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Abstract

Given two finite p-local finite groups and a fusion preserving morphism between their Sylow subgroups,
we study the question of extending it to a continuous map between their classifying spaces. The results
depend on the construction of the wreath product of p-local finite groups which is also used to study p-
local permutation representations.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

A fusion system JF on a finite p-group P is a small category whose objects are the subgroups
of P and whose morphisms are group monomorphisms which include all those homomorphisms
obtained from conjugation by the elements of P. The idea of saturated fusion systems was
formulated in the early 1980s by Puig [19] who studied representations of finite groups. Every
block b of the group algebra kG, where k is an algebraically closed field of characteristic p,
gives rise to a saturated fusion system on its defect group P < G. The principal block of kG
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gives rise to the fusion system Fg(G) whose objects are the subgroups of a Sylow p-subgroup S
of G and its morphisms are induced by conjugation in G. Not all fusion systems have the form
Fs(G), see, e.g., [6, Examples 9.3,9.4] or [11].

The significance of F5(G) in topology was recognized by Martino and Priddy in [14]. In [16,
17], Oliver shows that Fg(G) determines the homotopy type of the p-completion (in the sense
of Bousfield and Kan [2]) of BG = K (G, 1).

In order to understand self-homotopy equivalences of BGQ, Broto, Levi and Oliver consid-
ered in [5] a category Ls(G) closely related to Fs(G). This category was studied earlier by
Puig. Abstraction of this construction led them in [6] to the notion of a centric linking system
L associated to a saturated fusion system (S, F). The triple (S, F, £) is called a p-local finite
group. Its classifying space is by definition the space |£|$, a terminology justified by the fact
that |£5(G)|IA, ~ BGIAj [5, Lemma 1.2]. The spaces |£|; have many properties in common with
p-completed classifying spaces of finite groups. Thus, p-local finite groups provide an important
connection between group theory and topology via their linking systems.

This paper focuses on the following fundamental problem. In what way, if any, a fusion pre-
serving map (S, F) — (8, F'), see details below, gives rise to a map |£|$ — |£’|; between the
classifying spaces? A step forward is given in Theorem B below. It is related to the yet open
problem of defining the concept of morphisms between p-local finite groups in a way which is
compatible with maps between their classifying spaces. It also gives a new insight to the study
of maps between p-completed classifying spaces.

We will define a permutation representation of a p-local finite group (S, F, £) as a homo-
topy class of a map |£| — (B En); where X, is a symmetric-group. In Theorem C below we
will prove a p-local form of Cayley’s theorem, namely the existence of p-local regular repre-
sentations. We will then approach the notion of the homotopy-index of the Sylow subgroup S
in (S, F, £) through the regular representation. The index of a subgroup § in a finite group G
is the number of the orbits of S in its action by translation on G. In other words, restriction
of the regular representation of G to S results in |G : S| copies of the regular representation
of S. From the homotopy point of view, one could define the homotopy-index of S in £ as the
minimal n for which there is a map |£| — (BX),| 5|)[A? whose restriction to B S is homotopic to

the map BS s, (BXy, 5‘)2 induced by n copies of the regular representation of S. But this
number is very difficult to compute, even for a p-local finite group associated to a finite group.
Instead, we will define the lower homotopy-index of § in £ as the smallest number p* such
that the map BS — (BX 4, S\)g induced by p¥ - reg s can be extended up to homotopy to a map

L] — (B Z‘pk,m);. This is a new invariant of p-local finite groups.
Let us now describe our results in greater detail. Suppose that (S, F, £) and (S’, F', L) are p-

local finite groups. Given a group homomorphism p: § — S’ itis natural to ask if Bo: BS — BS’
can be extended, up to homotopy, to a map f: |£|[A, — L |IA, whose restriction to BS, namely

f o ®, is homotopic to the composite BS o, gy @, |£’|; where ® and @' are the maps
described in 2.9.

Recall that p is called fusion preserving if for every ¢ € F(P, Q) there exists some ¢’ €
F'(p(P), p(Q)) such that p o ¢ = ¢’ o p. Ragnarsson shows in [21] that stably, namely in the
homotopy category of spectra, the morphism f above exists if and only if p is fusion preserving.
Unstably this is unknown.

The content of Theorem B below is that f exists provided the target £’ is replaced with its
wreath product with X, for some n, a construction which we now describe.
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The wreath product of a space X with a subgroup G < X, denoted X : G, is the homotopy
orbit space (X"),c where G acts by permuting the factors (see Definition 3.4). This construction
is equipped with a map A:X — X ! G which factors through the diagonal map X — X". We
prove in 3.6 below that if H is a discrete groups then there is a homotopy equivalence (BH):G =~
B(H:G) such that A: BH — (BH) G is induced by the diagonal inclusion H < H : G. The
next result should be compared with [3, Theorems D and E].

Theorem A. Fix a p-local finite group (S, F, L) where S # 1. Let K be a subgroup of X,, and
let S” be a Sylow p-subgroup of St K. Then there exists a p-local finite group (S, F', L") which
is equipped with a homotopy equivalence | L] K ~ |L'| such that the composite

BS 2 (s Ky~ (BS) K 25 12 K ~ ||

is homotopic to the natural map @' : BS' — |L'|. Moreover, (S, F', L) satisfying these proper-
ties is unique up to an isomorphism of p-local finite groups.

In Remark 5.3 we show that when Theorem A is applied to a p-local finite group (S, F, £) of
a finite group G then (S’, F/, L) is the p-local finite group of G K. If S = 1 then |£| = * and
we choose (S, F', L) to be the p-local finite group associated to K and the map A:|L| — |£/]
is any map * — |£’|.

We prove Theorem A in Section 5 which is a technical section, however the remainder of the
paper is completely independent of its proof.

1.1. Definition. We call the p-local finite group (S’, F’, L) in the theorem above the wreath
product of (S, F, L) with K and denote its fusion system and linking system by F : K and
L K, respectively. Let A:|L| — |£] 2 K =~ |L'| denote the diagonal inclusion followed by the
homotopy equivalence in Theorem A.

Theorem B. Let (S, F, L) and (S', F', L) be p-local finite groups. Suppose that p:S — S’
is a fusion preserving homomorphism. Then there exist some m > 0 and a map f: |£|2 —
|L' 2 X pm |2 such that the diagram below commutes up to homotopy

no®
Bs 20

I

A / A
BS' [£'] [L"2 Xpm|
106’ 4 a) P p

In Theorem 7.3 below we prove a more elaborate result.

A permutation representation of a finite group G is a homomorphism p: G — X,,. The rank
of p is n. Throughout, we will call p simply a “representation.” Clearly G acts on itself by left
(or right) translations giving rise to Cayley’s embedding reg; : G — X which is called the
regular permutation representation of G.

Two representations p1, p2: G — X, are equivalent if they are conjugate in X, that is, if they
differ by an inner automorphism of X,. The set of equivalence classes of representations of G of
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rank 7 is denoted Rep,, (G). There are obvious inclusions Xy, x X, < X4, and X, x Xy < Xy
obtained by taking the disjoint union and the product of sets of cardinality n and m. They give
rise to commutative, associative and unital binary operations + and x on the set ]_[n>0 Rep, (G).
We shall write k - p for the k-fold sum p 4 --- + p.

Let F be a fusion system on S. A representation p : S — X, is called F-invariant if for every
P < Sandevery ¢ € F(P, S) the representations p|p and p o of P are equivalent. Let Rep,, (F)
denote the subset of Rep,, (S) of all the equivalence classes of the F-invariant representations of
S of rank n. It is easy to see that ]_[n>0 Rep,,(F) is closed under the operations + and x on
[,>0Rep, (S).

We define the set of representations at p of rank n of a space X as the set Rep, ,(X) =
[X, (BXy)},] of unpointed homotopy classes of unpointed maps. Since (B X)), x (BXy)), =
(B(Z x Xn)),, (see [2, Theorem 1.7.2]), the following maps (B(Zy X ), — (BZm+n))
and (B(X,, x En))g — (B 27,,1,,)?7 induced by the inclusions equip ]_[n>0 Rep, ,(X) with com-
mutative and associative binary operations 4 and x such that + is distributive over x.

If P is a finite p-group then there are bijections

Rep, (P) 2222 (BP, BE,1 L2220, [BP, (BZ,))]

where n: BX, — (B En)? is the completion map. The first bijection is a classical result going
back to Hurewicz and the second was first shown by Mislin in [15, proof of the main theorem].
In light of these bijections we make the following definition.

1.2. Definition. Fix a p-local finite group (S, F, £). We say that a permutation representation

f L] — (BZ‘n)Q is S-regular if n = m - | S| for some m > 0 and the composite B.S 9, L] N

B(m-regg)),

(B 2,1)2 is homotopic to BS (B Z‘n)g.

We will deduce from Theorem B the following p-local form of Cayley’s theorem.

Theorem C. Every p-local finite group (S, F, L) admits an S-regular permutation representa-
tion f:|L| — (BZ',,m);.

Recall from [5, Definition 2.2] that a continuous map f:X — Y is a homotopy monomor-
phism at p if H*(X;F)) is a finitely generated module over H*(Y;F,) via f*. In Proposi-
tion 7.13 we show that every S-regular permutation representation is a homotopy monomorphism
at p.

The reason we did not define permutation representations as maps |£| — B X, (without p-
completing the target) is that Theorem C would fail completely. For example, the nerve of the
linking system of the Solomon p-local finite group, constructed by Levi and Oliver in [11],
was shown to be simply connected in [8] and therefore [23, Theorem 8.1.11] implies that
[|Lsoll, BX)] = *. In particular, the restriction of any f :|Lso| = BX, to BS via ® is induced
by the trivial representation p: S — X,.

1.3. Definition. The ring Rep(|L|) of the virtual permutation representations of a p-local
finite group (S,F, L) is the Grothendieck group completion of the commutative monoid

(Un}ORepn,pucl)s +)
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The ring Rep(F) of the virtual F-invariant representations of S of a saturated fusion system
JF on S is the Grothendieck group completion of the commutative monoid (]_[n>0 Rep, (F), +).

Clearly Rep(F) is a subring of Rep(S). In Section 8 we will construct a ring homomorphism
@ :Rep(L) — Rep(F) which sends a map f:|L| — (BZ‘n)ﬁ to the representation p: S — X,
such that f o® >~ no Bp where f and © are as in Definition 1.2. We shall also see thatregg: S —
25| generates an ideal Rep™#(F) in Rep(F) whose underlying group is isomorphic to Z.

The idea behind the next definition is that if H is a subgroup of index #n in a finite group G
thenregs; |y > n-regy . Therefore the image of the restriction map Rep(G) — Rep(H) intersects
Rep™8(H) := {k - regy }xez in a subgroup of index divisible by n.

1.4. Definition. The lower p-local index of S in £, denoted Lind,, (L : S), is the index of Im(®) N
Rep™8(F) in Rep™8&(F).

We will prove in Lemma 8.5 that Lind,(L: S) is always a p-power. We conjecture that it is
always equal to 1. A partial result is the theorem below.

Theorem D. Let (S, F, £) be a p-local finite group. Then Lind, (L : S) = 1 if either

(1) (S, F, L) is associated with a finite group.

) (S, F, L) is one of the exotic examples in [6, Examples 9.3 and 9.4] or in [22] or in [9] or in
[7, Example 5.3].

Notation. The following notation will be used through the paper:

n:X—-X ;,\ is the Bousfield—Kan p-completion.

If X isa G-space, k : X — (X)ng = EG X X is the map from X into the Borel construction.
Given a map f:X — Y of spaces, let map/ (X, Y) denote the path component of f in
map(X, Y). By convention f is the basepoint of this space.

If f:X x Y — Z, the adjoint map is denoted by f*: X — map(¥, Z).

©®:BS — |L] is the map from the Sylow subgroup introduced in 2.9.

2. Preliminaries on p-local finite groups
We start with the notion of a saturated fusion system which is due to Puig [19] (see also [6]).

2.1. Definition. A fusion system F on a finite p-group S is a category whose objects are the
subgroups of § and the set of morphisms F (P, Q) between two subgroups P, O, satisfies the
following conditions:

(a) F(P, Q) consists of group monomorphisms and contains the set Homg(P, Q) of all the
homomorphisms ¢, : P — Q which are induced by conjugation by elements s € S.
(b) Every morphism in F factors as an isomorphism in F followed by an inclusion.

In a fusion system F over a p-group S, we say that two subgroups P, Q < S are F-conjugate
if there is an isomorphism between them in F. Let Syl ,(G) be the set of the Sylow p-subgroups
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of a group G. Given P < G and g € G, ¢, € Hom(P, G) is the monomorphism cg (x) = gxg~ L.

We write Outr(P) = Autr(P)/Inn(P).

2.2. Definition. Let F be a fusion system on a p-group S. A subgroup P < S is fully centralized
in Fif |Cg(P)| > |Cs(P")| for all P’ < S which is F-conjugate to P. A subgroup P < § is fully
normalized in F if [Ns(P)| > |Ns(P")| for all P’ < § which is F-conjugate to P.

A fusion system F on S is saturated if:

(I) Each fully normalized subgroup P < S is fully centralized and Autg(P) € Syl p(Autz(P)).
(II) For P < S and ¢ € F(P, S) set

Ny = {g € Ng(P) | <,0cg<p_l S Autg((p(P))}.
If ¢(P) is fully centralized then there is ¢ € F (N, S) such that ¢|p = ¢.

2.3. Definition. Let F be a fusion system on a p-group S. A subgroup P < S is F-centric if P
and all its F-conjugates contain their S-centralizers. A subgroup P < § is F-radical if Outr(P)
has no non-trivial normal p-subgroup.

2.4. Definition. (See [6].) Let F be a fusion system on a p-group S. A centric linking system
associated to F is a category £ whose objects are the F-centric subgroups of S, together with a
functor 7 : £ — F¢ and monomorphisms P LI Aut, (P) for each F-centric subgroup P < S,
which satisfy the following conditions:

(A) m is the identity on objects. For each pair of objects P, Q € L, the action of Z(P) on
L(P, Q) via precomposition and §p: P — Autg(P) is free and 7 induces a bijection
L(P,Q)/Z(P) = F(P, Q).

(B) If P < §is F-centric then w(5p(g)) =cg € Auty(P) forall g € P.

(C) Foreach f € L(P, Q) and each g € P, the following square commutes in £:

P
SP(g)\L
p

A p-local finite group (S, F, L) consists of a saturated fusion systems F on S together with
an associated linking system.

f
E—

So((f)(&)

Q<=—0

f

2.5. Definition. Let (S, F, £) be a p-local finite group. A system of lifts in L consists of functions
dp,0:Ns(P, Q) — L(P, Q), one for each pair P, Q < S of F-centric subgroups, such that:

(@) m(p,0(g)) =cg € F(P, Q) forall g € Ns(P, Q).
(b) 8p.p(g) =3p(g) forall g € P, namely ép, p extends the structure map ép.
(c) If g e Ns(P, Q) and h € Ns(Q, R) then §p r(hg) =380 r(h) 0dp,0(g).
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For any P < Q set LIQ) = dp,p(e) where e is the identity of S.
2.6. Remark. Any p-local finite group admits a system of lifts by [6, Proposition 1.11].

We will write g for §p (g). In this notation conditions (a) and (c) become 7(g) = cg and
ﬁg:fzog.AlsmgoLg =K.

2.7. Remark. Every morphism in £ is both a monomorphism and an epimorphism (but not neces-
sarily an isomorphism). This is shown in [6, remarks after Lemma 1.10] and [3, Corollary 3.10].
We shall use this fact repeatedly throughout.

The orbit category of a p-local finite group (S, F, £) is denoted by O(F). This is the category
whose objects are the subgroups of S and whose morphisms are

def
OF)(P, Q) =Repz(P, Q) (o) \F (P, Q).
Also, O(F€) is the full subcategory of O(F) whose objects are the F-centric subgroups of S.

2.8. Proposition. (See [6, Proposition 2.2].) Let (S, F, L) be a p-local finite group. There exists
a functor B:O(F¢) — Top which is isomorphic in the homotopy category of spaces to the
functor P — B P, and such that there is a homotopy equivalence

hocolim B => |£].
O(F©)

2.9. Notation. For a finite group G, let BG denote the category with one object oG and G as
its set of automorphisms. For an F-centric P < S the monomorphism ép gives rise to a functor
BP — L which, by abuse of notation, we denote by §p. For P = S, upon taking nerves of
categories, we obtain a map

©:BS— |L]

and we write @ |gp for ® o B inclSQ.

If Q is F-centric, then the natural isomorphism of functors in Proposition 2.8 shows that
®|p¢ is homotopic to BQ =~ B(Q) — hocolimg(r«) B = |L|. Therefore, for any JF-centric
0 < § and any morphism p: Q — S in F we have ® o Bp ~ @ |g(. In particular, @ | g’ 0 By =~
O|po for any ¥ € Isor(Q, Q). It follows from Alperin’s fusion theorem for saturated fusion
systems [6, Theorem A.10] that:

2.10. Proposition. For any Q, Q' < S and any p € F(Q, Q') the maps ®|pg and O|gg o Bp
are homotopic.

The following proposition on mapping spaces will be needed in Section 7. Here and elsewhere
in this paper we use the letter n for the p-completion map X — X 2.

2.11. Proposition. Fix a p-local finite group (S, F, L) and let P be a finite p-group. Given a
homomorphism p: P — S, set Q = p(P) < S. Then:
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(a) There is a homotopy equivalence
map"*®°F (B P, |£]}) = map"°®12¢ (B Q. | L]}),

and this space is the p-completed classifying space of a p-local finite group.
(b) After p-completion, the map

map@lBQ (BQ, |£|) BN mapno@lBQ (BQ, |£|;)
induces a split surjection on homotopy groups.

Proof. (a) First of all, we can choose a fully centralized subgroup Q' < S in F and an iso-

morphism ¥ :Q — Q' in F. Let p’: P — S denote the composite P 2> Q LN Q' < S. By

Proposition 2.10 observe that
(1) Ol = 0BOl|pgroBYy.

Hence, ® o Bp >~ © o Bp'. It follows from [6, Theorem 6.3] that there are homotopy equivalences

map®0°80 (B P, |L]5) = map™©H (B P, |£]5) = map™s0’ (BO. L)

~ map"°? |50 (BO, |/.:|;)

where the first equivalence is implied by Eq. (1) and the third one follows since By : BQ — BQ’
is a homotopy equivalence. Also by [6, Theorem 6.3], this space is homotopy equivalent to the
classifying space of a p-local finite group |Cz(Q’ )|IA,.

(b) We can assume from (1), by replacing Q with Q’ if necessary, that Q is fully centralized
in F. In [6, p. 822] a functor

I:Ce(Q)xBO— L

is constructed where C.(Q) is the centralizer linking system [6, Definition 2.4] of Q in F. By
p-completing the geometric realization of I" and taking adjoints we obtain a commutative square
in which the bottom row is a homotopy equivalence by [6, Theorem 6.3]

#

Il
1Ce(Q)] —— map®lse(BQ, |£))

®) nl J/n*
arp#

ICL(Q)y — map™@Ire(BQ, |L]})

Since |C,(Q)| is p-good by [6, Proposition 1.12], upon p-completion of the diagram (2), we
see that the vertical arrow on the left becomes an equivalence and therefore the composite
(n*)f? o(|I’ |#)2 is a homotopy equivalence. In particular (77*)2 is split surjective on homotopy
groups. O

We end this section with a description of the product of p-local finite groups.
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2.12. Let F; be a saturated fusion system on a finite p-group S; for i = 1,...,n. Define S =
[T/_, Si and consider the product category [ [;_, F;. Its objects are the subgroups of S of the form

[1; P; where P; < S;, and morphisms have the form [[; P; M [1; Qi where ¢; € Fi(Pi, Q)).

2.13. Notation. For P < § =[]7_, S;, we denote by P the image of P under the projection
p:S— S;. Clearly P <[[I_, PY.

Let F be the fusion system on S generated by [ [; F;. Thus, every morphism ¢ € F(P, Q) is

given by the restriction of a morphism [ [; P® M I 0® in [1; Fi. The ¢;’s are unique in
the sense that they are completely determined by ¢ because p@|p: P — P are by definition
surjective and p@| QoP=g;o0 p®|p. We see that ¢ (¢i)7_, induces an inclusion F (P, Q)
I F (P®, 0D, In particular, ['; i is a full subcategory of F.

We shall write X?:l Fi for the fusion system F just defined and we call it the product fusion
system of the F;’s.

2.14. Lemma. With the notation above, (S, F) is a saturated fusion system. If P < S is F-centric
then all the groups PW) are Fi-centric fori =1, ..., n.

The assignment P — [; P9 and the inclusions F(P, Q) C [L Fi(PD, QW) give rise to a
functor r : F¢ — []; F{ which is a retraction of the inclusion [ [; Ff € F*.

Proof. It is shown in [6, Lemma 1.5] that F = X; JF; is a saturated fusion system on S.

The assignments P > [[; P and ¢ > [] ¢ give rise to a functor r : F — [, F; which by
inspection is a retraction to the inclusion j: [ [; ; — F. It remains to show that j and r restrict
to [ [; 7 and F*.

Observe that Cs(P) = []; Cs;(P?) for any P < S.If P is F-centric then

n n
M JJes(P?)=cspy<P<[]PY.
i=l1

i=1

Therefore Cs,(P?¥) < P@ for all i. Now, if Q; are F;-conjugate to P via isomorphisms
Qi € Fi(PD, Qi) then (¢1 X --- X @,)|p is an F-isomorphism onto some Q < S such that
0® = Q;. By definition Q is also F-centric and applying (1) to Q we obtain that C 5(Q) < Qi
for all i. We deduce that P® are JF;-centric.

Assume now that P; < S; are F;-centric for all i = 1,...,n. Then P =[], P; is F-centric
because if Q is F-conjugate to P then it has the form [[; Q; where Q; are F;-conjugate to P;
and therefore Cs(Q) =[[; Cs5;(Qi) < Q. O

The construction of the product of saturated fusion systems appears in [6], but we were unable
to find a reference for the product of p-local finite groups.

2.15. Definition. Let (S;, F;, L;) be p-local finite groups for i = 1,...,n. Their product
X:’Zl(Sl-,.?’-'i, L;) is the p-local finite group (S, F, £) where S =[]/_, S; and F = X?zlﬁ.
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The centric linking system £ = X:': | Li is defined as the following pullback of small categories
where r is defined in Lemma 2.14

X?:l Li - H?:] L

”l ll‘[?’l i

(X Fi) ——=TTim1 Ff

The functor 77 : £ — F is defined by the pullback and the monomorphisms §p : P — Aut,(P)
are defined by the composites

P<[]P® LN [ JAutz, (P©).
i i

We need to prove that axioms (A)—(C) of Definition 2.4 hold.
Proof. For any F-centric subgroups P, Q < S the set L(P, Q) is the pullback

L(P, Q) [/, Li(PD, QD)

(D N\L \Lnf”

X Fi(P, Q)= [T1_, Fi(PD, Q)

We start by proving that the monomorphisms é p are well defined. Thatis, given g = (g;) € P < §
where P is F-centric, [ [; 8 p@) (gi) € Autz(P). The pullback diagram (1) shows that it is enough
to check that [[7;(8pw (gi)) € r((X?zlfi)C). It follows from the fact that m; (6pa) (gi)) =
Cg; € Auty, (P®Y) and r(cg) = ]_[Cgi- This also shows that axiom (B) holds since 7 (5p(g)) =
[Tmi@Bpa(g))lp =cglp.

We continue to prove that (S, F, £) satisfies axioms (A) and (C). It follows from the definition
that 7 is the identity on objects. Observe that []; Cgi(P(i)) acts transitively and freely on the
fibre of the right-hand arrow in (1) because axiom (A) holds in (S;, F;, £;). Now, axiom (A) for
(S, F, L) follows from the fact that Cs(P) = []; Cs,(P”) and that diagram (1) is a pullback
square so the fibres of the vertical arrows are isomorphic.

Finally, axiom (C) for (S, F, £) follows by applying axiom (C) to each component of a mor-
phism f € L(P, Q) andeach g € P <[], PO 0O

2.16. Remark. Using the notation of Definition 2.15, if {5’;,’ Q} are systems of lifts in £;,
there results a system of lifts in [[; £; as follows. If P, O < § are F-centric, then 8p g is

[1:6p0r g : 1 Ng;(PD, 0Dy — [T, £:(PD, 1),

2.17. Proposition. Given p-local finite groups (S;, Fi, L;) for i =1, ..., n, the category [|; Li
is a full subcategory of X; L; and the inclusion j : [LLi— X; Li induces a homotopy equiva-
lence on nerves. In particular, ]_[;-121 |Li| ~ |)(?=1 Lil.
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Proof. Set £ = X:.’Zl L;. The category [[; £; is a full subcategory of £ by Definition 2.15
and the fact that []; 7; is a full subcategory of X, F;. The assignment P +> []; P?) and
the inclusion £(P, Q) C [T/, £i(PV, QW) give rise to a functor rp: £ — ]/, £; (see the
pullback diagram in Definition 2.15) which is a retract to the inclusion j by Lemma 2.14.
Also there is a natural transformation Id — j o r which is defined on an object P € L by
L;;,(P) P —r(P) =11, P® (see Remark 2.16 and Definition 2.5). This shows that |r| is a
homotopy inverse to | j|: [, |£i| = |£]. O

2.18. Remark. Given a p-local finite group (S, F, £), Definition 2.15 allows us to consider its 7-
fold product with itself denoted (S*", F*", L*™"). By construction, the action of the symmetric
group X, on $*" extends to an action on the fusion system F>" and the linking system £*" by
permuting the factors. Moreover, the functor 7 : £*" — F*" and the distinguished monomor-
phisms 8p : P — Autzxn (P) for every F*"-centric P < §*" are X, -equivariant from the con-

struction in Definition 2.15. Therefore, also the inclusion BS*" M B Autpxn (§™") — LXM is
X,-equivariant and so is the induced map © : BS>*" — |L*"| >~ |L|*".

The choice of §p ¢ in £*" made in Remark 2.16 is easily seen to be equivariant with respect
to the action of X, as well.

Finally, the functor j and the homotopy equivalence in Proposition 2.17 are also equivariant
with respect to the action of X, by permuting coordinates.

3. The wreath product of spaces

Let G be a finite group and X a G-space. The Borel construction X is the orbit space of
EG x X where EG is a contractible space on which G acts freely on the right. Recall from 2.9
that BG is the small category with one object and G as a morphism set. Then X can be viewed
as a functor X : BG — Top and the Borel construction is a model for hocolimpg; X. There is a
natural map X, — X/ G to the orbit space of X induced by the map EG — .

A standard model for EG is the geometric realization of the simplicial set £G whose set of
n-simplices is the (n + 1)-fold product G x --- x G with face and degeneracy maps defined
using deletion and duplication and where G acts diagonally via right translations. The identity
element of G equips EG with a natural choice of a basepoint (which is not invariant under G).
This basepoint provides an augmentation map «(X) : X — X, which is an inclusion map and
it fits into the fibration sequence

x <Y ¥, 6 - BG. (3.1)

We will tend to simply write « instead of x(X) whenever X is understood from the context.
A fixed point x € X corresponds to a G-map * — X and gives rise to a section s: BG — X
for this fibration.

Now assume that G is a semidirect product H x N. Consider spaces, namely, simplicial sets
X, Y and Z such that X has a left action of G and Z has a right action of H. Assume further that
Y has a left action of H and a right action of N such that & - (y - n) = (h - y) - (hnh~") for all
yeY,he H andn € N. Note that the actions of N and H on Y do not commute. Then Z x Y
admits a right G-action defined by (z, y) - (h,n) =(z-h, (h-y)-n) where g =hn € H x N and
(z,y) € Z x Y. Moreover, by inspection, there is a homeomorphism

(ZxY)xgX=EZxg (Y xyX).
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Taking Z = EH and Y = EN where the left H-action on EN is via conjugation, we obtain a
homeomorphism

(EH x EN) xg X = EH xp (EN xy X). (3.2)
Moreover there is an obvious isomorphism of simplicial sets
EH xEN 5 EG

which in turn induces a homeomorphism EH x EN = EG of G-spaces. It now becomes clear
that

XL)XhNL(XhN)hHT)XhG isequal to X > Xj6. (3.3)

3.4. Definition. The wreath product of a space X with a subgroup G of X is the space

X2G:=(x%),,

where G acts by permuting the factors of X **. The diagonal map Ay : X — X*¥ together with
Kk :X** - X G give rise to a natural map

AX): X — XG.
We shall use a left normed notation for iteration of the wreath product construction. That is,
by convention, X 1 G 1 G ---2 G, denotes (--- (X 2 G1) 1 Go) v --+) 1 G,. Applying (3.2) and

(3.3) iteratively it is left as an easy exercise to prove

3.5. Proposition. Given permutation groups G; < Xy, wherei =1, ..., n, there is a homeomor-
phism

0 X20G121Gr1-1Gp S X1(G11Gar-- 21 Gy)
which is natural in X. Moreover, the composite
X2 X261 (X266 S - B X1G126G22--1 G, 25 X21(G12G22 -1 Gy)
isequalto A: X — X1 (G11Ga -2 Gy) via the above homeomorphism.
3.6. Remark. Clearly X fixes all the points in the image of the diagonal map X — XX If

X # ¢, then the fibre sequence (3.1) X¥ — X : G — BG splits for any G < X and the long
exact sequence in homotopy groups gives rise to isomorphisms

T (X1G)=E(mX):G and
7i(X1G) = (m; X))k foralli >2.

Moreover, « : X¥ — X 1 G induces inclusions ]_[k T« X <1 (X 2 G) on which G < m11(X :G)
acts on higher homotopy groups by permuting the factors.
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In particular, if X = B H for a discrete group H, there is a homotopy equivalence (BH): G =~
B(H:G)and A:BH — (BH)G ~ B(H 1 G) is homotopic to the map induced by the diagonal
inclusion H < H:G.

Let Y be a G-space. For any space X, map(X, Y) becomes a G-space, and the evaluation map

X x map(X,Y) <> Y is clearly G-equivariant. Therefore, applying the Borel construction, it
gives rise to a map evyg : X X map(X, Y)ng — Yng whose adjoint is denoted

(evig)" :map(X, Y)ug — map(X, Yig).

If the component map/ (X, Y) of some f : X — Y is invariant under the G-action then inspection
of the adjunction shows that (evpg) restricts to

(evig)* :map’ (X, V) — map“°f (X, Yig).

Moreover, the composite

. . # .
map” (X, ¥) %> map’ (X, ¥)e 29 map®/ (X, Y6) 3.7)

coincides with the natural map induced by Y LiUN YiG.

3.8. Proposition. Fix a map f:A — X and G < X}. Denote the adjoint of
A x (map’ (A, X)1G) = A x mapAX°f(A,Xk)hG e, (Xk)hG =X:G
by y :map’ (A, X) G — map?X)°f (A, X 2 G). Then:

(a) The triangle below is commutative:

mapf(A, X)

l W)
A

map’/ (A, X):1 G - map2X)°f (A, X1 G)

(b) If A is a non-empty path connected CW-complex then y is a homotopy equivalence.

Proof. (a) Note that ]_[k mapf (A, X) = mapAX °f(A, X*) and that this component is invariant
under the action of G < X%. The commutativity of the triangle follows from (3.7) and Defini-
tion 3.4.

(b) First, we check that the evaluation ev:map°(A, BG) — BG at some a € A is a ho-
motopy equivalence where the domain is the path component of the null-homotopic maps.
Since this map between connected spaces has a section const: BG — map“(A, BG), its homo-
topy fibre map$ (A, BG) is connected. But it is in fact contractible because §2 map, (A, BG) =~
map, (A, G) > x. Then the section is also a homotopy equivalence.
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Now consider the following ladder in which the rows are fibre sequences and . is induced
by X — x:

map/ (A, X)¥ —— map/ (A, X):G ——— BG

@)) incl l 14 \L ~ l const

F ———— map?™°/ (A, X1 G) —— map(A, BG)

It commutes because the right-hand square commutes as a consequence of the commutativity of
the following square and adjunction

A x map?x°f (A, X¥),6 — A x map(A, )56

eViG l \L proj=eviyg

X ————— *n =BG

Now, F is a union of path components of map(A, X¥) because it is the fibre of the fibration
map(A, X : G) — map(A, BG) over the component of the constant map. Moreover, F clearly
contains the component map?X°/ (A, X¥) and inspection of y shows that the map between the
fibres is simply the inclusion. Comparison of the long exact sequences in homotopy of the fibre
sequences in (1) shows that F is connected, whence F = map/ (A, X)**. Application of the five
lemma to the exact sequences in homotopy now yields the result. O

4. Killing homotopy groups

The aim of this section is to study the effect on homotopy groups of the composite map

X & X X KN (XzZ‘k)[A7 where A(X) was defined in the last section and 7 is the
p-completion map.

4.1. Proposition. Let X be a pointed space. Then the kernel of . X — m (X ;\) contains all the
elements whose order is prime to p.

Proof. Let [®] € ,.(X) be an element of order k prime to p. Then the map ® : §” — X factors
through the Moore space M (Z/k, n), which is a nilpotent space with the mod p homology of a
point. It follows that n o ® : §* — X,ﬁ factors through M (Z/ k, n);,\ ~ % (see [2, Chapter VL.5]),
and therefore is null-homotopic. O

An element of exponent n in a group G is an element whose order divides n. For the proof
of the next result, recall that for any space, 71 (X) acts on the groups 7, X, see, e.g. [23, Corol-
lary 7.3.4] or [25, Chapter III]. We write a® for the image of the action of w € 1 X on o € m, X.

4.2. Lemma. Fix an integer n > 3 and a pointed space X. Then the kernel of
A(X)x

T X == 1 (X 2 Zy) 15 7 (X 2 50))

contains all the elements of exponent n in . X.
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Proof. We recall from Remark 3.6 that

T(X X)) = (1 X) 2 Xy,
i (X X,) =@niX fori > 2.
n

Furthermore, « : ]_[n X — X X, induces the inclusion ]_[n X < me(X 2 X)), The section
s:BX, —> X X, defined by the fixed point (x,...,*) € X" induces the group inclusion
X, < (X X,) which acts by permuting the factors of 7, (X") < m(X  X)).

We can choose elements w; € X, whose order is prime to p and wi(1) =k for all k =

1,...,n. Indeed, if p > 2 we can choose the involutions w; = (1, k). If p =2 we can choose
wi to be 3-cycles (note that n > 3). In both cases we choose w1 =1id.
Foreveryk=1,...,nlet jr : X — [], X denote the inclusion into the kth factor with respect

to the basepoint of X. Note that Ay : X — X" induces (Ax)«(0) = (0, ...,0) €[], 7«X. By
inspection of the action of wy € m1(X @ X},), it follows that for any 6 € m; X, (k o ji)«(0) =
((k 0 j1)x(0))?* € m; (X 2 X}). Now fix some 6 € m; X of exponent n. Since A(X) is defined as

i A
the composite X =% [], X %> X ¢ X, we have

n

AX)0) = [ (e 0 j)«(0) = [ [((k 0 jn)«(0)) ™.

k=1 k=1

Now consider the p-completion map X : X, 2 (X E,,)g and note that it maps wy to the trivial
element by Proposition 4.1. By applying 7, and using the naturality of the action of the funda-
mental group we see that

(10 AX)),0) = [ ] 1+ (e 0 )4®)*) = [ ] 1 ((k 0 1) (6)) ™

k=1 k=1
= (n((c 0 D« (®))" =nu((c 0 j)4(6")) =0. O

4.3. Lemma. Fix some k > 3 and consider a map f:X — Y. Assume that every element of
T mapf(X, Y) has exponent k and that map”OA(Y)Of(X, Y Z‘k)g) is p-complete. Then the
homomorphism

i mapf (X,Y) map(X,noA(Y))x

i map" A (x (v Z05)
is trivial.

Proof. According to Proposition 3.8(a) the triangle in the diagram below commutes up to ho-
motopy:

A(Y )y s
map/ (X, Y) —— map2°/ (X, Y 1 5;) —= map™4°/ (X, (Y21 Z)))

. |

map/ (X, ¥) Ty —— (map/ (X, ¥)2 20
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Since map’7°A(Y)°f(X, (Y2 Z‘k);) is p-complete, the map (174 o y)IA? gives rise to a choice of

a map for the dotted arrow so that the square is homotopy commutative. We can now apply
Lemma 4.2 to the diagonal arrow A and the bottom arrow . O

5. The wreath product of p-local finite groups

Given a finite group G, the space (BG) @ X} is the classifying space of the group G : Xk
(see 3.6). In this section we prove an analogous result for p-local finite groups.

Recall that a p-local finite group (S, F, £) admits an S-system of lifts {§p o}, see Defini-
tion 2.5 and the remarks below it. Thus, an element s € S permutes the set of all morphisms £, by
either pre-composition with 51 (e.p—>o os—l) or by post-composition with § (i.e. ¢ > §o @)
where s € Ng(Q, s Qs !). These assignments form a left and right action of S on £ and we ob-
tain an action of S on £ by conjugation of the subgroups P < S and by conjugation of morphisms
p—>Sopos!.

5.1. Definition. The action of a group G on S is called fusion preserving if the image of G %>
Aut(S) consists of fusion preserving automorphisms, that is, for every ¢ € F(P, Q) and every
g € G the composite 7, 0@ 0 réjl belongs to F (74 (P), 7,(Q)).

In this section we prove Theorem 5.2 which is a variant of [3, Theorem 4.6]. While condition
(2) of Theorem 5.2 offers some simplifications, we relax the assumption imposed in [3] that G
is a finite p-group. The main idea of the proof remains the same but some new arguments were
needed. We also felt that some details are missing in [3] and we therefore decided to present a
complete proof of Theorem 5.2.

5.2. Theorem. Let G be a finite group which acts on the centric linking system Lo of a p-local
finite group (So, Fo, Lo). The action of g € G on ¢ € Mor(Ly) is denoted by ¢+ g - ¢ - g~
Assume that Sy < G and let S be a Sylow p-subgroup of G. Assume further that:

(1) Each g € G acts on Ob(L) by sending P to ngfl. Foreach g € G and each ¢ € Lo(P, Q),
mo(gpg™ ") =cgomo(p) oc-1 € Fo(gPg™ ' g0g™h.

(2) If Py < Sy is Fo-centric and if a homomorphism cg : Py — So for some g € G belongs to Fo,
then g € So.

(3) The action of G on Ly extends the conjugation action of Sy on L.

U= gsg=! forany g € G and

(4) There is a G-equivariant system of lifts in Lo, that is, g -5 - g~
any s € Ng,(P, Q).

(5) If Q < So is not Fy-centric but Q = N5, (Q) is Fo-centric, then there exists ¢ € Lo(0, So)
such that wo(¢)(Q) does not contain its So-centralizer and moreover, for any x € Ng(Q)

there exists some s € S such that xpx ™' =5 o @.

Then, there exists a p-local finite group (S, F, L) with the following properties:
(a) There are inclusions Fy C F, .7-'6 C F€ and Lo C L in such a way that the distinguished
monomorphisms §p in L extend the ones in Lo. The map i:|Lo| — |L| induced by the

inclusion fits in a homotopy fibre sequence

Lol L |£] — B(G/So).
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Moreover, if So has a complement K in G, that is G = Sy X K, then:

(b) There is a homotopy equivalence |Lolpx =5 |L| such that the composite |Lo| = |Lolnk =~
|L| is homotopic to |Lo| - |L| and such that ® : BS — |L| is homotopic to the composite

BS B BG ~ (BSo)nx 225 | Lolnk ~ |L].

(c) Up to isomorphism (S, F, L) is the unique p-local finite group with the properties in (b).

As a corollary we obtain the proof of Theorem A in Section 1.

Proof of Theorem A. By Remark 2.18 there is an action of X, on the n-fold product
(So, Fo, Lo) = (S, F*", LX) by permuting the factors.

The action of Sy on Ly by conjugation clearly extends to an action of Sy x X, because Sy =
S*™ acts on every coordinate of Lo = £*" and X, acts by permuting the factors of £y and the
factors of Sy = S*". Set G =S K = Sy x K. We shall now show that the action of G on L
satisfies hypotheses (1)—(5) of Theorem 5.2.

Hypothesis (1) is clearly satisfied because K acts on Sy by permuting the factors which is
an automorphism of Fy = F*". Note that 7 : Ly — Fp is X, -equivariant and it is also Sp-
equivariant since 7 (§) = ¢ for any s € S. Hypothesis (3) holds by the definition of the action of
G = Sp x K on Ly. For hypothesis (4) choose a system of lifts {6p o} in £ (see Remark 2.6)
and use Remarks 2.16 and 2.18 together with the obvious fact that the system {5p g} is So-
equivariant.

We now check hypothesis (2). Fix an Fp-centric subgroup Py < Sp and let P( ) be defined
as in 2.13. Since Pé D are F-centric fori = 1,...,n by Lemma 2.14 and S # 1, it follows that
Py #1 whence Z(P{") # 1 foralli = 1,...,n. Also note that []; Z(P{") =T, Cs(P{") =
Cs,(Pp) < Py because Py is Fo-centric. Fix some g = (s1,...,8,;0) € G =S5 K and assume
that g ¢ So, namely o # 1. Without loss of generality we can assume that o (1) = 2. Choose
1#z1€ CS(PO(I)) and consider (z;, 1,..., 1;id) € [T'_, Z(Pé) < Py. Then

cg((zl, 1,...,1; id)) =(s1,...,80;0)(z1, 1, ... 1d)( ) ..,s_jl(n)’ —1)

= (1,518, ', 1,..., 1;id).

Therefore ¢, & Fo(Po, So) because it cannot be a restriction of a morphism in I, F.

Finally we prove that hypothesis (5) is satisfied. Assume that Q < Sy is not Fp-centric but
Q N5, (Q) is Fp-centric. Observe that N, S(Q(’)) are all F-centric because NSO(Q)(’) are all
F-centric by Lemma 2.14 and Ns,(Q)® < Ns(Q®).

For every i we choose a morphism ¢; € L(Ns(Q®), S) such that 7()(Q®) is fully F-
centralized (see [6, A.2(b)]), and define a morphism (¢, ..., ¢,) € Lo([]; Ns(QD), So). Let
@ € Lo(Q, So) be its restriction to Q. Then 7(¢)(Q) is fully centralized since 7o(¢)(Q)® =
() (QW) are fully centralized for all i. By assumption Q is not Fo-centric, hence 70(¢)(Q)
does not contain its So-centralizer.
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It remains to show that for any g € Ng(Q) there exists some s € So such that gpg ' =50¢.
Set W = Ng(Q)/Ns,(Q) < Xy. Choose uo € Ng(Q) Where'u ell; Ng(Q)? and o € W and
assume that o (i) = j. Given x € 0, choose x € Q0 < []; Q¥ with x; = x. Note that

Uuo - X - o lul=u. (X5 (i) - u™!

Thus, u]xu le Q(/) It follows then that u ; Q(’)u_1 - Q(J) that is, Q(’) is S-conjugate to a
subgroup of Q). By symmetry Q) and Q(f) are S-conjugate. Thus, after conjugating by an
appropriate element in Sy we may assume that Q) = Q) whenever o (i) = j for some o € W.
Note that this does not change W. Moreover, in the definition of ¢, we can take ¢; = ¢; if
o(i) = j for some o € W. Finally, for any g € Ng(Q) we can write g = yo for some o € W
and y € N5, (Q) < [1]; NS(Q(’)). By the choice of the morphisms ¢;, it is clear that agba_l =,
hence

PO LN P B ) L N

§pg =Yyopo 'y =Ygy =yog@oy

where s € Sp.

Now we apply Theorem 5.2(b) to conclude that there exists a p-local finite group (S’, F', L)
with (|LoDrk == |£'| such that

(1) BS E1 BG ~ (BSo)nx 22K | Loluk ~ L]

is homotopic to @' : BS" — |L'|. Also observe that the horizontal arrows in

(BS)*" —— BS,

exn \L \L(—)O

|£|X” T> [Lol

form a X, -equivariant map of the vertical arrows. It follows that the composite in (1) is homo-
topic to the map

B/ Bincl BGN(Bs)ZK%|E|ZK 1|

which is therefore homotopic to @' : BS’ — |L’|. The uniqueness of (S’, 7', £’) with this prop-
erty is guaranteed by part (c) of Theorem 5.2. 0O

5.3. Remark. If the p-local finite group in Theorem A is associated with a finite group G then
(8, F', L) satisfies |£/|2 ~ (L5 K)Q ~ (BG)2 K)g ~ B(G 1 K),. Those equivalences fol-
low from the Serre spectral sequence associated to |£|" X g EK and [2, Lemma 1.5.5] since the
spaces involved are p-good [6, Proposition 1.12]. Thus, £’ is the linking system associated to
G K.

In the remainder of this section we will prove Theorem 5.2. From now on, the hypotheses and
notation set up in Theorem 5.2 are in force. Its proof, namely the construction of (S, F, £), is
obtained in a sequence of Definitions and Lemmas 5.4-5.16. Their proofs are given after 5.16.
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5.4. Definition. Let H( denote the set of all the Fy-centric subgroups of Sp. Fix once and for all
a Sylow p-subgroup S of G and for every P < S let Py denote P N Sp.

The action of G on the set of all subgroups of Sy by conjugation restricts to an action on the
set Ho of all the Fy-centric subgroups of Sy because G acts via fusion preserving automorphisms
of So by hypothesis (1).

5.5. Definition. Let F; be the fusion system on Sy generated by Fy and Autg(Sp). Define a
category £ whose object set is Ho and

Mor(L1) = (G x Mor(Lo)) /(gs,¢) ~ (8.5 0¢) (s € So).

The morphism set L1 (Py, Qo) where Py, Qg € Ho consists of the equivalence classes [g : ¢]
such that g € G and ¢ € Ly(Po, Qg). Composition is given by the formula

[g:@lolh:y]=[gh:(h 'ph)oy],
and identities are the elements of the form [1 :idp,]. We check later that composition is well

defined.
Define a functor 1 : £ — F| which is the identity on the set of objects and

m1([g : ¢]) = ¢4 0 mo(9).

N 8
We also define functions ép,,0,: Ng(Po, Qo) = L1(Po, Qo) by g — [g: Lgoo] and denote the
image of g by g.

We will prove the following properties relating £; and Lo.
5.6. Lemma. The category L satisfies the following properties:
(a) There is an inclusion functor j: Lo — L1 which is the identity on objects and ¢ — [1 : ¢]
on morphisms.
(b) Every morphism in L has the form g o ¢ where ¢ is a morphism in Lo C L. If ¢ €

Lo(Po, Qo) and x € NG (Py), then ¢ o £ =% o (x ' gx).
(¢c) There is a homotopy fibre sequence

Lol L5 1£1] - B(G/So).
If So admits a complement K in G then there is a homotopy equivalence |Lo|pg = |L1] such

that the composite |Lo| — |Lolnk = |L1] is homotopic to the map induced by the inclusion j.
Moreover, the composite

Oo)n
BG ~ (BSo)nx ~2255 | Lolpk =~ |L1]

is homotopic to the map BG — |L| induced by the functor k : BG — L| with k(eg) = Sy
and k(g) =g : 15,1
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The next step in our construction is to define the following category.
5.7. Definition. Define a category £, whose object set is
H={P<S: Ph=PNSpeHo}
and whose morphism sets are defined by

Lo(P,Q)={¥ € L1(Py, Qo): Vx e P Iy Ost. (Yo =Fo)}.

By construction £7(P, Q) € L1(Py, Qo) and composition of morphisms is obtained by com-
posing them in L. Identities idp have the form [1 : idp,]. Also define the following maps

N 8
op,0:NGg(P,Q)— Lo(P,Q)by g+—[g: L}Q)OO] and denote the image of g by g.

The main properties of the category £, and its relation to the previously defined £ are con-
tained in next two lemmas.

5.8. Lemma. The category L is the full subcategory of L on the objects Hy and the inclusion
j: L1 — Ly induces a homotopy equivalence on nerves.

5.9. Lemma. Let P, Q < S. The category L, satisfies the following properties:

(a) For every morphism € Lo(P, Q) there exists a unique monomorphism wy(y): P — Q
which satisfies o X = () (x) o Y in L for all x € P. Moreover, mo ()| p, = w1 ().

() m2(idp,) = idp and ma(h) o T (W) = ma(h o W) for every P L> Q % R in L.

(c) Forevery g € Lo(P, Q) with g € NG(P, Q), we have m2(8) = cq.

(d) Givenr € L2(P, Q), if ma (V) is an isomorphism of groups then \ is an isomorphism in L.

Lemma 5.9 justifies the following definition.

5.10. Definition. Let F, be the category whose object set is H, see Definition 5.7, and
whose morphism sets F,(P, Q) are the set of group monomorphisms 72 (L2(P, Q)) defined
by Lemma 5.9. By the properties shown in this lemma, there results a projection functor
7y : L7 — F> which is the identity on objects.

5.11. Lemma. The category F satisfies the following properties:

(a) Forevery P, Q € H, Homg (P, Q) € F2(P, Q). In particular, F, contains all the inclusions
P < Q of groups in 'H.

(b) Every morphism in J, factors as an isomorphism in JF, followed by an inclusion. In partic-

ular, every isomorphism of groups f: P — Q in F; is an isomorphism in F.

Thus, F falls short of being a fusion system on S only because its set of objects H need not
contain all the subgroups of S.

5.12. Definition. Let F denote the fusion system on S generated by F>.
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5.13. Lemma. The fusion system F satisfies the following properties:

(a) JF, is the full subcategory of F generated by the objects in 'H.
(b) Every P € H is F-centric. In particular, Hy C F€.
(¢c) Every morphism f € F(P, Q) restricts to a morphism f|p, € F(Po, Qo).

5.14. Lemma. The functor wo : Lo — F satisfies all the axioms of a centric linking system on the
object set 'H.

Finally, the last step in the proof is to show that the fusion system (S, F) defined in 5.12 is
saturated and that £, can be extended to a unique centric linking system £ associated to F.

5.15. Lemma. F is a saturated fusion system on S.

5.16. Lemma. There exists a p-local finite group (S, F, L) such that Ly is a full subcategory
of L and > : Ly — F is the restriction of 7: L — F. Moreover, §p: P — Autg, (P) are the
distinguished monomorphisms of (S, F, L) for all P € 'H, and the inclusion Ly C L induces a
homotopy equivalence on nerves.

Assuming Definitions and Lemmas 5.4-5.16, we can now prove Theorem 5.2.

Proof of Theorem 5.2. The p-local finite group (S, F, £) is constructed in Lemma 5.16. To-
gether with Lemma 5.8 we obtain inclusions of full subcategories £ € £, € £ which induce
homotopy equivalences on nerves. By Lemma 5.6(c), there results the homotopy fibre sequence
of part (a).

Now assume that Sp has a complement K in G and we prove points (b) and (c). Lemma 5.6(c)
shows that there are homotopy equivalences |Lolpx =~ |£1] = | L] such that |Lo| — |Lolnx = | L]
is homotopic to the map induced by the inclusion Lo C; £1 € L. Moreover the map

i O,
BS B BG ~ (BSo)nk 22K | Lolnk = |L]

is induced by the functor Ag:B5S — £ which sends es to Sy and defined on morphisms by s
[s: 15,1 =5 € Aut(Sp) (see Lemmas 5.16, 5.6 and Definition 5.7). The map ® : BS — |L] is
the realization of the functor A : BS — B Aut,(S) — £ where s — § € Aut.(S), then the lift of
the inclusion Lgo € L(So, S) provides a natural transformation Ay — A because s o tgo = Lgo 08§,
see Definition 2.5. Therefore | Ag| and | A1 | are homotopic and the proof of point (b) is complete.

Now assume that (S, F’, L) is another p-local finite group which satisfies the properties in
point (b). Let A denote the composite BS — BG = (BSo)nx — |Lolnk - By assumption there is

a homotopy commutative diagram

(] cx
A

ILl =—— Lol ——= ||

The isomorphism of (S, F, £) and (S, F', £') follows from [6, Theorem 7.7]. O
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In the rest of the section we fill in the details needed for the construction in 5.5-5.16.

Proof that Definition 5.5 makes £ a small category and makes 71 :£{ — F afunctor. The
verification that composition of morphisms is well defined is similar to the one in [3, Theo-
rem 4.6]. Specifically, for any go, hg € So

[gg0: @10 [hho : Y= [ggohho: (hg'h ™ phho) o] = by hypothesis (3),
[ggoh : (h_lfph) ohyo 1,0] = [gh : hflg\oh o (h_lgoh) ohyo w] = by hypothesis (4),
[gh:h (Goop)hohooy]=Ig: G oplolh:hyoyl.

Associativity is straightforward as well as checking that the morphisms [1 : 1p)] are identity
morphisms Py — Py.

It is evident from the definition that r; maps identity morphisms in £; to identities in Fj. It
also respects compositions by the following calculation which uses hypothesis (1) in the third
equality

mi(lg:@l) omi([h: ¥]) = cg 0 mo(@) o cp o (W) = cgn o (-1 0 (@) 0 c) 0 70 (V)
= cen omo(h™ oh) o mo(¥) = cgn o o (™" ph o )
=m([gh:h 'ohoy])=m(lg:¢lolh:y]). O

Proof of Lemma 5.6. (a) By Definition 5.5 we have [1: @]o[l:¢']1=[1:¢o¢']so0 j is clearly
associative and unital. It is an inclusion functor because [1 : ¢] = [1 : ¢'] if and only if ¢ = ¢’ by
the definition of morphisms in £;.

(b) Clearly, every morphism v in £ has the form [g : 9] =[g: 1]1o[1:¢] =g o ¢. Given ¢
and x as in the statement, by Definition 5.5

pox=[l:¢lo[x: 1]=[x :x_lgox]z[x : 1Qg]o[1 :x_ltpx]ziox_lgox.

(c) Set G = G/So and denote its elements by g = gSp. There is a functor IT:L| — B(G)
which sends every object of £ to ez and maps [g : ¢] > g.

Now, consider the comma category (e | IT). Its objects are pairs (g, Pyp) and morphisms
(g, Po) — (h, Qp) are morphisms [x : 1] € L1(Py, Qo) such that x = hg='. We can easily check
that g: P(f — Py provides an isomorphism (e, P(f ) — (g, Po) in (e | IT). Therefore, the set of
objects of the form (e, Py) form a skeletal full subcategory of (e | IT), that is, it contains an
element from every isomorphism class of objects. This subcategory is clearly isomorphic to Ly
and moreover the composite Lo C (e | IT) — L is the inclusion j in part (a).

Moreover, any morphism g € BG clearly induces an automorphism of the category (e | I7).
Therefore, Quillen’s theorem B [20] applies in this situation to show that the sequence

[(eg | IT)| — |L1] — |B(G/Sp)| is a homotopy fibre sequence. Finally, using the homotopy

equivalence | j| we obtain the homotopy fibre sequence | Lo| LN L] LLINyYe" /So-

Now suppose that Sp has a complement K in G. Recall that G acts on the category £y and
we view the restriction of this action to K as a functor BK — Cat. Let Trx (L) denote the
transporter category (or Grothendieck construction) of this functor; see, e.g. [24]. The object
set of Trx (Lo) is Ho, and the morphisms Py — Qg are pairs (k, ¢) where ¢ € Lo(* Py, Qo).
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Composition is given by the following formula: (k2, 2) o (k1, 1) = (kok1, g2 0kopiky 1). Define
a functor @ : Trg (Lo) — £ which is the identity on objects and

@ : Trg (Lo)(Po, Qo) — L1(Po, Qo) is defined by (k, ¢) > [k : k™' pk].

It is clear that @ (1, id) = [1 : id] and for any pair of composable morphisms (k2, ¢2) and (k2, ¢2)
in Trg (Lo),

@ (ka, 92) 0 D (ky, ¢1) = [ka : k3 ' paka] o [k ki iki ]
= [koky : k7 k3 L pakaky o kT g1k ] = @ (koki, @2 0 Kok ).

By definition @ is bijective on the object set. It is bijective on morphism sets because K N Sy =1
so every morphism in £1(Py, Qp) has a unique representative of the form [k : ¢] where k € K
and ¢ € Ly.

Thomason [24] constructed a homotopy equivalence | Lol g ﬁ> | Trx (Lo)| such that the map
Lol = |Lolpg =~ | Trg (Lo)| is homotopic to the map induced by the inclusion Lo C Trg (L)
via ¢ > [e : ¢]. Furthermore, by inspection @ carries the subcategory of Ly in Trg (L) onto
Lo € L via the identity map. We deduce that |@| o 8 is a homotopy equivalence |Lo|px —
| L] whose composition with |Lg| — |Lo|nx is homotopic to the map induced by the inclusion
j:Lo— L.

To complete the proof we now consider the subcategory BSy of B Autz,(Sp) € Lo via the
monomorphism ds, : So — Autz,(So) and observe that it is invariant under the action of K by hy-
pothesis (4). Thus, there is an inclusion of subcategories Trx BSo € Trgx Lo induced by Trg (8s,).
By inspection there is an isomorphism of categories Trx BSo = BG via the functor (k, s) — sk
such that the composite

BG = Trx (BSo) € Trx (Lo) 2> £,

is the functor which sends e to Sp and g — [g : 1] € Autg, (Sp). O

Here are more properties of £ that we will need later in order to study the properties of the
category L».

5.17. Lemma. Let Py, Q¢, Ro € Hg. Then

(a) Forevery g € Ng(Po, Qo) and h € Ng(Qo, Ro) the equality ho g= @ holds in L.

(b) Fix ¥ € L1(Py, Qo) of the form [g : ¢l. Then, for every x € Ng(Py) there exists at most
one y € Ng(Qo) such that ¥ o X = 3 o V. In this case y = gxg~'so for a unique sy € So.
Moreover, if x € Py then y = w1 (¥)(x) satisfies Y oX =y o .

(¢) Every morphism in L1(Py, Qo) is both a monomorphism and an epimorphism.

(d) Fix ¥ € L1(Py, Qo) such that w1 (¥)(Py) < Ro for some Ry < Qq. Then there exists A €
L1(Py, Ry) such that yr =10 X where t =¢ € L1(Ry, Qo).

() If m () =m (Y') where ¥, ' € L1(Py, Qo) then ' = o Z for a unique z € Z(Pp).

(f) Fix Py € Ho and set H :={g € G | gPog™" is Fo-conjugate to Py). Then H is a subgroup
of G which contains Sy and | Autg, (Pp) : Autg (Po)| = |H : Sol.

Proof. (a) i o g=1lh:¢elolg:el=[hg:¢e]= @ by Definition 5.5 and hypothesis (4).
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(c) Every morphism [g : ¢] factors as [g: 1] o[l : (p(P()] o[l : ¢'] for some isomorphism
@' : Py — @(Py) in Ly. Since [g: 1] and [1 : ¢'] are isomorphisms it is enough to show that
morphisms of the form [1 : Lgoo] € L1(Py, Qo), which we denote by ¢, are monomorphisms and
epimorphisms.

Consider morphisms [A : ¢], [1 : ¢'] € L1 (Ro, Po) and assume that to [h: @]l =10 [k :¢'].
Then [i,¢ 0 9] = [I' : ¢ o ¢'] and therefore i’ = hs for some s € Sy and eop =¢ o050 ¢
where ¢ € Lo(¢p(Py), hQoh—1). Since ¢ is a monomorphism in Ly it follows that ¢ = 5 o ¢" and
therefore [ : 9] = [I : ¢']. This shows that ¢ is a monomorphism.

If [h: @lot = [h': ¢’] ot then a direct calculation shows that [k : 9 oé] = [ : ¢’ 0€]. A similar
argument to the one above using the fact that ¢ is an epimorphism in £ shows that 4’ = s and
p=50¢',whence [h:p]=[N":¢].

(b) Ify exists then it is unique because by part (c), ¥ is an epimorphism. Since we have
Yo )? =[gx:x 'px] and $ o ¥ = [yg : ¢] we see that there is a unique s € So such that gx =
ygs~!, whence y = gxg~! - gsg~ L.

If x € Py then axiom (C) satisfied by Ly, see Definition 2.4, implies that

Yoi=[g:plolx:1]=[gx:x logo]=[g:poil=[g:m(@) ) og]
= [e(mol@)®)) - 2 9] = ¢4 (T0() () - g 0 ¥ = 711 (WY)(x) 0 Y.

(d) Write ¥ = [g : ¢] for some ¢ € Lo(Po, Qg). Then ¢ = éo¢ for some ¢ € Lo(Po, gRog™")
and e € N, (Po, gRog_l). By inspection ¢ =[1:¢e]o[g: ¢].

(e) Write ¥ = [g : @] and ¥' = [g’ : ¢'] in L{(Py, Qp). By assumption and Definition 5.5,
cg omo(p) = cgr 0 mo(¢"), whence 7o(g) = 41, 0 0(¢). Since mo(9), 7o (¢") € Fo, we obtain
that Co-lgr € Fo(Py, Pp) so hypothesis (2) implies that g_1 "€ 8y, namely g’ = gs for some
s € Sp. Then my(p) = ¢y o mo(¢') implies that § o ¢’ = ¢ o Z for some z € Z(Py). Therefore,
Yoi=[g:poil=lg:50¢ 1=[g ¢ 1=9"

(f) By hypothesis (1) in Theorem 5.2, if Q¢ is Fp-conjugate to Q6 then gQog ™! is Fo-
conjugate to gQZ)g’1 for any g € G. This implies that H is a subgroup of G and it contains Sp
because Fs,(So) € Fo.

Let g1,..., gn be representatives for the cosets of Sy in H. By Definition 5.5 every ele-
ment ¥ € Autg, (Pp) can be written uniquely as ¥ = [g; : ¢] for some i = 1,...,n where
@ € Lo(Po, 8 Py). Also note that |Lo(Po, 8 Py)| = |Autg,(Po)| because 8 Py is Fp-conjugate
to Py. This shows that [Autg (Po)| =n - |Autg (Po)| = |H : So| - |[Autg, (Po)|. O

We now turn to the study of the properties of the category L.

Proof that Definition 5.7 makes £, a small category. Given morphisms ¢ € £>(P, Q) and
p € L2(0, R), we leave it as an easy exercise to check that p o ¢ € L{(Po, Rp) belongs to
L2(P, R). Thus, composition of morphisms in £, is well defined. It is easily seen to be unital
and associative because this is the case in L.

Since Sy <1 G it follows that Ng (P, Q) € Ng(Py, Qo). Now fix some g € NG(P Q) and
x € P andset y =gxg~!' € Q. It follows from Lemma 5.17(a) that § o X = gx =yg = 0 §.
Therefore g € Lo(P, Q). O

We are now ready to prove Lemmas 5.8 and 5.9.
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Proof of Lemma 5.8. By construction £,(Pgy, Qo) S L1(Po, Qo) for any Py, Q¢ € Hyp. For
every x € Py and every ¥ = [g : ¢] € L1(Py, Qo), it follows from Lemma 5.17(b) that there is
an equality ¥ o X = Y o ¥ in L] where y = 1 (¥)(x) € Q. Therefore y € L>(Py, Qo) and we
conclude that £1(Py, Qo) = L2(Poy, Qo).

The inclusion functor j: £y — L has a left inverse r: £, — £ which maps an object P to
Py and maps morphisms via the inclusions L2(P, Q) € L1(Po, Qo). Observe that r o j =1dg,
because L2 (Py, Qo) = L1(Po, Qo).

By Lemma 5.17(b) we see that £o(Py, P) contains [e : 1p,] = é. These morphisms define a
natural transformation j o r — Id. This is because we recall that [e : 1p)] and [e : 1] are the
identities of Py and Qg in £ and for any v € L2(P, Q) € L1(Py, Qo)

Yole:lpl=le:1g,lo.
Then it follows that j and r yield homotopy equivalences on nerves. [

Proof of Lemma 5.9. (a) By Definition 5.7, for every x € P there exists some y € Q such that
Yox=yo. Since P < Ng(Py) and Q < Ng(Qp), Lemma 5.17(b) implies that y is unique.
There results a well-defined function 2 () : P — Q defined by 72 (1) (x) = y. In addition, since
Xand y = n@x) are morphisms in £, (see Definition 5.7) and Lo (P, Q) C L1(Py, Qo), we
deduce that the equation ¥ o X = an) o ¥ holds in £;. Moreover, mp(y¥): P — Q is the
unique function that satisfies this equality for all x € P. The fact that 72 ()| p, = 71 (¥) follows
from the last assertion in Lemma 5.17(b).
Given x,x" € P, set y =mp () (x) and y' = 72 () (x"). Then, by Lemma 5.17(a)

=Joyoi' =0 oy =yyoy.

This shows that 72 (1) is a homomorphism. If x € ker o () then ¢ o X = o Y = . Since
is a monomorphism by Lemma 5.17(c), we deduce that X = id, hence x = 1. Therefor 75 () is
a monomorphism.

(b) Clearly m>([e : 1p,]) =Idp,. Now given P i) (0] 2 Rin Ly, set y = mp(¥)(x) and
z=m(A)(y). Then y o =Joy and Loy =ZoAso Aot oX=2Zo0Aoy whence, by the
uniqueness statement in Lemma 5.17(b), we conclude that z = w2 (A o ¥)(x).

—

(c) This follows from Lemma 5.17(a) because for any x € P we have g o X = gx = c,(x)g =
@ ogin L1 80 m(g) =c,.

(d) Write ¢ = [g : ¢]. Observe that 2 (¥)(Py) = 1 () (Py) < Qo by statement (a). Since
ma(¥): P — Q is an isomorphism, for every yp € Qp < Q there exists some x € P such that
12 (Y) (x) = yo, namely ¥ o X = yo o . By Lemma 5.17(b) we know that yg = gxg~'so for some
50 € Sp. We deduce then that x € Sy N P = Py because Sg <1 G. This shows that 75 () (Py) = Qo
and therefore 71 (1) is an isomorphism of groups.

Since 1 () is an isomorphism, ¢ is an isomorphism in £y and therefore ¥ is an isomorphism
in £1. Given any y € Q there is a unique x € P with ¥ o x—! = y~! o ¥ because m,(y) is
an isomorphism. By taking inverses one sees that ¥/ ~! belongs to £ so ¥ is an isomorphism
inly,. O

For later use we also need the following technical lemma.
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5.18. Lemma. Fix P € 'H and consider Ns(Pp) as a subgroup of Autz, (Po) via the monomor-
phism SAPOJDO :Ns(Py) — Autg, (Po). Let Q < Ns(Py) and assume that Q = 1//P1/f_1 for some
¥ € Autg, (Py). Then Py = Qo and  is an isomorphism in Ly from P to Q.

Proof. Recall from Lemma 5.8 that Aut., (Pyg) = Autg,(Py). For x € Py set § = yry~leQ.
Thus ¥ o £ = ¥ o ¢ and by Definition 5.10, y = w2 (/) (x) € Py. This shows that Py = ¢ Poyr !
and, in particular, Py < Qo.

Since Py < Qg, we may consider ¢ := ¢ € L1(Py, Qo) where e € G is the identity element,
and define A = 1o € L1(Py, Qo). For every x € P, set § = X ~!. By definition y € Q. Note
that Py < Q because Py <1 P. So Lemma 5.17(a) implies

)Lox/\:LOI/IO)’eztoj\/OI[/Z)A)OéOI//:)A)OI/I‘

We conclude from Definition 5.7 that A € Lo(P, Q). Furthermore, 72(A) is an isomorphism
because it is a monomorphism by Lemma 5.9(a) and | P| = | Q|. Lemma 5.9(d) now shows that A
is an isomorphism in £ and, in particular, it is an isomorphism of the objects Py and Qg in L;.
In particular | Py| = |Qo| and therefore A = . O

We now check the main properties of the category F>.

Proof of Lemma 5.11. (a) This is immediate from Lemma 5.9(c). By taking e € Ng (P, Q) for
any inclusion P < Q in ‘H we obtain inclg e Fo(P, Q).

(b) Fix a homomorphism f:P — Q in F, and set R = f(P). By definition, f = m(y)
for some ¥ € Lo(P, Q). Also note that every y € R must normalize f(Py) because f is an
isomorphism and that by Lemma 5.9(a), f(Po) = 71 (¢¥)(Po).

Write ¢ = [g : ¢]. Then there is an isomorphism ¢ in Lg such that ¥ =[1 : L??PO)] olg: ol
Since ¢ € L,, for every x € P there exists y € R such that

[1:080 Jolg:@lot=Fo0[1::%% Tolg:@l=[1:1%% JoFolg: 4l

By Lemma 5.17(c), [1 : L??PO)] is a monomorphism and we deduce that [g : ¢] is an isomorphism

P — Rin L. Also f = inclgnz([g 1 ¢]). This completes the proof. O

5.19. Lemma. Consider P < S such that Py € Ho. Then Cg(P) = Cs,(P) = Z(Py)? where P
acts on Z(Po) by conjugation.

Proof. If g € Cg(P) then ¢z|p, = idp, € Autr,(Py). By hypothesis (2), g € So, and it follows
that Cg(P) = Cs,(P). Now, Cs,(P) < Cs,(Py) = Z(Py) because Py is Fo-centric. Therefore,
Co(P)=Czpy(P)=Z(P)*. O

Lemmas 5.13 and 5.14 state the main properties of the fusion system F.

Proof of Lemma 5.13. (a) Clearly H is closed to taking supergroups because Hy is closed to
taking supergroups in Sp. Since F is generated by inclusions and restriction of homomorphisms
in F,, Lemma 5.11 shows that for any P, Q € H the inclusion F>(P, Q) € F(P, Q) is an
equality.
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(b) By definition, Py € Hy. By Lemma 5.19, Cs(P) = Z(Py)? < P. Assume that Qis F-
conjugated to P. By part (a) there exists some 1 € Lo (P, Q) such that 7o () (P) = Q. Parts (a)
and (d) of Lemma 5.9 imply that ¢ is an isomorphism in £,. From Definition 5.7 it is clear
that i is an isomorphism in £1(Py, Qp) and in particular Q¢ € Hy, namely Qg is Fo-centric. It
follows from Lemma 5.19 that Cs(Q) = Z(Q0)2 = Z(Py)*, whence P is F-centric.

(c) For any f € F(P, Q) where P, Q € H, part (a) implies that f = m>(¢) for some ¢ €
Lo(P, Q) € L2(Py, Qo). The result follows from Lemma 5.9(a) which shows that f|p, = 71 ()
whose image is contained in Qg by Definition 5.5. O

Proof of Lemma 5.14. The monomorphisms §p : P — Autz, (P) are the restrictions of the maps
3p.:NG(P, Q) — L2(P, Q),ie.8p(g) =1g:1p]

To verify axiom (A) in [6, Definition 1.7], see also 2.4, we need to show that for any
P, Q € H the set nz_l(f) where f € F(P, Q) admit a transitive free action of Cg(P) via
8p:Ngs(P) — Autg,(P). Note that F(P, Q) = F>(P, Q) by Lemma 5.13. Consider ¢, ' €
Lo(P, Q) C L1(Py, Qo) such that w5 () = w2 (). By restriction to Py, Lemma 5.9(a) shows
that 71 () = 7 (). Lemma 5.17(f) shows that there exists z € Z(Pp) such that /' = o 2
in £1. Note that Z € Autz, (Py) by Definition 5.5 so the equality ' = v o Z also holds in L.
Furthermore, Lemma 5.17(c) implies that

) =m @) =Y o) =m(Y) oc,.

As a consequence z € Cg(P) and we conclude that Cg(P) acts transitively on the fibres of
o Lo(P, Q) — F(P, Q). The action is free by Lemma 5.19 and the uniqueness assertion in
Lemma 5.17(e).

Axiom (B) holds by Lemma 5.9(c). To verify axiom (C) we fix a morphism ¢ € L,(P, Q)
and an element g € P. Set f = mp () € F(P, Q). By the definition of the morphisms in £, see

Lemma 5.9(a) we have ¢ o g = f@ o ¥, which is what we need. O
Notation. We shall write P >~ Q for the statement that P, Q < § are F-conjugate.

The next step is to prove Lemma 5.15 which shows that F is a saturated fusion system.

Clearly So acts on Hg by conjugation and [Py]s, denotes the orbit of Py, i.e. the conjugacy
class of Py in Sp. Since G acts via fusion preserving automorphisms, it acts on the set Ho/Fo
of the Fp-conjugacy classes of the subgroups Py € Ho which we denote [Py]7,. The stabilizer
of [Po] 7, under this action of G is denoted, as usual, by Gypy)z, - Now, G[py), acts on the set
[PolF, € Ho. Clearly, Sp < Gpy) 5 because Fg, (So) € Fo. Moreover, since Sp <1 G, this action
induces an action of Gp 7, On the set P of all the Sp-conjugacy classes of the subgroups of Sy
that are Fp-conjugate to Py.

5.20. Lemma. For every P € H there exist P, P' € H such that:

(a) P =°P forsomeacG and P ~5 P’ whence P ~x P', and
(b) P} is fully Fo-normalized and Py~ Py.

In addition, S = Ns(P})So is a Sylow p-subgroup of G[Fo]fo and S/ Sy fixes the So-conjugacy
class [Py]s,.
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Proof. The argument follows the one in the proof of step 3 in [3, Theorem 4.6].

Clearly Sp- P < G[po]f0 because P < Ng(Py) and F,(So) < Fo. Choose S’ € Sylp(G[pO]fO)
which contains So - P. By Sylow’s theorems, there exists some a € G such that S’ = Gp 7, NS4
Set P =“P and observe that

P =P <YGipyz NS*) <S.

Also Py =Py € Hy, so P € H. In addition, G[};O]fo = “Gpy)5,)- It follows that
. _ _agg _
§:=8NGypy, =%S) €SY,Gypy, ).

Consider now the set Py, of all the Sp-conjugacy classes of the fully Fo-normalized subgroups
R < Sy which are Fp-conjugate to Py. Since G normalizes Sy and it is fusion preserving, it
carries fully Fo-normalized subgroups of Sy to ones, and therefore G| ol acts on Py

We now restrict the action of G[ Pz, on Py, to S. By [3, Proposition 1.16] we know that

|P#nl # 0 mod p. Therefore S"/So must have some ﬁ)ied point [Ro]s,. Thus, Ry is fully fo-
normalized and is Fp-conjugate to Py. For every g € S < § we haye gRog_1 g Rpso §<
Ns(Rp)Sp. On the other hand SoNs(Rp) < G[RO]]-'O = G[ﬁolfo and S is a Sylow p-subgroup of
the latter group, hence

S=So- Ns(Rop).

It remains to find some P’ € H such that P’ >~ r P and such that P(; = Ry. Now, since P <S8,
it must stabilize [Ro]s,. We conclude that 13/ P, acts on

X = {[f] € Rep]_—o(}_’o, So): Im f is Sp-conjugate to Ro}

via [ fol = [cg 0 foo Co- ]. Clearly X is not empty because by construction Py >, Ro. Choose

some f € Fo(Py, Ro). Then every element of X has the form [« o f] for some a € Autz, (Rop).
Moreover [@ o f]=[Bo f]ifand only if ™! € Autg, (Rp). Therefore

_|Autg, (Ro)|

IX|=
|Auts, (Ro)|

#0 mod p

because Ry is fully Fy-normalized. Since P is a finite p-group, there is some [ fo] € X© where
foe .7:0(};(), So) and Im fy = Ry. Let Y € ,C()(P(), So) be a lift of fp.

Recall from Lemma 5.6(a) that we may consider ¥ as a morphism in £ (P, Sp) via an
inclusion £y C £;. Fix some x € P. Since P fixes [ fol, there exists some s € Sp such that

—1
¢, o foocy =cs0 fo.

Lifting to Lo and using hypothesis (1), we see that there exists a unique z € C 50(150) = Z(Py)
such that

(]) X_ll/f0x=§01//002=s/fo—(?)01[/0 inﬁo.
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Set y := xsfp(z) and note that y € P-So-Z(Rg) < S.Lemma 5.6(c), Eq. (1) and the properties
of S-systems of lifts (see Definition 2.5) imply that

Iﬁoof=)?0(x711ﬁ()X)=)?0%01ﬁ0=ﬁ0%/f0-

Therefore, by definition, ¥ € L2(P, S). Consider f = w2 () € F(P, S) and set P’ = f(P).
By Lemmas 5.13(a) and 5.11(b), f restricts to an isomorphism f:P — P’ in F. By Lem-
mas 5.9(a) and 5.6(a) we see that f|150 = 1o(Yo) = fo € Fo(Py, Ro). Since f € F(P, P') is an
isomorphism we deduce from Lemma 5.13(c) that P, = f(Py) = Ro. This completes the proof
since f is an F-isomorphism between P and P’ which restricts to an Fo-isomorphism fy be-
tween Py and Ry = Py. O

5.21. Lemma. If P < S is F-centric but P ¢ H, then there exists P’ < S which is F-conjugate
to P such that

Outs(P') N O, (Outr(P)) # 1.

Proof. The argument is almost repeated from step 4 in the proof of [3, Theorem 4.6] if we find a
subgroup P < S which is F -conjugate to P and such that Py does not contain its So-centralizer.

Assume to the contrary that there is some P which is F-centric, Py is not Fy-centric, and for
which there does not exist P as above. Choose P < § so that Py has the maximal possible order.
If Ns,(Po) is Fo-centric we choose ¢ € Lo(Ns,(Po), So) as in hypothesis (5) of Theorem 5.2.
Then ¢ represents a morphism Ng(Py) — S in £, because for any x € Ng(Pp)

(,Zo)?:[l:gZ)]o[x:1]:[x:x71¢x]=[x:§og?)]=[xs:(ﬁ]:[xs:1]o[1:¢]=fso<p.

Thus, 7T2((p) is a morphism f:Ng(Py) — § in ]—' whose restriction to P gives rise to an F-
conjugate P and by Lemmas 5.13(c) and 5.9(a), PO = f(Py) does not contain its Sy-centralizer.
This is a contradiction, hence Ng,(FPp) cannot be Fy-centric.

Now, P must normalize Ng,(Pp) and we consider Q := P Ng,(Pp). Clearly Qo = Ns,(Po).
By the maximality of | Py| we deduce that Q is F-conjugate to some Q such that Qo does not
contain its Sp-centralizer. By restriction to P < Q we see that P is F-conjugate to some P< Q
and f’o cannot contain its Sp-centralizer because Qo > f’o does not contain its Sp-centralizer.
This is again a contradiction.

Finally, our notation was chosen in such a way that the argument in step 4 in [3, proof of
Theorem 4.6] can be now read verbatim to complete the proof. O

Proof of 5.15. By [4, Theorem 2.2] and Lemma 5.21, F is saturated if the saturation axioms of
Definition 2.2 hold for all subgroups in H. To show this, we slightly modify the argument in [3,
Theorem 4.6].

Condition I. Fix P € H which is fully F-normalized. We have to show that it is fully F-
centralized and that Autg(P) is a Sylow p-subgroup of Autr(P). By Lemma 5.13(b) we know
that P is F-centric and in particular fully JF-centralized.
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Consider P and P’ as in Lemma 5.20. Recall that S = N, S(Pé)So is a Sylow p-subgroup
of G[Po]fo' Lemma 5.6(a) shows that Autgo(f_’o) < Autg, (Py) and by Lemmas 5.17(f), 5.11
and 5.13

|Autz, (Pg) : Autz, (Po)| = 1G4, * Sol- (5.22)
By definition N, (P}) = So N Ns(P§) so
|Ns(P§)/Nsy(P§)| = |Ns(P§)So/So| =15/Sol. (5.23)
Now, P is fully Fo-normalized and is Fo-centric so
|Autz, (Pg) : Nso(Py)| #0 mod p. (5.24)

Since |G[P6]Fo : §| # 0 mod p, we deduce from (5.22), (5.23) and (5.24) that

_ |Autg, (P)| |Autg, (Py)l  [Ns, (Po)l

Auty (P)) : Ns(P))| = #0 mod p,
[Autz, (Fo) : Ns (7o) |Autz, (POl [Nsy (Pl INs(Pg)I
namely Ns(P) € Syl,(Autz, (Py)).
Fix ¢ € Autz, (P) such that
-1 / 1
v Ns(Pg)y 2R € Sy]p(NAutgl(Pé)(P ) (5.25)

and set
P’ = wp/w—l < Ns(Pé).
Lemma 5.18 shows that Pj = P and that y € L£>(P’, P”) is an isomorphism. In particular, P”
is F-conjugate to P’, hence also to P because P’ =P for some a € G and a € L(P, P’) is an
isomorphism. We now claim that
(i) Autg,(P") = Nauig, (Pé)(P//) and (i) Ng(P") = Nng(py)(P").

Clearly (i) follows from the definition of the morphisms in £, because

LeAuts,(P') < VxeP'3yeP’(rox orx = )

< )\'GNAUtLI(Pé)(P//)'
For (ii), note that P” C Ns(Pj) € Autg, (P;) so by the choice of ¥ in Eq. (5.25),
Nyg(py (P") = Ns(Pg) N Naug, py(P") €Syl,, (NAutL] (P(;)(P"))-
On the other hand,

Nigcpy (P") < Ns(P") < Nauig, (py) (P,
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hence Ng(P") = NNS(Pé) (P"). We deduce that Ng(P") € Syl, (Autz, (P").Finally, Autz, (P) =
Autz, (P") because P” and P are isomorphic in £, (via ¥ o @). Also, |[Ns(P)| > |[Ns(P")| be-
cause P is fully F-normalized. Therefore Ng(P) € Sylp (Autz,(P)) and Lemma 5.14 implies
that Autg(P) is a Sylow p-subgroup of Autr(P).

Condition IL. Fix P € H and f € F(P, S). Parts (a) and (b) of Lemma 5.13 show that f(P) € H
and that f(P) is F-centric and in particular it is fully F-centralized. We have to prove that f
extends to some morphism Ny — § in F where

Ny= {g € Ng(P): focg=cyo f forsomes € S}.
Note that s in the definition of N s belongs to Ns(Im f). Set Q = N y. We observe that

Q <Ns(Qo) and Q< Ns(P) < Ns(Po). (5.26)

By construction of F>, there exists ¢ € Lo(P, S) such that f = m>(p). Now ¢ in a morphism
in £1(Pp, So) and we write ¢ = [g : o). By definition of Q = Ny, for any g € Q there exists
t € S such that f oc; =c¢; o f. Lemma 5.13(c) and (5.26) imply that fy o ¢; = ¢; o fo where
fo:Po — So is the restriction of f. By Lemma 5.17(b), fo = m1(p) so part (e) of that lemma
implies that ¢ 0 § =7 o @ o Z for some z € Z(Py). Part (b) of that lemma applies again to show
that ¢ o g =5, o ¢ for some s, € S.

Now, if g € Qo then 9 0 § = [gq : ¢~ '9oq] and 54 09 =1[548 : @ol. Therefore there is s € So
such that

—

gqs=s4¢ and Sopy=g logyog.

In particular s, € Sp and 79(¢@o) o ¢y = c45 © wo(@o). This shows that Qg C Ny (y,) and we may
extend ¢ to some Yo € Lo(Qo, So) because Qg 2 Py which is Fy-centric. Define ¥ = [g : Y]
and note that p = o [1: L}Q)OO]. From (5.26), for any g € Q

woc}o[lztgoo]zl//o[l:L%’]oc}:@oé:@oq):fgowo[l:L%OO].
Since [1 : L}Q)OO] is an epimorphism in £; by Lemma 5.17(c), we deduce that ¢ € £>(Q, S). Fi-

nally, f =m(p) =m () o inclg. This completes the proof. O

Proof of Lemma 5.16. Our notation was chosen in such a way that the argument in [3, Theo-
rem 4.6, step 7] can be read verbatim and we shall therefore avoid reproducing it. O

6. Maps from a homotopy colimit
Let C be a small category, and X : C — Top be a diagram of spaces over C. The values taken

by the functor will be denoted by X (¢) and X () where ¢ € C, ¢ € Mor¢(c, ¢’). The homotopy
colimit of the diagram X is the space

hocolimg X = (]_[ ]_[ X (co) x An)/ ~

n>=0 co—>—>Cp
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where we divide by the usual face and degeneracy identifications [2, Chapter XII].

There is a filtration of hocolimg X by spaces F,, X where F,, X is the image of the union of
X (c) x A™ in hocolim¢ X for all m < n. Notice that FpX is just ]_[CEC X (c) and F1X is the
union of the mapping cylinders of all ¢ € Mor(C). Observe that a map f1: F1X — Y is the same
as a set of maps f1(c): X (c) — Y together with homotopies f1(c") o X(¢) =~ fi(c) for every
¢ € C(c, ¢"). Equivalently, these are paths f(c) ~ f1(c’) o X(¢) in mapf(c)(X (€),Y). A set of
maps X (-) EAON Y which admits such homotopies is called a system of homotopy compatible
maps and it gives rise to an element in the set l(iLnC [X(c), Y]

Fix a system of homotopy compatible maps X (-) 1Oy, By the remark above it gives rise
toamap f1:F1X — Y where fi|x() = f(c). Wojtkowiak [26] addressed the question whether
/1 can be extended, up to homotopy, to a map f :hocolimg X — Y. The method is to extend f;
by induction on the spaces Fy X.

Given a map fn : F, X — Y whose restriction to X (c) is homotopic to f(c), Wojtkowiak
developed an obstruction theory for extending it to F,;X without changing it on F,_1X.
The existence of such an extension depends on the vanishing of a certain obstruction class in

@Z“ Ty (mapf ©(X(c),Y)). The extension from F;X to F»X involves in general a functor

into the category of groups and representations, whose l(iLn2 term is described in Wojtkowiak’s

work. Fortunately, if these groups are abelian then Wojtkowiak’s definition of @2 coincides
with the usual one from homological algebra. Once the map has been extended to F>X, there
are homotopies between the paths f1(c) ~ f1(c”) o X(¥ o ¢) and f(c) ~ f1(c") o X (¢) ~

f1(c") o X(¥) o X(p) for all ¢ &> ¢/ Y, ¢". Thanks to these homotopies there are functors
cH T, (Inapf(")(X (¢),Y)) into Ab for all n > 1.

Given two maps f1. f> :hocolime X — Y whose restrictions to X (c) are homotopic to f(c)
for all ¢ € C, Wojtkowiak also studies an obstruction theory for the construction of a homotopy

~ ~ ~ ~ ~ Hy ~
f1 > fo. Clearly, f1 and f> give rise to a homotopy f1|F,x ~ f21Fyx. The idea is to extend the
~ Hy_y ~ .
homotopy Hj inductively to I x F,, X. Given a homotopy fi|r, ,x <! f2lF,_, x, the possibility
~ H, -~ . ..
of extending it to a homotopy fi|r,x = f2|F,x without changing it on F,,_»X, depends on the

vanishing of an obstruction class in l(iLn" T, (mapf ©X (), Y)).

6.1. Definition. (See [6, Definition 3.3].) Fix a prime p. A small category C has p-height d if
for every functor F :C — Zp)-mod the groups lim, F vanish for all i > d. The p-height of C is
infinite if no such d exists and it is finite otherwise.

6.2. Theorem. Let C be a finite category of p-height d < oo. Consider a sequence of maps
Yo LN Y KNG LN Y41 and let y; = gi o--- 0 go: Yo — Yiy1. Given a functor X :C — Top
and a system of homotopy compatible maps f(-): X (-) — Yy, define new systems of homotopy
compatible maps fi(-) =yio f(-): X(-) = Yiy1 foralli =0, ...,d. Assume that
(i) ForeveryceCandeveryi=1,...,d the induced map

7 map/ -1 (X (€), ¥i) #2557 map/© (X (0), Yir1)

is the trivial homomorphism between abelian groups.
(ii) The groups m~omap’i© (X (c), Y;) are Z(py-modules for all c € C and all i.
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Then

(a) There exists amap f :hocolimg X — Yy which renders the following square homotopy com-
mutative for all ¢ € C,

£
X)) —2 v,

t(c) \L \L Yd—1

hocolim¢ X —— Yy
f

() If f1. f>:hocolime X — Yy satisfy fi Ix () = f2|X(c) =~ f(c) for all ¢ € C then the compos-

ites hocolimg X M) Yo 24 Y441 are homotopic.

Proof. (a) We will define by induction maps f, :F;X — Y forall i =1,...,d such that
fz|X(c) _f, 1(6‘) forall ceC.

Note that, by definition of a system of homotopy compatible maps, we can construct a map
fo FiX — Y. Let f1 =gopo fo Assume by induction that fl F; X — Y; with f1|X(C) ~ f, 1
has been constructed for some 1 <i < d. The obstruction class Ol./ 1 for the extension of ﬁ to
F;+1X is mapped by the homomorphism

Ligl”lmmapﬁ*l(")(X(c),Y,) 81 lim'* N‘mapf"(c)(X(c),Y,-H)
Ccop C"P

to the obstruction class @;, for the extension of g; o f; to Fi11X. When i > 1, by hypothe-
sis (i) the groups are abelian and this homomorphism is trivial, whence ®; 1 = 0. Wojtkowiak’s
obstruction theory guarantees the existence of a map fi4: Fj11 X — Y;41 which agrees with
gio f, on F;_1X and such that fl+1 Ix() = & o fi—1(c) = fi(c). This completes the induction
step.

Hypothesis (ii) and the assumption on C imply that the groups

lim’ 7;_; map/*=1 (X (), ¥,
cop

are trivial for all i > d + 1. Thus, the obstructions to the extension of fd t0~F,-X where i > d
must all vanish. We can therefore construct by induction on i > d + 1 maps f; : F; X — Yy such
that fi|x) = fa—1(c) for all c € C and such that f;;| agrees with f; on F;_;X. We can finally
define f :hocolimg X = \U; Fi X — Y4 with the required properties. In fact, fl F,X = Futl FoX
foralln >d.
~ H; -

(b) First, we construct by induction homotopies y; o fi|frx =2 yi o falF.x foralli =0,...,d.
Recall that FpX =[] ccc X (c) and we define Hy as the sum of the homotopies yg o f] Ix(c) =
Yoo f2lx(c)-
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Assume by induction that H; : y; o f] |Fx22yio le F; x has been constructed where 0 <i < d.
The obstruction Tl/ for the extension of H; to a homotopy y; o fi|F,,,x = yi © f2|F, x is mapped
by the homomorphism

Lil_ni+1ni+1 map/i(©) (X(©), Yiq1) LULLN LiLni+1ni+1 map/i+1(© (X(©), Yi42)
cop cop

to the obstruction class 7; for the extension of g;+j 0 Hj: I X F; X — Yi42 to I x F;1X. This
homomorphism is trivial by hypothesis (i). Therefore 7; = 0, and by Wojtkowiak’s theory there

~ H,‘ ~
is a homotopy yit1 0 filF, x i~ Yi+1 0 f2lF x. This completes the induction step.
Now, the hypothesis on C together with (ii) imply that the groups

lim'7; map’© (X (¢), Ya-1)

cop
are trivial for all i > d + 1. We can therefore construct by induction on i > d + 1 homotopies

~ H; ~

vao filrx = ya o f2lFx such that H; 1 and H; agree on I x F;_1X. There results a homotopy
Yao fi=yio fr. O
7. Maps between p-local finite groups

7.1. Definition. Let (S, ) be a fusion system. A map f: BS — X is called F-invariant, if for

every ¢ € F(P, S) the composite B P B—(p> BS i> X is homotopic to f|pp = f o Binclf).

7.2. Example. Let (S, F, L) be a p-local finite group. The map ® : BS — |L]| of 2.9 is F-
invariant by Proposition 2.10.

Given a p-local finite group (S, F, £), the question we address in this section is when an
F-invariant map f: BS — X can be extended to a map |£| — X. Here is the main result of this
section which uses the constructions in Section 3.

7.3. Theorem. Let (S, F, L) and (S',F', L") be p-local finite groups and consider an F-
invariant map f:BS — |£’|2. Then:

(a) There exists m > 0 and a map f: L] — (L] Z‘pm)?7 which renders the following square
homotopy commutative

f
BS ——— ||

l |

2] —= (L1 Zpn))

(b) There exists e > 0 such that for any two maps fi, f>:|L] — |£’|; with filo® =~ fr00 ~ f,

. f~1ﬂf~2 / AS / A .
the composites |L| —= |L'|,, —> (IL']2 Epe)p are homotopic.

A
p
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7.4. Example. If f =® :BS — |L| then f can be chosen as the identity on |£|IA7.

The main tool for proving Theorem 7.3 is Theorem 6.2 but we will need some preliminary
facts about the homotopy groups of mapping spaces and p-completion of wreath products of
spaces.

Consider a group G. Its abelianization is denoted by Ggp. Its maximal p-perfect sub-
group [2, Chapter VII.3] is denoted by O”(G). This is the maximal subgroup of K such that
H{(K;IF,) =0. It is clearly characteristic in G. It is also clear that O”(G) contains every el-
ement of G with finite order prime to p. In particular, if G is finite then G/O?(G) is a finite
p-group. For a finite abelian group A, set A,y = A ® Z(y); this is the set of p-power order
elements in A.

7.5. Proposition. Ser H = G : X} for some group G. If either p >2 and k > 2 or if p =2 and
k >3 then H/OP(H) is an abelian p-group. In particular, if G is finite then H/OP(H) is a
finite abelian p-group.

Proof. Note that H contains G** as a normal subgroup and we will write g() for the element
(1,...,1,g,1,..., 1) € H with g € G in the ith position. To prove the result it suffices to show
that OP (H) contains all the elements of the form g(])g(;)1 for all i > 1, all the elements of the
form ga) where g € [G, G] is a commutator in G and that it contains Ay < Y. Indeed, the
quotient of H by the normal subgroup generated by the elements of the first and second type is
Gap X X%, so throwing in Ay would guarantee that the quotient H/OP (H) is abelian.

If p > 2 then clearly the involutions t = (1,i) € X} belong to OP(H). Therefore, for
any g € G also g(l)tg(]; belongs to OP(H). As a consequence we also have g<1)1g6;1_1 =

g g(;)l € OP(H). These are the elements of the first type.
Now, given a, b € G we observe that

lagae) - {bmbae)) - {@b) ) @by} = (@67 ab) .

so OP(H) contains all the elements of the form g(y with g € [G, G]. Finally, since X is gener-
ated by involutions, X is also contained in O” (H). This completes the proof in this case.
If p=2 and k > 3, consider some g € G and a 3-cycle (1,1, j). By inspection [g(l), ] =

8 g(_l.)1 so OP(H) contains all the elements of the first type. Also O (H) contains all the ele-
ments of the second type, namely 8y <eH where g € [G, G] by the same argument we used for
odd p. Finally, OP (H) contains all the 3-cycles in X}, whence it contains A;. O

7.6. Corollary. Let X be a p-good space, then w1 ((X? Ek)?,) is abelian if k > 3. It is a finite
abelian p-group ifm(X;,\) is finite.

Proof. We may replace X with XQ by next Lemma 7.7. Set Y = X : X} and m = m Y. By
Remark 3.6 and Proposition 7.5 we see that 7/OP? () is an abelian group and that it is a fi-
nite abelian p-group if 71 X is finite. Let £ — Y be the principal fibration obtained by pulling
back the covering map B(O?(;)) — Bm along the first Postnikov section ¥ — Bmw. Clearly,
w1 E = OP(r) and we obtain a fibre sequence E — Y — B(w/OP()). By [2, Chapter VIIL.3.2],
E is p-good and E ;,\ is simply connected. By fibrewise p-completion [2, Chapter 1.8.3], there
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is a fibre sequence E 9 — YI;\ — B(7/OP(w)) where ¥ — Y 1/,\ is a mod-p equivalence be-
cause E is p-good. We deduce that m; (YI/,\) = /0P () which is abelian. The description in
[1, Propositions 5.5, 5.6] of the fundamental group of the p-completion of a space implies that
T (Y,f) =m ((Y,/,\)]Aj) is the p-adic completion of 7/ O” (;r) which is also an abelian group. It is
an abelian finite p-group if 71 (X) is finite (see [1, 5.7(vi)]). O

7.7. Lemma. Let X be a p-good space. Then, for any G < X, the diagram

AX))
Xy ——

N
szG

A(X)f,l l’l

(X16)y ——= (X6

(mG)y

is homotopy commutative where (12 G)ﬁ is a homotopy equivalence.

Proof. The first statement follows from the naturality of  and of -2 G. The map n: G is amod p
homology equivalence by a Serre spectral sequence argument, hence (1 G)IA7 is a homotopy
equivalence by [2, Lemma I.5.5]. O

7.8. Proposition. Let (S, F, L) be a p-local finite group, let P be a finite p-group and consider
amap f:BP — |£|2. Then

(a) m(|£|§) are finite p-groups for all i > 1.
(b) m; (map”OAof (BP, (|£|]AJ N Ek)?)) are finite p-groups for all i > 1 and k > 0. Moreover, if
k =3, 7t (map™4°/ (BP, (L] 2 ):k):)) is abelian.

Proof. (a) The fundamental group n1(|£|2) is a finite p-group by [3, Theorem B]. Using a
Serre class argument (see [23, Chapter 9.6, Theorem 15]), we only need to show that the integral
homology is finite at each degree. In [21], it is proven that the suspension spectrum X'° |£|; is
a retract of X°°BS, hence its integral homology groups are finite abelian p-groups.

(b) If S =1 then |£| = * hence (|£|IA7 2 Ek)2 ~ (BZJk)g and n o A o f is null-homotopic.
Dwyer—Zabrodsky’s result [10] shows that the space under study is homotopy equivalent to
(BZ'k); and the result follows from Proposition 7.5 together with [5, Proposition A.2] and
part (a).

We now assume that S # 1. By [6, Theorem 4.4(a)] f is homotopic to

BP 22 BS O 0] 2 121

for some p: P — S. Denote f' = ® o Bp. We may, and will, assume that f =n o f’. By The-
orem 1 there exists a p-local finite group (8’, ', L) together with a homotopy equivalence
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w:|L| Xy = |L']. Since |£] is p-good by [6, Proposition 1.12], Lemma 7.7 now implies that
(L1 Z)p = (LI zk);. The following diagram

()0 (M Z)«

map®/ (BP. L] Zy) map"*4/ (BP. (L[5 2 1))

Wy | > :\L (w]A))*

, Nx 4
mapwvof (BP, |£/|) - > mapnowvof (BP, |£/|1A7)

is homotopy commutative. By Proposition 2.11(b) both horizontal maps induce, after p-
completion, split surjections on all homotopy groups. Moreover note that the spaces at the
right-hand side of the diagram are p-complete by Proposition 2.11(a). Therefore it suffices to
prove that the homotopy groups of

(map®°/ (BP, |L|) 2 Z¢)) (7.9)

N
P
are finite p-groups. It follows from Proposition 3.8(b) and Remark 3.6 that

PR mapA"f(BP, |£|[A7 V Zk) (mapf(BP, |L|IA,)) !X, and

T mapA"f(BP, L7, 2 ) = @m (mapf(BP, |£|$)) fori > 1.
k

Since map/ (BP, |£|$) is the p-completed classifying space of a p-local finite group by Proposi-
tion 2.11(a), its homotopy groups are finite p-groups by (a). Now [2, Proposition VII.4.3] shows
that the homotopy groups of (7.9) are finite p-groups. Finally, if k > 3, Proposition 3.8(b) and
Corollary 7.6 show that the fundamental group is abelian. O

Proof of Theorem 7.3. First, we assume that S # 1, or else the result is a triviality. We begin
by constructing a sequence of spaces and maps Yy 2y, &% ... where Yy = |L' |;)\ with the
following properties:

(1) For every i > O there exists some m;1 > 2 such that Y; 1 = (¥; 2 X it );\ and such that
gi is the composite Y; EN Yi 2 X pm LN Yiq1.
(i) 7y=0 mapgf*1°"'°80°f|BP(B P, Y;) are finite abelian p-groups for all i > 1.
(iii)) The homomorphism

o mapgi—IO"-OgOOf\BP (BP,Y)) (i)« b mapgiO"-OgOOf\BP (BP,Yi11)
is trivial forall i > 1 and all P < S in F°.
Property (i) states explicitly how to construct the sequence from Yy and the m;’s. Since Yy =
|L] ;,\ , property (i) with Lemma 7.7 and Theorem A shows that for every i > 0 there is a homotopy

equivalence Y; >~ |L; |IA, for some p-local finite group (S;, F;, £;) with S; 7 1. We assume this
fact from now on.
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To begin with, set Lo = L' and Yy = |£0|1§ and m; = 2. Let go: Yo — Y| be the composite
Yo o4, Yo X z)A Proposition 7.8 guarantees that (ii) holds for Y; since p™! = p?>3.

Assume by mductlon that we have constructed Yy LONE. ColN Y, where k > 1, for which
conditions (i)—(iii) hold. By hypothesis (ii) on Y; we can choose my41 > 2 such that p™+!
annihilates every element in the abelian group

@ T mapgk—lo'"og()of‘BP (BP,Yy).
PeFe

Define Yi4+1 = (Yi2 Epmk+[);?\ and gr = n o A(Yy). Thus, condition (i) holds for Y LN Yit1.

Proposition 7.8 implies that condition (ii) holds for i = k + 1 since p"*+! > p® > 3. It now fol-
lows from Proposition 2.11 that the mapping space map$+®80°/18P(BP Y, 1) is p-complete
and we are in position to apply Lemma 4.3 (with ¥ = Y} and X = B P) to deduce that condi-
tion (iii) holds for gx. This completes the inductive step of the construction.

We now prove inductively that for every k > O there is a homotopy equivalence Y; =~
(£ Gk)[A,, where G < Xy +-+m , such that

_fo-o AL,
(1) |£/|; k107080, ~ (1L Gk) is homotopic to |£’|A — (1L Gk);.

This is a triviality when k = 0. We assume inductively for £ > 1 that the left triangle in the

following diagram is homotopy commutative:

AYy) n
Y - e Yid X it Yit1

>l :

A ’ A A
', (? (L1 G,y — (L1 G)p 2 Z i — (LT GR)p  Zpmis),

The composite at the top is g o --- o go. By Theorem A and [6, Proposition 1.12], |£'| : Gy is
p-good. The induction step now follows from Lemma 7.7 and Proposition 3.5.

Now consider the category C = O(F¢)°P and the functor B : C — Top recalled in 2.8. Clearly
f:BS—> | | gives rise to a system of homotopy compatible maps fj: B(-) —> |/ | in the
sense descrlbed in Section 6. Recall from [6, Corollary 3.4] that C is a finite category W1th p-
height d < oo (see Definition 6.1). Theorem 6.2 applied to fy and Yy 29, y; £ ... shows that
there is a map fo :|L| = Yy such that fo o® ~gy_10---0gpo f.Part (a) of the theorem now
follows because the following diagram is homotopy commutative by (1):

f

BS —— |/

A(L'),
) AL,

L] — Ya= (L2 Ga)y — (L[ Zpmveimg))
fo
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Part (b) of the theorem follows similarly: Given fl, fzz |L| — Yy such that fl 0B~ fz o® x f R
we have ggo0---0gpo fi = gqo0---0gpo fo which implies that the composites || BN

A
|/J/|1A, L Yy~ (L) T mytetmg )2 are homotopic. O

Proof of Theorem B. The induced map BS B, gy 129, |/j’|f, is clearly F-invariant because

BS — |L |IA, is F'-invariant by 7.2 and p is fusion preserving. The result is now a direct conse-
quence of Theorem 7.3 and Theorem A. O

We say that p: S — X, is F-invariant if p|p and p o ¢ are equivalent representations for
every P < Sand g € F(P,S).

7.10. Proposition. Ler (S, F, L) be a p-local finite group and let p:S — X, be a homomor-
phism. Then the following statements are equivalent:

(1) p is F-invariant.
(2) Bp:BS — BX, is an F-invariant map.
3) noBp:BS — (BZ’n); is an F-invariant map.

Proof. It follows immediately from a result of Mislin [15, proof of the main theorem] which
gives rise to bijections Rep(P, X)) ~ [BP, BX,] "—i)[BP, (BZ‘,,)?] foral P<S. O

7.11. Proposition. The regular permutation representation of a finite p-group S induces an F-
invariant map Bregg: BS — B X|g| for any fusion system F on S.

Proof. By Proposition 7.10, it is enough to check that regg: S — X)|g| is F-invariant. Note that
S acts freely on S viaregg: S — X|g|, that is all the isotropy subgroups are trivial. In particular,
any group monomorphism ¢ : P — § where P < S renders S a free P-set via regg og. Since
any two free P-sets of the same cardinality are equivalent, it follows that reg¢ | p and regg op are
conjugatein X,. O

By Example 7.2 and Proposition 7.10, every map f:|L| — (B Z‘,,)Q gives rise to an JF-
invariant representation p of S of rank n where Bp >~ f|ps. Not every F-invariant representation
of § arises necessarily in this way. However, the next proposition gives a partial answer to that
question.

7.12. Proposition. Let (S, F, L) be a p-local finite group.

(a) Given p € Rep,(F), there exists some k > 0 and an element f € Rep (L) such that f |BS

. . B(p*-p)
is homotopic to BS —225 BX i, LN (szkn); .

(b) Consider f1, f € Rep, (L) such that fi|ps = f2|ps. Then there exists some e > 0 such that
P’ fi=p°- fainRep,e,(L).

Proof. Let (S, F, £) be the p-local finite group associated with X,. Since |L| is p-good by [6,
Proposition 1.12], a standard Serre spectral sequence argument shows that
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B incl’)

A/\
(1) BE)) =Ly L (115 Zk)" = (B e Zk)) —> (BZw))  and

A A
P p
(BA)/;
(BZ)) —> (BEw))

where A: X, < X, is the diagonal inclusion, are homotopic. Both (a) and (b) follow directly
from Proposition 7.10, Theorem 7.3 and (1) taking into account the definition of the operation +

in ]_[n>0 Rep,, (F) and ]_[,120 Rep,(£). O

7.13. Proposition. Every S-regular permutation representation |L| ER (B E,,)g is a homotopy
monomorphism at p.

Proof. By [5, Lemma 2.3], H*(S;F)) is a finitely generated module over the Noetherian F ,-
algebra H*(B X,,.5); ) via the homomorphism (m - regg)*. Finally, H*(|L|; IF,) is a submod-
ule of H*(S;F,) by [6, Theorem B], whence it is finitely generated. O

Proof of Theorem C. Apply Propositions 7.11 and 7.12(a) to obtain f* € Rep .5 (£) such that
f|gs is homotopic to n o B(p* - regy), that is, @ (f) = pX - regg. By Proposition 7.13, f is a
homotopy monomorphism at p. O

8. The p-local index of the Sylow subgroup

Let (S, F, £) be a p-local finite group and let f:|L| — (BZ‘n)?7 be a map. The restriction
flps = f o ® is F-invariant by Example 7.2 and is homotopic to (Bp)f? for a unique p €
Rep(S, X)) which is F-invariant by Proposition 7.10 and [10]. There results maps Rep, (L) —
Rep,, (F) which are compatible with the operations + and x defined in Section 1. They give rise
to a ring homomorphism

@ :Rep(L) — Rep(F).
8.1. Proposition. Additively, ker(®) and coker(®) are p-torsion.

Proof. An element in ker(®) has the form f; — f» where fi, f> € Rep, (£) for some n and
files = f2|ps. Proposition 7.12 implies that p¢ - (f; — f2) = 0 in Rep(£) and it follows that
ker(®) is p-torsion.

An element of Rep(F) has the form p; — pp for some p; € Rep,, (F) and pp € Repnz(f).
By Proposition 7.12, the definition of @ and the definition of the operations + in Rep(F) and
Rep(L), we see that there exist integers k1, k2 > 0 and representations f; € Rep Phing (L)and f> €

Rep i, ,, (L) such that @ (f1) = p*1 - py and (f2) = p** - pp. Then w = p*2 - fi — ph1 - fris an
element of Rep(L) such that @ (w) = phitka(p; — py). It follows that coker(@) is p-torsion. [

By Proposition 7.11 the ring Rep(F) contains regg: S — X5 which generates an (additive)
infinite cyclic group Rep™8(F) := {n - regg},ez in Rep(F). Similarly let Rep™&(L) denote the
additive subgroup of the ring Rep(L) generated by all the S-regular representations of (S, F, L)
(see Definition 1.2).
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It follows directly from the definitions that @ restricts to a group homomorphism
@8 :Rep™t (L) — Rep™t(F).

8.2. Corollary. The cokernel of @8 is a cyclic p-group. The kernel of @8 is an abelian torsion
p-group and Rep™8(L) is isomorphic to the direct sum of Z with an abelian p-torsion group.

Proof. This follows from Proposition 8.1 which in particular implies that the image of &2 is
isomorphic to Z, whence it splits off from Rep™&(L). O

Given a finite group G there is a natural one-to-one correspondence between equivalence
classes of permutation representations G — X, and equivalence classes of G-sets of cardinal-
ity n. Sum and products of representations (as described in Section 1) correspond to disjoint
unions and products of the associated G-sets. Note that reg; corresponds to a free G-set with
one orbit.

Let us return to discuss Rep(F). Since the product of a free S-set with any other S-set is again
a free set, it follows that Rep™2(F) and Rep™€ (L) are in fact ideals in Rep(F) and Rep(L) and
that @€ is a ring homomorphism.

8.3. Example. Let (S, F, £) be the p-local finite group of a finite group G. The restriction of
(B regG)IA) : |£|[A7 — (BZ’|G‘)IA7 to BS is homotopic to n - (Bregs)g where n = |G : S| because
reg;|s =n - regg. In particular (B regG); is an element in Rep™# (L) which is mapped by @ to
n - regg. It follows that |G : S| € Im(®™#), whence | coker(®™#)| divides |G : S|.

8.4. Definition. Let (S, F, £) be a p-local finite group. Define the upper and lower p-local index
of S'in £ by

Uindp (L : S) = |coker(®™¢)],
Lind, (£ : §) = |Rep™8(F) : Rep™(F) N Im(P)|.

Clearly Lind,, (£ : S) divides Uind, (£ : S) because Im(®™¢) < Im(®) N Rep™&(F).

8.5. Lemma. Let (S, F, L) be a p-local finite group. Then Uind, (L : S) is a p-power. If there
exists a permutation representation p:|L| — (B Z’n)f, such that p|ps >~ B(n - regg) withn > 1
prime to p, then Uind, (L : S) = 1, and in particular also Lind,(L: S) = 1.

Proof. The first statement follows from Corollary 8.2. The existence of p shows that n €
Im(&™#) hence, Uind,(£:5)=1. O

The depth of a fusion system JF on S is the largest number of elements in a chain of proper
inclusions of F-centric F-radical subgroups of S. This includes chains ending in S. Follow-
ing [22] we call these subgroups “F-Alperin.” Thus, if the depth of F is n then there exists no
chain P; < --- < Py of proper inclusions of F-Alperin subgroups.

8.6. Proposition. If the depth of a p-local finite group (S,F,L) is equal to 2 then
Uindp(L:S)=1.
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Proof. Let R denote the collection of the F-Alperin subgroups of S. Fix representatives
S, P1, ..., P, for the F-conjugacy classes in R where P; are fully F-normalized. Consider the
poset sd R defined in [12, Definition 1.3]. Its objects are the F-conjugacy classes [P] of ele-
ments P € R and the F-conjugacy classes [ P < S] of proper inclusion P < S in R. Here we use
the fact that 7 has depth 2. The only relations in SdR are [P < S] < [P] and [P < S] < [S]. By
Alperin’s fusion theorem [6, Theorem A.10], if [Q] = [FP;] then [Q < S]=[F; < S]. It follows
that sd R is isomorphic to the poset C, whose objects are {c, ci, cé |i =1,...,n} and whose
only relations are c’i < ¢o and cli < cé foralli =1,...,n. Specifically, co = [S], cé = [P;] and
c’i =[P; < S]. We view C, as a small category with an arrow x — y if x < y.

In [12, Theorem A] a functor F:C, — Top with the following properties is constructed.
The values of F are the classifying spaces of finite groups Gy, G’i and Gé fori=1,...,n and
the maps F(c}) — F(cp) and F(c}) — F(c}) are induced by inclusion of groups G| < Gy
and G’i < Gé. In addition § is a subgroup of Gy = Autz(S) of index prime to p. Also, the
numbers k; = |Gé : Gli| are prime to p by [12, Theorem A] and the fact that P; is fully
F-normalized, whence Ng(P;) is a Sylow p-subgroup of G’i = Aut, (P < §) which is a sub-
group of G’i = Autz(P;) by [12, Proposition 1.5]. Finally, the map & : BS — | L] factors up to
homotopy through BGo >~ F(co) — hocolimg, F >~ |L].

Set k = [ ki and ko = |Go| - k. Note that ko is divisible by |G’ | and |G} for all i because
ko=k-|Gol =k-|G'|-1Go: G} | and k; divides k. Set £; = ko/| G| and m; = ko/|G%|. Consider
the following permutation representations fori =1,...,n

k ‘Tegg, Gy — Xy £; ~regGi1 :G"1 — Yoo m; oregGé : Gé — g

Note that (k - regGO)|Gil and (m; “regr )|Gi1 are equivalent to ¢; - reggi because all of them give

the set {1, ..., ko} the structure of a free G’i -set with ¢; orbits. By taking classifying spaces there
results a system of homotopy compatible maps ' — B Xy, . It can be replaced by a system of
compatible maps ' — B Xy, as follows. First, set the maps F (c’i) — B X, to be the composite
F (c’i) — F(co) = BXy,. Next, replace the maps F (c’i) — F (cl.z) by cofibrations and change
the maps F (cé) — B X, up to homotopy to obtain a system of compatible maps F' — B X}, .

There results a map f:|£| 2 hocolim F — B Xy, such that the restriction to the Sylow
p-subgroup f|ps = f o BL?O ~k-|Go: S| Bregg where k - |Go : S| is prime to p. Now
Lemma 8.5 applies. O

We shall now prove Theorem D. In fact we prove the following stronger result.
8.7. Theorem. Let (S, F, L) be a p-local finite group. Then Uind,(L : S) =1 if

(1) (S, F, L) is associated with a finite group, or
(2) (S, F, L) is one of the exotic examples in [6, Examples 9.3 and 9.4] or in [22] or in [9] or in
[7, Example 5.3].

Proof. (1) This follows from Lemma 8.5 and Example 8.3.

(2) We will apply Proposition 8.6. The p-local finite groups in [6, Examples 9.3, 9.4] as well
as the ones in [22] and in [9] were shown to have depth 2 in Examples 7.6, 7.7, 7.3 and 7.4
of [13], respectively. The information on the structure of the exotic p-local finite groups in
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[7, Example 5.3] implies quite directly that these fusion systems have depth 2. We leave the
straightforward details to the reader. O

8.8. Conjecture. For all p-local finite groups Uind,(L : §) = 1.
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