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Abstract

We introduce mean dimensions for continuous actions of countable sofic groups on compact metrizable
spaces. These generalize the Gromov–Lindenstrauss–Weiss mean dimensions for actions of countable
amenable groups, and are useful for distinguishing continuous actions of countable sofic groups with infinite
entropy.
c⃝ 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Mean dimension was introduced by Gromov [13] about a decade ago, as an analogue
of dimension for dynamical systems, and was studied systematically by Lindenstrauss and
Weiss [23] for continuous actions of countable amenable groups on compact metrizable spaces.
Among many beautiful results they obtained, it is especially notable that they used mean
dimension to show that there exists a minimal action of Z on some compact metrizable space
which cannot be equivariantly embedded into [0, 1]

Z equipped with the shift Z-action. Mean
dimension is further explored in [7,8,14,19,20,22].

The notion of sofic groups was also introduced by Gromov [12] around the same time. The
class of sofic groups include all discrete amenable groups and residually finite groups, and it
is still an open question whether every group is sofic. For some nice exposition on sofic groups,
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see [6,9,10,26,29]. Using the idea of counting sofic approximations, in [2] Bowen defined entropy
for measure-preserving actions of countable sofic groups on probability measure spaces, when
there exists a countable generating partition with finite Shannon entropy. Together with David
Kerr, in [17,18] we extended Bowen’s measure entropy to all measure-preserving actions of
countable sofic groups on standard probability measure spaces, and defined topological entropy
for continuous actions of countable sofic groups on compact metrizable spaces. The sofic mea-
sure entropy and sofic topological entropy are related by the variational principle [17]. Further-
more, the sofic entropies coincide with the classical entropies when the group is amenable [3,18].

The goal of this article is to extend mean dimension to continuous actions of countable sofic
groups G on compact metrizable spaces X . In order to define sofic mean dimension, we use
some approximate actions of G on finite sets as models, and replace X by certain spaces of
approximately G-equivariant maps from the finite sets to X , which appeared first in the definition
of sofic topological entropy [18]. A novelty here is that we replace open covers of X by certain
open covers on these map spaces.

Lindenstrauss and Weiss studied two kinds of mean dimensions for actions of countable
amenable groups in [23], one is topological, as the analogue of the covering dimension, and
the other is metric, as the analogue of the lower box dimension.

We define sofic mean topological dimension and establish some basic properties in Section 2,
and show that it coincides with the Gromov–Lindenstrauss–Weiss mean topological dimension
when the group is amenable in Section 3. Similarly, we discuss sofic metric mean dimension
in Sections 4 and 5. It is shown in Section 6 that sofic mean topological dimension is always
bounded above by sofic metric mean dimension. We calculate sofic mean dimensions for some
Bernoulli shifts and show that every nontrivial factor of the shift action of G on [0, 1]

G has
positive sofic mean dimensions in Section 7. In the last section, we show that actions with small-
boundary property have zero or −∞ sofic mean topological dimension.

To round up this section, we fix some notation.

Definition 1.1. For d ∈ N, we write [d] for the set {1, . . . , d} and Sym(d) for the permutation
group of [d]. A countable group G is called sofic if there is a sofic approximation sequence
Σ = {σi : G → Sym(di )}

∞

i=1 for G, namely the following three conditions are satisfied:

(1) for any s, t ∈ G, one has limi→∞
|{a∈[di ]:σi (s)σi (t)(a)=σi (st)(a)}|

di
= 1;

(2) for any distinct s, t ∈ G, one has limi→∞
|{a∈[di ]:σi (s)(a)=σi (t)(a)}|

di
= 0;

(3) limi→∞ di = +∞.

For a map σ from G to Sym(d) for some d ∈ N, we write σ(s)(a) as σs(a) or sa, when there is
no confusion. We say that σ is a good enough sofic approximation for G if for some large finite
subset F of G which will be clear from the context, one has |{a∈[d]:σ(s)σ (t)(a)=σ(st)(a)}|

d very close

to 1 for all s, t ∈ F and |{a∈[d]:σ(s)(a)=σ(t)(a)}|
d very close to 0 for all distinct s, t ∈ F .

Throughout this paper, G will be a countable sofic group with identity element eG , and we fix
a sofic approximation sequence Σ for G.

2. Sofic mean topological dimension

In this section we define the sofic mean topological dimension and establish some basic
properties.
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We start with recalling the definitions of covering dimension of compact metrizable spaces
and mean topological dimension for actions of countable amenable groups. For a compact space
Y and two finite open covers U and V of Y , we say that V refines U , and write V ≻ U , if every
element of V is contained in some element of U .

Definition 2.1. Let Y be a compact space and U a finite open cover of Y . We denote

ord(U) = max
y∈Y


U∈U

1U (y)− 1, and D(U) = min
V ≻U

ord(V),

where V ranges over finite open covers of Y refining U .

For a compact metrizable space X , its (covering) dimension dim(X) is defined as supU D(U)
for U ranging over finite open covers of X .

Definition 2.2. A countable group G is called amenable if for any finite subset K of G and any
ε > 0 there exists a finite subset F of G with |K F \ F | < ε|F |. Equivalently, G has a left Følner
sequence {Fn}n∈N, i.e. each Fn is a nonempty finite subset of G and |s Fn\Fn |

|Fn |
→ 0 as n → 0 for

every s ∈ G.

Let a countable amenable group G act continuously on a compact metrizable space X . Let U
be a finite open cover of X . For a nonempty finite subset F of G, we set U F

=


s∈F s−1 U . The
function F → D(U F ) defined on the set of nonempty finite subsets of G satisfies the conditions

of the Ornstein–Weiss lemma [25] [23, Theorem 6.1], thus D(U F )
|F |

converges to some real number,
denoted by mdim(U), as F becomes more and more left invariant. That is, for any ε > 0, there

exist a nonempty finite subset K of G and δ > 0 such that |
D(U F )

|F |
− mdim(U)| < ε for every

nonempty finite subset F of G satisfying |K F \ F | < δ|F |. In terms of any left Følner sequence
{Fn}n∈N of G, one has

mdim(U) = lim
n→∞

D(U Fn )

|Fn|
.

The mean topological dimension of X [23, p. 13] is defined as

mdim(X) = sup
U

mdim(U),

where U ranges over finite open covers of X .
Throughout the rest of this section, we fix a countable sofic group G and a sofic approximation

sequence Σ = {σi : G → Sym(di )}
∞

i=1 for G, as defined in Section 1. Let α be a continuous
action of G on a compact metrizable space X .

Let ρ be a continuous pseudometric on X . For a given d ∈ N, we define on the set of all maps
from [d] to X the pseudometrics

ρ2(ϕ, ψ) =


1
d


a∈[d]

(ρ(ϕ(a), ψ(a)))2
1/2

,

ρ∞(ϕ, ψ) = max
a∈[d]

ρ(ϕ(a), ψ(a)).

Definition 2.3. Let F be a nonempty finite subset of G and δ > 0. Let σ be a map from G to
Sym(d) for some d ∈ N. We define Map(ρ, F, δ, σ ) to be the set of all maps ϕ : [d] → X such
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that ρ2(ϕ ◦ σs, αs ◦ ϕ) ≤ δ for all s ∈ F . We consider Map(ρ, F, δ, σ ) to be a topological space
with the topology inherited from Xd .

The space Map(ρ, F, δ, σ ) appeared first in [18, Section 2], and was used to define the
topological entropy of the action α. Eventually we shall take σ to be σi for large i . Then the
condition (1) in the definition of Σ says that σ is approximately a group homomorphism of G
into Sym(d), and therefore we can think of σ as an approximate action of G on [d]. The space
Map(ρ, F, δ, σ ) is the set of approximately G-equivariant maps from [d] into X .

For a finite open cover U of X , we denote by U d the finite open cover of X [d] consisting of
U1 × U2 × · · · × Ud for U1, . . . ,Ud ∈ U . Note that Map(ρ, F, δ, σ ) is a closed subset of X [d].
Consider the restriction U d

|Map(ρ,F,δ,σ ) = U d
∩ Map(ρ, F, δ, σ ) of U d to Map(ρ, F, δ, σ ).

Denote D(U d
|Map(ρ,F,δ,σ )) by D(U , ρ, F, δ, σ ).

The set [d] is the analogue of an approximately left invariant finite subset H of G in the
amenable group case, Map(ρ, F, δ, σ ) is the analogue of the subset {(sx)s∈H : x ∈ X} of X H

which can be identified with X naturally (this will be made clear in the proof of Theorem 3.1),
U d

|Map(ρ,F,δ,σ ) is then the analogue of U H , and D(U , ρ, F, δ, σ ) is the analogue of D(U H ).

Definition 2.4. Let ρ be a compatible metric on X . Let F be a nonempty finite subset of G and
δ > 0. For a finite open cover U of X we define

DΣ (U , ρ, F, δ) = lim
i→∞

D(U , ρ, F, δ, σi )

di
,

DΣ (U , ρ, F) = inf
δ>0

DΣ (U , ρ, F, δ),

DΣ (U , ρ) = inf
F

DΣ (U , ρ, F),

where F in the third line ranges over the nonempty finite subsets of G. If Map(ρ, F, δ, σi ) is
empty for all sufficiently large i , we set DΣ (U , ρ, F, δ) = −∞. We define the sofic mean
topological dimension of α as

mdimΣ (X, ρ) = sup
U

DΣ (U , ρ)

for U ranging over finite open covers of X . As shown by Lemma 2.9, the quantities
DΣ (U , ρ, F),DΣ (U , ρ) and mdimΣ (X, ρ) do not depend on the choice of ρ, and we shall write
them as DΣ (U , F),DΣ (U) and mdimΣ (X) respectively. In particular, mdimΣ (·) is an invariant
of topological dynamical systems.

Remark 2.5. Note that DΣ (U , ρ, F, δ) decreases when δ decreases and F increases. Thus in the
definitions of DΣ (U , ρ, F) and DΣ (U , ρ) one can also replace infδ>0 and infF by limδ→0 and
limF→∞ respectively, where F1 ≤ F2 means F1 ⊆ F2. If we partially order the set of all such
(F, δ) by (F, δ) ≥ (F ′, δ′) when F ⊇ F ′ and δ ≤ δ′, then

DΣ (U , ρ) = lim
(F,δ)→∞

DΣ (U , ρ, F, δ).

Remark 2.6. From Definition 2.4 and [18, Proposition 2.4] one gets that the following
conditions are equivalent:
(1) mdimΣ (X) ≥ 0.
(2) For any finite subset F of G, any δ > 0, and any N ∈ N, there is some i ≥ N such that

Map(ρ, F, δ, σi ) is nonempty.
(3) The sofic topological entropy hΣ (X) ≥ 0.
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Also, by the variational principle [17, Theorem 6.1], these conditions imply the following

(4) X has a G-invariant Borel probability measure.

Every non-amenable countable group has a continuous affine action on a compact metrizable
convex set (in some locally convex Hausdorff topological vector space) admitting no fixed point,
equivalently, admitting no invariant Borel probability measure [6, Corollary 4.10.2]. Thus every
non-amenable sofic group has a continuous action on some compact metrizable space with mean
topological dimension −∞. However, we do not know whether there is any such an example
with a unique invariant Borel probability measure.

Remark 2.7. The definitions of mdimΣ (X),mdimΣ ,M(X, ρ) in the sequel and mdimΣ ,M(X)
depend on the choice of the sofic approximation sequence Σ . However, we do not know any
examples for which different choices of Σ lead to different values of these invariants, though
Lewis Bowen [4] showed that the sofic measure entropy of the trivial action of SL(n,Z) for
n ≥ 2 (more generally groups with property (τ )) on the two-point set equipped with the uniform
distribution does depend on the choice of Σ .

We need the following simple observation several times.

Lemma 2.8. Let ρ be a continuous pseudometric on X, F a nonempty finite subset of G, δ > 0,
and σ a map from G to Sym(d) for some d ∈ N. For any ϕ ∈ Map(ρ, F, δ, σ ) and s ∈ F,
setting W = {a ∈ [d] : ρ(sϕ(a), ϕ(sa)) ≤

√
δ}, one has |W| ≥ (1 − δ)d.

Proof. This follows from

δ2
≥ (ρ2(αs ◦ ϕ, ϕ ◦ σs))

2
≥

1
d

|[d] \ W|δ =


1 −

|W|

d


δ. �

Lemma 2.9. Let ρ and ρ′ be compatible metrics on X. For any nonempty finite subset F of G
and any finite open cover U of X, one has DΣ (U , ρ, F) = DΣ (U , ρ′, F).

Proof. By symmetry it suffices to show DΣ (U , ρ, F) ≤ DΣ (U , ρ′, F). Let δ > 0. Take δ′ > 0
be a small positive number which we shall determine in a moment. We claim that for any
map σ from G to Sym(d) for some d ∈ N one has Map(ρ, F, δ′, σ ) ⊆ Map(ρ′, F, δ, σ ). Let
ϕ ∈ Map(ρ, F, δ′, σ ). For each s ∈ F , set

Ws = {a ∈ [d] : ρ(sϕ(a), ϕ(sa)) ≤
√
δ′}.

By Lemma 2.8 one has |Ws | ≥ (1 − δ′)d . Taking δ′ small enough, we may assume that for any
x, y ∈ X with ρ(x, y) ≤

√
δ′, one has ρ′(x, y) ≤ δ/2. Then one has

(ρ′

2(αs ◦ ϕ, ϕ ◦ σs))
2

≤
|Ws |

d
·
δ2

4
+


1 −

|Ws |

d


(diam(X, ρ′))2

≤
δ2

4
+ δ′(diam(X, ρ′))2 ≤ δ2,

granted that δ′ is small enough. Therefore ϕ ∈ Map(ρ′, F, δ, σ ). This proves the claim.
Since Map(ρ, F, δ′, σ ) ⊆ Map(ρ′, F, δ, σ ), clearly D(U , ρ, F, δ′, σ ) ≤ D(U , ρ′, F, δ, σ ).

Thus D(U , ρ, F) ≤ D(U , ρ, F, δ′) ≤ D(U , ρ′, F, δ). Letting δ → 0, we get D(U , ρ, F) ≤

D(U , ρ′, F) as desired. �



H. Li / Advances in Mathematics 244 (2013) 570–604 575

We need the following lemma several times.

Lemma 2.10. Let αX and αY be continuous actions of G on compact metrizable spaces X and Y
respectively, and π : X → Y be an equivariant continuous map. Let ρX and ρY be compatible
metrics on X and Y respectively. Let F be a nonempty finite subset of G and δ > 0. Then
there exists δ′ > 0 such that for every map σ from G to Sym(d) for some d ∈ N and every
ϕ ∈ Map(ρX , F, δ′, σ ), one has π ◦ ϕ ∈ Map(ρY , F, δ, σ ).

Proof. Since π is continuous and X is compact, we can find δ′ > 0 small enough such
that |F |δ′(diam(Y, ρY ))2 ≤ δ2/2 and for any x, x ′

∈ X with ρX (x, x ′) ≤
√
δ′ one has

ρY (π(x), π(x ′)) ≤ δ/2.
Denote by W the set of all a ∈ [d] satisfying ρX (sϕ(a), ϕ(sa)) ≤

√
δ′. By Lemma 2.8 one

has |W| ≥ (1 − |F |δ′)d. For each a ∈ W , by the choice of δ′ one has

ρY (sπ(ϕ(a)), π(ϕ(sa))) = ρY (π(sϕ(a)), π(ϕ(sa))) ≤ δ/2.

Thus

(ρY
2 (α

Y
s ◦ π ◦ ϕ, π ◦ ϕ ◦ σs))

2
≤

|W|

d


δ

2

2

+
|[d] \ W|

d
(diam(Y, ρY ))2

≤ δ2/4 + |F |δ′(diam(Y, ρY ))2 ≤ δ2/4 + δ2/2 < δ2,

and hence π ◦ ϕ ∈ Map(ρY , F, δ, σ ). �

Lindenstrauss and Weiss established the next two propositions in the case G is amenable [23,
p. 5, Proposition 2.8].

Proposition 2.11. Let G act continuously on a compact metrizable space X. Let Y be a closed
G-invariant subset of X. Then mdimΣ (Y ) ≤ mdimΣ (X).

Proof. Let ρ be a compatible metric on X . Then ρ restricts to a compatible metric ρ′ on Y .
Let U be a finite open cover of Y . Then we can find a finite open cover V of X such that U

is the restriction of V to Y . Note that Map(ρ′, F, δ, σ ) ⊆ Map(ρ, F, δ, σ ) for any nonempty
finite subset F of G, any δ > 0, and any map σ from G to Sym(d) for some d ∈ N.
Furthermore, the restriction of V d

|Map(ρ,F,δ,σ ) on Map(ρ′, F, δ, σ ) is exactly U d
|Map(ρ′,F,δ,σ ).

Thus D(U , ρ′, F, δ, σ ) ≤ D(V, ρ, F, δ, σ ). It follows that mdimΣ (U) ≤ mdimΣ (V) ≤

mdimΣ (X). Since U is an arbitrary finite open cover of Y , we get mdimΣ (Y ) ≤ mdimΣ (X). �

Proposition 2.12. Let G act continuously on a compact metrizable space Xn for each 1 ≤

n < R, where R ∈ N ∪ {∞}. Consider the product action of G on X :=


1≤n<R Xn . Then
mdimΣ (X) ≤


1≤n<R mdimΣ (Xn).

Proof. Let ρ and ρ(n) be compatible metrics on X and Xn respectively. Denote by πn the
projection of X onto Xn . Let U be a finite open cover of X . Then there are an N ∈ N with
N < R and a finite open cover Vn of Xn for all 1 ≤ n ≤ N such that

V :=

N
n=1

π−1
n (Vn) ≻ U .

Let F be a nonempty finite subset of G and δ > 0. By Lemma 2.10 we can find δ′ > 0
such that for any map σ from G to Sym(d) for some d ∈ N and any ϕ ∈ Map(ρ, F, δ′, σ ) one
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has πn ◦ ϕ ∈ Map(ρ(n), F, δ, σ ) for all 1 ≤ n ≤ N . It follows that we have a continuous map
Φn : Map(ρ, F, δ′, σ ) → Map(ρ(n), F, δ, σ ) sending ϕ to πn ◦ ϕ for each 1 ≤ n ≤ N . Note that

V d
|Map(ρ,F,δ′,σ ) =

N
n=1

Φ−1
n (V d

n |Map(ρ(n),F,δ,σ )).

For any finite open covers U1 and U2 of a compact metrizable space Y one has D(U1 ∨ U2) ≤

D(U1)+ D(U2) [23, Corollary 2.5]. Thus

D(U , ρ, F, δ′, σ ) ≤ D(V, ρ, F, δ′, σ ) ≤

N
n=1

D(Vn, ρ
(n), F, δ, σ ),

and hence DΣ (U , ρ) ≤ DΣ (U , ρ, F, δ′) ≤
N

n=1 DΣ (Vn, ρ
(n), F, δ). Since F and δ are

arbitrary, we get

DΣ (U , ρ) ≤

N
n=1

DΣ (Vn, ρ
(n)) ≤

N
n=1

mdimΣ (Xn) ≤


1≤n<R

mdimΣ (Xn).

Therefore mdimΣ (X) ≤


1≤n<R mdimΣ (Xn) as desired. �

If a property P for continuous G-actions on compact Hausdorff spaces is preserved by
products, subsystems, and isomorphisms, and the trivial action of G on the one-point set • has
property P , then for any continuous G-action on a compact Hausdorff space X , there is a largest
factor Y of X with property P [11, Proposition 2.9.1]. We prove a similar fact for the category
of actions on compact metrizable spaces, the proof of which is implicit in the proof of [22,
Proposition 6.12].

Lemma 2.13. Let Γ be a topological group. Let P be a property for continuous Γ -actions on
compact metrizable spaces. Suppose that P is preserved by countable products, subsystems, and
isomorphisms, and that the trivial action of Γ on the one-point set • has property P. Then any
continuous Γ -action on a compact metrizable space X has a largest factor Y with property P,
i.e. for any factor Z of X with property P there is a unique (Γ -equivariant continuous surjective)
map Y → Z making the following diagram

X

��@
@@

@@
@@

// Y

��
Z

commute.

Proof. For each factor Z of X with factor map πZ : X → Z , denote by RZ the closed subset
{(x, y) ∈ X2

: πZ (x) = πZ (y)} of X2. Denote by R the set


Z RZ for Z ranging over factors of
X with property P . Since X2 is compact metrizable, it has a countable base. Thus every subset W
of X2 with the topology inherited from X2 is a Lindelöf space in the sense that every open cover
of W has a countable subcover [16, p. 49]. Taking W = X2

\R and considering the open cover
of X2

\R consisting of X2
\RZ for all factors Z of X with property P , we find factors Z1, Z2, . . .

of X with property P such that


∞

n=1 RZn = R. Consider the map π : X →


∞

n=1 Zn sending
x to (πZn (x))

∞

n=1. Then Y := π(X) is a closed Γ -invariant subset of


∞

n=1 Zn and is a factor
of X . Furthermore, RY = R. By the assumption on P and Zn , we see that the Γ -action on Y



H. Li / Advances in Mathematics 244 (2013) 570–604 577

has property P . Since RZ ⊇ R = RY for every factor Z of X with property P , clearly Y is the
largest factor of X with property P . �

By Remark 2.6 and Lemma 2.10 if G acts continuously on a compact metrizable space X
with mdimΣ (X) ≥ 0, then mdimΣ (Y ) ≥ 0 for every factor Y of X . From Lemma 2.13 and
Propositions 2.11 and 2.12, taking property P to be having sofic mean topological dimension
at most 0 and observing that mdimΣ (•) = 0 for the trivial action of G on the one-point set •,
we obtain the following result, which was established by Lindenstrauss for countable amenable
groups [22, Proposition 6.12].

Proposition 2.14. Let G act continuously on a compact metrizable space X with mdimΣ (X) ≥

0. Then X has a largest factor Y satisfying mdimΣ (Y ) = 0.

3. Sofic mean topological dimension for amenable groups

In this section we show that the sofic mean topological dimension extends the mean topolog-
ical dimension for actions of countably infinite amenable groups:

Theorem 3.1. Let a countably infinite (discrete) amenable group G act continuously on a
compact metrizable space X. Let Σ be a sofic approximation sequence of G. Then

mdimΣ (X) = mdim(X).

Theorem 3.1 follows directly from Lemmas 3.5 and 3.7.
We need the following Rokhlin lemma several times. Though for ergodic measure-preserving

actions of Z one needs only one Rokhlin tower, for actions of general countable amenable groups
one needs several Rokhlin towers. Here one should think of [d] as equipped with the uniform
distribution. The assumption about σ says that it is approximately a free action of G on [d]

(preserving the uniform distribution), while the conclusion says that C1, . . . , Cℓ are the bases for
Rokhlin towers and that for each k = 1, . . . , ℓ, {σ(s)Ck}s∈Fk is a Rokhlin tower.

Lemma 3.2 ([18, Lemma 4.6]). Let G be a countable amenable group. Let 0 ≤ τ < 1, 0 < η <

1, δ > 0, and K be a nonempty finite subset of G. Then there are an ℓ ∈ N, nonempty finite
subsets F1, . . . , Fℓ of G with |K Fk \ Fk | < δ|Fk | and |Fk K \ Fk | < δ|Fk | for all k = 1, . . . , ℓ,
a finite set F ⊆ G containing eG , and an η′ > 0 such that, for every d ∈ N, every map
σ : G → Sym(d) for which there is a set B ⊆ [d] satisfying |B| ≥ (1 − η′)d and

σst (a) = σsσt (a), σs(a) ≠ σs′(a), σeG (a) = a

for all a ∈ B and s, t, s′
∈ F with s ≠ s′, and every set W ⊆ [d] with |W| ≥ (1 − τ)d, there

exist C1, . . . , Cℓ ⊆ W such that

(1) for every k = 1, . . . , ℓ, the map (s, c) → σs(c) from Fk × Ck to σ(Fk)Ck is bijective,
(2) the sets σ(F1)C1, . . . , σ (Fℓ)Cℓ are pairwise disjoint and |

ℓ
k=1 σ(Fk)Ck | ≥ (1 − τ − η)d.

Remark 3.3. Let G be a finite group. Note that the only nonempty finite subset F of G satisfying
|G F \ F | < 1

|G|
|F | is G. From Lemma 3.2 one deduces the following: Let 0 ≤ τ < 1 and

0 < η < 1, then there is an η′ > 0 such that, for every d ∈ N, every map σ : G → Sym(d) for
which there is B ⊆ [d] satisfying |B| ≥ (1 − η′)d and

σst (a) = σsσt (a), σs(a) ≠ σs′(a), σeG (a) = a
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for all a ∈ B and s, t, s′
∈ G with s ≠ s′, and every set W ⊆ [d] with |W| ≥ (1 − τ)d ,

there exists C ⊆ W such that the map (s, c) → σs(c) from G × C to σ(G)C is bijective and
|σ(G)C| ≥ (1 − τ − η)d.

Combined with Lemma 3.2, the following lemma tells us how to construct elements in
Map(ρ, F, δ, σ ).

Lemma 3.4. Let α be a continuous action of a countable group G on a compact metrizable
space X. Let ρ be a continuous pseudometric on X. Let δ, δ′ > 0 with

√
δ′diam(X, ρ) < δ/2.

Let ℓ ∈ N and F, F1, . . . , Fℓ be nonempty finite subsets of G with |F Fk \ Fk | < δ′|Fk | for all
k = 1, . . . , ℓ. Let σ be a map G → Sym(d) for some d ∈ N. Denote by W the set of elements
a in [d] satisfying σtσs(a) = σts(a) for all t ∈ F and s ∈

ℓ
k=1 Fk . Suppose that there are

C1, . . . , Cℓ ⊆ W satisfying the following:

(1) for every k = 1, . . . , ℓ, the map (s, c) → σs(c) from Fk × Ck to σ(Fk)Ck is bijective,
(2) the sets σ(F1)C1, . . . , σ (Fℓ)Cℓ are pairwise disjoint and |

ℓ
k=1 σ(Fk)Ck | ≥ (1 − δ′)d.

For any h = (hk)
ℓ
k=1 ∈

ℓ
k=1 X Ck , if ϕ : [d] → X satisfies

ϕ(sc) = s(hk(c))

for all k ∈ {1, . . . , ℓ}, c ∈ Ck , and s ∈ Fk , then ϕ ∈ Map(ρ, F, δ, σ ).

Proof. Note that if t ∈ F, k ∈ {1, . . . , ℓ}, s ∈ Fk, c ∈ Ck , and ts ∈ Fk , then σtσs(c) = σts(c),
and hence αt ◦ ϕ(sc) = ϕ ◦ σt (sc). For every t ∈ F , one has

(ρ2(αt ◦ ϕ, ϕ ◦ σt ))
2

≤

d −

 ℓ
k=1

σ(Fk ∩ t−1 Fk)Ck


d

(diam(X, ρ))2

=

d −

 ℓ
k=1

σ(Fk)Ck

+  ℓ
k=1

σ(Fk \ t−1 Fk)Ck


d

(diam(X, ρ))2

≤

δ′d + δ′
 ℓ
k=1

σ(Fk)Ck


d

(diam(X, ρ))2

≤ 2δ′(diam(X, ρ))2 < δ2.

Thus ϕ ∈ Map(ρ, F, δ, σ ). �

We show first mdimΣ (X) ≥ mdim(X) for infinite G. This amounts to show that
Map(ρ, F, δ, σ ) is large enough. When [d] = H for some approximately left invariant finite
subset H of G and σs ∈ Sym(d) is essentially the left multiplication by s for all s ∈ F , one can
embed X into Map(ρ, F, δ, σ ) sending x to (sx)s∈H . In general, [d] may fail to be of the form
H , but Lemma 3.2 tells us [d] is roughly the disjoint union of some such H j for j ∈ J . Then we
do such embedding on each H j and hence embed X J into Map(ρ, F, δ, σ ).

Lemma 3.5. Let a countably infinite amenable group G act continuously on a compact
metrizable space X. Then for any finite open cover U of X we have DΣ (U) ≥ mdim(U). In
particular, mdimΣ (X) ≥ mdim(X).

Proof. It suffices to show that DΣ (U) ≥ mdim(U)− 2θ for every θ > 0.
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Fix a compatible metric ρ on X . Let F be a nonempty finite subset of G and δ > 0. Let σ be
a map from G to Sym(d) for some d ∈ N. Now it suffices to show that if σ is a good enough
sofic approximation then

D(U , ρ, F, δ, σ )

d
≥ mdim(U)− 2θ.

Take a finite subset K of G containing F and ε > 0 such that for any nonempty finite subset
F ′ of G with |K F ′

\ F ′
| < ε|F ′

| one has

D(U F ′

)

|F ′|
≥ mdim(U)− θ.

Take 0 < δ′ < 1 to be small such that (mdim(U) − θ)(1 − δ′) ≥ mdim(U) − 2θ and√
δ′diam(X, ρ) < δ/2. By Lemma 3.2 there are an ℓ ∈ N and nonempty finite subsets F1, . . . , Fℓ

of G satisfying |K Fk \ Fk | < min(ε, δ′)|Fk | for all k = 1, . . . , ℓ such that for every map
σ : G → Sym(d) for some d ∈ N which is a good enough sofic approximation for G and every
W ⊆ [d] with |W| ≥ (1 − δ′/2)d there exist C1, . . . , Cℓ ⊆ W satisfying the following:

(1) for every k = 1, . . . , ℓ, the map (s, c) → σs(c) from Fk × Ck to σ(Fk)Ck is bijective,

(2) the sets σ(F1)C1, . . . , σ (Fℓ)Cℓ are pairwise disjoint and |
ℓ

k=1 σ(Fk)Ck | ≥ (1 − δ′)d.

Let σ : G → Sym(d) for some d ∈ N be a good enough sofic approximation for G such that
|W| ≥ (1 − δ′/2)d for

W :=


a ∈ [d] : σtσs(a) = σts(a) for all t ∈ F, s ∈

ℓ
k=1

Fk


.

Then we have C1, . . . , Cℓ as above.
Since G is infinite, there exist maps ψk : Ck → G for k = 1, . . . , ℓ such that the map Ψ fromℓ

k=1 Fk × Ck to G sending (s, c) ∈ Fk × Ck to sψk(c) is injective. Denote by F̃ the range of Ψ .
Note that |K F̃ \ F̃ | < ε|F̃ | because for every k, |K Fk \ Fk | < ε|Fk |. Thus

D(U F̃ )

|F̃ |
≥ mdim(U)− θ.

Pick x0 ∈ X . For each x ∈ X define a map ϕx : [d] → X by ϕx (a) = x0 for all
a ∈ [d] \

ℓ
k=1 σ(Fk)Ck , and

ϕx (sc) = sψk(c)x

for all k ∈ {1, . . . , ℓ}, c ∈ Ck , and s ∈ Fk . By Lemma 3.4 one has ϕx ∈ Map(ρ, F, δ, σ ).
Note that the map Φ from X to Map(ρ, F, δ, σ ) sending x to ϕx is continuous, and

Φ−1(U d
|Map(ρ,F,δ,σ )) = U F̃ . Thus D(U , ρ, F, δ, σ ) ≥ D(U F̃ ). Therefore

D(U , ρ, F, δ, σ )

d
≥

D(U F̃ )

|F̃ |
·
|F̃ |

d
≥ (mdim(U)− θ)(1 − δ′) ≥ mdim(U)− 2θ,

as desired. �
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Let U be a finite open cover of a compact metrizable space X . A continuous map f from
X into another compact metrizable space Y is said to be U -compatible if for each y ∈ Y , the
set f −1(y) is contained in some U ∈ U [23, Definition 2.2 and Proposition 2.3]. We need the
following fact:

Lemma 3.6 ([23, Proposition 2.4]). Let U be a finite open cover of a compact metrizable space
X, and k ≥ 0. Then D(U) ≤ k if and only if there is a U -compatible continuous map f : X → Y
for some compact metrizable space Y with dimension k.

Next we show mdimΣ (X) ≤ mdim(X). We first use Lemma 3.2 to decompose [d] into the
disjoint union of some approximately left invariant finite subsets {H j } j∈J of G and a small
portion [d] \


j H j . Take a continuous U H j -compatible map X → Y j with dim(Y j ) ≤ D(U H j )

for each j ∈ J . Anticipating each element of Map(ρ, F, δ, σ ) being essentially of the form
(sx j )s∈H j with some x j ∈ X on H j for each j ∈ J , we map Map(ρ, F, δ, σ ) to


j Y j . To take

care of the coordinates on [d] \


j H j , we also take a continuous U -compatible map X → Z
with dim(Z) ≤ D(U), and map Map(ρ, F, δ, σ ) to


a∈[d]\


j H j

Z . These two maps combined

together are U d
|Map(ρ,F,δ,σ )-compatible on nice elements which are almost of the form (sx j )s∈H j

with some x j ∈ X on H j for each j ∈ J . The points of Map(ρ, F, δ, σ ) not so nice can be bad
only at a small portion of [d]. Then we use some auxiliary map h to shrink X to one point at all
the good places, making the bad parts to live in a small-dimensional space (relative to d).

Lemma 3.7. Let a countable amenable group G act continuously on a compact metrizable space
X. Then mdimΣ (X) ≤ mdim(X).

Proof. Fix a compatible metric ρ on X . Let U be a finite open cover of X . It suffices to show
that DΣ (U) ≤ mdim(X).

Take a finite open cover V of X such that for every V ∈ V , one has V ⊆ U for some U ∈ U .
Then it suffices to show DΣ (U) ≤ mdim(V)+ 3θ for every θ > 0. We can find η > 0 such that
for every V ∈ V , one has B(V, η) = {x ∈ X : ρ(x, V ) < η} ⊆ U for some U ∈ U .

Take a nonempty finite subset K of G and ε > 0 such that for any nonempty finite subset F ′

of G with |K F ′
\ F ′

| < ε|F ′
| one has

D(V F ′

)

|F ′|
≤ mdim(V)+ θ.

Take τ > 0 with τD(U) ≤ θ . By Lemma 3.2 there are an ℓ ∈ N and nonempty finite subsets
F1, . . . , Fℓ of G satisfying |K Fk \ Fk | < ε|Fk | for all k = 1, . . . , ℓ such that for every map
σ : G → Sym(d) for some d ∈ N which is a good enough sofic approximation for G and every
W ⊆ [d] with |W| ≥ (1 − τ/2)d there exist C1, . . . , Cℓ ⊆ W satisfying the following:

(1) for every k = 1, . . . , ℓ, the map (s, c) → σs(c) from Fk × Ck to σ(Fk)Ck is bijective,
(2) the sets σ(F1)C1, . . . , σ (Fℓ)Cℓ are pairwise disjoint and |

ℓ
k=1 σ(Fk)Ck | ≥ (1 − τ)d.

Set F =
ℓ

k=1 F−1
k . Take κ > 0 such that for any x, y ∈ X with ρ(x, y) ≤ κ one has

ρ(s−1x, s−1 y) < η for all s ∈ F . Take δ > 0 with δ1/2 < κ and δ|U ||F | ≤ θ .
Let σ be a map from G to Sym(d) for some d ∈ N. Now it suffices to show that if σ is a good

enough sofic approximation then

D(U , ρ, F, δ, σ )

d
≤ mdim(V)+ 3θ.
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Denote by W the subset of [d] consisting of a satisfying σsσs−1(a) = σeG (a) = a for all
s ∈ F . Assuming that σ is a good enough sofic approximation, we have |W| ≥ (1 − τ/2)d and
can find C1, . . . , Cℓ as above. Set Z = [d] \

ℓ
k=1 σ(Fk)Ck . Then |Z| ≤ τd .

For every ϕ ∈ Map(ρ, F, δ, σ ), by Lemma 2.8 the set Λϕ of all a ∈ [d] satisfying

ρ(ϕ(sa), sϕ(a)) ≤ δ1/2

for all s ∈ F has cardinality at least (1 − |F |δ)d .
Take a partition of unity {ζU }U∈U for X subordinate to U . That is, each ζU is a continuous

function X → [0, 1] with support contained in U , and
U∈U

ζU = 1.

Define a continuous map
−→
ξ : X → [0, 1]

U by
−→
ξ (x)U = ζU (x) for x ∈ X and U ∈ U . Consider

the continuous map
−→
h : Map(ρ, F, δ, σ ) → ([0, 1]

U )[d] defined by

−→
h (ϕ)a =

−→
ξ (ϕ(a))max


max
s∈F

ρ(sϕ(a), ϕ(sa))− κ, 0


for ϕ ∈ Map(ρ, F, δ, σ ) and a ∈ [d]. Denote by ν the point of [0, 1]
U having all coordinates

0. Set X0 to be the subset of ([0, 1]
U )[d] consisting of elements whose coordinates are equal to

ν at least (1 − |F |δ)d elements of [d]. For each ϕ ∈ Map(ρ, F, δ, σ ), note that
−→
h (ϕ)a = ν

for all a ∈ Λϕ by our choice of δ and hence
−→
h (ϕ) ∈ X0. Thus we may think of

−→
h as a map

from Map(ρ, F, δ, σ ) into X0. Since the union of finitely many closed subsets of dimension at
most m has dimension at most m [15, p. 30 and Theorem V.8] and δ > 0 was chosen such that
|U ||F |δ ≤ θ , we get dim(X0) ≤ |U ||F |δd ≤ θd.

For each 1 ≤ k ≤ ℓ, by Lemma 3.6 we can find a compact metrizable space Yk with
dim(Yk) ≤ D(V Fk ) and a V Fk -compatible continuous map fk : X → Yk .

By Lemma 3.6 we can find a compact metrizable space Z with dim(Z) ≤ D(U) and a U -
compatible continuous map g : X → Z .

Now define a continuous map Ψ : Map(ρ, F, δ, σ ) → X0×(
ℓ

k=1


c∈Ck
Yk)×(


a∈Z Z) as

follows. For ϕ ∈ Map(ρ, F, δ, σ ), the coordinate of Ψ(ϕ) in X0 is
−→
h (ϕ), in Yk for 1 ≤ k ≤ ℓ and

c ∈ Ck is fk(ϕ(c)), in Z for a ∈ Z is g(ϕ(a)). We claim that Ψ is U d
|Map(ρ,F,δ,σ )-compatible.

Let w ∈ X0 × (
ℓ

k=1


c∈Ck
Yk) × (


a∈Z Z). We need to show that for each a ∈ [d] there is

some U ∈ U depending only on w and a such that ϕ(a) ∈ U for every ϕ ∈ Ψ−1(w). We write
the coordinates of w in X0,

ℓ
k=1


c∈Ck

Yk , and


a∈Z Z as w1, w2, and w3 respectively.

For each a ∈ Z , since g is U -compatible, one has g−1(w3
a) ⊆ Uw3

a
for some Uw3

a
∈ U . Then

ϕ(a) ∈ Uw3
a

for every ϕ ∈ Ψ−1(w) and a ∈ Z .

For every 1 ≤ k ≤ ℓ and c ∈ Ck , since fk is V Fk -compatible, one has f −1
k (w2

k,c) ⊆
s−1∈Fk

sVk,c,s for some Vk,c,s ∈ V for every s−1
∈ Fk . By the choice of η, B(Vk,c,s, η) is

contained in some Uk,c,s ∈ U . For every a ∈ [d] \ Z , we distinguish the two cases w1
a ≠ ν

and w1
a = ν. If w1

a ≠ ν, then (w1
a)U ≠ 0 for some U ∈ U , and then for ϕ ∈ Ψ−1(w)

one has ζU (ϕ(a)) > 0 and hence ϕ(a) ∈ U . Suppose that w1
a = ν. Say, a = σ(s−1)c for

some 1 ≤ k ≤ ℓ, s−1
∈ Fk and c ∈ Ck . Let ϕ ∈ Ψ−1(w). Since c ∈ Ck ⊆ W and

s ∈ F , one has sa = σsσs−1(c) = c. As {ζU }U∈U is a partition of unity of X,
−→
ξ (ϕ(a)) ≠

ν. But
−→
h (ϕ)a = w1

a = ν. Thus maxs′∈F ρ(s′ϕ(a), ϕ(s′a)) ≤ κ . In particular, one has
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ρ(sϕ(a), ϕ(c)) = ρ(sϕ(a), ϕ(sa)) ≤ κ . From our choice of κ , one gets ρ(ϕ(a), s−1ϕ(c)) < η.
Since fk(ϕ(c)) = w2

k,c, we have ϕ(c) ∈ sVk,c,s and hence s−1ϕ(c) ∈ Vk,c,s . Therefore
ϕ(a) ∈ Uk,c,s . This proves the claim.

From Lemma 3.6 we get

D(U , ρ, F, δ, σ ) ≤ dim


X0 ×


ℓ

k=1


c∈Ck

Yk


×


a∈Z

Z


.

Since the dimension of the product of two compact metrizable spaces is at most the sum of the
dimensions of the factors [15, p. 33 and Theorem V.8], we have

dim


X0 ×


ℓ

k=1


c∈Ck

Yk


×


a∈Z

Z


≤ dim(X0)+

ℓ
k=1

|Ck | dim(Yk)+ |Z| dim(Z)

≤ θd +

ℓ
k=1

|Ck |D(V Fk )+ |Z|D(U)

≤ θd +

ℓ
k=1

|Ck | |Fk |(mdim(V)+ θ)+ τd D(U)

≤ θd + d(mdim(V)+ θ)+ θd

= d(mdim(V)+ 3θ).

Therefore D(U , ρ, F, δ, σ ) ≤ d(mdim(V)+ 3θ) as desired. �

Remark 3.8. Theorem 3.1 fails when G is finite. Indeed, when a finite group G acts continu-
ously on a compact metrizable space X , one has mdim(X) =

1
|G|

dim(X). There are compact

metrizable finite-dimensional spaces X satisfying dim(X2) < 2 dim(X) (see [1]). For such X ,
Lemma 3.9 implies that mdimΣ (X) < mdim(X).

If X is a compact metrizable space with finite dimension, then for any n,m ∈ N one has
dim(Xn

× Xm) ≤ dim(Xn) + dim(Xm) [15, p. 33 and Theorem V.8] and hence dim(Xn)
n →

infm∈N
dim(Xm )

m as n → ∞.

Lemma 3.9. Let a finite group G act continuously on a compact metrizable finite-dimensional
space X. Then mdimΣ (X) ≤

1
|G|

infm∈N
dim(Xm )

m .

Proof. The proof is similar to that of Lemma 3.7. Fix a compatible metric ρ on X . Set
λ =

1
|G|

infm∈N
dim(Xm )

m . Let U be a finite open cover of X and θ > 0. It suffices to show
that DΣ (U) ≤ λ+ 3θ .

We can find η > 0 such that for every y ∈ X , one has {x ∈ X : ρ(x, y) < η} ⊆ U for some
U ∈ U .

Take M > 0 such that dim(Xm )
m ≤ (λ+ θ)|G| for all m ≥ M .

Take τ > 0 with τ dim(X) ≤ θ . By Remark 3.3 for every map σ : G → Sym(d) for
some d ∈ N which is a good enough sofic approximation for G and every W ⊆ [d] with
|W| ≥ (1 − τ/2)d there exists C ⊆ W such that the map (s, c) → σs(c) from G × C to σ(G)C
is bijective and |σ(G)C| ≥ (1 − τ)d .

Take κ > 0 such that for any x, y ∈ X with ρ(x, y) ≤ κ one has ρ(sx, sy) < η for all s ∈ G.
Take δ > 0 with δ1/2 < κ and δ|U ||G| ≤ θ .
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Let σ be a map from G to Sym(d) for some d ∈ N. Now it suffices to show that if σ is a good
enough sofic approximation and d is sufficiently large then

D(U , ρ,G, δ, σ )

d
≤ λ+ 3θ.

Denote by W the subset of [d] consisting of a satisfying σsσs−1(a) = σeG (a) = a for all
s ∈ G. Assuming that σ is a good enough sofic approximation, we have |W| ≥ (1 − τ/2)d and
can find C as above. Set Z = [d] \ σ(G)C. Then |Z| ≤ τd.

For every ϕ ∈ Map(ρ,G, δ, σ ), by Lemma 2.8 the set Λϕ of all a ∈ [d] satisfying

ρ(ϕ(sa), sϕ(a)) ≤ δ1/2

for all s ∈ G has cardinality at least (1 − |G|δ)d.
Take a partition of unity {ζU }U∈U for X subordinate to U . That is, each ζU is a continuous

function X → [0, 1] with support contained in U , and
U∈U

ζU = 1.

Define a continuous map
−→
ξ : X → [0, 1]

U by
−→
ξ (x)U = ζU (x) for x ∈ X and U ∈ U . Consider

the continuous map
−→
h : Map(ρ,G, δ, σ ) → ([0, 1]

U )[d] defined by

−→
h (ϕ)a =

−→
ξ (ϕ(a))max


max
s∈G

ρ(sϕ(a), ϕ(sa))− κ, 0


for ϕ ∈ Map(ρ,G, δ, σ ) and a ∈ [d]. Denote by ν the point of [0, 1]
U having all coordinates 0.

Set X0 to be the subset of ([0, 1]
U )[d] consisting of elements whose coordinates are equal to ν

at least (1 − |G|δ)d elements of [d]. For each ϕ ∈ Map(ρ,G, δ, σ ), note that
−→
h (ϕ)a = ν for

all a ∈ Λϕ by our choice of δ and hence
−→
h (ϕ) ∈ X0. Thus we may think of h as a map from

Map(ρ,G, δ, σ ) into X0. Since the union of finitely many closed subsets of dimension at most
m has dimension at most m [15, p. 30] and δ > 0 was chosen such that |U ||G|δ ≤ θ , we get
dim(X0) ≤ |U ||G|δd ≤ θd.

Now define a continuous map Ψ : Map(ρ,G, δ, σ ) → X0 × (


c∈C X) × (


a∈Z X)

as follows. For ϕ ∈ Map(ρ,G, δ, σ ), the coordinate of Ψ(ϕ) in X0 is
−→
h (ϕ), in X for

c ∈ C is ϕ(c), in X for a ∈ Z is ϕ(a). We claim that Ψ is U d
|Map(ρ,G,δ,σ )-compatible. Let

w ∈ X0 × (


c∈C X)× (


a∈Z X). We need to show that for each a ∈ [d] there is some U ∈ U
depending only on w and a such that ϕ(a) ∈ U for every ϕ ∈ Ψ−1(w). We write the coordinates
of w in X0,


c∈C X , and


a∈Z X as w1, w2, and w3 respectively.

For each a ∈ Z , one has w3
a ∈ Uw3

a
for some Uw3

a
∈ U . Then ϕ(a) ∈ Uw3

a
for every

ϕ ∈ Ψ−1(w) and a ∈ Z .
For every a ∈ [d] \ Z , we distinguish the two cases w1

a ≠ ν and w1
a = ν. If w1

a ≠ ν, then
(w1

a)U ≠ 0 for some U ∈ U , and then for ϕ ∈ Ψ−1(w) one has ζU (ϕ(a)) > 0 and hence
ϕ(a) ∈ U . Suppose that w1

a = ν. Say, a = σ(s−1)c for some s−1
∈ G and c ∈ C. Then

{x ∈ X : ρ(x, s−1ϕ(c)) < η} ⊆ U for some U ∈ U . Let ϕ ∈ Ψ−1(w). Since c ∈ C ⊆ W ,
one has sa = σsσs−1(c) = c. As {ζU }U∈U is a partition of unity of X,

−→
ξ (ϕ(a)) ≠ ν. But

h(ϕ)a = w1
a = ν. Thus maxs′∈G ρ(s′ϕ(a), ϕ(s′a)) ≤ κ . In particular, one has ρ(sϕ(a), ϕ(c)) =

ρ(sϕ(a), ϕ(sa)) ≤ κ . From our choice of κ , one gets ρ(ϕ(a), s−1ϕ(c)) < η. Thus ϕ(a) ∈ U .
This proves the claim.
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From Lemma 3.6 we get

D(U , ρ,G, δ, σ ) ≤ dim


X0 ×


c∈C

X


×


a∈Z

X


.

Taking d to be sufficiently large, we have |C| ≥ M and hence dim(X |C|) ≤ |C| |G|(λ + θ).
Since the dimension of the product of two compact metrizable spaces is at most the sum of the
dimensions of the factors [15, p. 33 and Theorem V.8], we have

dim


X0 ×


c∈C

X


×


a∈Z

X


≤ dim(X0)+ dim(X |C|)+ |Z| dim(X)

≤ θd + |C||G|(λ+ θ)+ τd dim(X)

≤ θd + d(λ+ θ)+ θd

= d(λ+ 3θ).

Therefore D(U , ρ,G, δ, σ ) ≤ d(λ+ 3θ) as desired. �

4. Sofic metric mean dimension

In this section we define the sofic metric mean dimension and establish some basic properties
for it.

We start with recalling the definitions of the lower box dimension for a compact metric space
and the metric mean dimension for actions of countable amenable groups.

For a pseudometric space (Y, ρ) and ε > 0 we say a subset Z of Y is (ρ, ε)-separated if
ρ(y, z) ≥ ε for all distinct y, z ∈ Z . Denote by Nε(Y, ρ) the maximal cardinality of (ρ, ε)-
separated subsets of Y .

The lower box dimension of a compact metric space (Y, ρ) is defined as

dimB(Y, ρ) := lim
ε→0

log Nε(Y, ρ)

| log ε|
.

Let a countable (discrete) amenable group G act continuously on a compact metrizable space
X . Let ρ be a continuous pseudometric on X . For a finite open cover U of X , we define the mesh
of U under ρ by

mesh(U , ρ) = max
U∈U

diam(U, ρ).

For a nonempty finite subset F of G, we define a pseudometric ρF on X by

ρF (x, y) = max
s∈F

ρ(sx, sy)

for x, y ∈ X . The function F → log minmesh(U ,ρF )<ε |U | defined on the set of nonempty finite
subsets of G satisfies the conditions of the Ornstein–Weiss lemma [25] [23, Theorem 6.1], thus
minmesh(U ,ρF )<ε

log |U |

|F |
converges to some real number, denoted by S(X, ε, ρ), as F becomes

more and more left invariant. The metric mean dimension of X with respect to ρ [23, p. 13] is
defined as

mdimM(X, ρ) = lim
ε→0

S(X, ε, ρ)

| log ε|
.
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For any nonempty finite subset F of G and ε > 0, it is easy to check that

min
mesh(U ,ρF )<ε

|U | ≥ Nε(X, ρF ) ≥ min
mesh(U ,ρF )<2ε

|U |. (1)

As discussed on p. 14 of [23], using (1) one can also write mdimM(X, ρ) in a way similar to
dimB(Y, ρ):

mdimM(X, ρ) = lim
ε→0

1
| log ε|

lim
n→∞

log Nε(X, ρFn )

|Fn|

for any left Følner sequence {Fn}n∈N of G (see Definition 2.2). Also, define

mdimM(X) = inf
ρ

mdimM(X, ρ)

for ρ ranging over compatible metrics on X .
In the rest of this section we fix a countable sofic group G and a sofic approximation sequence

Σ = {σi : G → Sym(di )}
∞

i=1 for G. We also fix a continuous action α of G on a compact
metrizable space X .

As we discussed in Section 2, when defining sofic invariants, we replace X by Map(ρ, F,
δ, σ ). We also replace (ρF , ε)-separated subsets of X by (ρ∞, ε)-separated subsets of Map(ρ, F,
δ, σ ). Though we are mainly interested in the sofic metric mean dimension with respect to a
metric, sometimes it can be calculated using certain continuous pseudometric as Lemma 4.4 and
Section 7 indicate. Thus we start various definitions for continuous pseudometrics.

Definition 4.1. Let F be a nonempty finite subset of G and δ > 0. For ε > 0 and ρ a continuous
pseudometric on X we define

hεΣ ,∞(ρ, F, δ) = lim
i→∞

1
di

log Nε(Map(ρ, F, δ, σi ), ρ∞),

hεΣ ,∞(ρ, F) = inf
δ>0

hεΣ ,∞(ρ, F, δ),

hεΣ ,∞(ρ) = inf
F

hεΣ ,∞(ρ, F),

where F in the third line ranges over the nonempty finite subsets of G. If Map(ρ, F, δ, σi ) is
empty for all sufficiently large i , we set hεΣ ,∞(ρ, F, δ) = −∞. We define the sofic metric mean
dimension of α with respect to ρ as

mdimΣ ,M(X, ρ) = lim
ε→0

1
| log ε|

hεΣ ,∞(ρ).

We also define

mdimΣ ,M(X) = inf
ρ

mdimΣ ,M(X, ρ),

for ρ ranging over compatible metrics on X . Note that mdimΣ ,M(·, ·) is an invariant of metric
dynamical systems, while mdimΣ ,M(·) is an invariant of topological dynamical system.

Remark 4.2. Note that hεΣ ,∞(ρ, F, δ) decreases when δ decreases and F increases. Thus in the
definitions of hεΣ ,∞(ρ, F) and hεΣ ,∞(ρ) one can also replace infδ>0 and infF by limδ→0 and
limF→∞ respectively, where F1 ≤ F2 means F1 ⊆ F2.



586 H. Li / Advances in Mathematics 244 (2013) 570–604

The sofic topological entropy hΣ (X) of α was defined in [17, Definition 4.6]. It was shown in
Proposition 2.4 of [18] that

hΣ (X) = lim
ε→0

hεΣ ,∞(ρ)

for every compatible metric ρ on X . Thus we have

Proposition 4.3. If hΣ (X) < +∞, then mdimΣ ,M(X, ρ) ≤ 0 for every compatible metric ρ
on X.

The amenable group case of Proposition 4.3 was observed by Lindenstrauss and Weiss
[23, p. 14].

We say that a continuous pseudometric ρ on X is dynamically generating [21, Section 4]
if for any distinct points x, y ∈ X one has ρ(sx, sy) > 0 for some s ∈ G. The next
lemma says that for any dynamically generating continuous pseudometric ρ, one can construct a
compatible metric ρ′ on X such that mdimΣ ,M(X, ρ) = mdimΣ ,M(X, ρ′). This is the analogue
of the Kolmogorov–Sinai theorem that for measure-preserving actions of Z the entropy of any
generating finite partition is equal to the entropy of the action. In some examples X is naturally
a closed invariant subset of Y G equipped with the shift action of G for some compact metrizable
space Y which is much simpler than X . In such case one can take a compatible metric ρ on Y
and think of it as a dynamically generating continuous pseudometric on X via the coordinate map
X → Y at eG . Then the calculation using ρ is much simpler than that using ρ′ (see for example
Section 7 and [5,17,18]).

Lemma 4.4. Let ρ be a dynamically generating continuous pseudometric on X. Enumerate the
elements of G as s1, s2, . . . . Define ρ′ by ρ′(x, y) =


∞

n=1
1
2n ρ(sn x, sn y) for all x, y ∈ X. Then

ρ′ is a compatible metric on X. Furthermore, if eG = sm , then for any ε > 0 one has

h4ε
Σ ,∞(ρ

′) ≤ hεΣ ,∞(ρ) ≤ hε/2
m

Σ ,∞(ρ
′).

In particular, mdimΣ ,M(X, ρ) = mdimΣ ,M(X, ρ′).

Proof. Clearly ρ′ is a continuous pseudometric on X . Since ρ is dynamically generating, ρ′

separates the points of X . Thus ρ′ is a compatible metric on X . Let ε > 0.
We show first hεΣ ,∞(ρ) ≤ hε/2

m

Σ ,∞(ρ
′). Let F be a finite subset of G containing eG and δ > 0.

Take k ∈ N with 2−kdiam(X, ρ) < δ/2. Set F ′
=
k

n=1 sn F and take 1 > δ′ > 0 to be small
which we shall fix in a moment.

Let σ be a map from G to Sym(d) for some d ∈ N which is a good enough sofic approximation
for G. We claim that Map(ρ, F ′, δ′, σ ) ⊆ Map(ρ′, F, δ, σ ). Let ϕ ∈ Map(ρ, F ′, δ′, σ ). By
Lemma 2.8 one has

|W| ≥ (1 − δ′|F ′
|)d,

for

W :=


a ∈ [d] : max

s∈F ′
ρ(ϕ ◦ σs(a), αs ◦ ϕ(a)) ≤

√
δ′

.

Set R = W ∩


t∈F σ
−1
t (W). Then |R| ≥ (1 − δ′|F ′

|(1 + |F |))d. Also set

Q = {a ∈ [d] : σsn ◦ σt (a) = σsn t (a) for all 1 ≤ n ≤ k and t ∈ F}.
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For any a ∈ R ∩ Q and t ∈ F , since a, σt (a) ∈ W and sn, sn t ∈ F ′ for all 1 ≤ n ≤ k, we have

ρ′(ϕ ◦ σt (a), αt ◦ ϕ(a))

≤ 2−kdiam(X, ρ)+

k
n=1

1
2n ρ(αsn ◦ ϕ ◦ σt (a), αsn ◦ αt ◦ ϕ(a))

≤ δ/2 +

k
n=1

1
2n


ρ(αsn ◦ ϕ ◦ σt (a), ϕ ◦ σsn ◦ σt (a))+ ρ(ϕ ◦ σsn t (a), αsn t ◦ ϕ(a))


≤ δ/2 +

k
n=1

1
2n · 2

√
δ′ ≤ δ/2 + 2

√
δ′.

When σ is a good enough sofic approximation for G, one has |Q| ≥ (1 − δ′|F ′
|)d and hence for

any t ∈ F ,

(ρ′

2(ϕ ◦ σt , αt ◦ ϕ))2 ≤
1
d
(|R ∩ Q|(δ/2 + 2

√
δ′)2 + (d − |R ∩ Q|)(diam(X, ρ′))2)

≤ (δ/2 + 2
√
δ′)2 + δ′|F ′

|(2 + |F |)(diam(X, ρ′))2 < δ2,

when δ′ is small enough independent of σ and ϕ. Therefore ϕ ∈ Map(ρ′, F, δ, σ ). This proves
the claim.

Note that 1
2m ρ∞ ≤ ρ′

∞ on Map(ρ, F ′, δ′, σ ). Thus

Nε(Map(ρ, F ′, δ′, σ ), ρ∞) ≤ Nε/2m (Map(ρ, F ′, δ′, σ ), ρ′
∞)

≤ Nε/2m (Map(ρ′, F, δ, σ ), ρ′
∞),

when σ is a good enough sofic approximation for G. It follows that hεΣ ,∞(ρ, F ′, δ′) ≤

hε/2
m

Σ ,∞(ρ
′, F, δ), and hence hεΣ ,∞(ρ) ≤ hε/2

m

Σ ,∞(ρ
′) as desired.

Next we show h4ε
Σ ,∞(ρ

′) ≤ hεΣ ,∞(ρ). It suffices to show h4ε
Σ ,∞(ρ

′) ≤ hεΣ ,∞(ρ)+ θ for every

θ > 0. Take k ∈ N with 2−kdiam(X, ρ) < ε/2.
Let F be a finite subset of G containing {s1, . . . , sk} and δ > 0 be sufficiently small which

we shall specify in a moment. Set δ′ = δ/2m . Let σ be a map from G to Sym(d) for some
sufficiently large d ∈ N. Note that 1

2m ρ2(ϕ, ψ) ≤ ρ′

2(ϕ, ψ) for all maps ϕ,ψ : [d] → X . Thus
Map(ρ, F, δ, σ ) ⊇ Map(ρ′, F, δ′, σ ).

Let E be a (ρ′
∞, 4ε)-separated subset of Map(ρ′, F, δ′, σ )with |E | = N4ε(Map(ρ′, F, δ′, σ ),

ρ′
∞). For each ϕ ∈ E denote by Wϕ the set of a ∈ [d] satisfying ρ(αs ◦ ϕ(a), ϕ ◦ σs(a)) ≤

√
δ

for all s ∈ F . By Lemma 2.8 one has |Wϕ | ≥ (1 − |F |δ)d. Take δ to be small enough
so that |F |δ < 1/2. Stirling’s approximation says that t !

(2π t)1/2(t/e)t
→ 1 as t → +∞. The

number of subsets of [d] of cardinality at most |F |δd is equal to
⌊|F |δd⌋

j=0


d
j


, which is at most

|F |δd


d
|F |δd


(here we use |F |δ < 1/2), which by Stirling’s approximation is less than exp(βd)

for some β > 0 depending on δ and |F | but not on d when d is sufficiently large with β → 0 as
δ → 0 for a fixed |F |. Take δ to be small enough such that β < θ/2. Then, when d is sufficiently
large, we can find a subset F of E with |F | exp(βd) ≥ |E | such that Wϕ is the same, say W ,
for every ϕ ∈ F .
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Let ϕ ∈ F . Let us estimate how many elements in F are in the open ball Bϕ := {ψ ∈ X [d]
:

ρ∞(ϕ, ψ) < ε}. Let ψ ∈ F ∩ Bϕ . For any a ∈ W and s ∈ F , we have

ρ(sϕ(a), sψ(a)) ≤ ρ(sϕ(a), ϕ(sa))+ ρ(ϕ(sa), ψ(sa))+ ρ(ψ(sa), sψ(a))

≤
√
δ + ε +

√
δ ≤

3
2
ε,

when δ is taken to be small enough. It follows that for any a ∈ W we have

ρ′(ϕ(a), ψ(a)) ≤ 2−kdiam(X, ρ)+

k
n=1

2−nρ(snϕ(a), snψ(a))

<
1
2
ε +

3
2
ε = 2ε.

Then ρ′
∞(ϕ|W , ψ |W ) < 2ε.

Let Y be a maximal (ρ′, 2ε)-separated subset of X . Set W c
= [d]\ W . For each ψ ∈ F ∩ Bϕ ,

there exists some fψ ∈ Y W c
with ρ′

∞(ψ |W c , fψ ) < 2ε. Then we can find a subset A of F ∩ Bϕ
with |Y |

|W c
|
|A | ≥ |F ∩ Bϕ | such that fψ is the same, say f , for every ψ ∈ A . For any

ψ,ψ ′
∈ A , we have

ρ′
∞(ψ |W c , ψ ′

|W c ) ≤ ρ′
∞(ψ |W c , f )+ ρ′

∞( f, ψ ′
|W c ) < 4ε,

and

ρ′
∞(ψ |W , ψ ′

|W ) ≤ ρ′
∞(ψ |W , ϕ|W )+ ρ′

∞(ϕ|W , ψ ′
|W ) < 4ε,

and hence ρ′
∞(ψ,ψ

′) < 4ε. Since A is (ρ′
∞, 4ε)-separated, we get ψ = ψ ′. Therefore |A | ≤ 1,

and hence

|F ∩ Bϕ | ≤ |Y |
|W c

|
|A | ≤ |Y |

|F |δd .

Let B be a maximal (ρ∞, ε)-separated subset of F . Then F =

ϕ∈B(F ∩ Bϕ). Thus

N4ε(Map(ρ′, F, δ′, σ ), ρ′
∞) = |E | ≤ exp(βd)|F | ≤ exp(θd/2)|B| |Y |

|F |δd

≤ exp(θd/2)|Y |
|F |δd Nε(Map(ρ, F, δ, σ ), ρ∞)

≤ exp(θd)Nε(Map(ρ, F, δ, σ ), ρ∞)

when we take δ to be small enough, where in the third inequality we used B ⊆

Map(ρ′, F, δ′, σ ) ⊆ Map(ρ, F, δ, σ ) to conclude |B| ≤ Nε(Map(ρ, F, δ, σ ), ρ∞). Therefore
h4ε
Σ ,∞(ρ

′, F, δ′) ≤ hεΣ ,∞(ρ, F, δ)+ θ . It follows that h4ε
Σ ,∞(ρ

′) ≤ hεΣ ,∞(ρ)+ θ as desired. �

Note that mdimΣ ,M(X) was defined as the infimum over all compatible metrics ρ of
mdimΣ ,M(X, ρ). However by Lemma 4.4 we get:

Proposition 4.5. One has

mdimΣ ,M(X) = inf
ρ

mdimΣ ,M(X, ρ)

for ρ ranging over dynamically generating continuous pseudometrics on X.

The following is the analogue of Proposition 2.11.

Proposition 4.6. Let G act continuously on a compact metrizable space X. Let Y be a closed
G-invariant subset of X. Then mdimΣ ,M(Y ) ≤ mdimΣ ,M(X).
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Proof. Let ρ be a compatible metric on X . Then ρ restricts to a compatible metric ρ′ on Y .
Note that Map(ρ′, F, δ, σ ) ⊆ Map(ρ, F, δ, σ ) for any nonempty finite subset F of G, any

δ > 0, and any map σ from G to Sym(d) for some d ∈ N. Furthermore, the restriction of ρ∞

on Map(ρ′, F, δ, σ ) is exactly ρ′
∞. Thus Nε(Map(ρ′, F, δ, σ ), ρ′

∞) ≤ Nε(Map(ρ, F, δ, σ ), ρ∞)

for any ε > 0. It follows that mdimΣ ,M(Y ) ≤ mdimΣ ,M(Y, ρ′) ≤ mdimΣ ,M(X, ρ). Since ρ is
an arbitrary compatible metric on X , we get mdimΣ ,M(Y ) ≤ mdimΣ ,M(X). �

5. Sofic metric mean dimension for amenable groups

In this section we show that the sofic metric mean dimension extends the metric mean
dimension for actions of countable amenable groups:

Theorem 5.1. Let a countable (discrete) amenable group G act continuously on a compact
metrizable space X. Let Σ be a sofic approximation sequence for G. Then

mdimΣ ,M(X, ρ) = mdimM(X, ρ)

for every continuous pseudometric ρ on X. In particular,

mdimΣ ,M(X) = mdimM(X).

Theorem 5.1 follows directly from Lemmas 5.2 and 5.3. The proof of Lemma 5.2 is similar
to that of Lemma 3.5.

Lemma 5.2. Let a countable amenable group G act continuously on a compact metrizable
space X. Let ρ be a continuous pseudometric on X. Then for any ε > 0 we have hεΣ ,∞(ρ) ≥

S(X, 2ε, ρ). In particular, mdimΣ ,M(X, ρ) ≥ mdimM(X, ρ).

Proof. It suffices to show that hεΣ ,∞(ρ) ≥ S(X, 2ε, ρ)− 2θ for every θ > 0.
Take a nonempty finite subset K of G and ε′ > 0 such that for any nonempty finite subset F ′

of G satisfying |K F ′
\ F ′

| < ε′|F ′
|, one has

1
|F ′|

log Nε(X, ρF ′)
(1)
≥

1
|F ′|

log min
mesh(U ,ρF ′ )<2ε

|U | ≥ S(X, 2ε, ρ)− θ. (2)

Let F be a nonempty finite subset of G and δ > 0. Let σ be a map from G to Sym(d) for
some d ∈ N. Now it suffices to show that if σ is a good enough sofic approximation then

1
d

log Nε(Map(ρ, F, δ, σ ), ρ∞) ≥ S(X, 2ε, ρ)− 2θ.

Take δ′ > 0 such that
√
δ′diam(X, ρ) < δ/2 and (1−δ′)(S(X, 2ε, ρ)−θ) ≥ S(X, 2ε, ρ)−2θ .

By Lemma 3.2 there are an ℓ ∈ N and nonempty finite subsets F1, . . . , Fℓ of G satisfying
|(K ∪F)Fk \Fk | < min(ε′, δ′)|Fk | for all k = 1, . . . , ℓ such that for every map σ : G → Sym(d)
for some d ∈ N which is a good enough sofic approximation for G and every W ⊆ [d] with
|W| ≥ (1 − δ′/2)d there exist C1, . . . , Cℓ ⊆ W satisfying the following:

(1) for every k = 1, . . . , ℓ, the map (s, c) → σs(c) from Fk × Ck to σ(Fk)Ck is bijective,
(2) the sets σ(F1)C1, . . . , σ (Fℓ)Cℓ are pairwise disjoint and |

ℓ
k=1 σ(Fk)Ck | ≥ (1 − δ′)d.
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Let σ : G → Sym(d) for some d ∈ N be a good enough sofic approximation for G such that
|W| ≥ (1 − δ′/2)d for

W :=


a ∈ [d] : σtσs(a) = σts(a) for all t ∈ F, s ∈

ℓ
k=1

Fk


.

Then we have C1, . . . , Cℓ as above.
For every k ∈ {1, . . . , ℓ} pick an ε-separated set Ek ⊆ X with respect to ρFk of maximal

cardinality. Then

1
|Fk |

log |Ek | =
1

|Fk |
log Nε(X, ρFk )

(2)
≥ S(X, 2ε, ρ)− θ.

For each h = (hk)
ℓ
k=1 ∈

ℓ
k=1(Ek)

Ck take a map ϕh : [d] → X such that

ϕh(sc) = s(hk(c))

for all k ∈ {1, . . . , ℓ}, c ∈ Ck , and s ∈ Fk . By Lemma 3.4 one has ϕh ∈ Map(ρ, F, δ, σ ).
Now if h = (hk)

ℓ
k=1 and h′

= (h′

k)
ℓ
k=1 are distinct elements of

ℓ
k=1(Ek)

Ck , then hk(c) ≠

h′

k(c) for some k ∈ {1, . . . , ℓ} and c ∈ Ck . Since hk(c) and h′

k(c) are distinct points in Ek which
is ε-separated with respect to ρFk , hk(c) and h′

k(c) are ε-separated with respect to ρFk , and thus
we have ρ∞(ϕh, ϕh′) ≥ ε. Therefore

1
d

log Nε(Map(ρ, F, δ, σ ), ρ∞) ≥
1
d

ℓ
k=1

|Ck | log |Ek |

≥
1
d

ℓ
k=1

|Ck ||Fk |(S(X, 2ε, ρ)− θ)

≥ (1 − δ′)(S(X, 2ε, ρ)− θ)

≥ S(X, 2ε, ρ)− 2θ,

as desired. �

The proof of Lemma 5.3 is similar to that of Lemma 3.7, but considerably easier.

Lemma 5.3. Let a countable amenable group G act continuously on a compact metrizable
space X. Let ρ be a continuous pseudometric on X. Then for any ε > 0 we have hεΣ ,∞(ρ) ≤

S(X, ε/4, ρ). In particular, mdimΣ ,M(X, ρ) ≤ mdimM(X, ρ).

Proof. Let ε > 0. It suffices to show that hεΣ ,∞(ρ) ≤ S(X, ε/4, ρ)+ 3θ for every θ > 0.
Take a nonempty finite subset K of G and δ′ > 0 such that minmesh(U ,ρF ′ )<ε/4 |U | <

exp((S(X, ε/4, ρ) + θ)|F ′
|) for every nonempty finite subset F ′ of G satisfying |K F ′

\ F ′
| <

δ′|F ′
|. Take an η ∈ (0, 1) such that (Nε/2(X, ρ))2η ≤ exp(θ).

By Lemma 3.2 there are an ℓ ∈ N and nonempty finite subsets F1, . . . , Fℓ of G satisfying
|K Fk \ Fk | < δ′|Fk | for all k = 1, . . . , ℓ such that for every map σ : G → Sym(d) for
some d ∈ N which is a good enough sofic approximation for G and every W ⊆ [d] with
|W| ≥ (1 − η)d there exist C1, . . . , Cℓ ⊆ W satisfying the following:

(1) for every k = 1, . . . , ℓ, the map (s, c) → σs(c) from Fk × Ck to σ(Fk)Ck is bijective,
(2) the sets σ(F1)C1, . . . , σ (Fℓ)Cℓ are pairwise disjoint and |

ℓ
k=1 σ(Fk)Ck | ≥ (1 − 2η)d.
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Then

Nε/4(X, ρFk )
(1)
≤ min

mesh(U ,ρFk )<ε/4
|U | < exp((S(X, ε/4, ρ)+ θ)|Fk |) (3)

for every k = 1, . . . , ℓ.
Set F =

ℓ
k=1 Fk . Let δ > 0 be a small positive number which we will determine in

a moment. Let σ be a map from G to Sym(d) for some sufficiently large d ∈ N which is
a good enough sofic approximation for G. We will show that Nε(Map(ρ, F, δ, σ ), ρ∞) ≤

exp(S(X, ε/4, ρ) + 3θ)d , which will complete the proof since we can then conclude that
hεΣ ,∞(ρ, F, δ) ≤ S(X, ε/4, ρ)+ 3θ and hence hεΣ ,∞(ρ) ≤ S(X, ε/4, ρ)+ 3θ .

For every ϕ ∈ Map(ρ, F, δ, σ ), by Lemma 2.8 the set Wϕ of all a ∈ [d] satisfying

ρ(ϕ(sa), sϕ(a)) ≤
√
δ

for all s ∈ F has cardinality at least (1 − |F |δ)d.
For each W ⊆ [d] we define on the set of maps from [d] to X the pseudometric

ρW,∞(ϕ, ψ) = ρ∞(ϕ|W , ψ |W ).

Take a (ρ∞, ε)-separated subset E of Map(ρ, F, δ, σ ) of maximal cardinality.
Set n = |F |. Stirling’s approximation says that t !

(2π t)1/2(t/e)t
→ 1 as t → +∞. When

nδ < 1/2, the number of subsets of [d] of cardinality no greater than nδd is equal to
⌊nδd⌋

j=0


d
j


,

which is at most nδd


d
nδd


, which by Stirling’s approximation is less than exp(βd) for some

β > 0 depending on δ and n but not on d when d is sufficiently large with β → 0 as δ → 0
for a fixed n. Thus when δ is small enough and d is large enough, there is a subset F of E with
exp(θd)|F | ≥ |E | such that the set Wϕ is the same, say W , for every ϕ ∈ F , and |W|/d > 1−η.
Then we have C1, . . . , Cℓ ⊆ W as above.

Let 1 ≤ k ≤ ℓ and c ∈ Ck . Let Dk,c be a maximal (ε/2)-separated subset of F with
respect to ρσ(Fk )c,∞. Then Dk,c is a (ρσ(Fk )c,∞, ε/2)-spanning subset of F in the sense that
for any ϕ ∈ F , there exists some ψ ∈ Dk,c with ρσ(Fk )c,∞(ϕ, ψ) < ε/2. We will show that
|Dk,c| ≤ exp((S(X, ε/4, ρ) + θ)|Fk |) when δ is small enough. For any two distinct elements ϕ
and ψ of Dk,c we have, for every s ∈ Fk , since c ∈ Wϕ ∩ Wψ ,

ρ(sϕ(c), sψ(c)) ≥ ρ(ϕ(sc), ψ(sc))− ρ(sϕ(c), ϕ(sc))− ρ(sψ(c), ψ(sc))

≥ ρ(ϕ(sc), ψ(sc))− 2
√
δ,

and hence

ρFk (ϕ(c), ψ(c)) = max
s∈Fk

ρ(sϕ(c), sψ(c)) ≥ max
s∈Fk

ρ(ϕ(sc), ψ(sc))− 2
√
δ

> ε/2 − ε/4 = ε/4,

granted that δ is taken small enough. Thus {ϕ(c) : ϕ ∈ Dk,c} is a (ρFk , ε/4)-separated subset of
X of cardinality |Dk,c|, so that

|Dk,c| ≤ Nε/4(X, ρFk )
(3)
≤ exp((S(X, ε/4, ρ)+ θ)|Fk |),

as we wished to show.
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Set

Z = [d] \

ℓ
k=1

σ(Fk)Ck,

and take a maximal (ρ, ε/2)-separated subset Y of X . Then Y Z is a (ρ∞, ε/2)-spanning subset
of X Z in the sense that for any ϕ ∈ X Z there is some ψ ∈ Y Z with ρ∞(ϕ, ψ) < ε/2. We have

|Y Z
| ≤ (Nε/2(X, ρ))

|Z |
≤ (Nε/2(X, ρ))

2ηd .

Write A for the set of all maps ϕ : [d] → X such that ϕ|Z ∈ Y Z and ϕ|σ(Fk )c ∈ Dk,c|σ(Fk )c
for all 1 ≤ k ≤ ℓ and c ∈ Ck . Then, by our choice of η,

|A | = |Y Z
|

ℓ
k=1


c∈Ck

|Dk,c| ≤ (Nε/2(X, ρ))
2ηd exp

 ℓ
k=1


c∈Ck

(S(X, ε/4, ρ)+ θ)|Fk |



= (Nε/2(X, ρ))
2ηd exp


(S(X, ε/4, ρ)+ θ)

ℓ
k=1

|Fk ||Ck |


≤ exp(θd) exp((S(X, ε/4, ρ)+ θ)d) = exp((S(X, ε/4, ρ)+ 2θ)d).

Now since every element of F lies within ρ∞-distance ε/2 to an element of A and F is
ε-separated with respect to ρ∞, the cardinality of F is at most that of A . Therefore

Nε(Map(ρ, F, δ, σ ), ρ∞) = |E | ≤ exp(θd)|F | ≤ exp(θd)|A |

≤ exp(θd) exp((S(X, ε/4, ρ)+ 2θ)d)

= exp((S(X, ε/4, ρ)+ 3θ)d),

as desired. �

6. Comparison of sofic mean dimensions

In this section we prove the following relation between sofic mean dimensions:

Theorem 6.1. Let a countable sofic group G act continuously on a compact metrizable space X.
Let Σ be a sofic approximation sequence of G. Then

mdimΣ (X) ≤ mdimΣ ,M(X).

The amenable group case of Theorem 6.1 was proved by Lindenstrauss and Weiss [23,
Theorem 4.2]. We adapt their proof to our situation, by replacing the set {(sx)s∈H : x ∈ X} ⊆

X H for an approximately left invariant finite subset H of G in their proof (in their case G = Z
and H = {0, . . . , N − 1}) with the set Map(ρ, F, δ, σ ).

Lemma 6.2. Let U be a finite open cover of X and ρ be a compatible metric on X. Then there
exist Lipschitz functions fU : X → [0, 1] vanishing on X \ U for each U ∈ U such that
maxU∈U fU (x) = 1 for every x ∈ X.

Proof. If some elements of U are equal to the whole space X , we may set fU to be the constant
function 1 for the elements U equal to X and the constant function 0 for those elements U not
equal to X . Thus we mat assume that all elements of U do not equal X . Note that for each U ∈ U ,
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the function ρ(·, X \ U ) : X → [0,+∞) is Lipschitz and vanishes on X \ U . Furthermore,
V ∈U ρ(x, X \ V ) > 0 for every x ∈ X . Define gU , fU : X → [0, 1] by

gU (x) =
ρ(x, X \ U )

V ∈U
ρ(x, X \ V )

,

and

fU (x) = |U | min(gU (x), 1/|U |).

Then gU is Lipschitz and vanishes on X \ U , and hence so is fU . Furthermore, for each x ∈ X ,
one has


U∈U gU (x) = 1 and thus gU (x) ≥ 1/|U | for some U ∈ U . It follows that fU (x) = 1

for some U ∈ U . �

Let ρ,U and fU be as in Lemma 6.2. Let σ be a map from G to Sym(d) for some d ∈ N.
We define a continuous map Φd : X [d]

→ [0, 1]
[d]×U by Φd(ϕ)a,U = fU (ϕ(a)) for a ∈ [d] and

U ∈ U .

Lemma 6.3. Let θ > 0, and set D = mdimΣ ,M(X, ρ). Then there exist a nonempty finite subset
F of G, δ > 0 and M > 0 such that for any i ∈ N with i ≥ M, there exists ξ ∈ (0, 1)[di ]×U such
that for any S ⊆ [di ] × U with |S| ≥ (D + θ)di , one has

ξ |S ∉ Φdi (Map(ρ, F, δ, σi ))|S .

Proof. Denote by C the maximum of the Lipschitz constants of fU for all U ∈ U . Then

∥Φd(ϕ)− Φd(ψ)∥∞ ≤ Cρ∞(ϕ, ψ)

for all d ∈ N and ϕ,ψ ∈ X [d].
Take ε > 0 small enough, which we shall determine in a moment, satisfying

hεΣ ,∞(ρ)

| log ε|
< D + θ/3.

Then we can find a nonempty finite subset F of G, δ > 0, and M > 0 such that for every i ∈ N
with i > M , we have

1
di | log ε|

log Nε(Map(ρ, F, δ, σi ), ρ∞) ≤ D + θ/2,

that is,

Nε(Map(ρ, F, δ, σi ), ρ∞) ≤ ε−(D+θ/2)di .

It follows that we can cover Φdi (Map(ρ, F, δ, σi )) using ε−(D+θ/2)di open balls in the ∥ · ∥∞

norm with radius εC .
Denote by µ the Lebesgue measure on [0, 1]

[di ]×U . For each S ⊆ [di ] × U , the set
Φdi (Map(ρ, F, δ, σi ))|S ⊆ [0, 1]

S can be covered using ε−(D+θ/2)di open balls in the ∥ · ∥∞

norm with radius εC , and hence has Lebesgue measure at most ε−(D+θ/2)di (2εC)|S|. Thus,

µ({ξ ∈ [0, 1]
[di ]×U

: ξ |S ∈ Φdi (Map(ρ, F, δ, σi ))|S}) ≤ ε−(D+θ/2)di (2εC)|S|.
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Therefore, the set of ξ ∈ [0, 1]
[di ]×U satisfying ξ |S ∈ Φdi (Map(ρ, F, δ, σi ))|S for some

S ⊆ [di ] × U with |S| ≥ (D + θ)di has Lebesgue measure at most

2|[di ]×U |ε−(D+θ/2)di (2εC)(D+θ)di = (2|U |εθ/2(2C)D+θ )di < 1,

when we take ε to be small enough. Thus we can find ξ with desired property. �

Lemma 6.4. Let F be a nonempty finite subset of G and δ > 0. Let σ be a map from G to
Sym(d) for some d ∈ N. Let Ψ be a continuous map from Φd(Map(ρ, F, δ, σ )) to [0, 1]

[d]×U .
Suppose that for any ϕ ∈ Map(ρ, F, δ, σ ) and any (a,U ) ∈ [d]× U , if Φd(ϕ)a,U = 0 or 1, then
Ψ(Φd(ϕ))a,U = 0 or 1 accordingly. Then Ψ ◦ Φd is U d

|Map(ρ,F,δ,σ )-compatible.

Proof. Let ϕ ∈ Map(ρ, F, δ, σ ) and a ∈ [d]. By the choice of { fU }U∈U there exists some U ∈ U
such that Φd(ϕ)a,U = fU (ϕ(a)) = 1. By our assumption on Ψ we then have Ψ(Φd(ϕ))a,U = 1.

Let ζ ∈ Ψ(Φd(Map(ρ, F, δ, σ ))) and a ∈ [d]. It suffices to show that there exists some
U ∈ U such that one has ϕ(a) ∈ U for every ϕ ∈ Map(ρ, F, δ, σ ) satisfying Ψ(Φd(ϕ)) = ζ .
By the above paragraph we can find some U ∈ U such that ζa,U = 1. Let ϕ ∈ Map(ρ, F, δ, σ )
with Ψ(Φd(ϕ)) = ζ . By our assumption on Ψ we have fU (ϕ(a)) = Φd(ϕ)a,U > 0. Since fU
vanishes on X \ U , we get ϕ(a) ∈ U . �

Lemma 6.5. Let W be a finite set and Z a closed subset of [0, 1]
W . Let m ∈ N and ξ ∈ (0, 1)W

such that for every S ⊆ W with |S| ≥ m one has ξ |S ∉ Z |S . Then there exists a continuous map
Ψ from Z into [0, 1]

W such that dim(Ψ(Z)) ≤ m and for any z ∈ Z and any w ∈ W , if zw = 0
or 1, then Ψ(z)w = 0 or 1 accordingly.

Proof. This can be proved as in the proof of [23, Theorem 4.2]. We give a slightly different
proof.

For each S ⊆ W , denote by YS the subset of [0, 1]
W consisting of elements whose coordinate

at any w ∈ W\S is either 0 or 1. Then YS is a closed subset of [0, 1]
W with dimension |S|. Set

Y =


|S|≤m YS . Since the union of finitely many closed subsets of dimension at most m has
dimension at most m [15, p. 30 and Theorem V.8], Y has dimension at most m.

As Z is compact, by the assumption on ξ we can find δ > 0 such that 0 < ξw−δ < ξw+δ < 1
for every w ∈ W and the set of w ∈ W satisfying ξw − δ ≤ zw ≤ ξw + δ has cardinality at
most m for every z ∈ Z . For each w ∈ W , take a continuous map fw : [0, 1] → [0, 1] sending
[0, ξw − δ] to 0, and [ξw + δ, 1] to 1.

Define a continuous map Ψ from [0, 1]
W into itself by setting the coordinate of Ψ(x) at

w ∈ W to be fw(xw). For any x ∈ [0, 1]
W and w ∈ W , if xw = 0 or 1, then clearly

Ψ(z)w = 0 or 1 accordingly. From the choice of δ and fw it is also clear that Ψ(Z) ⊆ Y .
Thus dim(Ψ(Z)) ≤ dim(Y ) ≤ m. �

We are ready to prove Theorem 6.1.

Proof of Theorem 6.1. Let U be a finite open cover of X, ρ be a compatible metric on X ,
and θ > 0. Then we have fU as in Lemma 6.2. For each i ∈ N, define a continuous map
Φdi : X [di ] → [0, 1]

[di ]×U by Φdi (ϕ)a,U = fU (ϕ(a)) for a ∈ [di ] and U ∈ U . Take
F, δ,M, i and ξ as in Lemma 6.3. By Lemmas 6.5 and 6.4 we can find a continuous map
Ψ : Φdi (Map(ρ, F, δ, σ )) → [0, 1]

[di ]×U such that Ψ ◦ Φdi is U di |Map(ρ,F,δ,σi )-compatible
and dim(Ψ(Φdi (Map(ρ, F, δ, σ )))) ≤ (mdimΣ ,M(X, ρ) + θ)di . From Lemma 3.6 we get
D(U , ρ, F, δ, δi ) ≤ (mdimΣ ,M(X, ρ)+ θ)di . It follows that

DΣ (U) = DΣ (U , ρ) ≤ DΣ (U , ρ, F, δ) ≤ mdimΣ ,M(X, ρ)+ θ.
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Since U is an arbitrary finite open cover of X and θ is an arbitrary positive number, we
get mdimΣ (X) ≤ mdimΣ ,M(X, ρ). As ρ is an arbitrary compatible metric on X , we get
mdimΣ (X) ≤ mdimΣ ,M(X). �

The Pontrjagin–Schnirelmann theorem [27] [24, p. 80] says that for any compact metrizable
space Z , the dimension dim(Z) of Z is equal to the minimal value of dimB(Z , ρ) for ρ ranging
over compatible metrics on Z . Since mdimΣ (X) and mdimΣ ,M(X, ρ) are dynamical analogues
of dim(X) and dimB(X, ρ) respectively, it is natural to ask.

Question 6.6. Let a countably infinite sofic group G act continuously on a compact metrizable
space X . Then is there any compatible metric ρ on X satisfying

mdimΣ (X) = mdimΣ ,M(X, ρ)?

Question 6.6 was answered affirmatively by Lindenstrauss in the case G = Z and X has a
nontrivial infinite minimal factor [22, Theorem 4.3].

7. Bernoulli shifts

In this section we discuss sofic mean dimension of the Bernoulli shifts and their factors,
proving Theorems 7.1 and 7.5. Throughout this section G will be a countable sofic group, and Σ
will be a fixed sofic approximation sequence of G.

For any compact metrizable space Z , we have the left shift action α of G on Z G given by
(sx)t = xs−1t for all x ∈ Z G and s, t ∈ G.

Theorem 7.1. Let Z be a compact metrizable space, and consider the left shift action of a
countable sofic group G on X = Z G . Then

mdimΣ (X) ≤ mdimΣ ,M(X) ≤ dim(Z).

If furthermore Z contains a copy of [0, 1]
n for every natural number n ≤ dim(Z) (for example,

Z could be any polyhedron or the Hilbert cube), then

mdimΣ (X) = mdimΣ ,M(X) = dim(Z).

The amenable group case of Theorem 7.1 was proved by Lindenstrauss and Weiss [23, Propo-
sitions 3.1 and 3.3], and Coornaert and Krieger [8, Corollaries 4.2 and 5.5].

Remark 7.2. In general it is not easy to construct elements of Map(ρ, F, δ, σ ) for sofic non-
amenable groups. Theorem 7.1 implies that there are plenty of such elements for Bernoulli
shifts. When G is residually finite (for example free groups) and Σ comes from a sequence
of finite quotient groups of G, each periodic point in X with the period being the corresponding
finite-index normal subgroup of G gives rise to an element of Map(ρ, F, δ, σ ) [17, Theorem 7.1]
[5, Theorem 1.3].

Recall the lower box dimension recalled at the beginning of Section 4. We need the following
lemma.

Lemma 7.3. Let Z be a compact metrizable space, and consider the left shift action α of G on
X = Z G . Let ρ be a compatible metric on Z. Define ρ′ by ρ′(x, y) = ρ(xeG , yeG ) for x, y ∈ X.
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Then ρ′ is a dynamically generating continuous pseudometric on X. Furthermore, for any ε > 0
one has

log Nε(Z , ρ) ≤ hεΣ ,∞(ρ
′) ≤ log Nε/2(Z , ρ).

In particular, mdimΣ ,M(X, ρ′) = dimB(Z , ρ).

Proof. Clearly ρ′ is a dynamically generating continuous pseudometric on X . Let ε > 0.
We show first hεΣ ,∞(ρ

′) ≥ log Nε(Z , ρ). It suffices to show hεΣ ,∞(ρ
′, F, δ) ≥ log Nε(Z , ρ)

for every nonempty finite subset F of G and every δ > 0. Take a (ρ, ε)-separated subset Y of Z
with |Y | = Nε(Z , ρ).

Let σ be a map from G to Sym(d) from some d ∈ N which is a good enough sofic
approximation for G such that

√
1 − |Q|/d · diam(Z , ρ) ≤ δ, where

Q = {a ∈ [d] : σeG ◦ σs(a) = σs(a) for all s ∈ F}.

For each map f : [d] → Y , we define a map ϕ f : [d] → X by

(ϕ f (a))t = f (σt−1(a))

for all a ∈ [d] and t ∈ G. Let s ∈ F . For any a ∈ Q, one has

(αs ◦ ϕ f (a))eG = (ϕ f (a))s−1 = f (σs(a)) = f (σeG ◦ σs(a)) = (ϕ f ◦ σs(a))eG ,

and hence ρ′(αs ◦ ϕ f (a), ϕ f ◦ σs(a)) = 0. Thus

ρ′

2(αs ◦ ϕ f , ϕ f ◦ σs) ≤


(1 − |Q|/d)(diam(Z , ρ))2 ≤ δ.

Therefore ϕ f ∈ Map(ρ′, F, δ, σ ). For any distinct maps f, g : [d] → Y , say f (a) ≠ g(a) for
some a ∈ [d], one has

ρ′
∞(ϕ f , ϕg) ≥ ρ′(ϕ f (σ

−1
eG
(a)), ϕg(σ

−1
eG
(a)))

= ρ((ϕ f (σ
−1
eG
(a)))eG , (ϕg(σ

−1
eG
(a)))eG )

= ρ( f (a), g(a)) ≥ ε.

Thus the set {ϕ f : f ∈ Y [d]
} is (ρ′

∞, ε)-separated. Therefore

Nε(Map(ρ′, F, δ, σ ), ρ′
∞) ≥ |Y |

d
= (Nε(Z , ρ))

d .

It follows that hεΣ ,∞(ρ
′, F, δ) ≥ log Nε(Z , ρ) as desired.

Next we show hεΣ ,∞(ρ
′) ≤ log Nε/2(Z , ρ). It suffices to show hεΣ ,∞(ρ

′, {eG}, 1) ≤

log Nε/2(Z , ρ). Take a maximal (ρ, ε/2)-separated subset Y of Z . Then |Y | ≤ Nε/2(Z , ρ).
Let σ be a map from G to Sym(d) for some d ∈ N. Let E be a (ρ′

∞, ε)-separated subset of
Map(ρ′, {eG}, 1, σ ) with |E | = Nε(Map(ρ′, {eG}, 1, σ ), ρ′

∞). For each ϕ ∈ E , we find some
map fϕ : [d] → Y such that

max
a∈[d]

ρ((ϕ(a))eG , fϕ(a)) < ε/2.

If ϕ,ψ ∈ E and fϕ = fψ , then

ρ′
∞(ϕ, ψ) = max

a∈[d]

ρ((ϕ(a))eG , (ψ(a))eG ) < ε,
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and hence ϕ = ψ , since E is (ρ′
∞, ε)-separated. Therefore

Nε(Map(ρ′, {eG}, 1, σ ), ρ′
∞) = |E | ≤ |Y |

d
≤ (Nε/2(Z , ρ))

d .

It follows that hεΣ ,∞(ρ
′, {eG}, 1) ≤ log Nε/2(Z , ρ) as desired. �

We also need the following version of Lebesgue’s covering theorem:

Lemma 7.4 ([23, Lemma 3.2] [15, Theorem IV.2]). Let W be a finite set. Let U be a finite open
cover of [0, 1]

W such that no element of U intersects two opposing sides of [0, 1]
W . Then

D(U) ≥ |W |.

We are ready to prove Theorem 7.1.

Proof of Theorem 7.1. By Theorem 6.1, Lemma 7.3, Proposition 4.5 and the Pontrjagin–
Schnirelmann theorem as recalled at the end of Section 6, we have mdimΣ (X) ≤ mdimΣ ,M(X)
≤ dim(Z).

Now assume that Z contains a copy of [0, 1]
n for every natural number n ≤ dim(Z).

It suffices to show mdimΣ (X) ≥ dim(Z). In turn it suffices to show mdimΣ (X) ≥ n for
every natural number n ≤ dim(Z). Since ([0, 1]

n)G is a closed G-invariant subset of Z G ,
by Proposition 4.6 one has mdimΣ (X) ≥ mdimΣ (([0, 1]

n)G). Therefore it suffices to show
mdimΣ (([0, 1]

n)G) ≥ n.
Take a finite open cover U of [0, 1]

n such that no element of U intersects two opposing
sides of [0, 1]

n . For each d ∈ N, note that no element of U d intersects two opposing sides of
([0, 1]

n)[d]
= [0, 1]

dn , and hence by Lemma 7.4 one has D(U d) ≥ dn.
Denote by π the map ([0, 1]

n)G → [0, 1]
n sending x to xeG . Then Ũ := π−1(U) is a

finite open cover of ([0, 1]
n)G . Let ρ be a compatible metric on ([0, 1]

n)G . It suffices to show
DΣ (Ũ , ρ, F, δ) ≥ n for every nonempty finite subset F of G and every δ > 0.

Take a nonempty finite subset K of G such that if x, y ∈ ([0, 1]
n)G are equal on K , then

ρ(x, y) < δ/2.
Let σ be a map from G to Sym(d) for some d ∈ N which is a good enough sofic approximation

for G such that δ2/4 + (1 − |Q|/d)(|F | + 1)(diam(([0, 1]
n)G , ρ))2 ≤ δ2, where

Q = {a ∈ [d] : σt−1 ◦ σs(a) = σt−1s(a) for all s ∈ F, t ∈ K and σeG (a) = a}.

For each map f : [d] → [0, 1]
n , we define a map ϕ f : [d] → ([0, 1]

n)G by

(ϕ f (a))t = f (σt−1(a)) (4)

for all a ∈ [d] and t ∈ G \ {eG}, and

(ϕ f (a))eG = f (a) (5)

for all a ∈ [d]. Note that (4) holds for all a ∈ Q and t ∈ G. Set R = Q ∩


s∈F σ
−1
s (Q). For

any a ∈ R, s ∈ F , and t ∈ K , since a, σs(a) ∈ Q, one has

(αs ◦ ϕ f (a))t = (ϕ f (a))s−1t = f (σt−1s(a)) = f (σt−1 ◦ σs(a)) = (ϕ f ◦ σs(a))t ,

and hence ρ(αs ◦ ϕ f (a), ϕ f ◦ σs(a)) < δ/2 by the choice of K . Thus

ρ2(αs ◦ ϕ f , ϕ f ◦ σs) ≤


δ2/4 + (1 − |R|/d)(diam(([0, 1]n)G , ρ))2

≤


δ2/4 + (1 − |Q|/d)(|F | + 1)(diam(([0, 1]n)G , ρ))2 ≤ δ.
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Therefore ϕ f ∈ Map(ρ, F, δ, σ ). The map Φ : ([0, 1]
n)[d]

→ Map(ρ, F, δ, σ ) sending f to ϕ f

is clearly continuous. Note that Φ−1(Ũ d
|Map(ρ,F,δ,σ )) = U d because of the Eq. (5). Therefore

DΣ (Ũ , ρ, F, δ, σ ) ≥ D(U d) ≥ dn. It follows that DΣ (Ũ , ρ, F, δ) ≥ n as desired. �

Theorem 7.5. Let Z be a path-connected compact metrizable space, and consider the left shift
action α of a countable sofic group G on X = Z G . For any nontrivial factor Y of X, one has

mdimΣ (Y ) > 0.

The amenable group case of Theorem 7.5 was proved by Lindenstrauss and Weiss [23,
Theorem 3.6]. We adapt their argument to our situation. First we prove a lemma:

Lemma 7.6. Let G act continuously on a compact metrizable space X. Let Y be a factor of X
with factor map π : X → Y . Let U be a finite open cover of Y . Then

DΣ (π
−1(U)) ≤ DΣ (U).

Proof. Let ρ and ρ′ be compatible metrics on X and Y respectively. Replacing ρ by ρ+π−1(ρ′)

if necessary, we may assume that ρ(x, y) ≥ ρ′(π(x), π(y)) for all x, y ∈ X .
Let F be a nonempty finite subset of X and δ > 0. Let σ be a map from G

to Sym(d) for some d ∈ N. For any ϕ ∈ Map(ρ, F, δ, σ ), one has π ◦ ϕ ∈

Map(ρ′, F, δ, σ ). Thus we have a continuous map Φ : Map(ρ, F, δ, σ ) → Map(ρ′, F, δ, σ )
sending ϕ to π ◦ ϕ. Furthermore, Φ−1(U d

|Map(ρ′,F,δ,σ )) = (π−1(U))d |Map(ρ,F,δ,σ ). Thus
DΣ (π

−1(U), ρ, F, δ, σ ) ≤ DΣ (U , ρ′, F, δ, σ ). It follows that DΣ (π
−1(U), ρ, F, δ) ≤

DΣ (U , ρ′, F, δ). Since F is an arbitrary nonempty finite subset of G and δ is an arbitrary positive
number, we get

DΣ (π
−1(U)) = DΣ (π

−1(U), ρ) ≤ DΣ (U , ρ′) = DΣ (U). �

We are ready to prove Theorem 7.5.

Proof of Theorem 7.5. Denote by π the factor map X → Y . Let U = {U, V } be an open
cover of Y such that none of U and V is dense in Y . By Lemma 7.6 it suffices to show that
DΣ (π

−1(U)) > 0. Take compatible metrics ρ and ρ′ on Z and X respectively.
Note that none of π−1(U ) and π−1(V ) is dense in X . Take xU ∈ X \ π−1(U ) and

xV ∈ X \ π−1(V ). Then there exist a finite symmetric subset K of G containing eG such that
if x ∈ X coincides with xU (resp. xV ) on K , then x ∉ π−1(U ) (resp. x ∉ π−1(V )). Since Z
is path connected, for each s ∈ K we can take a continuous map γs : [0, 1] → Z such that
γs(0) = (xU )s and γs(1) = (xV )s .

Now it suffices to show DΣ (π
−1(U), ρ′, F, δ) ≥ 1/(2|K 2

|) for every finite subset F of G
containing K and every δ > 0. Take a finite symmetric subset K1 of G such that if two points x
and y of X coincide on K1, then ρ′(x, y) < δ/2.

Let σ be a map from G to Sym(d) for some d ∈ N which is a good enough sofic approximation
for G such that


δ2/4 + (1 − |Q|/d)(diam(X, ρ′))2 ≤ δ and |Q|/d ≥ 1/2, where

Q = {a ∈ [d] : σsσt (a) = σst (a) for all s, t ∈ F ∪ K1, and σeG (a) = a,

and σs(a) ≠ σt (a) for all distinct s, t ∈ K }.

Take a maximal subset W of Q subject to the condition that the sets σ(K )a for a ∈ W are
pairwise disjoint. Then Q ⊆ σ(K 2)W . Thus |W|/d ≥ |Q|/(|K 2

|d) ≥ 1/(2|K 2
|).
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Now we define a map Φ : [0, 1]
W

→ Map(ρ′, F, δ, σ ). Fix z0 ∈ Z . Let f ∈ [0, 1]
W . We

define f̃ ∈ Z [d] by

f̃σ(s)a = γs−1( f (a))

for a ∈ W, s ∈ K , and

f̃b = z0

for b ∈ [d] \ σ(K )W . Then we define ϕ f̃ ∈ X [d] by

(ϕ f̃ (a))s = f̃ (σs−1(a))

for a ∈ [d] and s ∈ G. Let s ∈ F . For any a ∈ Q and t ∈ K1, one has

(αs ◦ ϕ f̃ (a))t = (ϕ f̃ (a))s−1t = f̃ (σt−1s(a)) = f̃ (σt−1 ◦ σs(a)) = (ϕ f̃ ◦ σs(a))t ,

and hence ρ′(αs ◦ ϕ f̃ (a), ϕ f̃ ◦ σs(a)) < δ/2 by the choice of K1. Thus

ρ′

2(αs ◦ ϕ f̃ , ϕ f̃ ◦ σs) ≤


δ2/4 + (1 − |Q|/d)(diam(X, ρ′))2 ≤ δ.

Therefore ϕ f̃ ∈ Map(ρ′, F, δ, σ ). Set Φ( f ) = ϕ f̃ . Clearly Φ is continuous.

Set V = Φ−1((π−1(U))d |Map(ρ′,F,δ,σ )). Let f ∈ [0, 1]
W and a ∈ W . If f (a) = 0, then

(ϕ f̃ (a))s = f̃σ(s−1)a = γs(0) = (xU )s for all s ∈ K , and hence ϕ f̃ (a) ∉ π−1(U ) by the

choice of K . Similarly, if f (a) = 1, then ϕ f̃ (a) ∉ π−1(V ). Thus no element of V intersects two

opposing sides of [0, 1]
W . By Lemma 7.4 we conclude that D(π−1(U), ρ′, F, δ, σ ) ≥ D(V) ≥

|W| ≥ d/(2|K 2
|). It follows that DΣ (π

−1(U), ρ′, F, δ) ≥ 1/(2|K 2
|) as desired. �

8. Small-boundary property

In this section we discuss the relation between the small-boundary property and non-positive
sofic mean topological dimension.

We start with recalling the definitions of zero inductive dimensional compact metrizable
spaces and actions with small-boundary property.

A compact metrizable space Y is said to have inductive dimension 0 if for every y ∈ Y and
every neighbourhood U of Y there exists a neighbourhood V of y contained in U such that
the boundary ∂V of V is empty [15, Definition II.1]. A compact metrizable space has inductive
dimension 0 if and only if it has covering dimension 0 [15, Theorem V.8].

Definition 8.1. Let a countable group Γ act continuously on a compact metrizable space X . We
denote by M(X,Γ ) the set of Γ -invariant Borel probability measures on X . We say that a closed
subset Z of X is small if µ(Z) = 0 for all µ ∈ M(X,Γ ). In particular, when M(X,Γ ) is empty,
every closed subset of X is small. We say that the action has the small-boundary property (SBP)
if for every point x ∈ X and every neighbourhood U of x , there is an open neighbourhood
V ⊆ U of x with small boundary.

When Γ is amenable, for any subset Z of X it is easy to check that the function F →

maxx∈X


s∈F 1Z (sx) defined on the set of nonempty finite subsets of Γ satisfies the conditions
of the Ornstein–Weiss lemma [23, Theorem 6.1]. Thus 1

|F |
maxx∈X


s∈F 1Z (sx) converges to

some limit as F becomes more and more left invariant. Shub and Weiss defined Z to be small if
this limit is 0 [28]. It is proved in p. 538 of [28] that when Γ is amenable and Z is closed, the
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definition of Shub and Weiss coincides with Definition 8.1. The notion of the SBP was introduced
in [22,23].

If X has less than 2ℵ0 ergodic G-invariant Borel probability measures, then the action has the
SBP [28] [23, p. 18].

When Γ is amenable, Lindenstrauss and Weiss showed that actions with the SBP has zero
mean topological dimension [23, Theorem 5.4]. We extend their result to sofic case:

Theorem 8.2. Let a countable sofic group G act continuously on a compact metrizable space
X. Suppose that the action has the SBP. Let Σ be a sofic approximation sequence for G. Then
mdimΣ (X) ≤ 0.

Lindenstrauss showed that if a continuous action of Z on a compact metrizable space has
a nontrivial infinite minimal factor and has zero mean topological dimension, then it has the
SBP [22, Theorem 6.2]. Gutman showed that if a continuous action of Zd for d ∈ N on a compact
metrizable space has a free zero-dimensional factor and has zero mean topological dimension,
then it has the SBP [14, Theorem 1.11.1]. It is not clear in what generality the converse of
Theorem 8.2 is true (see the discussion on p. 20 of [23]).

We shall adapt the argument of Lindenstrauss and Weiss to our case, by replacing the set
{(sx)s∈H : H ∈ G} ⊆ X H for an approximately left invariant finite subset H of G in their proof
with the set Map(ρ, F, δ, σ ). First we need the following three lemmas.

Lemma 8.3. Let a countable group Γ act continuously on a compact metrizable space X. Let
Z be a closed subset of X. Then for any ε > 0 there is an open neighbourhood U of Z with
supµ∈M(X,Γ ) µ(U ) < ε + supµ∈M(X,Γ ) µ(Z).

Proof. Suppose that this is not true. Denote by S the set of all open neighbourhoods of Z ,
partially ordered by reversed inclusion. Then M(X,Γ ) is nonempty, and for each U ∈ S there
is some µU ∈ M(X,G) with µU (U ) ≥ ε + supµ∈M(X,Γ ) µ(Z). Take a limit point ν of this net
{µU }U∈S in the compact space M(X,Γ ). We claim that ν(Z) ≥ ε + supµ∈M(X,Γ ) µ(Z), which
is a contradiction.

To prove the claim, by the regularity of ν, it suffices to show ν(V ) ≥ ε + supµ∈M(X,Γ ) µ(Z)

for every V ∈ S . Take U ′
∈ S with U ′ ⊆ V . Take a continuous function f : X → [0, 1] such

that f = 1 on U ′ and f = 0 on X \ V . For any U ∈ S satisfying U ⊆ U ′, one has


X f dµU ≥

µU (U ) ≥ ε + supµ∈M(X,Γ ) µ(Z). It follows that ν(V ) ≥


X f dν ≥ ε + supµ∈M(X,Γ ) µ(Z), as
desired. �

Lemma 8.4. Consider a continuous action of a countable group Γ on a compact metrizable
space X with the SBP. Then for any finite open cover U of X and any ε > 0 there is
a partition of unity φ j : X → [0, 1] for j = 1, . . . , |U | subordinate to U such that

supµ∈M(X,Γ ) µ(
|U |

j=1 φ
−1
j (0, 1)) < ε.

Proof. For each x ∈ X , take an open neighbourhood Vx of x with small boundary such that Vx
is contained in some element of U . Since X is compact, we can cover X by finitely many such
Vx ’s. Note that if two subsets Y1 and Y2 of X have small boundary ∂Y1 and ∂Y2 respectively,
then ∂(Y1 ∪ Y2) ⊆ ∂Y1 ∪ ∂Y2 is also small. Thus we may take the union of those chosen Vx ’s
whose closures are contained in one element of U to obtain an open cover U ′ of X such that each
element of U ′ has small boundary and there is a bijection ϕ : U ′

→ U with U ′ ⊆ ϕ(U ′) for every
U ′

∈ U ′.
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By Lemma 8.3, for each U ′
∈ U ′ we can find an open neighbourhood U ′′ of the boundary

∂U ′ of U ′ such that supµ∈M(X,Γ ) µ(U
′′) < ε/|U |. Replacing U ′′ by U ′′

∩ ϕ(U ′) if necessary,

we may assume that U ′′
⊆ ϕ(U ′). Take an open neighbourhood U ′′′ of ∂U ′ such that U ′′′ ⊆ U ′′.

List the elements of U ′ as U ′

1, . . . ,U
′

|U |
. For each 1 ≤ j ≤ |U |, take a continuous function

ψ j : X → [0, 1] such that ψ j = 1 on U ′

j and ψ j = 0 on X \ (U ′

j ∪ U ′′′

j ). Now define φ j for

1 ≤ j ≤ |U | inductively as φ1 = ψ1, and φ j = min(ψ j , 1 −
 j−1

i=1 φi ) for 2 ≤ j ≤ |U |.
We claim that φ1, . . . , φ|U | is a partition of unity subordinate to U . One has 0 ≤ φ1 = ψ1 ≤ 1.

For each 2 ≤ j ≤ |U |, one also has φ j ≤ 1−
 j−1

i=1 φi . Thus
 j

i=1 φi ≤ 1 for every 1 ≤ j ≤ |U |.

In particular, one get φ j = min(ψ j , 1 −
 j−1

i=1 φ j ) ≥ 0 for every 2 ≤ j ≤ |U |. For any x ∈ X ,
if x ∈ U ′

1 then φ1(x) = ψ1(x) = 1, otherwise x ∈ U ′

j for some 2 ≤ j ≤ |U | and thus

φ j (x) = min(ψ j (x), 1 −
 j−1

i=1 φi (x)) = 1 −
 j−1

i=1 φi (x). It follows that
|U |

j=1 φ j = 1. Note

that for each 1 ≤ j ≤ |U |, the support of φ j is contained in U ′

j ∪ U ′′′

j , which in turn is contained
in ϕ(U ′

j ). This proves our claim.
Now one has

|U |
j=1

φ−1
j (0, 1) ⊆

|U |
j=1

ψ−1
j (0, 1) ⊆

|U |
j=1

U ′′′

j ⊆

|U |
j=1

U ′′

j ,

and hence µ(
|U |

j=1 φ
−1
j (0, 1)) ≤ µ(

|U |

j=1 U ′′

j ) < ε for every µ ∈ M(X,Γ ). �

Lemma 8.5. Let a countable group Γ act continuously on a compact metrizable space X. Let
ρ be a compatible metric on X. Let Z be a closed subset of X, and ε > 0. Then there exist a
nonempty finite subset F of Γ and δ > 0 such that, for any map σ from Γ to Sym(d) for some
d ∈ N, one has

1
d

max
ϕ∈Map(ρ,F,δ,σ )


a∈[d]

1Z (ϕ(a)) < ε + sup
µ∈M(X,Γ )

µ(Z).

Proof. Suppose that for any nonempty finite subset F of Γ and any δ > 0, there are a map σF,δ
from Γ to Sym(d) for some d ∈ N and a ϕF,δ ∈ Map(ρ, F, δ, σF,δ) with

1
d


a∈[d]

1Z (ϕF,δ(a)) ≥ ε + sup
µ∈M(X,Γ )

µ(Z).

Denote by µF,δ the probability measure 1
d


a∈[d]

δϕF,δ(a) on X . The set of all such (F, δ) is
partially ordered by (F, δ) ≥ (F ′, δ) when F ⊇ F ′, δ ≤ δ′. Take a limit point ν of {µF,δ}F,δ in
the compact set of Borel probability measures on X . Then there is a net {(F j , δ j )} j∈J of pairs
such that µF j ,δ j → ν as j → ∞ and for any (F, δ) one has (F j , δ j ) ≥ (F, δ) for all sufficiently
large j ∈ J .

We claim that ν is G-invariant. Let g be a continuous R-valued function on X . For each
δ > 0, set Cδ = maxx,y∈X,ρ(x,y)≤δ |g(x) − g(y)|. For any j ∈ J and any s ∈ F j , since
ϕF j ,δ j ∈ Map(ρ, F j , δ j , σF j ,δ j ), we have |Ws | ≥ d(1 − δ j ), where

Ws = {a ∈ [d] : ρ(ϕF j ,δ j (sa), sϕF j ,δ j (a)) ≤

δ j }.
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Thus, for any j ∈ J and s ∈ F j , one has

|µF j ,δ j (g)− (sµF j ,δ j )(g)| =
1
d


a∈[d]

g(ϕF j ,δ j (a))−


a∈[d]

g(sϕF j ,δ j (a))


=

1
d


a∈[d]

g(ϕF j ,δ j (sa))−


a∈[d]

g(sϕF j ,δ j (a))


≤

1
d


a∈[d]

|g(ϕF j ,δ j (sa))− g(sϕF j ,δ j (a))|

≤
1
d
(|Ws |C√

δ j
+ (d − |Ws |)2∥g∥∞)

≤ C√
δ j

+ 2δ j∥g∥∞.

Letting j → ∞, we have µF j ,δ j (g) → ν(g) and (sµF j ,δ j )(g) → (sν)(g) for every s ∈ G, and
δ j ,C√

δ j
→ 0. It follows that ν(g) = (sν)(g). This proves the claim.

Next we claim that ν(Z) ≥ ε + supµ∈M(X,Γ ) µ(Z), which is a contradiction.
To prove the claim, by the regularity of ν, it suffices to show ν(U ) ≥ ε + supµ∈M(X,Γ ) µ(Z)

for every open neighbourhood U of Z . Take a continuous function f : X → [0, 1] such that
f = 1 on Z and f = 0 on X \ U . For any j ∈ J one has

µF j ,δ j ( f ) ≥
1
d


a∈[d]

1Z (ϕF j ,δ j (a)) ≥ ε + sup
µ∈M(X,Γ )

µ(Z).

Letting j → ∞, we get ν(U ) ≥ ν( f ) ≥ ε + supµ∈M(X,Γ ) µ(Z) as desired. �

We are ready to prove Theorem 8.2.

Proof of Theorem 8.2. Fix a compatible metric ρ on X . Let U be a finite open cover of X . Set

k = |U |. Let ε > 0. Take φ1, . . . , φk as in Lemma 8.4 for U and ε. Set Z =
k

j=1 φ
−1
j (0, 1).

Then supµ∈M(X,G) µ(Z) ≤ ε. By Lemma 8.5 we can find a nonempty finite subset F of G and
δ > 0 such that, for any map σ from G to Sym(d) for some d ∈ N, one has

1
d

max
ϕ∈Map(ρ,F,δ,σ )


a∈[d]

1Z (ϕ(a)) < ε + sup
µ∈M(X,G)

µ(Z) ≤ 2ε.

Define Φ : X → Rk by Φ(x) = (φ1(x), . . . , φk(x)). Define ΦF,δ,σ : Map(ρ, F, δ, σ ) → Rkd

by

ΦF,δ,σ (ϕ) = (Φ(ϕ(1)), . . . ,Φ(ϕ(d))).

Let ei
j , i = 1, . . . , d, j = 1, . . . , k be the standard basis of Rkd . For every I ⊆ [d] with

|I | ≤ 2εd and every ξ ∈ {0, 1}
kd , define

C(I, ξ) = span{ei
j : i ∈ I, 1 ≤ j ≤ k} + ξ.

Then

ΦF,δ,σ (Map(ρ, F, δ, σ )) ⊆


|I |≤2εd,ξ∈{0,1}kd

C(I, ξ).
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Note that ΦF,δ,σ is U d
|Map(ρ,F,δ,σ )-compatible, and


|I |≤2εd,ξ∈{0,1}kd C(I, ξ) is a finite union

of at most 2εkd dimensional affine subspaces of Rkd . Since the union of finitely many closed
subsets of dimension at most 2εkd has dimension at most 2εkd [15, p. 30 and Theorem V.8],
from Lemma 3.6 we get

D(U , ρ, F, δ, σ ) ≤ 2εkd.

It follows that DΣ (U) ≤ 0, and hence mdimΣ (X) ≤ 0. �

We leave the following

Question 8.6. Could one strengthen Theorem 8.2 to get mdimΣ ,M(X) = 0?
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