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Abstract

We construct quasi-phantom admissible subcategories in the derived category of coherent sheaves on
the Beauville surface S. These quasi-phantoms subcategories appear as right orthogonals to subcategories
generated by exceptional collections of maximal possible length 4 on S. We prove that there are exactly
6 exceptional collections consisting of line bundles (up to a twist) and these collections are spires of two
helices.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Bounded derived categories of coherent sheaves on algebraic varieties, their admissible
subcategories and semiorthogonal decompositions have been studied intensively by Bondal,
Kapranov, Kuznetsov, Orlov, and others [6-8,14,17,18].
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It has been questioned which additive invariants of admissible geometric triangulated
categories are conservative, that is do not vanish for non-zero categories. Non-vanishing of the
Hochschild homology of geometric admissible categories has been conjectured by Kuznetsov
in [18] and non-vanishing of the Grothendieck group has been conjectured by Bondal in early
90s (unpublished). On the contrary, existence of geometric categories with vanishing Hochschild
homology (quasi-phantoms) has been indicated by Katzarkov in [15] and existence of geometric
categories with vanishing Grothendieck group (phantoms) has been conjectured by Diemer,
Katzarkov and Kerr [10], both motivated by considerations from mirror symmetry.

Let us consider the simplest interesting case, that of a complex smooth projective surface S
of general type. On one hand such a surface is not expected to admit a full exceptional collection
in its bounded derived category D?(S). On the other hand exceptional collections of maximal
possible length dim H*(S, Q) seem to exist at least in some cases when p,(S) = ¢(S) = 0. In
such a case the orthogonal complement to the category generated by the exceptional collection
has vanishing Hochschild homology [18], torsion Grothendieck group and generally rather
mysterious structure.

The first counterexample to Kuznetsov’s conjecture was given by Bohning, Graf von Bothmer
and Sosna, who constructed exceptional collections of length 11 on the classical Godeaux surface
(pg =q=0,K 2=1,by = 9) [5]. Alexeev and Orlov [1] came up with exceptional collections
of length 6 on Burniat surfaces (p;, = ¢ = 0, K 2 = 6,by = 4). Some of the fake projective
planes (p; = ¢ =0, K 2 =9, by = 1) are expected to admit exceptional collections of length 3
[12, Section 3].

In this paper we consider yet another surface with similar properties, the Beauville surface
S [4]. S is a surface of general type with p, = g = 0, K2 = 8, b, = 2, constructed as follows.
Let C and C’ be two copies of the Fermat quintic

X’ +Y3+272=0,

acted upon by G = (Z/5)? in two different ways. We consider the product surface T = C x C’
with the diagonal G-action. The latter action turns out to be free for an appropriate choice of
G-actions on C and C’. The Beauville surface S is defined as a quotient 7/G. According to
[2, Theorem 3.7] there are two non-isomorphic surfaces that can be obtained this way. We chose
one of these two models which we describe in detail in Section 1.

One can find useful the analogy between the Beauville surface S and the quadric surface, that
is to think of Beauville surface as a sort of a fake quadric. First of all these two surfaces have the
same numerical invariants (p; =g = 0, K 2 = 8, by = 2). Furthermore, we prove in Section 2.3
that the Picard group of S is generated modulo torsion by the bundles O(1, 0), O(0, 1) which
come as pull-backs from the factors C and C’. The Riemann—Roch formula on S implies that

xOG@)H=>e-DH(G—-1

also in analogy with the quadric on which we have minus signs replaced by the plus signs. A line
bundle L € Pic(S) is called acyclic if H*(S, L) = 0; for example line bundles O(—1, k) and
O(k, —1) are acyclic line bundles on a quadric P! x P! for any k. However unlike the quadric
case there are only finitely many isomorphism classes of acyclic line bundles on S.

We list these line bundles in Section 3.2 (Lemma 3.3) and use them to construct six exceptional
collections on S of length 4. We prove that this list exhausts all the exceptional collections
consisting of 4 line bundles up to a common twist by a line bundle (Theorem 3.5). We compute
dimensions of Ext-groups between elements of the collections in Proposition 3.7. All of our
exceptional collections in question are non-strict. Moreover in all of them both Ext! and Ext>
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are present unlike the case of the Burniat surfaces where only Ext* appears [1, Lemma 4.8]. We
also note that unlike the case of Burniat surfaces the exceptional collections we present have no
blocks, that is no groups of pairwise orthogonal elements.

Confirming the analogy between the Beauville surface and the quadric, it turns out
furthermore that line bundles in the exceptional collections on S are all products of powers of
square roots K (1, 0), (0, 1) of canonical classes coming from the factors C and C’.

We expect the existence of exceptional collections of line bundles to hold for other
product—quotient surfaces with p, = g = 0, K 2 = 8 (see e.g. [3]) as well. However we do
not see at the moment whether there could be a uniform proof for that (see Remark 3.6). We plan
to return to this question in the future.

2. The Beauville surface and its properties
2.1. Generalities on G-equivariant line bundles

We list general facts on G-linearized line bundles and their cohomology (see [21] for details).

Let G be a finite group acting on a smooth projective variety X/C. The equivariant Picard
group Pic%(X) is the group of isomorphism classes of G-linearized line bundles on X. The
equivariant Picard group is related to the ordinary Picard group via an exact sequence

0— G — PicS(X) = Pic(X)C, 2.1)

where G = H om(G, C*) is the group of characters and the first arrow associates to a character
x : G — C* atrivial line bundle with the G-action induced by .

Suppose G is abelian; then we can describe the equivariant Picard group in terms of G-
invariant divisors on X.

Lemma 2.1. Let G be a finite abelian group. Then the image of Pic%(X) in Pic(X)C consists
of equivalence classes of G-invariant divisors and (2.1) rewrites as
Div(X)¢

0— G — Pic/(X) > — _ — 0. 2.2)
rational equivalence

Proof. We need to prove that for a G-linearized line bundle L there exists a section s with
a G-invariant divisor div(s). Let W be an arbitrary finite-dimensional invariant subspace of
meromorphic sections of L.

Since G is abelian, we may assume W is one-dimensional, W = C - s. Now s is a G-
eigensection, which is equivalent to div(s) being G-invariant. [

If G is a finite group (not necessarily abelian) acting freely on X, then we have an etale
covering of smooth projective varieties

7:X —> X/G.

In this case specifying a line bundle L on X/ G is the same as specifying a line bundle L=n*L
on X together with additional structure of G-linearization. This way we get an identification

Pic%(X) = Pic(X/G).

For any line bundle L on X/G the groups H(X,7*L) have a natural structure of G-
representations and we have canonical isomorphisms

H (X/G,L) = H (X, n*L)°.
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For our computations we need an equivariant version of the Serre duality. For any G-linearized
line bundle on X we have an isomorphism of G-representations:

H*(X, L) = (H"™XO~k (X, L* @ wy))*. (2.3)

Lemma 2.2. Let V be an n + 1-dimensional representation of a finite group G. Then we have
an isomorphism of G-linearized line bundles on P(V):

wpvy = O(—n — 1)(det V*).
Proof. The claim follows by taking the determinant of the Euler exact sequence of G-linearized
line bundles on P(V)
0= 5y —> O(-HRV* >0 —0. O
In the notation of Lemma 2.2 let F be an invariant section of O(d) on P(V) and X be the

hypersurface F = 0. Then there is a standard adjunction formula giving an isomorphism of
G-linearized line bundles on X:

wx = O —n — 1)(det V¥). (2.4)

2.2. Equivariant Fermat quintics

In what follows G is an abelian group
G=(Z/5>=7)5-e1®7L)5 e
acting on a three dimensional vector space V with induced action on P> = P(V) given by

e1-X:Y:Z2)=0sX:Y :Z)
er-(X:Y:Z2)=(X:¢Y : Z),

where (s is the 5-th root of unity. Let C be the plane G-invariant Fermat quintic curve
X+yY +2°=0.

We consider the scheme-theoretic quotient C/G which is isomorphic to P! and the quotient
map

7:C—> P!
of degree 25. Explicitly we may pick coordinates on P! such that 7 is given by the formula
T(X:Y:Z)=(X:Yd).

One easily checks that there are three ramification points on P! corresponding to the orbits
where G acts non-freely:

Di={(0:-¢f:1),j=0---4)
Dy={(=¢J:0:1),j=0---4) 2.5)
Ds={(¢{:—¢f:0).j=0--4).
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Stabilizers of the points in D;, i = 1, 2, 3 are equal to

G =7Z/5 e
Gr=17/5 e (2.6)
G3=7Z/5-(e1 + e2)

respectively.

Lemma 2.3. The equivariant Picard group PicC(C) splits as a direct sum

PicC(C)=GaZ- 00).

Proof. The claim follows from the exact sequence (2.2). Indeed any G-invariant divisor is a
combination of G-orbits on C. Any orbit is either a smooth fiber of 7 consisting of 25 points or
one of the divisors (2.5) consisting of 5 points. Since D1, Dy, D3 are hyperplane sections of C
they give rise to the same element O(1) in the Picard group Pic(C). All the smooth fibers of &
are linearly equivalent to each other, and also equivalent to O(5).

Therefore the third term in the exact sequence (2.2) is Z - O(1) and (2.2) splits giving the
required decomposition. [

We introduce some notation which will help us to keep track of characters appearing in
the cohomology representations. Note that the Grothendieck ring of the category of Z, -graded
representations of G is isomorphic to Z[q, x, y]/(x> — 1, y> — 1). Thus to any Z-graded G-
representation W we can attach a polynomial

[W] € Ko(Repz, (2/5)°) = Zlg, x, y1/ (x> = 1,y = D). @7
By definition we have the following properties of the polynomial [W]:
(WeoW1=[W]+[W]
(W W1=[W]-[W]
[W*] = [W] |x:x4,y:y4 .
Later we will use the same bracket notation [i, j], i, j € Z/5 for the character e {55, e
;5] which will hopefully not lead to a confusion. For example we have
(WL, j1l = [W]-x'y/.

We now proceed to computing cohomology groups of line bundles O(n), n < 5 on C taking
into account the G-action. For n < 4 we have

HO(C, O(n)) = HO(P?, O(n)) = @ C-x'ylzni-i.
i,j>0,i+j<n
For n = 5 we quotient out the representation space H’(P2, O(5)) by the relation X7+ Y+ 73 =
0. Thus we have
[H(C,0mN = > x'y/, 0<n<4
i,j=0,i+j<n

[HO(C.oGN1= ) a'y -1

i,j20,i+j=<5

(2.8)
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In order to compute H L(c, O(n)) we first use the adjunction (2.4):
V*=T®V),01)=C-XaC-Y®C-Z=Z[1,0]®[0,1]1I0,0]
det(V*) =[1,0]1®[0, 11 ® [0,0] = [1, 1]
wc =01, 1],

so that by Serre duality (2.3) we have
HY(C,0m) = H(C,02 —n)[1,1)* = HY(C, 02 — n))*[4, 4],
which in terms of polynomials implies that
[H'(C, Om)](x, y) = [H(C, 02 = m)I(x*, yh) - x* y*.
A short computation shows that
[HY(C, 0)] = g(x*y* 4+ x*y3 + 3y + 1?2 + 1393 + 2%y
[H'(C. 0] = gy +2%y + 2%y
[H'(C,0)] = gx*y*
[H'(C,O0m)N] =0, n=>3.

2.9)

We introduce the curve C” which is defined by the same equation

X +Y +2°=0

as C but has a different G-action. We pick the G-action on C’ to be defined as
er-(X:Y:Z)=(2X:¢dY: 2)
er-(X:Y:2)=(5X:8Y 1 7).

For this action points in divisors D;, i = 1, 2, 3 defined as in (2.5) have stabilizers
G| =17/5 (e + 2e2)
Gy, =17/5-(e1 + 3e2) (2.10)
Gy =17/5" (el +4e2)

respectively.
It follows from the construction that for any n € Z we have a formula

[H*(C', O(m)](g, x, y) = [H*(C, O(m))1(g, x*y, x*y?) (2.11)

and that the canonical class on C’ is equal to O(2)[1, 4].
We introduce the notation

Ke) = Oc(D]3, 3]
Ke (1) = Oc(D]3, 2]

for the unique square roots of the canonical classes on C and C’ respectively.
2.3. Line bundles and cohomological invariants of the Beauville surface

We let T = C x C’ with the diagonal G-action. Since the stabilizers in (2.6) and (2.10)
are distinct, the G-action on T is free. One can check that the corresponding smooth quotient
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Beauville surface S = T/G is of general type with p, =g =0, K 2 — 8 (Chapter X, Exercise 4
in [4]). The Noether formula gives b, = 2. Since p, = g = 0, the exponential exact sequence
gives an identification

Pic(S) = H*(S, 7).

Modulo torsion Pic(S) is an indefinite unimodular lattice of rank 2, that is a hyperbolic
plane.
We introduce G-linearized line bundles O(i, j) and KC(i, j) for i, j € Z as follows:

O, j) = pi(0G) ® p3(O()))
K, j) = pi (K@) ® p3(K(j)) = OG, )I3i +3j,3i +2j].

We will often prefer to work with the lattice IC(i, j) since the exceptional collections we write
down in Section 3 are all contained in this lattice.

We note however that KC(i, j) and O(, j) differ by a torsion line bundle hence are equivalent
from the point of view of intersection pairing. In particular in the following proposition O(i, j)
can be replaced by IC(i, j) (with an obvious exception of the second claim).

Proposition 2.4. 1. The Picard group of S splits as
Pic(S)(= Pic%(T)) = G- [OleZ-[01,0)]8Z- [0, D].

2. The canonical class ws is equal to K(2,2) = O(2,2)[2, 0].
3. The intersection pairing is given by

(O, jD(x) - Oz, j2)(X2)) = i1j2 + jiia-
4. The Euler characteristic of a line bundle L = O(i, j)(x) is equal to (i — 1)(j — 1).
Proof. Let us first prove that
(0(1,0)-0(0, 1)) =1. (2.12)
For that we pull-back the intersection to 7'

25-(O(1,0) - O, 1))s = (x*O1,0) - * OO, D)
= (S[pt x C'1-5[C x pthr =25,

which implies (2.12). Since we also obviously have
©OQ1,0)%) = (00, )% =0, (2.13)

it follows that O(1, 0) and O(0, 1) span a hyperbolic plane and therefore generate the whole
Picard group modulo torsion.

To prove the first claim we use the fact that H(S) = (Z/ 5)2 [2, Theorem 4.3, (4)], which
implies that

Pic(S)iors = HX(S, L)iors = H (S, L)rors = (Z/5)%.
Since by (2.2) G = (Z/S)2 is contained in Pic(S), Pic(S)iors = G and we get a decomposition
Pic(S) = G - [01® Pic(S)/tors =G - [O1® Z - [O(1,0)] & Z - [O(0, 1)].
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The second claim follows from
ws = ploc ® proc = K(2,0) ® K(0,2) = O2,0)[1, 11® 00, 2)[1, 4].

The third claim of the lemma follows from (2.12), (2.13), and the fact that twisting by torsion
classes does not affect the intersection form.
To check the fourth claim we use the Riemann—Roch formula:

L-L .
x(L)=1+$
1 (OG HO) -0 =2,j =2)(x —[2,01)
=1+ >
_ 1 U2

@G-y -10. O

We have a Kiinneth-type formula for isomorphism classes of graded representations (recall
the notation from (2.7)):

[H*(T, K@, iNI(g, x, y) = [H*(C, K@)(g, x, y) - [H(C', K(GN(g, x, y),

and the analogous formula with KC(7, j) replaced by O(, j). This is simply a reformulation of
the Kiinneth formula

(2.14)

H*(C x C', pfL1 ® p5Ly) = H*(C, L1) @ H*(C', L»)

with the G-action on both sides taken into account.

In the following lemma we perform necessary computations which will be used later for
computing Hochschild homology of S as well as cohomology of dg-algebras of the exceptional
collections on S.

Lemma 2.5. Some cohomology ranks h°(K(i, j)) + qh" (K (i, j)) + q>h*(K(i, j)) are given in
the table:

;i -3 -2 -1 0 1 2 3 4 5
4 0 3 6 9
3 343g || 3+g 4 6 8
2 0 q> | 3+4¢ 3

(1] | 3¢° +3¢ 0 o I o [ o [ o [3+3] |
0 342 3¢° + ¢ 1 0
—1 | 842 642 442 3¢>+q || 3¢ +3¢q
-2 94> 6q> 3q> 0

Proof. The entries of the table are in agreement with the Serre isomorphism
WP (S, KG, ) = KPS, K2 —i,2 = ),

therefore it is sufficient to consider i, j from the table with i, j > 1. The Euler characteristic of
K(i, j)isequalto (i—1)(j—1). By the Kodaira vanishing theorem there is no higher cohomology
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fori, j > 3. The rest is done using the Kiinneth formula (2.14) and (2.8), (2.9), (2.11) which we
use to compute:
[H*(C, K())] = x*y® + 3y* + x3y% + gx%y? + gx%y 4 gxy?
[H*(C', K] = x> +y? + 57 + gx° + gy* + gx*y°
[H*(C, K@) =23y +x2? +xy3 + %y + xy? + xy + ¢
[H*(C, K@)l =22y + xy* +xt + 3 + 3y +y 4 ¢
[H*(C, KON = xy* +xy? + x5y + xty + oyt + x4+ +x +y + 1
[H*(C', K(3)] = x4y3 +x3y4 —i—x3y3 +x4y —i—xzy2 + y4 +x2y + xy2 +x+1
[H*(C,K@)] = x4y4 + x4y3 + x3y4 + x4y2 + x3y3 + x2y4 + x3y2 + x2y3
+x2y2 + x3 +x2y —l—)cy2 + y3 +x2+ y2
[H*(C', K@) = x*y* +x42 +x29* +xty + 32 + x5 + 3y +xy°
3t + 7 xt Hxy )7+ u

(2.15)

Lemma 2.6. The Hochschild cohomology groups HH*(S,C) = @®p1q=« HP (S, A7) of S
are given below.

HHY(S) =C
HH'(S)=0
HH?*(S) =0

HH3(S) = H*(S, Tg) = C°
HH*(S) = H*(S, A*Tg) = C°.

Proof. We have
HP(S, A1T5) = HP(T, A9T7)°
and
Tr = pi7c ® p37c = K(=2,0) ® K0, -2)
NTr = piTe ® psTor = K(-2, -2).
Now the cohomology groups in question are found in the table of Lemma 2.5. [

Next we would like to compute the Grothendieck group K((S) of the Beauville surface S.
By the results of Kimura [23], the Bloch conjecture is known for all surfaces with p, = 0
which admit a covering by a product of curves; hence C Hy(S) = Z for the Beauville surface S.
Therefore by Lemma 2.7 the Grothendieck group of S has a decomposition

Ko(S) = Z* @ (2,/5)%.

Lemma 2.7. Let X be a smooth projective surface such that the degree morphism C Hy(X) — Z
is an isomorphism. Then we have a (non-canonical) isomorphism

Ko(X) = 7> @ Pic(X).
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Proof. Consider the topological filtration F! C K((X) given by the codimension of support [11].
By the Riemann—Roch theorem without denominators [11], we have
FO/Fl =7
F'/F? = Pic(X)
F? = CHy(X) = Z.
Extension 0 — F! — FO — 7 — 0 always splits for group-theoretic reasons, so
Ko(S)=Z® F'.

We have a short exact sequence

0— Z-5 F' = Pic(X) — 0. (2.16)

We have to prove that (2.16) splits, that is there exists a retraction F! — Z. In general such a
retraction exists whenever the image of (1) in F!/rors is not divisible by any integer a > 1.
Recall thati (1) = [Op] € F! C Ko(S) where P is a point of S. Assume that [Op] =a - A +«,
where « is a torsion element. Then the equality

1=x(0,0p) = x(0,aA +a) =ax(0, A)
impliesa = +1. O

3. Exceptional collections on the Beauville surface
3.1. Numerically exceptional collections and helices

We call a sequence of line bundles
Li,...,L,
on a variety numerically exceptional if for all j > i

X(Lj.Li) =Y (=1 dim Ext'(L;, L;) = 0.
1

Any exceptional collection is obviously numerically exceptional as well. We note that in
order to speak about numerically exceptional collections we only need to consider classes of
L;’s modulo torsion. This implies that a sequence L1, ..., L, forms a numerically exceptional
collection on S if and only if any twist L1(x1), ..., L, (x») does. In particular we will not make a
distinction between O(i, j) and (i, j) when investigating numerically exceptional collections.

Lemma 3.1. A sequence
O, Ly, Ly, L3

of line bundles on S is numerically exceptional if and only if it belongs to one of the following
four numerical types:

(1)0, 0(~1,0),0(c — 1, 1), 0(c —2,—1), ceZ
(I1,)0, 00, —1),0(=1,c — 1),0(=1,c —2), ceZ
(I11.)O0,0(=1,¢), O(=1,¢c — 1),0(=2, 1), ceZ
(IV)O, O, —1),0(c — 1, —1), O(—1,=2), ceZ.
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We note that Io = I11y, 11y = IVp and also that types I, and I I, are characterized by the
property L3 = L1 ® L».

Proof. By Proposition 2.4(4) the sequence
0, O(a1, b), O(az, b2), O(as, b3)

is numerically exceptional if and only if all of the vectors (a;, b;), (a; —a;, bj — b;), j > i have
one of the coordinates equal to —1. The rest of the proof is left to the reader. [

If we consider a general sequence of line bundles
Lo, Ly, Lo, L3 3.1)
on S, then it is (numerically) exceptional if and only if
O, Li®Ly, Ly® Ly, Ly ® L (3.2)

is (numerically) exceptional. We say that the sequence (3.1) is of type I., I1., [11. or IV, if
(3.2) is of this type.

In order to study exceptional collections on § more efficiently we will use so-called
helices [13,6,9]. We call a sequence E, = (E;,i € Z) of sheaves on a smooth variety X a
helix of period n if

Eioin = E; ® 0%

forall0 <i <n—1,k € Z.! Givena sequence Ey, ..., E,_1 of sheaves on X we can extend it
to a helix by the formula above.

Any subsequence of a helix consisting of n consecutive elements E;, Eq41, ..., Eqpn—1 Will
be called a spire. By Serre duality an arbitrary spire of a helix is a (numerically) exceptional
collection if and only if Eog,..., E,— is a (numerically) exceptional collection. We will
sometimes represent a helix E, as a sequence of n + 1 consecutive spires

Ea = Ear1 = = Eqns

for some a € Z where £; = {Ej, Ej4+1, ..., Ejy,—1}. Note that since n is the period of E,,
Eqtn differs from &, by a twist by wy.

We now may ask what are the helices formed by numerically exceptional collections of
Lemma 3.1. The proof of the following Lemma is straightforward from definitions.

Lemma 3.2. Numerically exceptional helices on S formed by line bundles belong to one of the
two families:

I.—>1V.—> I .—>1IV_.—> 1., ceZ
1. > IIl. - II_.—> IIl_.— II., cecZ.

1 The definition of helix we use coincides with that from [6] up to shifts which we have dropped for convenience. The
definition of helix in [9] which is given in terms of mutations rather than the Serre functor differs from ours since the
collections we consider are not full.
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3.2. Acyclic line bundles and exceptional collections

We will now investigate which of the numerically exceptional collections of Lemma 3.1 can
be lifted to exceptional collections. Here by a lift we mean a lift with respect to the morphism

72 ® G = Pic(S) — Pic(S)/tors = 72,

that is a choice of a character x € G. We will need a detailed study of the characters that may
appear in the cohomology groups of sheaves on T'.
For a G-linearized line bundle on T we define the acyclic set of L as

A(L) :={x € Hom(G,C*) : x & [H*(T, L)]}.

By definition L(y) is acyclic if and only if —x € A(L). Since by Proposition 2.4(1), any line
bundle on S is isomorphic to some (i, j)(x), we see from the next lemma that there are 39
isomorphism classes of acyclic line bundles on S.

Lemma 3.3. The only nonempty acyclic sets of line bundles IKC(i, j) on S are:

AK(, =2)) = {[0, 0]}

A, =1)) ={[0, 3], 12,01, [3, 21}

A(K(1,0)) ={[0,01, [0, 1], [0, 2], [1, 4], [2, 3], [3, O], [4, O]}
AR, D) ={[0,01, [1, 2], [2, 11, [2, 21, [3, 3], [3, 4], [4, 3]}
A(K(,2)) ={[0,01, [0, 3], [0, 4], [1, 0], [2, 01, [3, 2], [4, 1]}
A(K(, 3)) ={[0, 2], [2, 3], [3, 0]}

A, 4)) = {[0, 01}

AK(=1, 1)) = {[0, 0]}

A, 1)) ={[0,01, [3, 3], [3, 4], [4, 3]}

AK(2, 1) ={[0,01], [1, 2], [2, 1], [2, 2]}

AKG, D) ={[0, 01}

Proof. Since by Proposition 2.4(4) any bundle (i, j)(x) withi % 1 and j # 1 is not acyclic
we restrict to the cases i = 1 or j = 1. We note in addition that our claim is consistent with
the Serre duality: A(K (i, j)) is in duality with A(K(2 — i, 2 — j)); therefore we only need to
consider the cases K(1, j), K@, 1),i,j > 1.

For i, j > 3 we have an implication

AKG, j) =0 = AKG+1, ) =0, AKG, j+ 1) =0,
therefore it is sufficient to prove that

AK(1,5) =0

AKA, 1) =9
and to compute A(L) for line bundles

K, 1),K71,2), K(1,3), £1,4), K2, 1), L3, 1).

(3.3)

This is done by looking at the terms of the products of the polynomials in (2.15). O
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Lemma 3.4. Let Ly, Ly, L3 be line bundles on S. A sequence

O, Li(x1), L2(x2), L3(x3)

forms an exceptional collection if and only if the following conditions hold:

x1 € A(LY)
x2 € A(L3)
x3 € A(L3)
x2—x1 € AL ®L})
x3—x1 € AL ® L3)
x3—x2 € A(L, ® L3).

Proof. The statement is a reformulation of the definition of exceptional collection. [

Theorem 3.5. The following list contains all exceptional collections of length 4 consisting of
line bundles on S (up to a common twist by a line bundle):

(1) O, K(-1,0), £O, -1), (-1, -1)

V1) O, K(1, -1), KO, 1), (-1, -2)
(I-1) O,K(—1,0), £(—2, -1), K(-3,-1)

(3.4)
(IV-1) O, K(—1,-1), (-2, -1), K(—1, =2)
These six collections are spires of the two helices
HYL = 1IVi—>11—>1V_1 > I 35)

(Hp) Iy — 11y — Iy.

Proof. Because of Lemma 3.2 we only need to consider numerically exceptional collections of
types I.,c > 0, 11, c > 0 and all helices formed by them. Let us start by listing all numerically
exceptional collections

O,Li, Ly, L3=L1® L

of line bundles of the types as above satisfying the properties:
ALD #0; AL #0:; ALY #0
A(L1 ® L3) # 0.

By Lemma 3.3 these properties are necessary for O, L1, Ly, L3 to form an exceptional
collection. With the help of Lemmas 3.1 and 3.3 we get the following list:

lo, I, 111, 11>

Finally we check whether there are characters yp, x2, x3 for each of these types of collections
that will satisfy the conditions of Lemma 3.4.



1046 S. Galkin, E. Shinder / Advances in Mathematics 244 (2013) 1033—-1050

Type Ip: O, K(=1,0)(x1), K(=1, =1)(x2), K(=2, —1)(x3) with conditions

X1, x3 — x2 € AK(1, 0)) = {[0, 01, [0, 11, [0, 2], [1, 4], [2, 3], [3, O], [4, O1}
x2. x3 — x1 € AK(L, D) ={[0, 01, [1, 2], [2, 11, [2, 2], [3, 3], [3, 4], [4, 3]}
x3 € AK2, D) ={[0,0], [1, 2], [2, 1], [2, 2]}

x2 — x1 € AK(0, 1)) = {[0, 0], [3, 31, [3, 4], [4, 3]}

For each choice of x3 we find possible x1, x2 from conditions

x1 € AK(1,0) N x3 — AKK(, 1)

(3.6)
X2 € AWK, 1) 1 x5 — AK(1,0))
and look for those y1, x2 that satisfy
x2 — x1 € AK(, 1)). 3.7)

1. x3 = [0, 0]. Using (3.6) we find the only set of characters
x1=x2=10,0]
and it obviously satisfies the condition (3.7) as well. Thus we obtain the collection
(lo) O, K(—1,0), K(—1,-1), (-2, -1)
and the one in the same helix
Uy =1Vp) O, K0, -1), L(—1,-1), (-1, =2).
2. x3 = [1, 2]. (3.6) reads as:
x1 €{[0, 01, [4, 0]}
x2 €{[1,2], 12,21}
and none of these pairs satisfies (3.7).
3. x3 = [2, 1]. (3.6) reads as:
x1 €{[0, 01, [1, 4]}
x2 € {[1,2], [2, 1]}

and none of these pairs satisfies (3.7).
4. x3 = [2, 2] (3.6) reads as:

x1 € {[0, 1], [0, O1}
x2 € {[2, 1], [2,2]}
and none of these pairs satisfies (3.7).
Type I: O, K(—1,0)(x1), KO, —1)(x2), K(—1, —1)(x3) with conditions
X1, x3 — x2 € AK(1,0)) = {[0, 0], [0, 1], [0, 2], [1, 4], [2, 3], [3, O, [4, O1}
X2, x3 — x1 € A(K(0, 1)) = {[0, 0], [3, 3], [3, 4], [4, 3]}
x3 € A(K(1, 1)) = {[0, 0], [1, 2], [2, 11, [2, 2], [3, 3], [3, 4], [4, 3]}
x2 — x1 € AK(=1, 1)) = {[0, 0]}.
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From the conditions on x1, x2 we find that x; = x» = [0, O]. Then
x3 € A(K(1, 1) N AK(1, 0)) N AK(0, 1)) = {[0, O]}.

This way we get exceptional collection
([1) Ov ’C(_ls 0)’ IC(Os _1)9 K(_lv _1)

and three others lying in the same helix

(IVI) 07 IC(I, _1)9 IC(09 _1)7 K(_ls _2)
(I—l) Oa IC(_17 0)7 K(_Za _1)7 ]C(_37 _1)
(Ivfl) Ov IC(_la _1)’ IC(_27 _1)5 IC(_17 _2)

Type 111: O, K0, —1)(x1), £(—1,0)(x2), K(—1, —1)(x3) with conditions
X1, x3 — x2 € AK(0, 1)) = {[0, 0], [3, 3], [3, 4], [4, 31}
x2, x3 — x1 € AK(1, 0)) = {[0, 0], [0, 1], [0, 2], [1, 4], [2, 3], [3, O, [4, O}
x3 € A(K(1, 1)) = {[0, 01, [1, 2], [2, 1], [2, 21, [3, 3], [3, 4], [4, 3]}
x2 — x1 € AK, =1)) ={[0, 3], [2, 01, [3, 21}.

There exist no x1, x2 satisfying the respective conditions.

Type 11: O, 00, —1)(x1), O(—1, 1)(x2), O(—1, 0)(x3) with conditions

X1, x3 — x2 € A(K(0, 1)) = {[0, 0], [3, 3], [3, 4], [4, 3]}

x2. x3 — x1 € AK(1, —1)) = {[0, 3], [2, 0], [3, 2]}

x3 € AK(1,0) ={[0,0], [0, 11, [0, 2], [1, 4], [2, 3], [3, 0], [4, O]}
x2 — x1 € AK(, =2)) = {[0, 0]}

There exist no x1, x» satisfying the respective conditions. [J
Remark 3.6. All six exceptional collections in (3.4) span the same torsion-free subgroup in
Pic(S) with generators
K(1,0) = O, 0)[3, 3],
K0, 1) =0, 1[3,2].
We do not have a conceptual proof for this statement.

For a helix E, of period n we introduce a matrix M (E,) with entries consisting of the Ext-
groups in the spires of E,:

Mi ;= ZdimEﬂl(Ei, Ei+))-q; 0<i,j<n-—1L
]

Proposition 3.7. For the helices (3.5) we have:

3¢°+q 3¢°+q 44°
3q2 + 3¢q 3q2 +gq 6q2
3¢°+q 6>  8q°

1
1
M((Hy) = ]
1 4q2 6c]2 66]2
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3¢ +q 49° 6q°
3¢ +q 49> 6q°
3¢ +q 4q° 6q°
3¢ +q 44° 6q°

MH) =

[ N

In particular we see that all our collections have endomorphism dg-algebras with non-vanishing
first and second cohomology groups.

Proof. The entries are found in the table given in Lemma 2.5. [

Proposition 3.8. The Ax-algebra of the exceptional collection
(1—1) Os IC(_lv 0)9 IC(_27 _1)1 ’C(_37 _l)
is formal and moreover the usual product m» is trivial.

Proof. The Ext-groups of the collection E, = I_; are all found in M(H;) from the previous
proposition. In fact we have:

1 3q2 +q 6q2 8q2
2 2
> dimExt'(Ei Ej)-q'| = 0 ! 44 62q
7 h 0 0 1 3g°+¢q
J 0 0 0 1

In order to prove formality we check that the higher A, -operations my,k > 3 of the
collection E, vanish.

Using a standard argument (see [22, Lemma 2.1] or [20, Theorem 3.2.1.1]), we may assume
that m;(...,idg,,...) = O for all objects E; and all / > 2. Now the third A,,-operation m3
vanishes for grading reasons and the products my, k > 4 also vanish since our graded quiver has
only 4 vertices.

The product of the two non-trivial elements of degree 1 vanishes since these elements are not
composable. All other products are trivial for grading reasons. [

Let (E,) be one of the collections in (3.4). By Bondal and Kapranov [7, Theorem 2.10] the
subcategory (Eg, E1, E2, E3) generated by the collection is admissible and has a right orthogonal
A, i.e. there is a semiorthogonal decomposition Dfoh(S) = (Ey, E1, E», E3, A).

Proposition 3.9. Right orthogonals to two spires of a helix are equivalent categories.

Proof. By transitivity it is enough to prove the statement for two consecutive spires. Denote
Es=Ey® a)gl. Let A be the right orthogonal to (Eg, E1, E2, E3), and A’ be the right orthog-
onal to (Ey, E», E3, E4). We want to show that categories A and A’ are equivalent. Denote by
C the right orthogonal to (E{, E», E3). Second decomposition Db(S) = (El, E>, E3, Eq4, .A’)
implies C = (E4,.A’>. First decomposition D?(S) = (Eq, E1, E», E3, A) is equivalent to
Db(S) = (E\, Ea, E3, A, E4) by Serre duality, so C = (A, E4). Hence both A and A’ are
subcategories in C orthogonal to E4: A is the left orthogonal and A’ is the right orthogonal. So
(left/right) mutations in E4 establish the equivalence between A and A’. O

We denote two equivalence classes of subcategories obtained by taking right orthogonals to
‘H; and H, by A; and A, respectively. We note that a choice of a spire gives rise to a fully
faithful embedding A; — D?(S).



S. Galkin, E. Shinder / Advances in Mathematics 244 (2013) 1033—1050 1049

Proposition 3.10. We have
Ko(A) = (Z/5)*
HH,(A;) =0
HH(A) =C.

In particular we see that A;’s are non-trivial.

Proof. We have
7' @ (Z/5)* = Ko(S) = Ko(D"(8)) = Ko({Eo. E1. E2, Ea)) ® Ko(Ai)

=7 @ Ko(A),

thus

Ko(A) = (Z/5)°.
For the homology we use the additivity theorem [16] (see also [18, Corollary 7.5]):
C* = H*(S) = HH.(D"(S)) = HH,((Eo, E1, Ez, E4)) ® HH,(A;)
= C'® HH.(A).

The statement about Hochschild cohomology is proved by the following approach of
Kuznetsov [19]. Define

e(F, F') = min{p | Ext?(F, F') # 0}.

For any increasing sequence ap < a; < --- < ar = ao + n (n is the period of the helix E,, in
our case n = 4) define

5a.(E‘o) = e(Ea()s Eal) +--+ e(Eak_l ) Eak) + 1 —k.
Finally the anticanonical height of the exceptional collection is defined as

h(E,) = mind,, (E,).
ae
We now use the following result.

Proposition 3.11 ([19]). Let A be right orthogonal to exceptional collection E,. For k <
h(Es) + (dim S — 2) the natural map H H*(S) — H H*(A) is isomorphism.

For our helices we have
h(H1) =2
h(Hp) =1
and hence we see that HH?(A;) = HH%(S)=C. O

Acknowledgments

The authors thank Alexander Kuznetsov for reading a draft of the paper and providing
them with many useful comments and remarks. They thank Ingrid Bauer, Arend Bayer, Ludmil
Katzarkov, Mateusz Michalek, Dmitry Orlov, Yuri Prokhorov, Nicolo Sibilla, Maxim Smirnov
for helpful discussions. They also thank the referee for pointing out some typos and inaccuracies
in the previous version of the paper.



1050 S. Galkin, E. Shinder / Advances in Mathematics 244 (2013) 1033—-1050

The first author is partially supported by NSF Grant DMS0600800, NSF FRG Grant DMS-
0652633, FWF Grant P20778, and an ERC Grant (GEMIS). The second author is supported by
the Max-Planck-Institut fiir Mathematik and the SFB / Transregio 45 “Periods, moduli spaces
and arithmetic of algebraic varieties” Bonn—Mainz—Essen.

References

[1] V. Alexeev, D. Orlov, Derived categories of Burniat surfaces and exceptional collections, arxiv:1208.4348v2.

[2] I.C. Bauer, F. Catanese, Some new surfaces with Pg=q = 0, in: The Fano Conference, 123-142, Univ. Torino,
Turin, 2004.

[3] 1. Bauer, R. Pignatelli, The classification of minimal product-quotient surfaces with p, = 0, Math. Comp. 81 (280)
(2012) 2389-2418.

[4] A. Beauville, Complex Algebraic Surfaces, second ed., in: London Mathematical Society Student Texts, vol. 34,

Cambridge University Press, Cambridge, 1996.
[5] C. Bohning, H.-C. Graf von Bothmer, P. Sosna, On the derived category of the classical Godeaux surface,

arxiv:1206.1830v1.
[6] A.Bondal, Representations of associative algebras and coherent sheaves, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989)

1.
[7]1 A. Bondal, M. Kapranov, Representable functors, Serre functors, and mutations, Izv. Akad. Nauk SSSR Ser. Mat.

53(1989) 6.
[8] A. Bondal, D. Orlov, Reconstruction of a variety from the derived category and groups of autoequivalences,

arxiv:alg-geom/9712029.
[9] A. Bondal, A. Polishchuk, Homological properties of associative algebras: the method of helices, Russian Acad.
Sci., Iz. Math. 42 (2) (1994) 219-260.
[10] C. Diemer, L. Katzarkov, G. Kerr, Compactifications of spaces of Landau—Ginzburg models, Izv. RAN. Ser. Mat.
77 (3) (2013) 55-76.
[11] W. Fulton, Intersection theory, in: Ergebnisse der Mathematik und ihrer Grenzgebiete 3, Folge, second ed., in: A
Series of Modern Surveys in Mathematics (Results in Mathematics and Related Areas. 3rd Series. A Series of

Modern Surveys in Mathematics), vol. 2, Springer-Verlag, Berlin, 1998.
[12] S. Galkin, L. Katzarkov, A. Mellit, E. Shinder, Minifolds and Phantoms, Preprint IPMU 13-0102. arxiv:1305.4549.

[13] A.L. Gorodentsev, A.N. Rudakov, Exceptional vector bundles on projective spaces, Duke Math. J. 54 (1) (1987)
115-130.

[14] M. Kapranov, On the derived categories of coherent sheaves on some homogeneous spaces, Invent. Math. 92 (3)
(1988) 479-508.

[15] L. Katzarkov, Homological mirror symmetry and algebraic cycles, in: Riemannian Topology and Geometric
Structures on Manifolds, in: Progr. Math., vol. 271, Birkhduser Boston, Boston, MA, 2009, pp. 63-92.

[16] B. Keller, Invariance and localization for cyclic homology of DG algebras, J. Pure Appl. Algebra 123 (1-3) (1998)

[17] /2\2.3K%17z%16tsov, Hyperplane sections and derived categories, Izvestiya RAN: Ser. Mat. 70 (3) (2006) 23-128
(in Russian). arxiv:math.AG/0503700 ; translation in Izvestiya: Mathematics 70:3, 2006, pp. 447-547.

[18] A. Kuznetsov, Hochschild homology and semiorthogonal decompositions, arxiv:0904.4330v1.

[19] A. Kuznetsov, Height of exceptional collections and Hochschild cohomology of quasiphantoms categories,
arxiv:1211.4693.

[20] K. Lefevre, Sur les Axo-categories, Ph.D. Thesis, Universite Paris 7, 2002.

[21] D. Mumford, J. Fogarty, F. Kirwan, Geometric Invariant Theory, third ed., in: Ergebnisse der Mathematik und ihrer
Grenzgebiete (2), (Results in Mathematics and Related Areas (2)), vol. 34, Springer-Verlag, Berlin, 1994.

[22] P. Seidel, Fukaya categories and Picard—Lefschetz theory, in: Zurich Lectures in Advanced Mathematics, European
Mathematical Society (EMS), Ziirich, 2008.

[23] S.-I. Kimura, Chow groups are finite dimensional, in some sense, Math. Ann. 331 (1) (2005) 173-201.


http://arxiv.org/1208.4348v2
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref3
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref4
http://arxiv.org/1206.1830v1
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref6
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref7
http://arxiv.org/alg-geom/9712029
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref9
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref10
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref11
http://arxiv.org/1305.4549
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref13
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref14
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref15
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref16
http://arxiv.org/math.AG/0503700
http://arxiv.org/0904.4330v1
http://arxiv.org/1211.4693
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref21
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref22
http://refhub.elsevier.com/S0001-8708(13)00215-6/sbref23

	Exceptional collections of line bundles on the Beauville surface
	Introduction
	The Beauville surface and its properties
	Generalities on  G -equivariant line bundles
	Equivariant Fermat quintics
	Line bundles and cohomological invariants of the Beauville surface

	Exceptional collections on the Beauville surface
	Numerically exceptional collections and helices
	Acyclic line bundles and exceptional collections

	Acknowledgments
	References


