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Abstract

Habel, A, H.-J. Kreowski and C. Lautemann, A comparison of compatible, finite, and inductive
graph properties, Theoretical Computer Science 110 (1993) 145-168.

In the theory of hyperedge-replacement grammars and languages, one encounters three types of
graph properties that play an important role in proving decidability and structural results. The three
types are called compatible, finite, and inductive graph properties. All three of them cover graph
properties that are well-behaved with respect to certain operations on hypergraphs. In this paper, we
show that the three notions are essentially equivalent. Consequently, three lines of investigation in
the theory of hyperedge replacement — so far separated — merge into one.

1. Introduction

Hyperedge-replacement grammars and their generated languages, originally intro-
duced by Feder [6] as context-free plex grammars and languages, have been studied
intensively in the last years in several variants and under different names. See, e.g., the
algebraic study of context-free grammars by Bauderon and Courcelle [2], cellular
graph grammars introduced and investigated by Lengauer and Wanke [12], and [8].
An interesting portion of the theory of hyperedge replacement is based on graph
properties that behave “nicely” under certain operations on graphs and hypergraphs.

In [12], Lengauer and Wanke introduce the notion of a finite property I1. It means
roughly that there is only a finite number of classes of graphs that behave differently
with respect to IT when put into all possible environments. Courcelle investigates in
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[3, 4] the so-called inductive properties. Roughly speaking, a family of predicates is
inductive relative to a set of graph operations if each predicate can be tested in the
following way. If a graph is given as a result of applying one of the operations, then
whether the predicate holds for it can be determined by checking the corresponding
predicates for the arguments of the operation. Finally, in [10], graph properties are
studied that are compatible with the derivation process of a class of hyperedge-
replacement grammars in a certain way. In all three cases, more or less the same
results have been shown. For example, given a compatible, or finite, or inductive
property II, the following questions are decidable for hyperedge-replacement
grammars:

(1) Does the language generated by the input grammar have a member which
satisfies 177

(2) Do infinitely many members of the generated language satisfy IT?

(3) Do all members of the generated language satisfy IT?

Other examples are the linear-time theorem and the filter theorem: The linear-time
theorem says that, given a compatible, or finite, or inductive property II, for
hyperedge-replacement grammars and generated hypergraphs represented by a
derivation (or something equivalent), the question

(4) Does the hypergraph satisfy IT?
can be decided in linear time. The filter theorem states that the intersection of
a generated language with the set of graphs satisfying the given property can be
generated by a hyperedge-replacement grammar. Moreover, the known examples of
compatible, finite, and inductive properties are the same: k-colorability, connected-
ness, planarity, Hamiltonicity, etc. No wonder, because in this paper all three notions
are shown to be essentially equivalent for the class of all hyperedge-replacement
grammars.

In more detail, the paper is organized in the following way. A common framework
of hyperedge replacement is presented in Section 2. As objects of interest we have
chosen unlabeled, undirected graphs, because they are well-known from graph theory
and many areas in computer science. Our results can, however, be extended to richer
structures, such as, e.g., directed node- and hyperedge-labeled hypergraphs. Graphs
are decorated with hyperedges, so that they can be used to generate scts of graphs. In
Section 3, the notion of a compatible graph property is recalled. Compatible proper-
ties are compared with finite graph properties in Section 4, and with inductive graph
properties in Section 5. In both cases, we can show, essentially, equivalence. The
equivalence proofs are based on the observation that the operations related to
finiteness as well as the operations related to inductivity can be simulated by certain
hyperedge-replacement grammars. The paper ends with a discussion.

The model of hyperedge replacement we have chosen in this paper is the one
studied by Lengauer and Wanke. The models used in [2, 8, 10] are more general. In
other words, we consider the intersection of the three models to get a basis for the
comparisons. This also allows us to recall results from all three models as facts
(sometimes just specialized to the chosen model).
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2. Hyperedge replacement

In this section, we recall the basic notions and results on hyperedge replacement in
order to establish a basis for the comparison of compatibility, finiteness, and inductiv-
ity. We choose ordinary unlabeled undirected graphs without loops and multiple
edges as terminal structures of interest. To generate sets of graphs, they are decorated
by hyperedges in intermediate steps. Each hyperedge has a label and an ordered finite
set of tentacles each of which is attached to a node and is a placeholder for a graph or
~ recursively — for another decorated graph. Each decorated graph has a sequence of

external nodes. If a hvr\prpdop is rph]am:d bv a decorated orqnh the external nodes of
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the latter are fused w1th the nodes adjacent to the hyperedge.

Definition 2.1 (Graph). A graph is a pair G=(V, E), where V is a set of nodes (or
vertices) and E is a set of 2-element subsets of V, called edges. The class of all graphs is
denoted by ¥4,.

Definition 2.2 (Decorated graph). Let N be a set of nonterminal labels. A (hyperedge-)
decorated graph (over N)is a system H=(V, E, Y, lab, att, ext), where (V, E)e%,, Y is
a set of hyperedges, lab: Y — N is a mapping, called the labeling, att: Y - V'* is
a mapping, called the attachment, and exte I'*, called the (sequence of ) external nodes.
The class of all decorated graphs over N is denoted by %(N).

Remarks. (1) The components V, E, Y, lab, att, and ext of H are also denoted by
Vu, Ey, Yy, laby, atty, and exty, respectively.

(2) The length of exty, is called the type of H and denoted by type(H). If type(H )=
H is called an n-graph. The class of all n-graphs over N is denoted by %,(N).

(3) Accordingly, the length of atty(y) for ye Yy is called the type of y, denoted by
type(y). If type(y)=n, y is called an n-edge. We use the word “type”, because n-edges
will play the role of placeholders for n-graphs.

(4) For an n-graph H, the O-graph U(H)=(Vy, Ey, Yy, laby, atty, 4) 1s said to be
the 0-graph underlying H.

(5) A graph may be seen as a O-graph without hyperedges. In this sense,
Gy S 9o(N)< 9(N). Moreover, the subclass of 4,(N), for n>0, consisting of all
n-graphs without hyperedges is denoted by ¢,, while % denotes the union of all %,,, for
nz0. In the description of n-graphs without hyperedges we will drop the components
Y, lab, and att.

{(6) Another particular case is a decorated graph with a single hyperedge where
external nodes and attachment coincide, ie, H=(V,0, {y},lab,att,ext) with
ext=att(y). Such an H is called a handle! If V=[n],> lab(y)=A4, and
att{y)=ext=1...n, H is denoted by (4, n)*.

! Note that our handles are different from classical handles in parsing.
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Definition 2.3 (Isomorphic decorated graphs). Let H, H€%(N). Then H and H’ are
isomorphic, denoted by H= H’, if there are bijections f: Vy, — Vg and g: Yy — Yy
such that Ey ={{f(x), f(3)}|{x, y}€En}, laby(y)=laby(g(y)) and f*(atty(y))=
atty (g(y))® for all ye Yy, and f*(exty)=exty..

Hyperedge replacement is composed of three simple constructions on decorated
graphs: Hyperedge removal, disjoint union, and node fusion.

Definition 2.4 (Operations on decorated graphs). (1) Let He%(N) and B < Yy. Then
the removal of B from H yields the decorated graph

H—B=(Vy, Ey, Yy— B, lab, att, exty),

with lab(y)=laby(y) and att(y)=atty(y) for all ye Yy —B.*
(2) Let H, H'e%(N). Then the disjoint union of H and H' is the decorated graph

H+H/:(VH+ VH" EH+EH'a YH+ YH', lab, att, extH),

with lab(y)=1laby(y) and att(y)=atty(y) for all ye Yy and lab(y)=labg.(y) and
att(y)=atty.(y) for all ye Y. *

(3) Let He%(N), 5 an equivalence relation on Vy, and V the corresponding
quotient set (of V' through ), where the equivalence class of each ve Vg is denoted by
[v]. Then the node fusion in H according to ¢ yields the decorated graph

H/6=(V, E, Yy, laby, att, ext),
with
o E={{[v],[v]}|{v,v'}eEn, [0]£[v']},
o att(y)=[v,]...[v,] if atty(y)=v,...v, (yeYy), and
e ext=[v,]...[v.] f exty=v,...0,.
Ifu=x,...x,,v=y;...y,€ V¥ and if d is the equivalence relation on ¥ generated by
x;=y;, fori=1,..., n, we also write H /(u=v) instead of H/J, in order to emphasize the
generating relation.

Remarks. (1) Removal removes some hyperedges without changing anything else. In
particular, we have type(H — B)=type(H).

(2) The disjoint union is asymmetric with respect to the choice of the external nodes
which are taken from the first component only. Hence, type(H + H')=type(H).

(3) Node fusion may identify different nodes of a graph, according to an equival-
ence relation. The external nodes as well as the incidences of edges and hyperedges are
adapted accordingly. Labels and types remain unchanged. In particular, type(H/d)=

type(H).

3For a mapping f: 4 — B, the free symbolwise extension f*:A* — B* is defined by f*(a,...a;)=
flay)... flay) for all keN and ay,..., aeA.

4For sets 4 and B, 4 — B denotes the set-theoretic difference of A and B, i.e., A—B={acA|a¢B}; A+B
denotes the disjoint union of 4 and B.
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Definition 2.5 (Hyperedge replacement). Let He%(N) and B={y,,..., y,} € Yg. Let
repl: B— %(N) be a well-typed mapping i.c., a mapping with type(y;)=type(repl(y:))
fori=1,..., n. Then the replacement of B in H through repl yields the decorated graph

REPLACE(H, reDl)—((H B)+ Z repl(v)\ /(att—ext)
with att=atty(y;) ... atty(y,) and exXt =e€Xlrepi(y,)- - - CXbrepi (y)-

Remarks. (1) Hyperedge replacement is a simple construction where some hyper-
edges are removed, the associated decorated graphs are added disjointly and their
external nodes are fused with the corresponding nodes formerly attached to the
replaced hyperedges.

(2) Note that the component graphs replacing hyperedges are fully embedded into
the resulting graph where their external nodes lose this status and may additionally be
fused with other nodes.
repl(y;)=R; for i=1,...,n, then we

A hyperedge replacement defines (up to isomorphism) a direct derivation step in
a grammar if the label of each replaced hyperedge and the replacing decorated graph
form a production of the grammar. The graphs generated by such a grammar are
obtained by starting from the handle (S, 0)*, where S is the start symbol of the
grammar, and iterating derivation steps until all hyperedges are replaced.

Definition 2.6 (Hyperedge-replacement grammar and language). (1) A production
(over N)is a pair p=(A4, R} with AeN and Re%(N). A is called the left-hand side of
p and denoted by lhs(p). R is called the right-hand side and denoted by rhs(p).

(2) Let He%(N) and B< Yy. Let P be a set of productions. A mapping b: B—P is
called a base in H if laby(y)=1hs(b(y)) and type(y)=type(rhs(b(y))) for all yeB.

(3) Let H, H'e%{(N)and b: B—P be a base in H. Then H directly derives H' through
bif H~REPLACE(H, repl) with repl(y)=rhs(b(y)) for all ye B. A direct derivation is
denoted by H = H orH = H’ if the underlying set P of productions is emphasized.

4 A sequence of d1rect derivations of the form H, = H - H, is called
a derwanon (of length k) from H, to H, and is denoted by Ho => Hk If H H' we wrlte
H : H' and call this a derivation (of length 0) from H to H'. If in a derivation H : H’
for some k>0, the length k does not matter, we write H => H'. We omit P if it is clear
from the context.

(5) A hyperedge-replacement grammar is a system HRG =(N, P, S), where N is a set
of nonterminals, P is a finite set of productions (over N), and SeN. The class of all
hyperedge-replacement grammars is denoted by # #%.



150 A. Habel, H.-J. Kreowski, C. Lautemann

(6) Given such a grammar HRG =(N, P, S), the generated graph language consists
of all graphs which can be derived from (S, 0)* by applying productions of P:

L(HRG)={Ge%,|(S, 0)° % G}.

3. Compatible graph properties

In this section, we recall the notion of a compatible graph property which is based
on the graph decomposition provided by the Context-freeness Lemma for hyperedge-
replacement grammars.

Replacements of different hyperedges cannot interfere with each other, except for
some node fusions. Consequently, each derivation starting in a decorated graph H,
can be restricted to any handle induced by a hyperedge of H, and, thus, leads to
a so-called fibre of the original derivation. The most interesting fact about these fibres
is that the original derivation can be reconstructed from all of them. This result on
hyperedge replacement is called “Context-freeness Lemma”. A recursive version of it
yields decompositions of graphs derived from handles into smaller graphs derived
from handles. More precisely, each graph derived from a handle coincides with the
right-hand side of a production where all hyperedges are replaced by derived graphs.

Fact 3.1 (Context-freeness Lemma). Let HRG=(N, P, S)e # XY, AeN, Ge¥,, for
some k=0, and n=0. Then there is a derivation der =((4, k)* "%l G) if and only if there is
some (A, RYeP and, for each ye Yy, there exists a derivation of the form der(y)=
((labg(y), type(»)* % G(y)), such that G=REPLACE(R, repl) with repl(y)=G(y), for
all ye Yg.

Remarks. (1) Because the derivation der starts in a handle, the derivation decom-
poses always into a production (4, R)eP and a derivation R :;'_? G. The latter deriv-
ation can be restricted to the handles of R, leading to the derivations der(y). Vice
versa, such fibres can jointly be embedded into R, yielding the graph RE-
PLACE(R, repl) with repl(y)=G(y), for ye Y;.

(2) In the situation of the Context-freeness Lemma the graphs G(y) for ye Yy are
called y-components of G.

(3) The proof of the Context-freeness Lemma can be found in [7].

The decomposition (induced by the derivation of a graph) is the key to various
decidability results on hyperedge-replacement languages. If a graph property I1 can
be checked for a derived graph by checking related properties for the involved
right-hand side and the smaller derived component graphs, 11 is called compatible. (In
[10, 7] it is shown that k-colorability, connectedness, the existence of Eulerian and
Hamiltonian paths and cycles, and other graph properties are compatible.) For
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a graph property I1 which is compatible with the derivation process of all grammars
out of a given class ¢ of hyperedge-replacement grammars, many interesting ques-
tions are known to be decidable for ¥ (cf. Section 1, see [10, Theorems 4.3 and 4.4]).

Definition 3.2 (Compatibility). (1) Let € be a class of hyperedge-replacement gram-
mars, I=(I;),.y be an infinite family of finite sets I, called index sets, PROP
a decidable predicate,” defined on pairs (G, i) with Ge%, and icl,, and PROP’
a decidable predicate on triples (R, assign, i} with Re%,(N), a mapping assign on Yj
such that assign(y)el,ype(y) for ye Yg,® and i€l,. Then PROP is called (¢, PROP)-
compatible if, for all HRG =(N, P, S)e%, all derivations (4, k)*=R £ G in HRG with
(4, R)eP, type(R)=k, and Ge¥%,, and all iel,, the following holds:

PROP(G, i) is true if and only if there is a well-typed mapping assign on Y such

that PROP’(R, assign, i) is true and PROP(G(y), assign(y)) is true for all ye Y.

(2) A predicate IT defined on Ge%, is called ¢-compatible if there exist predicates
PROP and PROP’ and an index i, e, such that PROP is (¢, PROP’)-compatible and
II=PROP(-, i)

Example 3.3 (3-Colorability). Let I1(G) be true if and only if G is 3-colorable.
A mapping ¢: Vg—{1, 2,3} such that {v, w}eE; implies c(v)#c(w) is said to be
a 3-coloring of G. Moreover, we say that a 3-coloring ¢ of Ge%, agrees with
i=(iy,...,0e{l, 2,3} if, for all je[k], the jth external vertex is colored with i}, i.e.,
cl(extg);)=1i;.

In order to show that IT is # #%-compatible, let I, = {1, 2, 3}*, and define PROP by
PROP(G, i}=G has a 3-coloring which agrees with i. Similarly, define PROP”
by PROP'(R, assign, i)« R—Yi has a 3-coloring ¢ which agrees with i and
assign(y)=c*(attg(y)) for all ye Yy (c* is the natural extension of ¢ to sequences, cf.
Footnote 3).

Let HRG=(N, P, S)e #RY, let (A, k)*=R £ G be a derivation in HRG where
(A4, R)eP, Re%,(N), and Ge%,, and let, for every ye Y, G(y) be the y-component of
G (cf. the remark following the Context-freeness Lemma 3.1). Let ¢: V—{1, 2, 3} be
a 3-coloring of G which agrees with iel,. Then ¢/, the restriction of ¢ to Vg, is
a 3-coloring of (Vg, Eg, extg) which agrees with i, and for every yeYx, c,, the
restriction of ¢ to G(y), is a 3-coloring of G(y) which agrees with ¢*(attg(y)). Choosing
assign such that assign(y)=c*(attgx(y)) for ye Yg,

(%) PROP'(R, assign, i} and PROP(G(y), assign(y)), for all ye ¥

* We assume that all considered predicates are closed under isomorphisms, i.e., if a predicate @ holds for
He% (He%(N)) and H=H’, then @ holds for H’, too.

¢ Such mappings will be called well-typed, cf. Definition 2.5.

" For iyel,, PROP(~,i,) denotes the unary predicate defined by PROP(-, i, )(G)=PROP(G, i), for all
Ge%,.
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becomes satisfied. On the other hand, for every mapping assign which satisfies (x), we
obtain a 3-coloring of G which agrees with i: color all attachment nodes of hyperedges
of R as prescribed by assign; by (%), all remaining nodes of G can then be colored
consistently, since they belong either to R or to one of the G(y). Altogether, we
conclude that PROP(G, i) holds if and only if there exists a mapping assign such that
PROP'(R, assign, i) holds and PROP(G(y), assign(y)) holds for all ye Yg, i.e., PROP
is (##%, PROP’)-compatible. Moreover, for Ge%,, I1(G) holds if and only if
PROP(G, ( }) holds, where ( ) denotes the only member of I,. Hence, the predicate
IT defined on Ge¥%, is ##%-compatible.
%-compatible predicates are closed under Boolean operations (cf. [7]).

Fact 3.4 (Closure under Boolean operations). %-compatible predicates are closed
under Boolean operations, i.e. if I, and Il, are €-compatible, then the predicates
(ITy A IT,), (IT, V I1,), and (1 I1), with

e (I1, A IT)(G)<=11,(G) A 11,(G)

e (II, VIL)(G)<11,(G) V I1,(G)

o (M) G)<=11{(G)

are €-compatible.

In the following, so-called proper compatible predicates will be of interest. Roughly
speaking, a predicate PROP is proper if for each graph Ge%,, there is only one index
iel, for which PROP(G, i) holds. In this case, the set {icl,| PROP(G, i} for some
Ge%,} determines a decomposition of the set 4, into a finite number of nonempty
classes PROP(i)={Ge%,| PROP(G, i)}.

Definition 3.5 (Proper compatible predicates). A (¥, PROP')-compatible predicate
PROP is said to be proper, if for each Ge%,, there exists uniquely one iel, such that
PROP(G, i) is true, and for each Re%,(N) and each weli-typed mapping assign, there
exists uniquely one iel, such that PROP'(R, assign, i) is true.

In [7], it is shown that for each compatible predicate I1, a proper (¢, PROP’)-
compatible predicate PROP can be found such that for Ge%,, I1(G) may be expressed
by the disjunction of some PROP(G, i) (iely).

Fact 3.6 (Existence of proper compatible predicates). For each €-compatible predi-
cate I1 on %, there is a family I =(1, ). of finite, nonempty sets I, decidable predicates
PROP and PROP' and a subset I, =1, such that PROP is a proper (¢, PROP’)-
compatible predicate and I1=\/,.; PROP(-, i).

4. Finite graph properties

In this section, we compare finite graph properties in the sense of Lengauer and
Wanke [12, 13] with graph properties compatible with the derivation process of
hyperedge-replacement grammars.
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The main notion in [12] is the notion of replaceability of a graph by a graph.
Informally, graphs G and G’ are replaceable with respect to a given graph property if
G and G’ behave equally with respect to this property whenever they are inserted into
the same context.

Notation 4.1. Let G, G'e%,. Then G G’ denotes the 0-graph
G-G'=G[y/G],
where G=(Vg, Eg, {y}, lab, att, /) with lab(y)= 4, for some Ae N, and att(y)=extg.
The definition of REPLACE ensures the commutativity of o,
Fact 4.2 (Commutativity). The operation o is commutative: For G, G'e¥9,,GoG'= G'-G.

Definition 4.3 (Replaceability). Let IT be a property defined on O-graphs. Then
G, G'e%, are replaceable with respect to II, denoted by G ~; G/, if, for all Ce¥%,,
H{C=G)=1I(C~G").

Remark. ~, is an equivalence relation. For Ge%,, the equivalence class of G induced
by ~;, {G'€%,| G ~; G}, is denoted by [G];;. Then the set of all such equivalence
classes is denoted by M (k); its cardinality is denoted by | M (k).

Lemma 4.4 (Replaceable graphs possess the same property). Let G, G'e¥%,. Then
G ~ ;G implies II(U(G))=IT(U(G")).

Proof. Let G, G'e9, and G ~, G'. Then for all Ce%,, [I(C>G)=II(C>G’). In par-
ticular, IHH(EMPTY,°G)=I(EMPTY,>G’) for EMPTY,=({1,...,k},0,1...k)e
%,. On the other hand, EMPTY,c G=U(G) and EMPTY,* G'>U(G’). Since IT is
closed under isomorphisms, we get IT(U(G))=II{(EMPTY, > G)=H(EMPTY > G')=
muGH)). o

Lemma 4.5 (Closure under replacement). Let Re%(N), and repl, repl’: Yz—%
be well-typed mappings with repl(y) ~,repl'(y) for yeYg. Then we have
REPLACE(R, repl)~,;, REPLACE(R, repl’).

Proof. Let Re%,(N), Yr={y1,..., y.}. and repl, repl’: Yz —% be two well-typed map-
pings with repl(y;) ~,repl’(y;) for i=1,..., n. Then we define auxiliary mappings
repl;: Yz —% with

repl’(y;) if i<j

1.(v:)=
rep /(yz) {repl(y,) if 12]

for j=1,..., n+1. In particular, repl; =repl and repl, . =repl’. Let repl;| denote the
restriction of repl; to Yg—{y;} and let R;=REPLACE(R, repl;]). Then R; is the
k-graph R in which all hyperedges with index i <j are replaced according to repl’ and
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all hyperedges with index i>j are replaced according to repl. Moreover, let
G;=repl(y;) and G;=repl’(y;). Since simultaneous replacement of hyperedges may be
sequentialized and sequential replacements of different hyperedges may be done
simultaneously, we get REPLACE(R, repl;)=REPLACE(R, repl;|)[y;/G;]1=
R;[y;/G;] and REPLACE(R, repl;; )=REPLACE(R, repl;|)[ v;/G;1=R;[y;/G}]-
Then for all Ce%, and all je[n],

IT(C - REPLACE(R, repl;))

=H(C-(R;Ly;/G;1)

=H({(C-Ry)[y;/G;]) (by the associativity of REPLACE)
=II((C>R;)[y;/G;]) (since G; ~; G))
=I1(C=(R;[y;/G}])) (by the associativity of REPLACE)

=I1(C - REPLACE(R, repl;, 1))

Hence, we have II(CcREPLACE(R, repl))=I1(C°REPLACE(R, repl))=--- =
I(C > REPLACE(R, repl,;,))=1I(C - REPLACE(R, repl')) for all Ce%,, ie,
REPLACE(R, repl) ~,, REPLACE(R, repl’). [

For all keN, M, (k) may be finite or infinite, as the following examples show.

Example 4.6 (3-Colorability). Let I1(G)<>G is 3-colorable. Then for every keN,
M (k) is finite. This may be seen as {ollows: Define for every k-graph G the set

C(G)={ie{1,2,3}*| G has a 3-coloring which agrees with i}

(cf. Example 3.3). Clearly, C(G)=C(G') implies G ~;; G’, and as there are at most 23"
possibilities for C(G), M (k) must be finite.

Example 4.7 (Regularity). Let I1(G)<> G be regular, ie., all vertices of G have the
same degree. Then for every ke N, M, (k) is infinite: For every [eN, let G, be the union
of k isolated external nodes and the complete bipartite graph K; ;. Then C+G; is
regular if and only if C is I-regular and, therefore, G, £, G, if [#].

In the following, we focus on those properties IT for which the set of induced classes
is finite. In [12, 13], such properties are called finite graph properties.

Definition 4.8 (Finite graph property). Let IT be a decidable graph property. Then IT is
said to be k-finite if the set M, (k) is finite. IT is called finite if M, (k) is finite for every
keN.

Then the following fact holds (see [121).
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Fact 4.9 (Lengauer and Wanke [12, Theorems 3,4, and 6]). (1) For each keN,
(k+ 1)-finiteness of a graph property I implies k-finiteness of II.
(2) For each keN, there exist graph properties that are k-finite but not (k+ 1)-finite.
(3) If| M (k)| is computable (as a function in k) then, for each k, one can compute a set
of k-graphs that contains exactly one representative for each class in M (k). Given such
a set REP (k) of representatives, the replaceability w.r.t. IT can be decided, i.e., for each
two graphs G, G'€%,, G ~,, G can be tested.

Now we are able to formulate the main results of this section.

Theorem 4.10 (Finiteness implies compatibility). If IT is a finite graph property and the
mapping k—|M (k)| is computable, then Il is # RG-compatible.

Proof. Let IT be a finite graph property and let n:k+— | M (k)| be computable. Then,
IT is k-finite for all keN and, for each keN, there exist k-graphs Gy |, ..., Gy, \y€%«
such that M ;(k)={[G, 11, ---, [Gx.ng 1 }- For proving the # #%-compatibility of
I1, we proceed as follows. First, we define predicates PROP and PROP’ and show the
(H# A%, PROP')-compatibility of PROP. In a second step, we show how IT and PROP
are related and derive the #AY-compatibility of [T from the (# %Y, PROP')-
compatibility of PROP.

(1) Define
e a family I =(I,).. of finite index sets I, by I,={1, ..., n(k)},
e a predicate PROP on pairs (G, i) with Ge%, and iel, by

PROP(G, i) = G ~; G,

e an auxiliary predicate PROP’ on triples (R, assign, i) with Re%,(N), a well-typed
mapping assign: Yr—1, and iel, by

PROP'(R, assign, i) < REPLACE(R, repl) ~;, G, ;,

where repl(y) = Gype(y), assign(y) fOr ye Yg.

Note that, for each keN, I, is finite and nonempty. Moreover, PROP and PROP’
are decidable because, for each keN, a realization of M (k) can be computed and the
replaceability w.r.t IT can be decided.

Then PROP is (# 2%, PROP')-compatible. This may be seen as follows. Let
HRG=(N, P, S) be a hyperedge-replacement grammar, (A, k)*=R % G be a deriv-
ation in HRG with AeN, keN, and Ge%,, (labg(y), type(y))* = G(y) be the fibre
induced by ye Yy, and iel,.

First, let PROP(G,i) be satisfied. Then, by definition, G ~; G, ;. For each
G(Y)€% (ype(yy» there is exactly one index ()€l pe(yy sSuch that G(¥) ~g5 Guype(y. itn-
Choosing assign such the assign(y)=i(y) for ye Yz. PROP(G(y), assign(y)) becomes
satisfied for all ye Yz. By Lemma 4.5, REPLACE(R, repl) ~; REPLACE(R, repl’),
where repl(y)=G(y) and repl’(y) = Gype(y), assign(y) fOr y€ Yg. Since ~; is symmetric
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and REPLACE(R, repl)=G, we obtain REPLACE(R, repl’) ~; REPLACE(R, repl)=
G ~; G, ;. Hence, PROP'(R, assign, i) is satisfied, too.

Conversely, assume that there is a well-typed mapping assign on Yy such
that PROP'(R, assign, i) as well as PROP(G(y), assign(y)) hold for all ye Yg.
Then we have G(¥) ~; Guype(y), assigny) 10T y€Ygr, and, consequently, RE-
PLACE(R, repl) ~, REPLACE(R, repl’), where repl(y)=G(y) and repl'(y)=
Giype (), assigniy) f0r y€Yr. Moreover, we have REPLACE(R, repl’) ~; G ;. Since
G=REPLACE(R, repl) and ~; is transitive, we get G ~; G, ;, i.e, PROP(G, i) is
satisfied.

(2) Based on the (' #%, PROP’)-compatibility of PROP, we will show the #Z%-
compatibility of I1. Let Ge%, and iel, such that G ~; G, ;. (Note that there exists
exactly one index with this property.) Then, by Lemma 4.4, IT1(G)=II(G,, ;). Now, let
SATo={iely| 1(G,. ;) is satisfied}. Then, for each Ge%,,

n(G) < \/ PROP(G,i).
ieSATo
By definition of compatibility, for each iely, PROP(~, i} is # #%-compatible. From
Fact 3.4 it follows that the predicate
M= \/ PROP(i)

ieSATy

18 #RY-compatible. [

We cannot show a direct converse of Theorem 4.10, but a slightly weaker assertion
holds.

Theorem 4.11 (Compatibility implies finiteness). Let IT be # #%-compatible. Then
II is a finite graph property and there is a computable function f such that
| M, (k)| < f(k) for all keN.

Proof. Let IT be a # #%-compatible predicate IT on %,. Then, by Fact 3.6, there is
a family I =(I;).y of finite index sets I, decidable predicates PROP and PROP’, and
a subset I, < I, such that PROP is a proper (¢, PROP')-compatible predicate and
IT=\/,.,, PROP(~, ). In the following, we will characterize replaceability by sets of
indices. It can be shown that for all keN and all G, G'e%,,

(*) G ~,; G if and only if I,(G)=1,(G"),
where for Ge%,, I,(G) denotes the set of indices

L(G)={jel; x| assign: {y} -1 \/ PROP'(G, assign, i) and assign(y)=}

iely
and I, .,={iel,|3Ge%,: PROP(G. i)}. By (%), every equivalence class on %, is of the
form {G'e%,|I,(G')=IND} for some index set IND < I,. Moreover, for each keN,
the index set I, is finite. Therefore, the number of different equivalence classes is equal
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to the number of index sets IND with {G'e%, | [,(G')=IND} 0, which is bounded by
|2 (I,)|, the cardinality of the powerset of I,.
It remains to prove (*).

G~,;G
<VHe%,:II(H°G)=I(H°G') (by Definition 4.3)
<VHe%,:[I(GoH)=I(G'-H) (by Fact 4.2)
<VHe%,:\/ PROP(G-H,i)=\/ PROP(G'°H, ')

il iely
(by the relationship of I and PROP)
YHe%,:

e (A) I:\/ \/  [PROP'(G, assign, i) A PROP(H, assign(y))]

iely assign:}y|—1;

«\/ \/ [PROP(G.assign,i’) A PROP(H, assign’(y))]jl

i'ely assign’:{yl—1,
(by the # #%-compatibility of PROP)
<(B) I,(G)=1,(G").

The last equivalence can be shown as follows:

“<=" Let (B) be satisfied.

If 1,(G)=1(G')=9, then PROP'(G, assign, i) and PROP'(G’, assign, i) are false
for all iel}, and all assign with assign(y)el, ... Moreover, for a mapping assign with
assign(y)el, —I .., PROP(H, assign(y)) is false for all He%,.

Otherwise, let He%, be an arbitrary k-graph. Then, by the properness of PROP,
there exists exactly one index j such that PROP(H,j) is satisfied.

Case 1. jel,(G) (=1,(G’)). Choose assign and assign’ such that assign(y)=j and
assign’(y)=j. Then,

\/\V [PROP(G,assign, i) A PROP(H, assign(y))]

i€l assign: |y} -1,

as well as

\/ \ [PROP'(G’, assign’, i’) A PROP(H, assign’(y))]
i'ely assign’:{y} =1,
become true.
Case 2. j¢I,(G) (=1;(G")). Then PROP(H, assign(y)) is false for all assign with
assign(y)el,(G), (since we have assign(y)#/) and, for assign with assign(y)¢1,(G),
- assign(y)¢l; .. and PROP(H, assign(y)) is false or
— assign(y)ely .. and \/,.,; PROP'(G, assign, i) is false.
Analogously, for all assign’, \/; ., PROP'(G', assign’, i’) A PROP(H, assign’(y)) is
false.
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“=" Assume that (B) does not hold, i.e., I,(G)#I,(G’). Without loss of generality,
there is an index assign{y)el,(G)—I,(G'). By definition of 1,(G), there exists He ¥, for
which PROP(H, assign(y)) is satisfied. Then, \/c; PROP/(G, assign, i) as well as
PROP(H, assign(y)) are true. On the other hand, PROP(H, assign’(y)) is false for all
those assign’ for which assign’(y)el,(G'), (because then assign’( y)#assign(y)); and for
all assign’ with assign’(y)¢I,(G), assign’(y)¢1, .. and PROP(H, assign’(y)) is false or
AV PROP/(G', assign’, i) is false. Therefore, (A) is not satisfied. [J

Remark. In the proof of the second theorem, compatibility is needed for a certain type
of grammar only. Thus, a stronger formulation is possible, assuming only ¢-compati-
bility, where for each k and for each pair (R, G) of k-graphs, ¢ contains a grammar
with the two rules (S, R), and (A4, G) (cf. Notation 4.1).

The decidability resuits in [12, 13] only require the computability of an upper
bound on the index of ~,; on every ¢,. Thus, Theorem 4.11, although not a proper
converse of Theorem 4.10, is strong enough to transfer these results to ##9Y-
compatible properties (corresponding results for (hyper)edge-replacement grammars
are proved directly in [11].

5. Inductive graph properties

In this section, we compare compatibility with Courcelle’s notion of an effectively
locally finite and inductive family of predicates, which is based on his algebra of
graphs. First, we will briefly recall the operations of this algebra, as given in [4], and
will then show how they can be simulated by hyeredge replacement, and vice versa.

Definition 5.1 (Operations on graphs). The operation set & on (%), consists of the

following operations:

e 0: —»%,, where 0 is the empty graph.

® 2: —%,, where 2 is the 2-graph with a single edge joining two external nodes.

e id,: 4,9, for every neN, where id,(G)=G.8

® @pn: Gy X GGy forevery (n, meN? where @, ,(G, HY=(Vg+ Vu, E+ Ey,
extg exty).’

® 0,5:%,—%, for every neN and every equivalence relation 6 on [n], where
0,.5(G)=G/é" and &' is the extension of the equivalence relation {(v;, v;)|(i,j)€d } on
EXTg to Vg for extg=uv,...v,.

® G, ,.0:%,—%, for every (n,p)eN? and every a:[p]—[n], where 0, ,.(G)=
(Vg, Eg, ext) and ext=10,1)...Uyp) fOr extg=0v;...0,.

Notation 5.2. Let %’ be a set of operations. Then closure (# ') denotes the closure of

8 The identity functions are not explicitly given in [4], they are added here for convenience only.
%exts - exty denotes the concatenation of extg and exty.
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Z ' under composition, i.e., the set of those operations that can be expressed by linear
terms over % '.1° closure(&) will henceforth be denoted by #.

(9, #) is a many-sorted algebra. In the following lemma, we will show how the
operations in % can be simulated by hyperedge replacement, and vice versa.

Lemma 5.3. (1) For every operation 1%, x --- X%, =%, in F, there is a decorated
graph H; in 4, (N) with Yy={yi,...,y,} such that for all tuples (G,,...,G,)e
gkl X eee x(gkr’

(G, G)=H [ y1/Gy, ..., ¥./G.].

(2) For every decorated graph H in 4.(N) with Yy={y1,.... ¥}, there is some
operation  fu:%ype(y) X X Giypeyy % in F such that for all (Gy,...,G,)e
G XY

type (3r)>

H[yl/Gl’--‘syr/Gr];_fll(Gl?""Gr)'

type(y1) X

Proof. (1) The proof is by induction on the structure of f.

For the operations f=0 and f=2, the empty graph and the 2-graph with a single
edge are the corresponding graphs. For the operation f=id,, H,=(A, n)°, with AeN is
the corresponding decorated graph: For every Ge¥%,, H [ y/G]=G =f(G).

Let now f=®,,..(f;,f,), where f{ 1 %4, x - x4 ~F, and f,: %, . X - x4, —%,.
By the induction hypothesis, there are decorated graphs H,, H, satisfying the
assertion of the lemma for f; and f;, respectively. To construct H, take the decorated
graph H, ,=([m+n],0,{y.,y,}. lab, att, ext), where lab(y;})=4,, for i=1,2, and
some A;,A,eN, att(y,)=1...m, att(y,)=m+1...m+n, and ext=1...m+n (ie,
H,, , s the disjoint union of an m-handle and an n-handle with their external nodes
concatenated).

Define Hyas Hy=H,, ,[vi/Hy,y2/H: ) U Yy, ={y1,...,ps and Y, ={Vss 15> 00 s
then Yy, ={yi,....» ). Let (G,...,G,)e%,, x - x%, , and let repli(y;)=G,, for
j=1,2. Then we have

f(Gy,....,G,)
=Omalf1(G1,..., 65) (G54 15.., G,
since f=@ (15 /2)
=@®,,. . REPLACE(H,,repl,), REPLACE(H,,repl,)),
{by induction hypothesis)
~H, ,[v:/REPLACE(H,,repl;),y,/ REPLACE(H,,repl, )],
(by definition of H,, )

10 A linear term is a term in which no variable occurs more than once.
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ng[yl/Gla-”ayr/Gr]
(by definition of H, and elementary properties of REPLACE).

Similarly, the induction step is shown for f=0,;(g) and f=0, ,.(g), using
H, ;=(A,n)"/d', and H, ,,=([n],0,{y},lab,att,ext) with lab(y)=A4,att(y)=1...n,
and ext=a(l)...a(p), respectively.

(2) Here, the proof is by induction on the number r of hyperedges in H.

For r=0, H is a k-graph without hyperedges, and by Proposition 2.8 in [4], H is the
value of a graph expression, i.e., there is an operation f: —%, in & such that f~H.
Letr>=1, and let type(y;) =k;, fori=1,...,r. Define H' to be the k+ k,-graph obtained
from H by removing y, and extending the sequence of external nodes by those
attached to y,. By the induction hypothesis, there is an operation f’ in # satisfying the
assertion of the lemma for H'. Define f by

f= Un,k,a(en,a(@k +kr,kr(f/s idk,))),

where n=k+2k,, & is defined on [k+2k,] by k+i=;k+k,+i, i=1,...,k,, and
a:[k]-[k+2k,] 1is given by a(i)=i, for i=1,...,k. Then, for any
(Gy,...,G,)e%,, x --- x%, , we have

f(Gy,...,G,)
=0nka(Ons( @it i (S (Grsoe, Gr-1), Gr)))
=0nk,a(On, (@it i, (H'[¥1/G 150, 9r-1/Gr -1 1, G1)))
=H[y:/Gy,....%/G 1. O

Remarks. (1) The constructions given in the proof of Lemma 5.3 are inverse to each
other in the sense that, for all f: %, x --- x4, —>%,, and (G,,...,G,)e%;, X --- X9, ,
we have fy (Gy,...,G,)=f(G;,...,G,), and, similarly, for every decorated k-graph H,
letting H'=H, , there is a bijection b: Yy.— Yy such that for every well-typed map-
ping repl: Y, —% we have REPLACE(H’, repl)~REPLACE(H, replob ™).

(2) If we extend the operations in & to %(N), ie, to decorated graphs with
hyperedges, then for any fe#, f: %, (N) x --- x4, (N)—>%,(N), the decorated graph
H, of Lemma 5.3(1) can be described as

Hf=f((A1’k1 ).7"°’(Ar’kr).)'

Next, we briefly recall from [4] the notion of an effectively locally finite and
inductive family of predicates on %, and then show that this notion is equivalent to
compatibility as defined in Section 3.

Definition 5.4 (F '-inductivity). Let #'<=% and let, for every keN, P, be a set of
predicates on ¥,. The family 2 =(P, ), is called
e locally finite, if every P, is finite,
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o F'-inductive, if for every operation f: %, x --- x %, -%, in # ' and for every peP,,
there is a Boolean expression B, , with variables (x;)ycp; " such that for all
(Gy,...,G )G, X - X%,

PU(Grass ) = By pLlxgla(Gizh ),

where B[x|v] denotes the formula B with variable x substituted by v.
e effectively locally finite and F'-inductive, if 2 is both, locally finite and F'-
inductive, and, additionally, the following mappings are all computable
~ k> Py,
- (p, G)— p(G),
- (f,p)— By ,, where B, , is as above.

Remarks. (1) The definition of inductivity given above differs from the one in [4] in
one aspect: In [4], B, , contains only some of the variables x}, and is given together
with a corresponding choice of predicates. Since we are dealing exclusively with
locally finite families, this complication is unnecessary here.

(2) If 2 is F'-inductive and # "' <., then Z is & "-inductive.

Example 5.5 (3-Colorability). We define a family of predicates related to 3-color-
ability. For every keN and every ie{l,2,3}* we define the predicate p; on ¥, by

p:(G) < G has a 3-coloring which agrees with i

(cf. Example 3.3). Clearly, with P,={p;|ie{1,2,3}*}, the family 2 =(Py),.n is locally
finite. To see that 2 is also &-inductive, we first observe that Po={p,} and
Py ={pim|l,me{l1,2,3}} where po(G)<G is 3-colorable and p,,,(G)< G is 3-colorable
and [#m for [,me{1,2,3}.

We now proceed with considering the operations of &.

f=0. The empty graph is 3-colorable; thus, we take B, , =true.

f=2. The graph with one single edge is 3-colorable; thus, we take B, ,,  =true iff
I#£m.

f=id,. Obviously, p(f(G))<>p(G); thus, B, ,=x} suffices.

S=@®m, Let ie{1,2,3}"" and let i=i, i,, where i;e{1,2,3}" and i,e{1,2,3}".
A (m+n)-graph G, @, ,G, has a 3-coloring which agrees with i if and only if G;
has a 3-coloring which agrees with i;, for j=1,2. Thus, p;(G; @, CG2) < p;,(G1) A
Pi,(G2) and we can take By, =x, AXxj .

f=0,;. Let H=f(G), and let ie{1,2, 3};"‘ We say that i respects o, if i;=i,, for every
pair ( j, m}ed. If i does not respect o, then no 3-coloring of H can agree with i. If i does
respect 6, then H has a 3-coloring which agrees with i if and only if G has a 3-coloring
which agrees with i, thus we can take B, ,=x,.

S=0uma I ¢is a 3-coloring of G which agrees with ie{1,2,3}™ and if Ie{1,2,3}"
then ¢ agrees with [ if and only if for all j=1,...,m, we have that
ij=c((extg);)=c((exty)ac))=lacy. Thus, if we let M,={le{1,2,3}"|],;,=i; for
j=1,...,m}, we get pi(G)<>\/icpr, p1(H), and we let B, ,.=\/1cm, Xp,-
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Finally, £ is even effectively locally finite and &-inductive. For, with every predicate
p: represented by i, the mappings k+— P, and (p;, G)— p;(G) are clearly computable.
Furthermore, the constructions given above to show &-inductivity are easily seen to
be constructive, making the mapping ( f, p;)— B;, ,, computable.

The following lemma will be useful in interrelating & -inductivity and %-compati-
bility.

Lemma 5.6 Let ' %, and let 2 be an effectively locally finite and inductive family of
predicates. If P is F'-inductive, then it is also closure(F')-inductive.

Proof. Let geclosure(# '), g: %, x -+ x4, —»%,. If ge#F' then B, , can be found
effectively, for every pe P,, by the hypothesis. Now, assume that g=f(h,,..., k), for
some operations f: %), x --- x4, =%, and h;: %, x --- x4, -9, i=1,...,s By the
induction hypothesis there are formulae B, ,, for every peP, ,xand B, 4. fori=1,..s,
and every qe P,. Then, using the decomposition of g and the induction hypothesis, we
get

p(g(Gy,....G,))
< p(f(hi(Gi,\se s Gy dsees Bo(Gyy -, Gi))
<= By ,[(xgla(hi(Gu,,, ..., Gi, ))geh; *]
< By, [(x|Bh o[ W(Gi, ) ek " Digedy° 1

Thus, B, ,= By ,[(x}| B, .o)jcp; *] is the required decomposition of p for g. [
We proceed now by interrelating % '-inductivity and ¢-compatibility.

Definition 5.7 (Associated class of grammars). Let F'=%. The set €(F') of
hyperedge-replacement grammars associated with #' is defined by

C(F')={HRGeHARY| fins(n€Z for every production p of HRG}.

Theorem 5.8 (Inductivity implies compatibility). Let #'=Z. If (Py)ien is an effec-
tively locally finite and F'-inductive family of predicates on % then every predicate p in
Uken Pi is €(F')-compatible.

Proof. For every keN, let [,={U|U < P}, and let PROP be defined by

PROP(G,U) < A p(GA A —p(G).
peU pePr—U
From the definition of an effectively locally finite and inductive family of predicates,
it is clear that I, is finite for every type k, and that I, can be effectively computed from
k. Furthermore, PROP is decidable, and there is a computable function which assigns
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to every mapping 2%, x --- X%, —%, in ¥, and every peP, a Boolean formula
B, , with variables (x});z3; " such that for all (G,,...,G,)e%,, x - x%,,

p(f(Gy,....G =By (gl a(G)zr, "1

Let He%, be the right-hand side of a production of some HRG=(N, P, S)eé6(F ),
let Yy={y1,....y }, and type(y;)=k;, for i=1,...,r. Let ass: Yy—I be such that for
i=1,...,r ass(y;) S Py,, and let U< P,. For such triples (H,ass, U), let the predicate
PROP’ be defined by

PROP(H.ass,U) == /\ By, ,L(xslvgzr "]

pelU
AA _'Bfﬂ,p[(x;w; fi:'l’if"r],
pePr—-U
where fy is as in Lemma 5.3(2) and

;)1 geass(yy)
Y9=Y0 if geass(n).

Then PROP’ is decidable since the B, , can be effectively constructed and
decided. Furthermore, for every graph G such that H%G there is a well-typed
mapping repl: Yy—% such that G=REPLACE(H, repl)=fg(repl(y),...,repl(y,)).
Thus,

PROP(G,U) = A pG)A N —p(G)

pelU pePr—-U

< A By, [(xilq(repl(y:))iep, "]

peU
AN By, oL(xglg(repl(y))es;, "1
peP —U
If we choose ass(y;)={geP,,|q(repl(y;))}, then
PROP(G,U) < PROP’(H,ass,U) A /\ PROP(repl(y;), ass(y;))
i=1
and, therefore,
PROP(G,U) = 3(ass: Yy—I). PROP'(H,ass, U)
A\ PROP(repl(y;), ass(y:)).
i=1

If, on the other hand, there is a mapping ass: Yy—/ such that

PROP’(H, ass, U) A /\ PROP(repl(y;), ass(y;)),

i=1
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then, from the definition of PROP we get for i=1,...,r

PROP(repl(y;),ass(y)) <= A\ qrepl(y)) A A\ —glrepl(y:))

qeass(yi) qéass(vi)

and, therefore,

1 if geass(y;)
0 if géass(y;).

Then, for every pe P, we have

q(repl(yi))={

By, pL(xglq(repl(y))gct; "1 <> By, oL(xklvi)ies; "1,
where
1_{1 if geass(y;)
7010 if géass(y;).
Since PROP’(H, ass, U) is true, by the definition of PROP’, the formula

/\ BfH p[ xq|q(repl( )))qeass(y.)]

peU
AN By, pl(xgla(repl(y)))izasin) ]
peP, —U

holds true. Since fye# ', and 2 is # -inductive this is equivalent to

AP@GA /A Tp@G)

pelU pePr—-U
and this to PROP(G, U). This shows that PROP is ¢ (% ')-compatible and, therefore,
PROP(—, U) is compatible, for every U< Py, keN. Let pe P,. Then for all Ge%,,

p(G)= \/ [/\q(G)/\ A ﬁq(G)}

U:peUl_qeU qePx—U

< \/ PROP(G,U),
U: peU
where \/u; pev Means that the disjunction is taken over all those sets U that contain p.
Since compatibility is closed under Boolean operations (cf. Fact 3.4) it follows that p is
G (F')-compatible. O

Corollary 5.9. If (P )i.n is effectively locally finite and &-inductive, then every predicate
peken Py is A RG-compatible.

Proof. By Lemma 5.6, (Py)ccn is & -inductive, and Definition 5.7 implies that
C(F )= H RY. Thus, the result follows from Theorem 5.8. [
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Similarly, compatibility implies inductivity. To show this, we need the following
notion.

Definition 5.10 (Associated set of operations). (1) Let 1%, x --- x%, —%, be an
operation in # and let Yy, ={yi,...,y,}, where H, is the decorated graph corres-
ponding to f according to Lemma 5.3. A hyperedge-replacement grammar HRG =
(N, P, S)is said to emulate ffor (G,...,G,)e%, x --- x %, ,if thereis a rule (4, H,)eP,
for some AeN, and if (4;,k;) = G;, with A;=laby (y;), for i=1,...,r.

(2) A set € of hyperedge-replacement grammars is said to emulate the operation f'if
for every (Gy,...,G,)e%,, x --- x %, _there is a grammar HRGe% which emulates f for
(Gy,...,G,).

(3) Let € = #RY be a class of hyperedge-replacement grammars. Then the opera-
tion set F (€) associated with € is defined by

F (€)={feF | € emulates f }.

Theorem 5.11 (Compatibility implies inductivity). Let PROP be (¢, PROP’)-compat-
ible over the index set I =(I ) cn . Moreover, let, for every keN, P,={PROP(-,i)|i€l, }.
Then (P )ven is effectively locally finite and F (€ )-inductive.

Proof. By definition of compatibility, every P, is finite, and the mapping
(i, G)— PROP(G,i) is computable. Let fe¥(F), [:%, x - x¥%, —%., let
(G,....G,)e%,, x .- x%,., and let peP,,p=PROP(-, j). There is a grammar
HRG =(N, P, S) in € which emulates ffor (G,,...,G,) and, thus, H, %f(Gl,.,.,G,).
By definition of compatibility it follows that

p(f(Gy,....G))

<PROP(f(Gy,....,G,).))
<>3J(ass: Yy, —1). PROP'(H[,ass,j) A /\ PROP(G;, ass(y;)).
i=1
Since ass(y;)el,,, there are only finitely many candidates for ass, and we can write

p(f(G1’>Gr))© \/ /\ PROP(GisaSS7(yi))>

asseMi=1

where M is the set of all those ass for which PROP'(H,,ass,j) holds. Letting
P'c P, x .- x P, be the finite set of tuples

P'={(py,...,p,) | there is an asse M: p;=PROP(~,ass(y;)),i=1,...,r},

the last equivalence can be rewritten as

P(fGronGN= A pilGo).

(p1,....pr)EP i=1
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We define the Boolean formula B, , by

Bzt =V A V(A A A )

(P1,..., prlePi=1 i=1quk‘

Note that the second part of By , is unsatisfiable, and is added only in order to make
all variables x; appear in B, ,, as is formally required in Definition 5.4. This gives us

p(f(Gl"Gr))éBpr[(x:I|q(Gl))zzfl’;l'r:l .

Now B, ,does not depend on G,,..., G,; in fact, given fand p it can be constructed
as follows.

(1) Determine H, and j such that p=PROP(-,j).

(2) Determine M, the set of those ass for which PROP'(H/, ass, j) holds true.

(3) For each asseM, find the tuple

(pys---»Pr)=(PROP(~ ass(y,)),..., PROP (- ass(y,))).

(4) For each such tuple form the conjunct /\{-; x,.
(5) By, is the disjunction of all the conjuncts formed in (4), and the constant

< ANAREARA ﬁxf,>. O
i=1gqebPy,

Corollary 5.12. If PROP is (#2#%, PROP')-compatible, then the family # =(P})ren,
with P,={PROP(-,i)|iel,}, is effectively locally finite and F -inductive.

Proof. For /9, x --- x%, -9, and (G,,...,G,)e%,, x --- x ¥, , the hyperedge-re-
placement grammar HRG(f, G,,..., G,)=(N, P, §) with starting rule (S, H;) and the
terminating rules (laby,(y;), G;), emulates ffor (Gy,..., G,). Therefore, #’#% emulates
fforall fe #,ie., F(AH#RG)=F. By Theorem 5.10, 2 is effectively locally finite and
& -inductive. [

6. Discussion

From the results in this paper it is clear that compatibility, finiteness, and inductiv-
ity are nearly identical. However, since these notions have been developed in different
contexts, there are still some differences. In particular, it should be noted that
inductivity and compatibility are defined relative to a class of operations, or gram-
mars, respectively, whereas finiteness is a global notion. Therefore, it seems conceiv-
able that there are properties which are compatible with respect to restricted grammar
classes, but are not finite. Similarly, & '-inductivity, for a restricted operation set &'
does not necessarily imply finiteness.
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In comparing inductivity and compatibility, we note that # -inductivity seems to
be a coarser notion than %-compatibility, since the recursive condition

p(f(Gy,...,G,)) = B, ,(x,1q(G)))

has to hold for all (G,,..., G,)e%,, x --- x G, , whereas, in the case of ¢-compatibility,
the corresponding condition

PROP(R[y,/G1....,y,/G,]),i) <> Jass: PROP'(R, ass, i)

A /\ PROP(G;,ass(y:))

i=1

is only required to hold if Yg={y,,...,y,} and for all y;, (labg(y,), typer(¥;))’ = G;.
So, again, there may be families of graph properties which are €-compatible for some
%, but not # '-inductive for any # ' #9.

The subtle difference in the formulations of Theorems 4.10 and 4.11, namely that
4.10 requires computability of k+ |M(k)|, whereas 4.11 only guarantees that there
exists a computable function f with |M (k)| < f(k) for keN, does not seem to be
avoidable with the given definitions. One possible solution would be to make PROP
depend, not only on G and i, but also on the grammar. This would, however, lead to
a fairly cumbersome definition.

The three notions that we have compared in this paper have been developed in
connection with the decidability of questions of the following form for hyperedge-
replacement grammars.

— Does some member of the generated language satisfy I7?

— Do infinitely many members of the generated language satisfy 177

— Do all members of the generated language satisfy 17?7

It seems that all known decidability results have been (or could be) proved by
showing the finiteness (compatibility, inductivity) of I1. For example, in [4], Courcelle
proves that the questions above are decidable, if IT is definable in the language of
so-called counting monadic second-order logic (CMSO), by showing that from
a CMSO-formula which defines IT, we can construct an inductive family of predicates.

There are, however, limitations to this method. As seen in Example 4.7, regularity of
a graph is not finite, hence neither compatible nor inductive.!! Nevertheless, whether
a hyperedge-replacement grammar generates some (infinitely many, only) regular
graphs can be decided, by deciding the corresponding problems for k-regularity,
where k ranges over a finite set of values which can be determined from the grammar.

Another apparent limitation of the method lies in the fact that finiteness (compati-
bility, inductivity) is a property of graph properties. Thus, it does not seem possible to
tackle the decidability of questions which are not directly involved with graph
properties, such as, e.g.,

— Does the grammar generate graphs with arbitrarily high degree?

""In fact, it can be shown that regularity cannot be defined by an emso-formula, as defined in [1]
(although nonregularity can).
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In order to deal with problems of this type, both the notion of compatibility and the
approach via monadic-second-order logic, have been further developed: in [11], the
decidability of certain boundedness problems is investigated, and in [5], the concept
of a monadic second-order evaluation is developed.
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