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ARTICLE INFO ABSTRACT

Keywords: A new simple closed-form equation that accurately predicts the effect of an arbitrarily large constant axial load,
Axial load residual stress or temperature shift on the natural frequencies of an uniform single-span beam, with various end
Beam conditions, is presented. Its accuracy and applicability range are studied by comparing its predictions with numer-
Equation

Lumped model
Natural frequency
Vibration

ical simulations and with the approximate Galef’s and Bokaian’s formulas. The new equation may be understood
as a refinement or extension of these two approximate formulas. Significant accuracy and applicability range
improvements are achieved, especially near the buckling point and for large and moderate axial load. The new

closed-form equation is applicable in the full range of axial load, i.e., from the buckling load to the tensioned-
string limit. It also models well the beam-to-string transition region for the eight boundary conditions studied.
It works remarkably well in the free-free and sliding-free cases, where it is a near-exact solution. In addition,
it yields the natural frequencies of a 1-D spring-mass system that may be used to model tensioned beams, and
potentially, more complex systems.

1. Introduction

The study of the vibration of beams subjected to axial loads is a clas-
sic topic discussed in many technical publications [1-19]. One reason
for this is that the natural frequencies of axially loaded beams, widely
used in many macro and micro structures, are of practical interest in a
large number of applications. For example, for structural health moni-
toring of structures [18-20]; for using resonance as a sensing mechanism
in micro and nano-devices [21]; for predicting the behavior of micro de-
vices under temperature or stress variations [22,23]; for estimating the
tension, residual stress and other physical parameters from the vibration
response [18,19,24]; and in general for analyzing free vibrations of any
other beam-type tensioned or compressed structure.

The natural frequencies of beams under no axial load can be calcu-
lated with very well known analytical formulas [25]. However, an axial
load has the effect of increasing the natural frequency if the load is ten-
sile, or decreasing it if the load is compressive. At a critical compressive
load P! the frequency goes to zero and the beam buckles. Contrarely, if
the beam is sufficiently tensioned, the flexural rigidity EI is insignificant
compared to the bending stiffness associated with the applied tension.
The beam behaves as a straight tensioned string in this latter case. Given
that, in many situations, beams are subjected to temperature shifts or ax-
ial loads, or are fabricated with non-zero axial residual stress, important
shifts in their natural frequencies may be observed. This can be seen, for
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example, in [26], where the beam-to-string transition of axially loaded
carbon nanotubes was characterized. In this regard, an approximate sim-
ple equation for predicting natural frequency as a function of axial load
for clamped-clamped beams was proposed by Galef in 1968 [1]. It estab-
lished a linear relationship between the squared frequency w? and the
axial load T. Later, Bokaian [3,4] showed that this relationship is exact
for three types of boundary conditions [3,9] (pinned-pinned, sliding-
sliding, and sliding-pinned single-span uniform beams). The problem
is explicitly solvable in those 3 particular cases because the vibration
mode shape under no axial load and the buckling mode shape are iden-
tical [4,27], which does not occur in general. Interestingly, Guédé et al.
[5] then showed that there are some very special cases of inhomoge-
neous beams where those formulas also hold. When the axial load is
not larger than the buckling load, the accuracy of Galef’s equation is
generally within 1% (see 8.1.4 of [25]). However, in the case of larger
axial loads, very common in micro and nano-beams [26], its accuracy
can be worse than 10%. In 1989, Joshi [6] added a quadratic term to
Galef’s equation in order to improve its accuracy between —0.4 and 2.0
times the buckling load. Unfortunately, for larger loads the error of the
quadratic equation grows significantly. Bokaian [4] then suggested a
modified Galef’s formula with a corrective coefficient which depends on
the type of end conditions, increasing its applicability to other end con-
ditions. Liu et al. [10] focused on the free-free beam and calculated nu-
merically the natural frequencies  as a function of the applied tension
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T. Then, they obtained by least-squares fitting several cubic polinomial
equations that relate w and T for the first 4 modes. However, a cubic
equation does not describe well the behavior over a wide range of axial
load. For this reason, depending on whether the axial load was small,
medium or large, the resonance frequency had to be looked up using a
plot, or one of the two sets of cubic equations given in the article.

In some cases, the practical applications deal with highly tensioned
structures. In this regard, estimation of cable tension from its natural
frequencies using approximate simple formulas rather than iteration
or numerical processes has been the objective of several works [15-
19]. Many of them include the effects of flexural rigidity and/or cable
sag. Flexural rigidity cannot be neglected when tension is sufficiently
small. While gravity effects are negligible in the microscopic world they
need to be considered in long macroscopic cables used, for example,
in bridges [28]. In [15] several approximate formulas for calculating
the first and second natural frequencies of inclined cables are provided.
They work well but, similarly to [10], each formula is applicable for a
different positive tension range. Mehrabi and Tabatabai [16] proposed
a similar non-dimensional relationship than worked well for clamped-
clamped conditions and tension values over a given threshold. Ren et al.
[17] proposed empirical expressions when considering either bending
stiffness or cable sag. Again, each expression is applicable for a given
range of tensile axial load. Fang et al. [18] derived by curve-fitting a
simple explicit formula for calculating the natural frequencies of axi-
ally tensioned cables, which takes into account bending stiffness but
cable sag is ignored. It works well for relatively high tension values
and higher or antisymmetric vibration modes of clamped-clamped ca-
bles where the bending stiffness cannot be neglected. In 2015, Huang
et al. [19] explicitily presented unified practical formulas for three types
of boundary conditions, namely, pinned-pinned, clamped-clamped and
pinned-clamped ends. Cable tension may be calculated using frequen-
cies of the first 10 modes. Bending stiffness is accounted for, but cable
sag is considered negligibly small. Fortunately, the second or higher
modes may be used to calculate tension in cables with large sag exten-
sibility [18]. Another benefit of these unified formulas is that they are
continuous rather than piecewise functions. However, the calculation
of the of parameter of the unified formulas is not trivial and typically
requires numerical procedures. In addition, although they work well for
most cable-stayed bridges, they will not work well for axially loaded
structures where the axial load is sufficiently small or compressive. This
limitation is shared by the other aforementioned formulas applicable for
tensioned cable structures [15-19]. In addition, most of them use piece-
wise functions based on the tension or frequency value. Finally, either
clamped-clamped conditions are assumed, or numerical procedures or
different formulas are required to find the relation between tension and
frequency.

Additionally, more complex axially loaded systems have been and
still are the focus of extensive research. Some examples include non-
uniform initial stress in curved beams, studied in [29], which derived
the equations of motion using the principle of virtual work. Recently,
the effects of initial curvatures on the fundamental frequency of axi-
ally loaded beams were studied experimentally and numerically in [13].
Coupled flexural-torsional vibration in the presence of axial loads was
studied, for example, in [6,30], while axial-bending coupled vibration
was studied in [31]. Furthermore, [32,33] considered non constant ax-
ial forces and [33,34] included an added mass. The presence of cracks
in axially loaded beams has also dragged the attention of researchers,
such as in [35-39]. Many studies [12,14,31,37,38,40-44] tackled the
problem of modeling general loads, arbitrary boundary conditions or
geometric discontinuities, such as cracks or multi-span beams, by mak-
ing use of attached lumped elements, such as springs, spring-mass sys-
tems, dampers and others. Other studies, such as [31,45-47] focused
on, or considered, forced vibrations of axially loaded beams. Recently,
[31] presented an analytical method for solving both free and forced
vibrations of axially loaded stepped multi-layered beams with arbitrary
boundary conditions. Nonlinear behavior of axially loaded beams was

381

International Journal of Mechanical Sciences 153-154 (2019) 380-390

treated mathematically, for example, in [34,48,49]. More specifically,
Gunda et al. [49] derived approximate closed-form solutions that re-
late resonance frequency with vibration amplitude, useful when the vi-
bration amplitude is large enough to cause membrane stretching of the
beam, and its associated nonlinear behavior. Experimental studies were
also conducted in [50] to measure the natural frequency of a clamped-
clamped steel beam under large axial tensile force, reaching the plas-
tic deformation regime. [51] derived an analytical solution for the free
vibration of simply supported axially loaded nanobeams based on non-
local elasticity theory, rather than classical continuum theory. Finally,
[46] recently developed an energy finite element method for predicting
the high frequency vibration response of beams with axial force. Evi-
dently, the research of axially loaded beams is broad and still intense.

The recent advances in numerical and analytical methodologies have
provided very useful tools for dealing with increasingly complex axially
loaded systems. For example, the characteristic frequency equation of
complex systems may be obtained using relatively laborious methodolo-
gies. But the resonance frequency is still contained in a transcendental
equation, only solvable numerically as in [52]. So, despite of all the
previous work, there is no explicit equation that provides accurate res-
onance frequency estimation for the full range of axial load, i.e. from
the buckling load to the string limit regime, with other end conditions
apart from the three types previously mentioned. As a consequence, and
given their simplicity, Galef’s [1] and Bokaian’s equations [4] are still
widely used as in [20,22,23,26,53].

In this study we search for a generic explicit and simple closed-form
equation that accurately predicts natural frequencies of beams as a func-
tion of the axial load, temperature variation or residual stress, valid for
general boundary conditions, and from the buckling point to the string
limit regime. The formula will be obtained in Section 2.5 after adding
a correction term to Bokaian’s equation. Empirical coefficients will be
calculated analytically for the fundamental mode, and numerically for
the first 5 vibrational modes using eight different boundary conditions.

Lumped models play a very important role in current physical system
modeling. For this reason, a simple spring-mass system that models the
natural frequencies of axially loaded beams will be also provided in
Section 2.5.

2. Analytical formulation
2.1. Background

Two well-known methods for studying the mechanical vibration of
continuous systems are: 1) Direct solving of the related differential equa-
tions and 2) Rayleigh’s method or energy approach. Let us briefly discuss
both methods applied to axially loaded beams.

2.2. Direct solving of the equations

Under the assumption that the material is linearly elastic, and the
shear deformation and rotary inertia are negligible (Euler-Bernoulli
beam theory), the equation of motion that governs the small deflection
Y of an axially loaded beam as a function of the position x and time t is
the following linear partial differential equation ([2,54]):

%Y (x,1) 9 Y (x,1)
—0x2 3 cA Fp + pA

where q(x, t) is the external transversal force per unit length (a list of
symbols is given in the Appendix B). The effect of the axial load is con-
tained in the second term, which if moved to the right hand side, may
be interpreted as the transversal force that appears when an axial load
or tension T = 6 A is applied to the beam. For constant tension along the
beam, this force is directly proportional to the second derivative of Y,
or the beam curvature (92Y/dx2).

For the free vibration case (g(x,t) = 0), and assuming constant ten-
sion along the beam (d(cA)/dx = 0) and a sinusoidal dependence of dis-

%Y (x,1)
or?

62
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placement with time Y (x,7) = Y (x) * sin(wt) Eq. (1) yields:

d? < sz(x)> oA d?Y (x)

— 2 =
EI(x) 2 e pAY (X)w 0 2)

dx?

The solution of Eq. (2) involves solving a transcendental characteris-
tic equation as shown in [4,9,10]. Although numerically solvable, tran-
scendental equations often do not have analytical closed-form solutions.
Galef [1] and later Bokaian [4] proposed simple closed-form equations
for describing the approximate variation of the normalized natural fre-
quency parameter, Q with the normalized tension parameter U. Both
equations will be discussed in the following sections.

2.3. Rayleigh’s method

The resonant frequency of a mechanical system can be also obtained
by equating its maximum kinetic energy to its maximum potential en-
ergy. This procedure is known as the Rayleigh energy method and,
for the case of mechanical beams when the exact modal shape Y(x) is
known, the obtained frequency is exact. Otherwise, it is an approxima-
tion. Typically, the final expression has the system’s effective stiffness
in the numerator and an effective mass in the denominator. For exam-
ple, as stated in [4], the Rayleigh quotient for the fundamental natural
frequency w of a beam with axial tension T may be written as:

L 2 2y2 L 2 172
EI(d°Y/d d T dY /dx)-d
w(T):(fo (@Y /dx*ydx +T [ (dY /dx) x> )

JiF pAY2dx

Y typically depends on the applied load T, so its exact calculation in-
volves solving Eq. (2) and its associated transcendental equation, which
unfortunately does not allow a closed-form solution for the frequency
as a function of the applied tension. For this reason, significant effort
[1-7,10] has been put into finding and analyzing simple closed-form
equations that describe the variation of @ with the applied tension.

2.4. Lumped 1-D model description

Let’s multiply the numerator and denominator of Eq. (3) by 1 /Yrﬁ
and rewrite it in terms of the effective stiffness and mass, yielding:

_ (K@M + K (D\'? Ky K (D)\'?
“’m_< M(T) ) ‘(M(T)) '<1+KB(T>> @

ax

which corresponds to a 1-D mechanical system composed of a
mass M = fOL pAY?dx connected to two springs in parallel, Ky =
'/OL EI(d*Y /dx*)? or flexural stiffness, and Ky = TfOL(dY/dx)zdx or
tensional stiffness (see Fig. 1).

If Y were independent of the applied tension, as is the case for
pinned-pinned, sliding-sliding and pinned-sliding beams (see [4]), M
and Kz would be constant and K directly proportional to the applied
tension. Therefore, w? would be linearly dependent on the applied ten-
sion T and the following equation, known as Galef’s equation [1], would

7 Kr(T)

Fig. 1. Spring-mass system that models the natural frequency of an axially
loaded beam. Total stiffness is K(T)) = Kz(T') + K4(T), where Kz(T), K(T) and
M(T) can be interpreted as the bending stiffness, tension-induced stiffness and
the system’s effective mass, respectively.
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Yo K
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Fig. 2. Spring-mass system that models the natural frequency predicted by
Bokaian’s equation. Total stiffness is K = K +y,K;, and the dependence on
the applied tension remains only in K, being Kz, M and y; constant param-
eters. It is exact when the shape of the deformed beam is independent of the
applied tension.

describe exactly the dependency of the resonant frequency on T:

KT\ /2 172
w(T)=w0<1+ 1T<(B)> =wo<1+P1> 5)

where w, = (Kz/M)'/? is the natural frequency when no axial load is
applied and P,, is the critical buckling load. The previous equation can
be rewritten as:

a=(1+0)" ©)

where U is the normalized tension parameter, which like Ky, is also
proportional to T. Note that when K = —Kj both the stiffness and fre-
quency are zero which, by definition occurs when U = —1 or, equiva-
lently, T = —P.,.

Unfortunately, Eq. (5) does not hold when Y depends on the applied
tension. Bokaian [4] tackled this problem by introducing a new coeffi-
cient called y; into Eq. (5), in order to approximately account for the
dependence with tension (see Eq. (7)). The beam end conditions deter-
mine entirely the value of y;, obtained in [4], where the modal shape
of a beam with no axial load was assumed.

K(T) 1/2 T 1/2
w(T)%w0<1+yb IT< > =, 1+ybP— @)
B

cr

Bokaian’s equation implicitly assumes that Kz and M are tension in-
dependent and K linearly dependent on T. The modified corresponding
spring-mass system is depicted in Fig. 2.

Finally, Bokaian’s Eq. (7) can be rewritten in its most known form:

Q= (1+70)" (8)

This equation constitutes a simple upper bound approximation [4] to
beams under tensile loads with different end conditions, whose effects
are accounted for in the coefficient y;. Numerical simulations show that
it is accurate (error < 1%) for small positive axial loads (U < 1), but does
not work so well for medium or large ones (U > 15 — —20), where it typi-
cally hasa ~5-15% error. For large axial loads, the beam behaves like a
tensioned string and Bokaian proposed to use the well-known string so-
lution ([25]) as a lower bound approximation to the natural frequency.
Unfortunately, the transition between small axial loads and the string
behavior at medium/large axial loads cannot be well described by any
of the previous equations.

The main objective of this article is to provide a simple model or
equation that predicts the natural frequency for a very large range of
axial loads accurately, including compressive loads down to the buck-
ling point (U = —1) and the transition between low axial loads (flexural
regime) and large axial loads (tensioned-string regime).

2.5. Correction term and new extended lumped 1-D model

The beam-to-string transition is governed by the relative importance
of the first and second terms in Eq. (2). In order to model this transition,
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Fig. 3. Spring-mass system that models the natural frequency predicted by new
closed-form equation, which includes the beam-to-string transition correction

term. Total stiffness is K = Kz +y - Ky + ﬁ Tension dependence only

arKr © p-Kp

appears in Ky, being the rest constant parameters.

let us introduce a correction term into Eq. (7) of the form:

1/2
K (T
w(T)zw01+y£+; =
Kp 1
K- 1
a Kp 7
1/2
_ @9 1
= — 7| Ks +rKr (M) + — N C)]
K —_—
B ayKp(T) ~ pKp

whose associated spring-mass model is shown in Fig. 3. Again, as in
Egs. (6) and (8), the previous equation can be written in terms of U and
Q, yielding the simpler form:

1/2

10)

The natural frequency of the axially tensioned system « may be also
written in terms of the natural frequency of the same system without
axial load w, applied tension T and critical buckling load for mode i,
Pcir, which can be found in Table 1 of [4], for example. For simplicity,
all parameters are tabulated in Table 2 and Table A.3 in Appendix A:

1/2
o(T) = w, 1+yi++ 1)
P! 1 P, 1
cr —_ L 4 =
ay T p

As it will be shown in Section 3, the new correction term can accu-
rately model the interaction between the first and second left-hand-side

Table 1
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Free-free

Sliding-free

Clamped-free

Pinned-free

Clamped-pinned

Clamped-clamped

——— Numerical Simulation

--- New Extended Model

Clamped-sliding

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

U

Fig. 4. Numerical simulation of the variation of normalized resonant frequency
(©) with normalized tension (T) in the first mode for several boundary condi-
tions (gray), this study approximation (dashed), and its lower (tensioned-string)
and upper bound (Bokaian) approximations (solid black thin lines).

(LHS) terms of Eq. (2) and thus determine the transition characteristics
from one regime to the other.

Writting the relationship between applied tension and resonance fre-
quency as in Egs. (9) and (11) has one worth-mentioning advantage: pa-
rameters «, # and y are invariant in symmetrically equivalent systems.
This equivalency is shown explicitily in Table 1. The invariancy will be
confirmed in Section 3, where the 3 parameters will be calculated in the
cases shown in Table 1.

Symmetry equivalences. Two equivalent cases yield the same «, # and y, and therefore are represented by the same Eq. (11).

—

Clamped-Sliding

— o

Clamped-Clamped

Clamped-Pinned

Mode 1 = Mode 1

Mode 2 = Mode 1
Mode 2 = Mode 3

Mode 4 = Mode 2
Mode 3 = Mode 5

Sliding-Free Free-Free Pinned-Free

Mode 1 = Mode 1

Mode 2 = Mode 1
Mode 2 = Mode 3

Mode 4 = Mode 2
Mode 3 = Mode 5
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Table 2
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Analytic results for the 3 parameters of Eq. (10) for the fundamental mode, and accuracy comparison with Egs. (6) (Galef’s)

and (8) (Bokaian’s).

Boundary conditions M 7 Eq. (10) Derived Max Error
Ui P, Parameters (-1 <U < 1) tom 0<U < x)
I a, f,y Eq. (10)  Eq.(6) Eq. (10)  Eq. (8)
: 2 473004074 0.970 y = 0.77839 0.17% 1.9% 2.06% >10%
j t (i + 1272 /2" 1 a = 024615
Clamped-Clamped in2 p=14154
, . 236502037 0.970 y =0.77839 0.10% 1.7% 2.06% >10%
/ Ef 2a2/2 1/4 a = 024615
Clamped-Sliding Qi-r/v2 f=14154
3.92660231 0.978 7y = 0.83796 0.15% 1.5% 1.47% >7%
@i+ 1)*7/8 2.0457/4 a=0.16712
iV2 £ =1.0314
P 1.000 y = 1.0000 <01%  <0.1% <01%  <0.1%
2722 1/4 a = 0.0000
Pinned-Pinned i”\/i f=N/A
., 1.87510407 0.926 y = 0.49247 0.13% 4.0% 3.33% >30%
: @i - 1)*72/8 1/16 a = 0.88033
Clamped-Free Qi-r/V2 p=29734
473004074 0.975 y =0.77839 0.04% 1.4% 0.09% >10%
Free-Free 2722 1/4 a=025258
i+ Dhrv2 B =17427
3.92660231 1.000 y = 092196 - - = >10%
2 i2a2/2 1/4 a = 022586
Pinned-Free Qi+ Dr/V2 B =—0.12488
. 236502037 0.975* * y =0.77839 0.08% 1.4% 0.12% >10%
ﬁ @i - 1272/8 izy/2 a=0.25258
Sliding-Free in\/2 1/16 p=1.7427

*(i + 1) /2 does not hold for mode 2. In turn, U,,, = 8.18%z2 /2, approximately. ** In [4] this is 0.925, but it should be 0.975.

2.6. Analytic derivation of a, ff and y

Parameters a, f and y may be calculated analytically provided that
3 conditions are imposed to Eq. (10). Let us use the following ones:

Condition 1 With very large axial load (U — o) the beam must behave
as a tensioned string or cable.

Firstly, let us rewrite the classic relations between f and T for ten-
sioned strings in terms of Q and U. According to [4] these may be put
in the following form:

[TL?
I''\/|— =I,VU
'V 2EI !

where I'; is shown in column 18 of Table 1 in [4], and is also displayed

in Table 2 of this work. On the other hand, the natural frequency of an

unloaded beam is:
22

fo= 27rlL2 *

where 4; can be found in page 108 of [25] or Table 2. Using Eqs. (12) and

(13) it is now straightforward to write Q as a function of U:

Fi\/_ r
= U=|-
fo <A?

P
Secondly, note that when U — oo Eq. (10) may be simplified to:

2rfL?
—— =

12

13)

1

2
Q= / U,y - [7> (Classic string equation) (14)

Q=uU )% (String limit of equation 10) (15)

Which shows that the behavior of Eq. (10) at very large axial load is
solely determined by y.

Finally, comparison of Egs. (14) and (15) yields the value of y:

2
v = (16)

i
T4 mi
’11'

384

Condition 2 With very small axial load (U — 0) the beam must behave
as described by Bokaian’s Eq. (8).
Firstly, note that when U — 0 Eq. (10) may be simplified to:
- _ 1
Q=(01+y(1+a)U)2 (17)

By comparing Eq. (17) with Bokaian’s Eq. (8) the following correspon-
dence can be made:

p=r(+a) (18)
And a may be found with the following relation:
_h_ 19
14

Condition 3 Resonance frequency must be zero (Q = 0) at the buckling
load (U = -1).

Note that this important condition is met by Galef’s Eq. (6) but
not so by Bokaian’s Eq. (8). In our case, making Q=0 at U = —1 in
Eq. (10) yields:

1 _ =D -7
L=y,

1
1,
ay y—1

p (20)

where the relation (19) has been used to express f as a function of y and
Vb

3. Result comparison and discussion

Numerical simulations were performed to obtain the frequency ver-
sus applied tension curves for the same boundary conditions consid-
ered in Bokaian’s works [3,4]. To this end, a very long and thin beam
(L/t = 10000) was simulated using a quadratic three-node beam element
in 3-D (BEAM189) from commercial finite-element software ANSYS®.
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C T T T T T T Fig. 5. Bokaian, new extended model and Galef deviations
Clamped-Sliding i Clamped-Clamped from numerical simulations for mode 1 and several end condi-
;\3 - 7 F . tions as a function of normalized tension (U), for small axial
\g DS S e T meemssnTII o] loads.
£ . .
Qg —2F . -2 F .
4 4 4 ]
I I I | I I
—1 —0.5 0 0.5 1 —1 —0.5 0 0.5 1
U U
T T T T T T
4r Clamped-Pinned 4r R Pinned-Free
;\\E - -
§ ....................... oL
5 of
4L 4 4+
I I I
-1 —0.5 0 0.5 1 —1
U U
S
g
o
=
<
5
U U
T T T T T T
4r Free-Free 4r Pinned-Pinned
;\3 L L ]
S 0 0F
= '
Y | _o L ——— Bokaian Upper Bound _|
M 2 1 2 - ——- New Extended Model
—4 ?. - —4 = e Galef Approx. -
i | 1 | 1 | |
-1 —0.5 0 0.5 1 —1 —0.5 0 0.5 1
U U

The axial loads were applied via temperature offsets. Modal analysis
yielded the beam natural frequencies for the first 5 modes as a function
of the applied axial load. The accuracy of the simulations is estimated
in +0.05%, except very close to the buckling point, where it worsens
and results in that area are treated with special care.

3.1. Analytical results

The coefficients of Eq. (10) for the fundamental mode were calcu-
lated analytically for the 8 end conditions considered. They are shown
in Table 2. As shown in Section 2.6, the 3 coefficients are calculated
using some parameters found in the literature that are also shown for
convenience in Table 2.

The main objective of Table 2 is to compare the maximum deviation
from the theoretical values for Egs. (10), (6) and (8), which are our
equation, Galef’s and Bokaian’s, respectively. Bokaian’s equation is not
applicable for compressive loads, especially close to the buckling point,
so only the other two are compared in that region. In the region (-1 <
U < 1), Eq. (10) provided an accuracy close to the numerical precision
(£ 0.05%). This means improvements of an order of magnitude or better
with respect to Galef’s equation.
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For the positive axial load region (0 < U < o) our equation also per-
formed very well compared to Bokaian’s Eq. (8). In our opinion, it is
remarkable that it provided an accuracy around 0.1% for the free-free
and sliding-free cases. This means two orders of magnitude better than
Bokaian’s equation.

Unfortunately, condition 3 does not work with higher modes. The
reason is that Eq. (10) does not work well when the axial load is more
negative than the buckling load of mode 1. As a consequence, only ana-
lytical results for the fundamental mode are given in Table 2. This is also
the reason why the pinned-free case cannot be calculated analytically;
it is equivalent to mode 2 of the free-free case, as shown in Table 1. The
strange behavior of the pinned-free case is also briefly discussed in [4],
and this equivalency is an alternative way to look at it.

3.2. Numerical results

The parameters y, « and g from Eq. (10) were calculated by fitting
the model to the obtained frequency-load curves. The resulting param-
eter values are displayed in Table A.3 for each mode and type of end
conditions. Also, maximum deviation of Eq. (10) from numerical simula-
tions is given for each case. Egs. (14) and (15) were used to calculate the
error at U = oo, where applicable. The range of tested axial loads was,



J. Valle, D. Ferndndez and J. Madrenas

International Journal of Mechanical Sciences 153-154 (2019) 380-390

Fig. 6. Bokaian, new extended model and Galef deviations
from numerical simulations for mode 1 and several end con-
ditions as a function of normalized tension (U), for large axial
loads.

100

100

. T 10 T T :
Clamped-Sliding I I Clamped-Clamped
S | ’ / |
1 40— .
S ; I R ————— .
—_10 L | | | | —10 L | 1 1 |
20 40 60 80 100 20 40 60 80 100
U U
10 T T T T
Clamped-Pinned
g
f§
LE
_10 L | | 1 1 —_1ok 1 1 1 1
20 40 60 80 100 20 40 60 80 100
U U
10 T T T T
Clamped-Free
S o T
=
S (U e b ~
S sl ]
—10t I I e T —10 1 L L L L
20 40 60 80 100 20 40 60 80
U U
10 T T T T
Pinned-Pinned
— 5 _
5
3 0 [--——--——--ooorzmemmmmRen
£ =" Bokaian Upper Bound
M -5 —==- New Ext(\,riil(zd Model ]
B S i i String Lower Bound
—10L S 1 1 1 —10 L I 1 1 I
20 40 60 80 100 20 40 60 80
U U

at least, —1 < U < 100 for the fundamental mode. For higher modes the
error is given only down to the buckling axial load of mode 1 which,
for the clamped-sliding case, for example, corresponds to U = —1/4. As
explained at the end of the previous section, the behavior of higher
modes under more compressive axial loads than the buckling load of
mode 1 is not well described by our equation. In addition, mode 1 of
the pinned-free case is atypical given that the behavior in the region
(-1.0 < U < —0.5) is qualitatively different from the other cases and not
well described by any of the studied equations (Galef’s, Bokaian’s and
ours). As a consequence, only the error when —0.5 < U is given in the
pinned-free case.

The first mode data for U > 0 was plotted in Fig. 4. It gives a good
general comparison between numerical simulations, Bokaian closed-
form equation, the tensioned-string limit and the new closed-form equa-
tion presented in this work. The solid line above and below the numer-
ical simulation data are the Bokaian upper bound and the tensioned-
string (no flexural stiffness) lower bounds, respectively. For comparison
purposes Fig. 4 has the same format as figure 13 in Bokaian’s paper [4].
For the clamped-free case, Bokaian’s equation accuracy if significantly
poorer than for the other cases, but the beam-to-string transition is still
accurately modeled by our Eq. (11).
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The accuracy of Galef’s, Bokaian’s and our equation for the funda-
mental mode and eight boundary conditions is shown in Figs. 5 and 6,
for small and large axial loads, respectively. Bokaian’s equation error
can be higher than 20% in the worst case scenario for 0 < U < 100 (see
clamped-free case of Fig. 6). However, Table A.3 shows that the new
extended model fits remarkably well the transition from one regime to
the other, yielding errors smaller than 0.36% in the worst case scenario
for —1 < U < 100. Note that this also includes compressive axial loads.
In general, the error for mode 3 and higher is very small, similar to
simulation precision when U < 100. In addition, the y and « values con-
verge to 1 and 0, respectively, the higher the mode. This confirms Boka-
ian statements that ”the effect of end constraints on natural frequency
is significant only in the first two modes”, and ”for higher modes the
equation Q = V1 + U may be used for all beams”. For this reason, only
the errors for the first two modes are plotted in Figs. 5-8.

Remarkably, the error is smaller than 0.08% for the fundamental
mode in the free-free and sliding-free cases, and considering the full
range (-1 < U < o). Therefore, the extended model yields a near ex-
act closed-form solution of the transcendental equation that arises from
Eq. (2) for obtaining the resonant frequency (see Appendix B). Given
that no accurate explicit closed-form solution existed, the transcen-
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dental equation had to be solved numerically in [10] for the free-free
case.

For the fundamental mode, Galef’s equation showed an approx-
imately linear error relationship with the compressive load (see
Figs. 5 and 6), achieving errors typically larger than 1-2% near the buck-
ling region (U — —1). The New Extended Model yielded a significantly
better accuracy than Galef’s equation as Fig. 5 shows. Figs. 7 and 8 show
the error for axial loads in the second mode. Again, in this case, the accu-
racy improvement for mode 2 is very significant for compressive loads,
when compared with either Bokaian’s or Galef’s closed-form equations.

Table A.3 shows the optimized values for the three parameters of the
new extended model (y, f and a). Note that our equation has only two
independent parameters if condition 1 (string limit) from Section 2.6 is
applied to the higher modes. For the fundamental mode, any or all of
the 3 conditions may be applied to reduce the number of independent
parameters.

Finally, it is interesting to note that the parameters «, # and y in
Table A.3 are identical in the equivalent cases shown in Table 1. The op-
timization yielded very similar although not identical parameters which
is attributable to the numerical precision of the simulations and the ex-
act buckling load assumed. In these cases the 3 parameters were tweaked
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so they were coincident for the sake of consistency. The maximum error
is obviously given for the final tweaked parameters shown in the table.

4. Conclusion

No known exact closed-form solution relates the natural frequencies
of beams under general boundary conditions with the applied tension.
Some approximate equations proposed in the literature have been dis-
cussed. Some work reasonably well for small axial loads [1,4,10], but
the error can be higher than 10% for medium and large axial loads or
compressive ones which are not necessarily close to the buckling point.
Others are only applicable for tensile or relatively large axial loads [15-
19]. Some very useful but also relatively complex methodologies have
been proposed in the literature to analyze even more complicate sys-
tems. They show how to find the associated transcendental equation
that relates axial load and resonance frequency, but ultimately it is only
solvable numerically.

In this work, a new closed-form equation that models very accurately
the natural frequencies of axially loaded beams with various end con-
ditions as a function of the applied axial load was presented. It models
accurately the beam-to-string transition of beams under axial tension.
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To best of the authors’ knowledge, it is the first closed-form in the lit-
erature that is very accurate in the full range of axial loads; from the
buckling load of the fundamental mode to the string limit regime. Its
accuracy was compared to two well-known simple closed-form equa-
tions, achieving improvements better than one order of magnitude for
medium and large axial loads in the fundamental resonant mode. Similar
improvements were achieved for compressive loads, which were more
evident the closer to the buckling point in all cases, except in the pinned-
free compressive case. It was shown that this later case is equivalent to
the second mode of the free-free case.

The new closed-form is invariant for cases which are symmetrically
equivalent, like the fundamental modes of the clamped-clamped and
clamped-sliding cases, for example. This was confirmed with numerical
simulations.

Remarkably, for the free-free and sliding-free cases, the accuracy of
the new closed-form equation is within 0.08%, even when the axial load
is close to the buckling point or in the string-limit regime. For the free-
free and sliding-free cases, it is a near exact solution of the transcen-
dental equation that describes the relationship between applied axial
load and resonance frequency of axially loaded beams. For this reason,
the equation proposed herein may be used for solving analitically and
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yet very accurately, similar transcendental equations in other areas of
study.

The new closed-form equation may also be used to accurately
estimate the tension from the resonance frequency, or the propa-
gation speed with the beam tension. It is well suited for studying
long beams that may or not be strongly tensioned or compressed, as
nanotubes.

Interestingly, the presented closed-form equation describes the reso-
nance of a simple spring-mass model formed by three springs in parallel,
where one of them can be decomposed into two springs in series. There-
fore, it provides a very simple but accurate lumped method to model
axially loaded beams. Potentially, it may be used for lumped modeling
of more complex axially loaded cases, like elastic supports, inhomoge-
neous beams, harmonic vibrations, or maybe other structures like plates
or membranes.
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Appendix A. Table with y, a and g values

Table A.3
For modes i > 1, the minimum considered U is the one at which the beam buckles in the fundamental mode.
Mode Parameters
Number P, b4 a p Max Error Range
B ; 1 1 0.81626  0.19514  1.2114 0.29% -1.0< U <100
j—t 2 8.18/4* 0.85733  0.14757  1.1507 0.30% -4/8.18 < U < 450
Clamped-Clamped 3 16/4 0.97881  0.08837  0.99648  0.06% -4/8.18 < U < 100
4 25/4 0.99070  0.06783  0.82800  0.04% -4/8.18 < U < 100
5 36/4 0.99561  0.05536  0.73791  0.06% -4/8.18 < U < 100
; ; 1 1/4 0.81626  0.19514  1.2114 0.29% -1.0 < U < 100
!—ﬁ 2 4/4 0.97881  0.08837  0.99648  0.05% ~1/4 < U < 100
Clamped-Sliding 3 9/4 0.99561  0.05536  0.73791  0.03% ~1/4<U <100
4 16/4 1.00050  0.04001  0.54600  0.02% -1/4 < U < 100
5 25/4 1.00190  0.03140  0.44052  0.02% ~1/4 <0 < 100
: 1 2.0457/4  0.85733  0.14757  1.1507 0.30% -1.0< U <450
}ﬂ 2 25/16 0.99070  0.06783  0.82800  0.04% -1/3 <0 <100
3 49/16 0.99899  0.04646  0.61473  0.03% -1/3 < U < 100
Clamped-Pinned 4 81/16 1.00140  0.03514  0.48438  0.02% -1/3 < U < 100
5 121/16 1.00220  0.02831  0.40235  0.01% -1/3 < U < 100
m 1 1/4 1 0 N/A 0.05% -1.0< U <100
£y A 2 4/4 1 0 N/A 0.01% ~-1/4 <0 < 100
Pinned-Pinned 3 9/4 1 0 N/A 0.01% ~1/4 <0 < 100
4 16/4 1 0 N/A 0.01% ~1/4 <0 <100
5 25/4 1 0 N/A 0.00% -1/4 < U < 100
; 1 1/16 0.53471  0.74140  2.68280  0.29% -1.0 < U < 100
'7 2 9/16 1.04910  0.40695  1.59240  0.16% -1/9 < U < 100
Clamped-Free 3 25/16 1.01940  0.23466  0.88952  0.10% -1/9 < U < 100
4 49/16 1.01420  0.16932  0.61819  0.08% -1/9 < U < 100
5 81/16 1.01120  0.13240  0.46908  0.06% -1/9 < U < 100
EreeFroe 1 1/4 0.77902  0.25234  1.7832 0.08% -10< U <o
2 4/4 0.91866  0.22018  1.11100  0.36% -1/4<U0 <
3 9/4 0.95717  0.18546  0.73617  0.17% -1/4<U <
4 16/4 0.97230  0.15508  0.59057  0.33% -1/4<U <
5 25/4 0.98009  0.13343  0.49241  0.35% ~1/4<U <o
ﬁ 1 1/4 0.91866  0.22018  1.11100  0.36% -1/2<U0 <
B 2 4/4 0.97230  0.15508  0.59057  0.33% -1/4<U0 <
Pinned-Free 3 9/4 0.98566  0.11700  0.40589  0.26% -1/4<U <
4 16/4 0.99059  0.09253  0.31916  0.26% -1/4<U <o
5 25/4 0.99294  0.07740  0.26316  0.25% -1/4<U0 <
; 1 1/16 0.77902  0.25234  1.7832 0.08% -1.0<U <o
ﬁi 2 9/16 0.95717  0.18546  0.73617  0.25% -1/9<U <
Sliding-Free 3 25/16 0.98009  0.13343  0.49241  0.35% -1/9<U <
4 49/16 0.99007  0.11112  0.30205  0.11% ~1/9<U <o
5 81/16 0.99308  0.08984  0.24794  0.14% -1/9<U0 <

@ The critical load values for mode 2 is 9/4, according to [4]. However, simulations show it is 8.18/4 approximately,
which is the value used in this work.

Appendix B. Transcendental characteristic equation of a free-free Appendix C. List of symbols
beam
The transverse vibrations of a beam under axial tension or compres- A Cross-sectional area
sion is described by Eq. (2). The relationship between applied tension L Beam length
. . . P Density, mass per volume
and resonance frequency can be obtained from this equation after solv- - Axial stress
ing the associated characteristic/frequency equation. Unfortunately, it T Axial tensile force, T = oA
is generally transcendental and therefore analytical solutions are not E Young’s modulus
available and numerical procedures are required. The free-free case is 1 Second moment of area
one example where the analytical solution is not available. However, ;i(x) ]];:ralf; t;:gzlﬁf;ordmate’ distance from left end of the beam
Eq. (10) or, equivalently, (11) work remarkably well as an approximate Yo Maximum beam vibration along beam length
solution. For this reason, we feel it is appropriate to show the transcen- v Normalized vibration amplitude, ¥ (x)/¥,,,,
dental characteristic equation of a free-free beam [2,10] explicitly: a Dimensionless parameter, \/E1/(pA)
U Dimensionless tension parameter, TL?/2ET
24° [1 — cosh(a;) COS(aZ)] + (ag - a?) sinh(a; ) sin(a) = 0 (B.1) U, Dimensionless critical buckling load for vibration mode i (see Table 1
where: _ inf41)
12 12 U Normalized tension parameter for mode i, U/U,,= T /P,
K2 K4 K2 K4 f Natural frequency of beam = /27
a = 5 + T + p4 a = -7 +1/ T +p4 (B.2) fo Natural.frequency of beam under no axial force = w, /27
Q Normalized natural frequency parameter, f/f0
P! Critical buckling load for mode i
k2 = T_L2 4 _ M (B.3) P_z: Normalized crit%cal buckling load for mode i, PL/PE, where
EI EI P =472 EI/L?
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