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Abstract

Given an n-tuple of positive real numbers o we consider the hyperpolygon space X («), the hyperkihler
quotient analogue to the Kéhler moduli space of polygons in R3. We prove the existence of an isomorphism
between hyperpolygon spaces and moduli spaces of stable, rank-2, holomorphically trivial parabolic Higgs
bundles over CP! with fixed determinant and trace-free Higgs field. This isomorphism allows us to prove
that hyperpolygon spaces X («) undergo an elementary transformation in the sense of Mukai as o crosses
a wall in the space of its admissible values. We describe the changes in the core of X («) as a result of this
transformation as well as the changes in the nilpotent cone of the corresponding moduli spaces of parabolic
Higgs bundles. Moreover, we study the intersection rings of the core components of X («). In particular,
we find generators of these rings, prove a recursion relation in # for their intersection numbers and use it
to obtain explicit formulas for the computation of these numbers. Using our isomorphism, we obtain sim-
ilar formulas for each connected component of the nilpotent cone of the corresponding moduli spaces of
parabolic Higgs bundles thus determining their intersection rings. As a final application of our isomorphism
we describe the cohomology ring structure of these moduli spaces of parabolic Higgs bundles and of the
components of their nilpotent cone.
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1. Introduction

In this work we study two families of manifolds: hyperpolygon spaces and moduli spaces of
stable, rank-2, holomorphically trivial parabolic Higgs bundles over CP! with fixed determinant
and trace free Higgs field, proving the existence of an isomorphism between them. This relation-
ship connecting two different fields of study allows us to benefit from techniques and ideas from
each of these areas to obtain new results and insights. In particular, using the study of variation
of moduli spaces of parabolic Higgs bundles over a curve, we describe the dependence of hyper-
polygon spaces X (o) and their cores on the choice of the parameter «. We study the chamber
structure on the space of admissible values of « and show that, when a wall is crossed, the hyper-
polygon space suffers an elementary transformation in the sense of Mukai. Working on the side
of hyperpolygons, we take advantage of the geometric description of the core components of a
hyperpolygon space to study their intersection rings. We find homology cycles dual to genera-
tors of these rings and prove a recursion relation that allows us to decrease the dimension of the
spaces involved. Based on this relation we obtain explicit expressions for the computation of the
intersection numbers of the core components of hyperpolygon spaces. Using our isomorphism
we can obtain similar formulas for the nilpotent cone components of the moduli space of rank-2,
holomorphically trivial parabolic Higgs bundles over CP! with fixed determinant and trace-free
Higgs field. To better understand these results we begin with a brief overview of the two families
of spaces involved.

Let K be a compact Lie group acting on a symplectic manifold (V, w) with a moment map
u : V. — &* Then, for an appropriate central value « of the moment map, one has a smooth
symplectic quotient

M(a) = u "(a)/K.

Suppose that the cotangent bundle 7*V has a hyperkidhler structure and that the action of K
extends naturally to an action on T*V with a hyperkdhler moment map upyx : T*V —>
t* @ (¢ ® C)*. Then one defines the hyperkdhler quotient as

X(a, B) = py (@ B)/K

for appropriate values of (a, 8). When V. = S? x ... x §? is a product of n spheres and
K = SO(3), the space X («, B) for generic (¢, B) is a smooth non-compact hyperkihler quotient
of a product of cotangent bundles 7*S? by SO (3). When 8 = 0,

X(a) = X(a,0)

contains the so-called polygon space M («) of all configurations of closed piecewise linear paths
in R? with n steps of lengths a1, . . ., &, modulo rotations and translations (a symplectic quotient
of a product of §%s by SO(3)). For this reason, X («) is usually called a hyperpolygon space.
This family of hyperkéhler quotients was first studied by Konno in [27] where he shows that
these spaces, when smooth, are all diffeomorphic.

It is known that a polygon space M () can be viewed as the moduli space of stable representa-
tions of a star-shaped quiver, as in Fig. 1. More precisely, a star-shaped quiver Q with dimension
vector

v=(2,1,...,1) e R*!

is a directed graph with vertex set J = {0}U{1, ..., n} andedgeset E = {(i,0) | i € {1, ..., n}}.
A representation of Q, associated to a choice of finite dimensional vector spaces V;, fori € J,



L. Godinho, A. Mandini / Advances in Mathematics 244 (2013) 465-532 467

Fig. 1. Star-shaped quiver.

such that dim V; = v;, is the space of homomorphisms from V; to V; for every pair of vertices
i and j connected by an edge in E. Therefore, the representation space of the star-shaped quiver
Q described above is

EQ,V)= @Hom(Vi, Vo) = C2",
i=1

The group [[GL(V;)/GL(1) A acts in a Hamiltonian way on E(Q, V) and the polygon space
M (@) is obtained by symplectic reduction of E(Q, V) by this group, at the value «. Similarly,
one can obtain the hyperpolygon space X («) as the hyperkihler reduction of T*E(Q, V) by
the group [JGL(V;)/GL(1) A at («, 0). Consequently, polygon and hyperpolygon spaces are
examples of Kdhler and hyperkihler quiver varieties in the sense of Nakajima [35,33].

Any hyperkéhler quiver variety X admits a natural C*-action and the core £ of X is defined
as the set of points x € X for which the limit

lim A-x
A—>00

exists. It clearly contains all the fixed-point set components and their flow-downs. Moreover,
the core £ is a Lagrangian subvariety with respect to the holomorphic symplectic form and is a
deformation retraction of X. The circle S! € C* acts on X in a Hamiltonian way with respect to
the real symplectic form. This action has been studied by Konno [27] for hyperpolygon spaces.
He shows that the fixed-point set of this action contains the polygon space M («) (where the
moment map attains its minimum) and that all the other components of X ()5 "are in bijection

with the collection of index sets S C {1, ..., n} of cardinality at least 2 which satisfy
Zoe,-—Za,-<O (1.1)
ieS ieS¢

(see Theorem 2.2). Sets satisfying (1.1) are called short sets following Walker [38] and play
a very important role in the study of polygon and hyperpolygon spaces. The core of the
hyperpolygon space X («) is then

Lo = M(@)U U Us,
Sed (a)

where Ug is the closure of the flow-down set of the fixed-point set component X determined
by the set S, and 8'(«) is the collection of short sets of cardinality at least 2. Note that, even
though the hyperpolygon spaces X (o) are all diffeomorphic for any generic choice of «, they
are not isomorphic as complex manifolds, nor as real symplectic manifolds nor as hyperkihler
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manifolds. In particular, they are not S'-equivariantly isomorphic and the dependence of X (c)
and of its core £, will be seen in Section 4.1. The study of these changes is important since, for
instance, the connected components of the core of a quiver variety give a basis for the middle
homology of the variety.

Let us now focus on the other family of spaces studied in this work. Higgs bundles over
a compact connected Riemann surface ' have been introduced by Hitchin [22,23] and are an
important object of study in geometry with several relations with physics and representation the-
ory. Parabolic Higgs bundles, as first introduced by Simpson [36] (and hereafter referred to as
simply PHBs), are holomorphic vector bundles over 2’ endowed with a parabolic structure, that
is, choices of weighted flags in the fibers over certain distinct marked points xq, ..., x, in X,
together with a Higgs field that respects the parabolic structure.

More precisely, if D is the divisor D = Zfl:l x; and K 57 is the canonical bundle over Y, a

parabolic Higgs bundle is a pair E := (E, ®) where E is a parabolic bundle over ' and
¢ FE— EQKx(D)

(called the Higgs field) is a strongly parabolic homomorphism. This means that & is a meromor-
phic endomorphism-valued one-form with simple poles along D whose residues are nilpotent
with respect to the flags.

As in the non-parabolic case, there exists a stability criterion (depending on the parabolic
weights) that leads to the construction of moduli spaces of semistable parabolic Higgs bundles
[42]. These spaces are smooth quasiprojective algebraic manifolds when the parabolic weights
are chosen so that stability and semistability coincide. Such parabolic weights are called generic.

The original work of Hitchin in the non-parabolic setting extends to this context. In particular,

the moduli space of parabolic Higgs bundles can be identified (as smooth manifolds) with the
moduli space of solutions of the parabolic version of Hitchin’s equations

F(A'Y [0, 0" 1=0, 8,90=0,

where A is a singular connection, unitary with respect to a singular hermitian metric on the
bundle E adapted to the parabolic structure (see [28] for details).

The moduli spaces of parabolic Higgs bundles have a rich geometric structure. In particular,
they contain the total space of the cotangent bundle of the moduli space of parabolic bundles
whose holomorphic symplectic form can be extended to the entire moduli space. Let Ng .4 be
the moduli space of rank-r, degree-d parabolic Higgs bundles that are stable for a choice of
parabolic weights S, and let N%f 4 C Ng.r.a be the subspace of elements (E, @) that have
fixed determinant and trace-free Higgs field. Konno provides a gauge-theoretic interpretation of
the moduli spaces N%f 4 endowing them with a real symplectic form that, combined with the

holomorphic one, gives a hyperkédhler structure on Ng”f 4 [28].

On the moduli space Ng .4 there is a natural C*-action by scalar multiplication of the Higgs
field. Restricting to S' < C* one obtains a Hamiltonian circle action whose moment map
f : Ng,r,a — Ris a perfect Morse-Bott function on Ng ;. 4. Its downward Morse flow coincides
with the so-called nilpotent cone of Ng . 4 (see [15] where the work of Hausel [19] is generalized
to the parabolic case).

In this paper we show that hyperpolygon spaces are S'-isomorphic to certain subspaces of
N%,g,o for ¥ = CP! and for a generic choice of the parabolic weights B> (x;), B1(x;) withx; € D.
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Let « be the vector
a = (Ba(x1) = Bi(x1), ..., B2(xn) — Bi(xn)) € R

Then the hyperpolygon space X («) is S'-isomorphic to the moduli space H(8) C Ng’éo of

stable rank-2, holomorphically trivial PHBs over CP' with fixed determinant and trace free Higgs
field. The isomorphism

7 X () — H(B) (1.2)

constructed in (3.1) restricts to an isomorphism between the polygon space M () and the
moduli space of stable, rank-2, holomorphically trivial parabolic bundles over CP! with fixed
determinant. (Viewing a polygon as a representation of a star-shaped quiver Q naturally yields
a flag structure on n fibers of a rank-2, trivial bundle over CP'.) The fact that these two spaces
are isomorphic has already been noted by Agnihotri and Woodward in [2] for small values of §.
There, a different approach is taken to show that the symplectic quotient of a product of SU (m)-
coadjoint orbits is isomorphic to the space of rank-m parabolic degree-0 bundles over CP!
for sufficiently small parabolic weights. Moreover, Boalch studies in [8] the relation between
the hyperkihler quotient of a product of coadjoint orbits and the moduli space of connections
on rank-2 holomorphic vector bundles over CP!. If one assumes the vector bundles to be
holomorphically trivial there is a correspondence between the Higgs field and the connection by
taking the connection d + @, where d is the trivial connection on the trivial bundle and @ is the
Higgs field. Also in this situation, the open dense subset obtained by considering holomorphically
trivial vector bundles is identified with a quiver variety [9].

Generalizing the Morse-theoretic techniques introduced by Hitchin [22] for the non-parabolic
case, Boden and Yokogawa [7] and Garcia-Prada, Gothen and Muifoz [15] use the restriction
of the moment map f to Ng”f 4 to compute the Betti numbers in the rank-2 and rank-3 situa-
tion. These turn out to be independent of the parabolic weights. This fact is explained by Naka-
jima [34] who shows that the moduli spaces Ngf 4 are actually diffeomorphic for any generic
choice of the parabolic weights 8.

The space Q of admissible values of the parabolic weights 8 contains a finite number of
hyperplanes, called walls, formed by non-generic values of B, which divide Q into a finite
number of chambers of generic values. Thaddeus in [37] shows that as B crosses one of these
walls the moduli space of parabolic Higgs bundles undergoes an elementary transformation
in the sense of Mukai [32] (see also [24] for a detailed construction of these elementary
transformations).

We adapt the work of Thaddeus to the moduli space J((8). In particular, we conclude that if
H* = H(BT) are moduli spaces of PHBs for parabolic weights 7 and B~ on either side of
a wall W, then H* and H~ are related by a Mukai transformation where H{* and H{~ have a
common blow-up. The locus in H{™ which is blown up is isomorphic to a complex projective
space PU ™~ parameterizing all non-split extensions

0—L"T—E—L —0

of a trivial parabolic Higgs line bundle L~ that are B~ -stable but ST -unstable. Using the
isomorphism in (1.2) we conclude that the corresponding hyperpolygon spaces X* := X (a™)
are related by a Mukai transformation (see Theorem 4.2). Moreover, the blown up locus PU ™
corresponds, via the isomorphism above, to a core component Uy in X~ for some short
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set S C {l,...,n} uniquely determined by the wall W. Taking advantage of the geometric
description of the core components in X (o) we study the changes in the other components Ugt
of the cores £1 when crossing a wall, which naturally depend on the intersections Uz N Uy
and U;' N Ug. (see Section 4.1). Moreover, we recover the description of the birational map
relating the polygon spaces M (a™) given in [31]. These changes in the core translate, via
our isomorphism, to changes in the nilpotent cone of J(B). In particular, one recovers the
dependence on the parabolic weight 8 of the moduli spaces of rank-2, degree-0 parabolic bundles
over CP! studied in [6]. The study of the dependence of the whole nilpotent cone on the weights
B is new in the literature.

_ Going back to the study of hyperpolygon spaces and their cores we consider 7 circle bundles
Vi over X (&) and their first Chern classes ¢; := c1(V;) as defined by Konno [27]. These classes
generate the cohomology ring of the hyperpolygon space X («) (see [27,18,20]), as well as the
cohomology of all the core components. In particular, the restrictions c;|y () to the polygon
space M (o) are the cohomology classes considered in [1] to determine the intersection ring of
M (). In this work we give explicit formulas for the computation of the intersection numbers of
the restrictions of the classes ¢; to the other core components.

For that we first prove a recursion formula in n which allows us to decrease the dimension
of the spaces involved (see Theorem 5.1). Analog recursion formulas have already appeared
for other moduli spaces in the work of Witten and Kontsevich (on moduli spaces of punctured
curves) [29,40,41], of Weitsman (on moduli spaces of flat connections on 2-manifolds of genus
g with n marked points) [39] and of Agapito and Godinho (on moduli spaces of polygons in
RR3) [1]. Based on our recursion relation we obtain explicit formulas for the intersection numbers
of the core components Ug (see Theorems 5.2 and 5.3).

Finally, the isomorphism H(8) <> X («) allows us to consider circle bundles over H(8) (the
pullbacks of those constructed over X («)) and their Chern classes. We can then obtain explicit
formulas for the intersection numbers of the restrictions of these Chern classes to the different
components of the nilpotent cone of J{(B8), which allow us to determine their intersection
rings.

For completion, we use the isomorphism J together with the work of Harada—Proudfoot [18]
and Hausel-Proudfoot [20] for hyperpolygon spaces to present the cohomology rings of J(8)
and of its nilpotent cone components (see Theorems 6.1 and 6.2).

Here is an outline of the contents of the paper. In Section 2, we review the basic definitions
and facts about hyperpolygon spaces and moduli spaces of PHBs. In Section 3, we prove the
existence of an isomorphism between hyperpolygon spaces and moduli spaces H(8) of stable
rank-2, holomorphically trivial PHBs over CP! with fixed determinant and trace-free Higgs field,
which is S'-equivariant with respect to naturally defined circle actions on these two spaces. In
Section 4, we adapt Thaddeus” work [37] on the variation of moduli spaces of PHBs to J{(8)
and, in Section 4.1, we prove, via our isomorphism, that the corresponding hyperpolygon spaces
X (o) undergo a Mukai transformation when the parameter o crosses a wall in the space of its
admissible values. Moreover, in this section, we describe the changes suffered by the different
core components as a result of this transformation. These changes easily translate to changes in
the different components of the nilpotent cone of H{(8). In Section 5, we construct circle bundles
over X (o) and study the intersection numbers of their restrictions to each core component, giving
examples of applications. In Section 6, we see that the formulas obtained for the core components
of X (@) also apply to the nilpotent core components of the corresponding moduli space of PHBs
H(B), thus determining their intersection ring. Finally, for completion, we give presentations of
the cohomology rings of H{(8) and of each of its nilpotent cone components.
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2. Preliminaries
2.1. Polygons and hyperpolygons

Hyperpolygon spaces have been introduced by Konno [27] from a symplectic point of view,
as the hyperkihler quotient analogue of polygon spaces, and from an algebro-geometric point of
view, as GIT quotients.

Hyperpolygon and polygon spaces are respectively the hyperkihler and Kiahler quiver vari-
eties associated to star-shaped quivers Q (Fig. 1), that is, those with vertex set / U {0}, for [ :=
{1,...,n}, and edge set E = {(i,0) | i € I}.

Consider the representation of a star-shaped quiver Q obtained by taking vector spaces V; = C
fori € I, and Vy = C?. Then one gets the hyperkihler quiver variety associated with Q by
performing hyperkihler reduction on the cotangent bundle of the representation space

E(Q,V) = @) Hom(V;, Vp) = C*"
iel
with respect to the action of the group U (2) x U(1)" by conjugation. Since the diagonal circle
in U(2) x U(1)" acts trivially on the cotangent bundle of E(Q, V), one can consider the action
of the quotient group

K = (U(z) x U(l)")/U(l) - (SU(z) x U(l)”)/Zg,

where Z; acts by multiplication of each factor by —1. As T*C? = (C?)* x C? can be identified
with the space of quaternions H, the cotangent bundle 7*E(Q, V) = T*C?" = H?" has a natural
hyperkéhler structure. Indeed, writing a quaternion as

xo + x1ip + xoip + x3i3 € H,
one has three symplectic forms
2n ) i ) ) 2n ) ) ) )
w| = dxy Adxj +dxy Adxs, w) = de(’) Adxy —dxj Adxs,
i=1 i=1
w3 = de(’) Adxy +dx] Adxy

i=1

on H*". Note that, writing zoj_1 = x} + ix{ and zo; = x3 +ixj for j = 1,...,2n with
i:= +/—1, we see that
« 4n 2n
i _ .
WR ‘= w1 =§Zdzj/\dzj and wc = wy +iw3 = dzoj—1 Ndzaj
j=1 j=1

are respectively the standard symplectic form and a holomorphic symplectic form on C**
(see [25] for additional details).

Given the three Kihler structures w;, wz, @3 on T*C?", an action of a group G on T*C?" is
said to be hyperhamiltonian if it is Hamiltonian with respect to all w;, for i = 1,2, 3. We then
obtain three moment maps j; : T*C?" — g* which can be put together as

prk  TC" — g* x R3 >~ g* @ (g x O)*
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by setting

KHK ‘= UR © U,

where ur = @1 and uc = o + ip3 has values in the dual (g x C)* of the Lie algebra of the
complexification of the group G. Note that p¢ is holomorphic and is the moment map associated
to wc.

Let (p, q) be coordinates on T*C?", where p = (p1, ..., py) is the n-tuple of row vectors

pi = (a;,bj)) € C*and ¢ = (q1, ..., gp) is the n-tuple of column vectors g; = (Z) € C2.The
action of K on T*C?" is given by

() [Aser, . e = (€7 PIA. .. pud) (A7 qrer, . A7 guen) ).
This action is hyperhamiltonian with hyperkdhler moment map [27]

naK = pr @ uc : T*C¥ — (su2)* & (R")*) @ (sl(2, ©)* @ (CM*),

where the real moment map up is given by

i< 1 1
ne(p.q) =3 ;(qiq:‘ — Pipio @ (5(|q1|2 —1pil®), ..., 5(|qn|2 - |pn|2)) (2.1)

and the complex moment map pc is given by

n
ue(p. @) ==Y (qip)o® (G piqi. ... pagn). 22)

The hyperpolygon space X («) is then defined to be the hyperkéhler quotient
X () = T*CP I K = (u (0, ) N g (0, O))/K
fora = (a1, ...,0,) € R

Remark 2.3. An element (p, ¢) € T*C?*" is in He 10, 0) if and only if

n
pigi=0 and > (gipi)o=0,
i=1

i.e. if and only if
a;c; + bidi =0 24

and

n n

Zaici =0, Zaidi =0, Xn:biq =0. 2.5)

i=1 i=1
Note that p;g; = 0 implies that the trace of g; p; is equal to zero and then (g; p;)o = qi pi.
Similarly, (p, g) is in pg (0 «) if and only if

1
=(Igil* = 1pil*) =e; and qlq, Pipi)y =0.
2
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i.e. if and only if

leil? + 1d; * — lai* — 1bi]* = 2 2.6)
and
n n _
Dol —lail* + bil* = 1dil* =0, ) aib; — éid; =0. @7
i=1 i=1
Anelement o = (a1, ..., a,) € R’} is said to be generic if and only if
es(@) =) ai— Y o #0 (2.8)
ieS ieS¢
for every index set S C {1, ..., n}. For a generic «, the hyperpolygon space X («) is a non-empty

smooth manifold of complex dimension 2(n — 3).

On the other hand, one defines polygon spaces M («) using the quiver Q of Fig. 1 and the
collection of vector spaces V; = C and Vy = C? by performing symplectic reduction on
E(Q, V) = C?" by the action of K. More precisely, one considers the Hamiltonian action of
K on C*" given by

q-[Aser,....enl = (A" qrer, ..., A7 guen),

with moment map

p:C" — su@)* @ (u(1)")"

n 1 l
Z o o2 2
q— ‘—1(%% Jo @ <2|Q1| 2|61n| )

=

(2.9)

Then for a € RY,
M(@) == C*"omK = u ' (a)/K.

Note that M («) lies inside the hyperpolygon space X («) as the locus of points [p, g] with p = 0.

Performing reduction in stages one obtains the polygonal description of M («). In fact, the
symplectic reduction of C>* by U(1)" (or, more precisely, by the maximal subtorus 7" :=
(Id ®@ U(1)")/Z; in K) at the «-level set is the product of n spheres of radii o, ..., ®, and
the residual action of K /T" = SO (3) on this product is just the standard action by rotation with
moment map

n
HSO@) * HS&, - R’
i=1
W1y ovnyUp) >V F - F vy,

Performing the second step of reduction one gets

M) =[]S24503) = ug})(g)(O)/soG).

The level set ME&(S) (0) is then the set of all closed polygons in R3 with n edges vi, ..., v,
of lengths «fq, ..., a;, respectively and the quotient M («) is the moduli space of all such
polygons modulo rigid motions in R3. Note that this space is empty if o; > 5 ji o) for some
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i € {1,...,n} since, in this case, the closing condition Z?:l v; = 0 is not verified for any
vellSs.

If « is generic the polygon space M () is a smooth manifold of complex dimension n — 3
(when not empty). Here generic has a geometric interpretation. It means that no element in M («)
is represented by a polygon contained in a line. In fact, if such a polygon existed, the SO(3)-
action would not be free since the stabilizer of this polygon would be the circle of rotations
around the corresponding line. The quotient M («) would then have a singularity.

Reduction in stages can also be performed in the opposite order. The quotient C**//oSU (2)
is then identified with the Grassmannian Gr(2, n) of 2-planes in C”, (see [21] for details). The
remaining U (1)"-action has the moment map

wumye - Gr(2,n) — R"

1, ) (2.10)
g3 (al 10l

and the polygon space M («) is the symplectic quotient Gr (2, n)//, U (1)".
Hyperpolygon spaces can be described from an algebro-geometric point of view as GIT
quotients of 7*C?" by the complexification

KC = (SL2,C) x (CY")/Zs

of K. For that we need the stability criterion developed by Nakajima [35,33] for quiver varieties
and adapted by Konno [27] to hyperpolygon spaces.

Let o be generic. Aset S C {1, ..., n} is called short if
es(a) <0 (2.11)
and long otherwise. Given (p, ¢) € T*C?" and aset S C {1, ..., n}, we say that S is straight at

(p, q) if g; is proportional to g; for all 7, j € S.

Theorem 2.1 (/27]). Let a € R’ be generic. A point (p,q) € T*C?" js a-stable (in the sense
of Nakajima [35,33]) if and only if the following two conditions hold:

() gi # 0 foralli, and
(i) if S C {1,...,n}is straight at (p,q) and p; =0 forall j € S¢, then S is short.

Remark 2.12. Note that it is enough to verify (ii) for all maximal straight sets, that is for those
that are not contained in any other straight set at (p, g).

Let us denote by ,u(El (0)%~57 the set of points in ,u(El (0) that are a-stable.

Proposition 2.13 (/27]). Let o € R} be generic. Then

1k ((0,@), 0,0)) C ug' @)

and there exists a natural bijection

i (0, @), 0,00)/K —> uz! ©) /K C,

It follows that

X (o) = pug' (0)* /K"
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As in [18] we denote the elements in M(EI (O)‘)"”/K(C by [p, gla—st> and by [p, g]r the elements

in u;lK ((O, a), (0, 0)) /K when we need to make explicit use of one of the two constructions. In
all other cases, we will simply write [ p, ¢g] for a hyperpolygon in X («).

2.1.1. The core

Let us assume throughout this section that « is generic. The core of a hyperpolygon space
X («) has been studied in detail in [27,18], and here we give a brief overview of the results
therein that will be relevant to our study.

Consider the S!-action on X (&) defined by

A-[p.ql=1[rp.ql (2.14)

This action is Hamiltonian with respect to symplectic structure wr and the associated moment
map ¢ : X (o) — R, given by

1 n
wmﬂm=igym% (2.15)

is a Morse—Bott function. Following Konno[27] consider 8(«), the collection of short sets for ,
and its subset

8'(@):={SC{l,...,n}| Sisa-short, |S] > 2}.

Then, we have the following.

Theorem 2.2 ([27]). The fixed point set for the S -action (2.14) is

X (@S = M(a) U U Xs
5e8 (@)

where, for each element of 8'(a),
Xs = {lp,ql € X() | S and S are straight, p; =0 forall j € $°}.
Moreover, Xy is diffeomorphic to CP1=2 and has index 2(n — 1 — |S)).
For S € 8'(a) let Ug be the closure of

{lp, gl € X(@) | lim [%p,q] € Xs}.
A—00
Then the core £, of X («) is defined as

Lo = M(@)U U Ug
Sed (a)

and is a deformation retraction of X («). In fact Ug is the closure of the flow-down set for the
critical component Xg and the polygon space (when non-empty) is the minimal set of ¢. The
core components Ug are smooth compact submanifolds of complex dimension n — 3, and can
equivalently be described as

Us = {[p.q]| Sis straightand p; = 0 forall j € S} (2.16)

(see [18] for details). Moreover, they can be nicely described as moduli spaces of pairs of
polygons in R3 (see [18]). For that, given a short set S in 8'(«), and a point [p, glr € Us,
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w

Uiy
ui‘s‘ : : ot

Fig. 2. A hyperpolygon in the core component Ug described as a pair of a spacial polygon and a planar one (where
S ={i1,....is)}and S = {j1, ..., jiseD-

define a (n + 1)-tuple of vectors in R3, (u;, vi,w),i €8, je S8 as
ui =qipi +pjq;, Vies
v; =(q;q7)o, VjeSe
w =Y (4]0 — (P} Pi)o,
ieS

where we make the usual identification i - su(2) = su(2)* = R3. These n + 1 vectors define two
polygons: one in R3 with edges w and v 7, with j € §¢, and one lying in the orthogonal plane to
w with edges u; fori € S (see Fig. 2). Note that [|v;|| = «; and that

Do lwl< ) e

ieS jese
where the variations in ||w| are determined by the lengths of the vectors u;. The lower bound
lwl| = ) ;cg i is reached when u; = 0 for all i, meaning that the planar polygon collapses
to a point and one obtains a polygon in R? of edges w and {v j | j € 8. In this case, the
point [p, g]r defining this polygon is in the intersection Us N M («r). When the upper bound
lwll = jese @ 1s reached, the spatial polygon is forced to be in a line and the planar polygon
has maximal perimeter.

Theorem 2.3 ([18]). For any S € 8' () the associated core component Us is homeomorphic to
the moduli space Z of n + 1 of vectors

{ur,vj,weR’|ies,jeS)
taken up to rotation, satisfying the conditions:

D w+ Y v=0;

jese
@ D ui=0
ieS

B) uj-w=0 forallieS,;
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@ lvjll=«; forall je S

G lwll =) y/e? + lluil>.

ieS

If the polygon space M («) is non empty, then all the core components Us intersect M ().
More precisely, for any S € 8'(«),

UsNM(a) = Mg(a),

where

n n
Mg(a) = {v € ]_[sgi | Zv,- = 0, v; proportional to v; Vi, j € S} /30(3). (2.17)
i=1 i=1

This intersection is a (|S¢| — 2)-dimensional submanifold of M () that can be identified with the
moduli space of polygons in R? with |S¢| + 1 edges of lengths Y ies@iand aj, for j € S€.

The intersection of any other two core components Ug and Uy, with S, T € 8'(«), depends
upon the intersection of the short sets S and T'.
e IfSNT =@ then Us NUr = Mg(a) N M7 (). (Note that this intersection might be empty.)
e IfSNT # @Pand SUT is long, then Us N Ur = 0.
e IfSNT # Pand SUT is short, then

UsNUr ={[p.q]| SUT straight, pj = 0forall j € (SNT)} € Usur.

Finally, if S C T, the critical submanifold X7 intersects Us, and Us N X7 = CP!SI=2 (cf. [18]).
In particular, we have the following.

Proposition 2.18. If S € 8'(«) is maximal with respect to inclusion then

Ug = CP" 3.
This was conjectured in [18], and is a simple consequence of the following result of Delzant.

Theorem 2.4 ([11]). Let (M, w) be a compact symplectic 2n-dimensional manifold equipped
with a Hamiltonian S'-action with moment map ¢. If ¢ has only two critical values, one of
which is non-degenerate, then M is isomorphic to (CP", hwrs), where Awps is some multiple of
the Fubini—Study symplectic form.

Proof of Proposition 2.18. Since S is maximal with respect to inclusion, the core component
Uy is just the closure of the flow-down set of X g = CPISI=2,
If |S| = n — 1 then, assuming without loss of generality that S = {1,...,n — 1}, we have

Zai < oy
S

(S is short), meaning that the polygon space Mg(c) is empty. Therefore Us = Xg = CP" 3,

If |S| < n — 1 then Xg has index 2(n — 1 — |S|) and ¢ (Xs) is a non-degenerate critical
value of the restriction of ¢ to Ug. The only other critical value of ¢ on Ug is its minimum
value ¢ (M (a)) = 0. We can then apply Theorem 2.4 to Ug equipped with the restriction of the
S1-action on X () to conclude the proof. [

Example 1. When n = 4 there are four critical components of the moment map ¢ for any generic
choice of «. In fact, since either S or S¢ is short, there are always exactly three short sets (S,
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Sy and S3) of cardinality 2 in 8'(«). Moreover, the polygon space M («) is empty if and only if
there is a short set Sy of cardinality 3 in 8'(c). Note that in this case there is exactly one such
set in 8’ (). The critical components Xs,, i = 1, 2, 3, are isolated points of index 2, while X,
and M (), when nonempty, are diffeomorphic to CP! and have index 0. The core components
Us,, fori =1, 2, 3, are three copies of CP! intersecting the minimal component in three distinct
points. Consequently, the core £, is a union of 4 spheres arranged in a D4 configuration [14] as
in Fig. 3.

2.1.2. Walls

We now set some notation and basic definitions relative to the wall-crossing analysis that will
be carried out in Section 4. Moreover, we summarize the wall-crossing behavior for polygon
spaces which is described in detail in [31].

Let I' C R be the set of generic values of a. If o ¢ I then there exists an index set
S C {1,...,n} for which eg(a) = 0. Hence I’ is the complement of the union of finitely many
walls

Ws = {a € R} | eg(a) = 0}

with § C {1, ..., n}. The set § will be called the discrete data of Wy.

Note that an index set S and its complement S¢ define the same wall. Moreover, a wall Wg
separates two adjacent connected components of I, called chambers, say A™ and A~ such that
es(@™) > 0 for every ™ € AT and eg(@™) < O for every o~ € A~. Consequently, S is
maximal short (with respect to inclusion) for values of @~ in A~ and long for those in A™.

The collection of short sets S(«) completely determines the chamber of & and, since only one
of § and S¢ is short, there is a 1-1 correspondence between the elements of S(«) and the walls
in RY.

Remark 2.19. The image

1 n
5= puan(Gr2,m) = (@, ...,a,) eRL [0 <o < 5 and > ai=1
i=1
of the moment map defined in (2.10) is formed by values of « for which M («) is nonempty.
Since M () is diffeomorphic to M (rAa) for every A € R, one can easily see that M («) # &
if and only if « is in the cone C= over =. The walls Wg with |[S| = 1 or |S| = n — 1 form the
boundary of C = and so are called vanishing walls. (When « crosses one of these walls the whole
space M («) vanishes.) The chambers in R’} \ C= are called null chambers and each of these is
separated from C = by a unique vanishing wall.

By the Duistermaat—-Heckman Theorem, M (™) and M (o ™) are diffeomorphic for @™ and o™
in the same chamber but the diffeotype of M (™) changes if @™ and o~ are in different chambers.
In particular, if o™ and &~ lie in opposite sides of a single wall Wy, then M (a™) and M (a~) are
related by a blowup followed by a blowdown. This is a classical result for reduced spaces (see,
for example [17,10]) and has been worked out in detail for the case of polygon spaces in [31],
where the submanifolds involved in the birational transformation are characterized in terms of
lower dimensional polygon spaces. More precisely, these submanifolds are the intersections

Ms(at)=UsNM(@") and Mg(a™)=UsNM(a™)
defined in (2.17).
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Xs

X51 2 XS3

Xs, or M(a)

Fig. 3. Core of X («) when n = 4: four spheres arranged in a D4 configuration.

k
10
3
9 11
U4 = —U5

Fig. 4. A hyperpolygon in the core component Uyy, 5y for @ = (10, 1, 1, 2, 3).

Theorem 2.5 ([31]). If AT and A~ are two chambers lying in opposite sides of a wall Ws and
S is short for a= € A~ and long for a™ € AT, then M(a™) is obtained from M(a™) by a
blowup along Ms(a™) = CPIS1=2 followed by a blowdown of the projectivized normal bundle
of Mse(at) = CPISI-2,

The situation for hyperpolygon spaces is quite different. The diffeotype of X («) does not
depend on the value ((a, 0)(0, 0)) of the hyperkidhler moment map as long as « is generic
(see [27]). Nevertheless, if @™ and «™ are in different chambers of I" the hyperkihler structures
on X () are not the same. Moreover, if we equip these spaces with the S!-action defined in
(2.14) we see that X (a«™) and X (a™) are not isomorphic as Hamiltonian S 1-spaces since their
cores £,+ are different. The transformations suffered by X («®) and its core will be studied in
Section 4.1.

Another difference in the behavior of hyperpolygon spaces is that, even though M(x) = @
for every value of « in a null chamber, the corresponding hyperpolygon space X («) is always
non empty as we can see in Example 2.

Example 2. Let « = (10, 1, 1, 2, 3) be in the null chamber of I" determined by the vanishing
wall W(y. The polygon space M («) is empty since oy > Z?:z a;. However, the hyperpolygon
space X (o) # @. For example, taking the short set S = {4, 5}, we see that the core component
U5y C X(a) is non empty. Indeed, it can be identified with the moduli space of pairs of
polygons as depicted in Fig. 4 (cf. Theorem 2.3). The spatial polygon has edges w, vy, vz, v3
respectively of lengths 5 + k, 10, 1, 1 with k € [3,7]. (For k > 7 or k < 3 the polygon would
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not close.) The planar polygon lies on a line and has edges u4, us with ug = —us satisfying

5+k=\/4+||u4||2+\/9+||u4||2. (2.20)
Any choice of ||u4|| satisfying (2.20) for some k € [3, 7] determines a family of hyperpolygons
in Uy sy that is isomorphic to the polygon space M (||lw], 10, 1, 1). For example, choosing
llug|l = 4, we get that U4 5) contains the non-empty polygon space M (5 + 245,10, 1, 1).

2.2. Moduli spaces of parabolic Higgs bundles

Let X' be a connected smooth projective algebraic curve of genus g with n distinguished
marked points xp, ..., x, and let D be the divisor x| + - -+ + x,. A parabolic structure on a
holomorphic bundle E — X’ consists of weighted flags

Ex= x,1 D"'DEx,sXDO,
0<pi(x) < - <Bs,(x) <1

over each point x € D. Given two parabolic bundles E, F over ' with parabolic structures
at xq,...,x, and weights ,BI.E (x) and ,BJF (x) respectively, a holomorphic map ¢ : E — F
is called parabolic if ¢(Ey ;) C Fx,j4+1 whenever BF(x) > ﬂjF (x) and strongly parabolic if
¢(Ey,i) C Fy, j+1 whenever BF (x) > ﬁf(x).

Let ParHom(E, F) and SParHom(E, F) be the subsheaves of Hom(E, F) formed by
the parabolic and strongly parabolic morphisms between E and F, respectively. In particular,
ParEnd(E) := ParHom(E, E) and SParEnd(E) := SParHom(E, E).

Considering m; (x) := dim E, ; —dim E ; 1, the multiplicity of the weight g, (x), one defines
the parabolic degree pdeg(E) and parabolic slope 11(E) of a parabolic bundle E as

pdeg(E) = deg(E) + Y Y mi(x)Bi(x),

xeD i=1

and

pdeg(E)
M(E) = ———.

rank(E)

A subbundle F of a parabolic bundle E can be given a parabolic structure by intersecting the flags
with the fibers Fy, and discarding any subspace E, ;N F, which coincides with E j 1N Fx. The
weights are assigned accordingly. Similarly, the quotient E/F can be given a parabolic structure
by projecting the flags to E /F,. The weights of E/F are precisely those discarded for F.

A parabolic bundle E is said to be semistable if u(F) < w(E) for all proper parabolic
subbundles F of E and stable if the inequality is always strict.

Example 3. We will now consider a very simple example which we will need later. Let E be a
rank-two parabolic bundle over X' with parabolic structure

C?=E,1 DE»,=CD0,

0<pix) < Balx) <1
over each point x € D. Then

pdeg(E) = deg(E) + Y (Bi(x) + fa(x)) .

xeD
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If L is a parabolic line subbundle of E, its parabolic structure is given by the trivial flag over
each point of D

C=L,1D0,
with weights

Loy _ )B1(x), if Ly N Ex>={0},
prin = {,Bg(x), if Ly NEy,,=C.

Then, assuming D = {x1, ..., x,},
pdeg(L) = deg(L) + Y Ba(xi) + ) Bi(xi),
ieSL ieS§

where S; == {i € {1,...,n}| BL(x;) = Ba2(x;)}. (Note that the quotient bundle E/L is also a
parabolic line bundle over Y with parabolic structure given by the trivial flag over each point of
D weighted by the weights of E not used in L.)

Hence, the parabolic bundle E is stable if and only if its parabolic line subbundles L satisfy

deg E —2deg(L) > Y (Bo(xi) — Bi(x)) — D _ (B2(xi) — Bi(x)). (2.21)

ieSy iESi

Let K 5; denote the canonical bundle over X (i.e. the bundle of holomorphic 1-forms in X),
let O (D) be the line bundle over ) associated to the divisor D and give £ ® Kx (D) =
E ® K ® Ox(D) the obvious parabolic structure. A parabolic Higgs bundle or PHB is a pair
E = (E, ), where E is a parabolic bundle and

® € H'(X, SParEnd(E) ® K (D))

is called an Higgs field on E. Note that @ is a meromorphic, endomorphism-valued one-form
with simple poles along D, whose residue at x is nilpotent with respect to the flag, i.e.

(Resy P)(Ex ;) C Ex i1,

foralli = 1,...,s, and x € D. Note that we are only considering parabolic logarithmic Higgs
fields. The definitions of stability and semistability are extended to Higgs bundles as expected.
APHBE = (E, ?) is stable if w(F) < p(E) for all proper parabolic subbundles F' C E which
are preserved by @ and similarly for semistability, where the strict inequality is substituted by
the weak inequality.

The usual properties of stable bundles also apply to stable parabolic Higgs bundles. For in-
stance, if E and F are two stable PHBs with the same parabolic slope then there are no parabolic
maps between them unless they are isomorphic [28] and the only parabolic endomorphisms of a
stable parabolic Higgs bundle are the scalar multiples of the identity.

We will say that a vector B of weights B;(x;) is generic when every semistable parabolic
Higgs bundle is stable (i.e. if there are no properly semistable Higgs bundles). Fixing a generic 8
and the topological invariants r = rank(E) and d = deg(E), the moduli space Ng ;.4 of B-stable,
rank-r, degree-d parabolic Higgs bundles was constructed by Yokogawa in [43] using GIT. In
particular, he shows that this space is a smooth irreducible complex variety of dimension

n Sx;
dimNg,q =208 — D2 +2+ Y (r2 — ij(xi)2> :

i=1 j=1
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containing the cotangent bundle of the moduli space of stable parabolic bundles. For that, he
worked out a deformation theory for PHBs as described next (see also [15] for details).

2.2.1. Deformation theory
Given PHBs E = (E, @) and F = (F, ¥) one defines a complex of sheaves
C*(E,F): ParHom(E, F) — SParHom(E, F) ® K5 (D)
(o —Vf,

and write C*(E) := C*(E, E). Then the following proposition holds (see for instance [37] for a
detailed proof).

Proposition 2.22. (1) The space of infinitesimal deformations of a PHB E is isomorphic to the
first hypercohomology group of the complex C*(E). Consequently the tangent space to Ng ;.4
at a point E is isomorphic to HI(C*(E)).

(2) The space of homomorphisms between PHBs E and F is isomorphic to the hypercohomology
group HO(C*(E, F)).

(3) The space of extensions 0 — E — F — G — 0 of PHBs E and G is isomorphic to
the hypercohomology group H'(C*(G, E)).

(4) There is a long exact sequence

0 — H(C*(E,F)) — H(ParHom(E, F))
— HO(SParHom(E, F)® Kx (D))
SN Hl(C°(E, F) — Hl(ParHom(E, F))
— H'(SParHom(E, F) ® K 5(D))
—> H*(C*(E,F)) —> 0.

Moreover, we have the following duality result whose proof can be found in [15].
Proposition 2.23. If E and F are PHBs then there exists a natural isomorphism
H'(C*(E, F)) = H*™(C*(F, E))*.

In particular for any stable PHB E there is a natural isomorphism TgNg g = TgNg 1. 4.

2.2.2. Fixed determinant
If E € Ng ,q and E is the underlying parabolic bundle, its determinant A" E is a parabolic
line bundle of degree

d=d+)" [Z mj(xi)ﬁj(xi):|
i=1 L

and weight Zj m;j(x)B;(x) — [Z] mj(x)ﬂj(x)], at any x € D, where the square brackets
denote the integer part. For fixed weights the moduli space of rank-1 parabolic Higgs bundles of
degree d is naturally identified with the total space of the cotangent bundle to the Jacobian of
degree-d line bundles on . Hence one has the map

det : Ngp.g —> T*Jact (), (2.24)
(E, ®) — (A'E, Tr ).
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Fixing 4, a line bundle of degree d, Konno [28] defines the moduli space NO r.q Of stable
parabolic Higgs bundles with fixed determinant A and trace-free Higgs field as the fiber of the
map (2.24) over (4, 0) i.e.

-1
Ng:fd = det(4, 0).

In particular, he shows that, for any A and generic S, this space is a smooth, hyperkéhler manifold
of complex dimension

dimNg L, =2(g — D —1)+Z(r —Zlm](x, )

i=1
The deformation theory of E = (E, ¢) in Ngfl 4 1s determined by the complex

Cy(E) : ParEndy(E) — SParEndy(E) ® K x(D)
fe(ehe—2f,

where the subscript 0 indicates trace 0.

We will now give a brief description of Ngf 4 following [28,15]. Given a PHB E of rank r with
underlying topological bundle E, one says that a local frame {ey, ..., e,} around x preserves the
flag at x if E, ; is spanned by the vectors {ep;,+1(x), ..., e-(x)}, where M; = Zk<i my. Then
one fixes a hermitian metric 4 on E which is smooth in X' \ D and whose behavior around the
points in D is as follows: if z is a centered local coordinate around x (i.e. such that z(x) = 0),
then one requires /4 to have the form

| Z|2)\1 O
h = (2.25)
with respect to some local frame around x which preserves the flag at x. Let us denote by J the
affine space of holomorphic structures on E and by A the space of associated h-unitary connec-
tions. Note that the unitary connection A associated to some element § 4 of J via the hermitian

metric / is singular at the punctures. Indeed, writing z = pe' and considering the local frame
{e;} used in (2.25), the connection A has the form

A 0
dy=d+i do + A’ (2.26)
0 Ar

with respect to the local frame {e; /|z|*}, where A’ is regular. The space of trace-free Higgs fields
on a parabolic bundle FE is

@ = 2"(SParEndy(E) ® K 5(D)).

Let Gc denote the group of complex parabolic gauge transformations (i.e. the group of smooth
determinant-1 bundle automorphisms of E which preserve the flag structure) and let G denote
the subgroup of h-unitary parabolic gauge transformations. Using the weighted Sobolev norms
defined by Biquard [5] on the above spaces (see [5,28] for details) let us denote by J?, @7, G
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and 9(’5 the corresponding Sobolev completions. Following Konno we consider the space
H = {(SA,QS)EHXQ| EAQZO}

and the corresponding subspace H? of J? x Q7. The gauge group G acts on H by conjugation,
i.e. on the residues N; := Resy; @ the G¢-action is g 'N;g forany g € G¢ (cf. [28]). Let F(A)?
be the trace-free part of the curvature of the A-unitary connection corresponding to 8 4. Then we
consider the moduli space £° defined as the subspace of H? satisfying Hitchin’s equation

€%:={@a, 9) € H” | F(A)° +[&, ] = 0}/57.

Taking the usual definition of semi-stability on J{, Konno shows in [28] that, for some p > 1,

Ny = 0/ G = €° (2.27)

51y

and this second quotient endows Ngf 4 With a hyperkéhler structure.

There is a natural circle action on the moduli space Ng fl 4 given by

& (E, ) = (E, ¥ ®) (2.28)

which is respected by the identification in (2.27). This action is Hamiltonian with respect to the
symplectic structure of Ng f 4 compatible with the complex structure induced by the complex
structure

1S4, &) = (i84,1P)

on H? (see [7] for details). The corresponding moment map is
1
[(A, &)] —§||q5||2 = —i/ Tr(PP*).
X

Let us consider the positive function

e
f= 2||<15|| : (2.29)

Boden and Yokogawa in [7] show that this map is proper. By a general result of Frankel [13]
which states that a proper moment map of a circle action on a Kéhler manifold is a perfect
Morse—Bott function, we conclude that f is Morse—Bott. Its critical set (which corresponds to
the fixed point set of the circle action) was studied by Simpson in [36] who shows the following
result.

Proposition 2.30 (Simpson). The equivalence class of a stable PHB E = (E, @) is fixed by the
S1-action (2.28) if and only if E has a direct sum decomposition

E=Ey®---®E,
as parabolic bundles, such that @ is strongly parabolic and of degree one with respect to this
decomposition, i.e.,

D, € H(SParHom(E;, E;41) ® K 5:(D)).
Moreover, stability implies that QSIE, #0forl=0,....,m—1,and E = (, E;, D) is stable as

a parabolic Higgs bundle if and only if the stability condition is satisfied for all proper parabolic
subbundles which respect the decomposition E = @, E; and are preserved by 9.



L. Godinho, A. Mandini / Advances in Mathematics 244 (2013) 465-532 485

Remark 2.31. Note that if m = 0, then E = Ep and ¢ = 0 and one obtains the fixed points
(E, 0), where E is a stable parabolic bundle. Hence the moduli space Mgf 4 Of B-stable rank-r
parabolic bundles of fixed degree and determinant is a component of the fixed-point set.

The Morse index of a critical point of f, which equals the dimension of the negative weight
space of the circle action on the tangent space at the fixed point (see [13]), was computed by
Garcia-Prada, Gothen and Muiioz.

Proposition 2.32 ([15]). Let the PHB E = (69;"20 E;, ®) represent a critical point of f. Then
the Morse index of f at E is given by

n Sx;
A = 2r1 (g — 1) + Z(ﬂ - ij(xi)2>
i=1 j=1

+2)° ((1 — g —myrank(E))* + ) dim Py, (1, Ez))
1=0 i=1

m—1

+2 Z ((1 — g)rank(Ep)rank(E;41) — rank(E;) deg(Ej+1)
1=0

n
+rank(E; 1) deg(Ep) — Z dim N, (Ey, E1+1)) ,
i=1
where, given two parabolic bundles F and G, Py (F, G) denotes the subspace of Hom(Fy, Gy)
formed by parabolic maps, and N, (F, G) denotes the subspace of strongly parabolic maps.

2.2.3. The rank-two situation
Let us now restrict ourselves to the rank two situation. Most of what is presented in this
section is essentially contained in [7] but we will give an exposition adapted to our purposes.
IfE = (E, 9) is a fixed point of the circle action defined in (2.28) then we have two possible
cases:

(1) E is a stable rank-2 parabolic bundle and ¢ = 0 (see Remark 2.31);
(2) E = Ey® E| where E( and E are parabolic line bundles and @ induces a strongly parabolic
map

Py = ¢|Eo :Ey — E1® Kx (D).

In the first case, the corresponding critical submanifold can be identified with the moduli space
Mgg 4 Of ordinary rank-2 parabolic bundles of fixed degree and determinant and it is the only
critical component where the Morse—Bott function f takes its minimum value f = 0.

The fixed points in the second situation occur when e - (54, @) is gauge equivalent to
(84, @). In particular, this implies that there exists a 1-parameter family gg € G such that
8 ! ®go = €' & which is diagonal with respect to the decomposition E = Eo @ E| (in fact the
splitting of the holomorphic parabolic bundle E is determined by the eigenvalues of gy). Hence
@ is either strictly upper or lower triangular, meaning that one of Eq or E; is ®-invariant. Since
we also have that 9y := & £o is amap from Eg to E1 ® K 5;(D), we conclude that

0 0
¢=<¢ 0)’
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with 0 # ¢ € SParHom(Ey, E1 ® Kx(D)). Then E| is preserved by @ which, by S-stability
of E, implies that u(E1) < u(E). By Example 3 this is equivalent to requiring

deg E —2deg E1 > Y _ (Ba(xi) — Bi(x)) — Y (Ba(xi) — Bi(x)), (2.33)

ieSg, iesgl
where 0 < B1(x;) < B2(x;) < 1 are the parabolic weights of E at x; € D and
Se,={iefl,....n}| B () = Batxi) }

with 0 < B€1(x1) < 1 the weight of E; at x;.
On the other hand, the existence of a strongly parabolic map

0# &= P, : Eo — E1®Kx(D)
implies that
HO(SParHom(Eo, E1® Kz(D))) # 0.

Moreover,

SParHom(Eo, E1 ® K(D)) = Hom | Eo. E1 @ K | D\ | {xi} | |

iESEf

since, denoting the parabolic weights of Eg and E; at x; respectively by f£0(x;) and £ (x;),
we have

Sg, = Sg, = lie{t,....n}| BEo(x) = Ba(xi)}
={ie{l.....n} | B%0) > BB () ).

Hence, a necessary condition for (Eg @ E1, @) to be a critical point is that

0 < degHom | Eo. Ey @ Ky [ D\ | {xi}

: C
IESE1

=deg | Ef® Ey @ K [ D\ | )

. C
zeSE1

= deg E3®E1®KE®OE D\ U {xi}

; C
zeSEl

= deg(Ey) — deg(Eo) +2(g — )+ D\ | {x:)
iESE1

= deg(E)) — deg(Eo) +2(g — 1) +n — |S§, |

= deg(E) — 2deg(Eo) +2(g — 1) + Sk, |
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where we used the fact that deg Ky = 2(g — 1) and that, for any divisor D = D oex x X, We
have

deg Oy (D) = deg(D) = Y _ n.
xeX
Using (2.33) we conclude that if (Eg & E1, 9) is a critical point then

esg, (B2 — B +d <2dp =d +2(g — 1) +|SE, |,
where dy = deg Eo, d = deg E, B> — i is the vector

(B2(x1) — Br(xi), ... Ba(xn) — Bi1(xn))

and €S, (B2 — Bi) is the sum defined in (2.8).
Given S C {1,...,n}and dy € Z, let M(4,,s) be the critical submanifold formed by parabolic

Higgs bundles E = (Ey @ E;, @) € Ng’éld, where E is a parabolic line bundle of topological
degree dy and parabolic weights ﬂEO satisfying Sg, = S¢ (i.e. ,BEO (x;) = Ba(x;) if and only if
i € §°). Then we have the following.

Proposition 2.34. Given S C {1, ..., n} and dy € Z, the critical submanifold M, sy C Nggl d
is nonempty if and only if
es(Br—B1) +d <2dy <d+2(g—1)+|S]. (2.35)
Moreover, denoting by Sm Y the 228 cover of the symmetric product S™ X under the map
x +— 2x on Jac(X)), the map
Mdy.5) —> S" 5, (2.36)
(Eo ® Ey, @) > (Eo, div Pp)
is an isomorphism for
m=d—2dy+2(g—1)+ 15|,
where div ®g (the zero set of Py == P, £ ) is a non-negative divisor of degree m.
Proof. The discussion preceding this statement shows that (2.35) is necessary for My, s) to be
nonempty.
Suppose now that a pair (dp, S) satisfies (2.35). Given an effective divisor D,, € S™ 3 with
m = d — 2dyp + 2(g — 1) + |S| one gets a line bundle O x(D,,) with a nonzero section Py
determined up to multiplication by a nonzero scalar, as well as the bundle

ieS

U=Kx;®0x (U {xi}> ® Ox(—Dp)

of degree 2dy — d. Then, one can choose a line bundle Ly € J ac (X)), such that
L$* =AU (2.37)

and equip it with the parabolic structure given by the trivial flag over each point x; € D and the
weight assignment

Bi(xi), ifiesS

L ) —
13 0(x1) - {ﬂZ(xi)’ ifi {1, ,n} \ S.
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In addition one considers the bundle
Ly =Ly®U*

equipped with the complementary parabolic structure. Defining & to have component |, = P
one obtains a PHB E = (Lo & L, ®) which clearly has the desired invariants (dp, S), has the
required determinant (since A>(Lo® L1) = LoQ L| = L?z ® U* = A) and is stable if (2.35) is
satisfied. Hence (2.35) is a sufficient condition for M4, s) to be nonempty. Note that there exist
22¢ possible choices of Lo satisfying (2.37) (since the 2-torsion points in the Jacobian form a

group
ry={L| L% =0
isomorphic to Z?8), and that each choice gives a stable PHB. Hence, the map (2.36) is surjective.
To see that it is injective we note that by taking non-zero scalar multiples of the Higgs field

by H 0(Lé ® L1 ® K(Ujes {x;})) (in order to obtain the same divisor div ®) one obtains two
isomorphic PHBs since (E, ®) is gauge equivalent to (E, A P) forA #0. O

To compute the Morse index at the points in M(g4,,5) We use Proposition 2.32 to obtain the
following proposition.

Proposition 2.38. The index of the critical submanifold M q,,s) is
Mdo,s) = 2(g — 1 +n) +4dy — 2d — 2|S|.

Proof. Noting that all the multiplicities are equal to 1 and that s, = 2 for every point in D, the
proof follows from Proposition 2.32 after we compute the dimensions of the spaces P, (E;, Ej),
[ =0, 1,and N, (Eyp, E1) forevery point x € D. The space Py (E], E;) is formed by the parabolic
endomorphisms of (E;)y and so, in this case,

dim Py (E;, E;) = dim End((E))y) = 1.
The space Ny, (Eo, E1) is the space of strongly parabolic maps from (Ep),; to (E1),; and so

0, if pEo(x;) > pE (wi)

Ny (Eo, E1) = {Hom((Eo)Xw (E1)y;), otherwise.

Hence,

0, ifie{l,...,n}\S

1, ifies. =

dim N, (Eo, E1) = {

With this we have the following proposition.

Proposition 2.39. (1) If g > 1 then Aq,,s) > 0 for all (dy, S) satisfying (2.35).
(2) If g = 0 and n > 3 then there is at most one pair (dy, S) satisfying (2.35) with A,,s) = 0.
Moreover, this pair exists if and only if Mgg 4 = @ and, in this case, M4, 5) = CPpr—3.

Proof. If A4, sy = Othen 2dy = 1—g—n-+d+|S|. Since, from (2.35), we have 2dy > es(a)+d,
with « = B> — B1, we conclude that eg(«) < 1 — g — n 4 |S|. Moreover, since by definition

es(@) =) aj— Y a

ieS ieSe



L. Godinho, A. Mandini / Advances in Mathematics 244 (2013) 465-532 489

and 0 < o; < 1, we have eg(a) > —|S¢| = |S| — n and so
S| —n <es(a) <1 —g—n+]S|,

implying that 0 < 1 — g and thus g = 0.
Let us assume now that g = 0. Then (2.35) and A(4,,5) = 0 imply that

S| —n <es(a) <1+ |S|—n,

and so
0<Zai—2ai+|SC| <1,
ieS ieSe
which is equivalent to
0<Zai+2(l—ai)< 1, (2.40)
ieS ieS¢

with the advantage that now all the summands in (2.40) are positive. If )L(d(/), sy = 0 for some
other (d}, S") # (dy, S) then

2(dy — do) = S| = IS

and so |S’| — | S| is even. This implies that there exist at least two indices in S U S’ that are not in
SN S and so

|(SUSHNSNS)|=[S"USN () US)|=2.
Hence, since both S and S’ satisfy (2.40) we have that
2 < Z o + Z A—a) <2
ieS'Us ie(SHeuse

which is impossible. Hence there is at most one pair (do, S) satisfying (2.35) with A4, sy = 0.
Still assuming g = 0, one has from Proposition 2.34 that

Mgy.5) = S"CP' = CP"
withm = d — 2dy — 2 + |S|. In particular, if A4, sy = 0, we have that m = n — 3 and so
Mdy,s) = CPr-3,
To show that such a pair exists if and only if Mgg 4 = 9 we first define for any (dp, S) the
hyperplane

Hgy,s) =1{(B1, B2) € Q| es(a) +d = 2dp}, (2.41)

where Q == {(B1, B2) e R?" | 0 < Bri < Bri <1,i=1,...,n}isthe so-called weight space.
Boden and Hu show in [6] that, if 8 and B’ are weights in adjacent connected components of
0\ Uy, s) Hdy,s)» (usually called chambers) then the corresponding moduli spaces are related
by a special birational transformation which is similar to a flip in Mori theory which will be
studied in detail in Section 4. Moreover, when g = 0, there exist null chambers formed by
weights § € Q for which M%g 4 = 9. Let B and B’ be weights on either side of a (unique)
hyperplane separating a null chamber from the rest (called a vanishing wall), and let § be a
weight on this hyperplane. Then, assuming Mg’,,/lzy 4 = 9, Boden and Hu show that there exists a
canonical projective map

0,4 0,1
¢ Mgsq — M,
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which is a fibration with fiber CP%, where a = dim M%g 4 — dim Mggl 4 = 1" — 3. Moreover,
Mg;l 4 consists of classes of strictly semistable bundles £ = L & F for parabolic line bundles
L and F with S = § and deg(L) = dy. Assuming, without loss of generality, that g, (,g) >
Esp (3) > &5y (E’), the fact that MO’,i 4 = @ implies that there are no nontrivial extensions of

L by F, when regarded with weight 8/, i.e. ParExté,(L, F) = 0 (cf. [7] for details). Then, the
short exact sequence of sheaves

0 — ParHom(L,F) — Hom(L, F) — Hom(Lp, Fp)/Pp(L, F) — O,

(where, denoting by P (L, F) the subspace of Hom(Ly, Fy) consisting of parabolic maps, we
write Pp(L, F) = @&.ep Pc(L, F)), gives us

x(ParHom(L, F)) = x(Hom(L, F)) — x(Hom(Lp, Fp)/Pp(L, F))

= x(Hom(L, F)) + Y (dim P, — ). (2.42)
i=1

Moreover, since H(ParHomg (L, F)) = 0,

0= dimParExté,(L, F) = dimHl(ParHom,g/(L, F)) = —X(ParHomfy(L, F))

= —x(Hom(L,F)) =Y (@im P, — 1) = —x(L* ® F) + S|
i=1

=2dy—d—1+n—18S|,

where we used the Riemann—Roch theorem and the fact that S; = S; = S¢. Hence, every van-
ishing wall is given by H g, 5) with 2dy —d — 1 +n — |S| = 0. Conversely, if d + 1 —n + |§] is
evenand dy = (d + 1 —n + |S])/2, then H g, s) is a vanishing wall. We conclude that if 8’ is in
a null chamber separated from the rest by a (unique) hyperplane Hg, s) then 2dy — d > eg(c’)
with o’ = B} — B{, as usual, and 2dy —d — 1 +n —|S| = 0 and so, when n > 3, (do, S) originates
a critical component with index O (since this pair satisfies (2.35)). U

Example 4. Let us now consider the case where g = 0 (i.e. ¥ = CP!) and deg(E) = 0, and
make the additional restriction of only considering rank-2 PHBs which are trivial as holomorphic
vector bundles. Let H(8) C Ngélo be the moduli space of such PHBs. The § I_action on Ng’,él,o
defined in (2.28) restricts to an S!-action on H(8) with moment map the restriction to H(8) of
the moment map f defined in (2.29). For a generic weight vector 8 (with 0 < B1(x;) < Ba(x;) <
1 at the parabolic points x; € D = {x1, ..., x,}), the critical components of f = %H ®||* where
f is nonzero are those M, sy C JH(B) for which

es(Br—B1) <0 <|S]—2.
Indeed, by Proposition 2.30, an element of Mg, sy decomposes as E = Eo @ Ey, with dy =
deg(Ep) = 0.
Hence, there is a one-to-one correspondence between the components M, sy and the sets
S c{l,...,n}with|S| > 2 which are short for « € R”_, with o; := B2(x;) — B1(x;) (see (2.11)
for the definition of a short set).
The Morse indices of the critical submanifolds Mg, sy are

Aw,s) =2(m —1—1S).
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If one of these has index zero then the corresponding short set S has cardinality | S| =n — 1. As
we will see later, the space M%,g,o of ordinary rank-2 parabolic bundles of degree zero and fixed

determinant can be identified with the set of spatial polygons in R® with n edges of prescribed
lengths equal to «;. Then, the existence of a short set with cardinality n — 1 implies that these
polygons do not close and so M%go = & (thus verifying Proposition 2.39).

To end this example we explofé in detail the implications of the genericity condition on the
weight vector . Let E be any rank-2 semistable parabolic bundle over CP! which is trivial as a
holomorphic vector bundle. By Grothendieck’s Theorem the underlying holomorphic bundle is

isomorphic to the sum
O(C]P)I (0) @ O(C]P’] (0)

Hence, given an arbitrary i € {1, ..., n} there is a uniquely determined degree-0 parabolic line
subbundle L of E with fiber over x; equal to L, = Ej, > (the underlying line bundle is just
CP! x E,, »). Then we have

0—L—F—E/L—0

as parabolic bundles and so, any other parabolic line subbundle L of E admits a nontrivial
parabolic map to E /L. Consequently, by Lemma 2.4 in [4], we can change the weights of L by
tensoring with an appropriate degree-0 parabolic line bundle, obtaining a parabolic line bundle
L' with the same parabolic slope as E/L. Since, if there is a parabolic map between two stable
parabolic bundles of the same parabolic slope the two bundles are isomorphic, we conclude that

deg(L) = deg(L') = deg(E/L) = 0.

Hence any parabolic line subbundle of £ must have degree zero and so it is trivial as a holomor-
phic line bundle.

Knowing this, any rank-2 holomorphically trivial PHB which is semistable but not stable with
respect to the weights 8 must have an invariant line subbundle L satisfying

0= (Bc) — Br) = 3 (B2) — 1) (2.43)
ieSy ieS;

(just use (2.21) with both deg(E) = deg(L) = 0). For any S C {l, ..., n} one can construct a
parabolic line bundle which is trivial as a holomorphic line bundle and has parabolic weights

Br(xi), ifies
Bi(x), ifids.

Hence one may write L = CP! x C and see it as a line subbundle L of the PHB

BE(xi) = {

E=(E=CP' x C* (8;())en, # =0)
with the flag structure defined by
C*=Ey1DEy2=CD0,
0 < Bi1(xi) < Ba(xi) < 1,
where the class [Ey; 2] € CP! is the same for all i € S and satisfies

[Ex, 2] =[Ly], fories.
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(Note that CP! is the projective space of the fiber of E.) Then E and L satisfy (2.43) if and only if
Z(ﬁz(xi) — Bi(xi)) — Z(ﬂz(xi) — B1(xi)) = 0.

ieS ieS

We conclude that a weight vector B is generic if and only if

es(a) .= Zai — Zai #0

ieS ieS¢

for every S C {1, ..., n}, where « := By — B1. Note that this condition is the same as the one
used for polygon and hyperpolygon spaces in Section 2.1.

Example 5. Let us consider the moduli space NO 2.0 of PHBs over CP' with n = 4 parabolic
points and B a generic weight vector, i.e. 1s not in any wall as defined in (2.41). By
Proposition 2.34, given S C {1, 2, 3, 4} and dy € Z, the critical submanifold Mg, 5) is nonempty
if and only if

es(a) <2dp = |S| -2,

with « = B> — B1. Moreover, from Proposition 2.38 we know that the index of a critical
submanifold M, s) is

Ady,s = 6+ 4dy — 2|S|

and so —1 < dp < 1. Indeed the function f in (2.29) has no maximum and then, for dimensional
reasons we have 0 < A4, s < 4.

If |S| =4then4 > Ay, s =4dp —2 > 0and sody =1, Ad05—2and2? Lo < 2.

If |S| =3then4 > Ayy5s =4dyp = 0Oandsodyp =0, Agy,5s =0, thesetSlsshortandJ\/[ﬁ20
is empty (note that by Proposition 2.39 there can only be one such set).

If |S| =2then4 > Ayy,s =4dp +2 > 0 and so dy = 0, Agy,s = 2 and S is short. Note that,
for any choice of « there are exactly three short sets S;, i = 1, 2, 3, of cardinality 2.

If|S| =1then4 > Aygys =4+4dy > 0andsody = —1, Agy,s = 0 and M%ﬁ,o is empty
(note again that there can only be one such set).

If |S|=0then4 > Ay s =4dyp+ 6 > 0andsodyp = —1, Ag4,,s = 2 and Z?:l o > 2.

We conclude that exactly one of M(_1 & and M1 (1,2,3,4)) is a critical point (of index 2) and
that there are always three other index-2 critical points, M s;), i = 1, 2, 3, corresponding to the

three possible short sets S; of cardinality 2. Note that, by Proposition 2.34, when nonempty, the
sets M(_l,g), M(1’{1’2,3,4}) and M(O,S;) are S"CP! = CP™" with

m =S| —2dy—2=0. (2.44)

Moreover, if m%4 2.0 1s empty, then there is exactly one minimal component Mg,,sy) = = CP!
(since m in (2.44) i is now 1) with Sp a set of cardinality 3 or 1. Note that, in the first case S is
short and dyp = 0, while in the latter we have dy = —1 and gg(a) < —2.

If we restrict the circle action to the moduli space J{(8) as in Example 4 we are left with the
three index-2 critical points Mo, s;), i = 1, 2, 3, corresponding to the three possible short sets S;
of cardinality 2, together with a minimal sphere (either M%ﬁ,o or Mo, s,) with Sp the short set of
cardinality 3).
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3. Trivial rank-2 parabolic Higgs bundles over CP! versus hyperpolygons

In this section we give an explicit isomorphism between hyperpolygons spaces and moduli
spaces of parabolic Higgs bundles.
Given a divisor D = {xi, ..., x,} in CP!, let H(B) be the subspace of Ng’élo formed by

rank-2 f-stable PHBs E over CP! that are holomorphically trivial, (see Example 4) with generic
parabolic weights f2(x;), B1(x;). The fact that the parabolic weights are generic implies that the
vector o := Bo— P € R’} is also generic (see (2.8)), and hence we can consider the hyperpolygon
space X (). Then we have the following result.

Theorem 3.1. The hyperpolygon space X () and the moduli space H(B) of PHBs are isomor-
phic.

Proof. Consider the map
J: X(a) > H(B)

3.1
[Ps qla-st = [E(p.g)s Pp.gy] = E(pg)

where E(p 4 is the trivial vector bundle CP! x C? with the parabolic structure consisting of
weighted flags

C*>(gi) D0
0<pBi1(x) < Balxi) <1

over each x; € D, and where P, 4 € HO(SParEnd(E(p’q)) ® Kcpi (D)) is the Higgs field
uniquely determined by setting the residues at the parabolic points x; equal to

a;c;i bic;
m%¢:¢m=@% @ﬁ. (32)

We first show that the map J is well-defined, that is, the Higgs field ¢, 4) is uniquely defined,
the PHB E(,, ,) is stable, and the map J is independent of the choice of representative in [p, gla-st.
Note that from (3.2) the map J is a continuous algebraic map.

e Given a prescribed set of residues adding up to zero, Theorem I1.5.3 in [12] allows one to
construct a meromorphic 1-form (since CP! is compact). This defines & up to addition of a holo-
morphic 1-form. However, by Hodge theory, the space of holomorphic 1-forms on a Riemann
surface of genus g has dimension g (see Proposition II1.2.7 in [12]), and so on CP! a collec-
tion of residues adding up to zero uniquely determines a meromorphic 1-form. Since (p, g) €
,u(El (0)*, the set of residues (3.2) adds up to 0 by the complex moment map condition (2.2)
and so it uniquely determines the Higgs field &, 4y € H(SPar End(CP' x C?) ® K¢pi (D)).

o Recall that the PHB E(, ¢ is stable if i (L) < w(E(p,q)) for all proper parabolic subbundles
L that are preserved by &, 4. Note that, since the bundle E(, 4 is holomorphically trivial, any
parabolic Higgs subbundle L of E(,, 4) is also trivial, as explained in Example 4, and its parabolic
structure at each point x; € D consists of the fiber L, with weight

Lo\ _ JBa(xi), ifLy = {qi)
B (i) = {,Bl(xi), otherwise.
Consider the index set Sy := {i € {I,...,n} | Ly, = Im g;} associated to any such subbundle.
Since L is holomorphically trivial, then Sy, is clearly straight. Let us assume without loss of gen-

erality that the fiber of L at each point of CP! is the space generated by (1, 0)'. Then, writing
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gi = (ci,d;)",onehasd; = 0fori € Sy andd; # Ofori € SY. Since P, 4 preserves L, then,
writing p; = (a;, b;) the residues g; p; satisfy

(i pi 1\ _ (aici bic I\ (A
4P \0) =\awd; bia;)\0) =0

for some A; € C. This implies that a;d; = O for every i and so a; = 0 for every i € Sz. Then,
using the moment map condition (2.4), one has b; = 0 and thus p; = 0 fori € S%.

Consequently, by the a-stability of (p, ¢) (see Theorem 2.1) the index set Sz, is short. This,
by (2.21) with deg L = deg E = 0, is equivalent to (L) < w(E), and the stability of E¢, ¢
follows.

e To see that J is independent of the choice of a representative in [p, g]ly-st let (p, g) be an
element in the K C-orbit of (p, ¢) and consider [E5.5)> D(5,5)] as before. The Higgs field &5 7
is defined by the residues

Resy, Bj,.a) = Gipi = Bgiz; 'zipiB~' = B(qipi)B~" = BResy, By B~

for some B € SL(2,C) and z; € C*. Similarly, the flags in Ej ;) are determined by ¢; =
Bgiz; ! Note that qiz; is just another generator of (g;), and B acts on the whole bundle leaving
the flag structure unchanged. Since the weights are obviously the same, we can conclude that
[Ep.g)» Pp.p] = [E.5), P(5.5)]- This completes the proof that the map J is well-defined.

Let us consider the map F : H(8) —> X («) defined by

F(E, 2) =[P, qla-st (3.3

where (p, q) is determined as follows. For every parabolic point x; € D, let g; = (¢, d;)" be
a generator of the flag E,, » and, considering the residue of the Higgs field & at the parabolic
point x;

i i
N; = Resxi d = (rll rlZ) ,

TR
let p; be
r {2 —r 51
pi = (ai, bi) = W (=di, ci). (3.4
(Note that the case ¢; = d; = 0 never occurs since the flags are complete.) To see that JF is

well-defined one needs to check that (p, ¢), defined as above, is in uc(p, g) = 0, it is a-stable
and also that the value of J does not depend on the choice of generators of the flags Ey, » nor
on the choice of representative of the class [E, ©¢]. Note that from (3.4) it is clear that ¥ is a
continuous algebraic map.

e Clearly the complex moment map condition (2.4)
aici +bid; =0

is verified. Since N; is by assumption trace-free, one gets réz = —ril. Moreover, since Nj is
nilpotent with respect to the flag, one has

L )6
<r§1 —riy /) \di 0
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and so

r{zdiz + rélciz =0 and ril(ci2 + diz) +cid; (ri'2 — rél) =0. (3.6)
By the definition in (3.4) it is easy to verify that

rly — 1, = bici — aid;. (3.7)
Multiplying the second equation in (3.6) by a; one gets

ai(c} +dPriy +aicidi(ris —r5) = 0= (rly — rhdi(aici —ri)) =0,

where we used g; (cl-2 + dl.z) = —(ri'2 — rél)di, and so either r{2 = rél, ord; = 0or ’”{1 = qa;c;.
It is then easy to verify that, in all cases, we have

i ' i
' = aici, ri, =bic; and ry = a;d;.

Since the sum of the residues N; is 0, we obtain the moment map condition (2.5)

Xn:a,'ci = 0, Xn:aid,' = 0, ibici =0.
i=1 i=1 i=1

This proves that (p, q) € ,u(El 0).

o To show that (p, ¢q) is a-stable, we need to check that conditions (i) and (ii) of Theorem 2.1
are verified. The first one (g; # O for all i), is trivially verified since the flags are complete by
assumption. To show the second condition, let S C {1, ..., n} be a maximal straight set such that
pi = 0foralli € S°. As in Example 4 one can construct a line subbundle L s of the trivial bundle
CP' x C? which is trivial as an holomorphic line bundle, with fiber the complex line generated
by the g; for i € S. We then give L a parabolic structure at the parabolic points xi, ..., x, by
assigning the parabolic weights

Br(x;), ifies
Bi(x;), ifids.

By construction Ly is a parabolic subbundle of E. Moreover, it is also trivially preserved by the
Higgs field ¢ since, by the moment map condition (2.4), one has

BES (xi) = {

NiinO, Vi=1,...,l’l

Therefore, by stability of E, one gets that Lg satisfies u(Ls) < w(E), which implies that § is
short since both bundles have degree zero. By Remark 2.12, this is equivalent to condition (ii).

e To show that the value of J is independent of the choice of generator g; of the flag Ey, », let
gi. g; be two different generators of Ey, . Then g; = A;g; for some A; € C* and so (3.4) clearly
implies that j; = 2" p; and then [p, gla—st = [(F, Pa—s-

e To show that J does not deBend on the choice of representative of the class of [E, ] one
considers another PHB E = (E, @) in [E, ?]. Let (p, g) be coordinates determined from E
by the recipe above and denote by N; the residues of the Higgs field @. Then there exists
g € SL(2,C) such that E .2 = gEy, 2 and so one can take g; = g g;, where g; is a genera-
tor of Ey; 5. Moreover, s1nce the nggs field @ is obtained from & by conjugation with g, the
residues N, of & satisfy

ﬁingig_l Vi=1,...,n.
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1

Since p; is determined by the equation g; p; = IV,-, one can easily see that p; = p;g~" and so

(P, §) is in the K C-orbit of (p, q).
Finally, from what was shown above it is clear that ¥ = -1, O

This isomorphism allows us to identify X («) and H(B) as S!-spaces.

Proposition 3.8. The isomorphism 1 is S'-equivariant with respect to the S'-actions on X ()
and on H(B) defined in (2.14) and in (2.28) respectively.

Proof. The bundles ¢ - ([ p,ql) and I - [ P, q]) are both holomorphically trivial and have
the same parabolic structure. Moreover, the Higgs field @, ,y on I - [p, q)) is uniquely
determined by the residues

Resy, Do, 4y = (eigq,-p,-)o = eieResxi Pp.g)
and hence

i

Q(eiel,’q) =¢' Dp,g)-
Therefore, as PHBs,

¢?-9((p.qD) =" - [p. q])
and the isomorphism J is S!-equivariant. [

Since the isomorphism J : X (o) —> H(B) is S l-equivariant it maps the critical components
of the moment map ¢ on X (@) to the critical components of the moment map f on J(8) as well
as the corresponding flow-downs. This flow-down is the restriction to H{(B) of the nilpotent cone

of Ng’él’o, following [35, Section 5] and [15, Section 3.5].
In particular, the moduli space of polygons M («) is mapped to the moduli space Mg”g’o of

rank-2, holomorphically trivial, fixed determinant parabolic bundles over CP'. The fact that these
two spaces are isomorphic has already been noted in [2] for small values of §.

Moreover, the critical components X s in X («) are mapped to the critical components Mo, s)
in J{(B) and each connected component of the core Us is isomorphic through J to the component
Uqo,s) == J(Us) of the nilpotent cone defined as the closure inside JH () of the set

[lE. @1€36) | tim [E.1- @] € Mo,s]. (3.9)
The nilpotent cone Lg of H(p) is then
L;} = M%,Z,O U U u(O,S),
Se8/ (@)
and so Lg = J(£y).

Example 6. Consider the case of 4 parabolic points as in Example 5. The closure of the flow-
down of the four index-2 critical points is a union of four spheres intersecting the minimal
component at four distinct points. Consequently, the nilpotent cone of Ngglo is a union of five
spheres arranged in a Dy configuration [14] as in Fig. 5. Restricting this nilpotent cone to J{()
we loose one critical point (either M(j {1,2,3,4)) or M(—1,¢)) and the corresponding flow-down.
Hence, the nilpotent cone of H{(B) is a union of four spheres arranged in a D4 configuration just
like the core of the associated hyperpolygon space X («) (cf. Example 1).
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Mo,52)

Mo,51) Mo,s3) M( or M(_1,0)

1,{1,2,3,4})

MG o or Mo,s5) with [So| =3 or M_; g, with |So| =1

(,

Fig. 5. Nilpotent cone of N%él,o when n = 4: union of five spheres arranged in a 54 configuration.

Remark 3.10. In general it is hard to describe the complement of the set H(8) inside Nggo
Nevertheless, one can still determine the complement of its nilpotent cone inside the nilpotent
cone of NO 2.0° Indeed the critical components of the S!-action on J\Ig 2.0 defined in (2. 28)
can be obtalned from Proposition 2.34. In particular, we have a critical component Mg, 5) =
CPISI=2d0=2 for every pair (do, S) withdy € Zand S C {1, ..., n} satisfying

es(B) <2dp = |S| -

The components with dy # 0 are lost when restricting to JH(8) as it was described in detail in
Examples 5 and 6 for the case n = 4.

4. Wall crossing

The variation of moduli of PHBs has been studied in detail by Thaddeus in [37]. The con-
struction in this Section is an adaptation of his work to the moduli space J{(8) of rank-2, holo-
morphically trivial PHBs over CPP! with fixed determinant and trace-free Higgs field considered
in the previous section. As we have seen in Example 4, rank-2 PHBs over CP! which are triv-
ial as holomorphic bundles are semistable but not stable with respect to the parabolic weights
B1(xi), B2(x;) if and only if

es() =0

for some set S C {1,...,n}, with @« = B> — 1. Hence, any such PHB must have an invariant
line subbundle L which is trivial as a holomorphic line bundle and satisfies

0= Za, Za, 4.1

ieSy ieS]

for S = {i € {1,...,n} | BL(x;) = Ba(x;)}, where BL(x;) is the parabolic weight of L at x;.
We will call the set Sy, the discrete data associated to a line subbundle L of a strictly semistable
PHB satisfying Eq. (4.1).

Let Q be the weight space of all possible values of (81(x;), B2(x;)). It can be seen as the
product

Q=85 c R)™
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of n open simplices of dimension 2 determined by
0<pi(x)j) < pa(xj) <L

If the discrete data of a line subbundle is fixed, then (4.1) requires that the point 8 € Q belongs
to the intersection of an affine hyperplane with Q. We will call such an intersection a wall. There
is therefore a finite number of walls. Note thata set S C {1, ..., n} and its complement give rise
to the same wall and that on the complement of these walls the stability condition is equivalent
to semistability. A connected component of this complement will be called a chamber. In this
section we study how the moduli spaces H () change when a wall is crossed.

Let us then choose a point in Q lying on only one wall W. A small neighborhood of this
point intersects exactly two chambers, say AT and A~ and a PHB is A -stable (respectively
A~ -stable) if it is stable with respect to the weights 8 € A™ (respectively A™). If a PHB E is
A~ -stable but A" -unstable then it has a PH line subbundle L (called a destabilizing subbundle)
for which the stabilizing condition holds in A~ but fails in AT,

Let H* and H~ respectively denote the moduli space of A™ and A~ -stable rank-2, fixed-
determinant PHBs which are trivial as holomorphic bundles. Choosing the wall W is equivalent
to choosing a set S C {1, ..., n} for which (4.1) holds whenever 8 € W. The only ambiguity
is the possibility of exchanging S with S¢. Interchanging these sets if necessary one can assume
without loss of generality that e5(a) > O whenever 8 € A" with @ = > — B1. The following
propositions then hold.

Proposition 4.2. If E is A~ -stable but AT-unstable then any destabilizing subbundle has
discrete data S.

Proof. As the weight B crosses from A" to A~ any destabilizing subbundle L™ of E stops
destabilizing. Hence the corresponding values of eg, (o) change from positive to negative. This
implies that L™ has discrete data Sy = §. O

Proposition 4.3. If E is A~ -stable but AT -unstable then the destabilizing subbundle L™ is
unique.

Proof. Let L™ be the quotient of E by a destabilizing subbundle L™ (holomorphically trivial as
well). If F is another A™-destabilizing trivial line subbundle, then it must have discrete data S.
There is then a non-trivial homomorphism F — L~ of PHBs and hence a nontrivial element
of HO(C*(F, L™)) (both F and L™ are trivially A™ and A~ -stable). By Proposition 2.22, this is
impossible since the two PHBs are not isomorphic. Indeed,

pdegF =Y Bo(xi) + Y Bi(xi),

ieS ieSc
while
pdegL™ =Y Bi(x)) + ) Balxi),
ieS ieS¢
and so
Be At & es(@) >0 ) (Balxi) — Bi(x)
ieS

> Y (B2(xi) = Bi(x))) < pdegF > pdeg ™. O

ieS¢
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Proposition 4.4. Let L™ and L™ be two line PHBs which are trivial as holomorphic line bundles
with discrete data S and S€. Then any extension of L™ by L™ is At -unstable and it is A~ -stable
if and only if it is not split.

Proof. The bundle L™ would be the destabilizing subbundle of such an extension E so this
extension would be A%t-unstable. Moreover, if E splits as Lt @ L~ then L™ is the A™-
destabilizing subbundle of E which would then be A~ -unstable.

Conversely, if the extension E is A~ -unstable, the A™-destabilizing bundle F must not be
AT -destabilizing and so it has discrete data S¢. The composition map

F—-E-—L"

must then be a nontrivial homomorphism of PHBs since F and L.~ have the same incidences with
the flags (F and L~ both have discrete data S¢). Hence there is an element of H°(C*(F, L™))
which, by Proposition 2.22, must be an isomorphism and so E splits.  [J

The above three propositions then give the following result.

Theorem 4.1. If E is A~ -stable but A" -unstable then it can be expressed uniquely as a nonsplit
extension of PHBs

0—L"T—E—L —0,

where L* are parabolic Higgs line bundles with discrete data S and S¢. Conversely, any such
extension is A~ -stable but AT -unstable.

We will use this theorem to see that 5™ and JH{~ have a common blowup with the same
exceptional divisor. The loci in H* which are blownup (flip loci) are isomorphic to projective
bundles PU* = CP"~3 over a product N* x N~ (a 0-dimensional manifold) of moduli spaces
of parabolic Higgs line bundles which are trivial as holomorphic line bundles. Moreover, as we
will see, the bundles U™ and U~ are dual to each other and so PU™T and PU ™ are projective
bundles of the same rank over the same basis.

Let then NT and N~ be the moduli spaces of parabolic line Higgs bundles over CP' which
are trivial as holomorphic line bundles and have discrete data S and S¢ respectively. By [7] the
dimension of these spaces is

dmN~ = dim Nt =2(g — D2 = 1) + (+2 —r) = 0.

Moreover, N and N~ are composed of just one point as any two parabolic line Higgs bundles
which are trivial as holomorphic line bundles and have discrete data S (or S¢) are isomorphic
(there is always a parabolic map between them). Note that Higgs field in both N and N~ is
identically O due to the strongly parabolic condition. Hence the product N* x N~ = {pt}.

Define L* to be the element in N*. Considering the complex C*(L~, L") and taking the
hypercohomology

H*(C*(L~,L"))
one defines

U =H'(C*L7,LY) = (RH.(C*(L™, L))



500 L. Godinho, A. Mandini / Advances in Mathematics 244 (2013) 465-532

and then, from the long exact sequence presented in Proposition 2.22, one obtains
0 — H(C*(L™, L") — H°(ParHom(L™, L™))
— H(SParHom(L™, L") ® K¢pi (D))
— U~ —> H'(ParHom(L™,L")) — H'(SParHom(L™, L") ® K¢pi (D))
— H*(C*(L™,L")) — 0. (4.5)
Analogously, one can consider the complex C*(L™, L™) and define
Ut =H'(C*L, L)) = (R (C*LT, L))

and obtain a similar sequence. By Proposition 2.22 and Serre duality for hypercohomology (cf.
Proposition 2.23) H® and H? vanish and so U* and U~ are locally free sheaves (hence vector
bundles [3]) dual to each other.

Proposition 4.6. Ler U~ = H'(C*(L~,L")) and U* = H'(C*(L*,L7)). Then U~ =
(UH*.

As stated in Proposition 2.22(3), U~ parameterizes all extensions of the PHB in N~ by that
in Nt and so, as usual, the projectivization PU~ parameterizes all nonsplit extensions of the
parabolic Higgs line bundle in N~ by that in Nt (see for instance [30]). Following the exact
sequence (4.5) one can see that the dimension of U~ is given by

dimU~ = x(SParHom(L™, L") ® Kcpi (D)) — x (ParHom(L™, L™)).

Using (2.42) one obtains

n

x(ParHom(L™, L") = x(Hom(L™, L)) + > (dim P, (L™, LT) — 1),

i=1

where Py, (L™, L) denotes the subspace of H om(L;l,, ng) formed by parabolic maps. Then,
since

Sp-={iefl,....n}| B* (xi) = a2(xp)} = §°
and

O R
one gets
x(ParHom(L™,L%)) =1— |5,
where we used Riemann—Roch to compute
x(Hom(L™, L)) = x (Hom(0(0), 0(0))) = x (CP', 0(0)) = rank(0(0))(1 — g) = L.

On the other hand, consider the short exact sequence

0 — SParHom(L™,L") ® Kcpi (D) —> Hom(L™, L") ® K¢pi (D)
—> Hom(Ly,, L)/Np(L™, L") — 0,
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where Hom(L,, LJLS) = @,p Hom(L;, L}) and, where, denoting by N, (L™, L™) the sub-
space of Hom (L, Lj{) formed by strictly parabolic maps, Np(L™, L™) = @XeD Ny (L™,
L™T). Then,

x(SParHom(L™, L") ® Kcpi (D))

= x(Hom(L™, L") ® Kcpi (D)) + Y (dim Ny — 1)
xeD

and so, since in this case Py (L™, L") = N, (L™, L™), one obtains
x(SParHom(L™,LY) ® K¢pi (D)) = x(Kcp1 (D)) — [S°l =n—1— 5]

Here we used the fact that Hom(L~, L) = O(0), and Riemann-Roch with deg(K¢p1) = —2
and deg(O(D)) =n. Thendim U~ =n — 1 —|S5°| — (1 —|S¢|) and one concludes the following
result.

Proposition 4.7. Let U~ := H!(C*(L™,L")). Then
dmU =n-2
and so U~ = C" 2 and PU~ = CP"3,

Every parabolic Higgs bundle given by an element in PU~ is A~ -stable and so, by the uni-
versal property of the moduli space J{™, there exists a morphism

CP" 2 =PU~ — H~

whose image is precisely the locus of PHBs which become unstable when the wall is crossed.
Let V~ be the cotangent bundle to PU ™ and consider the corresponding map 7~ : PV~ —

PU~. On the other hand, consider the Euler sequence of the cotangent bundle (see [24])

0— V=I5 (U ® Opy-(—1) —> Opy- —> 0. .8)
More explicitly, using the fact that

UH@0py-(—)=U)V"xU =U"xU",
one has

0— T*CP"3 £> U H)*xU~ — CP"3xC —0

(@], §) +— (@,8) — ([o], §(w))

where [w] € CP"~3 and

£e T CP"? = [w]t = {& € (U)* | £(w) =0}
Hence

PV- =P(T*PU") C P(U)* Q@ Opy-(—1)) =P((U)* x U™)

=P((U)") xPW)=PWU") xPWU"),

the fiber V|, over a line [w] € PU™ is naturally isomorphic to the space of linear functionals
&: U~ —> Cwithé&(w) = 0, and there is an induced map 7 : PV~ — PU . Moreover, one
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can identify }P’(T[* PU™) with P([w]}) in a canonical way and for [£] € IF’([a)]L) one defines an

o]

element o¢ € Gry—3(C"2) with [w] C oz by
or ={veC" 2| &) =0).

Then [£] — ([w], o¢) gives a diffeomorphism of PV~ onto the manifold of partial flags in
U~ =C"2oftype (1,n —3)and 7+ : V= —> PU? are the forgetful morphisms that discard
one subspace.

As noted before PU~ parameterizes all nonsplit extensions of the bundle L™ in N~ by the
bundle L* in N*. Over PU~ x CP! there is a universal extension

0— LT®0py-(1) — E— L — 0, (4.9)
where, for ([w], x) € PU~ x CP!,

T+ 1+ T— 1

Liopx =Ly and L, =L
i.e., if we consider the projection pr : PU~ x CP! — CP!, we have

Lt =pr*Lt and L = pr*L~.

Moreover, by the universal property, the extension E restricted to {[w]} x CP! is the extension
E([w]) of L™ by L* determined by the element [w] € PU~. Extensions like (4.9) are
parameterized by

H'(PU~ x CP', ¢*(L7. T ® 0py- (1))
which by the Kunneth formula is isomorphic to
H'(CP', c*(L™, L") @ H'(PU~, Opy-(1)) = U~ ® (U™)* = End(U")

and one can show that the identity element in End(U ™) defines the universal extension described
above.
Now consider the long exact sequence associated to

0— C*(L7,L* @ Opy- (1)) — CJ'(E) — (C*CH @ C* (L)), — 0. (4.10)

where C(;’ (E) is the subcomplex of Cj (E) associated to the subsheaves ParE ndé(E ) and
SParEnd(’)(E) of ParEndo(E) and SParEndo(E) preservirig LT, and (g’(iﬂ ® C'(I’j_))0
is the complex formed by the direct sum of elements of C*(L¥) and C*(L~) with symmetric
trace. By Serre duality and Proposition 2.22 we know that

HO(C3(L7)) = HA(C{(L7)) =0,

HO(c*(@LY)) = H*(C*(LY)) =C,

HO(C* (L. T @ 0py-(1) ) = B2 (C* (7. % © 0py- (1)) =00
Moreover, again by the Kunneth formula,

dimH' (PU~ x CP!, C* (L)) = dim(Hl(C]P’l, C*(L)) @ HO(PU ™, opyf(l))) =0,
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since dim H' (CP!, C*(L1)) = 0 is the dimension of the moduli space of line PHBs over CP!
(cf. [7]). Then the long exact sequence associated to

0— CL) — (c*@Hec @), — C*LY) —0
gives

H(’((C'(Eﬂ o C‘(ff))o) = H2((C°(E+) o C°(I~:))O) =C

H! ((C°(E+) ® c°(i—))0) —0.

Moreover, HO(C(;/ (E)) = 0 since HO(C(; (E)) =0and Ca/ (E) is a subcomplex of C§ (E). Hence,
the long exact sequence associated to (4.10) gives

0— C -5 H1<C'(E—, Ite opu_(l))) L = (¢ (B)) — 0 4.11)
and
0 — H(C*(L7.T% @ 0py- (1)) — (G () — € — 0. (4.12)

The image of the map a must be the line spanned by the extension class p of E. This follows
from exactness of (4.11) and, from the fact that H! (C(;/ (E)) classifies infinitesimal deformations
of extensions and the deformation of any extension along its extension class is isomorphic to the
trivial one, thus implying Kerb = (p).

On the other hand, since PU ™~ parameterizes a family of extensions of the PHB L~ € N~ by
Lt € N7, there is a natural map

T PU~ — H(CP!, €5 (E(())),

where the bundle E([w]) is the extension determined by [w]. Therefore, one has the following
maps between exact sequences

0 v = TPU- —>0 (4.13)
| |
0—=H'(C*(T. T ® 0sy- (1)) /(p) = H' (5 B) —=0
and, since the map m is an isomorphism, one has that
TPU~ = H'(CY (). (4.14)
Let us now consider the long exact sequence associated to
0 — Cy(E) — C§(E) — C*(L* ® Opy-(1),L7) — 0
which is

0— TPU™ — T3 — H'(C*(T* ® 0py- (1, 17)) — € — 0,
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where we used (4.14), (4.12) and the fact that TH~ = H! (C(; (E)). One concludes that the map
PU~ — H~ is an embedding (it is injective by Proposition 4.3) and that the map

T3¢ = H'(C3(E)) — H'(C* @ @ 0py-(1). 1),

whose image is the normal bundle of PU ™~ inside { ™, has corank 1. This map is Serre dual to
the map

' (c* (L. T @ 0py- (1)) — H'(C5@))

which maps a deformation of the extension class p of E to a deformation of the bundle itself.
Since a deformation in the direction of p itself is isomorphic to a trivial deformation, the kernel
of this map is the line through p. We conclude then that the normal bundle of PU ~ inside H ™ is

the annihilator of p in H! (c~(i+ ® Opy-(1), i—)) which by (4.13)is V.

Let 7~ be the blowup of H~ along the image of the embedding PU~ — JH~ with ex-
ceptional divisor PV ™. Moreover, since the roles of plus and minus in the above arguments are
completely interchangeable one can consider the blowup F of H+ along the image of the
embedding PUT — 3™ with exceptional divisor PV . Then we have the following result.

Proposition 4.15. Let AT be two chambers on either side of wall W in the space Q of admissible
parabolic weight vectors B. Let HT denote the moduli space of A*-stable rank-2, fixed-
determinant PHBs which are trivial as holomorphic bundles and let FHE be the corresponding
blowups along the image of the embedding PU * — H* with exceptional divisor PV*.

Then there is an isomorphism H~ < HV such that the following diagram commutes

HN\NPUT —=F— <PV~

L]

HI\PUT ——= G+t <— PV,

Proof. Let I E be the universal PHB over H~ x CP!. By uniqueness of families of extensions, the
restriction E|PU «cp! 1s isomorphic to the universal extension of L™ by Lt ® Opy- (1) tensored
by the pull-back of a line bundle F' over PU ~. Then the pull-back of E to 5~ x CP! restricted
to PV~ x CP! has L+ ® F(1) as a sub PHB. Let E’ be the elementary modification of the pull-
back of E to H™ x CP! along L+ x F (1) as in Proposition 4.1 of [37]. Then, for x ¢ PV~

E{x}x(C]P1 = E{ jxcp! While forx € PV™ E «CP! is an extension of LT by L~ with extension

class p, € H! (C’(L+, L- )) obtained as the 1mage of the normal space N, (PV~ /9{ ) (see [37]
for details). Indeed, at every point x € PV~ there are deformation maps

T H™ — H'(CJ(E)) and TPV~ — H'(CJ(E))
and then the short exact sequence
0— CJ'(E) — CJ(E) — C*(L*,L7) — 0

determines a well-defined map from the (1-dimensional) normal space NPV~ /IJTC_) to
H! (C'(L+, L_)), giving a class p, well-defined up to a scalar.
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We then have the following commutative diagram for x € PV~

Txﬂff_ E—— Tn‘(x)j{_ HI(C(;(E(X)D

| N

Ny PV~ /F7) —— Vi ——= H'(C*@T}. L)),
where we used the fact that

7 (Ne@®V™/H)) =Ny (PUT/HT) = Vi
as well as Proposition 2.22 adapted to the traceless situation. This defines a map F- L gt
which is an isomorphism away from the exceptional divisor PV~ and such that for x € PV~
gives p(x) = m+(x), where " is the forgetful morphism defined by the Euler sequence as in
(4.8).

Interchanging plus and minus signs in the above argument one obtains maps

FH — Kt and HT — I

Using these along with the blow-down maps FE — KT one obtains injections of FC+ and
H~ into HT x H™. Clearly these maps are embeddings and their images are both equal to the
closure of the image of H{* \ PV ¥ and the result follows. ]

4.1. Wall-crossing for hyperpolygons

Now that we have studied the changes in JH(8) as 8 crosses a wall we will use the isomor-
phism constructed in Section 3 to analyze the behavior of the corresponding spaces of hyper-
polygons X («) (with o = B> — B1). First note that by rescaling if necessary one can assume that
all hyperpolygon spaces considered in this section have weights o; < 1.

Let W be a wall separating two adjacent chambers A~ and A" of admissible values of & and
let S be an index set in {1, ..., n} associated to W. Exchanging S with S if necessary one can
assume that S is short for every @~ € A~ and long for every ™ € A™. Then one sees that
the corresponding spaces of PHBs suffer a Mukai transformation as described above for 3 (8%).
Note that the wall W uniquely determines a wall in Q (defined by the same equation g5(«) = 0)
separating two chambers A*, A~ C Q of nongeneric parabolic weights.

Let X* be hyperpolygon spaces for values @™ € A*. Then X+ and X~ suffer a Mukai
transformation where X~ is blown up along an embedded CP"~3 and then blown down in the
dual direction giving rise to a new embedded CP" 3. Therefore, one sees (as observed by Konno
in [27]) that X and X~ are diffeomorphic. Let us study this transformation in more detail.

The embedded CP" 3 that is blown-up in X ~ corresponds to PU ~ in 3{~ by the isomorphism
of Theorem 3.1. In fact, PU ~ is the space of PHBs in }{~ that are not stable for 8+ € A™. Hence,
any PHB E in PU ™ has a destabilizing subbundle L which is holomorphically trivial and is such
that

S:SL:{le{l9sn}|Lxl =Ex,-,2}

is a maximal straight set. Moreover, as seen in the proof of Theorem 3.1 the fact that E is A™-
stable implies that the corresponding hyperpolygon F(E) = [p, qlo—_s in X~ satisfies p; = 0
for every i € S¢. By stability of hyperpolygons (cf. Theorem 2.1) one has that S is A~ -short.
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Hence, the image of PU™ under the isomorphism & is the core component Uy = CP"3 (cf.
Proposition 2.18).

Similarly, one concludes that PU™* corresponds to U;C. = CP" 3 in X* and so we have the
following result.

Theorem 4.2. Let Xt and X~ be hyperpolygon spaces for a* and a™ on either side of a wall
W of discrete data S. Then X~ and X are related by a Mukai transformation where X* have
a common blowup obtained by blowing up X~ along the core component Ug and by blowing
up X+ along the core component U ;Z The common exceptional divisor is a partial flag bundle
P(T*CP"=3) = P(T*Ug) = P(UL).

Even though X and X~ are diffeomorphic they are not isomorphic as S'-spaces, for the
S'-action in (2.14), and the corresponding cores

Lr=MeHU ] Uy
Be§' (o)

do change under the Mukai transformation.

All the fixed point set components X with B € 8(a™) remain unchanged except for
Xy ~ CPISI=2 which is substituted by X;’Q >~ CPI51-2,

The fixed point set component M (« ™) suffers a blowup along

U NM(a™) = Mg(a™)

followed by a blowdown resulting in a new polygon space Msc(a™) = U Sf N M(a™) embedded
in U;} (see Section 2.1.2).

The core components Uy for which BN S # & but B ¢ § are not affected by the Mukai
transformation and remain unchanged as U ;. Indeed, since S is a maximal A~ -short set, B U S
islongandso Ug NU, = @.

If B & S then

Uy NUg ={lp.ql € Ug | pj =0forall j € S\ B}
and so U} suffers a blowup along U, N Uy followed by a blowdown of the exceptional divisor
Vg =P(T*(Uz NUY)),

resulting in the core component U ;. Note that if one blows up U ; along U ; nU ;} =M ; nM ;
(since B N §¢ = @), one obtains the exceptional divisor Vp inside the common blowup of U
and UI;’.

Finally, if B C S¢ then U suffers a blowup along

UgNUg =Mz NMg

followed by a blowdown of the exceptional divisor Vp resulting in the core component UZ{.
Again, if one blows up Ug along

Ug NUE ={lp.ql € Ug. | pj =0forall j € S\ B},

one obtains the exceptional divisor Vp.
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Example 7. Let n = 5 and consider = = (2, 1,5,1,2) and ™ = (3, 1, 5, 1, 2) on either side
of the wall Wg with § = {1, 2, 5}. The corresponding collections of short sets of cardinality
greater than or equal to 2 are

8'(7)
= {{1, 2}, {1, 4}, {1,5), {2, 4}, {2, 5}, 4.5}, {1, 2. 4). {1, 2, 5}, {1, 4. 5). 2. 4, 5}}
and

8 = {{1, 2}, {1, 4}, {1,5}, {2, 4}, {2, 5}, {3, 4}, {4, 5}, {1, 2,4}, {1,4, 5}, {2, 4, 5}}.

Crossing the wall Wg we see that the core component U (1.2.5) = CIP? disappears as a result of the
Mukai transformation, being replaced by the new core component U {"3' 4 = CIP?. The other core

components affected are those relative to elements of 8'(a ™) which are subsets of S (i.e. {1, 5},
{1, 2} and {2, 5}). In Figs. 6 and 7 we represent these changes. There, the critical components are
pictured by shaded ellipses or dots (when 0-dimensional) while other ellipses represent copies of
CP' flowing between two fixed points.

Remark 4.16. By the above arguments it is clear that the submanifolds PU~ and PUY of
H~ and H* involved in the Mukai flop are the nilpotent cone components U sy C H~ and
U.sey C HT, defined as the closure of the flow-down set (3.9). Moreover, the changes in the
different core components of X* as one crosses a wall translate to changes in the corresponding
components of the nilpotent cone in 3. In particular the birational map between polygon spaces
M (o) studied in [31] and described in Section 2.1.2 translates to the birational map between

Mgf 20 studied in [6] and described in Section 2.2.3.

5. Intersection numbers for hyperpolygon spaces

Going back to the study of hyperpolygon spaces and their cores we will now consider n circle
bundles V; over X («) and take their first Chern classes ¢; := c¢1(V;) as in Konno [27]. These
classes generate the cohomology ring of the hyperpolygon space X («) [27,18,20], as well as
the cohomology of all the core components. In particular, the restrictions ¢; |y () to the polygon
space M («) are the cohomology classes considered in [1] to determine the intersection ring of
M(x).

In this section we obtain explicit formulas for the computation of the intersection numbers
of the restrictions of the classes c; to the other core components. For that, just as in the work
of Witten and Kontsevich on moduli spaces of punctured curves [29,40,41], we first prove
a recursion formula in n which allows us to decrease the dimension of the spaces involved
(see Theorem 5.1). Then, based on this recursion relation, we obtain explicit formulas for the
intersection numbers of the core components Ug (see Theorems 5.2 and 5.3).

Finally, the isomorphism H(8) <> X(«) proved in Section 3 allows us to consider circle
bundles over J(B) (the pullbacks of those constructed over X («)) and their Chern classes.
We can thus obtain explicit formulas for the intersection numbers of the restrictions of these
Chern classes to the different components U, s) of the nilpotent cone of (). These formulas
then allow us to determine the intersection rings of the components U, s). For completion, we
use our results together with the work of Harada—Proudfoot [18] and Hausel-Proudfoot [20]
for hyperpolygon spaces to present the cohomology rings of J(8) and of its nilpotent cone
components (see Theorems 6.1 and 6.2).
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X34
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Fig. 7. Relevant part of the core of X () after crossing the wall Wii,2,5)-
5.1. Circle bundles

As in [27] one constructs circle bundles over X («) as follows. For each 1 < i < n one can
define the spaces

Qi = {(p, q) € pg' 0.0) Npg' O) | (qig] — pipido = (f) _Ot) > 0} :

Note that the vectors (g;q; — p} pi)o live in isu(2) = su(2)* = R3 and that, under this iden-
tification, Q; is the set of points (p, g) for which (gig” — pipi)o = (0,0, 0; + |pil?). One
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then considers the representation
pso3) K — SO(3) = S0 (su(2))

defined by
pso3)([A,er, ..., e,]) = Ad(A),

where Ad is the adjoint representation of SU (2), and take the quotient
Qi = Qi/ker psoc3).

Define an §'-action on Q; by the following injective homomorphism of S! into K

it
o, (&) = [(eo eg,) R 1] G.1)

Since Lé} (ker pso3)) = {1}, one gets an effective (right) S1/{£1}-action on Q; thus obtaining
a principal S'/{#1}-bundle over X (). The line bundle associated to Q; is then

Li = Qi x,, C,
where p; : K —> S! is the representation given by
pi(A,er,....e)) =€

(see Section 6 in [28]). Restricting the bundle Q; to the polygon space M («) one obtains a princi-
pal circle bundle Q; |y () —> M (o). Comparing it with the § L _bundle V; — M («) considered
in [1] and given by

n n
Vi = vel_[sgj|zu,-=o, and v; = (0,0, ;) } (5.2)
j=1 j=1

where the circle acts by standard rotation around the z-axis, one sees that
c1(Vi) = —c (QiIM(a))

since the S'-action on Q; is a right action.
For this reason, we will work instead with the circle bundles

‘71' — X ()

defined as the principal circle bundles over X () associated to the dual line bundles L}. Note

that, under the identification of isu(2) = su(2)* = IR3, the circle acts on \7, by standard (left)
rotation around the z-axis and so

VilM(a) =V.

From now on we will denote the first Chern classes of these bundles by
¢j=c1(V)) € H (X (@), R).

Performing reduction in stages one can see hyperpolygon spaces

pg'0,0) N pug' (0)
K

X(a) ==
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as a quotient of a product of the cotangent bundles T*Sgi by SO(3). Consider then the diagonal
S'-action on
* @2 * o2
TSy, x -+ xT"S,, (5.3)

given by the following injective homomorphism of S' into SU(2)/ £ I

o[ 2)

This action is Hamiltonian with moment map

n
Mgl :l_[T*Sii — R

i=1
(p.q) ¢ (Z(C]i‘];k - p,*pi)o),
i=1

where ¢(x,y,z) = z is the height of the endpoint of Z;’:l(q,-qi"‘ — pfpi)o under the usual
identification of su(2)* with R3.
In analogy with the polygon space case one defines the abelian hyperpolygon space

n—1 n—1
AX (@) = {(p, A ] EAAIR (Z(qiq,-* - p;*mo) = an}
i=1 i=1

which is the set of those (p, g) for which the vector Zl'.’:_f (q,-qi* — pf‘ pi)o in R3 ends on the
plane z = &, modulo rotations around the z-axis. (Here we take S! ~ SO(2) as a subgroup of
SO (3) acting on the right.) It is the symplectic quotient of

n—1
[]7°s2 (5.4)
i=1

by the above circle action,
AX(a) = pg (@) /S",
and so it is a symplectic manifold of dimension 4n — 6.

Remark 5.5. It is always possible to act on any element [p, ¢] of X («) by an element of K in
such a way that the vector 27:_11 (giq] — p} pi)o ends not only on the plane z = a,, but also so
that (gnq,s — p pn)o points downwards.

Since « is generic, the circle acts freely on the level set B := p,;] (ap) and so B — AX (@) is

a principal circle bundle. Moreover, one has the following commutative diagram

0.@) —> B
Voo
X(@) < AX(a)

where the inclusion i : 0,(0¢) — B is anti-equivariant since, in the identification of X («) as
a submanifold of AX («), the vector (gnq,; — pj pn)o must face downward (see Remark 5.5).
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Therefore,

en = c1(Vo) = —1(Qn) = i*(c1(B)).

On the other hand, since A X () is the reduced space
ol (n)/S" = B/S",

one has by the Duistermaat—-Heckmann Theorem that

c1(B) = [wr]

dory,
in H2(AX (&), R), and so

cp = [wr]

T day,

in H%(X (o), R). By symmetry, interchanging the order of the spheres in (5.4), one obtains

a

It is shown in [27,18] that these classes generate H* (X (o), Q).
5.2. Dual homology classes

In this section we determine homology classes representing the first Chern classes ¢; €
HZ(X(oz),(@). For that consider i and j, 1 < i,j < n, with i # j and denote by D; ;()
the submanifold of X () formed by hyperpolygons [p, g] for which (g;q] — p}pi)o and
(qj q}‘ — p}‘ p;j)o are parallel as vectors in IR3. It is not restrictive to assume that both these vectors
are parallel to the z-axis. Clearly D; ;(«) has two connected components

D} () = {[p, q1 € Dy j(@) | {(qigi = pipido, (@ja} — Pipj)o) > 0}
D; () ={[p,q) € Dj j(e) | {(gig; — pi'Pi)o. (a;a; — Pjpj)o) <O}
Moreover one has the following result.

Proposition 5.7. The circle bundle

~ T
Vilx@\Dij@ — X(@)\ D; j(a)
has a section s; j : X(a) \ Dj j(a) —> lex(a)\Di’j(a).

Proof. Let [p,q] € X(x) and take i # j. Then assign to [p, g] the unique element in
nl._l([p, q) for which (g;q" — p} pi)o projects onto the x Oy-plane along the positive y-axis.

Such a representative always exists in rrj_] ([p,q)) aslongas [p,ql &€ D; j(a). O
On the other hand, let us consider the function

i ug' 0,0) Npg'(0) — C
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defined by

b; .
—, lij 75 0
~ C;
lj (p, Q) = jaj
——, ifd; #0,
g 7
where, as usual, p; = (a;,b;) and g; = (:/l> This map is well-defined since, if ¢;, d; # 0, one
has by (2.4) that '
bj __4j
Cj dj ’

Moreover, it is K -equivariant with respect to p; since

;j((pa CI) : [Aa €1, ... 7en]) = ej_zij(pv ‘Z),
and so it induces a section ¢; of L ; vanishing on
Wj=A{lp.ql € X() | pj =0}

Hence we obtain the following proposition.

Proposition 5.8. The line bundle L ; X )\ W; N X (a) \ W; has a section.

We conclude that ¢; is represented in Borel-Moore homology by both D; () (i # j) and by
—-W;.

5.3. Restriction to a core component

We will restrict the circle bundles defined in the previous sections to a core component Ug
and determine the Poincaré Dual of the Chern classes of these restrictions. For that, recall that
D; j(a) has two connected components Dl.ij (o). Then, if i # j and i, j ¢ S, the intersection

ij (@) N Usg(e) is diffeomorphic to a core component Us(a™) for a lower dimensional

hyperpolygon space X (a™).

Proposition 5.9. Assuming S = {1,...,|S|} and a; > o with i, j & S there exist diffeomor-
phisms

s+ D (@) N Us(a) — Us(a™),

with
A N o :f:()lj
s+ (Ip.gD) =|p1s--.spis;,0,...,0,91, ..., Gis oo Gy -y G, —qi |, (5.10)
1
where
afj =1, Oy, Ay O, 0 ).
Remark 5.11. By permutation it is not restrictive to assume S = {1, ..., |S|}. Moreover, note

that both oziij are generic provided that « is.
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Yls|+1

U|S|+1

Ui

Un

Ul

U|s]

@ ey

Fig. 8. (I) A hyperpolygon in D;rj (o) N Ug(e). (IT) A hyperpolygon in D;j (@) N Ug ().

Proof. From [18] we know that Ug(«) is homeomorphic to the moduli space of n + 1 vectors
{ul,vk,weR3| les, keS”}

satisfying conditions (1)—(5) in Theorem 2.3, taken up to rotation. Moreover, in ij (@)NUs(a)

one has v; = Av; for some A € R* and so one can trivially identify this intersection with the
moduli space of n vectors

{ul,v|5|+1,...,ﬁi,...,ﬁj,...,vn,viivj,w|leS}
satisfying
D wHvgr+ Vi F VI o F Vo F Vi e+ U+ (Vi) =0

) Zulzo

leS
3) w-w=0, foralllesS
@ lwll=ak, k#i,jkeS, Jutvl=atq;
G lwll =Y y/of + w2,

leS

which, in turn, is homeomorphic to Ug (o) (cf. Fig. 8). The composition of these homeomor-
phisms defines the map

Sy ij(a) N Us(a) —> Us(a™)
of (5.10). Note that the map s+ is clearly a diffeomorphism between the two manifolds.  [J
We conclude that the manifolds Dl.ij () NUg(e) are connected and symplectic and so we can

orient them using the symplectic form by requiring

/ (5 0 52)*(@0p)"* > 0,
Dy (@)NUs (@)

where

is 1 Us(@®) — X(@b)
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is the natural inclusion map. One obtains in this way two generators of
Hau—4) (D7 (@) N Us(@)),

namely [Di'f' j (@) NUg(a)] and [D; ; () N Ug(a)]. Hence, to determine the Poincaré dual of the
class ig cj, where is : Us(a) —> X () is the inclusion map, one just has to determine constants
a;,j, bi,j as follows.

Proposition 5.12. Let i : D; j(a) N Us(a) —> X(a) be the inclusion map. If o; # o and
i, j & S then the Poincaré dual of i35 cjisiniyHypu—4y(D; j(a) N Us(a)) and can be written as

ai jID;F (@) N Us(e)] + bi j[D; (@) N Us(@)],
where

ajj = 1 and bi.j = sgn(ai —Olj).

Proof. For simplicity, consideri =n—1, j =nand S = {1, ..., |S|}. Then take a fixed element
in Us(a) with p; = 0 forall i > 3. Let (p°, ¢°) be a fixed representative of this class. Consider
the subvariety N of Ug(«) defined by the elements [(p, ¢)] of Us(«) with p; = p? for all i and
qi = q? fori = 1,...,n — 3. This subvariety N is thus obtained by fixing p; for all i, and g;
for alli < n — 3, allowing only to vary the last three values g,_2, g,—1 and g, (noting that the
corresponding coordinates of p are p,_» = p,—1 = p, = 0). It is then symplectomorphic to the
moduli space of polygons in R3

M(lv an—Z, an—la an)a

with
3

—(@H*PY) — ((PD* 1Y),

which we know is a sphere. Note that N is homeomorphic to the moduli space of vectors
Ui, U, Vg, W € R3, k € S¢, such that

Uy = —up —611171 + (Pl) (q ),

vk—(qk(q)) Ve=|S|+1,...,n—=3,

w = (q2g)*)y — (D*P)y — ((PD*PY),-

ieS
On the other hand, N equipped with the bending action along the first diagonal is a toric manifold
with moment polytope given by the interval
A = [max{|l — ap_a|, lan—1 — anl}, min{l + @p—2, n_1 + an}],

(cf. [21,26] for details) and so we can use the following well-known fact about toric manifolds.
Consider a family of symplectic forms (% on a toric manifold and the corresponding family
of moment polytopes A; with m facets given, as usual, by

Fie={xet' | (x,wu)=Mm@®)} fork=1,....m,

with vy the inward unit normal vector to the facet F; ; and A (#) € R. Suppose that the polytopes
A, stay combinatorially the same as 7 changes but the value of A;(¢) for some i € {1,...,m}
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depends linearly on ¢ and, as ¢ increases, the facet F;; moves outwards while the others stay

fixed. Then, dd(f’ is the Poincaré dual of the homology class [pL’1 (Fy,i)] where the orientation is
given by requiring that

/ Q%(dimu‘l(Fz,f)) -0
,u_l(F,,,-) '

(cf. Section 2.2 of [16] for details).
Applying this result to the submanifold N we see that, as «, changes, the cohomology of the
symplectic form on N

[(is 0 in)*wr]
changes by the Poincaré dual of the homology class
[/fl(an 1+ o) N Us(@)] + sgn(en—1 — el (-1 — anl) N Us(@)]
=[D;_, (@) NUs(@) N N1+ sgn(@,—1 —an)[D,_; (@) N Us(@) N N].

The result then follows from the fact that

d
[wr] = [(soin)*wr]. O
doy, dory,

(§cn)n =iy igen = (isoin)*

5.4. Recursion formula

To prove our recursion formula we have to first study the behavior of the classes ¢; when
restricted to

(D, N Us(@)].

n—1,n

Proposition 5.13. Suppose a, # a,—1 and let ¢; and ¢, be the cohomology classes ¢\ (‘7,, (oﬁ‘))
and c| (Vn (oz’)), where

at = (@r,...,ap 2,051 +ay) and o = (ay,...,q2, |y _1 — ayl).

D, 1n(oz) N Us(a) — Us(a) and the diffeomor-
(@) NUs(a) —> US(ai)from Proposition 5.9, we have

Then, considering the inclusion maps iy :

phisms sy : Dn I

(liosi)(l i) = (ig )* = forlgifn—Z;
(iy 057D (5 en1) = Gy

(i— osZH* (% cne 1)=Sgn(an71 —ay) (ig)c, s
(iy osTH* (W5 en) = (D ¢y

(i— o5~ (5 cn) = —sgn(am—1 — o) (i5)* ¢,
Proof. Recall the identification of Ug(«) with the moduli space Z of (n + 1)-tuples of vectors
{lur,ve.w eR?, 1 €S, ke 5

taken up to rotation, satisfying (1)—(5) in Theorem 2.3. Recall also that Dn In (@) N Us () can
be identified via this homeomorphism to the subspace D= of Z where v,_; = Av, with A € RE,
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and that this space is, in turn, clearly homeomorphic to Us(®). We then have homeomorphisms
¢y : DT — Dy (@) NUs(e)
Gt 1 DT — Ug(a™)
and the corresponding pull-back bundles
¢2)*(Vj(@) — D*
(¢e2)*(Vj(@®)) — D*

are topological circle bundles over D obtained by rotation of the pairs of polygons formed by
the vectors u;, vx, w around the axis defined by the vector v;.

Vj(ai)lUs(ai)<(¢ui) V](a Nus@s)) @) ( V("‘)‘Dil (a)ﬁug(a)) Gj(a)IDﬁlv”(a)ﬁUs(a) (5.14)

N

se=¢to(pr)”!

Us(a®)

(@) NUs(@).

nln

We would like to compare the classes (i+ o s 1)*(i; cj) and (i )* i . For that consider the pull
back of both classes to H2(D¥) via ¢,+. In particular, one obtains

G (i 05T i5c)) = de X)L (5 ¢)) = (@) iLGe;),
which is the first Chern class of the pull-back bundle (¢j:)* ﬁj (@) — D*, and
¢rs ()*e5),

which is the first Chern class of the pull-back bundle ¢* V () —> D*. These two bundles
rotate the pairs of polygons around the axis defined by the edges vj(a) and v; (ai) respectlvely,
where v; () is the vector v; in (¢i)*V () and v] (@) is the vector v;jin ¢> V (™).

Since, if j #n — 1,n, one has v;(a) = v; (), one obtains

(i osy)*(i%c) = (i5) ¢ forl<i<n-—2.

As vp_1(@h) = v,—1 (&) + v, (@), the vectors v,_1(a™), v,—1 () and v, () determine the same
circle action and so

(lJrosJr Vi Cne 1—(1+)* and (iyosy Ty igcn = (i3 et chy-

Similarly, since v,_1(a¢™) = sgn(a,—1 —ay) (vy—1 (@) — v, (@), the vectors v, —1 (@), sgn(o,—1
— o) Vp—1(0) and — sgn(a,—1 — &) v, (o) determine the same circle action and so

. k. - _
(i—osZ)igep—1 = sgnley—1 —ay) (ig)" ¢,

(i_o S:I)*i§ cn = —sgn(ap—1 —ay) (ig)*c, ;. O

Using Propositions 5.12 and 5.13 one obtains the following recursion formula.
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Theorem 5.1. Suppose a,,—1 # oy, and let
af = (o, .o dpp 0 ) and a7 = (o, .., Qpe2, |1 — o).

Then, for ki, ..., k, € Z>o suchthatky +---+k, =n—3and k, > 1,

. k . —
/ l; (Cll - Cﬁ") — / (l;—)* ((Cil-)kl . (szz)kniz(c;:_,l)knil‘}»kn 1) +
Us(a) Us(at)

(—DF ! (sgn(ay—1 — a))lr1+on (5.15)
X / (ig)" ((cl—)kl .. (c;_z)knfz (c;_l)kn—lJrkrl) .
Us(e™)

Proof. By Proposition 5.12 the Poincaré dual of i5 ¢, is

DD (@) NUs(@)] + sgn(@n—1 — an) (i)« [D; (@) NUs(@)].

n—1,n

This means that the formula

f is(acy) = / (iy 053 )5 @) + sgn(@n—1 — ) (i—osi"*(i§a)
Us(a) Us(a™) Us(a™)

holds true for all a € H"*(Us(«)). The result then follows from Proposition 5.13. O
5.5. Explicit formulas

Using Theorem 5.1 one can obtain explicit expressions for the computation of intersection
numbers. For that we first note the following facts concerning the Chern classes c;.

Claim 1. If 1 € S then ic) = iic; for every j € S.
Proof. By Proposition 5.12 the class ig(c; — c¢;) is represented by

2sgn(oj — ozl)[DEj(oz) NUg(x)].

However, in Dy («), the vectors (197 — pip1)o and (qjq;‘f — p;fpj)o in R? point in opposite
directions and that is impossible in Ug () since, by hypothesis, both j and 1 are in S. Indeed,
the vectors g; for i € S are all proportional, implying that the vectors (g;¢;")o are positive scalar
multiples of each other and, moreover, the moment map condition (2.4) implies that ( p]“ P1)o is
a non-positive scalar multiple of (g;g;)o. Hence, for all i € S, the vectors (g1g] — pjp1)o all
point in the same direction and so i$(c; —¢;) =0. [

Claim 2. If 1 € S then i c; = i ci forall j € S°.

Proof. Since i;(cf — c%) =i5((cj —c1)(cj +c1)) and ig(c; — cy) is represented by
2sgn(ay —aj)[Dy (@) NUs(@)],

while i3(cj + 1) is represented by
2[D (@) N Us(@)],

the result follows. Here note that in D]Jr j the vectors (g1¢{)o and (g jq;'f)o (and consequently

(q197 — pip1)o and (g;q; — p;pj)o) point in the same direction while in D} ; they point in
opposite directions. [
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Claim 3. If 1 € Sand |S| =n — 1 theni§c; = —ig c| for the unique j & S.
Proof. Note that
it(cj+c1) =2PD ([foj(a) n US(a)]) —0,

since it is impossible for (g jq;‘f)o to point in the same direction as (g1¢})o (the corresponding
spatial polygons in Ug () would not close). [

Using the first two claims, and reordering « if necessary, one can reduce the computation of all
intersection numbers to integrals of one of the two following types, where one assumes without
loss of generality, that S = {1, ..., |S|}:

o [ e
Us()

(II) / i; (c]fc,,,lu-cn), withn —[ > |S|andk =n — [ — 4.
Us(a)

To obtain explicit formulas for these integrals one needs first to consider families of triangular
sets as defined in [1].

Definition. Let « = (¢, ..., o) be generic. Aset J € I = {3, ..., m} is called triangular if
Z;::Zozi—Zai>O
iel iel\J

and satisfies the following triangular inequalities
ap <oyt 4y, ay <oy +4£; and £y <aj+an.
Moreover, define the family of triangular sets in / as

J(a) ={J € I | J is triangular}.

For integrals of type (I) one has the following result.

Theorem 5.2. Let S be the short set {1, ...,|S|}.
If |S| <n—3then
/ o= Y (_1)(n—|S\) |Jﬂ{n—|S|+1}|+|]|+\S\’ (5.16)
Us(@) JeT@)
where o = (Oln, CUS|F1s s On—1s D ics ai) and T (@) is the corresponding family of triangular
sets.

If |S| =n — 2 then

_1\n—1 . . .
/ it = {( D" if S is a maximal short set for 5.17)
Us(a) 0, otherwise.

If |S| =n —1then

/ it = (=1 (5.18)
Us(@)
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Un—1

Un

w: Up—1
Up—2 =U

D (I

Fig. 9. (I) The element of Ug(e) N Wy N --- N W,,_3 represented as a pair of degenerate polygons when |S| =n — 1.
(II) The element of Ug(ar) N W1 N --- N W,,_3 represented by a spatial polygon, when |S| =n — 2.

Proof. e If |S| = n — 1 and assuming that S = {1, ..., n — 1} then, by Claim 1 and Proposi-
tion 5.8,

iSc] 7 =if(cr--ca3) = (1" PD([Us(@) N Wi NN W,yo3l),
where W; = {[p, q] € X(«) | pi = 0}. Moreover,
Us(a) NWiN---NW,_3
can be identified with the moduli space of vectors u, v, w € R? taken up to rotation, satisfying

e W =-—U,

o u-w=0,

lwll = o] = e,
Vo2 P 4 Jo -l =y — g — - — o,

(cf. Fig. 9-(I)). Since, by hypothesis, S is short we know that «, > ) ;¢ ; and so this moduli
space is a point and

/ it = (=1
Us(a)

o If |S| =n—2,assuming § = {1, ..., n —2} and using Claim 1 and Proposition 5.8, one has

it =ifcr - enmy = (D" PD([Us(@) N Wi N--- N Wy_3]).

In this situation all the vectors u; as in Theorem 2.3 are equal to zero since ) ;¢ u; = 0. Hence,
Us(@) N Wi N---NW,_3

is now the polygon space

Ms(ax) =M (Zai, Op_1, a,,)

ieS
which is a point if simultaneously o, < }_; n— @i and oy < > 4n i and empty otherwise
(cf. Fig. 9-(IT)). The result then follows. (Note that the fact that S is short already implies that
U1+ 0ty <D ieg@il)
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o If |S| < n — 3 then, assuming S = {1, ...,

has
s |S|-1

it = =DEPD([Us(@) N Wi N -0 Wis—1]).

Again, in the identification of

Us(@)NWiN---N Wiy

as a moduli space of pairs of polygons in R, all the vectors u; are zero, implying that

Us(e)nWiN---NWg—1 = Ms(a) =M (Zai, QAS|41s - -+ Otn) .

Hence,

ieS

/ izen=d = (1Sl 1/ sn-1s1-2
1 E)
Us(a) Mg (a)

where ¢; := ¢ (Vi(as)) for V| defined in (5.2), with

s — (zai,alsm,

ieS

aal’l)'

Indeed, the circle action on the principal bundle

Vilug@nwin--nwig

— Us(a) NWiN---N W21

|S]} and using Claim 1 and Proposition 5.8, one

agrees with the one on Vi|p(«) and so these two bundles are isomorphic. Reordering the ele-

ments in o one has

n—|S|-2 _ n—|8|—2
¢ = _ Cu—|S|+10
Mg(a) M (a)

where o = (O[n,ong_l, ey

bundle

Vaisj41 —> M(@).

i, ZieS a,-) and ¢,_|s|+1 is the first Chern class of the circle

This new integral can then be computed using Theorem 2 of [1] for polygon spaces, yielding

/ e (\DNr=IS1+13|(n151)
Ms(a) JeT(@)

where I = {3,...,n — |S| 4+ 1} and the result follows. [

For integrals of type (I) we have the following.

Theorem 5.3. Let S be the short set {1, ..., |S|}.

If |S| <n—1—2then

. k
/ l; (Cl Cp—] " "+
Us(a)

2 )

JeAp (o) J' €Ty (e, J)

Cn)

-1 |70t =1+ |7 Nt =181} | (=1 =151+ 1) +10[+1S1+1

(5.19)
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where A, () is the family of sets J C I, :={n —1—1,...,n} for which

25 (a) :=Za,-— Z a >0

ieJ iel, \J

and

Zai <{Ly(@) +ospp1 + -+ o2,
ieS

and where Ty, (o0, J) = T(@y.1,7) is the family of triangular sets for

An ) = (41(01),06|S|+1,..-,Otn12, Z%’) :

ieS
If|S|=n—1—2then

/ i3 ny e cn) = Z (_1)|Jﬂ{n—l—l}|+|5|+l.
Us(a)

JeA, ()

If|S|=n—1—1then
[ ishenean = 0 ).
Us(a)
where

Ani(e) = {Jc{n—l,...,n} | £ (a) >Za,~}.

ieS

521

(5.20)

(5.21)

Proof. We will prove this formula by induction on n starting with n = k + 4 (implying / = 0).

Here we have to consider two cases (|S| =n — 1 and |S| <n — 1).

First, if |S| = n — 1 = k + 3 we have by Claim 3 and Theorem 5.2 (5.18), that

[ wetar=-[ gai=cr,
Us(a) Us(a)

which is equal to the right hand side of (5.21) since, in this case,
Ano(e) = {{n}}.

If |S| < n — 1 =k + 3 then by the recursion formula (5.15) we have

/ e = / G5 I 4 sgn(ani — o) i)
Us (o) Us(at)

Us(a™)

with a® = (al, e, O, a1 :I:a,,|).
o If, in particular, |S| = n — 2 = k + 2 then by Theorem 5.2-(5.18),

(D" (1+ sgn(en—1 —an)). if Y ey < lag_1 —aty]

ok n—4
islcy "ep) = ies
/Us(a) (=D, otherwise.

(5.22)

(5.23)
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Note that S is always short for @ since, by assumption S is short for o and that S is short for
o~ if and only if ZieS o; < |ay—1 — ay]. On the other hand, in this case we have

{n—1},{n—1,n}}or{{n}, {n — 1,n}}, if Sisa -short
{n—1,n}}, otherwise.

An,o(a) = {I

Then the right-hand-side of (5.20) agrees with the result obtained in (5.23).
o If |S| = n — 3 = k 4 1 then again by Theorem 5.2-(5.17),

is equal to
@) (=D"( + sgn(a,—1 — ay)), if Sis o -maximal short, in which case
Ano(@) = {{m =1}, {m — 1,m}} or {{m}, {m —1,m}}
and
‘J'n’o(a, {n—1, n}) = ‘.T,,,o(a, {n— 1}) = ‘.T,,,o(a, {n}) = {{3}}.

(ii) (=D, if S is «-maximal short and either not & ~-maximal short or not o ~-short at all, in
which cases

Ano@ ={{n—1,n}}, {ln—1},{n—1,n}} or {{n},{n—1,n}}
and
Toola, in—1,n)) = {3}, Tuola, (n—1}) = Tno(a, n})) = 2.
(iii) (—1)" sgn(ap_1 — ), if S is not &t-maximal short but & ~-maximal short, in which case
Ano@) = {{n =1}, {n = 1,n}} or {{n}, {n—1,n}},
and
Too(e fn—Ln}) =2,  Tyole {n—1}) = To(a, (n}) = {{3}}.

(iv) 0, if S is not ¢ T-maximal short and either not & ~-maximal short or not o ~-short at all, in
which cases

Ano(@) ={{n—1,n}}, {ln—1},{n—1,n}} or {{n} {n—1,n}}
and

‘Tn’o(a, {n—1, n}) = Tn,o(a, {n— 1}) = ‘Tn,o((x, {n}) =a.

It is now easy to verify that the above results (i)—(iv) agree in all cases with the right hand side
of (5.19).

e Finally, if |S| < n — 3 = k + 1 then by (5.22) and Theorem 5.2-(5.16), considering T(@*)
the family of triangular sets J C {3,...,n —|S|} for

~4 .
(24 = ('anl :I:a}’Z"a‘SH*lv MR ,an72, Zal> ’

ieS
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we have
/ i§ (cT_4 cp) = Z (_1)(’1—1—|S|)|J’ﬂ{n—|S\}|+|J/\+|SI
Us(a) J'eT(@h)
sgn@a 1 —on) Y (= 1)l 1=18) 19/ NI +10"1 18] (5.24)
J'eT (@)
if S is short for &, and
/ HESESY (_1)(n—1—|5|)|J’ﬂ{n—|S|}|+|J’\+|s|, (5.25)
Us(a) J'eT(@h)

otherwise. In the first situation, we have

Apola) = {{n —1},{n—1, n}} or {{n}, {n—1, n}}
and

Tnole, fn—1,n}) =T@"), Tno(e, {n = 1}) = Tpo(a, {n}) = T@"),
while, in the second one, we have

Ano(@) ={{n—1,n}} and Tuo(a, {n—1,n})=T@"),

and so (5.24) and (5.25) agree with the right hand side of (5.19).
We will now assume that (5.19)—(5.21) hold for n and show that they are still true for n + 1.
Using the recursion formula (5.15) we get

/ is(cKenprr - eng) = / G (e et ah
Us(a) Us(a™)

D e
Us(a™)

o If |S| <n—1[—2then,if o, — ;41 > 0,

Ant1(@) = {J Clhyiy={n-1,....,n+1}] £;(a) > 0and

Zai <L)+ o541+ +otn_1—1}
ieS
={JeAn1@D) ng N J{JUln+1} 1T € Api—i(@)andn € T}
U T eAn@) ne N J{TUtn+1} | T €Anioi(@)andn ¢ T}.(5.26)
while, if o, — 41 < 0,
Angrae) = {T € Apg@) Ing T} | J{TUln+ 131 T € Apy—1(@)andn € T}
U\t Un+ 1} | T € Apyoi(@ ) andn € T}
U{7uinl 1 T eAnii(@)andn ¢ J}. (5.27)
Moreover, since JT; ;—1 (at,J) = U’(&'i -1, ;) is the family of triangular sets

J'cf3,...on—=a—-1) 18I}
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~t . ~ .
fora,’, |, = (€7 @E), o541, - s Qe 1)s 2jes @i)s and Tyq (e, J) i= T(@pp1,1,0) is the
family of triangular sets
Jcf3 ...+ —1—1Sl}
for ('SZ,H_]’]’] = (Z](O[), O|S[+1s -5 Xn—1)—1, ZieS Ol,'), we have that

‘J’,,Jr],l(a, JU{n+ 1}), ifnelJ

+ _
Tt @ D =\g D), ifn g,

and, if o, — 41 > 0,

Tusti(e, JU{n+1}), ifnglJ

Tni—1(a™, J) = Tt J), ifneJ,

while, if o, — ap41 < O,

‘In,l—l (aiv J) =

Tn+1.1(a, JU {n}), ifngJ
Tnati(e, U\ {nhUn+1}), ifnel.

Assuming that (5.19) holds for n we have

[ IRCX(G ety
Us(a™)

_ Z Z (_l)llﬂ{n—(l—l)—1}|+|J/ﬂ{n—(l—l)—|S|}|(n—(l—1)+1—\S|)+\J’|+|S|+1
J in J' in
Ap I—l(a+) T I(a+~])
- Z Z (_1)|fﬁ{(n+1)—l—1}|+|J’ﬁ{(n+1)—1—|S|}|((n+1)—1+1—|S|)+|J’|+\S|+1
JeAy _1@h) J in

stngd '.rnH,l(oﬁ,f)

o2 2

jeﬂtl,lfl(”ﬁr) J" i
stnel Tn+1_/(a+.7u{n+1})

(_1)|(7u{n+1})m{(n+1)—1—1}|+|J’m{(n+1)—z—|5|}| (et D—141=1S]) 1| +1S]+1

On the other hand, if o, — a4+1 > O,

[ e e )
s(a
_ Z Z (_l)lJﬂ{n—(l—l)—l}|+|J/ﬂ{n—(l—l)—|S|}|(n—(l—l)+l—\S|)+\J’|+|S|+l

Jin 7 in
Ap1—1@7) -
mi=1 fr,,y,,l(a ,J)

- Z Z (_1)|JNﬂ{(HJrl)*l*l}|+|J’ﬂ{(n+1)*l*|5|}|((n+1)7l+17|S|)+|]/|+\S|+1

TeA,_1@) J in
stnel T,y a‘*'.f)

LD 2

TeAy _y@t) J' in
stng] Tut1l a+,7u(n+1))

(— )| U IDA(+D—1 =1+ 0D 1151} (- D—141-181) -+ |81 +1

and similarly for «;, — o041 < 0. The result now follows from (5.26) and (5.27).
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o If |S| = n —[ — 2 the family of sets A, 41 () is the same as in (5.26) and (5.27). Moreover,
assuming (5.20) holds for n,we have

[ et = X plnme s
Us(@™) JeAi-1(@h)
_ Z (_1)|m{(n+1)—z—1}}+|S|+1Jr Z (_1)|(Ju{n+1})ﬂ{(n+1)—l—1}}+|S|+1.
JeA, j_1@®) TeA, _j@h)
s.t. nﬁf stonel

On the other hand, if o, — ;41 > O,

/ (iS_)*((Cl_)kC;+l—l ccy) = Z (1) Nin=(=D=1}I+]S|+1
Us(@™)

JeAp—1(a™)
_ Z (_1)|m{(n+1)—1—1}}+|S|+1 + Z (_1)|(Ju{n+1})m{(n+1)—1—1}\+|S\+1
JeA, j_1@™) TeAy —1@h)
st.onel s.t. ne’j

and similarly for o;, — ;41 < 0. The result then follows from (5.26) and (5.27).
o If |S| = n — [ — 1 then, writing

Ani-1(a®) = !J Clyr={n—=1,....n}| ;@) > Zai] :

ieS
we have for «;, — ;41 > 0 that

~

Apir(e) = [fe A1) | n g 7] U [7u n+1} 1T e Ayio(@)andn e 7}

U {J~e Api_1@) | n e f} U {TU{n +1) | T eApi_i(@)andn ¢ 7},

while, for o, — 41 < 0 we have

~

Apira(a) = [fe A1) | n g 7] U [fu n+1} 1T e Apio(@)andn e 7}
U {fu )| T € Api_i(@ )andn ¢ 7}
U {(7\ YU+ 13| T e Api_i(@)andn e f}.

Then
/Um(’? N (CORIEC PR /U o D )
= (D" A @)+ A1 @)} = DT @)

and the result follows.

In the above proof one has to assume that each time that the recursion formula is used one
has o, # a,41. However, this result is still valid even if this is not the case, as long as « is
generic. In fact, for a generic o with @, = ;1 we may take a small value of ¢ > 0 for which
Us(w) is diffeomorphic to Ug(cg) with ax = (a1, ..., a—1, o, + €). For ¢ small enough,
An,l_l(ai) = A,,,,_l(a;t) and ‘.Tn,l_l(oei, J) = ‘J’,l,l_l(agi, J) (since o generic implies that «,,
o] and a; are also generic) and so the induction step still holds. [
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5.6. Examples

Example 8. Leto = (1, 1, 3, 3, 3) and consider the space X («) and the short set S = {1, 2}. The
fixed point set of the core component Us(a) consists of the minimum component M () = CP!
and four isolated fixed points. From Claims 1 and 2 one has

sk D sk 2 k2
/ lS Cl = / lS (/2 = / lS C3
Us(a) Us(a) Us(e)

= / itel= / itcl= / i (c1c2).
Us(a) Us(@) Us(@)

Using the fact that
iser = —PD(Us(e) N W;) = PD(Mg(e)) = PD(M(2,3,3,3))

with Wy =: {[p, q] € X (@) | p1 = 0} (cf. Proposition 5.8) and the recursion formula for polygon
spaces in [1], one can compute

/ if;c‘%:—/ 51:—/ C1
Us(a) Mg (o) M(2,3,3,3)
M(3,3,3,2) M(3,3,5) M(3,3,1)

where, as usual, given a polygon space M (1) one defines ¢; := ¢ (V;(X)). Note that the polygon
spaces M (3, 3,5) and M (3, 3, 1) consist of only one point as in Fig. 9-(I).
If one uses Theorem 5.2 to compute these integrals one obtains

/ itd= Y (_1)3|m{4}|+|1|+2 Y
Us(a)

JeT (@)

where o = (3, 3, 2), since

T(@) = [1 cBHI>E- Y §-> 0] = {13}, 13, 4}}.

jeJ Jje{3,4\J

Similarly,

/ is(cics) =/ ig (6163)=/ i§ (0164)=/ i (c2c3)
Us(a) Us(a) Us(@) Us(a)

2/ ig (6204)2/ is (cac5).
Us(a) Us(a)

These integrals can be computed using the recursion formula (5.15) as follows:

/ i (cics) / is(cies5) = / igc) — / iscy
Us(e) Us(1,1,3,3,3+¢) Us(1,1,3,6+¢) Us(1,1,3,¢)

_/ 1+/ 1=0
M(2.3.6+€) M@23,¢)
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since i§c; = —P D(Us(eE) N Wi). Note that
M2,3,6+¢6)=MQ2,3,6) =0

as the polygons in these spaces would not close.
If one uses Theorem 5.3-(5.19) to compute these integrals one obtains

| gacs= ¥ > plels
Us(ae)

JeAso(ag) J'€T5 (e, J)

IO+ _

since

Asolae) = {J C{4,5} | €5(ae) > 0and 2 < €5 (e,) + 3} = {{5}, {4, 53},
Ts.0(ce, {5}) = Ts.0(6,3,2) = @

and
Ts.0(ae, (4.5}) = T50(6+¢,3,2) = @.

Finally,

/ i (cac5) =/ is(c3cs) =/ is(cacy)
Us(a) Us(a) Us(a)

and, by the recursion formula (5.15), one has

/ i (c4c5) = / C4+/ 4
Us(a) Us(1,1,3,64+¢) Us(1,1,3,¢)

:/ 1—f 1+/ 1+/ 1=2.
Us(1,1,9+¢) Us(1,1,3+¢) Us(1,1,3+¢) Us(1,1,3—¢)

Note that the core components Us(1, 1,9 + ¢), Us(1, 1,3 + ¢) and Ug(1, 1, 3 — ¢) consist of a
single point as § = {1, 2} is short in all cases.
If one uses Theorem 5.3-(5.20) one obtains

/ )= Y nlPmel g
Us(az) JeAs 1 (o)
since
As1(ae) = {J C{3,4,5} | £y(ee) > 0and 2 < £;(a,)}
= {{3.4}.{3.5}.{4.5}.{3.4.5}}.

These computations agree with the results in Example 4.7 of [18]. In fact, Ug is homeomorphic
to the blow-up of CP? at 3 points and the intersection form on H?(Ug) with respect to the basis

{61+63+C4+05 _catea oty _C]+CS}

2 ’ 2 2 2
can be obtained from our results and is represented by the diagonal matrix Diag(1, —1, —1, —1).
Indeed, for example,

2
C C C. C 3
. / i§<1+3—+ 4+5) =/ i;cf+—f i5(cacs) =243 =1,
Us(@) 2 Us(@) 2 Juste
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2
1 1
. / zs<¥> =§/ i§c%+§/ it(cies) =—140=—1,
Us(@) Us(@) Us(@)
/ .*<61+63+C4+65)< 61+Cs>
° lS —
Us(@) 2 2
2
1 1
=—/ i§<cl+c3> ——/ i§(c1cs)——/ it(c3e5)=1-0—-1=0
Us(@) 2 2 Juste 2 Just
/ . <C1+cz> <61+C4>
[ ] lS
Us () 2 2

lf '*2+1/ % ( >+1f (i) = —2 404+ =0
=- iser+ = is(creq) + - i(c3cy) = —= = =0.
4 Jusw 0 2 us ® 4 Jus ® 2 2

Example 9. Let us consider the same hyperpolygon space X («) as in the preceding example and
compute the intersection numbers of the core component Ug(c) with S = {1, 2, 3}. By Claims 1
and 2 it is enough to consider the following three integrals.

/ 0§ c%, / is(c1cs) and / i (cacs).
Us(a) Us(a) Us(a)

The value of the first one is

/ 0§ c% =1
Us(a)

since
itct =is(cic2) = PD(Us(@) N Wi NWa) = PD(M(5,3,3)) = PD({pt}).

This agrees with the value given by Theorem 5.2-(5.17) since S is maximal short for «.
For the second one we get

f ifq(Cle):/ i§61—f ifeir=—-1-0=-1
Us(ae) Us(1,1,3,6+¢) Us(1,1,3,¢)

since S is not short for (1, 1, 3, ¢) and, in Ug(1, 1, 3,6 + ¢),

ise1 = —PD(Us(1,1,3,6 + &) N W;) = —PD({pt}).
On the other hand, by Theorem 5.3-(5.20) one has

/ it (c1 c3) = Z (_1)|m{4}|+3+1 -1

Us(ae) JeAs o(ae)

since

Asolee) = {J C (4,5} | £5(ae) > 0and5 < €;(@e)} = {{4.5}).

Finally,

f i (cacs)
Us(ate)

/ i; c4 + f i; c4
Us(1,1,3,6+¢) Us(1,1,3,¢)

= —/ ifer+0=1,
Us(1,1,3,6+4¢)
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where we used Claim 3, the fact that S is not short for (1, 1, 3, ) and the fact that, in Ug(1, 1,
3,6 + ¢), one has

ise1 =—PD(Us(1,1,3,6 +&) N Wi) = —PD({pt}).
By Theorem 5.3-(5.21),

f it (cacs) = (D) As ()| = 1,
US(as)
since

As (@) = {J C {4,5) | £y(ae) > 5} = {{4,5}}).

These values agree with the fact that, since S is a maximal short set for «, the core component
Us is CP? (cf. Proposition 2.18). Indeed one can choose c; to be the generator of H 2(Ug(a)).

6. Intersection numbers for PHBs

In this section we will use the isomorphism F : H(8) — X («) defined in (3.3) to obtain ex-
plicit formulas for the intersection numbers of the nilpotent cone components of H(8). Consider
the pull backs F*V; of V; as in the following diagram

FV, —,

L,k

H(PB) —L> X ().

In particular,
FV; = {(LE, D1, (p, @) € H(B) x Vi | F(LE, ¥1) = 7 ((p, )} -

Note that the PHBs [E, @] € H(B) for which there exists (p, g) € \7, such that ?([E, @]) =
7((p. q)) have parabolic structure at x; given by

C?=Ey 1D Ex2=1{((1,01) >0

and Higgs field with residue of the form

Res, & — (8 g) ©.1)

Indeed, since any (p, q) € \7, satisfies
t 0
(:q7 — P} pi)o = (0 —t)’ t>0,
writing, as usual, p; = (a;, b;) and g; = (c;, d;)?, one has
cid; —aibi =0 and |ci|* —|di|* = |a;|* + |bi|* > 0

which, together with (2.4) gives a; = d; = 0. Then, (6.1) follows from (3\;2).
Consider the first Chern classes of these pull back bundles ¢ (F*V;) = F*¢; which we
will also denote by ¢;. Then it is clear that these classes generate H*(H(8), Q) as in the case
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of hyperpolygon spaces (cf. [27,20,18]). In particular, following Corollary 4.5 in [20] we can
explicitly describe the ring structure of the cohomology of H(8).

Theorem 6.1. The cohomology ring H (9’((,8), Q) is independent of B and is isomorphic to

Qleq, - - - ,c,,]/((c,-z - cf | i, j < n) + (all monomials of degree n — 2)).

Moreover one can reduce the computation of the intersection numbers of any nilpotent cone
component U, sy = J(Us(B)) of H(B) to one of the following two cases.

(I)/ fgc';—3=f it
Uo,s) Us(a)

(I / Gchenyen) = / it (K entcn),
Uo,s) Us(a)

withn — [ > |S|andk =n — [ — 4,

where t5 : Uo,5y —> H(B) is the inclusion map, and we used the fact that Forg0J = ig. These
integrals can then be computed using the formulas in Theorems 5.2 and 5.3.

The ring structure of H*(U,s), Q) can also be obtained from the ring structure of H*(Us, Q)
(presented in [18]), through the isomorphism of Theorem 3.1. Explicitly, one obtains the follow-
ing result.

Theorem 6.2. Consider the classes b; = — (%) for1 =1,...,n. Then H*(Uq,s), Q) is
isomorphic to Q[by, ..., b,]/Is where Ig is generated by the following four families of relations:

(1) by —bjforalli €S,

(2) bj(by —bj) forall j € S°,

3) 1_[ bj forall R C S° such that R U S is long,

JER
@ b2 @) — by) for all long subsets L C 5.
jeL

Note that relations (1) and (2) in Theorem 6.2 are trivial consequences of Claims 1 and 2 respec-
tively.

Example 10. Let S be a maximal «-short set. Then

U.s) = Us(a) = CP"3
(cf. Proposition 2.18). This can be confirmed using Theorem 6.2. In fact, R U § is long for any
R C §¢, 50 (3) implies that b; = 0 for all j € S¢, and then (2) is trivially verified. Since by (1)
we have b; = b; for all i € S, we can chose b to be the generator of H*(U,s), Q). Moreover,
since S is maximal, the only long subset of S¢ is S¢ itself, and so Is is generated by the unique

condition blf’_z = 0. The cohomology ring of the nilpotent cone component U, sy = CP" 3 is
then

H*(u(O,S)’ Q= Q[b]]/(b?_z) ~ H*(C]P)n—3’ Q)

as expected.
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