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Lattice metamaterials have demonstrated promising characteristics such as having tun-
able/unconventional properties and being lightweight. This work centers on the design of tensegrity-
based lattices, known as “T-bar” structures, capable of supporting compressive loads with minimum
mass. Analytical formulas for the calculation of the mass of these structures under externally applied
forces and pre-stress are derived. These formulas account for local failure of the T-bar structures (mate-
rial yielding and buckling of its individual members). A numerical approach is introduced to assess the
global stability of the structures under external forces and pre-stress and to account for global buckling
in the design process. The mass of the structure is minimized by adjusting its shape and topology
while global buckling is simultaneously prevented using two different design methods: i) optimizing
the pre-stress distribution in the structure, and ii) optimizing the cross-section areas of the tensegrity
members. Using either method, the results show that 2D and 3D T-bars possess a global minimum mass
design for a given externally applied force and length. The computed results also show that designs
obtained by optimizing the cross-section areas of the members have lower mass than those obtained by
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optimizing the pre-stress distribution.
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1. Introduction

Lattice metamaterials are currently being investigated for their
attractive engineering properties including negative or tunable
Poisson’s ratio [1,2], improved thermal resistance [3], tunable
thermal expansion [4,5], load-bearing capabilities with low mass
density [6], and high energy absorption and tunable energy
dissipation [7,8]. A key challenge in the development of lattice
metamaterials is to determine the most favorable arrangement
of matter (the lattice members) to achieve a target property. The
theory of tensegrity structures (pre-stressable trusses with com-
pression and tension-only members [9]) can provide solutions to
the design of lattice materials. For example, Fraternali and cowork-
ers demonstrated tunable acoustic properties in tensegrity-based
metamaterials [10]. Also, Zhang and coworkers designed and fab-
ricated tensegrity metamaterials with high energy absorption [11].

An important property of tensegrity structures that can be ex-
ploited in lattice materials is their ability to support loads with
minimum mass. Tensegrities having a double-pyramid form known
as D-bars have been theoretically shown to support compressive
forces and absorb energy with minimum mass [12,13]. Other ex-
amples include the tensegrity “Michell truss” that has been analyt-
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ically demonstrated to support cantilever-type loads with minimal
mass [14], and tensegrity tori that support concentric loads with
minimum mass [15].

The objective of this work is to design tensegrity lattices for the
support of compressive loads with minimal mass. The focus is on a
tensegrity topology known as the T-bar structure, previously stud-
ied and proposed for compressive constructions [16,17]. Schemat-
ics of T-bar structures are shown in Fig. 1. These structures have
double-pyramid shape and compressive forces applied at their end
points. T-bars can be used as components of lightweight lattice
materials as illustrated in Fig 1. A T-bar of complexity q=1 is
formed by a single T-bar unit that has two bars (compressive mem-
bers) of equal length along the loading direction and p bars con-
necting the intersection of the longitudinal bars to the vertices of a
centered p-sided regular polygon. Fig. 1 shows T-bars of p =2 (2D
T-bars) and p =4 (T-bars with a centered square). Strings (tensile
members) form the sides of the central polygon and also connect
the vertices of this polygon to the end points of the T-bar unit. A
T-bar of complexity q is formed by replacing the longitudinal bars
of a T-bar of complexity g — 1 with T-bar units (this is denoted as
a self-similar iteration), as illustrated in Fig. 1 for T-bars of com-
plexities ¢ =2 and q = 3.

The contributions of this work are summarized as follows:

o This work presents, for the first time, a formulation to per-
form minimal mass design of compressive 2D and 3D T-bar


https://doi.org/10.1016/j.mechrescom.2020.103477
http://www.ScienceDirect.com
http://www.elsevier.com/locate/mechrescom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechrescom.2020.103477&domain=pdf
mailto:eperazah@uci.edu
https://doi.org/10.1016/j.mechrescom.2020.103477

2 R. Goyal, RE. Skelton and E.A. Peraza Hernandez/Mechanics Research Communications 103 (2020) 103477

T-bar-based lattices

T-bar structures

A S

Fig. 1. 2D and 3D T-bar structures of different complexity q. These structures can
be integrated in larger assemblies to synthesize lattice compressive materials of
minimal mass.

lattices of arbitrary complexity. Previous studies of T-bar com-
pressive structures have only considered T-bars of complexity
q=1[17] or are limited to 2D T-bars [16].

Equations for the loads in bars and strings of T-bar systems are
extended from previous works [12,16] to account for arbitrary
pre-stress loading scenarios.

A novel algorithm that allows for the design of minimum
mass 2D and 3D T-bars of any complexity is developed. Lo-
cal and global failure stability constraints are concurrently ac-
counted for in the minimal mass design of T-bar systems.
Two approaches for the prevention of global instabilities are
implemented in the algorithm: one based on optimizing the
pre-stress distribution and the other on optimizing the cross-
section areas of the members. The algorithm hierarchically de-
termines minimal mass designs of the T-bar units introduced
at each self-similar iteration and hence the final T-bar system
is also of minimal mass.

The design of compressive T-bar members of minimal mass is
relevant for the development of any general tensegrity structure
where lightweight properties are critical. This is because monolithic
compressive members (bars or struts) can be replaced with T-bars
of optimal complexity to minimize the overall structural mass.
Examples of recent practical tensegrity structures that would
greatly benefit from the replacement of bars/struts by optimal
T-bars include: metamaterials based on pentamode lattices studied
by Fraternali and coworkers [18,19]; ball-like robots for planetary
exploration investigated by Sunspiral and coworkers [20,21]; and
minimal mass tensegrity bridges researched by Fraternali and
coworkers [22,23].

2. Minimum mass under local failure constraints

This section provides the analytical formulas for the mass of
T-bar structures considering local failure criteria of the individual

Fig. 2. Geometric parameters of 3D tensegrity T-bar systems for complexities g =
1,2.

members. Fig. 2 shows a 3D T-bar structure subjected to a com-
pressive force f. The total length of the T-bar structure, is denoted
by I. Each T-bar unit forming a T-bar structure has two kinds of
bars: longitudinal bars that are aligned with the applied compres-
sive force, and radial bars that connect the center of the unit to
the vertices of the central polygon. A T-bar unit also has two kinds
of strings: planar strings that form the sides of the central polygon
and diagonal strings that connect the vertices of the central poly-
gon to the end points of the unit. In each T-bar unit, the angle
between the longitudinal bars and the diagonal strings is denoted
as the aperture angle. The aperture angle of the T-bar units in-
troduced at the ith self-similar iteration is denoted by «;, where
i=1,2,...,q (see Fig. 2).

The material properties of the bars and strings are assumed
given, and therefore the calculation of the mass of the T-bar con-
sists of finding the cross-section area (obtained through local fail-
ure constraints) and the length of the members. The length of the
longitudinal bars, radial bars, diagonal strings, and planar strings
are denoted by I}, Iz, Ip,, and Ip, respectively. Also, the total num-
ber of longitudinal bars, radial bars, diagonal strings, and planar
strings in the T-bar structure are denoted by ny, ng,, np,, and np,
respectively, for i =1, ..., q. These parameters are determined from
geometry as follows:

nL=2q, lL:—, (1)

Iy, Ltan(ai), for i=1,2,...,q, (2)

nR,- = 21'71 (p)v = 2i

!

=— fi i=1,2,....q, 3
2icos(a;) or 1 (3)

np, =2"12p), Iy,

2lsin (%) sin(a;)

. , fori=1,2,...,q 4
2 cos(a) ort q )

npi = Zi_l (p), lpl. =

The magnitude of compressive force in the radial bars intro-
duced at each iteration is denoted by fz,. i=1,...,q, and the mag-
nitude of the compressive force in the longitudinal bars is denoted
by f;. Using the static equilibrium condition that the sum of the
member forces at each node is zero, the magnitude of compressive
forces in all the bar members can be uniquely calculated from the
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tp,

For any p

tp,

Fig. 3. Force balance diagram for planar strings and radial bars. These schematics
illustrate the central p-sided polygon of a T-bar unit.

given external force f and independent string pre-tensions ¢p, and
th

q
fi=f+ pZtDi cos(etj), fr, = 2tp, sin(a;) + 2tp sin (%)
i=1
for i=1,2,....q (5)

The term 2tp, sin Z) in the formula for the compressive force
of the radial bars f. in Eq. (5) can be intuitively observed by an-
alyzing the force balance of the central p-sided polygon of a T-
bar unit. Examples for p=3, p=4, and any p are provided in
Fig. 3. These schematics indicate that the radial bars must balance
a force of tp cos (% - %) for each of the two planar strings con-
nected at every polygon vertex, making the total force contribu-
tion of these strings into the compressive force of the radial bars
2tp cos (5 - %) = 2tp sin (%)

Note that tp, and tp are pre-tensions that can be arbitrarily se-
lected to adjust the load distribution in a T-bar. Eq. (5) is valid for
any p > 2, q > 1, and «; > 0. Using Euler theory of buckling, the
minimum mass of a compressive member of length | subjected to
a force f that is designed to satisfy buckling constraints is given
as [13]:

Myp =2pbi2 <f) , (6)

TE,

where p;, and E;, are the mass density and Young’'s modulus of
the bar material, respectively. The minimum mass of a compres-
sive member designed under yielding constraint is denoted by myy
and the minimum mass of a tensile member also designed under
yielding constraint is denoted by mgy. These are given by:

Mpy = gfzifﬁ My = %iﬁ (7)

where o, is the yield stress of the bar material and ps and o are
the mass density and yield stress of the string material. The mini-
mum mass of a compressive member is the maximum of the mass
required for either yielding or buckling constraints, while a ten-
sile member is only subjected to yield constraints. Accordingly, the
mass of a string ms and the mass of a bar m, of a T-bar structure

dare:

my = max(Myg, Mpy), M5 = My. (8)

The minimum mass of the string and bar members in a T-bar
structure are obtained by substituting the force and length values
from Egs. (2)-(5) into Egs. (6)-(8). Then, the minimum total mass
of a T-bar system subjected to a compressive force of magnitude f
is obtained as the addition of the mass of all the members in the
system as:

q q q
My = max (Mg, My )+ Y Max (Mgs,. Mey,) + Y Mp + Y Mp,,
i=1 i=1 i=1

9)
where the mass of the different kinds of members is:
2ppl% /F+PX] tp, cos(a)
myp = Lb \/ 15; ! , (10)
7TEb
Pb d
mLyza—bl f+pZtDiCOS((X,') s (]1)
i=1
2p,l2 Ptan’ (oz,-)\/ZtDI sin(a;) + 2ty sin (T)
Mgp, = | , (12)
JTEb 2
Pb : :
Mgy, = ;bpl tan(a;) (tp, sin(et;) + tp, sin (%)) (13)
ppstsin() sin(a;) ppsl
™= cos@) ™ Gocos(ap ™ ()

This section provided the minimum mass (Eq. (9)) for a T-bar
structure for given pre-stress in the strings tp and tp, and ex-
ternally applied compressive force f. Only local failure modes of
the individual members in the T-bar structure were considered.
The next section provides the formulation employed to assess the
global buckling properties of T-bar tensegrity structures to also ac-
count for such failure mode in the structural design.

3. Global buckling analysis

A T-bar structure subjected to an external compressive force
and pre-stress can lose its load-bearing capability due to both lo-
cal and global failure modes. Global failure in this context en-
tails buckling of the T-bar structure as a whole without necessarily
reaching the load level required for local failure of its individual
members. This section presents the formulation that allows for the
design of the pre-tensions in the strings and the cross-section ar-
eas of the members required to prevent global buckling.

3.1. Stiffness matrix formulation

The global stiffness matrix of the entire T-bar structure is deter-
mined from the contributions of the stiffness matrices from all its
individual members. A recent paper [24] provided the derivation
for the linearized global stiffness matrix which can be obtained by
linearizing the static equilibrium equation of tensegrity structures
given as [25]:

SPC—BAG, =W, (15)

where S=[s; s --- s¢] and B=[by by --- bg]| are the matrices
containing the vectors along the lengths of the strings s; and bars
by, respectively. The total number of strings in the T-bar is de-
noted by t and the total number of bars is denoted by S. The force
density (magnitude of the tensile force per unit length) in the jth
string is denoted by y; > 0 and the force density (the magnitude
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of the compressive force per unit length) in the kth bar is denoted
by A, > 0. The string connectivity matrix Cs and bar connectivity
matrix C, provide the information of the start and end nodes of
each string and each bar, respectively [25]. The diagonal matrices
7 and % are written by arranging yj and A, in their diagonal ele-
ments, and the external force matrix W = [w; w, --- w, ] contains
the vector of external forces w; applied to the ith node. The num-
ber of nodes in the system is denoted by v.

The non-linear static equilibrium Eq. (15) is linearized about an
equilibrium configuration to obtain:

K dn = dw, (16)

where dn =[dn] dnj --- dn]]" is a vector containing small varia-
tions of the node positions vectors, and dw = [dw] dw] --- dw]]"
is a vector containing small variations of external forces at all the
nodes. The linearized global stiffness matrix K; from Eq. (16) is
given as [24]:

K = (¢ @ 5)bd.(-- Ky, ) (G @)
~(C] @b Ky ) (GoB).  (17)

The contributions of the jth string and the kth bar in the global
stiffness matrix are denoted by Ks; and Ky, respectively:
sisT b.bT
j k
Ks, 2 yjls + ES,AS,?J, Ky, 2 Mil5 — EbkAka", (18)
J k
where Eg. and As. are the Young’s modulus and the cross-section
area of the jth string, respectively. Similarly, Ep, and Ap, denote the
Young’s modulus and the cross-section area of the kth bar member.

3.2. Criteria for global stability of T-bar structures

The string force density vector ¥ =[y; 2 --- yr]" and the bar
force density vector A = [Aq Ay --- kﬁ]T can be written as the sum
of force densities due to pre-stress (¥p, Ap) and force densities due
to the external force (yw, Aw) as:

Y=Yp+tVYw A=Ap+iy, (19)

where the force densities due to pre-stress (self-equilibrated under
zero external force) are solved using the static equilibrium equa-
tion (Eq. (15)) as:

(] ©B)Bry=(C] @B)Syp, ¥p=0, Ap=>0, (20)

where I3 is the identity matrix of dimension 3 x 3 and S=
b.d.(s1,S,....5¢) and B= b.d.(by, by, ..., bg) are the body diago-
nal matrices formed by arranging the string vectors s; and bar vec-
tors b, along their body diagonals, respectively. Eq. (20) gives a
unique solution for the force densities in the bars (Ap) for given
values of pre-stress in the strings (y,) because the coefficient ma-
trix (CbT ® I5)B is a full column rank matrix for any T-bar structure.
This can also be confirmed from the exact analytical solution given
in Eq. (5).

The external force f on the T-bar structure only causes com-
pressive loading in the longitudinal bars. This can be verified from
Fig. 2 and Eq. (5):

ZI.  For longitudinal bars
= = [
Yw=0. A, { 0: Otherwise : (21)

Using Eqs. (20) and (21), the linearized global stiffness matrix
from Eq. (17) is updated with:

sjs}
Ksj = ij13 + EsjAsle, (22)
Sj
bkb;
I<bk = (Ap +Aw )l - EbkAbk . (23)

3
lbk

From Eq. (16), global instability is interpreted as non-trivial val-
ues of displacement in the structure (dn # 0) under no changes in
the values of the external forces (dw = 0):

K.dn = 0. (24)

Eq. (24) has non-trivial solutions for dn, if and only if, the sym-
metric global stiffness matrix K; is singular, or determinant of
K, is zero. Thus, to minimize mass of the T-bar structure un-
der global instability constraints, the minimum values of pre-stress
(¥p) or cross-section areas of the members such that the matrix K
reaches singularity (i.e., the onset of buckling failure) for the given
external force f must be determined.

As stated in Eq. (24), global stability of the tensegrity structures
is assessed by means of a linearized matrix, as in buckling analy-
sis of beams and plates using the finite element method [26,27].
This matrix is obtained by linearizing the non-linear equations of
static equilibrium (Eq. (15)) about the current equilibrium configu-
ration of the tensegrity structure. Some inaccuracy is introduced in
the process as here the nominal (initial) coordinate positions of the
nodes are employed instead of their deformed positions. However,
such differences in node positions between initial and deformed
configurations are small as the strings and bars are assumed to
be comprised of a stiff material in this work (aluminum). Thus,
changes in the length of the strings and bars, and consequently
differences in node positions between initial and deformed config-
urations, are small compared to the dimensions of the tensegrity.
Further research quantifying the effect of this assumption and non-
linear buckling analysis of tensegrity structures are recommended
for future studies.

The mass minimization of the structure considering global
buckling alone is a convex problem (unique optimum solution) as
all the design variables appear linearly in Eq. (24). However, the
combined problem of minimizing the mass of the structure con-
sidering both local and global failure becomes a non-convex as the
area of the bar members (Abk) is a non-linear function of the force
densities in the bar Ay, for local buckling constraints (c¢f. Eq. (6)).
The next section discusses two design approaches to solve this
non-convex problem.

4. Methods for determining minimum mass designs of T-bar
structures

This section describes two approaches to minimize the mass of
T-bar structures based on the local and global failure criteria de-
veloped in the previous sections.

4.1. Pre-stress method: optimum pre-stress for a T-bar unit

A T-bar unit (equivalent to a T-bar of ¢ = 1) has p planar strings
and 2p number of diagonal strings that can be independently pre-
stressed. The tension in these strings is scaled using two indepen-
dent pre-stress factors: yp > 0 for planar strings and yp > 0 for
diagonal strings,

Vp [] 1 ... ‘1]7><
n=[ il} (25)
Yb [1 1. 1]2p><]

The force density in the bars due to pre-stress (Ap) can be
uniquely calculated as a function of pre-stress factors yp and yp
using Eq. (20). Eq. (19) allows us to solve for the force density in
each member and Eqs. (6) and (7) are used to calculate the area of
each member. All the variables in Eq. (17) are now dependent on
the pre-stress factors. The design problem to minimize the mass of
the T-bar unit then consists of finding the minimum values of the
pre-stress factors such that the stiffness matrix of the T-bar unit K;
reaches singularity, which physically represents the onset of global
buckling.
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4.2. Area method: optimum string cross-section areas for a T-bar unit

Similar to the method discussed in Section 4.1, the cross-section

areas of the planar strings and diagonal strings can be indepen-
dently scaled to prevent global buckling. Let us define np > 1 and
np > 1 as the area factors that scale the cross-section areas of the
planar strings Ap and diagonal strings Ap, respectively. The areas of
the strings are then scaled as follows:
Ap — npApp, (26)
where Ap, and Ap, are the baseline member cross-section areas
[12]. Pre-stress values of y, = A, = 0 are used in this method. The
design problem for this method consists of finding the minimum
values of the area factors such that the stiffness matrix of the T-
bar unit K; reaches singularity.

Ap — 1pApp,

4.3. Hierarchical design of T-bar structures

For a T-bar structure of complexity g, there would be different
T-bar units introduced at each self-similar iteration that may be
subjected to global buckling. The minimum mass design of a T-bar
is obtained when the T-bar units introduced at each self-similar
iteration are designed such that they reach the onset of buckling.
Algorithm 1 outlines the hierarchical design approach for minimal
mass T-bar structures of arbitrary complexity, where the pre-stress
or area factors of T-bar units are optimized sequentially for each
self-similar iteration i, fromi=1 to i =q.

Algorithm 1: Hierarchical design of minimal mass T-bar struc-
tures with arbitrary complexity.

Step 1: Design a complexity ¢ = 1 T-bar structure (equivalent to a T-bar unit)
of length [; =1 and external force f; = f by determining the minimum
values of pre-stress or area factors for both planar and diagonal strings
([ye,» vp,1 or [np,. np, 1) such that the stiffness matrix of the T-bar unit K,
reaches singularity.

Step 2: Design the T-bar units of the subsequent self-similar iteration i+ 1
which have length I;;; = I/2' and external force f,q = f; + p¥p, Ip, cos(e;) by
calculating the minimum pre-stress or area factors ([yp,,. ¥p,,] or

[7p.,. Mp,,, ]) such that the stiffness matrix of the T-bar units K, reaches
singularity.

Step 3: Repeat Step 2 for each self-similar iteration.

5. Results and discussion

Results of mass minimization for 2D and 3D T-bar structures
using the approach developed in the previous section are pre-
sented herein. The mass ratio wu is used to compare the mass of
the T-bar structures my with that of a compressive column of solid
circular cross-section, mc,, as:

2012
w= mr , where mg, = max M pb—lf . (27)
Moy wE, Op

If © < 1, the T-bar structure requires less mass than the com-
pressive column to support a compressive force f. Note that both
yielding and buckling failure modes are accounted for in the mass
calculation of the solid column. The mass ratio is referred to as
op for 2D T-bars and ps3p for 3D T-bars.

The increase in pre-stress and cross-section area required to
prevent global buckling of a T-bar system under compressive load-
ing (obtained via the pre-stress and area methods, respectively)
add mass to the structure. To quantify this additional mass, a pa-
rameter ¢ defined as the ratio of the mass of the T-bar designed
considering global buckling mr and the mass of the T-bar designed
without considering global buckling my,  is introduced:

¢ =2 (28)

mTlocal

pap for f=10000,! =1 (Pre-stress method)

5 T T —
o
2 36 ~—
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> 4 B .
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! // N 2
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= : O Mk
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(b) |

Fig. 4. (a) Contour plot of mass ratio p,p for 2D T-bar structures with opti-
mized pre-stress factor (yp). (b) Minimal mass configuration of the T-bar structure
(marked with the ‘ x ’ in the contour) displaying calculated member cross-sections.

where mg is calculated using Eq. (9) with tp, =tp =0 to con-
sider only local failure constraints. This parameter is referred to as
¢,p for 2D T-bars and ¢3p for 3D T-bars.

Material properties of aluminum are used for both string and
bar members (Es = E;, = 60 GPa, o5 = 0, = 110 MPa, and ps = p, =
2700 kg/m3) and the analogous compressive column. For simplic-
ity, it is assumed that the aperture angles of the T-bar units are
equal among all the self-similar iterations: o; =y =--- =0g = 0.

5.1. 2D T-bar structures

For 2D T-bar structures (p = 2), there are no planar strings and
thus the only optimization variables are the pre-stress factor (yp)
and the area factor (7p). Fig. 4(a) provides the contour plots of the
mass ratio p,p for a 2D T-bar structure for pre-stress factor yp
obtained using Algorithm 1. The lighter shaded area in the contour
plot corresponds to the region where the mass of the T-bar struc-
ture is lower than the mass of a compressive column designed for
buckling my < m,. As observed in the figure, T-bar structures pro-
vide lower mass solutions for compressive loads for a large range
of aperture angles and throughout the entire studied complexity
range (q=1,...,5). The darker shaded region in the contour plot
represents the complexity and angle set (g, &) where global buck-
ling cannot be prevented for any value of pre-stress in the strings.
This can be explained as T-bar structures of low aperture angles
have a large “length-to-width” ratio and thus have low critical
buckling forces. Fig. 4(a) also shows that there is a global optimum
design for the given force f and length [, which was found to be
Uap = 0.2246 for ¢ =3 and « = 24° (marked with an * x ’ in the
contour plot). Fig. 4(b) shows the optimum configuration of the T-
bar structure displaying the calculated member cross-sections.



6 R. Goyal, RE. Skelton and E.A. Peraza Hernandez/Mechanics Research Communications 103 (2020) 103477

Table 1

Mass ratio pyp optimized with two different methods for different values of force f
and length L Units: f (N), [ (m), and « (deg).

f Pre-stress method Area method

Z f l

! q o Hap 20 q o Map $2p
1000 1000 1 4 20 008 128 4 26 007 112
2500 2500 1 4 22 012 181 4 29 010 151
10000 10000 1 3 24 022 166 3 31 021 1.58
100000 1000 0.1 1 28 065 130 1 33 063 1.26
250000 2500 0.1 1 31 1.01 153 1 33 1.00 1.51
1000000 10000 0.1 1 35 152 152 1 33 151 1.51

pap for f=10000,1 = 1 (Area fnethod)

_'jffi'/'///y/“ . 8
> 4
=
&3
o
g
Q
)
1 . l\l 0’5"""7'»—# T Bt L L L L L os—L IAF-
10 20 30 40

(@

Angle - a(deg)

(b)

Fig. 5. (a) Contour plots of mass ratio p,p for the 2D T-bar structure with opti-
mized area factor (np). (b) Optimum configuration of the T-bar structure (marked
with the * x ’ in the contour) displaying calculated member cross-sections.

The contour plots of mass ratio u,p for optimized area factor
np are shown in Fig. 5(a) and the global optimum configuration
(q =3, =31°, uyp = 0.2068) is shown in Fig. 5(b). Notice that the
method of optimizing area factor (np) provides a solution with
lower mass than that obtained by optimizing the pre-stress fac-
tor (¥p). The same trend is observed for different values of f and |
as shown in Table 1.

Table 1 also provides optimum complexity g and angle o for
different combinations of force f and length [. The first column
in the table represents a force per unit area parameter f/I2. For
a small value of this parameter, the compressive column is more
prone to buckling failure and thus the mass ratio w,p is small
(more mass savings by replacing the column with a T-bar). The
value of the mass ratio increases with the increased value of
the parameter f/I> and for f/I? = 250000 N/m? the mass ratio is

greater than 1 (uyp(yp) =1.0157 > 1, uyp(np) =1.0015 > 1) for
both methods indicating that the single column is the minimum
mass structure. Notice that for f/[2 = 1000000 N/m?, the single
column is designed to avoid yielding failure and thus the mass
of T-bar designed to avoid only local failures would be equal to
the mass of the single column, my,_ = my. Thus, the reason for
the mass ratios up = 1.52 (pre-stress method) and u,p = 1.51
(area method) to be above 1 is entirely based on global stability
to the structure, hence pyp = ¢op = 1.52 (pre-stress method) and
ap = ¢op = 1.51 (area method).

By comparing the results between the pre-stress method and
the area method in Figs. 4 and 5, and Table 1, one observes
that the two methods provide different minimal mass designs un-
der the same loading and length requirements. Cross-section area
As; and member force ts; = vjlis;ll are linearly related for ten-
sile string members under yielding failure constraints through the
equation O‘sAsj = tsj. For compressive bars under buckling failure
constraints, the cross-section area A, and member force f, =
Aillbll are non-linearly related through the Euler buckling for-
mula (nEbAﬁk)/(4||bk||2) = fp, In a T-bar structure, increasing ten-

sion in the strings increases the compressive forces in the bars and
thus the area/mass of the bar members is non-linearly increased.
Because of this, increasing the pre-stress in the T-bar structure
(which increases the areas of strings and bars accordingly) in the
pre-stress method; and only increasing the cross-section areas of
the strings (without adding pre-stress) in the area method, provide
different minimal mass results to prevent global buckling.

5.2. 3D T-bar structures

For 3D T-bar structures, we have to simultaneously consider the
two pre-stress factors yp and yp for the pre-stress method and the
two area factors np and np for the area method. It was found that
the pre-stress of the planar strings yp is not a critical parameter to
prevent global buckling and to minimize the mass of the structure.
As such, this pre-stress value is kept at yp = 10 for the remainder
of these examples. A contour plot of mass ratio usp for optimized
pre-stress factor (yp) as shown in Fig. 6(a). The global optimum
configuration (marked with an * x ’) was found to be g =3 and
o = 25° with a mass ratio of p3p = 0.2500. The darker shaded area
in the figure corresponds to the region where no solution for yp
was found to prevent global buckling. Fig. 6(b) shows the optimum
configuration of the T-bar structure.

It was also observed for the area method that the cross-section
areas of the planar strings do not play a critical role in prevent-
ing global buckling. Therefore, a small value of np = 10~ is used
in the presented examples. Fig. 7(a) shows the contour levels of
mass ratio usp plotted for different values of angle & and complex-
ity g. It shows a global minimum achieved at ¢ =3 and « = 31°.
This optimum solution of w3p = 0.2159 obtained from Fig. 7(a) has
lower mass than that obtained by optimizing the pre-stress factor
¥ p- The optimum configuration of the T-bar structure drawn to the
scale is shown in Fig. 7(b).
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Table 2

Mass ratio p3p optimized with two different approaches for different values of force f

and length L Units: f (N), [ (m), and « (deg).

f Pre-stress method Area method

I3 f l

! q o H3p $3p q o M3p $3p
1000 1000 1 4 19 010 160 4 27 0.07 112
2500 2500 1 4 22 014 212 4 29 0.11 1.66
10000 10000 1 3 25 025 189 3 31 021 1.58
100000 1000 0.1 1 28 066 132 1 33 064 1.28
250000 2500 0.1 1 31 1.04 157 1 33 1.01 1.53
1000000 10000 0.1 1 36 156 156 1 33 154 154

p3p for vp =10, f = 10000, and [ = 1
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Fig. 6. (a) Contour plots of mass ratio w3p for a fixed pre-stress factor in the planar
strings (yp = 10) and optimized pre-stress factor in diagonal strings (yp). (b) Opti-
mum configuration of the T-bar structure (marked with the * x ' in the contour)
displaying calculated member cross-sections.

Table 2 provides the optimum « and q for different combina-
tions of force f and length L It is observed from the table that
for all combinations of f and [, the method of optimizing area fac-
tor np provides lower mass solutions than those obtained by op-
timizing the pre-stress factor yp. Similar to the results observed
in Table 1, the value of mass ratio w3p increases by increasing the
value of f/I? and the mass ratio becomes greater than 1 (u3p(yp) =
1.0429 > 1, u3p(np) = 1.0163 > 1) for f/I2 = 250000 N/m? where
the single column is the optimal mass solution. Similar to Table 1,
for f/I2 = 1000000 N/m?, the single column is designed to avoid
yielding failure and thus the mass of T-bar designed to avoid
only local failures would be equal to mass of the single column,
my, = Mgy Thus, the reason for the mass ratios usp = 1.56 (pre-
stress method) and p,p = 1.54 (area method) to be above 1 is en-
tirely based on providing global stability to the structure, hence

H3D for np = 10_4,f = 10000, and [ =1
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Fig. 7. (a) Contour plots of mass ratio usp for a fixed area factor in the planar
strings (1p = 10~*) and optimized area factor in diagonal strings (np) with different
complexities g. (b) Optimum configuration of the T-bar structure (marked with the
* x " in the contour) displaying calculated member cross-sections.

M3p = ¢3p = 1.56 (pre-stress method) and ps3p = ¢3p = 1.54 (area
method).

6. Conclusions

This paper presented a novel approach to design minimum
mass tensegrity T-bar lattices, which can be integrated into
lightweight load-bearing architectured materials. The methodol-
ogy developed in this paper allows for the determination of the
complexity ¢, aperture angle «, and pre-stress distribution or
member cross-sections areas of 2D or 3D T-bar structures with
minimal mass for given compressive force f and T-bar length
I. In earlier work of designing minimum mass T-bar structures,
only 2D T-bar structures, or T-bars limited to complexity 1, were
considered.
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The paper first provided an analytical solution for the mass
of a T-bar structure of arbitrary shape, topology, and pre-stress
distribution considering local failure modes. The pre-stress distri-
bution or string cross-section areas are then designed such that
global buckling is also prevented with minimum mass. The uti-
lized approach to minimize the mass of complexity q > 1 T-bar
structures was developed by sequentially designing the T-bar units
introduced at each self-similar formative iteration. The examples
considered for both 2D and 3D structures provided a global mini-
mal mass T-bar design for given force f and length L. The obtained
results showed that the method of optimizing the cross-section
area of the strings provides lower mass designs than those ob-
tained by optimizing the pre-stress distribution for both 2D and 3D
structures.
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