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In this paper, we formulate an efficient continuum mechanics-based model on the basis of a discrete
lattice model. First, the dispersion relation of a lattice wave in a one-dimensional diatomic crystal lattice
is derived. Then, the second- and fourth-order continuum models are obtained from the differential-
difference equations of motion by using the Padé approximations. The results show that the proposed

fourth-order continuum model can predict the dispersion behaviour of the one-dimensional diatomic
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crystal lattice very well in the first Brillouin zone. Furthermore, the applicability of the present model to
the prediction of the dispersion behaviour of the one-dimensional diatomic lattice with internal resonator
and inerter is examined. Finally, the vibration frequencies of finite diatomic lattices are calculated by both
the discrete and the proposed continuum models.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Wave propagation in one-dimensional periodic structures has a
very long history, and it is of great importance in various fields
of science and engineering [1]. The first attempt dates back from
1686 when Newton derived a formula for determining the sound
velocity. Afterwards, a huge number of papers appeared dealing
with this problem. The interested reader is referred to the reviews
by Mead [2], Li and Wang [3], and Hussein et al. [4]. To study
the wave propagation phenomena, one-dimensional monoatomic
and diatomic lattice chains are widely used. The diatomic lattice
chains are probably more important because they possess stop-
band or band-gap frequency ranges. In addition, this chain is the
simplest possible model to study the wave propagation through in-
homogeneous media [5]. Therefore, the wave propagation in a one-
dimensional diatomic crystal lattice has become a subject of ex-
tensive investigations [6-12]. Usually, wave propagation in lattice
chains is investigated via discrete and continuum models. How-
ever, the following important question has been raised by some
researchers.

o Is there a need to develop a continuum mechanics-based model
to study a discrete problem for which the exact solution is al-
ready known?
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This question can be answered as follows. It should be noted
that although the simplicity of discrete problems allows us to ob-
tain analytical solutions in many cases, however, their application
to systems with a complex geometry and new artificial materials
is rather limited [13]. Consequently, several researchers have at-
tempted to develop continuum mechanics-based models to predict
the static and dynamic behaviour of lattices. The continuum model
has been largely developed for monoatomic lattice chains [14-18].
Unfortunately, few continualization schemes have been presented
for diatomic lattice chains in the literature. One of the most and
earliest quasi-continuum approximations was proposed by Askar
[19]. The proposed model predicted both the acoustic and optical
modes accurately, but only in a limited frequency range. In addi-
tion, Wattis [20] extended the quasi-continuum method to study
the solitary waves in a diatomic lattice. Recently, some continuum
mechanics-based models have been developed and applied to the
study of the acoustic metamaterial [21].

In this paper, an effective continuum method is developed to
analyse the wave propagation in one-dimensional diatomic lattices.
To the best of our knowledge, there has been no attempt to tackle
the problem described in this investigation. The paper is divided
into three parts. In the first part, which consists of Sections 2
and 3, the classic and nonlocal continuum mechanics-based mod-
els are derived from the discrete model of the diatomic chain.
Then, the dispersion curves obtained from the discrete and con-
tinuum models are compared with each other. Numerical results
show that the proposed fourth-order continuum model is ac-
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Fig. 1. A diatomic lattice chain.

curate and appropriate for the prediction of the dispersion be-
haviour of the diatomic crystal lattices in the first Brillouin zone.
In the second part, i.e., Sections 4 and 5, the proposed contin-
uum mechanics-based model will be used to predict the disper-
sion behaviour of various diatomic metamaterials. In Section 4, the
dispersion curves obtained from the continuum mechanics-based
model are compared with those obtained from the discrete model.
In Section 5, the longitudinal wave propagation in a diatomic lat-
tice with inerter in the local attachments will be investigated for
the first time. In the last part, i.e., Section 6, the applicability of the
proposed continuum models for vibration of finite diatomic lattices
is examined. Finally, the summary and concluding remarks are pre-
sented in Section 7.

2. Discrete model

Let us consider a one-dimensional diatomic chain as shown in
Fig. 1. Each unit cell contains a mass M connected by a massless
linear spring k to a mass m. The differential-difference equations
of motion for two adjacent odd and even atoms are [7]

d’u
M dth + k(Ruay — Vap_1 — Van1) =0 (1)

d?v
di;‘“ + k(2V2n11 — Uzp — Uzpi2) =0 (2)

where u,, represents the displacement of the mass M at position
2n and v,n, represents the position of the mass m at position
2n+1. For harmonic wave propagation, it is assumed that the dis-
placements are expressed as

Uy = Uexp([2nka — wt]i) 3)

Vons1 =V exp([(2n + 1)ka — wt]i) (4)

where a is the distance between the neighbouring atoms, x de-
notes the wavenumber, w is the angular frequency, and U and V are
the complex wave amplitudes. By substituting Eqgs. (3) and (4) into
Egs. (1) and (2), a set of homogeneous algebraic equations with
respect to U and V is obtained

2k — Mw? —2kcos(ka) | (A\ _ (O 5
2k — mw? B)~\o (5)

—2kcos(ka)
For a nontrivial solution of Eq. (5), the determinant of the ma-
trix of coefficients must vanish. This condition gives the dispersion
relation.

Mmw?* — 2kw?(M + m) + 4k?sin® (ka) = 0 (6)

Solutions of the dispersion relation (6) are

Q,=(+a)+ \/(1 +a)? - 4asin® (ka) (7)

where

ot =22 wp-k o ®
’ w§ m M

where Q2 and 2, are the frequencies of upper and lower branches
respectively. The upper branch is known as the optical branch
while the lower branch is the acoustic branch.

3. Continuum model
3.1. Second-order continualized model

To obtain an efficient continuum model from the differential-
difference equations of motion, the discrete displacements must be
replaced by their equivalent continuum counterparts. In Eq. (1), the
discrete displacements are approximated as follows:

Uzn = U(X2p) = U(X)

a dv  a?o%v

Vit = V(on + @) = V() + g5 + 5755
a v a* 0t

T30 oo ®)

B _ a dv  a?d%v

Vop_1 = V(Xpp — ) = V(X) — TTox T 2092
@ by

319x3 4l gxd

Substituting Eq. (9) into Eq. (1), we have

9%u o 0%v @ 0%
MW+21<(ufv)_ka (8x2+128x4+ ) (10)

In a similar manner, the continuum model of Eq. (2) is obtained
as

0%v 0%u  a® 3*u

82—i—2k(v u) = ka® <8x2+128x4+ ) (11)

when Eqs. (10) and (11) are truncated at the second-order deriva-
tives, the equations of motion associated with the second-order
continuum model can be expressed as

MEY ok - vy = k20

a2 e (12)
,0%u
8t2 +2k(v u) = ka? Fv) (13)

These equations are similar to those presented by Askar [19].
For harmonic wave propagation, the solutions of Eqs. (12) and
(13) can be written in complex forms as:

u(x, t) = Uexp([kx — wt]i) (14)

v(x,t) =V exp([kx — wt]i) (15)

where U and V are complex amplitudes. Applying the same proce-
dure as that used for the discrete model, we obtain the frequencies
of upper and lower branches as

12—(1+Ol):|:\/(1+a) — a(4Kk2a® — Kchad) (16)

The dispersion curves predicted by the second-order contin-
uum model are shown in Fig. 2 and compared with the results
of the discrete model. It is observed that the frequencies of both
the acoustic and the optic modes are accurately predicted by the
second-order continuum model only for ka < /4. It can be con-
cluded that the second-order continuum model is applicable only
for small wave numbers. This conclusion is consistent with previ-
ous observations.

3.2. Fourth-order continualized model

We propose another continualization scheme for the wave
propagation in a one-dimensional diatomic crystal lattice. Trun-
cating the infinite series in Eqs. (10) and (11) at the fourth-order
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Fig. 2. Comparison between the second-order continuum mechanics-based model
and the discrete model for o =0.6.
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Fig. 3. Comparison between the fourth-order continuum mechanics-based model
and the discrete model for a =0.6.

derivatives, the equations of motion associated with the fourth-
order continuum model are obtained:

ou

_ 2
M e +2k(u —v) = ka*L(v) (17)
0%y
Mo +2k(v — u) = ka*L(u) (18)

where L is the differential operator that can be efficiently approxi-
mated via the Padé approximation [15] as
B 92 2 94 N 39722
T ox2 T 1209x4 7 _ @ 0%
0x 12 ox 1-455
Substituting Eq. (19) into Eqs. (17) and (18) and multiplying the
resulting equation by [1 — (a2/12)(3%/3x2)], Eqs. (17) and (18) can
then be efficiently approximated by the following linear differen-
tial equations

(19)

@ 52 92u , 0%V
(1_12239@){M8t2+2k(u_v)} = ka* o3 (20)
@ 9? 9% 2 0%u

Using the non-dimensional parameters defined in Eq. (8) and
substituting Eqs. (14) and (15) into Egs. (20) and (21), the frequen-
cies of upper and lower branches are obtained as
12k2a% (48 — 8k2a?)

(12 + k2a2)?
Fig. 3 displays the dispersion curves obtained from the fourth-

order continuum model. The figure demonstrates a perfect agree-
ment between the results of the fourth-order continuum model

9%12=(1+a)i\/(1+a)2—01 (22)

and the discrete lattice model. As a result, we can conclude that
the proposed continuum method is accurate and reliable for pre-
dicting the wave propagation in the diatomic lattice chains in the
first Brillouin zone. Although the results are expected, the fourth-
order continuum model has not been developed so far.

4. Application of continuum mechanics-based model to
diatomic metamaterials

Acoustic metamaterials are artificial materials designed to
achieve novel physical properties not commonly observed in na-
ture. This new class of materials has attracted significant attention
in the research community because they have remarkable number
of potential applications in vibration mitigation and isolation, im-
pact absorption and wave guides [22,23]. In this section, the ap-
plicability of the present continuum mechanics-based model to di-
atomic metamaterials is investigated. At the first step, the disper-
sion relation for a diatomic lattice with internal resonator is ob-
tained by using the discrete lattice model. In this connection, we
consider a one-dimensional infinite diatomic chain of metamaterial
as shown in Fig. 4a. Each unit contains two macro-materials with
mass M; and mass m; which are connected by a massless spring
k. In addition, a micro-material with mass M, is connected by a
massless spring k; to mass Mj. Similarly, mass m, is connected by
a massless spring k, to mass m;. The differential-difference equa-
tions of motion for a unit cell are

a2y
M 1 1 2
My — 3t +k(2uy,) — vy, - v ) +ka(uly) —u) =0 (23)
2u®
My~ 2t + ki (g, —u3,)) =0 (24)
vy, 0] M _ M 0] @)
n+
m—z T k(2U2n+1 —Uyy = ”2n+2) +ka (U2n+1 - V2n+1) =0
(25)
2v;2> 1 ) M
n+
m; dt2 + kz (v2n+1 - v2n+l) =0 (26)
The solutions of the lattice wave are of the form
ull) = UM exp ([2nka — wtli) (27)
ul?) = U@ exp ([2nka — wtli) (28)
v =vDexp ([(2n+ 1)ka — wt]i) (29)
M1 =
v =V @ exp ([(2n+ 1)ka — wt]i) (30)

where UV, U@, (1) and V(2 are the complex wave amplitudes.
By substituting Eqs. (27)-(30) into Egs. (23)-(26), a set of homoge-
neous algebraic equations with respect to UD, U2), V(1) and V2 is
obtained

2k + k1 — Myw? —k; —2kcos(ka) 0
—k1 k] — 1\/12(02 0 0
—2kcos(ka) 0 2k + ky — myw? —ky
0 0 —k2 kz — m2w2

um 0
u® 0
“fvio = 1o
Ve 0
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Fig. 4. Diatomic metamaterial chain; (a) mass-in-mass system (b) effective mass-spring system.

For a nontrivial solution of Eq. (31), the determinant of this set
of equations must be zero, i.e.

2k + ki — My w? —kq —2kcos(ka) 0
—kq ki — Myw? 0 0 _o
—2kcos(ka) 0 2k + ky — myw? —ky -
0 0 —kz k2 — m2w2
(32)

Eq. (32) is the dispersion relation of the lattice wave in the di-
atomic metamaterial. Let og = my/Myq, oy = My/Mq, ay = my/my,
B1 =ki/k, Ba = ka/k, W} =k/M; and Q2 = w?/w3, Eq. (32) can be
rewritten as

2+ 61— - B —2cos(ka) 0
—p B — o122 0 0 —0
—2cos(ka) 0 2+ By — ap? —B N
0 0 —B2 B2 — atpat 22
(33)

By solving Eq. (33), the wave dispersion diagrams of diatomic
metamaterials can be determined with given wavenumbers.

Next, consider an effective diatomic lattice system in which the
mass-in-mass system is represented by a simple diatomic mass-
spring system (Fig. 4b) with stiffness k and two effective masses
Msr and meg. The two effective masses in the equivalent mass-
spring model are frequency dependent and are given by [21]

klMZ I<2m2
kl — 1\/’26!)2 kz — TleCz)2
Substituting Eq. (34) into Egs. (20) and (21), the continuum

equations of motion for the diatomic metamaterials are obtained
as

MeffZM] =+ meff=m1 =+ (34)

k1M, 90%u 2 0%y
(M] + kl — Mza)z) ot? + Zk(u 1)) 8x2
a? kyM, 0%u ?u )| _
‘12{("/’1 T Msz)atzaxz 2’(ax2 "o )| =0
(35)
k2m2 0%V 82u
("“ Thom )3t2 2k —u) ke’ g

a2

kom, 0%y v 0%u\| _
+ k2—m2w2)8t28x2 +2k(8xz T2 =0

(36)

—6— Acoustic mode (Discrete model) —%— Acoustic mode (Continuum model)

--@-- Optic mode (Discrete model) —+— Optic mode (Continuum model)
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Fig. 5. Dispersion curves of the diatomic metamaterials obtained from the discrete
and the continuum mechanics-based models for ag = 0.5, @; = 1.3, @y = 0.8 and
B1 = B2 = 0.75.

Substituting from Eqgs. (14) and (15) into Egs. (35) and

(36) leads to the dispersion equation

Sn Si

Sa S» (37)

where

S =2(B1 —12%) — (B — 1% + 1 1)
24 — 10k2a? 2)

Sz = _<12-|—/<2t12) (B1 —a192%) (38)
24 — 10k2a? 5

Sa1 = _(12—|—KZGZ>('BZ — 0tpt2£2%)

S22 = 2(B2 — 002 2%) — (o2 — R0 2% + gtz B2) Q22

For each value of «a, Eq. (37) has four distinct real roots imply-
ing four natural frequencies. A comparison between the dispersion
curves of the diatomic metamaterials obtained from the discrete
and the continuum mechanics-based models is plotted in Fig. 5.
For numerical calculations in this figure, we adopted oy = 0.5,
o1 = 13, ¢y = 0.8 and B1 = B, = 0.75. It is found that the dis-
persion curves corresponding to the continuum mechanics-based
model is fitting well with that predicted by the discrete lattice
model in the first Brillouin zone. As can be seen from Fig. 5, there
are three band-gaps for the diatomic metamaterial lattices.

These results again show that the proposed continuum
mechanics-based model is a promising tool to explore the wave
propagation in one-dimensional diatomic lattices. In addition, the
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band-gaps can be predicted by the proposed continuum model ac-
curately.

5. Application of continuum mechanics-based model to
diatomic inertant acoustic metamaterials

A new modified acoustic metamaterial system with inerter was
introduced by Kulkarni and Manimala [24]. An inerter is a mass-
amplifying mechanical device that provides a force response pro-
portional to the relative acceleration of its two ends [25]. As was
stated above, the dispersion behaviour of the diatomic inertant
acoustic metamaterials has not been studied so far. Therefore, in
this section, the wave propagation in the diatomic acoustic meta-
materials with inerters is investigated by using the proposed con-
tinuum mechanics-based model. A one-dimensional discrete ele-
ment lattice representation for a diatomic inertant acoustic meta-
material is shown in Fig. 6.

In comparison to the mass-in-mass system, the internal springs
ki and k, are respectively replaced by two inerters of inertance
J1 and J,. In this case, the two effective masses in the equivalent
mass-spring model are given by [24]

M m
Meff M, +]]+ 1\2/1 Mepr =My +12]2+ ;12 (39)
Using Eqgs. (14), (15), (20), (21) (39), the dispersion relation is

obtained as

Q41+ V1o o + Y202
Y1+ o Y2 + Q2
_202(1 Y10 Y2000
FooF Vi+01 Yo+ Qo (40)
2
24 — 10« 2a?
4 (12+K2a2) =0
where
_m M _my _h
Oto—ﬁl al_IVT] O52—nTl Vl_lVT]
J k w? (41
V2 = 2 a)g =— Q2=
M1 M1 a)é

If the coefficients y; = 0 and y, = 0, Eq. (38) is reduced to
the dispersion relation of diatomic crystal lattices. Fig. 7 shows the
effect of the inertance ratio (Y1 or y,) upon the dispersion curves
while Fig. 8 demonstrates the effect of the mass ratio (o and «y)
upon the dispersion curves. It is found that the lower and the up-
per branches of the dispersion curves shift towards low frequency
with an increase of the both the inertance and the mass ratios.

6. Vibration of finite diatomic lattice chains

In contrast to the study of the infinite one-dimensional lattices,
the vibration of the finite lattices by using a continuum nonlo-
cal model has been barely investigated. Challamel and co-workers
[26,27] investigated the vibration of finite monatomic lattices with
direct and indirect neighbouring interactions by using the discrete

@ ARAA
&/

-1.75 -15 -125 -1 075 -05 -025 0 025 05 075 1 125 15 L75
Ka

Fig. 7. The effect of the inertance ratio on the dispersion curves for oy = 0.5 and
o) =0y = 1.
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Fig. 8. The effect of the mass ratio on the dispersion curves for oy = 0.6 and
Y1 =y2 =075

and nonlocal continuum models. Since the vibration of the finite
diatomic lattices by using a continuum model has not been pre-
sented so far, in this section, the applicability of the present con-
tinuum mechanics-based model to this problem is examined. First,
the vibration frequencies of a finite diatomic lattice are calculated
by using the discrete lattice model. Let us consider a fixed-fixed
diatomic lattice consisting of N unit cells (Fig. 9). The equations of
motion for the discrete system are given as follows

d 5 +k(2U] — Uz) = (42)
20,
Md ;ltz{z + k(2u2j_2 —Vyj3 — Uzj_]) =0 (43)
forj=2,3,..,N
2.
md g?{l + k(2vzj,1 —Uyj 2 — lej) =0 (44)
forj=2,3,..,N
dZ

M

dt2 N4 kQuan — van_1) = (45)
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Fig. 9. Finite diatomic lattice chain with fixed ends.

Normal-mode solutions of Eqs. (42
form:

)-(45) have the following

Uyn = Uy, cos(wt — 8)

Von_1 = Vop_1cos(wt —8) forn=1,2,3,.... N (46)

where § is an arbitrary phase constant. Substituting Eq. (46) into
Egs. (42)-(45) and using Eq. (8), leads to

-V -U;=0 (47)
QZ
(2 - a>U2j2 = (Vaj3+V35.1) =0 (48)
(2- Q)1 — (Ugj 2 +Upj) =0 (49)
QZ
(2 - a>U2N —Vono1 =0 (50)
Eqgs. (48) and (49) can be rewritten as
("“1) [A](sz 3) (51)
Uz; Usj2
where
_( Iy _ o _ 2
A]= (—Fz 1“11“2—1)’ = (2_ a)’ o=(2-)
(52)

On iterating Eq. (51), we have

Vi V;
(Uz;j 1) A} 1( 1) (53)

If A, and A_ are two distinct eigenvalues of the matrix [A],
then we have [28]

-1 j-1 j-1 Jj-1
i Al Al Ay —AT)
The eigenvalues of the matrix [A] are obtained from
-1-A I _
-I M, -1-A =0 (55)
Thus, it is concluded that
AjAa_=1 (56)
A +A_=T1T -2 (57)

Using Eq. (53), we obtain

Van-1 gn g\ (Vi
= 58
(UZN ) <g21 g2 )\ (58)

where g1, g12, &1 and gy, are calculated from Eq. (54). Using
Egs. (47), (50), (56)-(58), we obtain

22N+1 _q

=t =0 (59)

A1

Table 1
Comparison of non-dimensional frequencies for
o =05and g =N.

N Discrete model Continuum model

Q4 Q, Q Q)
10 0.9945 1.4181 0.9968 1.4165
20 0.9985 1.4152 0.9997 1.4144
30 0.9993 1.4147 1.0000 1.4142
40 0.9996 1.4145 1.0000 1.4142
50 0.9998 14144 1.0000 1.4142

Eq. (59) has 2 N roots;

. 2mq
Ai1 =exp (12N+1>
e (i

2 fi ,2,3,. ()
Using Eqgs. (52), (57) and (60), the characteristic equation is ob-
tained as

Q4 - 20271 +a)+4asin2(%> -0 (61)

Solutions of Eq. (61) are

(Q2,)g = (1+a)ﬂ:\/(l +a)2—4asin2<21\7fj_l) (62)

In the following, the vibration frequencies are evaluated by us-
ing the fourth-order continuum mechanics-based model. For free
vibration, the solutions of Eqs. (12) and (13) can be written as

u(x,t) = ZUq sin (q;tx) cos (wqt — 8q) (63)

v(x,t) = ZVq sin ( ZTX> cos (wgt — &) (64)

where Ug, Vg, wq and §q are the amplitudes, the frequencies and
the phase constant of the gth mode. In addition, L* = (N + +1)a
is the total length of the chain. Using the non-dimensional param-
eters defined in Eq. (8) and substitution of the gth solutions into
Egs. (20) and (21), the non-dimensional frequencies of gth mode
are obtained as

576(2N+1) g2 — 96q47t4
(122N + 1) + @2n2)°
(65)

(23,)g=(+0a) j:\/(l +a) -

Table 1 compares the frequencies of the diatomic lattice chain
obtained from the discrete and the continuum mechanics-based
models. For numerical calculations in this table, we adopted
o = 0.5 and q = N. Excellent agreement between the reslts is ob-
served. Therefore, it can be concluded that the proposed contin-
uum mechanics-based model is also a promising tool to explore
the vibration of finite diatomic lattice chains.
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7. Conclusions

In this paper we have proposed a fourth-order continuum
model for the study of wave propagation in the diatomic lattice
chains. This is a modification of the continuum model developed
by Askar [19]. Here, we showed that the second-order continuum
model cannot accurately predict the dispersion behaviour of the
diatomic lattice chain. In addition, the results indicate that the
fourth-order continuum model can predict physically realistic dis-
persion curves in the first Brillouin zone. In addition, the proposed
continuum mechanics-based model was used to predict the wave
propagation in the classical and the inertant acoustic metamate-
rials. Furthermore, we have shown that the proposed fourth-order
continuum model is also applicable for predicting the vibration fre-
quencies of the finite diatomic lattices. In the future, this investi-
gation can be extended to two- and three-dimensional diatomic
crystal lattices.
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