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Abstract

We study C*-algebras associated with subsemigroups of groups. For a large class of such semigroups
including positive cones in quasi-lattice ordered groups and left Ore semigroups, we describe the
corresponding semigroup C*-algebras as C*-algebras of inverse semigroups, groupoid C*-algebras and
full corners in associated group crossed products. These descriptions allow us to characterize nuclearity
of semigroup C*-algebras in terms of faithfulness of left regular representations and amenability of
group actions. Moreover, we also determine when boundary quotients of semigroup C*-algebras are UCT
Kirchberg algebras. This leads to a unified approach to Cuntz algebras and ring C*-algebras.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

We continue the project started in [21] about C*-algebras associated with semigroups. The
study of such semigroup C*-algebras goes back to L. Coburn [5,6] and was continued in for
example [12,25-28]. While there is a canonical reduced version for the semigroup C*-algebra,
namely the C*-algebra generated by the left regular representation of the (left cancellative)
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semigroup, G. Murphy showed in [28] that the most obvious candidate for the full semigroup
C*-algebra is intractable even for very simple (for instance abelian) semigroups. So one of the
main difficulties was to find a good full version of semigroup C*-algebras, given by generators
and relations, which could be viewed as the analogue of full group C*-algebras.

Building on the ideas of A. Nica [30], a new definition of such full semigroup C*-algebras
was proposed in [21, Section 3]. It was shown in [21] and also [32] that this new full version is
well-suited for studying amenability of semigroups. However, amenability is a strong property
which interesting examples fail to have. One of the most striking examples is probably the n-fold
free product N of the natural numbers, due to A. Nica. The full semigroup C*-algebra of Nj"
is by definition the universal C*-algebra generated by n isometries with pairwise orthogonal
range projections, so it is (isomorphic to) the canonical extension of the Cuntz algebra O,.
Hence it follows that this full semigroup C*-algebra is nuclear and that it coincides with the
reduced semigroup C*-algebra of N". At the same time, the semigroup N§" is certainly not
amenable. The main goal of this paper is to give an explanation how such a highly non-amenable
semigroup like Nii" can still lead to nuclear semigroup C*-algebras and have a faithful left regular
representation.

For this purpose, it turns out to be very convenient to write semigroup C*-algebras as
full corners in group crossed products. The standard way of doing this would be to describe
semigroup C*-algebras as semigroup crossed products (by endomorphisms) first and then to
apply dilation theory. The idea of dilation goes back to J. Cuntz in his work on the Cuntz
algebras. Later on, dilation theory has been fully developed, in the probably most general setting,
by M. Laca in [17]. He shows that one can use inductive limit procedures to dilate isometries to
unitaries and endomorphisms to automorphisms so that in the end, semigroup crossed products
can be embedded as full corners into group crossed products. This means that questions about
semigroup crossed products translate into questions about group crossed products which have
already been intensively studied. However, this dilation theory as described here only works for
left Ore semigroups, and the question remains what to do for semigroups like Ni;" which do not
satisfy the left Ore condition.

Now, in the present paper, our main observation is that for semigroup C*-algebras in the sense
of [30] or [21], the left Ore condition is not essential for embedding semigroup C*-algebras as
full corners into group crossed products.

More precisely, for a subsemigroup P of a group G, we show that under two conditions,
the full and reduced semigroup C*-algebras of P embed as full corners into full and reduced
crossed products by G. The underlying (C*-)dynamical system is the same for both the full and
reduced versions. It is in a canonical way built out of the inclusion P € G and a distinguished
commutative subalgebra of the semigroup C*-algebras. The two conditions we have to impose
are that the constructible right ideals of P are independent and that P C G satisfies the so-called
Toeplitz condition. The first condition was introduced in [21] and guarantees that the canonical
commutative subalgebras of the full and reduced semigroup C*-algebras coincide. This condition
also plays a crucial role in [10]. The second condition is new. It basically says that the procedure
of compressing operators on ¢2(G) to £>(P) is well-behaved. We show that this condition is
satisfied in typical examples. In particular, it holds for positive cones in quasi-lattice ordered
groups and left Ore semigroups. Our main point is that we do not need the left Ore condition,
only the two conditions described above to embed full semigroup C*-algebras as full corners
into group crossed products. The idea is to write both semigroup C*-algebras and the group
crossed products into which we would like to embed as groupoid C*-algebras. The underlying
groupoids are equivalent more or less by construction, so that we can use the observation by [23]
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that equivalences of groupoids give rise to explicit imprimitivity bimodules of the corresponding
groupoid C*-algebras. This allows us to show that certain universal norms coincide. We point
out that we work with the full version of semigroup C*-algebras introduced in Section 3 in [21].

As an application, we give equivalent characterizations for nuclearity of semigroup C*-
algebras. For instance, we see that nuclearity can be expressed in terms of amenability of group
actions. Moreover, nuclearity of semigroup C*-algebras implies faithfulness of the corresponding
left regular representations. This result, applied to the special case of the free semigroup N,
yields the desired explanation why the C*-algebras of N§j" have nice properties although the
semigroup is highly non-amenable.

In addition, we extend existing results about induced ideals and boundary quotients from the
quasi-lattice ordered case to our more general setting. This leads to a unified approach to specific
constructions like Cuntz algebras or ring C*-algebras. As a second application of our main
observation, we obtain a general explanation why these examples are UCT Kirchberg algebras.
In the special case of N, the boundary quotient is the Cuntz algebra O,, and our result gives a
description of O, as a full corner in a crossed product of a commutative C*-algebra by the free
group IF,,. To the author’s knowledge, such a description was not known before. With the help of
this new description, nuclearity of O, follows from the well-known fact that the free group F,
acts amenably on its Gromov boundary.

So we see that the present paper gives a unified and systematic explanation for previously
known results. At the same time, it sets the ground for new work on semigroup C*-algebras and
allows us to study many more examples of semigroups and their C*-algebras. For instance, a third
application of our main observation is presented in [11] which constitutes a vast generalization of
the K-theoretic results in [10]. Furthermore, the reader may find a list of examples of semigroups
in [11] which might be interesting to study.

The present paper is structured as follows.

In the first preliminary section, we describe the setting (Section 2.1) and analyze commutative
C*-algebras generated by independent commuting projections (Sections 2.2, 2.3).

We then consider semigroup C*-algebras and the more general notion of semigroup crossed
products by automorphisms (the semigroup C*-algebra is the crossed product for the trivial
action on the complex numbers). We first look at reduced versions (Section 3). We find conditions
when reduced semigroup crossed products by automorphisms embed as full corners into group
crossed products. This leads us to the Toeplitz condition mentioned above. It is introduced and
briefly discussed in Section 4.

In Section 5, we then describe reduced and full semigroup crossed products by automorphisms
as crossed products by partial automorphisms of inverse semigroups and groupoid crossed
products. Here we need to assume that the constructible right ideals of our semigroup are
independent. The first main observation is that the Toeplitz condition is precisely what we need to
embed full semigroup crossed products by automorphisms as full corners into the corresponding
full group crossed products (see Theorem 5.24).

As a consequence of our first main result, we determine equivalent characterizations of
nuclearity for reduced and full semigroup C*-algebras in Section 6.

In Section 7, we study induced ideals of semigroup C*-algebras. We first extend our results
on embeddability into full corners and nuclearity to the situation of ideals and quotients (see
Section 7.1). Induced ideals are obtained from invariant subsets of the spectrum of the canonical
commutative subalgebra of the semigroup C*-algebra. Therefore, we explicitly describe this
spectrum in Section 7.2. Moreover, we extend the notion of the boundary from [16] to our
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general setting. We analyze the boundary action in Section 7.3 and find a necessary and sufficient
criterion when the boundary quotient is a UCT Kirchberg algebra.

Finally, we turn to examples in Section 8. For quasi-lattice ordered groups, we prove that
the analysis from [18] may be extended to obtain the stronger property of nuclearity of the
corresponding semigroup C*-algebras (see Section 8.1). We also treat the case of the free product
NG" in Section 8.2. The boundary quotient in this case is the Cuntz algebra O,, and an application
of our results yields a description of O, — up to Morita equivalence — as a crossed product
associated with the action of the free group [F,, on the “positive part” of its Gromov boundary.
Another class of examples is provided by left Ore semigroups (see Section 8.3). It turns out that
ring C*-algebras are the boundary quotients of the semigroup C*-algebras of the corresponding
ax + b-semigroups. This explains why several aspects of the structure of ring C*-algebras are
very similar to those of the Cuntz algebras.

In Section 9, we discuss a few open questions which may be interesting for future research.

2. Preliminaries
2.1. The setting

Throughout this paper, let P be a subsemigroup of a group G. We assume that P contains
the unit element e of G. All the semigroups in this paper will be unital, and all semigroup
homomorphisms shall preserve the units. Moreover, we point out that we are only looking at
discrete semigroups and discrete groups.

As explained in [21], the right ideal structure of P plays an important role in the construction
and analysis of the semigroup C*-algebras of P. By a right ideal of P, we mean a subset X
of P which is closed under right multiplication, i.e. for all x € X and p € P, the product xp
lies in X. Given a subset (for example a right ideal) X of P and a semigroup element p, we
can form the left translate of X by p, i.e. pX = {px : x € X}, and also the pre-image of X
under left multiplication by p, i.e. p~!X = {y € P : py € X}. Since G also acts on itself by
left translations, we can also translate a subset X by a group element g. We denote the translation
byg-X :={gx:x e X}.Wehavefor pin Pand X C Pthat pX = p-X,but p~ !X #£ p~1. X
in general. Instead, we have the relation p~'X = (p~!- X) N P.

The following family of right ideals was introduced in [21].

Definition 2.1. Let [J be the smallest family of right ideals of P such that

e )P c T,
e 7 is closed under left multiplication and pre-images under left multiplication (X € J, p €
P=pX,p~'X e

Elements in 7 are called constructible right ideals of P.

As observed in Section 3 in [21], the family J is automatically closed under finite intersections.
In our situation of a subsemigroup of a group, it is also important to consider the following.

Definition 2.2. Let 7 }9 be the smallest family of subsets of G which contains 7 and which is

closed under left translations by group elements (Y € 7, ,9 ,8€G=>g-YeJg [(,; ) and finite
intersections.
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It is immediate from the definitions that J consists of @ and all right ideals of the form
qflpl . qn’lpnP (pi, qi € P). Moreover, ._7}? is given by all finite intersections of subsets of
the form g - X, for g € G and X € J. Actually, J }? consists of ) and all finite intersections of
subsets of G of the form g - P (for g € G).

2.2. Semigroups of commuting projections

We will be interested in the following situation: let D = C*(E) be a C*-algebra generated by
a multiplicative semigroup E of pairwise commuting projections. Given projections ey, ..., e,
in E, let \/;-1=1 e; be the smallest projection in D which dominates all the e; (1 <i < n).

Definition 2.3. We say that E is independent in D if for all e, eq, ..., e, in E, the equation
e =\/_, e; implies that e = ¢; for some 1 <i < n.

Following ideas which appeared in the proof of Proposition 2.24 in [21], we obtain the
following.

Proposition 2.4. The following are equivalent:

(1) E is independent in D,

(ii) whenever T is a C*-algebra and ¢ : E — Proj(T) is a semigroup homomorphism
sending 0 to 0 if 0 € E, then there exists a (unique) homomorphism D — T given by
et @(e)foralle € E,

(iii) {e € E : e # 0} is linearly independent in D.

Proof. We start with “(i) = (ii)”. The idea is to write D as an inductive limit of finite dimensional
subalgebras. For every finite subset F' of E such that F U {0} is multiplicatively closed, set
Dr = C*(F) = span(F). As all the projections e € F commute, we may orthogonalize them
in Dp: for every 0 # e € F, form the projection er p = e — \/,~cp €. As E is independent,
all these projections er p are non-zero (for 0 # e € F). Moreover, these projections are
pairwise orthogonal, and they generate D . Thus we obtain D = @, LecF C - ef,p. Similarly,
form e‘;’r = p(e) — \/w(E)Zfew(F) f in T. These projections e(f,-,T are pairwise orthogonal
by construction. Thus there exists by the universal property of @0#6 rC-erp = CIF\OY 5
homomorphism D — T defined by e p +> e, ;. By construction, e = Yo ,icp €f p i
sent to Y, cp € ‘;’T = ¢(e). Therefore, these homomorphisms {Dr — T} are compatible

with the canonical inclusions D < Dj for F C F. Hence they define a homomorphism

D =Jp Dr — T whichsends e € D to ¢(e) € T forall e € E, as desired.

For “(ii) = (iii)”, note that by (ii), there exists a homomorphism D — D ® D,e — e Q@ e.
As D is commutative, it does not matter which tensor product we choose. Restricting to
D2 .= span(E), we obtain a homomorphism

pie . pilg o palg, e~ eQe. )

As D2 is spanned by E, we can choose a subset E’ of E such that E’ is a C-basis of D¢, Now
take ¢ € E. We can write ¢ as a finite sum e = ) _; A;¢; for some ¢; € E’. The homomorphism
from .(1) sendsetoe®e =3, ;Aikje; ®e)and 3 ; Aiej to ) ; Aie; ® ej. Bute and ), Aie;
coincide, so they have to be sent to the same element. We conclude that

Z)»,-)»jel/- ® e;- = Zkie; Rel. @)
i f
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As E’ is a C-basis for D¢, {¢'® ¢” : ¢/, ¢” € E'} is a C-basis for D¢ © D¢ Thus we can
compare coefficients in (2) and deduce A;A; = 01if i # j and )\% = A;. It follows that there can
at most be one non-zero coefficient A; which must be 1. Thus eithere = 0 or e = el/. € E'.We
deduce that E’ = E \ {0}. But this means that {¢ € E : e 0} is a C-basis of D2, hence linearly
independent.

To see “(iii) = (i)", we observe that \/i_; ei = Yy rcqr. i (—DFI7 [T;cr €. Thus an
equation of the form e = \/]_, ¢; with e > ¢; forall 1 < i < n would give us a non-trivial
relation contradicting linear independence. [

2.3. Families of subsets

Let us now specialize to a situation which will appear later on in this paper. Let *3 be a discrete
set and JJ be a family of subsets of 3. We assume that ¥ € J and that J is closed under finite
intersections.

Definition 2.5. J is called independent if for all X, X1, ..., X, in J, we have that X; C X for
all 1 <i < nimplies J;_; X; C X.

In other words, J is independent if whenever X = U;’zl X; for X, X1, ..., X, inJ, then there
must be an index 1 < i < n such that X = X;. This independence condition was introduced
in [21].

For a subset X of 3, we write 1y for the characteristic function of X defined on 3. We view
1y as an element of £°° () and let £°°(PB) act on £2(P) by multiplication operators. Let Ex be
the multiplication operator corresponding to 1 x.

Definition 2.6. We set D := C* ({Ex : X € J}) € £°(P) € L(L*(P)).

It is easy to see that JJ is independent if and only if {Ey : X € J} is independent in D in the sense
of Definition 2.3. Thus, Proposition 2.4 yields in our present setting.

Corollary 2.7. The following are equivalent:

(1) J is independent,

(ii) whenever T is a C*-algebra and ex, X € J, are projections in T satisfying ey = 0 and
ex,nx, = ex,ex, forall X1, Xo € J, then there exists a (unique) homomorphism D — T
given by Ex +— ex forall X € 3,

(i) {Ex : X # @} is linearly independent in D.

From now on, we always assume that JJ is independent. Let us describe the spectrum of D.
Corollary 2.8. For every function ¢ : J — {0,1} with ¢(@) = 0 and ¢p(X1 N Xp) =

¢ (X1)p(Xp) for all X1, X» € J, there exists a unique homomorphism D — C determined
by Ex — ¢(X).

Proof. Just set 7 = C in item (ii) of Corollary 2.7. O

Let us call a subset F of J satisfying

e X1CXed, X1eF=Xpe F,
e X, X e F=X1NXy€eF,
e W& F,

a J-valued filter.
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Corollary 2.9. We can identify Spec D with the set X of all non-empty J-valued filters via
SpecD > x = {X eJ: x(Ex)=1}.

Proof. The inverse of this map is given by sending a non-empty J-valued filter to the character x
of D uniquely determined by x(Ex) = 1 if X € F and x(Ex) = 0if X ¢ F. Such a character
exists by Corollary 2.8. O

The topology of pointwise convergence on Spec D corresponds under the bijection
SpecD> x> {XeJ:x(Ex)=1}e X 3)
to the following topology on X' for X, X1, ..., X, in J, let
UX; X1,...,.Xp) ={FeX:XeF, X;¢gFforall <i <n}.
Then a basis for the topology on X induced by the one on Spec D is given by the open sets
{UX; X1,.... X)) in€Z=0, X, X1,.... Xn €3} 4)

Finally, we call a J-valued filter which is maximal (in %) with respect to inclusion a J-valued
ultrafilter.

Definition 2.10. We let X, be the set of all J-valued ultrafilters. The subset of Spec D
corresponding to Y.« under the identification (3) is denoted by (Spec D)max. Moreover, we
set 3% = Znax C X and denote the closed subset of Spec D corresponding to 9% under the
homeomorphism (3) by dSpec D.

Remark 2.11. Note that F € X lies in X« if and only if forall X € J, X & F thereis X' € F
with X N X' = 0.

3. A first look at the reduced case

Let us first of all define reduced semigroup C*-algebras and reduced crossed products by
automorphisms (see [21]). We start with reduced semigroup C*-algebras. Recall that P is a sub-
semigroup of a group G. Let {&, : x € P} be the canonical orthonormal basis of £2(P). For every
p € P, the formula V&, = ¢p, extends to an isometry on £2(P). Now the reduced semigroup
C*-algebra of P is simply given by the sub-C*-algebra of £L(¢?(P)) generated by these isome-
tries {Vp :pE€ P}. We denote this concrete C*-algebra by C(P), i.e. we set the following.

Definition 3.1. C}(P) := C* ({V, : p € P}) € L(£*(P)).

As we have done in Section 2.3, we denote by Ex € L(¢£?(P)) the orthogonal projection onto
02(X) C 02(P) for every subset X of P. We then set the following.

Definition 3.2. D, .= C*({Ex : X € J)).

As explained in [21], D, is a commutative sub-C*-algebra of C}(P).

Now we turn to crossed products. Let A be a C*-algebra which we will always think of as
a non-degenerate sub-C*-algebra of £(H) for some Hilbert space H. Assume that we are given
a G-action « on A. Define for every a in A the operator a(|,) € L(H ® 2(P)) by setting
Aalp)(E ® &) = (a7 (a)é) ® &, forall € € H, x € P.
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Definition 3.3. The reduced automorphic crossed product of A by P is given by Axg, . P =
C* ({awp(IH®Vy) ta € A, p € P}) € L(H ® ¢*(P)) where Iy is the identity operator on
H.

Of course, we can canonically identify (Cx{‘r’r P with C(P).

We now discuss the question whether Axg . P can be embedded as a full corner into
an ordinary (reduced) group crossed product. Let A : G — U (£2(G)) be the left regular
representation of G. The group G acts on £°°(G) by left translations. We call this action z,
and we denote the action of G on the multiplication operators on £2(G) corresponding to £°(G)
by t as well. It is clear that 7 is spatially implemented by A. As before, for a subset Y of G, we
let Ey € E(KZ(G)) be the orthogonal projection onto EZ(Y) c EZ(G). In particular, Ep is the
orthogonal projection onto 2(P) C 2(G).

Definition 3.4. We let Dg be the smallest sub-C*-algebra of £>°(G) € L(£*(G)) which is -
invariant and contains Ep.

Lemma 3.5. With J§ from Definition 2.2, we have D§ = span ({Ey : Y € J5'}).

Proof. Every Y in jﬁ is of the form ();_, g;- X, forg; € G, X; € J.Thus Ey = [[;_, 7, (Ex;,)
lies in Dg. This proves “2”. Conversely, the set {E y:YeJ E } is multiplicatively closed as 7, PG

is closed under finite intersections. Moreover, this set is T-invariant and contains E p. Thus “C”
holds as well. [

As in the construction of reduced crossed products, we define for a € A the operator

adw) € LOH ® €2(G)) by aw) (€ ® &) = (a7 (@)E) ® &, for all & in H and x in G. The
following is just Proposition 2.5.1 in [10] with general coefficients.

Lemma 3.6. The homomorphism A®Dg — L(H®L*(G)) determined by a®d > aw) (I ®d)
and the group homomorphism G — UMH ® €*(G)),g +— Iy ® Ag define a covariant
representation of (A @ DS, G,a ® 1) on H ® *(G). The corresponding representation of
(A® Dg) Hagr,r G is faithful. It sends (a @ d)U, 10 a)(Iy @ d)(I ® Ag).

Note that since Dg is commutative, it does not matter which tensor product A ® Dg’ we take.

Proof. An obvious computation shows that the maps described in the lemma define a covariant
representation. Let us show that it gives rise to a faithful representation of the reduced crossed
product.

By replacing H by H ® ¢>(G) and a € A by a), we may without loss of generality
assume that the G-action @ on A is spatially implemented. This means that there exists a group
homomorphism G — U(H), g = W such that Ad (W,)(a) = a,(a). We realize the reduced
crossed product (A ® Dg) Xagr.r G as the sub-C*-algebra of L(H ® 02(G) ® £*(G)) generated
by {(a ® d)awr (g ®rg) :a € A,d e DF, g€ G| with (a ® d)ag:(E ® ¢ ® £1) =
(@' (@)&) ® (171 (d)¢) ® ;. Now define the unitary

W :H® C(G) ®H(G) > HE L*(G) ® L2(G),
Qe ®@ey > W& Qe ®e-1.

A similar computation as in [10, Proposition 2.5.1] shows
W((a® d)aer)W* = (a@) (I ® d)) ® 112G
W(lngeG) ® AW = (I ® Ag) ® Ip2(G).-
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Thus Ad (W) identifies (A ® Dg) Xagr.r G With a sub-C*-algebra of L(H &® 2G)® LG
Identifying £(H ® €*(G)) ® 12, with L(H ® £*(G)) in the obvious way, we obtain the desired
faithful representation. [

Definition 3.7. Let A X, (P C G) be the image of (A®Dg) Xa@r.r G under the representation
from the last lemma. If A = C, then we set (P C G) := C x¢,(P € G).

In the sequel, we denote for d € Dg the canonical multiplier associated with d by 1 ® d €
M(A® D§) € M(A® Df) Xagrr G.

Lemma 3.8. 1 ® Ep yields the full corner (1 ® Ep)((A ® Dg) Xogrr G)(1 @ Ep).

Proof. We have to show that span(((A® D$) xg@r G)IQEpP)(A®DS) Xagr, G)) is dense
in (A ® DY) xagrr G.

Forevery Y = ﬂ?:] gi-X; € ._7}? (gi € G, X; € J),a e Aand g € G, the operator (a ®
Ey)Ug = (a®Ey) (]2, Uy, 1®Ex, ) Uz )Ug = (a® Ey)([1j= Uy, 1@ Ex,) (A ® Ep)U; ) U,
liesin (A ® D) Xoge,r G)(1® Ep)((A® D$) Xggr,r G). Here U, are the canonical unitaries
implementing the G-action. [

In the sequel, we do not distinguish between 'H ® £2(P) and the subspace (Iy @ Ep)(H®
£2(G)) of H ® ¢£2(G). In this way, operators on H ® ¢2(P) act on H ® £(G) (on the orthogonal
complement of (I ® E PYHRL(G)), they are simply 0). For instance, the operator a(q|,) is the
same as (I ® Ep)aw)(I4®Ep) and I3y ® V), is nothing else but (I @ Ep) (I @A) (IR Ep)
forall p € P. As Axg , P is the C*-algebra generated by a(|,)(Iy ® Vp) (a € A, p € P),
we see that Axg . P is (or can be, in the way explained above, canonically identified with) a
sub-C*-algebra of the full corner (Iy ® Ep)(A Xq (P S G))(Iy ® Ep). We now address the
question when these two C*-algebras are actually the same.

Lemma 3.9. The following statements are equivalent:

(i) we have Axg . P = (In®Ep)(A Xq (P € G))(Ix® Ep) for every C*-dynamical system
(A,G, ),
(ii) C}(P) = EpC}(P € G)Ep,
(iii) for all g € G, EpigEp lies in C}(P);
and either of these statements implies
(iv) D, 2 EpDSEp.

Proof. “(i) = (ii)” is trivial.

“(ii) = (iii)": EpAgEp = Ep(EpAg)Ep € EpCi(P S G)Ep = C[(P).

“@iil) = (iv)”: By Lemma 3.5 and the definition of 7 PG from Section 2.1, it suffices to
prove that EpE, xEp lies in D, for all g € G and X € J. First of all, EpEg.xEp =
EP)»gEx)\.:,EP = (EpAgEp)Ex(EpAgEp)* lies in C}(P) by (iii). Moreover, EpEg.x Ep is
obviously contained in £°°(P) viewed as multiplication operators on 2(P). Thus EpE ¢xEp
liesin C)(P) N £*°(P), and C}(P) N £L>°(P) = D, by Remark 3.12 in [21].

“(iii) and (iv) = (i)”: We have to show that for every a € A,Y € Jg and g € G,(Ix ®
Ep)(a@) (I ® Ey)(I4 ® Ag))(I1¢ ® Ep) liesin Axg . P. We have

(In ® Ep)(a I ® Ey)(IH ® Ag))(In ® Ep)
=(Ux®Ep)awy(In @ Ep)(Iy @ EpEyAgEp)
= a|p) (U @ (EpEYEp)(EpAigEp)).
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But EpEy Ep lies in D, by (iv) and EpAgEp is in C)'(P) by (iii). Since a(q|,)(Ix @ CF(P))
lies in Axg, , P, we are done. [

Let us now summarize what we have obtained so far. Combining Lemmas 3.6, 3.8 and 3.9,
we obtain the following.

Corollary 3.10. If P C G satisfies one of the equivalent conditions (i), (ii) or (iii) from
Lemma 3.9, then the homomorphism A xg’r P — (A®D}(-,;) Xaer,r G determined by a(q|py(IH®
V)= (@a® Ep)(1 ® Ep)U,(1 ® Ep) identifies Axg,r P with the full corner (1 @ Ep)(A ®
D$) Magrr G)(1® Ep) of (A® D) Xagr., G.

Remark 3.11. Our C*-algebra C}(P < G) is called the C*-algebra of Wiener—Hopf operators
in [22,29-31].

4. The Toeplitz condition

We now introduce a condition on the inclusion P € G which is (at least a priori) stronger
than (iii) from Lemma 3.9.

Definition 4.1. We say that P C G satisfies the Toeplitz condition (or simply that P € G is

Toeplitz) if for every g € G with EpAgEp # 0, there exist p1, g1, ..., pn, g in P such that
EpigEp = V[;kl Vi ...V[j‘”an.

This Toeplitz condition will play an important role in the next section, when we consider full
versions. Moreover, we will see that in examples, the Toeplitz condition will naturally appear. In
addition, it has the following consequences.

Lemma 4.2. If P C G is Toeplitz, then

@G) forallgin G and X in J, PN (g - X) liesin J,
(>ii) ._7}9 ={g-X:g € G, X € J} (ie. intersections are not needed).
If J is independent and P C G is Toeplitz, then
(i) J. ,9 is independent.

Proof. Given ¢ € G with EpAgEp # 0, the Toeplitz condition says that there exist
P1,q1, -, Pn,qn in P suchthat EpA,Ep = V;‘l |7 V;,"n V4, - This implies that

Epng.x) = (Epkng)Ex(Ep)\ng)* = V,l;kl Vg -+ V;n anEXv;nV S Vl;kl Vi,

[pl_'ql-»-p;lan]'

Thus we deduce P N (g - X) = pl_lql .. .pn_lq,,X € J.If EpigEp = 0, then the computation
shows that P N (g - X) = ¥ lies in J. This proves (i). To prove (ii), we just have to show that
the right hand side in (ii) is closed under finite intersections. Take g1, g2 in G and X, X» in J.
Then (g1 X1) N (g2- X2) = g1+ (X1 N (8] '82) - X2) = g1 - (X1 N PN (g; ' 2) - X2) is of the

—_— ————
eJ by (i)
desired form by (i).
Now let us prove (iii) assuming that J is independent and that P C G is Toeplitz. By
(ii), it suffices to prove that given g, g1,...,8, in G and X, X1,..., X, in J such that

¢-X=U'"_,g  Xi;,wemusthave g - X = g; - X; for some i. Now g - X = U, g - Xi
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implies X = U?zl(g’lg,-) - X;. In particular, since X C P, we must have (¢g"'g;) - X; C P for
all 1 <i < n.Therefore (g 'g;)-X; = PN((g"'gi) - X;) lies in J by (i). As 7 is independent,
there exists i such that X = (g7 !g;)- X;. Thusg- X = g; - X;. O

5. Various descriptions of semigroup crossed products by automorphisms
5.1. The full versions

We now turn to full semigroup C*-algebras and full crossed products by automorphisms. We
work with the version of full semigroup C*-algebras from [21], Section 3. Recall that P is a
subsemigroup of the group G.

Definition 5.1. Let C;(P) be the universal C*-algebra generated by isometries {vp :pE€ P}
and projections {ex : X € J} satisfying the following relations:

L vpvy = vp4 forall p,gin P,
II. eg =0,
III. whenever p1, q1, - .., pn, qn € P satisfy pl_lql e p;lqn = e in G, then

* *
VX vy vE v, = e R
prod Pn i = g puar 1 P]

Weset D :=C*({ex : X € J}) € C}(P).

These relations are satisfied in C}(P) by [21, Lemma 3.1]. Therefore we obtain a
homomorphism, the left regular representation, A : Cy(P) — C;(P) given by v, — V), and
ex — Ex. As observed in [21, Lemma 3.3], the map J > X — ey € C;(P) is a spectral
measure, i.e. ep = 1 and ex,nx, = ex,ex,-

We now define full crossed products by automorphisms. Let A be a C*-algebra and « a G-
action on A. In a certain sense, we now form a universal model of the reduced crossed product
Axg . P.

Definition 5.2. The full crossed product of (A, P, «) is a C*-algebra Axg’s P which comes
with two homomorphisms ¢t : A — Axg’s Pand () : CHP) — M(Axg,x P), x — x, with
t(ap(a))v, = vpt(a) forall p € P, a € A, such that the following universal property holds.

Whenever T is a C*-algebra, ' : A — T and (*) : C¥(P) - M(T),x +— x/, are
homomorphisms satisfying

t’(ocp(a))v;, = U;L/(a) forallpe P,a e A, 5)

then there exists a unique homomorphism ¢' x (-)" : Axg ¢ P — T sending ¢(a)X to ¢'(a)x’ for
alla € Aand x € C}(P).

The existence of (Axg (P, ¢, () follows from the existence of Murphy’s crossed product
(see [26, Section 1]) and the observation that our construction is — in a canonical way — a quotient
of Murphy’s. Moreover, it is clear that (Axg, ¢ P, ¢, (+)) is unique up to canonical isomorphism.

The homomorphisms A — AXxg , P,a + agp) and C{(P) — M(Axg, P),x —
I ® A(x) satisfy the covariance relation (5). Thus, by the universal property of Axg ¢ P, there
exists a homomorphism A4, p.a) : AXg P — Axg . P sending t(a)X 0 a|,) (I ® A(x)).

Of course, in case A = C we can canonically identify (fon ¢ P with C¥(P) so that A, p i)
becomes the left regular representation A.
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5.2. Inverse semigroups of partial isometries

Definition 5.3. Let S be the multiplicative subsemigroup of C3(P) generated by the isometries
v, and their adjoints v;‘,, i.e.

S .= [v;‘,lvq1 ...v;nvqn ‘n € Zs0; pi, qi € P] U {0} C C;(P).
Also, in the reduced case, let S, be the corresponding subsemigroup of C)(P), i.e.

Sy = Vi Var - Vi Vay -1 € i pis i € P U0} = A(S) € CF(P).

It is clear that S and S, are x-invariant semigroups of partial isometries with commuting range
and source projections, hence inverse semigroups.

Lemma 5.4. The map g, : S;\{0} > G,V Vg, ...V, Vg, pl_lql .. .pn_lq,, is well-defined.
For0 #V € Sy, g-(V) is determined by the property that for everyx € P, Veyx 0= Ve, =
&g, (V)x- Moreover, we have g, (V*) = (g,(V))_l for0#£V e S, and g, (ViVa) = g, (V1) gr(V2)
for Vi, Vo in S, such that ViV, # Q.

Proof. For every 0 #£ V € S,, we obviously have for every x € P that Ve, is either O or of the
forme _ o WV =VEV, ... VYV, O
Py 491---Pn 4nX P1 1 Pn " dn

This lemma allows the following.
Definition 5.5. We set g := gy o1 : S\ {0} = G, v}, vg, ...v;nvqn = pflql . ..p;lqn.

Lemma 5.6. If J is independent, then ) : S — C(P), s — A(s) is injective, or in other words,
A identifies S with S,.

Proof. Take two elements s1, sp from § with 51 # s2, and assume without loss of generality
s1 # 0, hence sfsl # 0. As g(si‘sl) = e, si“s1 lies in D by relation III in Definition 5.1. As
J is independent, A is injective on D by [21, Corollary 3.4]. Thus A(s{s;) # 0, hence also
A(s1) # 0. So if s = 0, we conclude that A(s;) # A(s2). We may now assume that s; # 0 and
52 # 0. We start with the case g(s1) # g(s2). There exists x € P such that A(s1)ex = €g(s))x- As
A(s2)€y is either O or equal t0 €g(5,)x # Eg(sy)x> W€ have A(s1) # A(s2). If g(s1) = g(s2), then
(s1 —$2)*(s1 —s2) lies in D by relation III in Definition 5.1. As A is injective on D (/7 is assumed
to be independent) and s; # s> by assumption, we conclude that A((s; — s2)*(s1 — s2)) # O,
hence A(s; —s2) #0. O

Remark 5.7. We mention that both S and S, can be identified (up to 0) with the left inverse hull
of P (see [32]). This gives a purely algebraic description of these inverse semigroups in terms
of P.

5.3. Crossed products by partial automorphisms
Our goal is to describe Axg ¢ P as a crossed product of A ® D by S. The reader may

consult [35] for the general construction of crossed products associated with partial actions of
inverse semigroups.
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First of all, it is easy to see that for every s € §, we have an automorphism
Bs : A®s*Ds — A ® sDs*, a®d > agy)(a) ®sds™.

(For s = 0, we let By be the zero map {0} — {0}.) Moreover, we have s*Ds = s*ss*Ds C
s*sD = s*sDs*s C s*Ds so that s* Ds = s*s D is an ideal of D. In this way, S actson A ® D
by partial automorphisms, i.e. we have a semigroup homomorphism S — PAut (A® D), s — ;.

Proposition 5.8. We can identify Axg (P and (A ® D)xpS by mutually inverse
homomorphisms

Axg P — (A® D) xg S, 1(@)s — (a ® ss™)d,
(A® D) xpgS— Axg (P, (a ® ss™)8s — L(a)s.

Proof. We use the universal properties of these two crossed products to show the existence of
these homomorphisms. To construct the homomorphism Axg ¢ P — (A ® D) xg S, represent
(A ® D) xg § faithfully and non-degenerately on a Hilbert space H. Proposition 4.7 in [35]
yields representations of A ® D and S on H such that (5) is satisfied. By the universal
property of Axg, ¢ P, these representations give rise to the desired homomorphism Axg P —
(A® D) xg S, 1(a)s = (a ® ss™)ds.

In the reverse direction, the homomorphisms A ® D — Amg’ sP,a®d — t(a)d and
S — M(Axg’s P),s — s, form a covariant representation of (A ® D, S, 8) in the sense
of [35], Definition 3.4 (having represented A xg, ¢ P faithfully and non-degenerately on a Hilbert
space). Then the universal property of (A ® D) xg S (see [35, Proposition 4.8]) gives the desired
homomorphism (A ® D) xg S — Axg ¢ P sending (a ® s5¥)d; to t(a)s.

Finally, it is immediate that these homomorphisms are mutual inverses. [

We can also consider reduced versions. Let us first define the left regular representation of S.
Set §* = §\ {0} and let {Ex tx € 8% } be the canonical orthonormal basis of £2(S*). Define for

every s € § the partial isometry Ag(s) on £2(8%) by

€ if x = s™sx
As(s)ex = {Osx else

Moreover, for every a € A, let a4 s be the operator on H ® 02(5%) given by ay s(§ @ &) =
ozéf&)(a)é@)ax. The homomorphisms AQ D 3 a®s*s > ay. s (I ®As(s*s)) € LH®L2(S™))
and § 5 5 > Iy ® As(s) € LOH ® £%(S*)) form a covariant representation of (A ® D, S, ) in
the sense of Definition 3.4 in [35]. So we obtain a representation of (A® D) xg S on HRLE(S¥).
Its image is the sub-C*-algebra of L(H®£(S*)) generated by Ao, s (I ®As(s)) (a € A,s € S),
and we denote this C*-algebra by (A ® D) g, S.

Definition 5.9. (A ® D) xp,S = C*({das- Un®As(s):a€A,seS}) € LH®
22(S%)).

Lemma 5.10. There is a canonical homomorphism (A ® D) xg,S — Axg’r P sending
A, s - (IH®As(8)) to A pyA (). If T is independent, then this homomorphism is an isomorphism.

Proof. This is just the analogue of Corollary 3.2.13 and Theorem 3.2.14 from [32] for general
coefficients. The same proof as in [32] works here as well. [
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5.4. Groupoids associated with inverse semigroups

To every inverse semigroup belongs a groupoid. The reader may consult [33], Section 4.3
or [14] for the general construction. Note that all the groupoids in this paper will be r-discrete
(also called étale) and Hausdorff. We assume in the rest of this section (Section 5) that J
is independent (see Definition 2.5) and that P < G satisfies the Toeplitz condition (see
Definition 4.1).

Let us now explain how to construct the groupoid for our specific inverse semigroup S. Set
E = {s*s : s € S}, this is the set of idempotents of S. In our case, £ = {ex : X € J}. The unit
space of the groupoid of S is given by the semicharacters on E. This unit space can be canonically
identified with Spec D. As J is independent, we can identify D and D, using Corollary 3.4
from [21]. Thus A induces an identification of Spec D with {2 := Spec (D,).

To form the groupoid of S, we take S = {(s, x) € S x £2: x(A(s*s)) = 1} equipped with the
subspace topology of S x (2. Here § is viewed as a discrete set, and {2 carries the usual topology
of pointwise convergence. Next we define an equivalence relation ~ on S by setting

(s1, x1) ~ (52, x2) :& x1 = x2 and there is e € E with x;(A(e)) = 1 and s1e = sze.

Then the groupoid of S is defined by G(S) = S / ~ with the quotient topology induced from S.
We write [s, x] for the equivalence class of (s, x) € S.The groupoid structure of G(S) is given as
follows. First, for (s, x) € S, let s-x be the character y (A(s*Ls)) = xoAd (A(s)*). Two elements
[s1, x1] and [s2, x2] of G(S) are composable if s; - x2 = x1, and in that case, the product is given
by [s1, x11ls2, x2] = [s152, x2]. The inverse map is given by [s, )(]’1 = [s*, s - x]. Moreover,
the range and source maps are r : G(S) — 2, [s, x]— s - x andd : G(S) = 2, [s, x] —~ x.

Let us now compare this groupoid with another one. Namely, we have a canonical
transformation groupoid associated with the dynamical system (D}G,, G, t) since Dg is
commutative. Set Q,(,; := Spec (Dg). The group G acts on .Qg from the right by xg = x o 7,
(this is just the transpose of ). The corresponding transformation groupoid is denoted by
G = (219 x G. As a topological space, G is simply the product space Qg x G. Two elements
(x1, g&1) and (x2, g2) are composable if ;g1 = x2, and in this case we have (x1, g1)(x2, &2) =
(x1, g182). The inverse map is given by (x,g)~! = (xg,g~!). Furthermore, the range and
source maps are given by r : G — Qg, (x,8)—~ xandd : G — .Qg, (x,8) — xg.

Now we restrict G to a subset of .Qg. By our assumption that P C G is Toeplitz, we know that
D, =Ep Dg Ep by Lemma 3.9. Therefore we can define a surjective homomorphism ¢ : Dg —
D,, x — EpxEp. This homomorphism induces an embedding ¢* : 2 — Q}?, X x oc. We
set N := c*(2).

Lemma 5.11. We have N = {X € Qg :x(Ep) = 1}.

Proof. “C”: (x oc)(Ep) = x(Ep) = 1 forall x € {2 as Ep is the unit of D,.
“OIf x € Qg satisfies x (Ep) = 1, then x(x) = x(Ep)x(x)x(Ep) = (x o c¢)(x) for all
X € Dg.ThUSX = (xlp,)oce N. 0O

Corollary 5.12. N is clopen in Qg and c* : 2 — _Q}C); is open.

Proof. The first assertion is immediate from the previous lemma. To see our second claim,
observe that c* |V : {2 — N is a homeomorphism, being a continuous bijection between compact
Hausdorff spaces. Now given an open subset U C (2, ¢*(U) is open in N, hence also in Qg as
Nisopen. 0O
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We now form the groupoid
Gy =r \(Nynd'(n). (6)

g g inherits from G the structure of a topological groupoid by taking the subspace topology and
restricting the product and the inverse map.
The next observation tells us that restricting to N does not lead so far away.

Lemma 5.13. N meets every orbitin GO, i.e. for every x € GO = (21?, there exists g € G such
that d(x, g) lies in N. Moreover, the restricted range and source maps r| -1y d~'(N) — .Qg
and d| -1y d~'(N) — N are open.

Proof. For every x € Qg there exists Y € J, }9 such that x (Ey) = 1. This subset Y of G must
be of the form Y = ﬂ?zl gi - Xjforsomen > 1,g; € Gand X; € J. Thus x(Ey) = 1 implies
x(Eg,.x,) = 1,hence (xg1)(Ex,) = 1. As Ex, < Ep, we conclude that (xg1)(Ep) = 1, which
means that d(x, g1) = xg1 liesin N by Lemma 5.11.

To see that the restricted range and source maps are open, take an open subset U of G. Then
r(U Nd~'(N)) is open as U and d~'(N) are open (recall that N is open) and r is an open map
from G to G©. Also, d(U Nd~'(N)) = d(U)N N is open in N as U is open and d is an open
map G — ¢O O

Setting Gy := d~!(N), we have the following.

Corollary 5.14. Gy together with the restricted range and source maps and the left G-action and
the right Qx—action induced by the product in G is a (G, Qg)—equivalence in the sense of [23].

Proof. This follows from the previous lemma using Example 2.7 in [23]. 0O

Now we return to the groupoid G(S) and compare it with G ﬁ .

Proposition 5.15. Under our standing assumptions that [J is independent and P C G is
Toeplitz, we can identify G(S) with gIQ,’ as topological groupoids via

¢ :G(S) — Gy, [s, x1 > ((*x)g() ™", g(s)).

Proof. First of all, @ is well-defined: namely, (s1, x) ~ (s2, x) implies that there exists X € J
such that x (Ex) = 1 and sjex = spex. Thus X(A(exs*slex)) = 1, and we conclude that
sjex = spex is not zero. Using Lemma 5.4, we see that g(s1) = g(sjex) = g(szex) = g(sz)
Therefore, ((c*x)g(s)~", g(s)) really only depends on the equivalence class of (s, x) € S.

To see that ((c*x)g(s)™", g(s)) lies in GY n» We have to check that the range and source of
((c*x)g(s)™!, g(5)) lie in N. For the source this is obvious. To see that r((c*x)g(s) ™', g(s)) =
(c*x)g(s)~! lies in N, we show

(s x) = (c*x)g(s)™" forall (s, x) € . (7
Write s = v;‘,lvq,l ...v;‘,nvqn. For Y in JI?, we compute that A(s*)EpEyEpA(s) =
g pear mrory = EgortmnpEgny, g pe Thus we deduce (s - )(Ey) =
XAGHEPEYEpA(s)) = x(Eptyq-1(EY)Ep)x(A(s*s)) = ((c*x)g(s)"")(Ey). This
proves (7).

It is clear that (7) implies (c¢* x) g(s)_1 € N. So far, we have shown that @ is well-defined.
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To show that @ is injective, take [s1, x1] and [s2, x2] from G(S). Assume that ®([s1, x1]) =
D([s2, x2]) = (x, g). Then we must have g(s;) = g(s2) = g. Moreover, ¢*x; and ¢* 2 must

coincide with xg. The equality c¢*x; = c¢*xp implies x; = x2 as ¢* is injective. Finally,
to prove [s1, x1] = [s2, x2], we observe that (xg)(A(s{s1)) = (xg)(A(s3s2)) = 1 implies
(x8)(A(s{s15552)) = 1. Now set e := sis1s7s2. This projection e is of the form e = ex

for some X € J. We now claim that A(sje) = A(s2e). First of all, we have A(e) = Ey.
For x € X, A(s1e)ex = &4y as e is dominated by the support projection s{s; of s1. Similarly,
A(s2e)ey = g4y for all x € X. Since we clearly have A(sje)ey, = A(s2e)ey = 0fory & X, we
have shown A(s1e) = A(s2e). But A is injective on S by Lemma 5.6, so that sje = sye. Hence by
definition of the equivalence relation on S , we conclude that [s1, x1] = [$2, x2].

To prove surjectivity of @, take (x, g) € Qll\\,/. r(x,g) = x € Nandd(x,g) = xg € N
imply that x (Epng.p)) = x(Ep)(xg)(Ep) = 1. As P C G is Toeplitz, there exists s € S such
that EpAgEp = A(s). Thus (xg)(A(s*s)) = X (Tg(Ephg-1EpAigEp)) = X (To(E(o-1.pynp)) =
x(Epn-p)) = 1. Thus (s, (xg)|p,) lies in §. Since g(s) = g, we obtain ?([s, (xg)Ip,]) =
(((x®)Ip)g™" &) = (X &)

Let us now prove that @ is compatible with the groupoid structures. [s1, x1] and [s2, x2] are
composable if and only if

S = S =5 x2) 2t x)g(s2) !
& ((Cxgls) Hels) = (c*x)gls) (8)
But this last equation is precisely the condition for composability of @([s1, x1]) =
((c*xng(s1)™ 1, g(s1)) and D([s2, x21) = ((c*x2)g(s2) 71, g(52)). If (8) is satisfied, then
D([s1, x11ls2, x21) = P([s152, x2])
= ((c*x2)g(s152) 7", g(s152))
= ((c*x2)g(s2) ' gs) ™!, g(s1)g(52))
D (€ xngsn ™", gls1)g(s2)
(*xgGD) ™ gN)(c* x2)g(s2) 7!, g(52))
D([s1, x11) 2([s2, x2])-

Moreover,

O[5, 171 = P(s*, s - x1) = (s - g™, g(s™)

D (*)8) (). g()™H) = (¢*x. g()™H
= ((c*0)g() L g™ = (s, x) 7

Finally, @ is continuous by definition of the quotient topology as S — gﬁ (5, x) —
((c*x)g(s)_l, g(s)) is continuous. In addition, @ is open as well. Namely, let 7 : S — gs
be the canonical projection, and take an open subset U of G(S). Then 7 ~!(U) is open in S. As
S = Uses {8} x £2, we must have that 71 (U) N ({s} x £2) is open for every s € S. In other
words, for every s in S there exists an open subset U of {2 such that 7 =1 (U) = |, g {s} x Us.
Hence #(U) = Uses(c*(Us)g(s)’l) x {g(s)}is openin G as ¢* is open by Corollary 5.12. [J

Remark 5.16. In particular, Proposition 5.15 shows that G(S) is Hausdorff.
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5.5. Groupoid crossed products

We follow [34,15] and describe (A ® D) xg S as a groupoid crossed product by G(S).
First of all, we think of S as a subsemigroup of G(S)°P, the inverse semigroup of open G(S)-
sets, via the embedding

S — G(S)°P, s> Og =7 ({s} x {x € 2: x(A(s*s)) =1})

where 7 is the canonical projection 7 : S — G(S). This embedding is explained in [15], directly
after Theorem 6.5.

Let us now define a groupoid dynamical system (A x {2, G(S), «(S)) in the sense of [24,
Section 4.1]. We let A x {2 be the trivial C*-bundle over {2 with constant fibres A. Consider for
every [s, x] € G(S) the automorphism

a1 Ax{x}—>Ax{s-x}, (a, x) = (ags(a@),s - x).

It is straightforward to check that this family (a(S)(s,1)[s,x]eG(s) gives rise to the desired
groupoid dynamical system in the sense of [24, Section 4.1]. Moreover, it is also easy to see
that the dynamical systems (A ® D, S, B) and (A x {2, G(S), «(S)) correspond to one another
in the sense of [34, Theorem 5.3]. In such a situation, we may apply Theorem 7.2 of [34] and
deduce the following.

Proposition 5.17. The map (a ® sds*)8; +— [[t, Y] {gﬁsf))a flyle OS] extends to an
isomorphism (A ® D) x5S = (A x §2) Xq(s) G(S).

To proceed, we describe the full and reduced crossed products of (A ® DS . G.a® T) as
groupoid crossed products. We just have to follow Example 4.8 in [24] and Section 6 of [36].

The action of the transformation groupoid G = (Zg X G on the trivial C*-bundle A x QI(,; over
.Qg is given by the automorphisms (& x Qg)(x,g) Ax{xgl = Ax{x}, (a, x8) — (ag(a), x).
Identifying A ® Dg with Co(Qg, A) in the canonical way, we obtain from Example 4.8 in [24]
and Section 6 of [36] the following.

Proposition 5.18. The map C.(G, A®Dg) 3 [(x,8)— f(@(x)] e (Ax Qg) Xax 09 g
extends to an isomorphism (A ® DIG,) Xeer G = (A X Qg) Xox 26 g.

Similarly, the map C.(G, A ® Dg) 3 f = (x. 8~ f(®00] € (Ax Qg) Naxﬂg,rg
extends to an isomorphism (A ® Dg) Magrr G = (A X Qg) Xax 2 .r g.

Let us now restrict the G-action o x .Q}C,‘; to gg . We obtain an action o x N of gfv’ on the sub-
C*-bundle A x N (i.e. just the trivial C*-bundle over N with constant fibres A). The following
observation links the two groupoid dynamical systems we are considering.

Lemma 5.19. The dynamical systems (A x §2,G(S), «(S)) and (A x N, g%,a x N) are
isomorphic. More precisely, the identifications id x ¢* : A x 2 = A x N and ¢ : G(S) —
gﬁ, [s, x] — ((c*)()g(s)_l, g(s)) transport the action «(S) to « x N, in the sense that for
every [s,x] € G(S) and (a, x) € A x 2, we have (@ x N)gs, 4 ((d x c*)(a, x)) =
(id x ¢*)(@(S)(s. 1@ x))-
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Proof. We just have to compute that
(a X N) 45([s,)(]) ((ld X C*)(aa X)) = (a X N)((c*x)g(s)_] ,8(5)) (a7 C*X)

= (ag(s)(a), (08 ™ (7=)(Otg(s)(a), c*(s-x))
= (id x ") (ag(5)(@), s - x)
= (id x ") (@(S)[s, (1@, x)). O

Corollary 5.20. The map C.(G(S),A)> f > fod ! e CC(Q%, A) extends to isomorphisms

(A x 2) Xa(s) G(S) —> (A x N) Xaxn GV,
(A X 2) Xa(s)r GS) —>(A x N) Xaxn.r G

We now want to see that the (G, Q% )-equivalence Gy of Corollary 5.14 gives rise to an
equivalence between (A x !219, g,o x Qg) and (A x N, g%,a x N).

Lemma 5.21. Equip the trivial Banach-bundle A x Gy with the fibrewise imprimitivity bimodule
structure given by the inner products

axtron) (@1, ), (@2, ) = (a3, r(y)) € A x 02f,

(a1, (X, &), (@2, (X, @) axiaqyy = (@ ' (@fa2), xg) € A x N
and the left and right actions

(a.r() - (a,y) = (aa,y) for(a.r(y)) e AxQf,

(a, (x,8) - (ar, xg) = (aag(ar), (x,8)) for(ar, xg) € AXN.

Moreover, let G act from the left on A x Gy by (x1, &) - (a, y) = (g (a), (x1, 81)y) and let gg
act from the right on A x Gy by (a, y) - yr = (a, yyr).

Then in this way, A X Gy becomes an equivalence between (A X Qg, g,a x _Qg) and
(AXN, Q%, o X N) in the sense of Definition 5.1 in [24].

Proof. Just verify by straightforward computations that the axioms for an equivalence in
Definition 5.1 from [24] are satisfied. [

The reason why this is interesting for us is the following consequence of Theorem 5.5 in [24]
and Corollary 19 from [36].

Lemma 5.22. The canonical inclusion Cc(g,f\‘,’,A) — C.(G, A) extends to (isometric!)
embeddings

(A X N) daxny Gy = (A x Qp) %4, 06 G,

(A X N) Xaxn.r Gy = (A% QF) %406, G.

Proof. As N is clopen, gﬁ is a clopen subset of G, so that we really have C, (g,fy, A) C C.(G, A).
As Gy is clopen as well, we actually have Cc(gx, A) C C.(Gy,A) CC.(G, A).
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Let us first treat the full crossed products. Take a function f € cc(gg , A). All we have to
show is that

”f”(AXN)NaxNg]]\\/] = ”f”(Ang) NQXQGQ. )
P

We denote by * the convolution product in (A x Qg) Xy 06 G, and observe that its restriction to
P

C.(G ﬁ , A) coincides with the convolution product coming from (A X N) Xy xn G % We certainly
have

2 _ *
N Ca sy s G = (P f||(A><N)><1meg,1\\,”

2 _ * 3
1 Vepcagy s, g0 = 1 £ liaagyn, g0 (10
But now comes the crucial observation, namely that

fl**f2=((fhfZ»(AxN)wagx and fl*fz*:(AX_Qg)x ch«fl’fz» (1D
0(><P

forall f1, foin Co(Gy, A). Here (-, -)) are the inner products defined in Theorem 5.5 in [24]. The
verification of (11) is a straightforward computation. In particular, we have for our function f

f**f:«fvf»(AxN)Nngl{\; and f*f*:(AXQg)x ch«f’f» (12)
ax P

By Theorem 5.5 in [24], C.(Gn, A) isa (Ax Qg) X ax 029 G-(AXN) XgxN g,{i pre-imprimitivity
bimodule. Therefore, we conclude that

; 13)

[5 ) ay m o | = Jeaxogy v, g 6455 1)

where we take the norm in (A X N) Xgxn Q% on the left hand side and the norm in (A x
.QI?) Xox 09 G on the right hand side. Inserting (12) and (10) into (13), we obtain (9), as desired.

To treat reduced crossed products, just use Theorem 14 or rather Corollary 19 of [36] instead
of Theorem 5.5in [24]. O

Corollary 5.23. The inclusion C, (g% , A) — C.(G, A) extends to isomorphisms

(A % N) o O =y (A x 2) 1,06 G) T,

(A % N) Xaxnr GN = Lo (A4 x 28 2,006, ) L.
Here 1y is the characteristic function of N C G, viewed in a canonical way as
a multiplier of (A x Qg) Xox 26 G and (A X Qg) Xax QG r G, respectively. Moreover,

G G .

Ty ((A x 27) My 06 g) 1y and 1y ((A x £27) Moyx 09 g) Iy are full corners in the
corresponding full and reduced crossed products.

Proof. It is easy to see that cc(g,@’, A) = 1y % C.(G, A) * 1. Thus the first part of the
corollary follows from the previous lemma. We also have C.(Gy, A) = C.(G, A)*1 y. Using this
observation and also (11) from the proof of the previous lemma, the second part of our assertion
follows from [24, Theorem 5.5] in the case of full crossed products and from [36, Corollary 19]
in the reduced case. [J
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Let us summarize what we have obtained so far.

Theorem 5.24. Let P be a subsemigroup of a group G. Assume that [J is independent
(see Definition 2.5) and that P C G satisfies the Toeplitz condition from Definition 4.1. Then
the following diagram commutes:

)" o
A Ng,s P M A >dgt,r P
(A®D)><1,35 — (A®D)xﬂ,,s
(A X 2)xg(59(S) —_— (A X )Xy (5),rG(S)
= = (14)
(A X N)xguNGN e (A X N)Xgxn 9N
1y ((Axﬂg)xaxggg> 1y — 1y ((Axﬂg)xaxgg!rg> 1y

(1@ Ep) ((A® D§)a@G) (1 ® Ep) ———> (1@ Ep) (A8 DY) awrrG) (1 Ep)

Moreover, 1y and 1 @ Ep give rise to full corners in the full and reduced crossed products
associated with (A x Qg, g,a x Qg) and (A ® D¢ G,a® 7).

And finally, the square at the bottom of diagram (14) is obtained by restricting the
commutative diagram

(A x “ng)xaxﬂgg — (A X Qg)xaxﬂg,rg

l; ;l . (15)

(A® DS)¥a0:G —— (A ® D$)¥egr,G

In all these diagrams, the horizontal arrows are given by the canonical projections (the regular
representations), and the vertical maps are the isomorphisms we have explicitly constructed
before.

Proof. We just have to collect what we have proven. The first commuting square from the top is
given by Proposition 5.8 and Lemma 5.10. Proposition 5.17 tells us that on the left hand side, the
second vertical arrow from the top is an isomorphism. The third square and its commutativity are
provided by Corollary 5.20. The fourth square and its commutativity are given by Corollary 5.23.
And Proposition 5.18 gives the square at the bottom of (14) and that it is the restriction of
the commutative diagram (15). Using Corollary 3.10, we can fill in the vertical arrow on the
right hand side of the second square so that it commutes as well. That 1 gives rise to full
corners is shown in Corollary 5.23, and it corresponds to 1 ® Ep under the isomorphism from
Proposition 5.18. This completes the proof. [
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6. Nuclearity

Using our results from the previous section, we obtain equivalent characterizations for
nuclearity of semigroup C*-algebras.

Theorem 6.1. Let P be a subsemigroup of a group G. Assume that J is independent
(see Definition 2.5) and that P C G satisfies the Toeplitz condition from Definition 4.1. Then
the following are equivalent.

(i) C(P) is nuclear.
(ii) C}(P) is nuclear.
(iii) Whenever given a G-action o on a C*-algebra A, the canonical homomorphism A(s p.a) :
Axg o P — Axg . P is an isomorphism.
(iv) The groupoid Q% is amenable.
(v) The groupoid G is amenable.

Here G is the transformation groupoid Qg X G from Section 5.4, and the groupoid QZIQ,’ is the
restriction of G also introduced in Section 5.4.

Of course, amenability of G just means that G acts amenably on (21?.

Proof. We prove “(ii) < (iv) < (v)” and “(iv) = (iii)) = (i) = (ii)”.

To see “(ii) < (iv)”, plugin A = C in diagram (14). Moreover, using that (Cx N) Xy« N » g}\)’
is canonically isomorphic to the reduced groupoid C*-algebra C}(G ZIQ,’ ) by Example 10 in [36], we
see that C)(P) = C}(G x ). Since G 1]\\,’ is an r-discrete (also called étale) groupoid, it is known that
CH(G ,Q,’ ) is nuclear if and only if G ZIQ,’ is amenable (see for instance [4, Chapter 5, Theorem 6.18]).

For “(iv) < (v)”, recall that we have proven that G is equivalent to g,@ in Corollary 5.14.
As amenability is invariant under equivalences of groupoids by Theorem 2.2.17 in [1], we have
proven “(iv) < (v)”.

To see “(iv) = (iii)”, note that amenability of gﬁ implies that the fourth (counted from the
top) horizontal map in diagram (14) is an isomorphism by [1, Proposition 6.1.10]. By commuta-
tivity of (14), we deduce that A4, p o) must be an isomorphism.

For “(iii) = (i)”, first apply (iii) to A = C to deduce that A : C}(P) — C}(P) is an
isomorphism. Now use an argument as in the proof of Theorem 4.3, 3 = 4 in [4], Chapter 4:
by the definition of semigroup crossed products by automorphisms, it is easily seen that for
trivial actions, we can canonically identify Ax{ ;P with A ®max C§(P) and Axy . P with

id @pmin A1
A ®min C)(P) ® = A ®min C(P) such that the diagram

A, P.a)

a a
Axg P ———  Axg, P

- |

A Qmax C;-k(P) —> A Qmin C:(P)

commutes. The horizontal map at the bottom is the canonical homomorphism, and it must be an
isomorphism since A4, p.«) is one by (iii). This means that C;(P) is nuclear.

Finally, to go from (i) to (ii), just observe that C;'(P) is a quotient of C;(P) and apply [3,
Corollary IV.3.1.13]. O
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Remark 6.2. In particular, we see that in the situation of Theorem 6.1, nuclearity of C;(P) (or
C}(P)) implies that the left regular representation A : C}(P) — C(P) is faithful.

Remark 6.3. It certainly suffices to consider unital A in (iii) of Theorem 6.1.

For later purposes, we derive the following consequence.

Corollary 6.4. Let P be a subsemigroup of a group G. Assume that J is independent and that
P C G satisfies the Toeplitz condition. If C}(P) is nuclear, then there exists a net of completely
positive contractions ©; : C(P) — C}(P) such that

1. lim; ©;(x) = x forall x € C}(P),
2. for every i there is a finitely supported function di : G — D,,g + d;j(g) such that
O;(V)=di(g-(V)V forall0 £V € S§,.

(Sy and g, were introduced in Section 5.2 and Lemma 5.4.)

Proof. As C)(P) isnuclear, G = Q}? x G is amenable by the previous theorem. Thus combining
Theorem 6.18 and Proposition 6.16 from Chapter 5 in [4], we obtain a net #; € C.(G) such
that h; —>; 1 uniformly on compact subsets and C.(G) > f +— h; - f € C.(G) extends to
a completely positive contraction on C;(G). Under the canonical identification Dg X, G =
C}(G), we obtain a net of completely positive contractions m; such that m;(x) —; x for all
X € Dg X7 G and for every i, there exists a finitely supported function hi + G — Dg with
m;i(dUyg) = ﬁi(g)dUg foralld € Dg and g € G. To be precise, ﬁi(g) is given by x +— hi(x, g)-
Now, let ©; be the composition C*(P) = Ep(DS§ ., G)Ep < DS x;,G 5 D§ x., G.
Here we have used Lemma 3.9. We have

Oi (Vi Vg, ... Vi V) = mi(E )

_ LU _
gt an P pT g1

_ P! -1

= (Ephi(py q1-.. Py q")EP)Epflql»--pn_lanUpl_lql-.»pn_'qn‘
Setdi(g) = E ple-(g)E p. Then d; lies in D, by the Toeplitz condition. Moreover, we see that
©; has image in E p(Dg X7 G)Ep, so that identifying this corner back again with C(P), we
obtain the desired net of completely positive contractions. [

This observation will be used in the next section when we study induced ideals of semigroup
C*-algebras. Now let us show that the existence of such completely positive contractions ©; on
C;(P) implies nuclearity of C; (P). First, we set Dy := span({s € S : g(s) = g}) € C;(P),
and for a map © on C}(P), we let the d-support of © be d-supp(6) = {g € G : O|p, # 0}.
By Theorem 6.1, we know that under the assumptions of Corollary 6.4, A : C¥(P) — C;(P)
is an isomorphism. Thus Corollary 6.4 gives us completely positive contractions ©&; on C; (P)
(£ C}(P)) such that lim; ©;(x) = x for all x € C}(P) and |d-supp(&;)| < oo for all i. The
following result shows that the existence of such ©); already implies nuclearity of Cy(P).

Proposition 6.5. Let P be a subsemigroup of a group G. Assume that J is independent.
Moreover;, assume that there exists a net of completely positive contractions ©; : C¥(P) —
C(P) such that

lim ©;(x) = x forallx € C}(P), (16)

|d-supp(6;)| < oo foralli. (17
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Then for every C*-algebra A, ha p) : AXy ¢ P — AXg . P is an isomorphism.
In particular, ). : C{(P) — C}(P) is an isomorphism and C}(P) is nuclear.

Note that we do not assume that P C G is Toeplitz.

Proof. The proof is just the same as the one for “(5) = (6)” in [21, Section 4], but for arbitrary
coefficients. For the sake of completeness, we write out the proof.

. AA, P ~ d®E,
Let &' be the composite Ax{ P (A—P;)Amg’rP = A®minC;"(P)lﬁ>A ®

id(|p)~!
D, BUIR 4 ® D — Axg  P. Here & is the conditional expectation C;(P) — D,

from [21, Section 3.2]. Moreover, we used that A|p : D — D, is an isomorphism as J is
independent. The last homomorphism is given by A ® D — Axy ( P,a ® d + (a)d. Now
set D{ = span ({t(a)X 1 a € A, x € Dg}) € A, | P. Obviously the algebraic sum Y, D
is dense in Ax{ ; P. Moreover, we have by construction that £/ pa = idpa and & pp = 0if
g Fe.

Given a positive functional ¢ on Axg P, set d-supp(¢) = {g eG: ¢|D§4 #* 0}. If
|d-supp(¢)| < o0, then we have for all x € Axy ¢ P:

lp(x)|* < |d-supp()| 1l ¢ (EX (x*x)). (18)

To prove (18), let d-supp(¢) = {g1, ..., gn}. As deG D? is dense in A><1fm, P, it suffices to
prove (18) for x € deG D?. Take such an element x and a finite subset F € G such that

d-supp(¢p) € Fandx = ) geF Xg Withxg € D?. Then the same computation as in the proof of
Lemma 4.8 in [21] yields

Y plxg)
i=1
<nloll¢ (Z XZfXg) =nll¢ll ¢ (55‘ ( > x;’th))

geF g, heF

|d-supp(¢)] g1l ¢ (E2 (x*x)).

¢ (x)|?

2 n n
<n Y o)l <nllgl Y ¢(xgxg)
i=1 i=1

A

This proves (18).

Now take x € ker(Aa,p.iry)), ¥ = 0, and a positive functional ¢ on Amt“m P. Let ¢; be the
composition Axg P = A ®max Cy (P) o0 A ®max C (P) = Ax (P % C. These positive
functionals ¢; satisfy lim; ¢; (x) = ¢(x) and |d-supp(¢;)| < 00. AS A4, p,m)(x) = 0, we must
have ESA (x*x) = 0 by construction of ESA. Thus by (18), we conclude that ¢; (x) = 0 for all i.
Therefore ¢ (x) = lim; ¢; (x) = 0. As ¢ was arbitrary, we conclude that x = 0. Hence A4, p,ir)
is faithful, and we have proven the first part of our proposition. To see that A : C¥(P) — C;(P)
is an isomorphism, just set A = C. And finally, to see that C}(P) is nuclear, just proceed as in

the proof of Theorem 6.1, “(iii)) = (1)”. O

Under the (rather strong) assumption of left amenability, such ©; always exist.

Lemma 6.6. If P is cancellative and left amenable, then there exists a net 6; as
in Proposition 6.5 satisfying (16) and (17).
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Proof. First of all, P embeds into a group if it is cancellative and left amenable (see for
instance [21, Corollary 4.5]), so that we can form C;(P). As (5) in [21, Section 4.1]
holds if P is left cancellative and left amenable, we can form the states ¢; : C;(P) —
C,x = (A(x)&, &) with the & from (5) of Section 4.1 in [21]. Let ©; be the composition
C*(P) 25 C*(P) ®max C*(P) 2 C*(P), where A is given by (36) in [21]. By construction,
we have O;(s) = @i(s)s —>;s for all 0 # s € S by (5) in [21, Section 4.1]. Therefore
the ©; satisfy (16). As the & have finite support (see [21, Sections 4.1, (5)]), it follows that
|d-supp(6;)| < oo for all i (compare also [21, Section 4.2, “(5) = (6)”]). O

As a consequence, we obtain the following converse of Proposition 4.17 in [21].

Corollary 6.7. If P is cancellative, left amenable and if J is independent, then C}(P) is
nuclear:

This result was also obtained independently in [32] using different methods.
7. Ideals induced from invariant spectral subsets

In this section, we always assume that 7 is independent and that P C G satisfies the
Toeplitz condition. In this situation, we have seen that the full and reduced semigroup C*-
algebras of P can be described up to Morita equivalence as full or reduced crossed products by
G. So in principle, this reduces questions about the ideal structure of semigroup C*-algebras
to corresponding questions about certain crossed products by G. However, in our concrete
situation, there are certain induced ideals which play a distinguished role. We first of all show that
nuclearity allows us to describe induced ideals in a satisfactory way. Moreover, building on our
results from Section 5, we describe induced ideals (and their quotients) as crossed products by G
up to Morita equivalence. As these induced ideals correspond to (closed) invariant subsets of the
spectrum {2 of the diagonal sub-C*-algebra D, (or D), we take a closer look at this spectrum.
Using our observations from Section 2.3, we describe it in terms of 7. Finally, we turn to the
boundary of the spectrum and investigate the corresponding boundary action.

7.1. Induced ideals

Let I be an ideal of D,, the diagonal sub-C*-algebra of C}(P). Restricting the canonical
conditional expectation £(¢>(P)) — £°°(P), we obtain a conditional expectation &, : C *(P) —
D, (compare [21, Section 3.2]). Following [30], we define the induced ideal

Ind/, == {x € C}(P) : Ad (V)& (x*x) € I, forall V € S, }.

As A. Nica explains, the name “induced ideal” is justified because we could have obtained Ind 7,
by an induction process as described in [30, Section 6.1].
For the purpose of inducing ideals, it suffices to consider invariant ideals of D,..

Definition 7.1. An ideal I, of D, is called invariant if Ad (V)(I,) C I, forall V € §,.

The reason why we only need to consider invariant ideals is that given an ideal I, of D, we
obtain the invariant ideal I'™ := {d € D, : Ad(V)(d) € I, forall V € S,}. And just as in [30],
we have Ind 7, = Ind Ir(mv) = {x e CH(P): & (x*x) € Ir(mv)}.

We observe that the induction process is an injective map from the set of invariant ideals of
D, to the set of ideals of C}(P).
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Lemma 7.2. Every invariant ideal 1, of D, satisfies (Ind1.) N D, = &,(Ind I,;) = I,.

Proof. (Ind /,) N D, is contained in &, (Ind 1,) as & |p, = idp, .

To see £,(Ind I,) C I, take x € Ind I,. Then &, (x) lies in D, and we have &, (x)*E,(x) <
E(x*x) € I.. Thus & (x)*&, (x) lies in I, and this implies &, (x) € I,.

And finally, I, is contained in Ind I, (as &/|;, =1id; ) and in D, anyway. O

Following ideas of [30], we deduce the following consequence of nuclearity.

Proposition 7.3. If J is independent, if P C G is Toeplitz and if C}(P) is nuclear, then Ind I,
coincides with the ideal (I.) of C}(P) generated by I,.

Proof. It is clear that Ind I, 2 (I,) as I, is contained in Ind I, by the previous lemma, and
because Ind /; is an ideal of C}(P).

To prove that Ind I, C (I,), first set, for g € G, (D;)g = span({V € S, : g-(V) = g}).
Moreover, let (Ind ) = Ind Iy 0 (Xye (D)) = {¥ € Yyeg(D)g : & () € I}, Here
> geG(Dr) ¢ means the algebraic sum (without taking the closure), i.e. the set of finite sums of
the form ), xg with xg € (Dy)g.

As a first step, let us prove (Ind[.). C (I,): take x = Zg xg € (IndI,).. This means
that & (x*x) = Zg x;“xg lies in I,. Hence (I, is hereditary) all the xz,‘xg lie in I,. By polar
decomposition (see [3, Section I1.3.2]), we deduce that x, € (/). Thus x lies in (/).

The second step is to prove Ind I, € (Ind I,).. By Corollary 6.4, there exists a net ©; of
completely positive contractions C;(P) — C;(P) satistying 1 and 2 from Corollary 6.4. From
2, we deduce that for all x € C(P), we have &,(6;(x)) = d;(e)&,(x) as this formula obviously
holds for x € de(;(Dr)g because of 2. Now take x € Ind /. Then ©;(x) lies in Ind I, as
well since &,(O; (x)*O;(x)) < & (O;(x*x)) = di(e)é,(x*x) € I,. Moreover, as the d; in
Corollary 6.4 have finite support, we have 6;(x) € deG(Dr)g. Thus ©;(x) is in (Ind I,)..

And finally, by 1 in Corollary 6.4, x = lim; ©;(x) lies in (Ind /,,).. O

Just as in [30], we obtain the following characterization of induced ideals.

Corollary 7.4. If J is independent, if P C G is Toeplitz and if C}(P) is nuclear, then
{Indl, : I, < D} ={J < CH(P) : &(J) S J}.

Proof. “C” holds by Lemma 7.2. To prove “2”, take an ideal J of C(P) such that &.(J) C J.
As J is an ideal of C}(P),&,(J) is an invariant ideal of D,. Moreover, J is contained in
Ind &, (J) as forx € J, x*x also lies in J, hence &, (x*x) lies in £, (J). Thus by the last corollary,
we have Ind &, (J) = (£,(J)) € J CInd&,-(J). O

At this point, we remark that associating (/) with an (invariant) ideal I, of D, is also a natural
way of constructing ideals of C;*(P) from those of D,. Indeed, as we will see, this process is
to a certain extent even more natural, at least for our purposes. But first, we observe that the
assignment I, — (I,) is also one-to-one (under the condition that 7, is invariant).

Lemma 7.5. Given an invariant ideal I of D,, we have (I,) N D, = I,.

Proof. As we always have (/) € Ind I,, our claim follows from I, € (/,) N D, € (Ind I,) N
D, =1.. 0O
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By our assumptions that J is independent and that P € G is Toeplitz, we know that
CX(P) is isomorphic to the full corner E p(DIC;.; X7 G)Ep of the reduced crossed product
Dg X, G. Thus there is a one-to-one correspondence between ideals of C(P) and ideals
of DS x;, G given by DG x;, G > J > J|p < C}(P). Here J|p is the ideal of C}(P)
which corresponds to EpJ E p under the canonical identification C(P) = Ep (Dg X¢, G)Ep
provided by Corollary 3.10. But even more, we also know that J|p is again isomorphic to a full
corner of J, namely EpJEp.

Given an invariant ideal I, of D,, our present goal is to find a G-invariant ideal I}(,; of Dg
such that (1 g X7 G)|p = (I;). A natural candidate for / FC,; would be the smallest G-invariant
ideal of D}G, which contains 7.

Definition 7.6. We set

Ig = span({rg] (x1)...7q,(xn)-d:n€Z>, g €G, xiel,de Dg}).

We observe that it is an easy consequence of the construction of Ig that in Qg, we have

Spec (Ig) = (Spec I) - G. Here and in the sequel, we identify {2 with a subspace of Qg via the
map c¢* from Section 5.4.

Lemma 7.7. If P C G is Toeplitz, then the following hold:

() (I§ %0, G)lp = (L),
(i) EpIgEp = Iy,
(iii) forall g € G, Eptg(I,)Ep C I,
(iv) Spec I, = Spec IS N 12,
(v) 225\ Spec 1§ = (£2\ Spec],) - G.

Proof. We first prove that these conditions are equivalent if P C G is Toeplitz, and then we
show that the Toeplitz condition for P € G implies (iii).

To see “(i) = (ii)”, note that (/,) N D, = I in C}(P) implies that we have
(Ir>EP(D1§ ey GYEp 1) D, = I in Ep(Dg X7, G)Ep. Thus if (i) holds, ie. if Ep
Up % GOVEp =) g, pG x,, GyEp- then I S EpIFEp S Ep(Ig %7y G)Ep N Dy = Iy.

“(il) = (iii)” is clear as 74 (I,) € I§.

To prove “(iii) = (i)”, we first observe that (Ig X¢,G)lp 2 (I,) always holds as
I}(,; D [I,. It remains to prove that (iii) implies the reverse inclusion. Upon identifying
C}(P) with Ep(DI(-,; Xrr G)Ep, we have to prove, assuming (iii), that Ep(Ig XrrG)Ep C
(Ir>Ep(D§ e, G)Ep® Take a generator of Ig, say Tg (x1)...Tg,(x;) - d. Then for all g €
G, Eptg (x1)...7Tq,(xp) - d - UgEp = (Eptg(x1)Ep) - (EpTg,(x2)...7Tg,(xp) -d - UgEp),
and since Eptg, (x1)Ep lies in I, by (iii), we conclude Epty, (x1)...Tg,(xy) -d - UgEp €
) Ep(DG %0, GIER

“(iil) = (iv)”: We always have “C”. To prove “2”, take x € {2 such that x |11§; # 0. Then we
can find g € G and x € I, with x(74(x)) # 0. Thus x(Ept,(x)Ep) # 0. As Eptg(x)Ep lies
in I, by (iii), we conclude x € Spec I,.

“(iv) = (v)”: The inclusion “C” is easy to see. The other one (“2”) follows from (iv) and
G-invariance of Qg \ Spec Ig.
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“(v) = (iii))”: We have to show that whenever y € Qg satisfies x|;, = O, then for all
8 € G, xlE,r, (1, Ep = 0 must hold as well. Take x such that x|, = 0.If x (Ep) = 0, there is
nothing to show. Hence we may assume y (Ep) = 1,i.e. x € {2. This means that x € {2\Spec I,.
By (v), we conclude that x ¢ Spec (II?).

It remains to prove that the Toeplitz condition for P € G implies (iii). Given g € G with
EpigEp # 0, the Toeplitz condition yields pi1,q1,..., pn,qn € P such that EpAgEp =
V;l | 7T V* Vi Then, for every invariant ideal I, of D,, we have

Epte(I,)Ep = EpAgEpl, EPK*EP—Ad( ..V;ann)(Ir)glr

171

as I, is invariant. The case EpAgEp = 0is trivial.  [J

Remark 7.8. In particular, if P C G is Toeplitz, then ({2 \ Spec ;) - G is closed in (21?.

Now, the same arguments used in the proof of Theorems 5.24 and 6.1 give us the following.

Proposition 7.9. Assume that J is independent and that P C G is Toeplitz. Let I, be an
invariant ideal of D,, and let I be the corresponding ideal of D such that A(I) = I,. Then the
ideal (1) of C}(P) generated by I, is isomorphic to the full corner of I X1 r G determined by
the characteristic function ]lspec 1, of Spec I, € Spec (1 G) and the ideal (I) of C}(P) generated
by 1 is isomorphic to the full corner of 1 G %, G given by Lspec, -

Moreover, the following are equivalent:

(ir) {I)cxp) is nuclear,
(i) (Iy)cx(p) is nuclear,
(iiif) the transformation groupoid Spec (IS) x G = ((Spec I,) - G) x G is amenable.

Either of these conditions implies that 1 : (I)cxpy = (Ir)cx(p) IS faithful.

For the corresponding quotients, we have that C}(P)/(I) is isomorphic to the full
corner of (Dp /IG) X G = CO(Q}(,; \ Spec (Ig)) X G determined by the characteristic
function Lo\specs, of £2\ Specl, < .Qg \ Spec (Ig). Moreover; if the sequence 0 —
Co(Spec IF)) 7, G — Co(28) %z, G — Co(2F \ Spec If)) %7, G — 0 is exact,
then also C}(P)/(l,) is isomorphic to the full corner of (D$/IS)x.,G = Co(2§ \
Spec (Ig)) Xz, G associated with 1 2\Spec 1,» and the following are equivalent:

(ig) Ci(P)/ (I ) is nuclear,

(iig) Cr(P)/ (1) is nuclear,
(iiig) the transformatlon groupoid (25 \Spec (I1§))x G = ((£2\(Spec I,))-G) xG is amenable;
and either of these conditions implies that X : C}(P)/ (I} — C}(P)/ (1) is faithful.

We also mention the following useful consequence.

Lemma 7.10. If P C G satisfies the Toeplitz condition, then the maps I, +— 11(,7 and EpJEp <
J are mutually inverse, inclusion-preserving bijections between the sets of invariant ideals of D,
and G-invariant ideals of DIG,.

Proof. By the Toeplitz condition, we have Ep Ing = I,. To check (EpJEp)g = J, note
that Ep(J X, G)Ep = (EpJEp) = Ep((EpJEp)g X¢, G)Ep. As Ep is a full projection
in D§ ., G, we conclude that J x;, G = (EpJEp)% x., G, hence J = (EpJEp)SG. O
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7.2. Invariant spectral subsets

As ideals of D, correspond to subsets of {2 = Spec D,, we now describe {2 explicitly in
terms of the family of constructible ideals 7, and we also describe the action of P. This is just
an application of our observations in Section 2.3 because of our standing assumption that 7 is
independent.

Let X' be the set of non-empty 7-valued filters as introduced before Corollary 2.9, equipped
with the topology introduced after Corollary 2.9.

Lemma 7.11. We can identify 2 with X viaw : 2 — X, x — {X € J : x(Ex) = 1}.

For all p € P, the map ¥ — X F +— {X:p_lX 6.7:} =: pJF gives rise to a
homeomorphism ¥ = pX = {(Fe X :pPeF). Let p~' : p¥ — X, pF +— F be its
inverse. Define o), : C(X) — C(X), 0,(d)(F) = d(p_lf) if Fliesin pX and op(d)(F) =0
if F does not liein pX; and op« : C(X) — C(X), opx(d)(F) = d(pF).

Then the homeomorphism w : {2 — X induces an identification w* : C(X) — D, such that
for every p € P, the diagrams

c(%Y) — D,

U];l lAd Vp)

c(XY) —— D,
and
c(¥Y) —— D,

o,,*l lAd(Vl’f)
cx) —— D,

commute.

Proof. This is straightforward to check. [

Corollary 7.12. An ideal I, of D, is invariant if and only if for all p € P, we have
pw(Spec I,) € w(Spec 1) and p_1 (w(Spec 1) N pX)) € w(Spec I).

Definition 7.13. A subset C of X is called invariant if for all p € P, the conditions pC C C and
p~H(C N pX) C C are satisfied.

7.3. The boundary action

Finally, let us have a look at the boundary of {2. Recall the definition of the boundary 9 {2 from
Section 2.3.

Definition 7.14. Let X« be the set of all [7-valued ultrafilters, and let 0 2 be the closure Xax
of Dnax in . We set Znax = 0~ (Znax) and 32 = 0~ 1 (35).

We note that this definition is essentially the one from [16], extended from the case of quasi-
lattice ordered groups to our situation.

Lemma 7.15. 90X is the minimal non-empty closed invariant subset of X
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Proof. Choose F € XM ax and take p € P.

We claim pF € Ypax. Assume that there exists 7' € X such that pF € F'. Then pP € F’
so that ' € pX. Thus p~!F’ is an element of ¥ such that F = p~'pF < p~'F. As F is
maximal, this implies F = p~' 7. Hence pF = pp~ ' F = F'.

Next we claim that p~!F € X if F lies in pX. If p~!F C F’ for some F' € X, then
F = pp~ ' F C pF implies F = pF and thus p~'F = p~1pF = F'.

Thus we have seen that X,,x is invariant. As 92 is the closure of JX,,x, we conclude
that p(0X) < 0X for all p € P. As we know that pJ' is clopen in X', we also deduce
p 1 @YX N pX) C 9X. Therefore 3 is invariant.

To prove minimality, let @ # C be a closed invariant subset of Y. Take F € C arbitrary, and
choose some Fax € Xmax. For every X € Fpax, choose x € X (X # (). Then xP € xF
implies that X lies in xF as x P C X (X is aright ideal). Set Fx = xF. Ordering elements in
Fmax by inclusion (i.e. we set X1 > X5 if X1 € X»), we obtain a net (Fx)xer,, in C. As XV is
compact ({2 is compact), we may assume, after passing to a convergent subnet if necessary, that
(Fx)x converges to an element F,, of X. As C is closed, F,, must lie in C. Moreover, for every
X € Fmax, we have that X’ > X implies X € Fy-. Thus X lies in F,,. We conclude Fax € Fon,
hence by maximality, Fiax = F, liesin C. Thus 90X = Tnax lies in C, and we are done. [

As immediate consequences, we obtain the following.

Corollary 7.16. V,(0£2) = {d € D, : x(d) = Ofor all x € 02} is the maximal invariant proper
ideal of D;.

Proof. This is a direct consequence of minimality of d(2 and Corollary 7.12. [J

Corollary 7.17. If P C G satisfies the Toeplitz condition, then the G-action on (8{2) - G is
minimal.

Proof. This is a direct consequence of the previous corollary and Lemma 7.10. [

Moreover, we deduce the analogue of [16, Proposition 4.3].

Corollary 7.18. Given a proper ideal J of C}(P) such that £.(J) € J, we always have
J € Ind V,.(092).

Proof. As J is a proper ideal of C;(P) and since &,(J) C J, &:(J) is an invariant proper ideal
of D,. Thus &.(J) € V,(9(2). Moreover, for every x € J, we have &.(x*x) € &.(J). Hence
every element in J lies in {x € CH(P): &(x*x) € V,(SQ)} =IndV,(82). O

Using similar ideas as in [16], we now investigate when the action of G on (3{2) - G € Qg
is topologically free and a local boundary action (the first notion is introduced in [2], and the
second one is introduced in [19]).

First of all, we set

Go = {geG:(g-P)ﬂX;é(Zﬁand(g_l-P)ﬂX;é@forallQJ;éXej}.

Clearly, Go = {g € G:(g- P)N(pP) #Pand (g~ - P)N (pP) # Y forall p € P}. More-
over, we have the following.

Lemma 7.19. Gy is a subgroup of G.
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Proof. Take g1, g2 in Go. Then forall ¥ # X € J, we have ((g182)- P)NX =g1-((g2- P)N
&' XN 2 (g2-P)N (g - XN N(g1-P)=gi-((g2-P)N((g;" - X)N P)). Now
(gl_l -X)NP = gl_l - (XN (g1 - P)) #@. Thus there exists x € P such that x € (gl_l -X)NP.
Hence x P C (gl*1 -X)NP. Thus@ # g1 -((g2- P)N(xP)) C((g1g2)-P)NX. O

Proposition 7.20. G acts topologically freely on (012) - G if and only if G acts topologically
freely on (882) - G.

Proof. “=" is clear. For “«”, assume that for ¢ # g € G, we have that the fix point
set of (02) - G under g has non-empty interior, i.e. [Fix(ag).(;(g)]o # (). Thus there exists
an open subset U of (342) - G such that U C Fix0).g(g). As 92 = Omax, we deduce
(082) - G C (max - G. Therefore there exists x € ({2max - G) N U. Choose h € G such that
xh lies in 2ax.

Now assume that G acts topologically freely on (9/2) - G. Then for all x € G,x 'gx
cannot lie in Gq as Fix(ag),(;(x_lgx) = Fix02).6(8) - x~!'. Now take any X € J such that
(xh)(Ex) = 1. Moreover, let x € X. Then x_lh_lghx does not lie in Gg. Thus there exists
p € Psuchthat (x'h~ghx)- P)N(pP) =Wor (x 'h~g~hx)- P)N (pP) = ¥. In either
case, we choose xx € f2max such that xx(Expp) = 1. If (x~'h=ghx) - P)N (pP) = ¥, then
(xpP) N ((h~'ghx) - P) = @. This implies xx (Eg,-144y).p) = 0. Thus xx - (h~'gh) # xx.
Similarly, we obtain from ((x_lh_lg_lhx) -P)N(pP) =0 that xyx - (h_lg_lh) # xx.In any
case, we obtain xx - (h~'g) # xxh~!, hence xxh~! does not lie in Fix502).6(g).

As against that, we have found for all X € w(xh) a character xx € 2max With xx(Ex) = 1.
Thus ordering X € w(xh) by inclusion as in the proof of Lemma 7.15, we obtain a net (xx)x
in £max € {2. By passing over to a convergent subnet, we may assume that limx xx = x € 2.
Hence x(Ex) = 1 for all X € w(xh). This implies w(xh) € w(x), hence x = xh as yh lies
in 2max. The conclusion is that limy xx~ ™' = x. But we have seen xxh ™' ¢ Fix(30).6(g), and
we also know x € [Fix(ag)_G(g)]o. This is a contradiction. [

Proposition 7.21. If P is not left reversible, then the G-action on (312) - G is a local boundary
action in the sense of [19].

Proof. We have to show that for every non-empty open subset U of (3{2) - G, there exist an open
subset A C U and an element g € G such that Ag C A.

Let U be as above. As 2nax = 942, we can find ¥ € 2nax and & € G such that xh € U,
ie. x € Uh™H N 0. As 2 is open in 2%, we can find X in J and X1, ..., X, in J such
that V = {xp €(02)-G:Yy(Ex)=1,¢(Ex,) =0forall1 <i < n} is contained in Uh~!
and that x € V (see (4)). The latter condition means that x (Ex) = 1 and x(Ey,) = 0 for all
1 <i < n.As y lies in {2,x, we conclude that for all 1 < i < n, there must be Xl’ in J such
that X(Ele) = l and X; N X = ¢ (see Remark 2.11). Thus setting X=Xn (Niz XD # 9,

we see that for any ¢ € (3(2) - G, ¥ (Ez) = 1 implies ¢ € Uh~!. Choose x € X. As
P is not left reversible, we can find p and ¢ in P such that (pP) N (gP) = @. Now set
A ={e@R)-G:y(E,p)=1}. A'isclopenin (3f2) - G. As xP C X, we conclude that
A CcUh . Setg = xp~'x~! € G. Then ' € A'g’ implies that there exists ¢ € (312) - G
such that ¥ (E,p) = 1 and ¥/ = y¢’. Thus ¥/ € (32) - G and Y/ (Expp) = ¥ (Eg.(xpp)) =
Y(Exp) = 1. Thus ¥/'(Exp) = 1 as xpP C xP. Hence v’ lies in A’. This shows A’g’ C A’.
But we can now choose ¥’ € A" with //(E,qp) = 1. If ¢’ lies in A’g’, then there exists ¥ € A
such that ' = y¢’. Then ¥'(Eyxpp) = ¥/ (Eg.xpp)) = ¥ (Exp) = 1. But this contradicts
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(xgP) N (xpP) = x((qP) N (pP)) = @. Hence v does not lie in A’g’, and we have proven
A'g’ C A Setting A := A'hand g = h~'g’h, we are done. [J

Remark 7.22. Proposition 7.21 clarifies the final remark in [16], where it is pointed out that the
boundary action should be “a boundary action in the sense generalizing that of [19]”.

Corollary 7.23. Assume that G is countable, that [J is independent and that P C G satisfies the
Toeplitz condition. Let V(3 12) be the ideal of D such that A(V (042)) = V,(312).

The boundary quotient C¥(P)/ (V(912)) is a unital UCT Kirchberg algebra if and only if the
following hold:

o P #{e},
e G acts amenably on (01?) - G,
e Gy acts topologically freely on (3£2) - G.

Proof. As G is countable, so is P. Thus Cy((3{2) - G) x; G is separable. By Proposition 7.9,
C¥(P)/(V(912)) and Co((3{2) - G) x; G are stably isomorphic. Hence C;(P)/(V(3{2)) is a
Kirchberg algebra if and only if Co((32) - G) x; G is a Kirchberg algebra. By [4, Chapter 5,
Theorem 6.18] and the last corollary of [2], Co((342) - G) x; G is nuclear and simple if and
only if G acts on (9{2) - G amenably and topologically freely. Here we have used Corollary 7.17
which tells us that the G-action on (92) - G is minimal. Topological freeness of the G-action is
equivalent to topological freeness of the Gy-action by Proposition 7.20. To complete our proof,
first observe that clearly, P has to be non-trivial if Co((9(2) - G) %, G is purely infinite. This
settles the implication “=". For the converse, we show that our assumptions that P # {e}
and that Gq acts topologically freely on (d{2) - G imply that P is not left reversible: if P
were left reversible, i.e. if every non-empty X, X7 in J have non-empty intersection, then 9 {2
would consist of only one point, namely the 7-valued ultrafilter ;7> consisting of all non-empty
elements in 7. Also, if P were left reversible, then we would have P C Gy. Since every element
in P obviously leaves [J* fixed, and by our assumption that P # {e}, we conclude that G
cannot act topologically freely on (9{2) - G if P were left reversible. Hence Proposition 7.21
implies that the G-action on (d2) - G is a local boundary action. With the help of Theorem 9
from [19] and [38], this settles the reverse direction “<=”. [

8. Examples
8.1. Quasi-lattice ordered groups
Recall from [30] that a pair (G, P) consisting of a subsemigroup P of a group G is called

quasi-lattice ordered if

(QLO) PN P! = e},
(QL1) for all g € G, the intersection P N (g - P) is either empty or of the form p P for some
peP.

As observed in [7, Section 3 (Remark 8)], (QL1) implies

(QL2) For all p, g in P, the intersection (p P) N (g P) is either empty or of the form r P for some
reP.

In the sequel, we will most of the time only use (QL1) and (QL2).
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First of all, we observe that for every such P C G satisfying (QL2), we have J =
{pP : p € P}U{#}. In this sense, the ideal structure (or rather the structure of the constructible
right ideals) is very simple. It is immediate that 7 is independent. Moreover, P C G satisfies the
Toeplitz condition (compare also [30, Section 2.4]). Namely, take g € G. If EpAgEp # 0, then
there exists p € P such that P N (g - P) = pP by (QL1). Thus there is ¢ € P with gg = p,
hence g = pqil. It then follows that EpAgEp = EPﬁ(g.P))\.p)\,q—] Ep = Epp)\.p)\,q—lEP =
(EpipEp)(Ephy—1Ep) =V, Vq*. Therefore, all our results apply.

Quasi-lattice ordered groups and their semigroup C*-algebras have been studied intensively,
for instance in [30,31,18,16,13,7,8]. The full semigroup C*-algebras have been described
as semigroup crossed products by endomorphisms in [18]. Moreover, both full and reduced
semigroup C*-algebras can be described as partial crossed products of the corresponding
groups. This gives yet another description which is not discussed here, but which is certainly
closely related to Section 5. The induced ideals of reduced semigroup C*-algebras have been
studied in [30]. The ©; we introduced in Corollary 6.4 can be viewed as a substitute for the
positive definite functions 6; introduced in [30, Section 4.5]. And the reader will see that for
Proposition 7.3, we have essentially adapted A. Nica’s proof of the proposition in Section
6.1 of [30]. The boundary of the spectrum was introduced in [16] and studied in [16,8]. Our
discussion of the boundary action in Section 7.3 is modelled after [16,8].

Before we come to an explicit example, let us first show how the analysis in [18] can be
extended. Namely, we obtain a strengthening of Proposition 6.6 in [18] with essentially the
same proof as in [18]. We point out that the conclusion in this proposition should read “If G
is amenable, then (G, P) is amenable” (compare also Remark 17 in [7]). Let us start with the
following.

Proposition 8.1 ([18, Lemma 4.1] for Arbitrary Coefficients). Let (G, P) and (H, Q) be quasi-
lattice ordered. Assume that ¢ : G — H is a group homomorphism such that ¢(P) < Q and
whenever x, y in P satisfy (x P) N (yP) # (, then

p(x) =9(y) & x =y, (19)
for z € P suchthat (xP)N(yP)=zP, (px)Q)N(p(y»)0) =¢(2)0. (20)

Moreover, let a be a G-action on a C*-algebra A.
Then B := span({t(a)vcvy : a € A;x,y € Pwitho(x) = ¢(y)}) is a sub-C*-algebra of
AXE P such that A, p,a)|B : B — AxS . P is faithful.

Proof. Let F € Q be a finite subset such that whenever fi, f> in F and f3 in Q satisfy
(f10) N (f20) = f30, then f3 liesin F as well. The set

{L(a)?v;‘ ca€ A;x,y e Pwitho(x) =¢(y) € F} 21

is obviously *-invariant. Moreover, given t(aj)vy, v;fl and ((az) vy, v;fz from this set, let (y; P) N

(xp P) = z P with z = y1z1 = y2zp for some z1, zo in P. Then

L(a])vxlv;‘lt(az)v)@v;k2 = L(alax1y;1 (az))vxlv;1 Uy, v;‘l UX2vj§2 vva;‘z
—_——
=v;vf

p— —*
= L(a10!x1y1—1 (a2))Vx; 2, V5,2, -
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Since p(x121) = ¢(¥121) = ¢(2) = @(x222) = @(y222) lies in F by (20), we have seen that (21)
is multiplicatively closed. Hence

Br = span({t(a)vxv; ra€ Ay x,y e Pwitho(x) =¢(y) € F})

is a sub-C*-algebra of Ax{ ( P. As we can write B = |Jp Br, we see that B is a sub-C*-
algebra of Axg, ¢ P. Moreover, it suffices to prove faithfulness of A4, p«) on B for every
F. Let us first take ' = {s} and consider the representation A4, p «) Of Biy) restricted to
H (PN~ ({s) S HE(P). Take t(a)v, v} € Bys). For z € ¢! ({s}), either z ¢ yP
which implies a(q|p) (I ® Vi Vy*)(s ®¢e;) = 0forall £ € H, or z lies in y P. In the latter case,
(zP)N(yP) # ¥ implies, since p(z) = ¢(y) = s thatz = y. Thus a(g|,) (I @ Vi Vy*)(’g‘ Re;) =
Oy, (o 1 (a)¢) ® €. This means that we have a commutative diagram

A @max K2 (P N~ ({5))) —— A ®min C2(P N o~ ({s})))

AA,Pa) 2 1
Bys) LH® (P Ne~ " ({sh))

where the left vertical arrow sends A ®max K(¢2(PNo~ ' ({s}))) 3 a Qex,y toay (a)m € Byy).
The upper horizontal arrow is the canonical homomorphism which is an isomorphism as the
algebra of compact operators is nuclear. Thus A4, p,«) is faithful on Byg).

To go from By to B, just proceed as in the proof of Lemma 4.1 in [18]. [

Corollary 8.2 (Proposition 6.6 of [18] Revisited). Assume that under the hypothesis of the
previous proposition, the group H is amenable. Then for every (A, G, ) with A unital, the
canonical homomorphism A p.a) : AXg o P — Axg . P is an isomorphism.

Proof. By [18, Proposition 6.1], we have a coaction Axg (P — (AXg  P) ®max C*(H)
sending ¢(a)vy to t(a)Vy ® uy(r). Here we used that Axg P = Axg o P (see [21, Section 3.1])
and the crossed product description of Ax¢% P from [21, Lemma 2.15]. Thus, as explained in [18]
after Definition 6.3, there exists a conditional expectation ¥s : Axg ¢ P — B sending t(a)vy v
t0 Sp(x),p(y)t(@) vy v;. And by [18, Lemma 6.5], this conditional expectation ¥j is faithful if H
is amenable. Now let 47 Axg, P — A ® D, be the canonical faithful conditional
expectation. Then it is straightforward to see that Er(A’P’a) OAMA,Pa) = Er(A’P’a) o(Aa,P,0)lB) 0
Us. As the right hand side is faithful by the previous proposition, A4, p,o) must be faithful. [

Combining this with Theorem 6.1 (see also Remark 6.3), and using Proposition 19 of [7], we
obtain the following.

Corollary 8.3. Let (G, P) be a quasi-lattice ordered group which admits a map ¢ as
in Proposition 8.1 such that H is amenable. Then C}(P) (= C}(P)) is nuclear.

In particular, if (G, P) is the graph product of a family of quasi-lattice orders whose
underlying groups are amenable, then C}(P) (= C}(P)) is nuclear.

8.2. Yet another description of Cuntz algebras

To give an explicit example, consider for n > 2 the semigroup N{", the n-fold free product of
the natural numbers. Let p1, ..., p, be the canonical generators of N{j". The semigroup N{" sits
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inside the free group I, in a canonical way. This is an example of a quasi-lattice ordered group.
It is due to [30].

Let us now describe (2 and 92. As 7 = {pN" : p € N§"} U {4}, £2 can be identified with
the set of all, finite or infinite, (reduced) words in the generators p1, ..., p,. Note that we do not
allow inverses of the p; in these words. The topology is the usual restricted product topology.
Moreover, the boundary 9 (2 is precisely the closed subset of all infinite words. {2 \ (942) is then
given by the open subset of all finite words. The semigroup NG" acts by shifting from the left.
The corresponding group action of F,, is given as follows: {2 - F,, is given by IF,, U (3FF,,) + where
(0F,)+ is the set of all infinite words which in reduced form only contain finitely many inverses
of the generators pi, ..., p,. The topology is obtained by restricting the canonical one from
F, U (3F,). The free group F, acts by left translations. Moreover, the boundary (3(2) - F, is
given by (0F,)+.

Let us now turn to the corresponding C*-algebras. Since F,, acts amenably on {2 - F, =
F, U (dF,)+ (this can be proven for instance as in [4, Chapter 5, Section 1]), we do not have
to distinguish between full and reduced versions. From the definition, it is clear that C *(N(’;")
is the universal C*-algebra generated by n isometries vi, ..., v, whose range projections
are orthogonal. Therefore C*(N{") is nothing else but the canonical extension of the Cuntz
algebra O,,. Moreover, it is not difficult to see that Ind V(3£2) = (V(3{2)) is the ideal of
C*(Ng") generated by the defect projection 1 — 7, v;v¥. Therefore the boundary quotient
C*(N")/ (V(942)) is canonically isomorphic to O,. Passing over to the group crossed products,
we obtain

C*(NG") ~u Co(Fn U (8F,)4) 1 Fy,
(V(@92)) ~u Co(Fy) x Fyy = KL (F)),
C*(NGM/ (V(39)) ~um Co((9Fn)+) x Fo.

The last line gives a description of O, as an ordinary group crossed product by F, up to Morita
equivalence.

Moreover, the group G from Proposition 7.20 is the trivial group in this particular case.
Hence Corollary 7.23 says that C*(Nj")/ (V(342)) is a (unital) UCT Kirchberg algebra. Of
course, since we have already observed C*(Ni")/ (V(9£2)) = O,, this is not surprising. The
point we would like to make is that we did not use anything we already knew about O, to
prove all this. So in a way, we have obtained an independent proof of the fact that O, is a UCT
Kirchberg algebra (though one has to admit that the proof of pure infiniteness in [19] is really
just the original argument of J. Cuntz).

A similar analysis for the free product Nij>° of countably infinitely many copies of the natural
numbers yields that C*(Nj>) = O is a UCT Kirchberg algebra. In this case, the boundary is
everything (i.e. {2 = 9{2) as observed in Remark 3.9 of [16].

8.3. Left Ore semigroups

Another class of examples is given by left Ore semigroups. Recall that a semigroup P is left
Ore if and only if it can be embedded into a group G such that G = P~!P. For a left Ore
semigroup P with enveloping group G = P~ P, P C G always satisfies the Toeplitz condition.
Namely, take ¢ € G and write g = p~!q for p, g in P. Then EprgEp = Eph,-1hqEp =
(Epi ! Ep)(EpigEp) = V;," V, . However, it is not clear whether 7 is always independent. So
we have to assume this.
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We remark that setting J' = {N/_, piP:n€Z=y, pi € P} U {4}, we have J =
{q_lX qe P, XeJ /}. Thus independence of J is equivalent to independence of [J'.
Moreover, in the construction of full semigroup C*-algebras, it actually suffices to consider J’
instead of 7. This is why in [20], only this smaller family 7’ of right ideals is considered.

Normal subsemigroups of groups form a particular class of left Ore semigroups. These
semigroups have been discussed in [22, Section 3]. To see that these semigroups are left Ore, note
that normality of P in G (condition (iv) from [22, Section 3.1]) implies that Pp = p P forall p €
P. Hence, for all p and ¢ in P, we have pqg € pP N Pgq = PpN Pq and therefore PpN Pq # 0.
As observed in Remark 3.11, the C*-algebra of Wiener—Hopf operators W(P) is just our C*-
algebra CY(P < G) from Definition 3.7. And Theorem 3.7 in [22] is just our identification
CHGN) = Ep(D§ %, G)Ep (= C}(P C G)) from Theorem 5.24, for A = C and the
trivial G-action on C. It is straightforward to identify our groupoid G (see Section 5.4) with the
transformation groupoid ¥ x G from [22, Section 3], and our subspace N € G © corresponds to
the space X from [22, Section 3]. For the identification C; (QZIQ,’) = Ep (Dg X7 G)Ep, we do
not need that 7 is independent. That is why the independence condition does not appear in [22].

Concrete examples of left Ore semigroups are for instance listed in [17]. Let us briefly discuss
the case of ax + b-semigroups. Given an integral domain R # {0}, we form the semidirect
product R x R*, where R* = R\ {0} acts on the additive group (R, +) by left multiplication.
This semigroup is left Ore and its enveloping group of left quotients is given by Q(R) x Q(R)*,
where Q(R) is the quotient field of R. In the case where R is the ring of integers in a number
field, the semigroup C*-algebra of R x R* has been studied intensively in [9].

Let us now assume that R x R satisfies the condition that 7 is independent. We then observe
that since Q(R) x Q(R)* is solvable, the semigroup C*-algebra C*(R x R*) is nuclear, and full
and reduced versions coincide. The boundary quotient of C*(R x R*) is canonically isomorphic
to the ring C*-algebra 2A[R] introduced in [20] (compare also [37] for concrete examples).
Moreover, in this case, the group G from Proposition 7.20 coincides with the group of invertible
elementsin R x R*,i.e. Go = R x R* where R* is the group of units of R. If R is not a field, then
it is easy to see that R X R™ acts topologically freely on (342) - G. And by our assumption that
R # {0}, R x R* is not trivial. Therefore, we can again apply Corollary 7.23 and deduce that
the boundary quotient of C*(R x R*) is a UCT Kirchberg algebra. As this boundary quotient is
nothing else but 2A[R], we have reproven [20, Corollary 8] (for F = #).

9. Open questions and future research

Of course, one obvious question is how restrictive our assumptions are. It would be interesting
to see which semigroups have independent constructible right ideals, and when the Toeplitz
condition is satisfied. Is there an intrinsic characterization in terms of the semigroup when a
semigroup embeds into a group such that the Toeplitz condition holds? In this context, it would
certainly be desirable to study more examples.

In this paper, we have only considered the case of subsemigroups of groups, and one might
wonder what to do in the general case of left cancellative semigroups. Recent work in [32] and
also our results in Sections 5.2 and 5.3 suggest that one should look at left inverse hulls.

One could also try to interpret our results in terms of geometric group theory: given a
subsemigroup P of a group G, what is the relationship between nuclearity of the semigroup
C*-algebra(s) of P and exactness of G? Of course, it would be necessary to impose conditions
on P C G. Otherwise, one could take the trivial subsemigroup, and the corresponding semigroup
C*-algebra is always nuclear. This just reflects the fact that every group acts amenably on itself.
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But if one asks for the condition that P generates G, the problem of relating nuclearity of C3(P)
and exactness of G maybe becomes more interesting.

Our main result on nuclearity of semigroup C*-algebras tells us that nuclearity implies faith-
fulness of the left regular representation. A natural question would be: What about the converse?
In other words, can we replace general coefficients by the trivial coefficient algebra C in Theo-
rem 6.17?

One could also study semigroup C*-algebras and their ideals and quotients from the
perspective of classification. An interesting question in this context would be which UCT
Kirchberg algebras arise as the boundary quotients of semigroup C*-algebras.
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