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Abstract

We introduce mean dimensions for continuous actions of countable sofic groups on compact metrizable
spaces. These generalize the Gromov—Lindenstrauss—Weiss mean dimensions for actions of countable
amenable groups, and are useful for distinguishing continuous actions of countable sofic groups with infinite
entropy.
© 2013 Elsevier Inc. All rights reserved.

Keywords: Sofic group; Amenable group; Mean dimension; Topological entropy; Small-boundary property

1. Introduction

Mean dimension was introduced by Gromov [13] about a decade ago, as an analogue
of dimension for dynamical systems, and was studied systematically by Lindenstrauss and
Weiss [23] for continuous actions of countable amenable groups on compact metrizable spaces.
Among many beautiful results they obtained, it is especially notable that they used mean
dimension to show that there exists a minimal action of Z on some compact metrizable space
which cannot be equivariantly embedded into [0, 11% equipped with the shift Z-action. Mean
dimension is further explored in [7,8,14,19,20,22].

The notion of sofic groups was also introduced by Gromov [12] around the same time. The
class of sofic groups include all discrete amenable groups and residually finite groups, and it
is still an open question whether every group is sofic. For some nice exposition on sofic groups,
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see [6,9,10,26,29]. Using the idea of counting sofic approximations, in [2] Bowen defined entropy
for measure-preserving actions of countable sofic groups on probability measure spaces, when
there exists a countable generating partition with finite Shannon entropy. Together with David
Kerr, in [17,18] we extended Bowen’s measure entropy to all measure-preserving actions of
countable sofic groups on standard probability measure spaces, and defined topological entropy
for continuous actions of countable sofic groups on compact metrizable spaces. The sofic mea-
sure entropy and sofic topological entropy are related by the variational principle [17]. Further-
more, the sofic entropies coincide with the classical entropies when the group is amenable [3,18].

The goal of this article is to extend mean dimension to continuous actions of countable sofic
groups G on compact metrizable spaces X. In order to define sofic mean dimension, we use
some approximate actions of G on finite sets as models, and replace X by certain spaces of
approximately G-equivariant maps from the finite sets to X, which appeared first in the definition
of sofic topological entropy [18]. A novelty here is that we replace open covers of X by certain
open covers on these map spaces.

Lindenstrauss and Weiss studied two kinds of mean dimensions for actions of countable
amenable groups in [23], one is topological, as the analogue of the covering dimension, and
the other is metric, as the analogue of the lower box dimension.

We define sofic mean topological dimension and establish some basic properties in Section 2,
and show that it coincides with the Gromov-Lindenstrauss—Weiss mean topological dimension
when the group is amenable in Section 3. Similarly, we discuss sofic metric mean dimension
in Sections 4 and 5. It is shown in Section 6 that sofic mean topological dimension is always
bounded above by sofic metric mean dimension. We calculate sofic mean dimensions for some
Bernoulli shifts and show that every nontrivial factor of the shift action of G on [0, 11° has
positive sofic mean dimensions in Section 7. In the last section, we show that actions with small-
boundary property have zero or —oo sofic mean topological dimension.

To round up this section, we fix some notation.

Definition 1.1. For d € N, we write [d] for the set {1, ..., d} and Sym(d) for the permutation
group of [d]. A countable group G is called sofic if there is a sofic approximation sequence
Y ={oi : G — Sym(d;)};2, for G, namely the following three conditions are satisfied:

(1) for any s, t € G, one has lim;_, oo H”E[d"]:o"(s)”’g')(a)zm(”)(”>}‘ =1;

llacld; o () @=0i @) _ .

d;

(2) for any distinct s, t € G, one has lim;_, »
3) lim; 5o d;i = +00.

For a map o from G to Sym(d) for some d € N, we write o (s)(a) as og(a) or sa, when there is
no confusion. We say that o is a good enough sofic approximation for G if for some large finite
subset F of G which will be clear from the context, one has H“e[d]:”(‘g)”(g(“):" D@} very close

tolforalls,t € F and ‘{”Eldlzo(”y)zg(t)(“)}‘ very close to O for all distinct s, ¢ € F.

Throughout this paper, G will be a countable sofic group with identity element e, and we fix
a sofic approximation sequence X' for G.

2. Sofic mean topological dimension

In this section we define the sofic mean topological dimension and establish some basic
properties.
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We start with recalling the definitions of covering dimension of compact metrizable spaces
and mean topological dimension for actions of countable amenable groups. For a compact space
Y and two finite open covers U and V of Y, we say that V refines U, and write V > U, if every
element of ) is contained in some element of /.

Definition 2.1. Let Y be a compact space and I/ a finite open cover of Y. We denote

ordU) =max Y ly(y)—1, and DU) = min ord(V),
yeyY = V=u

where V ranges over finite open covers of Y refining /.

For a compact metrizable space X, its (covering) dimension dim(X) is defined as sup;, D(UA)
for U ranging over finite open covers of X.

Definition 2.2. A countable group G is called amenable if for any finite subset K of G and any
& > 0 there exists a finite subset F' of G with |K F'\ F| < ¢|F|. Equivalently, G has a left Fplner
sequence {F,},eN, i.e. each F, is a nonempty finite subset of G and % — Qasn — 0 for
every s € G.

Let a countable amenable group G act continuously on a compact metrizable space X. Let
be a finite open cover of X. For a nonempty finite subset F of G, we set Uf" = Vier s~1U. The
function F + DU’ defined on the set of nonempty finite subsets of G satisfies the conditions

of the Ornstein—Weiss lemma [25] [23, Theorem 6.1], thus Dl(?lp) converges to some real number,

denoted by mdim({f), as F becomes more and more left invariant. That is, for any ¢ > 0, there

F
exist a nonempty finite subset K of G and § > 0 such that |D|(Z:| ) _ mdim(lf)| < ¢ for every
nonempty finite subset F of G satisfying |K F' \ F| < §|F|. In terms of any left Fglner sequence

{Fy}nen of G, one has

DU
mdim(@/) = lim “ ).
n—o00 |Fn|

The mean topological dimension of X [23, p. 13] is defined as
mdim(X) = sup mdim(lf),
u

where U ranges over finite open covers of X.

Throughout the rest of this section, we fix a countable sofic group G and a sofic approximation
sequence X = {o; : G — Sym(d;)}72, for G, as defined in Section 1. Let & be a continuous
action of G on a compact metrizable space X.

Let p be a continuous pseudometric on X. For a given d € N, we define on the set of all maps
from [d] to X the pseudometrics

1 1/2
pa(p, ¥) = (3 Y (o), w(a)>)2> :

aeld]
Poo(@, ¥) = max p(¢(a), ¥ (a)).
a€ld]

Definition 2.3. Let F be a nonempty finite subset of G and § > 0. Let ¢ be a map from G to
Sym(d) for some d € N. We define Map(p, F, 8, o) to be the set of all maps ¢ : [d] — X such
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that pa(¢ o 05, 5 0 @) < § for all s € F. We consider Map(p, F, §, o) to be a topological space
with the topology inherited from X¢.

The space Map(p, F, 5, o) appeared first in [18, Section 2], and was used to define the
topological entropy of the action «. Eventually we shall take o to be o; for large i. Then the
condition (1) in the definition of ) says that o is approximately a group homomorphism of G
into Sym(d), and therefore we can think of o as an approximate action of G on [d]. The space
Map(p, F, §, o) is the set of approximately G-equivariant maps from [d] into X.

For a finite open cover U of X, we denote by 24¢ the finite open cover of X4 consisting of
Ui x Uy x - x Uy for Uy, ..., Uz € U. Note that Map(p, F, 8, o) is a closed subset of X1,
Consider the restriction le|Map(p,p,5,g) =Uuin Map(p, F,§, o) of U to Map(p, F,$, o).
Denote DU |Map(p, F,5,0)) by DU, p, F, 8, 0).

The set [d] is the analogue of an approximately left invariant finite subset H of G in the
amenable group case, Map(p, F, 8, o) is the analogue of the subset {(sx)sey : x € X} of X
which can be identified with X naturally (this will be made clear in the proof of Theorem 3.1),
U |Map(p, F.5,0) is then the analogue of U, and DU, p, F, 8, o) is the analogue of DUH).

Definition 2.4. Let p be a compatible metric on X. Let F' be a nonempty finite subset of G and
6 > 0. For a finite open cover U of X we define

DU, p, F, 8, 0;
Dy, p. F.8) = Tim 2Y:P-F.9.01)

i—00 d;

DyU,p, F) = gn(f)Dz(U,p, F, ),
>
Dy, p) = irFlsz(U, e, F),

where F in the third line ranges over the nonempty finite subsets of G. If Map(p, F, 8, 0;) is
empty for all sufficiently large i, we set Dy (U, p, F,§) = —oco. We define the sofic mean
topological dimension of o as

mdimy (X, p) =supDx (U, p)
u

for U ranging over finite open covers of X. As shown by Lemma 2.9, the quantities
DxU, p, F),Dx (U, p) and mdim5; (X, p) do not depend on the choice of p, and we shall write
them as Dy (U, F), Dy (U) and mdim x; (X) respectively. In particular, mdim x;(-) is an invariant
of topological dynamical systems.

Remark 2.5. Note that Dy (U, p, F, §) decreases when § decreases and F increases. Thus in the
definitions of Dy (U, p, F) and Dy (U, p) one can also replace infs-o and infr by lims_,o and
limp_, » respectively, where Fi < F, means F; C F. If we partially order the set of all such
(F,8) by (F,8) > (F',8)when F D F’ and § < &', then

DU, p)= i DxU, p, F, ).
zU, p) (F,Bl)rgoo U, p )

Remark 2.6. From Definition 2.4 and [18, Proposition 2.4] one gets that the following

conditions are equivalent:

(1) mdimy(X) > 0.

(2) For any finite subset ' of G, any § > 0, and any N € N, there is some i > N such that
Map(p, F, §, 0;) is nonempty.

(3) The sofic topological entropy 4 5;(X) > 0.
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Also, by the variational principle [17, Theorem 6.1], these conditions imply the following
(4) X has a G-invariant Borel probability measure.

Every non-amenable countable group has a continuous affine action on a compact metrizable
convex set (in some locally convex Hausdorff topological vector space) admitting no fixed point,
equivalently, admitting no invariant Borel probability measure [6, Corollary 4.10.2]. Thus every
non-amenable sofic group has a continuous action on some compact metrizable space with mean
topological dimension —oo. However, we do not know whether there is any such an example
with a unique invariant Borel probability measure.

Remark 2.7. The definitions of mdim y;(X), mdimy Mm(X, p) in the sequel and mdimy; p(X)
depend on the choice of the sofic approximation sequence X'. However, we do not know any
examples for which different choices of X' lead to different values of these invariants, though
Lewis Bowen [4] showed that the sofic measure entropy of the trivial action of SL(n, Z) for
n > 2 (more generally groups with property (7)) on the two-point set equipped with the uniform
distribution does depend on the choice of X.

We need the following simple observation several times.
Lemma 2.8. Let p be a continuous pseudometric on X, F a nonempty finite subset of G, § > 0,

and o a map from G to Sym(d) for some d € N. For any ¢ € Map(p, F,$,0) and s € F,
setting W = {a € [d] : p(sp(a), p(sa)) < 8}, one has [W| > (1 — 8)d.

Proof. This follows from

8 > (;(as 09,9 00y))’ > él[d]\Ww = (1 - @) 5. O

Lemma 2.9. Let p and p' be compatible metrics on X. For any nonempty finite subset F of G
and any finite open cover U of X, one has Dx;(U, p, F) = Dx; U, p’, F).

Proof. By symmetry it suffices to show Dy (U, p, F) < DU, p’, F). Let § > 0. Take §' > 0
be a small positive number which we shall determine in a moment. We claim that for any
map o from G to Sym(d) for some d € N one has Map(p, F,§,0) € Map(p’, F,§,0). Let
@ € Map(p, F,8',0). Foreach s € F, set

Wy = {a € [d]: p(sp(a), 9(sa)) < V&)

By Lemma 2.8 one has |W;| > (1 — §")d. Taking 8’ small enough, we may assume that for any
x,y € X with p(x, y) < V/8', one has o' (x, y) < 8/2. Then one has

Wyl 82 Vsl
LAGCLANS I | Al
d 4 d

A

(Ph (a5 0 @, 9 0 05))? < ) (diam(X, p'))?

62
- T (diam(X, ) < 8%,

IA

granted that 8’ is small enough. Therefore ¢ € Map(p’, F, 8, ). This proves the claim.

Since Map(p, F, 8, 0) € Map(p', F, $,0), clearly DU, p, F,8',0) < DU, o', F, 8, 0).
Thus DU, p, F) < DU, p,F,8) < DU, p', F, ). Letting § — 0, we get DU, p, F) <
DU, p', F) as desired. [
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We need the following lemma several times.

Lemma 2.10. Let X and o be continuous actions of G on compact metrizable spaces X and Y
respectively, and w : X — Y be an equivariant continuous map. Let pX and p¥ be compatible
metrics on X and Y respectively. Let F be a nonempty finite subset of G and § > 0. Then
there exists 8 > 0 such that for every map o from G to Sym(d) for some d € N and every
¢ € Map(pX, F, 8, 0), one has w o ¢ € Map(p?, F, 8, o).

Proof. Since 7 is continuous and X is compact, we can find 8 > 0 small enough such
that |F|8'(diam(Y, p¥))? < 82/2 and for any x,x’ € X with pX(x,x’) < +/8' one has
pY (r(x), m(x) < 8/2.

Denote by W the set of all a € [d] satisfying px(sw(a), p(sa)) < VS By Lemma 2.8 one
has |W| > (1 — |F|8")d. For each a € W, by the choice of §’ one has

oY (s (p(a)), m(p(sa)) = p (T (sp(a)), 7 (p(sa))) < /2.
Thus
. Y\\2
=5 \3 p (diam(Y, p"))
52/4 4 |F|8' (diam(Y, p¥))? < 82/4 + §2/2 < &2,

2
ot enopnopanyt < W (2) 4 LM

IA

and hence w o ¢ € Map(,oY, F, é6,0). O

Lindenstrauss and Weiss established the next two propositions in the case G is amenable [23,
p. 5, Proposition 2.8].

Proposition 2.11. Let G act continuously on a compact metrizable space X. Let Y be a closed
G-invariant subset of X. Then mdimy;(Y) < mdimy; (X).

Proof. Let p be a compatible metric on X. Then p restricts to a compatible metric p’ on Y.

Let U be a finite open cover of Y. Then we can find a finite open cover V of X such that I/
is the restriction of V to Y. Note that Map(o’, F, 8, 5) € Map(p, F, 8, o) for any nonempty
finite subset F of G, any § > 0, and any map o from G to Sym(d) for some d € N.
Furthermore, the restriction of Vd|Map(p,F,5,g) on Map(p/, F, 8, o) is exactly L{d|Map(pr,F,,g’g).
Thus DU, p', F,8,0) < DV, p, F,8,0). It follows that mdimy (/) < mdimyx(V) <
mdim x; (X). Since / is an arbitrary finite open cover of Y, we get mdim »;(¥) < mdimy(X). O

Proposition 2.12. Let G act continuously on a compact metrizable space X, for each 1 <
n < R, where R € N U {oo}. Consider the product action of G on X = Hl§n<R X,. Then
mdimy (X) < ) 1., p mdimz(X,).

Proof. Let p and p® be compatible metrics on X and X, respectively. Denote by 7, the
projection of X onto X,. Let U/ be a finite open cover of X. Then there are an N € N with
N < R and a finite open cover V, of X, forall 1 <n < N such that

N
Vi=\/7"W U

n=1

Let F be a nonempty finite subset of G and § > 0. By Lemma 2.10 we can find §' > 0
such that for any map o from G to Sym(d) for some d € N and any ¢ € Map(p, F, 8, 0) one
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has 7, o ¢ € Map(p("), F,§,0) forall 1 <n < N.It follows that we have a continuous map
&, : Map(p, F,8',0) — Map(p("), F, 5, 0) sending ¢ to m, o ¢ foreach 1 < n < N. Note that

N
d —1 d
V¥ Map(o.F.50) = VB OV Itap(p). F5.0))-

n=1

For any finite open covers U] and U, of a compact metrizable space ¥ one has DU V Uy) <
D) + D(U) [23, Corollary 2.5]. Thus

N
DU, p. F.8,0) <DV, p,F.8.0) <Y DV, p™, F.8,0),

n=1

and hence Dx(U, p) < DU, p, F,8) < Zfzv=1 Ds;(Vy, p™, F,8). Since F and § are
arbitrary, we get

N N
DU, p) <) DyW, p™) <) mdimp(X,) < Y mdimg(X,).

n=1 n=1 1<n<R
Therefore mdimy; (X) < Zl§n<R mdim5;(X,) as desired. [

If a property P for continuous G-actions on compact Hausdorff spaces is preserved by
products, subsystems, and isomorphisms, and the trivial action of G on the one-point set e has
property P, then for any continuous G-action on a compact Hausdorff space X, there is a largest
factor Y of X with property P [11, Proposition 2.9.1]. We prove a similar fact for the category
of actions on compact metrizable spaces, the proof of which is implicit in the proof of [22,
Proposition 6.12].

Lemma 2.13. Let I be a topological group. Let P be a property for continuous I'-actions on
compact metrizable spaces. Suppose that P is preserved by countable products, subsystems, and
isomorphisms, and that the trivial action of I' on the one-point set e has property P. Then any
continuous I'-action on a compact metrizable space X has a largest factor Y with property P,
i.e. for any factor Z of X with property P there is a unique (I'-equivariant continuous surjective)
map Y — Z making the following diagram

X —Y

AN

Zz

commute.

Proof. For each factor Z of X with factor map 7z : X — Z, denote by Rz the closed subset
{(x,y) € X?:ns(x) = wz(y)}of X2. Denote by R the set (), Rz for Z ranging over factors of
X with property P. Since X is compact metrizable, it has a countable base. Thus every subset W
of X? with the topology inherited from X2 is a Lindelof space in the sense that every open cover
of W has a countable subcover [16, p. 49]. Taking W = X?\R and considering the open cover
of X2\R consisting of X2\ Rz for all factors Z of X with property P, we find factors Z1, Z, ...
of X with property P such that (1,2, Rz, = R. Consider the map 7 : X — [[72, Z, sending
x to (77, (x));’f’:l. Then Y = 7w (X) is a closed ['-invariant subset of ]_[21 1 Z, and is a factor
of X. Furthermore, Ry = R. By the assumption on P and Z,, we see that the ['-action on Y
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has property P. Since Rz © R = Ry for every factor Z of X with property P, clearly Y is the
largest factor of X with property P. [

By Remark 2.6 and Lemma 2.10 if G acts continuously on a compact metrizable space X
with mdimy(X) > 0, then mdimy(Y) > O for every factor ¥ of X. From Lemma 2.13 and
Propositions 2.11 and 2.12, taking property P to be having sofic mean topological dimension
at most 0 and observing that mdim y;(e) = 0 for the trivial action of G on the one-point set e,
we obtain the following result, which was established by Lindenstrauss for countable amenable
groups [22, Proposition 6.12].

Proposition 2.14. Let G act continuously on a compact metrizable space X with mdimy; (X) >
0. Then X has a largest factor Y satisfying mdimy;(Y) = 0.

3. Sofic mean topological dimension for amenable groups

In this section we show that the sofic mean topological dimension extends the mean topolog-
ical dimension for actions of countably infinite amenable groups:

Theorem 3.1. Let a countably infinite (discrete) amenable group G act continuously on a
compact metrizable space X. Let X be a sofic approximation sequence of G. Then

mdim y;(X) = mdim(X).

Theorem 3.1 follows directly from Lemmas 3.5 and 3.7.

We need the following Rokhlin lemma several times. Though for ergodic measure-preserving
actions of Z one needs only one Rokhlin tower, for actions of general countable amenable groups
one needs several Rokhlin towers. Here one should think of [d] as equipped with the uniform
distribution. The assumption about o says that it is approximately a free action of G on [d]
(preserving the uniform distribution), while the conclusion says that Cy, ..., C; are the bases for
Rokhlin towers and that foreach k =1, ..., £, {0 (s)Ci}seF, is a Rokhlin tower.

Lemma 3.2 ([18, Lemma 4.6]). Let G be a countable amenable group. Let0 <17 < 1,0 <n <
1, 8 > 0, and K be a nonempty finite subset of G. Then there are an £ € N, nonempty finite
subsets F, ..., Fo of G with |K Fi \ Fx| < 8| Fy| and |Fx K \ Fi| < 8| Fy| forallk =1,...,¢,
a finite set F C G containing e, and an ' > 0 such that, for every d € N, every map
o : G — Sym(d) for which there is a set B C [d] satisfying |B| > (1 — n')d and

osi(a) = oy01(a), os(a) # oy (a), Oega) =a
foralla € Band s,t,s' € F withs # s, and every set W C [d] with [W| > (1 — 1)d, there
exist Cy, ...,C¢ €W such that

(1) foreveryk =1, ..., ¢, the map (s, c) — og(c) from Fy x Cy to o (Fy)Cy, is bijective,
(2) the sets o (F1)Cy, ..., 0 (Fy)Cy are pairwise disjoint and | Uﬁ:l o(F)Crl = (1 —1 —n)d.

Remark 3.3. Let G be a finite group. Note that the only nonempty finite subset F of G satisfying
|IGF \ F| < ﬁ|F| is G. From Lemma 3.2 one deduces the following: Let 0 < t < 1 and

0 < n < 1, then there is an n’ > 0 such that, for every d € N, every map o : G — Sym(d) for
which there is B C [d] satisfying |B| > (1 — n")d and

osi(a) = oyo1(a), os(a) # oy (a), Oeg(a) =a
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foralla € Bands,t,s’ € G with s # s, and every set W C [d] with [W| > (1 — 1)d,
there exists C € W such that the map (s, ¢) — oy(c) from G x C to o(G)C is bijective and
lo(G)Cl = (1 —7 —n)d.

Combined with Lemma 3.2, the following lemma tells us how to construct elements in
Map(p, F, 5, 0).

Lemma 3.4. Let @ be a continuous action of a countable group G on a compact metrizable
space X. Let p be a continuous pseudometric on X. Let §,8" > 0 with V&diam(X, p) < 8/2.
Let £ € Nand F, F\, ..., Fy be nonempty finite subsets of G with |F Fy \ Fy| < §'|Fy| for all
k=1,...,L Let 0 be amap G — Sym(d) for some d € N. Denote by W the set of elements
a in [d] satisfying oro5(a) = os5(a) forallt € F and s € Ui:l Fx. Suppose that there are
Ci,...,Co € W satisfying the following:

(1) foreveryk =1, ..., ¢, the map (s, c) — og(c) from Fy x Cy to o (Fy)Cy, is bijective,

(2) the sets o (F1)Cy, ..., o0 (Fg)Cy are pairwise disjoint and | Ui:l o (F)C| = (1 —8)d.

Forany h = (hk)i:1 € Hi:] X%, if ¢ : [d] — X satisfies
@(sc) = s(hi(c))
forallk € {1,...,¢4},c € Ck, and s € Fy, then ¢ € Map(p, F, §,0).

Proof. Note thatift € F,k € {l,...,£}, s € Fi, ¢ € Ct, and ts € F, then o;0,(c) = o75(c),
and hence o; o ¢(sc) = ¢ o oy(sc). For every t € F, one has

l
d— | o(F Nt~ F)cy
(p2( 09, 9 oap))? < k=l y (diam(X, p))?
l 4
d—|U o(F)C|+ U o(Fe \t7 F)Ck
= —= = (diam(X, p))?
4
8d+38 | o(Fu)Ck
< "j (diam(X, p))?

28’ (diam(X, p))? < §°.

IA

Thus ¢ € Map(p, F,8,0). U

We show first mdimy(X) > mdim(X) for infinite G. This amounts to show that
Map(p, F, 8, o) is large enough. When [d] = H for some approximately left invariant finite
subset H of G and o, € Sym(d) is essentially the left multiplication by s for all s € F, one can
embed X into Map(p, F, 8, o) sending x to (sx)scp. In general, [d] may fail to be of the form
H, but Lemma 3.2 tells us [d] is roughly the disjoint union of some such H; for j € J. Then we
do such embedding on each H; and hence embed X 7 into Map(p, F,$, o).

Lemma 3.5. Let a countably infinite amenable group G act continuously on a compact
metrizable space X. Then for any finite open cover U of X we have Dy, (U) > mdim(U). In
particular, mdimx; (X) > mdim(X).

Proof. It suffices to show that D5 (U{) > mdim(U) — 26 for every 6 > 0.
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Fix a compatible metric p on X. Let F' be a nonempty finite subset of G and § > 0. Let o be
a map from G to Sym(d) for some d € N. Now it suffices to show that if o is a good enough
sofic approximation then

DU, p, F, §,0)

7 > mdim(Uf) —

Take a finite subset K of G containing F and ¢ > 0 such that for any nonempty finite subset
F’ of G with |KF'\ F'| < ¢|F’| one has
DU
|F'|

> mdim(U) —

Take 0 < 8’ < 1 to be small such that (mdim@/) — 0)(1 — §') > mdim(U) — 26 and
V§'diam(X, p) < 8/2. By Lemma 3.2 there are an £ € N and nonempty finite subsets Fi, ..., Fy
of G satisfying |K Fy \ F¢| < min(e, 8")|Fy| for all k = 1,..., £ such that for every map
o : G — Sym(d) for some d € N which is a good enough sofic approximation for G and every
W C [d] with [W| > (1 — §'/2)d there exist Cy, ..., Cy C W satisfying the following:

(1) forevery k =1, ..., £, the map (s, ¢) — o;(c) from Fy x Cj to o (Fy)C is bijective,
(2) the sets o (F1)Cy, ..., 0 (F¢)C, are pairwise disjoint and | Ui:l o (F)Ck| = (1 —8")d.

Leto : G — Sym(d) for some d € N be a good enough sofic approximation for G such that
W| > (1 —68/2)d for

¢
W= !a € [d] : o105(a) = oy5(a) forallt € F,s € | | F
k=1
Then we have Cq, ..., C; as above.
Since G is infinite, there exist maps ¥ : Cx — G fork =1, ..., £ such that the map ¥ from
Uk 1 Fi xCrto G sendmg (s,c) € Fr x C to sy (c) is 1nject1ve Denote by F the range of V.
Note that IKF \ F| < 8|F| because for every k, |K Fy \ Fi| < €| F|. Thus

DU
|F|

Pick xo € X. For each x € X define a map ¢, : [d] — X by ¢x(a) = x¢ for all
a € [d]1\ Us_, o (F)Cx, and

> mdim(U) —

x(sc) = sy (c)x

forallk € {1,...,£},c € Cx,and s € F;. By Lemma 3.4 one has ¢, € Map(p, F, §,0).
Note that the map ¢ from X to Map(p, F,$,0) sen~ding X to ¢y is continuous, and
O~ U \Map(p, F.0,0)) = UF . Thus DU, p, F, 8, 0) > DUT). Therefore

1’:', ~
b, p’dF’ 20) 5 Dl(% ) .'dﬂ > (mdim@) — 0)(1 — 8') > mdim@) —

as desired. O



580 H. Li/ Advances in Mathematics 244 (2013) 570-604

Let U be a finite open cover of a compact metrizable space X. A continuous map f from
X into another compact metrizable space Y is said to be U-compatible if for each y € Y, the
set f -1 y) is contained in some U € U [23, Definition 2.2 and Proposition 2.3]. We need the
following fact:

Lemma 3.6 (/23, Proposition 2.4]). Let U be a finite open cover of a compact metrizable space
X, and k > 0. Then D(U) < k if and only if there is a U-compatible continuous map f : X — Y
for some compact metrizable space Y with dimension k.

Next we show mdim 5 (X) < mdim(X). We first use Lemma 3.2 to decompose [d] into the
disjoint union of some approximately left invariant finite subsets {H;};ec; of G and a small
portion [d]\ j H;. Take a continuous U/ Hj -compatible map X — Y; with dim(Y;) < DU Hj)
for each j € J. Anticipating each element of Map(p, F, §, o) being essentially of the form
(sxj)erj with some x; € X on H; for each j € J, we map Map(p, F,3,0) to ]_[j Y;. To take
care of the coordinates on [d] \ | ;j Hj, we also take a continuous {-compatible map X — Z
with dim(Z) < D(U), and map Map(p, F, 5, 0) to Haeld]\Uj H; Z. These two maps combined

together are d [Map(o, F,5,0)-compatible on nice elements which are almost of the form (sx)se H;
with some x; € X on H; for each j € J. The points of Map(p, F, §, o) not so nice can be bad
only at a small portion of [d]. Then we use some auxiliary map 4 to shrink X to one point at all
the good places, making the bad parts to live in a small-dimensional space (relative to d).

Lemma 3.7. Let a countable amenable group G act continuously on a compact metrizable space
X. Then mdim 5 (X) < mdim(X).

Proof. Fix a compatible metric p on X. Let U be a finite open cover of X. It suffices to show
that Dy (U) < mdim(X).

Take a finite open cover V of X such that for every V € V, one has V C U for some U € U.
Then it suffices to show Dy; (/) < mdim(V) + 36 for every 6 > 0. We can find > 0 such that
forevery V. € V,onehas B(V,n) ={x e X : p(x, V) <n} C U forsome U € U.

Take a nonempty finite subset K of G and ¢ > 0 such that for any nonempty finite subset F’
of G with |[K F"\ F’| < ¢|F’| one has

DYV
< mdim(V) + 6.
S V) +
Take T > 0 with tD(U) < 6. By Lemma 3.2 there are an £ € N and nonempty finite subsets
Fi, ..., Fy of G satisfying |K Fi \ Fi| < €|Fy| forall k = 1, ..., £ such that for every map

o : G — Sym(d) for some d € N which is a good enough sofic approximation for G and every
W C [d] with |W| > (1 — t/2)d there exist Cy, ..., Cy, C W satisfying the following:

(1) foreveryk =1, ..., £, the map (s, ¢) — o,(c) from Fy x Ci to o (Fy)Cy is bijective,

(2) the sets o (F1)Cy, ..., 0 (F;)C; are pairwise disjoint and | Ui:l o(F)Crl = (1 —1)d.

Set F = Uﬁzl Fk_l. Take « > O such that for any x,y € X with p(x,y) < « one has
p(s~'x,s71y) < pforalls € F.Take § > 0 with §!/2 < « and §|U||F| < 6.

Let o be a map from G to Sym(d) for some d € N. Now it suffices to show that if o is a good
enough sofic approximation then

DU, p, F,8,0)

7 < mdim(V) + 36.
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Denote by W the subset of [d] consisting of a satisfying o,0,-1(a) = 0o, (a) = a for all
s € F. Assuming that ¢ is a good enough sofic approximation, we have |W| > (1 — 7/2)d and
can find Cy, ..., Cy as above. Set Z = [d] \ Ule o (F;)Cr. Then | Z]| < 1d.

For every ¢ € Map(p, F, §, o), by Lemma 2.8 the set A, of all a € [d] satisfying

plp(sa), sp(a)) < 8'/2

for all s € F has cardinality at least (1 — |F|§)d.
Take a partition of unity {¢y}ye<y for X subordinate to /. That is, each ¢y is a continuous
function X — [0, 1] with support contained in U, and

Z§U=1-

Define a continuous map E) X — [0, l]u by E)(x)y = ¢y (x) forx € X and U € U. Consider
%
the continuous map 4 : Map(p, F, 8, o) — ([0, 11¥)!4] defined by

— —
h (9)a = & (¢p(a)) max <rsnea1§ p(spa), p(sa)) — k, 0)

for ¢ € Map(p, F,§,0) and a € [d]. Denote by v the point of [0, l]u having all coordinates
0. Set X to be the subset of ([0, 1]“)[”’ ] consisting of elements whose coordinates are equal to
v at least (1 — |F|§)d elements of [d]. For each ¢ € Map(p, F, §, o), note that 7((;)),1 =v
for all a € A, by our choice of § and hence 7((,0) € Xo. Thus we may think of 7 as a map
from Map(p, F, §, o) into Xg. Since the union of finitely many closed subsets of dimension at
most m has dimension at most m [15, p. 30 and Theorem V.8] and § > 0 was chosen such that
U||F|§ < 0, we get dim(Xg) < |U||F|dd < 6d.

For each 1 < k < ¢, by Lemma 3.6 we can find a compact metrizable space Y; with
dim(Yy) < D(VF*) and a VF*-compatible continuous map fi : X — Y.

By Lemma 3.6 we can find a compact metrizable space Z with dim(Z) < D) and a U-
compatible continuous map g : X — Z.

Now define a continuous map ¥ : Map(p, F, 8, 0) — Xox ([Ti_, [lece, YO x ([14ez 2) as
follows. For ¢ € Map(p, F, §, o), the coordinate of ¥ (¢) in Xy is 7((,0), inY;forl <k <{and
¢ € Cris fr(e(c)),in Z fora € Z is g(p(a)). We claim that ¥ is Z/{d|Map(p,p,gﬁg)-compatible.
Letw € Xg x (]_[f;:l Hceck Y1) x ([[,ez Z). We need to show that for each a € [d] there is
some U € U depending only on w and a such that ¢(a) € U for every ¢ € ¥~ (w). We write
the coordinates of w in X, ]_[iz1 Hceck Yi,and [[,cz Z as w!, w?, and w3 respectively.

For each a € Z, since g is U-compatible, one has g~ (w?) U3 for some U,3 € U. Then
¢(a) € U, forevery ¢ € v~ lw)anda € Z.

For every 1 < k < f and ¢ € C, since fj is YFe -compatible, one has f,:l (w,%yc) -
ﬂrlepk s Vi c.s for some Vi ., € V for every s™! e F. By the choice of n, B(Vi s, 1) is
contained in some Uy s € U. For every a € [d] \ Z, we distinguish the two cases w; * v
and w; = v If wé # v, then (wé)U # 0 for some U € U, and then for ¢ € 7l (w)
one has ¢y (p(a)) > 0 and hence ¢(a) € U. Suppose that wcll = v. Say,a = o(s™He for
some 1 < k < ¢,s7! € F, and ¢ € C. Let ¢ € W’l(w). Since ¢ € Cr € W and
s € F,one has sa = o,0,-1(c) = c. As {{y}yey is a partition of unity of X, E)((p(a)) #+

v. But 7((,0),1 = w; = v. Thus maxyer p(s'¢(a), p(s’'a)) < k. In particular, one has
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p(sp(a), p(c)) = p(sp(a), p(sa)) < k. From our choice of k, one gets p(¢(a), s~ o(c)) < 1.
Since fr(p(c)) = w,%’c, we have ¢(c) € sVi.s and hence s’]go(c) € Vi.c.s. Therefore
¢(a) € Uk, 5. This proves the claim.

From Lemma 3.6 we get

DU, p, F,8,0) < dim (xo x (ﬁ ]"[ Yk> x (]‘[ z))

k=1 ceCy acZ

Since the dimension of the product of two compact metrizable spaces is at most the sum of the
dimensions of the factors [15, p. 33 and Theorem V.8], we have

4 4
dim (Xo x (]‘[ I1 Yk> x <]‘[ z)) < dim(Xo) + Y _ [Ce| dim(¥y) + | 2| dim(Z)

k=1 ceCy acZ k=1

0
< 0d+)_|GIDV™) + | Z1DU)
k=1

4
< 0d+ ) |Ck| |Fl(mdim(V) + ) + 1dDU)
k=1
< 0d + d(mdim(V) + 0) + 60d
= d(mdim(V) + 36).

Therefore DU, p, F, 8, 0) < d(mdim(V) + 30) as desired. [

Remark 3.8. Theorem 3.1 fails when G is finite. Indeed, when a finite group G acts continu-
ously on a compact metrizable space X, one has mdim(X) = ‘?1' dim(X). There are compact

metrizable finite-dimensional spaces X satisfying dim(Xz) < 2dim(X) (see [1]). For such X,
Lemma 3.9 implies that mdimy; (X) < mdim(X).

If X is a compact metrizable space with finite dimension, then for any n,m € N one has
dim(X" x X™) < dim(X") + dim(X") [15, p. 33 and Theorem V.8] and hence 4m&X%) _,
dim(X™)

m

infy, e asn — oo.

Lemma 3.9. Let a finite group G act continuously on a compact metrizable finite-dimensional
3 m

space X. Then mdimyx (X) < \(17_| inf,eN %.

Proof. The proof is similar to that of Lemma 3.7. Fix a compatible metric p on X. Set
A= ﬁ infy, N dl%xm). Let U be a finite open cover of X and 6 > 0. It suffices to show
that Dy (U) < A + 36.

We can find n > 0 such that for every y € X, one has {x € X : p(x, y) < n} € U for some
Uel. .

Take M > 0 such that 3550 < (3 1 6)|G| forall m > M.

Take T > 0 with tdim(X) < 6. By Remark 3.3 for every map ¢ : G — Sym(d) for
some d € N which is a good enough sofic approximation for G and every W C [d] with
IW| > (1 — t/2)d there exists C € W such that the map (s, ¢) — o;(c) from G x C to o (G)C
is bijective and |0 (G)C| > (1 — 1)d.

Take « > 0 such that for any x, y € X with p(x, y) < « one has p(sx, sy) < nforalls € G.
Take 8 > 0 with /2 < « and §|U||G| < 6.
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Let o be a map from G to Sym(d) for some d € N. Now it suffices to show that if o is a good
enough sofic approximation and d is sufficiently large then
DU, p,G,8,0)
d
Denote by WV the subset of [d] consisting of a satisfying o50,-1(a) = 0¢;(a) = a for all
s € G. Assuming that o is a good enough sofic approximation, we have [W| > (1 — t/2)d and
can find C as above. Set Z = [d] \ 0 (G)C. Then |Z| < ©d.
For every ¢ € Map(p, G, 8, o), by Lemma 2.8 the set A, of all a € [d] satisfying

< A+36.

plp(sa), sp(a)) < 8"/
for all s € G has cardinality at least (1 — |G|§)d.

Take a partition of unity {{y}ye<ys for X subordinate to U. That is, each {y is a continuous
function X — [0, 1] with support contained in U, and

Z§U=1~

Ueld

Define a continuous map E) X — [0, l]u by E)(x)u = ¢y(x) forx € X and U € U. Consider
—
the continuous map # : Map(p, G, 8,0) — ([0, 1]“)[‘1] defined by

— —
h (@)a = & (p(a)) max (rsrle%( p(sp(a), p(sa)) — k, 0>

for ¢ € Map(p, G, §,0) and a € [d]. Denote by v the point of [0, l]u having all coordinates 0.
Set X to be the subset of ([0, l]u)[d] consisting of elements whose coordinates are equal to v
at least (1 — |G|8)d elements of [d]. For each ¢ € Map(p, G, 8, o), note that 7((/))(, = v for
all a € A, by our choice of § and hence ﬁ(cp) € Xo. Thus we may think of /2 as a map from
Map(p, G, 8, o) into Xy. Since the union of finitely many closed subsets of dimension at most
m has dimension at most m [15, p. 30] and § > 0 was chosen such that |/||G|§ < 6, we get
dim(Xg) < |U||G|éd < 0d.

Now define a continuous map ¥ : Map(p, G,8,0) — Xo X ([[,ec X) X ([[ez X)

as follows. For ¢ € Map(p, G, 5, o), the coordinate of ¥(p) in Xq is 7((,0), in X for
c € Cis ¢(c), in X fora € Z is ¢p(a). We claim that ¥ is U‘I|Map(p,(;,5,g)-compatible. Let
w € Xo X ([[.ec X) X ([1,ez X). We need to show that for each a € [d] there is some U € U
depending only on w and a such that ¢(a) € U for every ¢ € ¥~ (w). We write the coordinates
of win Xo, [[.cc X, and [[,c =z X as w!, w?, and w? respectively.

For each a € Z, one has w’ € Uy3 for some U,3 € U. Then ¢(a) € U, for every

eV ' (w)anda € Z.

For every a € [d]\ Z, we distinguish the two cases w) # v and w} = v. If w! # v, then
(w}l)U # 0 for some U € U, and then for ¢ € ¥~ (w) one has Zy(¢(a)) > 0 and hence
¢(a) € U. Suppose that w}l = v. Say, a = o(s !)c for some s~! € G and ¢ € C. Then
{x € X :px,s o)) <n} € UforsomeU € U.Let p € ¥~ (w). Sincec € C C W,
one has sa = o50,-1(c) = c. As {¢y}yey is a partition of unity of X, E)(go(a)) # v. But
h@)a = w; = v. Thus maxy g p(s'@(a), ¢(s’a)) < k. In particular, one has p(s@(a), p(c)) =
p(sp(a), (sa)) < k. From our choice of «, one gets p(¢(a), s_1<p(c)) < n. Thus ¢(a) € U.
This proves the claim.
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From Lemma 3.6 we get

DU, p,G,5,0) <dim (xo x (Hx) X (]‘[ X))

ceC acZ

Taking d to be sufficiently large, we have |C| > M and hence dim(X'C‘) < |IC] |G|\ + 6).
Since the dimension of the product of two compact metrizable spaces is at most the sum of the
dimensions of the factors [15, p. 33 and Theorem V.8], we have

dim (Xo x (]‘[ X) x (H x)) < dim(Xo) 4+ dim(X'°!) + | Z| dim(X)
ceC acZ

< 6d + |C||G|(A + 6) + td dim(X)
< 0d+d(n+6)+6d
= d(: +36).

Therefore DU, p, G,65,0) < d(A + 360) as desired. [
4. Sofic metric mean dimension

In this section we define the sofic metric mean dimension and establish some basic properties
for it.

We start with recalling the definitions of the lower box dimension for a compact metric space
and the metric mean dimension for actions of countable amenable groups.

For a pseudometric space (Y, p) and ¢ > 0 we say a subset Z of Y is (p, €)-separated if
p(y,z) > e for all distinct y,z € Z. Denote by N.(Y, p) the maximal cardinality of (p, &)-
separated subsets of Y.

The lower box dimension of a compact metric space (Y, p) is defined as

log N. (Y,
dimg (Y, p) = lim log Ne(. p)
—0 |logel
Let a countable (discrete) amenable group G act continuously on a compact metrizable space
X. Let p be a continuous pseudometric on X. For a finite open cover U/ of X, we define the mesh
of U under p by

mesh(U, p) = max diam(U, p).
Ueld

For a nonempty finite subset F of G, we define a pseudometric pr on X by
pF(x,y) = max p(sx, sy)
seF

for x, y € X. The function F + log minyeshs, pr)<e || defined on the set of nonempty finite
subsets of G satisfies the conditions of the Ornstein—Weiss lemma [25] [23, Theorem 6.1], thus
MiNmesh@, pp)<e % converges to some real number, denoted by S(X, ¢, p), as F' becomes
more and more left invariant. The metric mean dimension of X with respect to p [23, p. 13] is

defined as
S(X, e p)

mdimy (X, p) = lim
emo |loge|
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For any nonempty finite subset F' of G and ¢ > 0, it is easy to check that

min U] = Ne(X, pr) = min U] (1)
mesh(U,pr)<e mesh(U,pr)<2e

As discussed on p. 14 of [23], using (1) one can also write mdimp (X, p) in a way similar to
dimg (Y, p):

— log Nu(X,
mdimy (X, p) = ]1_m lim 0g e ( /OFn)
0 |loge| n—>00 |F,l

for any left Fglner sequence {F, },cn of G (see Definition 2.2). Also, define

mdimp(X) = inf mdimy (X, p)
o

for p ranging over compatible metrics on X.

In the rest of this section we fix a countable sofic group G and a sofic approximation sequence
Y ={oi : G — Sym(d;)}{2, for G. We also fix a continuous action o of G on a compact
metrizable space X.

As we discussed in Section 2, when defining sofic invariants, we replace X by Map(p, F,
8, 0). We also replace (pr, €)-separated subsets of X by (pxo, €)-separated subsets of Map(p, F,
8, 0). Though we are mainly interested in the sofic metric mean dimension with respect to a
metric, sometimes it can be calculated using certain continuous pseudometric as Lemma 4.4 and
Section 7 indicate. Thus we start various definitions for continuous pseudometrics.

Definition 4.1. Let F' be a nonempty finite subset of G and § > 0. For ¢ > 0 and p a continuous
pseudometric on X we define
— 1
h oo (p, F,8) = _lirgod—IOgNs(Map(p, F.,$8,01), pco),
11— i
R oo (P, F) = ggghg,w@, F,$),
$,00(p) = nfh (0, F),

where F in the third line ranges over the nonempty finite subsets of G. If Map(p, F, 8, 0;) is
empty for all sufficiently large i, we set hSE oo(,o, F, ) = —oo. We define the sofic metric mean
dimension of o with respect to p as

1
mdim X, p) = im ——h§ .
zm(X, p) I gl 5.000)
We also define

mdim y; pm(X) = inf mdimy m(X, p),
P

for p ranging over compatible metrics on X. Note that mdimy; p (-, -) is an invariant of metric
dynamical systems, while mdim5; )1(-) is an invariant of topological dynamical system.

Remark 4.2. Note that hsx OO(,o, F, §) decreases when § decreases and F increases. Thus in the
definitions of 4%, __(p, F) and h%, __(p) one can also replace infs~o and infz by lims_.o and
limp_, » respectively, where F1 < F> means F; C F>.
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The sofic topological entropy h5;(X) of @ was defined in [17, Definition 4.6]. It was shown in
Proposition 2.4 of [18] that

hx(X) = lim Af§
2 (X) Jim 3.00(P)
for every compatible metric p on X. Thus we have

Proposition 4.3. If hx(X) < +oo, then mdimy m(X, p) < O for every compatible metric p
on X.

The amenable group case of Proposition 4.3 was observed by Lindenstrauss and Weiss
[23, p. 14].

We say that a continuous pseudometric p on X is dynamically generating [21, Section 4]
if for any distinct points x,y € X one has p(sx,sy) > 0 for some s € G. The next
lemma says that for any dynamically generating continuous pseudometric p, one can construct a
compatible metric o’ on X such that mdimy m(X, p) = mdimy p(X, p’). This is the analogue
of the Kolmogorov—Sinai theorem that for measure-preserving actions of Z the entropy of any
generating finite partition is equal to the entropy of the action. In some examples X is naturally
a closed invariant subset of Y ¢ equipped with the shift action of G for some compact metrizable
space Y which is much simpler than X. In such case one can take a compatible metric p on Y
and think of it as a dynamically generating continuous pseudometric on X via the coordinate map
X — Y at eg. Then the calculation using p is much simpler than that using p’ (see for example
Section 7 and [5,17,18]).

Lemma 4.4. Let p be a dynamically generating continuous pseudometric on X. Enumerate the
elements of G as s, 52, . ... Define p' by p'(x, y) = Y ;7 zlnp(snx, spy) forallx,y € X. Then
o' is a compatible metric on X. Furthermore, if eG = sy, then for any & > 0 one has

B o (0) < 155 o (0) < 52 ().

In particular, mdimyx; M (X, p) = mdimy pm(X, o).

Proof. Clearly p’ is a continuous pseudometric on X. Since p is dynamically generating, o’

separates the points of X. Thus p’ is a compatible metric on X. Let ¢ > 0.
We show first hiﬁ‘ wo(P) = hiv/zoo (p'). Let F be a finite subset of G containing eg and § > 0.

Take k € N with 2~ %diam(X, p) < §/2. Set F/ = Uﬁ:l sp F and take 1 > 8’ > 0 to be small
which we shall fix in a moment.

Let o be amap from G to Sym(d) for some d € N which is a good enough sofic approximation
for G. We claim that Map(p, F’,8’,0) € Map(p’, F,8,0). Let ¢ € Map(p, F’,8',0). By
Lemma 2.8 one has

Wl = (1 -8'F']d,

for
W= {a € [d]: max p(g 0 03(a), & 0 9(@)) = Ja—}

Set R=WN,cror 'OV). Then |R| > (1 — &'|F'|(1 + |F|))d. Also set

Q={aeld]:o, 00,(a) =0,,(a)foralll <n <kandt € F}.
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Foranya € RN Qandt € F, since a, o;(a) € W and sp,, syt € F' forall 1 <n <k, we have
/
P (pooai(a), a: o p(a))

< 27K diam(X, p) + Z plas, opooi(a), as, oas o p(a))

2}‘[

<8/2+ Z 5 (p(@s, 09 001(@). ¢ 005, 001(@) + p(p 0 3,1 (@), et © 9(@))

n=1

1
S5/2+227'2*/§55/2+2\/5~
n=1

When o is a good enough sofic approximation for G, one has |Q| > (1 — 8’| F’|)d and hence for
anyt € F,

A

1
(Py(p 0 01, a7 0 9))* < Z(RNQIG6/2+ 2V8)? + (d — IR N Q))(diam(X, p'))?)

(8/2 4 2v/8)% + 8'|F'|(2 + |F)(diam(X, p))? < 82,

IA

when &’ is small enough independent of o and ¢. Therefore ¢ € Map(p’, F, 8, ). This proves
the claim.

Note that 5 2m Poo < pi, on Map(p, F', 8, o). Thus

N;(Map(p, F',8',0), poc) < Ngjon(Map(p, F', 8, 0), pl)
< Nejon(Map(p', F, 8,0), p5,),

when o is a good enough sofic approximation for G. It follows that A%, (o, F',8") <
hg/z (¢, F, 8), and hence h; __(p) < hf/z

Next we show h‘ggoo(,o ) < hZ’oo(p). It suffices to show hE’oo(,o’) < hivﬁoo(,o) + 6 for every
0 > 0. Take k € N with 2_kdiam(X, p) <é¢e/2.

Let F be a finite subset of G containing {s1, ..., sx} and § > 0 be sufficiently small which
we shall specify in a moment. Set 8 = §/2". Let ¢ be a map from G to Sym(d) for some
sufficiently large d € N. Note that %pz(go, V) < py(p, ¥) for all maps ¢, ¥ : [d] — X. Thus
Map(p, F, 8,0) 2 Map(p/, F, ¥, o).

Let & be a (pL,, 4¢)-separated subset of Map(p/', F, §', o) with |&| = N4, (Map(p’, F, 8, o),
pb)- For each ¢ € & denote by W, the set of a € [d] satisfying p(as o ¢(a), ¢ o o5(a)) < NG
for all s € F. By Lemma 2.8 one has |[W,| > (1 — |F|§)d. Take § to be small enough
so that |F|§ < 1/2. Stirling’s approximation says that — 1l ast — 4o00. The

(p’) as desired.

1!
@anl2(t/e)
number of subsets of [d] of cardinality at most | F'|8d is equal to Z“FIMJ (/) which is at most

|F|6d (|F\8d> (here we use |F|§ < 1/2), which by Stirling’s approximation is less than exp(8d)
for some B > 0 depending on § and | F'| but not on d when d is sufficiently large with 8 — 0 as
8 — O for afixed | F|. Take & to be small enough such that 8 < 6/2. Then, when d is sufficiently
large, we can find a subset .% of & with |.%|exp(Bd) > |&| such that W, is the same, say WV,
for every ¢ € F
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Let ¢ € #. Let us estimate how many elements in .% are in the open ball B, = {{/ € X [d1 .
Poc(@, ¥) < e}. Lety € F N B,. Forany a € Wand s € F, we have

p(sp(a), sy (a)) < p(spla), p(sa)) + p(p(sa), Y(sa)) + p(Y(sa), sy (a))
«/3 +ée+ x/g < %8,

when § is taken to be small enough. It follows that for any a € ¥V we have

IA

k
P (p(a), ¥(@)) < 27" diam(X, p) + D 27" p(sap(a), su¥r(@))

n=1

3
< 584-58:28.

Then pl, (lw, ¥lw) < 2e.
Let Y be a maximal (p’, 2¢)-separated subset of X. Set W¢ = [d]\ W. For each ¢ € .Z N By,

there exists some fy € Y W* with Pho(Wlwe, fy) < 2¢. Then we can find a subset &7 of . N B,
with |Y|‘W(||£f| > |.% N By| such that fy is the same, say f, for every ¥ € /. For any
¥, ¥’ € o, we have

P (Wlwe, ¥'lwe) < pi(Wlwe, £+ poo(f, ¥ lwe) < de,

and

P (Wlws VW) < pac(Wiw, elw) + poo(@lw, ¥'hw) < 4e,

and hence p/ (¥, ¥') < 4e. Since & is (pl, 4¢)-separated, we get = y’. Therefore |.7| < 1,
and hence

|7 N B,| < |Y|M'I|a7| < |y|/Fléd,

Let 2 be a maximal (oo, £)-separated subset of 7. Then .7 = | J,c5(F N By). Thus
N (Map(o’, F, &', 0), pbo) = 16| < exp(Bd)|.F| < exp(6d/2)| B | |IF1%

< exp(0d/2)|Y|'FPIN, Map(p, F, 8, ), poo)

S eXp(ed)NS(Map(pv Fv 87 0)7 IOOO)

A

when we take § to be small enough, where in the third inequality we used B C
Map(p’, F, 8, 0) € Map(p, F, 8, ) to conclude |#B| < N.(Map(p, F, 8, 0), poo). Therefore
h% (o', F,8) < h% _(p, F,8)+06.Itfollows that h% _ (o) < h%, _ (p)+06 as desired. [

Note that mdimy; p(X) was defined as the infimum over all compatible metrics p of
mdimy, M (X, p). However by Lemma 4.4 we get:

Proposition 4.5. One has
mdim y; m(X) = inf mdimy; m(X, p)
r)
for p ranging over dynamically generating continuous pseudometrics on X.

The following is the analogue of Proposition 2.11.

Proposition 4.6. Let G act continuously on a compact metrizable space X. Let Y be a closed
G-invariant subset of X. Then mdimy; \j(Y) < mdim x5 p(X).
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Proof. Let p be a compatible metric on X. Then p restricts to a compatible metric o’ on Y.

Note that Map(p’, F, §,0) € Map(p, F, 8, o) for any nonempty finite subset F of G, any
8 > 0, and any map o from G to Sym(d) for some d € N. Furthermore, the restriction of p
onMap(p', F, 8, o) is exactly p.,. Thus N.(Map(p’, F, 8, ), p5;) < Ne(Map(p, F, 8, 0), poo)
for any ¢ > 0. It follows that mdimy p(Y) < mdimy pm(Y, o) < mdimy p(X, p). Since p is
an arbitrary compatible metric on X, we get mdimy M(Y) < mdimy pq(X). O

5. Sofic metric mean dimension for amenable groups

In this section we show that the sofic metric mean dimension extends the metric mean
dimension for actions of countable amenable groups:

Theorem 5.1. Let a countable (discrete) amenable group G act continuously on a compact
metrizable space X. Let X' be a sofic approximation sequence for G. Then

mdimy v (X, p) = mdimpm (X, p)
for every continuous pseudometric p on X. In particular,
mdim 5 p(X) = mdimy(X).

Theorem 5.1 follows directly from Lemmas 5.2 and 5.3. The proof of Lemma 5.2 is similar
to that of Lemma 3.5.

Lemma 5.2. Let a countable amenable group G act continuously on a compact metrizable
space X. Let p be a continuous pseudometric on X. Then for any ¢ > 0 we have h%;, _(p) >
S(X, 2¢, p). In particular, mdim ; (X, p) > mdimy (X, p).

Proof. It suffices to show that i, (p) > S(X, 2¢, p) — 26 for every 6 > 0.

Take a nonempty finite subset K of G and ¢’ > 0 such that for any nonempty finite subset F’
of G satisfying |[K F’ \ F’| < ¢'|F’|, one has

in U > S(X, 2, p) — 6. )

1 Q)
— log Ne(X, ppr) > m
mesh(U,ppr)<2e

1
/| 78

Let F be a nonempty finite subset of G and § > 0. Let o0 be a map from G to Sym(d) for
some d € N. Now it suffices to show that if o is a good enough sofic approximation then

1
log Ne(Map(p. F.6,0). prx) = S(X. 26, p) = 20.

Take 8’ > 0 such that \/ydiam(X, p) < 8/2and (1-8")(S(X, 2¢e, p)—0) > S(X, 2¢, p)—26.
By Lemma 3.2 there are an £ € N and nonempty finite subsets Fi, ..., Fy of G satisfying
[(KUF)Fi\ Fr| < min(¢’, 8")|Fg| forallk = 1, ..., £ such that for every map o : G — Sym(d)
for some d € N which is a good enough sofic approximation for G and every W C [d] with
IW| > (1 —68'/2)d there exist Cy, ..., Cy € W satisfying the following:

(1) foreveryk =1, ..., £, the map (s, ¢) — o;(c) from Fy x Cj to o (Fy)Cy is bijective,
(2) the sets o (F1)Cy, ..., 0 (F¢)Cy are pairwise disjoint and | Ui:l o (F)Ck| = (1 —8")d.
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Leto : G — Sym(d) for some d € N be a good enough sofic approximation for G such that
IW| > (1 —§'/2)d for

¢
W :=1a e [d]:oio5(a) =os5(a) forallt € F,s € U Fk} .
k=1
Then we have Cy, ..., C; as above.
For every k € {1, ..., ¢} pick an e-separated set E;x C X with respect to pg, of maximal
cardinality. Then

1 1 2)
——log |Ex| = ——log N.(X, pr,) = S(X,2¢, p) — 6.
[ Fi| | Fi|

For each h = (hk)izl € ]_[izl(Ek)Ck take a map ¢y, : [d] — X such that
on(sc) = s(hr(c))

forallk € {1,...,£},c € Cx,and s € F;. By Lemma 3.4 one has ¢;, € Map(p, F, 8, o).

Now if i = (h)i_, and i’ = (h})¢_, are distinct elements of [{_; (Ex)%, then hg(c) #
h;{ (c) forsome k € {1, ..., £} and ¢ € C. Since hy(c) and h;{ (c) are distinct points in Ej which
is e-separated with respect to pr,, hi(c) and k) (c) are e-separated with respect to pr,, and thus
we have poo (¢h, @p') > €. Therefore

\

1
_IOgNE(Map(IO’ F’ 87 U)v IOOO) -

Cr|log |E
7 k| log | Ex|

v

Crl [ Fie|(S(X, 2¢, p) — 0)

'y
=)l
dk:l
1 4
_Z|
dk:l
(1—8)(S(X,2¢,0)—0)
S(X, 2¢, p) — 26,

v v

as desired. O

The proof of Lemma 5.3 is similar to that of Lemma 3.7, but considerably easier.

Lemma 5.3. Let a countable amenable group G act continuously on a compact metrizable
space X. Let p be a continuous pseudometric on X. Then for any ¢ > 0 we have h%, _ (p) <
S(X, e/4, p). In particular, mdim ; m(X, p) < mdimpm (X, p).

Proof. Let ¢ > 0. It suffices to show that hiv’oo(,o) < S(X, e/4, p) + 36 for every 6 > 0.

Take a nonempty finite subset K of G and 8 > 0 such that MiNmesh@, ppr)<e/4 U] <
exp((S(X, e/4, p) + 0)|F’|) for every nonempty finite subset F’ of G satisfying |[KF' \ F'| <
§'|F'|. Take an n € (0, 1) such that (Ng/2(X, 0))*" < exp(6).

By Lemma 3.2 there are an £ € N and nonempty finite subsets F1, ..., F; of G satisfying
|KFy \ Fy| < 8'|Fg| for all k = 1,..., £ such that for every map o : G — Sym(d) for
some d € N which is a good enough sofic approximation for G and every W C [d] with
[W| > (1 — n)d there exist Cy, ..., Cy € W satisfying the following:

(1) forevery k =1, ..., £, the map (s, ¢) — o,(c) from Fy x Ci to o (Fy)Cy is bijective,
(2) the sets o (F1)Cy, ..., 0 (F;)C; are pairwise disjoint and | Ui:l o (F)Cr| = (1 —2n)d.
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Then

1
New(X.p) S min Ul < exp((S(X. e/4, p) + O)| Fel) 3
mCSh(Z/l,,OFk)<8/4
foreveryk=1,..., 4.
Set F = Ui:l Fiy. Let § > 0 be a small positive number which we will determine in
a moment. Let 0 be a map from G to Sym(d) for some sufficiently large d € N which is
a good enough sofic approximation for G. We will show that N.(Map(p, F,§, 0), poo) <
exp(S(X e/4, p) + 360)d, which will complete the proof since we can then conclude that
(P, F,8) < S(X,e/4, p) + 306 and hence h'y, _ (p) < S(X, e/4, p) + 36.
For every ¢ € Map(p, F, §,0), by Lemma 2. 8 the set W, of all a € [d] satisfying

p(p(sa), sp(a)) < /8

for all s € F has cardinality at least (1 — |F|§)d.
For each W C [d] we define on the set of maps from [d] to X the pseudometric

PW,00(@, ) = poo (@, ¥lw).

Take a (oo, €)-separated subset & of Map(p, F, §, o) of maximal cardinality.

Set n = |F|. Stirling’s approximation says that W — last — +oo. When

né < 1/2, the number of subsets of [d] of cardinality no greater than ndd is equal to ZL"MJ (j ),

which is at most ndéd ( 5 d), which by Stirling’s approximation is less than exp(8d) for some
B > 0 depending on é and n but not on d when d is sufficiently large with § — O as§ — 0
for a fixed n. Thus when § is small enough and d is large enough, there is a subset .# of & with
exp(6d)|F| = |&| such that the set W,, is the same, say W, forevery ¢ € %, and [W|/d > 1—1.
Then we have Cy, ..., C¢ € W as above.

Let ] < k < £ and ¢ € Ci. Let % be a maximal (g/2)-separated subset of .# with
respect to Pg (F)e,00- Then i ¢ is a (0g(Fy)e,00, €/2)-spanning subset of % in the sense that
for any ¢ € .Z, there exists some ¥ € Zk . With pg(F)c.00(@, ¥) < €/2. We will show that
|Dk.c| < exp((S(X, e/4, p) + 6)|Fi|) when § is small enough. For any two distinct elements ¢
and ¥ of Z . we have, for every s € Fy, since c € W, N Wy,

p(s@(c), sY () = p(p(sc), Y(sc)) — psp(c), g(sc)) — p(sr(c), ¥ (sc))
> plg(sc), Y(sc)) — 248,

\

and hence
pr (@(€), ¥(c) = max p(se(c), sy (c)) = max p(e(sc), Y (sc)) — 2+/8
seFy seFy
>¢e/2 —¢e/4=¢/4,

granted that § is taken small enough. Thus {¢(c) : ¢ € Zk }is a (pF,, /4)-separated subset of
X of cardinality |Z .|, so that

3
|Zk.cl = Nepa(X, pr) < exp((S(X, €/4, p) + 0)| Fil),

as we wished to show.
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Set
4
Z=[d\ |JoFCr,
k=1

and take a maximal (p, £/2)-separated subset Y of X. Then Y Z s a (poo, € /2)-spanning subset
of XZ in the sense that for any ¢ € X2 there is some ¥ € YZ with pso (¢, ¥) < /2. We have

Y2 < (Nepo(X, p)12! < (Neja(X, p)) 2.

Write o7 for the set of all maps ¢ : [d] — X such that ¢|z € YZ and @lo(Fe € Dr.cloFoe
forall 1 <k < ¢ and ¢ € Ck. Then, by our choice of 7,

0 4
1| = Y2 [T []1%kel < Nepa(X, p0)™" exp(Z Y (S(X,&/4, p) +9>|Fk|)

k=1 ceCy k=1 ceCy

J4
(Nep (X, p))*™ exp((S<X, £/4,p) +0) Y |Fil |Ck|>
k=1
exp(0d) exp((S(X, /4, p) + 0)d) = exp((S(X, /4, p) + 20)d).

IA

Now since every element of .% lies within pso-distance /2 to an element of o/ and .% is
g-separated with respect to po, the cardinality of .% is at most that of <. Therefore
N:(Map(p, F,$8,0), pec) = |&] < exp(0d)|.7| < exp(6d)|.|
exp(8d) exp((S(X, £/4, p) + 20)d)
exp((S(X, e/4, p) + 30)d),

A

as desired. [
6. Comparison of sofic mean dimensions

In this section we prove the following relation between sofic mean dimensions:

Theorem 6.1. Let a countable sofic group G act continuously on a compact metrizable space X.
Let X be a sofic approximation sequence of G. Then

mdim y; (X) < mdimjy; p(X).

The amenable group case of Theorem 6.1 was proved by Lindenstrauss and Weiss [23,
Theorem 4.2]. We adapt their proof to our situation, by replacing the set {(sx)scy : x € X} C
X* for an approximately left invariant finite subset H of G in their proof (in their case G = Z
and H = {0, ..., N — 1}) with the set Map(p, F, §, 0).

Lemma 6.2. Let U be a finite open cover of X and p be a compatible metric on X. Then there
exist Lipschitz functions fy : X — [0, 1] vanishing on X \ U for each U € U such that
maxy ey fu(x) =1 foreveryx € X.

Proof. If some elements of I/ are equal to the whole space X, we may set fy to be the constant
function 1 for the elements U equal to X and the constant function O for those elements U not
equal to X. Thus we mat assume that all elements of ¢/ do not equal X. Note that foreach U € U,
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the function p(-, X \ U) : X — [0, +o00) is Lipschitz and vanishes on X \ U. Furthermore,
Y veyP(x, X\ V) > 0forevery x € X. Define gy, fu : X — [0, 1] by

p(r, X\ U)
> o X\ V)

veld

gu(x) =

and

Ju(x) = [U| min(gy (x), 1/|U]).

Then gy is Lipschitz and vanishes on X \ U, and hence so is fy. Furthermore, for each x € X,
one has ZUGU gu(x) = 1 and thus gy (x) > 1/|U| for some U € U. It follows that fy(x) = 1
forsome U e Y. O

Let p,U and fy be as in Lemma 6.2. Let o be a map from G to Sym(d) for some d € N.
We define a continuous map &, : X4 — [0, 114U by &,(p)e.v = fu(e(a)) fora € [d] and
Uel.

Lemma 6.3. Let 6 > 0, and set D = mdim x; M (X, p). Then there exist a nonempty finite subset
Fof G,§ > 0and M > 0 such that for anyi € Nwithi > M, there exists & € (0, 1)[df]xu such
that for any S C [d;] x U with |S| > (D + 60)d;, one has

Els & ®4,(Map(p, F, 8, 07))ls.

Proof. Denote by C the maximum of the Lipschitz constants of fi for all U € U. Then

| Pa(@) = Pa(Y)lloo < Cpoo(@, ¥)

foralld € Nand ¢, ¢ € X4,

Take ¢ > 0 small enough, which we shall determine in a moment, satisfying
h5 o (P)
22 D +0/3.

|loge]

Then we can find a nonempty finite subset F of G, 5 > 0, and M > 0 such that for every i € N
withi > M, we have

———log N,(Map(p, F, 8, 0i), poc) < D +6/2,
d;|log e|
that is,

N:(Map(p, F, 8, 07), poc) < &~ LT/,

It follows that we can cover @4 (Map(p, F, 8, 0;)) using g~ (D+0/2)d; open balls in the || - ||
norm with radius C.

Denote by p the Lebesgue measure on [0, 1][di]xu. For each § C [d;] x U, the set
D4 Map(p, F., 6, 0:))ls < [0, 11% can be covered using g~ (D+0/2)d; open balls in the || - [|oo
norm with radius £C, and hence has Lebesgue measure at most e ~(P+0/2di (2¢C)IS!_ Thus,

n({& € [0, N4 £1g € B4 (Map(p, F, 8, 01)|s}) < e~ P24 2¢C) 1S,
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Therefore, the set of & € [0, 1] satisfying £|s € &4 (Map(p, F,8,0;))|s for some
S C [d;] x U with |S| > (D + 0)d; has Lebesgue measure at most

2|[d,-]><Z/l|8—(D+9/2)d,- (zsc)(D+9)d — (2|M|89/2(zc)D+9)d, < 1’
when we take ¢ to be small enough. Thus we can find £ with desired property. [

Lemma 6.4. Let F be a nonempty finite subset of G and § > 0. Let o be a map from G to
Sym(d) for some d € N. Let ¥ be a continuous map from ®;(Map(p, F,$, o)) to [0, 1<,
Suppose that for any ¢ € Map(p, F, §,0) and any (a, U) € [d] xU, if ®4(9)q.u = 0or 1, then
U(D4(90))a.u = 0or 1 accordingly. Then ¥ o &4 is Z/{d|Map(p,p,5,g)-compatible.

Proof. Let ¢ € Map(p, F, §,0) anda € [d]. By the choice of { fi7}y <4 there exists some U € U
such that $,4(¢)q,u = fu(e(a)) = 1. By our assumption on ¥ we then have ¥ (94(¢))q,v = 1.

Let ¢ € ¥(P;(Map(p, F,8,0))) and a € [d]. It suffices to show that there exists some
U € U such that one has ¢(a) € U for every ¢ € Map(p, F, §, o) satisfying ¥ (P;(¢)) = ¢.
By the above paragraph we can find some U € U such that {, 7 = 1. Let ¢ € Map(p, F,$,0)
with ¥($,(p)) = ¢. By our assumption on ¥ we have fy(¢(a)) = P4(¢)q,v > 0. Since fy
vanishes on X \ U, we getp(a) e U. O

Lemma 6.5. Let W be a finite set and Z a closed subset of [0, 11V . Let m € Nand & € (0, 1)V
such that for every S € W with |S| > m one has &|s & Z|s. Then there exists a continuous map
¥ from Z into [0, 1V such that dim(¥(Z)) < m and forany z € Z andany w € W, if 7, =0
or 1, then ¥(z2)y, = 0 or 1 accordingly.

Proof. This can be proved as in the proof of [23, Theorem 4.2]. We give a slightly different
proof.

For each § € W, denote by Y the subset of [0, nv consisting of elements whose coordinate
atany w € W\S is either O or 1. Then Yg is a closed subset of [0, 11V with dimension |S]. Set
Y = UI $|<m Ys- Since the union of finitely many closed subsets of dimension at most m has
dimension at most m [15, p. 30 and Theorem V.8], ¥ has dimension at most m.

As Z is compact, by the assumption on £ we can find § > Osuchthat0 < &,—8§ < &,+6 < 1
for every w € W and the set of w € W satistying &, — § < z,, < &, + § has cardinality at
most m for every z € Z. For each w € W, take a continuous map f, : [0, 1] — [0, 1] sending
[0,&, —8]to 0, and [&, + 6, 1] to 1.

Define a continuous map ¥ from [0, 11V into itself by setting the coordinate of ¥(x) at
w € W to be fy(xy). For any x € [0, 1MW and w € W, if x,, = 0 or 1, then clearly
U(z)y = 0 or 1 accordingly. From the choice of § and f,, it is also clear that ¥ (Z) C Y.
Thus dim(¥?(Z2)) < dim(¥Y) <m. O

We are ready to prove Theorem 6.1.

Proof of Theorem 6.1. Let I/ be a finite open cover of X, p be a compatible metric on X,
and & > 0. Then we have fy as in Lemma 6.2. For each i € N, define a continuous map
@y 0 XM [0, 114U by @y (9)ey = fulp(a)) for a € [d;] and U € U. Take
F,6,M,i and & as in Lemma 6.3. By Lemmas 6.5 and 6.4 we can find a continuous map
U &4 Map(p, F,8,0)) — [0, 1][di]xu such that ¥ o &, is Z/ldf|Map(p,F’g,gi)-compatible
and dim(¥ (P4, Map(p, F,$§,0)))) < (mdimy m(X, p) + 6)d;. From Lemma 3.6 we get
DU, p, F,8,6;) < (mdimyx m(X, p) + 0)d;. It follows that

D) =DxU,p) =DxU, p, F, ) < mdimy m(X, p) + 0.
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Since U is an arbitrary finite open cover of X and 6 is an arbitrary positive number, we
get mdimy(X) < mdimy M(X, p). As p is an arbitrary compatible metric on X, we get
mdimy (X) < mdimy; p(X). O

The Pontrjagin—Schnirelmann theorem [27] [24, p. 80] says that for any compact metrizable
space Z, the dimension dim(Z) of Z is equal to the minimal value of dimz(Z, p) for p ranging
over compatible metrics on Z. Since mdim x;(X) and mdimy; (X, p) are dynamical analogues
of dim(X) and dim g (X, p) respectively, it is natural to ask.

Question 6.6. Let a countably infinite sofic group G act continuously on a compact metrizable
space X. Then is there any compatible metric p on X satisfying

mdimy;(X) = mdimy; v (X, p)?

Question 6.6 was answered affirmatively by Lindenstrauss in the case G = Z and X has a
nontrivial infinite minimal factor [22, Theorem 4.3].

7. Bernoulli shifts

In this section we discuss sofic mean dimension of the Bernoulli shifts and their factors,
proving Theorems 7.1 and 7.5. Throughout this section G will be a countable sofic group, and X
will be a fixed sofic approximation sequence of G.

For any compact metrizable space Z, we have the left shift action @ of G on Z% given by
(sx); = x,-1, forallx € Z% and s, t € G.

Theorem 7.1. Let Z be a compact metrizable space, and consider the left shift action of a
countable sofic group G on X = Z%. Then

mdimy;(X) < mdimy; pm(X) < dim(Z).

If furthermore Z contains a copy of [0, 11" for every natural number n < dim(Z) (for example,
Z could be any polyhedron or the Hilbert cube), then

mdim (X)) = mdimy v(X) = dim(Z).

The amenable group case of Theorem 7.1 was proved by Lindenstrauss and Weiss [23, Propo-
sitions 3.1 and 3.3], and Coornaert and Krieger [8, Corollaries 4.2 and 5.5].

Remark 7.2. In general it is not easy to construct elements of Map(p, F, §, o) for sofic non-
amenable groups. Theorem 7.1 implies that there are plenty of such elements for Bernoulli
shifts. When G is residually finite (for example free groups) and X' comes from a sequence
of finite quotient groups of G, each periodic point in X with the period being the corresponding
finite-index normal subgroup of G gives rise to an element of Map(p, F, 8§, o) [17, Theorem 7.1]
[5, Theorem 1.3].

Recall the lower box dimension recalled at the beginning of Section 4. We need the following
lemma.

Lemma 7.3. Let Z be a compact metrizable space, and consider the left shift action a of G on
X = ZC. Let p be a compatible metric on Z. Define p' by p'(x, y) = P(Xeg, Yeg) for x, y € X.
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Then p' is a dynamically generating continuous pseudometric on X. Furthermore, for any & > 0
one has

log Ne(Z, p) < b5 (0) < log Nepp(Z, p).
In particular, mdimy; M(X, p') = dimg(Z, p).

Proof. Clearly p’ is a dynamically generating continuous pseudometric on X. Let ¢ > 0.

We show first A, (,o ) > log Ne(Z, p). It suffices to show A, (,o F,8) = log N.(Z, p)
for every nonempty ﬁmte subset F' of G and every § > 0. Take a (,o e) separated subset Y of Z
with |Y| = N.(Z, p).

Let 0 be a map from G to Sym(d) from some d € N which is a good enough sofic
approximation for G such that /T — [Q]/d - diam(Z, p) < §, where

Q ={a €[d] : 0, 00s(a) = 0y(a) forall s € F}.
For each map £ : [d] — Y, we define a map ¢ : [d] — X by

(pr(@) = f(o-1(a))
foralla € [d]and t € G.Lets € F.Forany a € Q, one has

(as 0 pf(a))eg = (pr(a))-1 = f(os(a)) = f(0eg 0 05(a)) = (¢f 0 05(a))eg
and hence p’ (a5 0 9 (a), ¢ o 05(a)) = 0. Thus

Py 0 @f, @f 00y) < \/(1 — Ql/d)(diam(Z, p))* < 8.

Therefore ¢ € Map(p', F, 8, o). For any distinct maps f, g : [d] — Y, say f(a) # g(a) for
some a € [d], one has

\

Poo(@f. 05) = p'(@f(0; (@), gog(o;;(a)»
= p((@£ (05 (@)eg- (9 (055 (@))eg)
= p(f(a), g(a)) = ¢.

Thus the set {¢f : f € Yl is (0o €)-separated. Therefore
N:(Map(p', F,8,0), pi) = [Y¥ = (N(Z, p))".

It follows that A, (p/ F,$5) > log N.(Z, p) as desired.

Next we show hs (,o) < log N¢j2(Z, p). It suffices to show h (,0 {eg}, 1) <
log Ne¢j2(Z, p). Take a max1mal (p, €/2)-separated subset Y of Z. Then |Y| < NE/Z(Z 0).

Let o be a map from G to Sym(d) for some d € N. Let & be a (o, €)-separated subset of
Map(p’, {eg}, 1, 0) with |&] = N.(Map(p’, {eg}, 1, 0), pl.). For each ¢ € &, we find some
map fy, : [d] — Y such that

max P(@(a))eg» fola)) < &/2.
If o, ¥ € &and f, = fy, then

Poc (@, V) = max Pp((@(@)eg, (W(@)es) < €,
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and hence ¢ = ¥, since & is (pgo, ¢)-separated. Therefore
Ne(Map(p', {ec}. 1, 0), i) = 16| < [Y|? < (Nepa(Z, p))*.
It follows that h‘FE’oo(p’, {ec}, 1) <log N;/2(Z, p) as desired. [

We also need the following version of Lebesgue’s covering theorem:

Lemma 7.4 (/23, Lemma 3.2] [15, Theorem IV.2]). Let W be a finite set. Let U be a finite open
cover of [0, 11V such that no element of U intersects two opposing sides of [0, 11V. Then

DU) = [W].

We are ready to prove Theorem 7.1.

Proof of Theorem 7.1. By Theorem 6.1, Lemma 7.3, Proposition 4.5 and the Pontrjagin—
Schnirelmann theorem as recalled at the end of Section 6, we have mdimx;(X) < mdimy; p(X)
< dim(Z).

Now assume that Z contains a copy of [0, 1]* for every natural number n < dim(Z).
It suffices to show mdimy(X) > dim(Z). In turn it suffices to show mdimy(X) > n for
every natural number n < dim(Z). Since ([0, 179 is a closed G-invariant subset of Z¢,
by Proposition 4.6 one has mdimy(X) > mdimyx(([O, 11 9). Therefore it suffices to show
mdimz ([0, 1)) = n.

Take a finite open cover U/ of [0, 1]* such that no element of I/ intersects two opposing
sides of [0, 1]". For each d € N, note that no element of /¢ intersects two opposing sides of
([0, 1114 = [0, 119", and hence by Lemma 7.4 one has D(U?) > dn.

Denote by m the map ([0, 1]”)G — [0, 1]" sending x to x,;. Then U = n’l(L{) is a
finite open cover of ([0, 1]”)G. Let p be a compatible metric on ([0, 11)€. 1t suffices to show
DxU, p, F,8) > n for every nonempty finite subset F of G and every § > 0.

Take a nonempty finite subset K of G such that if x, y € ([0, l]”)G are equal on K, then
p(x,y) <38/2.

Let o be amap from G to Sym(d) for some d € N which is a good enough sofic approximation
for G such that 82/4 + (1 — |Q|/d)(|F| + 1)(diam(([0, 17")%, p))? < 82, where

Q={aeld]:o-1005(a) =0,-1,(a)foralls € F,t € K and o, (a) = a}.
For each map f : [d] — [0, 11", we define a map ¢y : [d] — ([0, 116 by

(pr(@)): = f(o,-1(a)) “4)
foralla € [d]and ¢t € G \ {eg}, and
(9f(@)eg = fla) &)

for all @ € [d]. Note that (4) holds foralla € Qandt € G.Set R = QN (,cp crs_l(Q). For
anya € R,s € F,andt € K, since a, o5(a) € Q, one has

(asopr(a)) = (pr(a))s-1, = f(o,-15(a)) = f(o,-1 005(a)) = (¢f o o5(a))s,
and hence p (a5 0 ¢ r(a), ¢ o og(a)) < §/2 by the choice of K. Thus

pr(@s 0 91, 97 00y) < \J62/4+ (1 — [RI/d)(diam(([0, 1S, p)?

=< \/32/4 + (1 = |Ql/d)(IF| + D(diam(([0, 11")¢, p))* < 8.
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Therefore ¢y € Map(p, F, 8, ). The map & : ([0, 17")!¥! — Map(p, F, 8, o) sending f to ¢
is clearly continuous. Note that éil(z;[d|Map(p,F,3,g)) = U because of the Eq. (5). Therefore
DZ(Z:I, p,F,8,0)> DU?) > dn. 1t follows that DE(Z;{, p, F,8) > nasdesired. [

Theorem 7.5. Let Z be a path-connected compact metrizable space, and consider the left shift
action o of a countable sofic group G on X = ZS. For any nontrivial factor Y of X, one has

mdimy;(Y) > 0.

The amenable group case of Theorem 7.5 was proved by Lindenstrauss and Weiss [23,
Theorem 3.6]. We adapt their argument to our situation. First we prove a lemma:

Lemma 7.6. Let G act continuously on a compact metrizable space X. Let Y be a factor of X
with factor map w : X — Y. Let U be a finite open cover of Y. Then

Dy (™' U) < DxU).

Proof. Let p and p’ be compatible metrics on X and Y respectively. Replacing p by p 4+~ (o)
if necessary, we may assume that p(x, y) > p'(w(x), w(y)) forall x, y € X.

Let F be a nonempty finite subset of X and § > 0. Let o0 be a map from G
to Sym(d) for some d € N. For any ¢ € Map(p, F,5,0), one has @ o ¢ €
Map(p’, F, 8, o). Thus we have a continuous map @ : Map(p, F,§,0) — Map(p’, F,§,0)
sending ¢ to m o ¢. Furthermore, @’I(L{d|Map(p/,p,5,J)) = (JTil(U))d|Map(p,F,5,g). Thus
Dg(n_l(l/{), 0, F,8,0) < DxU,p,F,8 0). It follows that D;(n_l(l/l), p,F,6) <
DxU, p', F, 8). Since F is an arbitrary nonempty finite subset of G and § is an arbitrary positive
number, we get

Dy(n~'U) =D U), p) < DxU, p') =DsU). O

We are ready to prove Theorem 7.5.

Proof of Theorem 7.5. Denote by m the factor map X — Y. Let Y = {U, V} be an open
cover of Y such that none of U and V is dense in Y. By Lemma 7.6 it suffices to show that
Dy (= U)) > 0. Take compatible metrics p and o’ on Z and X respectively.

Note that none of 7~ '(U) and #~!(V) is dense in X. Take xy € X \ 7= (U) and
xy € X \ w—1(V). Then there exist a finite symmetric subset K of G containing e such that
if x € X coincides with xy (resp. xy) on K, then x ¢ () (resp. x & m~1(V)). Since Z
is path connected, for each s € K we can take a continuous map y; : [0, 1] — Z such that
¥s(0) = (xp)s and y5(1) = (xy)s.

Now it suffices to show Dy (n = U), p/, F,8) > 1/(2|K?|) for every finite subset ' of G
containing K and every § > 0. Take a finite symmetric subset K; of G such that if two points x
and y of X coincide on K1, then o' (x, y) < §/2.

Let o be amap from G to Sym(d) for some d € N which is a good enough sofic approximation
for G such that \/82/4 + (1 —19]|/d)(diam(X, p’))2 < § and |Q|/d > 1/2, where

Q ={a eld]:os0/(a) =0s(a)foralls,t € F UK, and 0,;(a) =a,
and o (a) # o(a) for all distinct s, ¢t € K}.

Take a maximal subset VW of Q subject to the condition that the sets o (K)a for a € W are
pairwise disjoint. Then Q C o (K2)W. Thus |W)|/d > |Q|/(IK?|d) = 1/(2|K?|).
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Now we define amap & : [0, 11"Y — Map(p', F, 8, 0). Fix z0 € Z. Let f € [0, 11"V. We
define f € Z1“ by

fa(s)a = Vs—l(f(a))
fora e W,s € K, and

fo =20
for b € [d]\ o (K)WV. Then we define ¢ - € X!¢! by

(¢ (@) = f(og-1(a))
fora € [d]ands € G. Lets € F.Forany a € Q and r € K1, one has

(@5 09 f(@) = @ (@)1, = f0r-1,(@) = f(o,-1 005(@) = (¢ 0 a5(@))s,
and hence p’(ay o (pf(a), Qo0 (a)) < /2 by the choice of K. Thus

Ph(@s 097, 97 00y) <[82/4+ (1 — |Ql/d)(diam(X, ) < 5.
Therefore p7e Map(p’, F,8,0). Set ¢(f) = @ Clearly @ is continuous.
Set V = &~ (') IMap(o',F.5.0))- Let f € [0,11" and a € W. If f(a) = 0, then
((pf(a))s = fo,(s—l)a = y;(0) = (xy)s for all s € K, and hence (pf(a) ¢ 7= 1(U) by the
choice of K. Similarly, if f(a) = 1, then ¢ fv(a) ¢ 7~ 1(V). Thus no element of V intersects two

opposing sides of [0, I]W. By Lemma 7.4 we conclude that D), o, F, 8 0)>DWV) >
IW| > d/(2|K?|). It follows that Dx; (z ~L(U), p’, F, 8) > 1/(2|K?|) as desired. [

8. Small-boundary property

In this section we discuss the relation between the small-boundary property and non-positive
sofic mean topological dimension.

We start with recalling the definitions of zero inductive dimensional compact metrizable
spaces and actions with small-boundary property.

A compact metrizable space Y is said to have inductive dimension 0 if for every y € Y and
every neighbourhood U of Y there exists a neighbourhood V of y contained in U such that
the boundary 0V of V is empty [15, Definition II.1]. A compact metrizable space has inductive
dimension O if and only if it has covering dimension O [15, Theorem V.§].

Definition 8.1. Let a countable group I" act continuously on a compact metrizable space X. We
denote by M (X, I') the set of I'-invariant Borel probability measures on X. We say that a closed
subset Z of X is small if w(Z) = O forall u € M(X, I'). In particular, when M (X, I') is empty,
every closed subset of X is small. We say that the action has the small-boundary property (SBP)
if for every point x € X and every neighbourhood U of x, there is an open neighbourhood
V C U of x with small boundary.

When I' is amenable, for any subset Z of X it is easy to check that the function F +>
maxyex ) .o 1z(sx) defined on the set of nonempty finite subsets of I” satisfies the conditions
of the Ornstein—Weiss lemma [23, Theorem 6.1]. Thus ﬁ maxyex Zse r 17z (sx) converges to
some limit as F' becomes more and more left invariant. Shub and Weiss defined Z to be small if
this limit is O [28]. It is proved in p. 538 of [28] that when I is amenable and Z is closed, the
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definition of Shub and Weiss coincides with Definition 8.1. The notion of the SBP was introduced
in [22,23].

If X has less than 2% ergodic G-invariant Borel probability measures, then the action has the
SBP [28] [23, p. 18].

When ' is amenable, Lindenstrauss and Weiss showed that actions with the SBP has zero
mean topological dimension [23, Theorem 5.4]. We extend their result to sofic case:

Theorem 8.2. Let a countable sofic group G act continuously on a compact metrizable space
X. Suppose that the action has the SBP. Let X be a sofic approximation sequence for G. Then
mdimy (X) < 0.

Lindenstrauss showed that if a continuous action of Z on a compact metrizable space has
a nontrivial infinite minimal factor and has zero mean topological dimension, then it has the
SBP [22, Theorem 6.2]. Gutman showed that if a continuous action of Z¢ for d € N on a compact
metrizable space has a free zero-dimensional factor and has zero mean topological dimension,
then it has the SBP [14, Theorem 1.11.1]. It is not clear in what generality the converse of
Theorem 8.2 is true (see the discussion on p. 20 of [23]).

We shall adapt the argument of Lindenstrauss and Weiss to our case, by replacing the set
{(sx)sen : H € G} € X! for an approximately left invariant finite subset H of G in their proof
with the set Map(p, F, 8, o). First we need the following three lemmas.

Lemma 8.3. Let a countable group I' act continuously on a compact metrizable space X. Let
Z be a closed subset of X. Then for any ¢ > 0 there is an open neighbourhood U of Z with

SUpuemx,ry H(U) < &+ 8upcpx,ry H(Z).

Proof. Suppose that this is not true. Denote by S the set of all open neighbourhoods of Z,
partially ordered by reversed inclusion. Then M (X, I') is nonempty, and for each U € S there
issome uy € M(X, G) with uy(U) > ¢ + SUP,eM(x, 1) u(Z). Take a limit point v of this net
{1ulues in the compact space M (X, I'). We claim that v(Z) > & + sup,,cp(x, 1y #(Z), which
is a contradiction.

To prove the claim, by the regularity of v, it suffices to show v(V) > & + sup, ¢ pr(x, 1y #(Z)

for every V € S. Take U '€ S with U’ C V. Take a continuous function f : X — [0, 1] such
that f =1lonU’and f =0on X \ V. Forany U € S satisfying U C U’, one has fx fduy >
uuU) = & + sup,epx, ry #(Z). It follows that v(V) > fX fdv=e+sup,cpx ryH(Z), as
desired. [

Lemma 8.4. Consider a continuous action of a countable group I' on a compact metrizable
space X with the SBP. Then for any finite open cover U of X and any ¢ > 0 there is
a partition of unity ¢; : X — [0,1] for j = 1,...,|U| subordinate to U such that

U —
sup,enoe,ry LU 67710, 1) <&

Proof. For each x € X, take an open neighbourhood V, of x with small boundary such that V,
is contained in some element of /. Since X is compact, we can cover X by finitely many such
Vy’s. Note that if two subsets Y; and Y, of X have small boundary dY; and dY> respectively,
then d(Y; U Y2) C dY; U 9Y5 is also small. Thus we may take the union of those chosen V,’s
whose closures are contained in one element of I/ to obtain an open cover U’ of X such that each
element of U’ has small boundary and there is a bijection ¢ : U’ — U with U’ C ¢(U") for every
Uel.
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By Lemma 8.3, for each U’ € U’ we can find an open neighbourhood U” of the boundary
dU" of U’ such that sup,,cpx. 1y £(U") < &/|U|. Replacing U” by U"” N ¢(U’) if necessary,
we may assume that U” C ¢(U’). Take an open neighbourhood U"” of dU’ such that U € U".
List the elements of " as U7, ..., U|/Z/{\' For each 1 < j < |U|, take a continuous function
¥; : X — [0, 1] such that y; = 1 onU_j/. and ; = Oon X \ (U} UU}"). Now define ¢; for
I < j < |U| inductively as ¢; = ¥1, and ¢; = min(y;, 1 — YI ¢y) for2 < j < U.

We claim that ¢1, . . ., ¢4 is a partition of unity subordinate to /. One has 0 < ¢1 =y < 1.
Foreach2 < j < |U{|, one alsohas ¢p; < I—le;l] ¢;. Thus Z{:l ¢; < lforeveryl < j < |U|.
In particular, one get ¢; = min(y;, 1 — Z{;l ¢;) = Oforevery 2 < j < |U|. Forany x € X,
if x € Uj then ¢1(x) = y¥1(x) = 1, otherwise x € UJ’. for some 2 < j < |U| and thus
¢;(x) = min(y; (), 1 — X/7! ¢i(x)) = 1 = Y/ ¢ (x). It follows that Z',-Lﬂl ¢; = 1. Note
that for each 1 < j < |U/|, the support of ¢; is contained in U_j’ U U_j’.”, which in turn is contained
in (p(UJ’.). This proves our claim.

Now one has

||

2 4] U]
¢;'0.ncJyv;lonc
=1 j=1

U UJ/_// C U U/‘/,
j=1

j=1

J

U]

and hence P‘(Uj:1 ¢;1(O, 1) < M(U‘;’Ql Uj’.’) <eforeveryu e M(X, I"). O

Lemma 8.5. Let a countable group I' act continuously on a compact metrizable space X. Let
0 be a compatible metric on X. Let Z be a closed subset of X, and ¢ > 0. Then there exist a
nonempty finite subset F of I' and § > 0 such that, for any map o from I' to Sym(d) for some
d € N, one has

1
- max 1z(gp(a)) <e+ sup w(2).
d peMap(p,F.8,0) ag[:'” weM(x,T)

Proof. Suppose that for any nonempty finite subset F of I" and any é > 0, there are a map or s
from I" to Sym(d) for some d € N and a ¢r 5 € Map(p, F, 8, oF,s) with

1
22 lzlgra@) z e+ sup (2.
acld] neM X, I

Denote by pur s the probability measure %Zae[d] Spr.sa) on X. The set of all such (F,d) is
partially ordered by (F, §) > (F’,§) when F 2 F’,§ < §'. Take a limit point v of {uf s}F s in
the compact set of Borel probability measures on X. Then there is a net {(F}, §;)}jes of pairs
such that up; s, — v as j — oo and for any (F, §) one has (Fj, §;) > (F, ) for all sufficiently
large j € J.

We claim that v is G-invariant. Let g be a continuous R-valued function on X. For each
8 > 0, set Cs = maxy yex,p(x,y)<s |8(x) — g(y)|. For any j € J and any s € Fj, since
$F;.8; € Map(p, Fj,d;, O’ijgj), we have [Ws| > d(1 —§;), where

Wy = {a € [d] : p(pF,s;(sa). spF; s;(a)) < /8;}.
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Thus, forany j € J and s € F}, one has

1
lr;.5;(8) = (sir;5;)(@)) = ~

> gwr s @) = Y gsor,s; (a))’

aeld] aeld]
1
= <D 8@rs, @) = Y 8(59r;.5;(@)
aeld] aeld]
1
< = D 180r,s, (@) = g(s9r; 5, (@)
a€ld]
1
< ~(WAIC g5 + (@ = IWs1)2lglo)
<

Cﬁ +28;l1glloo-

Letting j — o0, we have WF;.8 (g) = v(g) and (s,up 8 )(g) — (sv)(g) for every s € G, and
dj, C\/— — 0. It follows that v(g) (sv)(g). This proves the claim.

Next we claim that v(Z) > & + sup,,cp(x, ) #(Z), which is a contradiction.

To prove the claim, by the regularity of v, it suffices to show v(U) > € + sup,,cpr(x, ) #(Z)
for every open neighbourhood U of Z. Take a continuous function f : X — [0, 1] such that
f=lonZandf=00nX\U.Foranyj € J one has

1E;s;(f) = le(wFa(a))>8+ sup  u(2).
ae[d] neM X, I

Letting j — oo, we get v(U) > v(f) > ¢+ SUPem(x. I u(Z) as desired. [
We are ready to prove Theorem 8.2.

Proof of Theorem 8.2. Fix a compatible metric p on X. Let I/ be a finite open cover of X. Set

k = |U]. Let ¢ > 0. Take ¢1, ..., ¢r as in Lemma 8.4 for I/ and &. Set Z = Ul;zl ¢>;1(0, 1).
Then sup,cpx,6) #(Z) < . By Lemma 8.5 we can find a nonempty finite subset F' of G and
8 > 0 such that, for any map o from G to Sym(d) for some d € N, one has

1
lz(p(@) <e+ sup w(Z) <2e.
d gaeMdp(p F 8,0) an[J‘] ueM(X,G)

Define @ : X — R¥ by &(x) = (¢1(x), ..., ¢ (x)). Define 5, : Map(p, F, 8, o) — Rk
by

Prs.0(p) = (2(@(1)), ..., P(e(@))).

Let ej., i=1,...,d, j =1,..., k be the standard basis of Rk | For every I C [d] with
|I| < 2ed and every £ € {0, 1}*, define

C(I,&) =span{e} :i € 1,1 < j <k}+&.
Then

br5.0(Map(p, F.,8,0)) S U ca.o.
|11<2ed,£€{0,1}kd



H. Li/ Advances in Mathematics 244 (2013) 570-604 603

Note that @F 5.5 is U |Map(p, F,5,0)-compatible, and Ur1<2ea.6e(0.1k¢ €I, €) is a finite union
of at most 2¢kd dimensional affine subspaces of R¥?. Since the union of finitely many closed
subsets of dimension at most 2ekd has dimension at most 2ekd [15, p. 30 and Theorem V.§],
from Lemma 3.6 we get

DU, p, F,5,0) <2¢ekd.
It follows that Dx; (U) < 0, and hence mdimy(X) <0. O

We leave the following

Question 8.6. Could one strengthen Theorem 8.2 to get mdim y; p(X) = 0?
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