calculate the integral Eq. (5.21). O
Lemma 5.5 brings the following asymptotic result
1
Il(\lzjc(; )~ NE
compare with Eq. (5.36).

£2(0)+ (1= o)"R®P(¢0), (5.42)

The integral Iy 1 (¢ ).—The calculation above implies that the main integral of our interest admits an
asymptotic representation

W) > T 80+ (1 M) (5.43)
with k =0, 1 and

2(¢) = &) + &2, (5.44)

Re(£) = R (E) + RO, (5.45)

We notice that both £,(¢) = 0(1) and 93(¢) = O(1) and the factor (1 — ¢)V = zV = 7N in
Eq. (5.43) is a strongly oscillating function of @ as N — oo, in concert with the discussion in the
paragraph prior to Eq. (5.19).



30 R. Riser, V.A. Osipov and E. Kanzieper / Annals of Physics 413 (2020) 168065

Remark 5.6. Our derivation of the main result of this section, Eq. (5.43), was based on the
assumption that the choice of qﬁf,((p; ¢) in the form Eq. (5.26) makes the contribution of the ‘bulk’
integral C,E,lj((;) |Eq. (5.24)] into I,(\,l’}i(g) negligible. If this is not the case, one should replace q§,§, with
some @f, by adding to q),ﬁ the higher-order corrections (up to O(N~2)) that can be obtained from the
full asymptotic expansion of ®y(¢; ¢), see Remark 1.4 of Ref. [45]. Inclusion of these higher-order
corrections will reduce the contribution of C,%({) to a negligible level as guaranteed by the rough
upper-bound estimate

: 20-2NIN gy
e =n| [ S @ (Dnlg: £) = Pfly: )
Q(N)/N T
<N T dy lon(g; Df(@; ¢)| = o(N! 5.46
SN e n(@; ) — PR(p; )] = (N ). (5.46)

On the other hand, the proposed modification of ®n(¢; ¢) will produce corrections to the functions
Lx)l, Rx)l, Lfvz)l and RE\,ZA’)], which will clearly be subleading to those calculated in the leading order

[see Eqs. (5.31), (5.34), (5.38), (5.39)]. For this reason, they will not affect the large-N analysis of
the power spectrum where only O(1) terms are kept. ®

5.3. Proof of Theorem 2.9

Now we are in position to evaluate the power spectrum as N — oo. To proceed, we start with
the exact, finite-N, representation

2 —N
(N+1) Re{( 3 1-z

z— —N—
N2 0z 1—-z

following from Eqgs. (2.12) and (5.12). Substituting Iy ; given by Eq. (5.43) into Eq. (5.47) and taking
into account the relation R1(¢) = 2%R(¢), following from Egs. (5.45), (5.41) and (5.35), we derive,
as N — oo:

Sn(w) = ~LRe {2221(5)} + 2Re {1 z <2N+1£%0(§)+ mo(f))}

Sn(w) =

) ]Z_ZIN,I(:)} — Sy(o) (5.47)

dz 1-z

. N
—2Re{(21)(l+z)} +o(1). (5.48)

Here, the third term originates from the large-N expansion of EN(w) [Eq. (2.13)]. Surprisingly, the
last two terms in Eq. (5.48) cancel each other. This follows from the identity

1
L£o(¢) =Ro(¢) = 7 (5.49)

that can be identified by comparing Eq. (5.18) with Eq. (5.43) taken at k = 0. The cancellation
implies the N — oo result

So(w) = — - Re { z , 21(;)}. (5.50)

Substituting Eqs. (5.44), (5.32) and (5.40) into Eq. (5.50), we derive

1 eZin&) 00 dx o —iX ds
Seo(®) = ;Re { e (f E}J’z‘“ze"”A |:exp(/ ?o(s) — iA 4 2&° lnA)
- 0 0

L~ Gy -~ -
_ e—lwer&) i| _Zle—ln(w+w2)®—2+2w2 F(Z _ 25)2) ) }, (5_51)
4



R. Riser, V.A. Osipov and E. Kanzieper / Annals of Physics 413 (2020) 168065 31

where ® = w/27 is a rescaled frequency, and the function o(s) is the fifth Painlevé transcendent
defined by Egs. (5.3)-(5.5). Eq. (5.51) can be simplified down to

Cdn
Se(@) = A(®) { Im (/ L1720 gian
0o 2m

—iA
x [exp (/ % (o(s) + 5@ + 25)2)) - 1]) + B(@) ] (5.52)

where the functions A(®) and B(®) are defined as in Egs. (2.18) and (2.19). To derive Eq. (5.52) we
have used the integral identity Eq. (5.10) to transform the exponent

—ix
exp (/ @ds — i@dA + 2&° In A) = Gge "%
0 S

—iA
x lim exp U @ds + (T — 1) + 2&* ln(A/T)]

T—o0 iT
s —ik ds
= Gze " exp [/ - (o(s) + s + 2&)2):| . (5.53)
—ico
Finally, we notice that o(s = —it) = o(t) satisfies Eq. (1.3) with v = 1 supplemented by

the boundary conditions Egs. (2.20) and (2.21). With help of this, we recover the statement of
Theorem 2.9 from Eq. (5.52). O

Remark 5.7. Note that the global condition Eq. (5.11) ensures that the expression in the square
brackets in Eq. (5.51) exhibits ©(A~!) behavior as A — oo. This guarantees that the external
A-integral in Eq. (5.51) converges for any @ € (0, 1/2). &

Remark 5.8. Notice that Eq. (5.49) combined with Egs. (5.45), (5.41) and (5.35) taken at k = 0,
motivates the following conjecture. H

Conjecture 5.9. Let 0 < @ < 1/2 and let o(s) be the solution of the fifth Painlevé transcendent
satisfying Eq. (5.3) and the boundary conditions Egs. (5.4)-(5.6). Then the following double integral
relation holds

© gy o —ik d .
f 28 520 gk |:exp </ —Scr(s) — i@ + 20 In A) - e”“’”G(;J:|
0 27 o §

1 Go _i(rrz2y - -
= - iz—e*lﬂw*wz)w”“wzrm —2d%). m (5.54)
__ p2miw T

Remark 5.10. To extend the proof of Theorem 2.9 for @« = m, one would have to use the
Theorem 1.12 of Ref. [46] instead of Theorems 1.5, 1.8 and 1.11 of the same paper. Since numerical
calculations indicate that the power spectrum is continuous at w = 7, we did not study this case
analytically. m

5.4. Proof of Theorem 2.11

Below, the universal law S, (w) for the power spectrum will be studied in the vicinity of w = 0.
In the language of Sy(w) this corresponds to performing a small-w expansion after taking the limit
N — o0. Eq. (2.17) will be the starting point of our analysis.

Preliminaries.—Being interested in the small-o behavior of the power spectrum Eq. (2.17), we
observe that the functions A(w) and B(®), defined by Egs. (2.18) and (2.19), admit the expansions
1 1 1
— (- ) o+ 0@, (5.55)
6 2
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1
B(D) = o dIne+(y —1)a* + 0@ In @), (5.56)

so that the power spectrum, as @ — 0, can be written as

1 1 1)\ . 1 . .
Seo(w) = yrors + ( — *) w+ ﬁwlnw
+ {1 + (1 _ tJ) &+ 0(5,3)} A@) + 0(@° In &). (5.57)

Here, A(®) denotes a small-w expansion of the function
dt
Im/ )12 gion [exp (—/ - (m(t)—i&)t+2&)2)) - 1], (5.58)
A
such that

A@) = A(@) + 0(&°), (5.59)

see Egs. (2.17) and (5.57). Notice that convergence of the external A-integral at infinity is ensured
by the oscillating exponent e**,

Small-@ ansatz for the fifth Painlevé transcendent.—To proceed, we postulate the following ansatz for
a small-w expansion of the fifth Painlevé function o¢(t):

01(t) = @fi(t) + @*Ho(t) + D fs(t) + - - (5.60)
Here, the functions fi(t) with k = 1, 2, ... satisfy the equations
VAt 4 (2 — 4 — thi(t) = F(t), (561)
where
Fi(t) = (5.62)
K(t) = 4f ()ff — 6(f7), (5.63)
F3(t) = 4A(0f; + 4f1f(8) — 12tf,f;, (5.64)
etc. The above can easily be checked by substituting Eq. (5.60) into Chazy form [50,51]
t26!" +to! +6t(0))? — 40,0! + (t? — 4v?)o! —to, =0 (5.65)
of the Painlevé V equation (1.3) taken at v = 1. The boundary conditions are generated by
Egs. (2.20) and (2.21):
fi(t) > 0ast — 0, filt) =it +o(t)ast — +oo, (5.66)
fr(t)—>0ast — 0, fo(t) > —2ast — +oo, (5.67)
fi(t)—>0ast — 0, f3(t) > 0ast — +o0. (5.68)

The third order differential equation (5.61) can be solved to bring
2 b dx
fillt) = (f - *) (Cl.k +/ 7Fk(x)>
t 0 X
it t d
+ . Cok +/ —Xe’“‘( —x* + 2ix + 2) F(x)
t ' 0 2x3

e*it t dX
+ — cg,k+/ —e¥(—x? = 2ix+ 2)Fu(x) ) . (5.69)
t 0 2x3
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This representation assumes that the integrals are convergent; integration constants have to be
fixed by the boundary conditions Egs. (5.66), (5.67), (5.68), etc. In particular, we derive:

_it2+2cost—2

A(t) = ; , (5.70)
f(t) 2 6+2ﬂ t+2cost+8COSt 2ncost
= —Z— — —_— =TT _———
2 2 ¢ 2 t
cos(2t) sint . .sint sint
-2 +8y—— —8Ci(t)— +8Int—
t2 t t t
Si(t Si(t
— 4¥+2t5i(t)+4cost¥, (5.71)
where
"1
y = lim (- Inn+ ; k) ~ 0.577216 (5.72)
is the Euler’s constant, and
2  dx cost [ dx
A0 = ( —r) | Sr0-22 [ S
t P X t Jo X
eit t dx )
+ ilm HT / ;e’“‘(—x2 + 2ix + 2)F3(x)} . (5.73)
0

Here, the function F5(t) is known explicitly from Egs. (5.64), (5.70) and (5.71). We notice that
fi(t) €iR,  fo(t) e R, f3(t) € iR,

and
F(t) e R, F3(t) €iR.

Representation of ?&(&)) as a partial sum.—Having determined the functions fi(t), f2(t) and f5(t), we
now turn to the small-w analysis of A(®) [Eq. (5.58)]. Expanding the expression in square brackets
in small o, we obtain:

exp <— /°° % (on(t) — it + 252)) —1=-05(2)
A

@*Ga(A) — @3G3(A) — - - . (5.74)

The functions Gi(1) can be evaluated explicitly in terms of integrals containing fi(1) defined in
Eq. (5.60). For example,

51(0) = F1(2), (5.75)

52(1) = —%ff%(k) + 55(A), (5.76)

5(4) = T50) — TR0 + 570 (5:77)
Here,

F1(0) = /;O ?(f](t) —it)= —2i (% + % — Si(A)) , (5.78)

s = [ T +2), (579)

and

> d
T5(0) = / e, (5.80)
A
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Notice that
Fi(A) € iR, F(A) e R, TF3(A) €iR
and, hence,
51(A) € iR, Go(A) € R, G3(A) € iR.
Substituting Eq. (5.74) into Eq. (5.58), we split A(®) into a partial sum
A(@) = A1) + Az(@) + As(@)+ - - -, (5.81)
where

») = —&*Im / 0120 gidrg . (5.82)

A small-@ expansion of Ak(w) is of our immediate interest.
Calculation of 211(&)) —Eqgs. (5.82), (5.75) and (5.78) yield

di 1—cosh =«
Aq(D) = 2@/ 7 2072 cog(@n) <7 + = - Si(A)). (5.83)
0 T A 2
Performing the integral, we obtain:
1 ~ ) ]
Ai(®) = —@3(—20%) sin(m@?) { (1= &P 4 (14 &)1 — 252"
T
1— 202 3 1
—1_7;’235 (1—5)2,1—5)2,5—&)2;5,2—5)2;5)2> } (5.84)

Its small-& expansion Aq(®) = @* 4+ 0(&>) brings

A(®) = @, (5.85)
see Eq. (5.59) for the definition of fl(w).
Estimate of Ay(@).—To treat Ai(w) for k > 2, we split it into two parts

Ap(@) = A(@, T) + By(@, T), (5.86)
where

A, T) = —~’<Im/ 2128 kg (5.87)

B(@,T) = —~’<1mf LI gy (), (5.88)

Here, T is an arbitrary positive number to be taken to infinity in the end.
Since a small-® expansion of Ay(@, T) is well justified for any finite T, see e.g. Eq. (5.92), we
conclude that

A, T) = 0(&"). (5.89)

To estimate Bi(®, T), we refer to Remark 5.7 which implies that G (1) = o(A"!) as A — oo.
Replacing Gi(1) with 1/X in Eq. (5.88), we perform the integration by parts twice in the resulting
integral

% da ei&)}» ei&)T . 1 .- . % dx ei&))»
f —— T72w2 + 7el(uTT*1—2w2 _ 2(_1 + 25)2)/ — (590)
2w )2 2ind T T 27 A2

to conclude that it is of order ©O(@~'). This entails
Bi(@, T) = (& ). (5.91)
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Since we are interested in calculating A(&) up to the terms O(@?3), see Eq. (5.59), we need to consider
Ay(@, T) and By 1(@, T) for k < 2 only.

Calculation of ?&z(cb).— A small-@ expansion of Ay(@, T) brings
T
~ ~2 da ~ ~2 1.5 ~3
Ao, T) = =&"Im | =3 (1+ibh — 26 Ik — 2@"2% + 0(&°) ) %a(2). (5.92)
0 g
Since S,(A) € R, we even conclude that

Ax(@, T) = (&%), (5.93)

For this reason, Ay(@, T) does not contribute to Az( ).
Evaluation of By(@, T), given by

By( / L0725 sin(@on)g, (), (5.94)
is more involved. A simplification comes from the fact that, at some point, we shall let T tend

to infinity. For this reason, it suffices to consider a large-A expansion of §,(A) in the integrand.
Straightforward calculations bring

2i .sin A Cos A

ff]()\): —X —217"‘0 3 s (595)
6 cosAlnAi cos A InA

Fo(X) = 2 + ST +2(4y — 1) 2 - ) (5.96)

Eq. (5.95) is furnished by the large-\ expansion of Eq. (5.78). To derive Eq. (5.96), we first
calculated the integral Eq. (5.79) replacing an integrand therein with its large-t asymptotics, and
then expanded the resulting expression in parameter A — oo. By virtue of Eq. (5.76), this yields

4 cosAlni COS A o(lnk)

(5.97)

The expansion Eq. (5.97), being substituted into Eq. (5.94), generates two families of integrals:
*° da sin[(@ + j)r
T 27 )\'1+2w

with j = 0, £1 and

(@, T) =/ ar lnkw (5.99)
;27 1+20
with j = £1, such that
Ba(@. T) = @ 450(@, T) = (4 = DI-1(&. T) +91(5, )
— 4K (&, T) + K (@, T)]}. (5.100)

To determine a small-@ expansion of By(@, T), we shall further concentrate on small-@ expansions
of its constituents, Jo(@, T), J+1(@, T) and K{(®, T).

(a)—The function Jo(w, T) can be evaluated exactly,

1 o @ 1 3 3 T?
_ 7T172w2 @ — F (7 _ 5)2; 5, 5 — 5)2; _7&')2> . (5]0])
12}
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Expanding this result around @ = 0 we derive
1

Jo(@, T) = y + O(®). (5.102)
(b)—To analyze a small-@ expansion

Jizo(@, T) = ao(j. T) + @ a1, T) + 0(@°), (5.103)
we proceed in two steps. First, we determine the coefficient «(j, T) directly from Eq. (5.98)

. % da sin(jA)
ao(j, T) = TJ#O(O, T)= — oo, VT >0, (5.104)
T 2w A

to deduce the relation (j # 0)

ao(—j, T) = —ao(, T). (5.105)

Second, to determine a linear term of a small-w expansion of Jjo(®, T), we perform integration by
parts in Eq. (5.98) to derive the representation

1e2 Cos[(@+T] 1+ 207 /°° dx cos[(@ + j)A]
27 (@ + ) o+j Jr 2w a2+

whose integral term possesses a better convergence when @ approaches zero, as compared to the
one given by Eq. (5.98). Differentiating Eq. (5.106) with respect to @ and setting @ = 0 we derive:

cos(jT)) n 1 /°° dA sin(jA)
T

Jiso(@, T) =T~ (5.106)

dJjzo(w, T)

do

j,T) = : L
(. T) jT j 2 A

1
= —— (sin(jT) +
2]

1 [ dA cos(jr)
— — <00, VT>O0. (5.107)
Jz T 2 A2
This implies the relation (j # 0)
a1(=i, T) = o1(j, T). (5.108)
As a consequence, we conclude that
I1(@, T) + Ji(w, T) = 0(@). (5.109)

(It is this particular combination that appears in Eq. (5.100).)

(c)—To examine a small-w expansion
Kizo(@, T) = ko(j, T) + @ k1(j, T) + 0(&°), (5.110)

we follow the same strategy. First, we determine the coefficient «q(j, T) directly from Eq. (5.99)

* da in(jA
Kou,r):x#o(o,r):/ dh 80N o v, (5.111)
T 2 A
to observe the relation (j # 0)
ko(—j, T) = —ko(j, T). (5.112)

Second, to examine a linear term of a small-& expansion of Kj.o(®, T), we perform integration by
parts in Eq. (5.99) in order to improve integral’s convergence:

InT  cos[(@® +j)T] 1 © dx cos[(@ + j)r]

2n(@+j) TR d)+j/T 2T 2t
1420% [ di cos[(@ + j)A]

4] /T 27 p2+2a?

Kjzo(w, T) =

In . (5.113)
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Differentiating Eq. (5.113) with respect to @ and setting @ = 0, we obtain:

dXjzo(@, T in(GT iT
Gy = L@ D sinGl) e cosiD
do . 27j 27j2T
1 [ di sin(o
—T/ dh SInGA) 1oy
] T 27 A
1 [ dA cos(jA)
- = — (1—InA) <oo, VT >O0. (5.114)
IG 27 A2
This implies the relation (j # 0)
k1(=j, T) = k10, T). (5.115)
As a consequence, we conclude that
K_1(@, T) + Ky(w, T) = O(®). (5.116)

(Again, it is this particular combination that appears in Eq. (5.100).)
Collecting the results Egs. (5.93), (5.100), (5.102), (5.109), and (5.116), we observe that A,(w) =
&% + 0(®%); hence
Ay(®) = A(0) = @, (5.117)
see Egs. (5.59) and (5.85).
Calculation of As(&).—Since As(®, T) = 0(®3), see Eq. (5.89), we need to deal with Bs(&, T) only:

® dx P
Bs(@,T) = _~31mf -2 givhg (), (5.118)
T 27T

large-A asymptotics of G3(A) defined by Eq. (5.77) are required.

To proceed, we need to complement the expansions Egs. (5.95) and (5.96) with the one for 3
defined by Eq. (5.80). To this end we, first, employ Egs. (5.64), (5.70), (5.71) to determine a large-t
behavior of F3(t),

F5(t a cost costint sin(xt)Int
3<>_i{1+a . +O< (1) )}

B e % e T ¢4

where ai, a; and as are real coefficients whose explicit values are not required for our analysis;
sin(x t) stands to denote sint and sin(2t), both of which are present in the remainder term. This
expansion combined with Eq. (5.73) implies the following large-t behavior of f3(t):

(5.119)

. 1 ,sint cost , cost , cost
f3(t):1{a’1?+a2T+agT — 1 —1 Zt}
sintInt
0 2 . (5.120)

Here, the coefficients a; € R are real.
Now, a large-A behavior of F3(A) can be read off from Eq. (5.80):

o1 , SINA , COS A , SinA ,Sind
F3(A) =i ali—i-az 2 + a3 2 +a, 2 lnk+0571n A
COSA 4
+o< T In k), (5.121)

where the coefficients a/ € R are real, again. Inspection of Egs. (5.77), (5.95), (5.96) and (5.121)
shows that a large-A behavior of G3(A) coincides with that of F3()).

Having determined a large-A asymptotics of G3(1), we turn to the analysis of the function Bs(®, T)
as o — 0. Since G3(A) € iR, a substitution of Eq. (5.121) into Eq. (5.118) generates several
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integrals (see below), whose small-@ behavior should be studied in order to figure out if Bs(@, T)
contributes to As(w) as defined by Eqgs. (5.59), (5.81) and (5.86). This knowledge is required to
complete calculation of the small-w expansion of the power spectrum S..(w), see Eq. (5.57).

(a)—The first integral, originating from the a/ term in Eq. (5.121), admits a small-& expansion

.  dx cos(@A) -0
Bs.l(w,T)=/T g = 0(@"). (5.122)

This result is obtained from the real part of the r.h.s. of Eq. (5.90) evaluated at @ = 0. Hence, due
to Eq. (5.118), the contribution of Bs (@, T) to B3(&, T) is of order O(®3).

(b)—The second integral, originating from the a} term in Eq. (5.121), reads

. *®dx . cos(@)) -0
B3 2(@, T) _/T 3 sin A T o(w”) (5.123)

as can be seen by setting @ = 0 directly in the integrand.

(c)—All other integrals generated by the remaining terms in Eq. (5.121) can be treated analogously.
As a consequence, we conclude that Bs(@, T) is of order ©(&%). Taken together with Egs. (5.86)
and (5.89), this implies that As;(®) = 0(&%) so that

A®) = 2&° + 0(&°). (5.124)
Substituting Eq. (5.124) into Eq. (5.57), we derive the sought small-® expansion of the power
spectrum So(w) as stated in Theorem 2.11. O
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Appendix A. Boundary conditions for Painlevé VI function on(t; ¢) as t— oo

To derive the t — oo boundary condition for oy(t; ¢) satisfying Eq. (2.15) of Theorem 2.7, we
make use of Egs. (4.17) and (2.14) to observe the relation
- d
ou(t; ) = —t = 2 Indn(p: ) (A1)
dgo @=2arctan(1/t)

which holds true for t > 0 and 0 < ¢ < /2. Since ¢ — 0 as t — oo, we shall consider a small-¢
expansion of the generating function @y(¢; ¢)

N 2 7 d@
n(f —Cf >7]PN(91»~--,9N)
j=1 W0 0 T

N 4
o) (15 [* 48
ey E/@ | Reer, 00, (A2)

=1

Dn(p; ¢)
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where the JPDF Py(61, ..., 0y) is that of TCUEy [Eq. (2.9)], and Ry n(61, ..., 0;) stands for the £-th
correlation function in TCUEy. Due to Lemma 4.7, these admit a determinantal representation

1
Ren(Or, ..., 00) = r_HdEtlgi,jgz+1 [Sn+1(6: — 6))] b0’ (A3)
where 8y.1(0) is the CUEy,; sine-kernel:
sin[(N + 1)6/2]
sns1(0) = SN+ 10/2)
sin(6/2)
For one,
1 Sn+1(0)  8n41(0)
R = — A4
1n(®) N+1 det( Sny1(0)  8n41(0) ) (A4)
1 Sn+1(0) Snt1(61 — 02)  Sny1(61)
Ron(01,62) = NT1 det| Sny+1(601—62) Sn41(0) Sny1(62) ), (A5)
Sn+1(61) Sn+1(62) 8n+1(0)

etc.
A straightforward calculation produces a small-¢ expansion of @y(¢; ¢) whose several initial
terms read:

1 1
Dy(p;¢) =1-— % <R1.N(0)<p + ERS,N(OWZ + §R¥,N(0)<p3>

1 ¢ 2 2 1 [0.1] [1.0] s
+5 (E) (RZ,N(O, 0)@ + 5 [RZ,N (O, 0) + RZ.N (0, O)] )

1 3

—2 () Rsn(0.0,0)¢% +o(¢?). (A6)
31\ 2n

Only one, out of six, coefficients in the expansion is nontrivial,

N(N + 1)(N 4+ 2)

R} (0) = :
yielding
N(N + 1)(N + 2
oupi ) =1 NADNT2) s o9, (A7)

72r

By virtue of Eq. (A.1), the boundary condition for 6y(t; {) as t — oo reads
- N(N 4+ 1)(N 4 2)
oNt;8)=—t+{—F

3t

Further terms in the 1/t-expansion Eq. (A.8) can be restored with the help of the Painlevé VI
equation itself [Eq. (2.15)]. Substituting the large-t ansatz

o(t™3). (A8)

o] 'N,
on(t: )= —t+2¥ (A9)
j=2
therein, we deduce:
N N N
on(t; &) =—t+ UZ(tz’ ¢) + a“(t4’ £) + GS(tS’ £ +o(t™%), (A.10)
where
N(N + 1)(N +2
0N, £) = ¢ %
2N%2 +4N +9
04(N, ¢) = —?02(1\’»5),
2
os5(N,¢) = M. (A.11)

3
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Remark A.1. Since the above procedure is capable of producing the expansion coefficients oj(N, ¢)
of any finite order, it can also be utilized - by virtue of Eq. (2.14) - to generate a small-¢ expansion
of @n(¢; ¢) up to required accuracy. N

Appendix B. Generating function ®y(¢; ¢) and discrete Painlevé V equations (dPy)

To avoid intricacies [52] of a numerical evaluation of the six Painlevé function 6y(t; ¢) appearing
in the generating function Eq. (2.14), we opt for an alternative representation of ®@y(¢; ¢) in terms
of discrete Painlevé V equations.

To proceed, we follow Ref. [53] (see also Refs. [54-56]), to observe that a sequence of U(N)
integrals

IN(w'C)=1ﬁ</ﬂ—§/ﬂ )ﬂ [T 1€ -4
N!j:] . n—p/) 2T

1<i<j<N
N
. i0: 1201 , — 11 —ind: i0:\ 214
X l_[e‘”zef |14 %™ e ™% (1 + %)™ (B.1)
j=1
where t = e'%, satisfies a recurrence relation

Insily_
L — 1 — 1y (B2)
IN

Here, ry and 1y are so-called reflection coefficients appearing in the Szegd theory [57] of orthogonal
polynomials on the unit circle. Remarkably, there exists the N-recurrence for reflection coefficients
{rn, v} as specified in Proposition 4.4 in Ref. [53]; a variation of their proposition is given below.

Proposition B.1. The N-recurrence for the reflection coefficients of polynomials orthogonal on the unit
circle |z| = 1 with respect to the weight

w(z)=r“z“w1"w2(1+z)2w‘(1+tz)2"{ g ZiEZIfi:Z%. (B3)

is governed by two systems of coupled first order discrete Painlevé equations (dPy). The first is
(fw + N)fv + N+ )

En+18N =t

fn(fv — 201)
(B.4)
N—1+4+pu+w t(N+upu+o)
N+ =201 + + )
gv—1 gy —t
subject to the initial conditions
nw+ow+(1+pn+ o) w_
g = L fo=0, r=—1" (B.5)
Ut o+ 1+ pu+ o)t Wo
The second system is
1By = t,l(fN + N)(fy + N +201)
N+18N = ==
vy —2u)
(B.6)
- N+pu+owo N-1+p+o)!
N+ =20+ — + — ,
gy — 1 av —t
subject to the initial conditions
»+ (1 7
g=M+w+( +u+ o)t i =o. Flz_ﬂ. (B.7)

p+o+1+p+o) wo
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Here, v = w1 + iwy and @ = w1 — iw,. The coefficients wo, w+1 in Egs. (B.5) and (B.7) are

1 dz

The transformations relating the variables {gy, gy} to the reflection coefficients {ry, ry} read:

W 1-tleyN—-1-—p+o

N T (B.9)
N—1 gy —1 N+u+aw

and
L": 1—-gy N—-1—u+ao (B.10)
-1 & -t N+u+o '

respectively.

The proposition yields a sought dPy representation of the generating function @y(¢; ¢), see
Eq. (4.17). Indeed, setting w = w1 + iw, = 1 and u = 0, one observes the relation

In(g;
Dn(p; ¢) = ;'\,((ii)

so that Eq. (B.2) translates to

Dy 1 DPN- N + 1)
Ll WA . (B.11)

@} N(N +2)

where the reflection coefficients {ry, ry} are determined by equations

v _1-tTley N (B.12)
'N-1 gn—1 N+1 '

and

T 1—g N

LR - (B.13)
fNo1 Ev—tTIN+1

considered in conjunction with two systems of coupled first order discrete Painlevé equations (dPy):

- (fy + N)?
NN T Ry —2)
(B.14)
N t(N + 1)
N+fi=2+ +
gy —1 gy —t
and
. (NN +N+2)
EN+18N =t 72 )
N (B.15)
- - N+1 N
N+ =——+ = .
en—1 tgvn—1
The initial conditions read
Do=1, & =1- i((p — sing), (B.16)
2
—2w_
g =t 0 (B.17)
wo — 2tw_1

and

_ —2t7! -
&1 = Toz= T w1’ fo=0, (B.18)
wo — ZU)1
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respectively. By virtue of Eq. (B.8), a set of parameters {wg, w1} can be calculated explicitly:

& 1—t?
wo = 2 iﬂ( o —|—lnt>, (B.19)
wir = 1F i <l(til — Dt =3+ 1 ln(ti1)> . (B.20)
im \ 4 2

Egs. (B.11)-(B.20) provide the dPy representation of the generating function ®@y(¢; ¢).

Remark B.2. To avoid numerical z-differentiation of ®n(p; 1 — z) appearing in the formula
Eq. (2.12), it is beneficial to produce a similar system of coupled recurrence equations for (9/9z)
@n(@p; 1—2). Since the resulting recurrences are too cumbersome to state them here, we leave their
(straightforward) derivation to the inquisitive reader. ®

Remark B.3. Away from the endpoints ¢ = 0 and ¢ = 27, the dPy representation opens a
way for effective numerical evaluation of both @y(¢; ¢) and (3/9z)®n(¢; 1 — z) for finite N. Since
the recurrence procedure tends to accumulate numerical errors, we have used quadruple precision
numbers to achieve sufficient precision for very large N (e.g., for N = 10%, see Figs. 4 and 5). W

Remark B.4. In the vicinity of the endpoints ¢ = 0 and ¢ = 27, numerical precision of the above
recurrence procedure worsens drastically since the recurrence equations start to exhibit a singular
behavior. To circumvent this drawback at ¢ = 0, we have used a small-¢ expansion of @y(¢; ¢)
as described in Remark A.1. In the vicinity of ¢ = 27, the symmetry relation Eq. (4.18) combined
with a small-¢ expansion makes the job. ®
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