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1. INTRODUCTION

The basic aim of this paper is to extend classical results on the boundary
behavior of harmonic functions in R ' = {(x,y): x€R™, yER, ¥y >0} to
domains D of as general a type as possible. Many of our results also hold for
solutions of uniformly elliptic equations, in divergence form, with bounded
measurable coefficients. We begin by recalling some classical theorems and
more recent results that form the background of our paper.

A classical theorem of Fatou says that if u(z) is a bounded harmonic
function on the unit disc, |z| < 1, then u has non-tangential boundary values
almost everywhere on the unit circle, S'. The same conclusion holds if u is
only bounded from below. These results have a local analogue due to
Privalov [44]. In fact, if u(z) is harmonic in the unit disc, and at each point
¢'® of a measurable subset E of the unit circle there is an a > 0 such that
u(z) is bounded from below on the set I,(e’®)={z:|z| < l.|z—¢€"|<
(1 + a)dist(z, S")}, then u(z) has a non-tangential limit at almost every e’
in E, i.e., u restricted to I';(e®) has a limit as z - e'® for any . This local
result was first proved using conformal mapping; thus the extension to higher
dimensions required new ideas.

In 1950, Calderdn showed |7] that if # is a harmonic function on R” "',
which is non-tangentially bounded at every point x of a measurable set
EcR™=28R7*" (ie., such that given x € E, there exist a, A, M such that
lu(x)) <M for all XeTI'(x)={YeR"|Y—x|<(l+a)dist(Y,R"),
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| Y — x{ < h}), then u has a non-tangential limit at almost every x in E. In
1962, Carleson |10] obtained the same conclusion, but with the hypothesis
of non-tangential boundedness replaced by non-tangential boundedness from
below. Both proofs used a so-called sawtooth region over E, namely,
R = e, It (x). In this region, the harmonic function u is bounded. or
bounded from below, thus reducing the local question on a nice domain
(7"*') to a global question in the domain R. which is a Lipschitz domain.
In Carleson’s proof, the harmonic measure (defined below (1.1)) for the
domain R appears for the first time. Carleson’s technique played a key part
in subsequent developments.

Inspired, in part, by the recurring appearance of the regions R mentioned
above, Stein [46] posed the question of extending these results (as well as
others) to the most general domains D “for which non-tangential behavior is
meaningful.” In 1968 and 1970, Hunt and Wheeden |25, 26] took up this
question and proved that if D is a bounded Lipschitz domain in R", and u is
a harmonic function on D that is non-tangentially bounded from below at
every () in a subset E of D, then u has non-tangential limits at almost every
point of E relative to harmonic measure. This result implies the theorem of
Calderon and Carleson, and its proof was based on ideas developed by
Carleson in |10].

One of the results of this paper is an extension of the theorem above to a
class of domains in " that we call non-tangentially accessible (NTA)
domains. Their main property is that every boundary point is accessible from
inside and outside the domain by means of non-tangential balls. We call the
union of these twisting non-tangential balls corkscrews (see (3.1)). The boun-
daries of these domains are not necessarily rectifiable and need not have
tangent planes at any point. Examples of such domains are Lipschitz
domains, Zygmund domains, and quasispheres. (See |25, (2.6): 53] for
precise definitions.) Our first result is:

(6.4) THEOREM. Let D be a bounded, non-tangentially accessible
domain, and let u be harmonic in D. The set of points of D where u is non-
tangentially bounded from below equals a.e. with respect to harmonic
measure the set where u has a non-tangential limit.

We now turn to a discussion of other ways of describing the boundary
behavior of harmonic functions. The property of being non-tangentially
bounded, or bounded from below, is of an elusive nature, and difficult to pin
down analytically. In an effort to overcome this problem, Marcinkiewicz and
Zygmund [40| and Spencer |45] showed that, in the case of the circle, u(z)
has a nontangential limit a.e. df in E if and only if the area integral,
A, )" = fr_ o) |Vu(x + iy)]* dx dy, is finite a.e. df in E. Also, in 1950,
Calderon [8] showed that if ¥ is non-tangentially bounded on E < R", then
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A, (1)(x)” = [pagy dist(X, R™)' ™™ | Vu(x)* dX is finite a.e. dx in E. In 1961,
Stein [46] obtained the converse result, and gave applications to conjugate
harmonic functions.

In this paper we extend these results to N74 domains. We obtain:

(6.6) THEOREM. Let D be a bounded, non-tangentially accessible
domain, and let u be harmonic in D. The set of points of 6D where the area
integral of u is finite equals a.e. with respect to harmonic measure the set of
points where u has a non-tangential limit.

In 1978, in [16], Dahlberg took up the study of the area integral of a
harmonic function, in a Lipschitz domain D contained in R". (See also [33]
for results when n=2.)

The area integral is defined by A,(u)* (@)= [, dist(X,éD)" ™"
|Vu(X)|* dX. The non-tangential maximal function is defined by N (u)(Q) =
SUPxer, (o) [4(X)|. One of Dahlberg’s result is that N,(u) and A,(u) have
comparable L?(éD, do) norms, 0 < p < oo, where do denotes surface area of
éD. He accomplished this by proving so-called “good A” inequalities between
N_(u) and 4, (u) (see |3] for the corresponding results in R",*'). A key tool
in Dahlberg’s proof. is the fact, established by him in [15], that harmonic
measure and surface measure are mutually absolutely continuous on
Lipschitz domains; moreover, harmonic measure belongs to the
Muckenhoupt class A (do) (see [12]). Recall that a measure belongs to
A_ (dv), where dv is a measure on &D, if there exist a, € (0, 1), such that
for all Borel sets E < 4, 4 a surface ball of éD (i.e., 4 is the intersection of a
Euclidean ball with center at a boundary point, with ¢D), W(E)/v(4) < a=
u(E)/u(4) < B. It was shown in [12] that 4 belongs to A, (av) if and only if v
belongs to A _.(du).

This brings us to another source of ideas for this paper. When n = 2. the
property that harmonic measure belongs to 4, (do) holds for an even more
general class of domains than Lipschitz, namely, chord-arc domains. A
domain is called a chord-arc domain if it is bounded by a rectifiable Jordan
curve C in R?, and there exists a constant M, such that for any z,. z, in C,
the length of the arc in C between z, and z, of smaller diameter is less than
M|z, — z,|. The A, property of harmonic measure, for chord-arc domains,
was shown in 1936 by Lavrentiev |36], many years before the 4, condition
was systematically studied. The 4, property of harmonic measure is a main
ingredient in the proof of the theorem of Calderén [9] on the Cauchy
integral on Lipschitz curven. A generalization, due to Coifman and Meyer
[13], to curves satisfying the chord-arc condition (provided the constant A/
is sufficiently close to 1), also relies on 4 .. Coifman and Meyer also give a
new proof of Lavrentiev’s result, in the case when M is sufficiently close to
1. On the other hand, it is shown in |27, 28] that if D is an L{ domain in
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R", with p > n — 1, then harmonic measure on ¢D and surface measure on
¢D are mutually absolutely continuous. (An L{ domain is a domain whose
boundary is given locally in some C* coordinate system as the graph of a
function ¢, with V¢ in L”.) It is natural then to seek an analogue of the
chord-arc domains in higher dimensions. This analogue is provided by the
observation of Coifman and Meyer that if ¢’ € BMO then (x, ¢(x)), x € It
satisfies the chord-arc condition. Taking this point of view, we define BMO,
domains in R" as domains whose boundaries are given locally in some C”
coordinate system as the graph of a function ¢ with V¢ € BMO. BMO,
domains turn out to be a subclass of NTA domains. For them, we have:

(10.1) THEOREM. Let D be a BMO, domain. Then the harmonic
measure for D belongs to A .(do).

This theorem has applications to the Dirichlet problem on BMO, domains
(see (10.1)) and to area integral estimates generalizing those of Dahlberg.

Before describing further results and background material, we need to give
the precise definition of harmonic measure. Let D be any bounded domain in
R Let f be defined on ¢D. The upper class of functions U, = {u; u is either
identically 400 on D, or u is superharmonic in D, u is bounded from below,
and lim inf, ., u(X) > f(Q) for all Q € éD|. The lower class L, = {—u: u is
an upper function of —/'}. For any such f, define Hf (X) = inf{u(X), u € U,},
the upper solution of the generalized Dirichlet problem for /. Also Hf (X) =
sup{u(X), u € L,} is the corresponding lower solution. If Hf (X) = Hf (X) for
every X on D, and A(Hf)=0 on D, f is called a resolutive boundary
function. In that case, we set Hf (X) = Hf (X) = Hf (X). Wiener [54| showed
that every continuous real valued function on &D is resolutive. This fact, and
the maximum principle makes it possible to define harmonic measure.

(1.1) DeriNiTiON.  The unique probability Borel measure on #D, denoted
", such that for all continuous functions f on éD. Hf(X) = [,, fdw", is

called the harmonic measure of D. evaluated at X.

{1.2) DEFINITION. A bounded domain D is called regular for the
Dirichlet problem if, given any f€ C(@D), Hf(X)€E C(D), and
Hf (Q)=f(Q) for every Q € &D.

We note that as a consequence of Harnack's inequality, for any X,
X,ED, and any domain D, the measures w'' and w": are mutually
absolutely continuous.

(1.3) DerFInITION.  Fix a point X, € D, and denote w = w**. Then, the
kernel function K(A, Q)= (dw'/dw)(Q), the Radon-Nikodym derivative,
which exists by the previous remark.
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A vpriori, K(4, Q) is only defined for almost every (w) Q. However, for
NTA domains we have:

(7.1) THEOREM. Let D be a bounded NTA domain. Then for fixed
A€ D, K(4, Q) is a Hdlder continuous function of Q on oD.

This result has applications to the theory of Hardy spaces H” on NTA
domains D. It is new even for C' and Lipschitz domains. Fabes has also,
independently, obtained this result for C' domains. His proof, however, does
not generalize to Lipschitz or NT7A domains. We now explain the
background for the applications to H? spaces.

In 1960, in [49], Stein and Weiss generalized, to the context of <"/ "', the
classical notion of Hardy spaces of analytic functions in the unit disc. They
defined H?(R™"') to be the set of vectors u= (u,, u, ..., u,) of harmonic
functions, satisfying the generalized Cauchy-Riemann equations (these
equations are equivalent to u= VU, U harmonic in R”"'), such that the
nontangential maximal function of u belongs to L ,(*™, dx). To each such
vector u, they associated the trace of u,, on K™, and denoted by H”("™) the
set of traces. It is well known that for p > I, H?(R™)= L”(<"). For in
1970, Burkholder et al. |4| showed that if 0 <p < oo and u has non-
tangential maximal function in L?([), then its harmonic conjugate has the
same property. Thus, f&€ H?(R) if and only if its harmonic extension u has a
non-tangential maximal function in L?(R). In 1972, Fefferman and Stein
[21, 22] extended this resuit to n > 1, and showed that H'(")* = BMO. the
space of functions of bounded mean oscillation introduced by John and
Nirenberg [30]. This duality result led Fefferman to a further charac-
terization of H'(R™), in terms of atoms. An atom a is a function supported
in a ball A, with {adx=0. and |a|, < 1/|4]|. Fefferman showed that
fE€H' (") if and only if f=3"A,a,, where the a,s are atoms, and
3 144} < +oo. Coifman [11| for m = 1, and Latter |35] for m > 1 proved the
corresponding result for H?(IR™), p < 1. Recently, the atomic theory of H”
spaces has been extended to the abstract setting of spaces of homogeneous
type. (See |14, 39, 52].)

The theory of H? spaces on non-smooth domains began in {33, 34|, for
Lipschitz domains in two dimensions. There, they were considered in the
context of analytic functions, and the analogous of the results mentioned
above were found. A new feature that arose in this study is that, if one takes
the point of view of the Burkholder—Gundy-Silverstein theorem, and defines
H' in terms of harmonic functions whose non-tangential maximal function is
in L', there are two natural measures to consider, the arc length measure and
the harmonic measure. In the first case, the dual space is not the analogue of
BMO, but a weighted BMO space (see [34,42]), while the dual of the
second one is BMO. Thus, Hardy spaces relative to harmonic measure are
more natural.
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For a higher dimensional version, denote H'(D,dw)= {u:N_ (1) €
L'(dw)}. (H?(D,dw) is defined analogously.) In [19], an atomic decom-
position for the set of f=u|,,, u € H'(D, dw) as well as a duality theorem
with BMO, for C' domains, was proved. The atomic decomposition of
H'(D, dw) and the BMO duality, for D merely Lipschitz, and n > 2, thus
remained open. Other notions of H' are studied in [17, 18, 33].

In this paper we study H'(D, dw) for an arbitrary NT4 domain D. This is
the appropriate notion of H' in these domains because their boundaries need
not have a surface measure. We prove here the atomic decomposition of
H'(D,dw) and duality with BMO for any NTA domain (and hence in
particular for any Lipschitz domain). We have:

(8.13) THEOREM. Let D be a bounded NTA domain. Then,
u€ H'(D,dw) if and only if there exists f€ L'(dw), with f=Y 1.a,,
Sl < +oo, suppa;=d;, [a;do=0 and |a}, <1/w(d,). such that
u(X)= [, fdw*. Moreover, H'(D, dw)* = BMO.

We also prove that if /€ L'(dw), and u(X) = [ fdw?*, then, there exists
Po < L, depending only on D, such that for p, < p < I, the H”(D, dw) norm
of u is comparable to the inf of (3|4,|”)"”, over all decomposition of f as
Y A;a;, where the a;’s are p-atoms (see (8.6) for the definition of p-atoms).

NTA domains are closely related to the theory of quasiconformal
mappings. In this connection, we refer to the work of Ahlfors || for n = 2,
John [29], Jones [31,32], and Gehring and Osgood [24] for higher
dimensions.

We will now discuss some of the main methods and lemmas used in our
paper. A key property of NTA domains is their dilation invariance, i.e., if D
is an NTA domain contained in 7", and we dilate R", the resulting domain
will also be an NTA4 domain with the same NTA constant as D. This fact is
exploited by means of the following geometric localization theorem. due to
Jones |32]:

(3.11) THEOREM. If D is a bounded NTA domain, then there exists an
ry~ depending only on D, such that for any Q € éD, and r < r,, there exists
an NTA domain Q c D, such that B(Q.M ', r)ND < Q < B(Q, Mr)N D.
(Here B(Q,s) is the ball of radius s centered at Q.) Furthermore, the
constant M in the NTA definition for 2 (see Section 3} is independent of Q
and r.

This theorem extends previous versions due to the authors in the case of
Zygmund domains and in the case of quasispheres (see Appendix). This
geometric localization replaces in our work, the local starshapedness of
Lipschitz domains, which was a key ingredient in the work of Carleson,
Hunt and Wheeden, and Dahiberg. (See |10, 15, 25].)
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The main lemmas on harmonic measures that we use are the following:

(4.8) LEMMA. If 2r <r, (here r, is some fixed constant that depends
only on D), and X€D\B(Q,2r), then M '<w¥(4(Q,r))/
r"=21G(A,(Q), X)| < M, where A(Q,r)=B(Q,r)NéD, G(X, Y) is the Green
function of D, and A,(Q) a point in D, with M~ 'r <|4,(Q) — Q| < Mr, and
dist(4 (Q), éD) > M~ 'r (see (3.1)).

This lemma is the generalization to NT4 domains of a lemma of Dahlberg
for Lipschitz domains [15]. It is used to prove the doubling condition for
harmonic measure (see below) and the boundary Harnack principle (see
below). It is also very useful in the proof of the area integral theorem (see
(6.6) and (9.1)).

(4.9) LEmMMa (Doubling condition). w*(4(Q, 2r)) < Cyw™(4(Q. r)).

This lemma is needed (for example) in order to have the usual weak type
(I,1) and L* estimates for the Hardy-Littlewood maximal function
associated to the measure w. It also implies that D is a space of
homogeneous type (see (8.5)).

(4.11) LEmMA (Carleson~Hunt—-Wheeden lemma). Let A =A4(Q,,r),
r<ry. Let 4" = A(Q, s) = A(Q,, /2). If X € D\B(Q,, 2r), then w'¢"(4") ~
w*(4")/w*(4). (The notations are as in the first lemma stated here.)

This lemma was proved by Carleson for sawtooth regions (see 3.3 of
[10]), and by Hunt and Wheeden [25,26] for Lipschitz domains. It is the
tool that allows us to pass from quantitative global results to quantitative
local results, by means of iterations and geometric localization. For example,
it allows us to deduce, from the continuity in Q of the kernel function
K(4, Q) (5.5), its Holder continuity in Q (see (7.1)), and from the absolute
continuity of harmonic measure with respect to surface measure on a chord-
arc or BMO, domain, it allows us to deduce that harmonic measure belongs
to the class 4 (do) (see (10.1) and (2.1)).

The idea of proving the lemmas above in the stated order comes from
Caffarelli et al. |6].

Other results which follow from the localization technique are the
following:

(5.1) THEOREM (Boundary Harnack principle). Let D be an NTA
domain, and let V be an open set. For any compact set K — V, there exists a
constant C such that for all positive harmonic functions u and v in D that
vanish continuously on 8D NV, u(X,) = v(X,) for some X, € D N K implies
that C~'u(X) < v(X) < Cu(X) for all X€E KN D.
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This theorem was proved in [15,55] for Lipschitz domains. We also
obtain the following refinement of it, which is new even in the case of C' and
Lipschitz domains, and which answers a question posed by Wu.

(7.9) THEOREM. Let D be an NTA domain, and let V' be an open set. Let
K be a compact subset of V. There exists a number a > 0, such that for all
positive harmonic functions u and v in D, that vanish continuously on
éD NV, the function u(X)/v(X) is Hélder continuous of order a on K M D.
In particular, for every Q € KM éD, limy_,(u(X)/v(X)) exists.

Another useful result is the following:

(5.9) THEOREM. If D is an NTA domain, then the Martin boundary of D
is the Euclidean boundary of D.

From the above, and the general representation theorem of Martin [41].
we obtain:

(5.10) THEOREM. Let D be an NTA domain. If u is a positive harmonic
Sfunction in D, there exists a unique positive Borel measure u on ¢D such that
u(X) = |p K(X, Q) du(Q), for X € D.

In addition to the lemmas above, and the localization technique mentioned
before, we use many of the techniques of |6, 10, 15, 25, 26].

The plan of the paper is as follows: In Section 2 we explain how we were
led to the notion of NTA domain and illustrate the localization technique.
We also give several characterizations of N74 domains in two dimensions.
Section 3 is devoted to the definition of NT4 domains, and some geometric
consequences of the definition. We also prove in this section that every
Zygmund domain is an NTA domain. In Section 4 we establish the main
lemmas on harmonic measure. Section 5 is devoted to the global boundary
behavior of harmonic functions. We prove that if u is positive and harmonic
in the NTA domain D, then u has non-tangential limits a.e. (w) on D. We
also establish a global theorem (5.14) related to the area integral. In Section
6 we prove the local analogue of Fatou’s theorem, as well as the local area
integral theorem, for NTA domains. Section 7 is devoted to the study of the
Holder continuity properties of ratios of harmonic functions that vanish on a
piece of the boundary. In particular, we prove here the Holder continuity of
the kernel function. Section 8 is devoted to the atomic decomposition of
H'(D, dw), duality with BMO(&D), and results on H”(D, dw), Do <p< L
Section 9 treats L”(dw), 1 < p < oo, estimates for the area integral, as well
as a Carleson measure characterization of BMO(JD). In Section 10 we show
that in a BMO, domain, harmonic measure is in 4 _(do). We also give
applications to the Dirichlet problem in BMO, domains, with boundary data



88 JERISON AND KENIG

in L?(do), p sufficiently large. Section 11 deals with some further results and
open questions. Finally, in the Appendix we give a proof of the geometric
localization theorem (3.11) for quasispheres and Zygmund domains. In the
case of Zygmund domains, our construction is quite delicate, but the region
2 we obtain has the additional advantage of being homeomorphic to a ball.

2. MOTIVATION

In this section we will describe how we were led to the notion of a
nontangentially accessible domain and illustrate in two dimensions the idea
of localization. We will also show that in two dimensions, a simply
connected domain is non-tangentially accessible if and only if harmonic
measure for the domain and its complement satisfies a doubling condition.

We begin with a version of Lavrentiev’s theorem (see Introduction).

(2.1) THEOREM. Let D be a simply connected chord-arc domain in the
plane. Let o denote harmonic measure in D for some fixed point z, € D and
let ¢ denote arc-length of ¢D. Then w € A (do).

Proof. The procedure followed is to localize a global estimate of absolute
continuity. It is interesting to note that the condition 4, is just a uniform
version of absolute continuity at every scale.

Let 2 be a simply connected domain in the plane containing the unit disc,
|z} < 1. Suppose that 802 is rectifiable and denote arc-length measure of ¢
by o. Denote harmonic measure at the origin by w,,. The global estimate we
need is as follows. Let E denote Borel subset. E < éf2.

(2.2) For any &>0 there exists >0 such that ¢(E)<d implies
wo(E) < e0(092). (The point is that § does not depend on £2.)
Estimate (2.2) follows from [36, Theorem 6|

wo(E) < Ca(@@)|log o(E)| (2.3)

for some absolute constant C. To prove (2.3), consider the conformal
mapping ¢ from the unit disc to 2 sending the origin to the origin. Since
[271¢'(e'%)| df = 0(0R2), a crude estimate yields

5

| log" [¢/(e)] d < 0(0).
10

Moreover, since £2 contains the unit disc,

2

1 m .
L log 47(e)] d6 > log 4'(0) 0.
27[ Y0
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Thus,

| log 1¢'(e"0);d9>|'hnog~ 16(€'0) d > —a(20).

S0 ME) 0

Hence, denoting 1 = w(E) = (1/2r) arc-length (¢ ~'(E)),

O(E)Z ‘ ’¢/(ei!?)l d() > 7]6 U((’!!D’n.

o ME)

Consequently. 1 < (0(a£2) + n log 17)/|log o(E)|. and (2.3) follows if we recall
that n < 1.

Denote a disc of radius r and center Q by B(Q.r). The version of the
geometric localization required is:

(2.4) LemMMA. Let D be a chord-arc domain. There exists r, such that
for any r <r, and any Q € éD, there is a simply connected domain 2 such
that

B(Q.ry N DcQcB(Q.Mr)ND.

Furthermore, o(¢£2) < Mr and there is a point A of Q2 whose distance from
&0 exceeds M 'r. (M depends only on the chord-arc constant of D.)

A chord-arc domain is a quasicircle (see [1.37]) and hence an NTA
domain. It follows that one can construct £2 with all the properties above
except possibly the bound on ¢(d£2). (See (3.11), (A.3).) In fact, one can
even arrange that the length of ¢Q\éD is bounded by a multiple of r. This is
an easy exercise using the fact that D is an N74 domain. Finally, the chord-
arc condition implies that o(¢02 M éD) is bounded by a multiple of r.

The fact that a chord-arc domain is an NT4 domain also implies that the
lemma of Carleson, Hunt and Wheeden is valid. We state it in a slightly
different form (see (4.18)).

(2.5) LEMMA.  With the notations of (2.1), (2.4), there exists r, > 0 such
that for all ¥ < r, and all Borel sets E — A= B(Q, r)N éD.
WH(E) = w(E)w(d).
We shall prove w € 4,.(do) by finding a > 0, § < | such that
o(E) w(E)

implies ———= < f.
O(A)<a implies (U(A)<B

(Recall that w € 4 (do) if and only if 6 € 4 (dw).) Assume o(E)/o(4) < a;
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then o(E)/0(02) < Ca. We can apply (2.2) to the region £ dilated by a
factor M/r and translated so that A4 coincides with the origin. We conclude
that if Ca <J, then wjH(E)<e(M/r)o(62)< Ce. By Lemma (2.5),
w(E)/w(d) < Cwjy(E). Therefore, if « is sufficiently small, w(E)/w(d) <
Ce=p<1.

BMO,(R™) (m=n— 1) is the class of functions ¢ on R™ such that V¢ €
BMO(R™). The Zygmund class A,(R™) is the class of functions ¢ on k"
such that

up 190+ ) H ol —2) = 2000

x.2 |z]

Stein and Zygmund 51| showed that BMO, c 4,.

(2.6) DEFINITION. We call a domain D a Zygmund domain (respec-
tively, BMO, domain) when for every Q € 0D there is a ball B containing Q
and a smooth diffeomorphism #: B » R™*! such that

n(D M B) = {(x,y):y > ¢(x), x € R"} N n(B),

where ¢ belongs to the Zygmund class, A, (respectively, BMO,).

In order to prove the analogue of Lavrentiev’s theorem for BMO, domains
we need analogues of Lemmas (2.2), (2.4), (2.5). The analogue of (2.2) (see
(10.2)) follows from the Calderon—Zygmund decomposition and Dahlberg’s
estimate w € 4 ,(do) for Lipschitz domains. On the other hand, the analogue
of (2.5), the lemma of Carleson, Hunt and Wheeden is not a simple conse-
quence of known results. First of all, the geometry of a BMO, domain is just
as complicated as that of a Zygmund domain. Indeed, it is easy to show that
any function of A4, (R™"") can be extended to BMO,(R™). (Conversely, the
restriction of A4,(R™) to R™ ' is A,(R™"').) The boundary of a Zygmund
domain need not be rectifiable, but fortunately the estimate in (2.5) concerns
harmonic measure only. In order to prove (2.5) a variant of the geometric
localization (2.4) is needed. In this case £2, while it need not have rectifiable
boundary, must be something like a Zygmund domain with constant
comparable to D. It is evidently impossible for £ to be a Zygmund domain
because at the place where df2 joins 8D, 02 may not even be given locally in
smooth coordinates as the graph of a function. For this reason, we introduce
non-tangentially accessible (NT4) domains. These domains are even wilder
than Zygmund domains. In fact, the boundaries of NTA domains in <" can
have positive Hausdorff dimension « for every a < .

It turns out that a quasisphere (the image under a global quasiconformal
mapping of a ball in ") is a non-tangentially accessible domain. In fact. the
image of an NTA domain under a global quasiconformal mapping is an NTA
domain (see [24]). In two dimensions there is a close relationship between
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the various classes introduced. A simple closed curve in the plane is said to
satisfy Ahlfors’ three point condition if for any points z,, z, of the curve and
any z, on the arc between z, and z, of smaller diameter the distance between
z, and z, is bounded by a constant times the distance between z, and z,.

(2.7) THEOREM. Let D be a bounded, simply connected domain in the
plane. The following are equivalent:

(a) D is a quasicircle (the image under a global quasiconformal
mapping of a disc).

(b) @D satisfies Ahlfors’ three point condition.

(¢) D is a non-tangentially accessible domain (see Section 2).

(d) The harmonic measure for D and °D satisfy the doubling condition
(in the form stated below).

The only new aspect of this is the equivalence with (d). The equivalence of
(a) and (b) is due to Ahlfors [1]. The equivalence of (a) and (c) is due to
Jones ([31]: see also [24]). The fact that (c) implies (d) is proved in (4.9).
We will now prove that (d) implies (a).

A homeomorphism f from the unit circle S' to itself is said to satisfy the
doubling condition if for any pair of adjacent arcs I, and I, of S', of equal
length, we have | f(I, U L,) < C|f{{,). (]| denotes arc length on S'.)

(2.8) LEMMA. Denote by ¢ (respectively, w) a conformal mapping from
the unit disc to D (respectively, the complement of the unit disc to °D).
Define f:S' — S by f(e'®) = ¢~ 'w(e'®). If f satisfies the doubling condition,
then D is a quasicircle.

This lemma (see [37]) is a key step in one proof of Ahlfors’ theorem |1].

Suppose that D satisfies (d). Denote by w harmonic measure for D with
pole at ¢(0). If V' is an arc of the unit circle, then w(¢(V)) =|V|/2x. Thus we
can state the doubling condition for interior and exterior harmonic measure
of D in the following form. Let ¥, and V', be consecutive arcs of S'.

(2.9) If diam ¢(V,) < diam (¥, ). then | V,| < N |V, |.
(2.10)  If diam y(V,) < diam w(V,). then |V,| < N |V,

Now suppose that I, and /, are consecutive arcs of S' and |/,|=|/,]|. It

suffices to show

diam y(/,) < C diam w({/,). (2.11)

In fact, (2.11) and (2.9) imply the hypothesis on f in Lemma (2.8).
Denote w(f,) by (z,,z,), where z, and z, are the end points of w(/,).
Similarly, w(l,) = (z,, z;). There is a natural ordering of D inherrited from
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the circle via the mapping y. Let r = diam y(/,). Choose the first point w,
on (z,,z;) at distance r from z,. If no such point exists, then
diam w(/,) < 2r. For j > 2, choose the first point w; on the interval (w; ,.z,)
of D at distance 2/~ 'r from w;_,. If none exists, then stop. This procedure
always ends. If it stops at stage k. then diam w(/,) < 2*r. Moreover, for each
Jj, diam(z,, w;)< 2r=diam(w;, w;, ). Now by (2.10), N '|[,|<
N~y "z, w)l <lw ™ '(w;, w;, ). Since |I|={l,], it follows that
k< N+ 1, and thus (2.11) holds with C=2""",

One further remark that is special to two dimensions is in order. A
domain satisfying only the interior conditions for a non-tangentially
accessible domain is called an (e ¢) domain or uniform domain |24, 32|
When the domain is simply connected, the interior conditions imply that the
exterior is also a uniform domain. (And thus the domain is an NTA domain.)
However, the doubling condition for harmonic measure in D above does not
imply the doubling condition for the complement of D as simple examples
show.

In higher dimensions we mention one result that will be stated more
precisely and proved in Section 11. Let fbe a continuous function on the unit
interval f(0)=0, f{y)>0 for y>0. Denote D= {(x,1):|x]<f(»)
x€R™ 0<y< 1} If harmonic measure in D satisfies the doubling
condition, then D contains a cone at the origin, i.e.. if 0 <y < 1, f(¥)> e
for some ¢ > 0.

For the reader’s convenience we will chart the known relations between
the various classes of domains that have been introduced.

In the plane, for simply connected domains we have:

(i) BMO,& chord-arc.

(ii) Chord-arc< quasicircle.

(ifi) Zygmund class< quasicircle.

(iv) Quasicircle = non-tangentially accessible.

In R" for n > 2, for domains homeomorphic to a ball, we have:

(i) BMO, c Zygmund class.

(it} Zygmund class © NTA.

(iii) Quasisphere « NT4.

Moreover, any Zygmund domain can be locally obtained as the intersection
of a BMO, domain with a hyperplane. It is an open question in dimensions
greater than two whether 2 Zygmund domain is a quasisphere.
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3. NON-TANGENTIALLY ACCESSIBLE DOMAINS

For a point P and subset S of ", denote the Euclidean distance between
P and S by d(P, §) = inf{|P — Q|: Q € S}. Likewise, let d(S,. S,) denote the
distance between two subsets of R". A ball will be denoted B(A4,r)=
{P:|P—A| <r}. An M-non-tangential ball in a domain D is a ball in D
whose distance from ¢&D is comparable to its radius: Mr>
d(B(A, r),éD) > M~ 'r. In what follows M will be some fixed constant that
will depend only on D. For P, and P, in D, a Harnack chain from P, to P,
in D is a sequence of M-non-tangential balls such that the first ball contains
P, the last contains P,, and such that consecutive balls intersect. Notice
that consecutive balls must have comparable radius. By Harnack's principle.
if u is a positive harmonic function in D, then C~'u(P,) < u(P,) < Cu(P,).
where C depends only on M and the length of the Harnack chain between P,
and P,.

A bounded domain D in <" is called non-tangentially accessible
(abbreviated NTA) when there exist constants M and r, > 0 such that:

(3.1) Corkscrew condition. For any Q€ @&D, r <r,. there exists
A=A(Q)E D such that M 'r <|A — Q| <r and d(A4.¢D)> M 'r. (The
ball B(4.1M 'r)is 3M-non-tangential.)

(3.2) D satisfies the corkscrew condition.

(3.3) Harnack chain condition. If ¢>0 and P,, P, belong to D,
d(P;,dD) > ¢ and | P, — P,| < Ce, then there exists a Harnack chain from P,
to P, whose length depends on C, but not €.

Remarks. 1t is easy to see that Lipschitz domains are NT4 domains. We
will prove below that Zygmund domains (see (2.6).(3.6)) are also NTA4
domains. Another example of an NTA domain is a quasisphere (see
Section 2, |24, 32]). In fact. the class of NT4 domains is invariant under
quasiconformal mappings of 7"

The corkscrew condition is so named because the union of non-tangential
balls of radius M~ 'r as r tends to zero forms a non-tangential approach
region tending toward Q. which is a twisting (possibly disconnected)
replacement for the usual conical approach region in Lipschitz domains. The
exterior corkscrew condition (3.2) implies that N74 domains are regular for
the Dirichlet problem (1.2). The main use of the exterior corkscrew condition
is to construct uniform barrier functions (see (4.1)).

Condition (3.3) allows us to connect the interior corkscrews. This can be
done in dyadic fashion. The points 4,(Q) and 4,,(Q) from (3.1) are
connected by a Harnack chain whose length depends only on M and whose
balls all have radius approximately r. A similar argument, which is left to
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the reader, shows that (3.1) and (3.3) combined are equivalent to a single
condition:

(3.4) If €>0, P,, P, belong to D, d(P;,&D) > ¢, and |P, — P,| < 2,
then there is a Harnack chain from P, to P, of length Mk. Moreover, for
each ball B in the chain, radius (B) > M ' min(d(P,, B), d(P,, B)).

Harnack’s principle implies (replacing M by a larger constant that
depends only on M and which is denoted again by M):

(3.5) If P, and P, are as in (3.4), then every positive harmonic function
in D satisfies

M~*u(P,) < u(P,) < M*u(P,).

Condition (3.4) has also arisen in the work of Jones on extension domains
and quasiconformal mapping (see |24, 31, 32]).

(3.6) PROPOSITION. A4 Zygmund domain is a non-tangentially accessible
domain.

Proof. The properties of Zygmund domains we shall verify are local
properties, invariant under any mapping that preserves distance in K" up to
a bounded factor. Hence, we need only consider the special domain
D={(x,y)y>d(x),x €ER™} with ¢ in the Zygmund class, 4,. Moreover,
replacing ¢ by ¢¢, we may assume that |8, is small.

Let & be a smooth, non-negative even function on R™ with compact
support, | 8(x) dx = 1. Denote #,(x)=r "6(r 'x) and ¢,(x) = $*6,(x).

(3.7) LemMA. [f |z —x| < 10r, then |¢(z) — ¢{x) — Vg (x)(z — x)| < ar,
where a denotes an absolute constant times |||, .

{(3.8) Remark. This estimate characterizes the Zygmund class. For this
fact and a far more general result, see Nagel and Stein [43]. The charac-
terization provides an excellent geometric picture of ¢: For each x and each
r > 0, there is an approximate tangent plane to the graph (z, ¢(z)) given by
the graph of the linear function of z, ¢(x) + Vg,(x) - (z — x).

To prove (3.7), we first observe that

19.(x) — ¢(x)] < ar. (3.9)

In fact, because € is even
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19,600 = 900l =4 | [ (9lx +2) +6(x —2) = 20(x)) 6,(2) dz

<Higly, [ 121 6:42) dz

=419l r | 12 6(z) dz.

which proves (3.9).
Next,

19(2) — ¢(x) = V§,(x) - (z —x)
<19(z) = 6,(2) + [8,(x) — d(x)| +9,(2) — ,(x) — V4,(x) - (z — ¥

The first two terms are controlled by (3.9). The final term equals

)~\ (2 — Xz, — %) ¢(§)J

c'?é ¢

where ¢ is some point on the segment joining x to z. It is therefore enough to
show

6,0 ] <ar'. (3.10)

dé 86

Denote w(x) = (6/0x;)(6/0x;) 6(x). y is even and has mean value zero.
Hence,

¢<¢)] ]|¢<) L -y

'(’35 8¢, ¢, 96

o ]_|' O+ 2) + 9 —2) — 20()) v, (2) d=

<57 ol 121wl dz

= <%H¢HA]‘ ’Zf ‘y/(z)‘ dz) r ! Sar“'_

We now check the corkscrew condition (3.1) in the domain D. Denote
= (x, ¢(x)) and 4,(Q) = (x, ¢(x)) + rN, where

N = (=Vg.(x), )/I(=V¢,(x), 1)].

607/46/1-7



96 JERISON AND KENIG

A, (Q) is the point above the graph of ¢ at distance r from Q along N, the
unit normal to the approximate tangent plane {(z, ¢(x)+ V@,(x)(z — x)):
z€R™}. Thus |4,(Q)— Q| =r. If |z~ x| < 10r, then

144Q) — (2, $(2))| = I(x, 6(x)) + rN — (z, $(2))
2|rN —(z = x, V9,(x) - (z — x))|

— (0, 6(x) — 6(2) + Vo,(x) - (z — x))|

>r—ar,

by Lemma (3.7) and the fact that N and (z — x, Vg,(x) - (z — x)) are perpen-
dicular, If |z—x|>10r, then |4,(Q)—(z,6(z))>9%. In all, r>
d(A,(Q),éD) > (1 —a) r. This proves (3.1). The exterior condition (3.2) has
a similar proof.

To obtain a Harnack chain between points P, and P, satisfying the
hypothesis of (3.3), let Q; be points of D closest to P;. Denote ¢, =|P; — Q;|,
=12

Case 1. t, > 155 Ce, t, > 155 Ce.

For sufficiently small ¢, Lemma (3.7) implies that the segment joining P,
to P, is farther than 107Ce from D. Thus, a sequence of 2 X 10° balls of
radius 5 min{¢,, f,) with centers on that segment form a Harnack chain
from P, to P,.

Case 2. 1, <55 Ce.

Then ¢, <t, + Ce < (1 + 155) Ce. For sufficiently small a, the chain of
balls B(d4,,,(Q,), (9/10) 2/t), j=0, 1., k;, where Ce < 2%, < 2Ce, links
P, to the point P, =A #.,(@)- Note that |P, — 0,]<2Ce, and
d(P,,0D) > 1Ce. Also, k, <log, C + 1, so the length of the chain depends
only on C. Slmllarly, there is a chain from P, to P2 such that |P, — 0,1
2Ce and d(P,,dD) > 3Ce. Hence, |P,—FPy)| < [P~ Q| +]0,— 0y +
|P, — Q,| < 10Ce. Therefore, P, and P, can be linked in the same way as in
Case 1.

We will need a local version of non-tangential accessibility.

(3.11) THEOREM. If D is an NTA domain, then for any Q € D and
r < ry. there exists an NTA domain £ < D such that

B(Q,M~'r)ND<Q2c B(Q,Mr)ND.

Furthermore, the constant M in the NTA definition for 2 is independent of Q
and r.

This theorem is due to Jones (see [32]). The region £ is the analogue of
the inverted cone or Carleson box frequently used in Lipschitz domains. A
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direct construction of £ in the case of Zygmund domains and quasispheres
will be presented in the Appendix. The proof for quasispheres is quite simple,
but the one for Zygmund domains is somewhat delicate. The key point of
Jones’ theorem, which obviates our constructions, is not to demand that £ be
homeomorphic to a ball.

4, ESTIMATES FOR HARMONIC MEASURE

In this section we will prove several lemmas about harmonic measure.
First, we make a comparison of harmonic measure to the Green function
(4.8). Next, we deduce the doubling condition for harmonic measure (4.9).
Finally, we obtain the Carleson-Hunt—Wheeden lemma (4.11) and the
estimate (4.14) on the kernel function K(P, Q) that implies that the non-
tangential maximal function is dominated by the Hardy—Littlewood maximal
function with respect to harmonic measure (see Theorem (5.8)). The
approach here is similar to that used Caffarelli et al. [6] to prove estimates
for divergence class operators with bounded, measurable coefficients in
smooth domains. In particular, the proof of Lemma (4.4) is taken from there.
This lemma is the key one in Carleson’s paper |10, p. 398].

We will assume throughout this section that D is a bounded non-
tangentially accessible domain. The constants involved in the definition
((3,1), (3.2), (3.3)) and its consequences ((3.4), (3.5)) will usually be
denoted M. But occasionally M will be replaced by a larger constant that
depends only on the previous value of M.

(4.1) LEMMA. There exists > 0 such that for all Q € 8D, r <r,, and
every positive harmonic function u in D, if u vanishes continuously on
DM B(Q. r), then for X € DN B(Q, r),

uX)<M(X = Q1 r ")’ Clu),
where C(u)=sup{u(Y): Y € 8B(Q,ry D}.

Proof. Define the harmonic function v(X) in B(Q, r) " D with boundary
values

v(X)=1, X€E&BQ.r)ND,
=0. X€EBQ.rNeéb.

By the maximum principle, w(X)<v(X), so it suffices to show
v(X) < M(| X — Q| r")’. The exterior corkscrew condition (3.2) implies that
for some r’', M~ 'r<r' <r, éB(Q,r' ) D contains at least some fixed
fraction of the full surface measure of dB(Q, r'). By the maximum principle,
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v is dominated by the Poisson integral on the ball B(Q, r’) of a function that
is 1 on 6B(Q, r')M D and 0 on éB(Q, r') M °D. An easy lower bound for the
Poisson kernel of the ball yields v(X) < 1 —¢ for X € ¢B(Q, 1r') M D, where
¢ depends only on M. In particular, since ' > M~ 'r, v(X)< 1 —¢ for
X € 8B(Q, 1M 'r) N D. lterating this procedure, we obtain

o(X) < (1 —¢)k for X € B(Q, M Y ' r)n D.

In other words, for some 8 > 0 depending on M, v(X) < M(X — Q|r ")*, as
desired.
Recall that a surface ball is defined by

A(Q. ry=(@D)M B(Q, r).

(4.2) LEMMA. Let r <r,. If Q€ 0D and A,(Q) is given by (3.1), then

ot A(Q,0r))y=>M""'  forall X € B(A,(Q). 1M 'r).

Proof. Let v be as in (4.1), By the maximum principle, w*(4(Q, ér)) >
[ —v(X) for X € B(Q,r)MN D. In particular, let A’ be a 3M-non-tangential
point such that M *r<|4’'—Q|<iM 'r; then ' (4(Q.2r))>
I —v(A’) >¢. Since A’ can be connected to B(4,(Q),+M 'r) by a Harnack
chain of length depending only on M, the lemma follows from Harnack’s
principle. (The value of M appearing in the conclusion of the lemma may be
larger than the previous value.)

Let G(X, Y) denote the Green function of D. (We will use the convention
that the Green function is subharmonic and negative.) If r < r,, then for
X € D\B(4,,(Q). r/4M)

" G(X, X, () < Mo™(A(Q, 7). (4.3)
This follows from (4.2), the estimate |G(X, 4,,,(0) < M|X ~A4,,(0) "
and the maximum principle in D\B(4,,(Q).r/4M). The estimate
|G A, Q) <M X —A,,(Q) " is valid for X € D\B(A, ,(Q). r/4M)

even when n =2, by comparison with the Green function of the region
exterior to a ball provided by the exterior corkscrew condition.

(4.4) Lemma ([6; 10, p.398]). If u is harmonic in D, u>>0, and u
vanishes continuously on A(Q, 2r), then

u(X) < M'u(4,(Q))

Jor all X € B(Q,r)M\ D for some M' depending only on M.
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Proof. Let Q,€ aD. If u vanishes on 4(Q,.s) then by Lemma (4.1),
there is M, depending only on M so that

suplu(X): X € B(Qy, M, 's)N D} <3 suplu(X): X € B(Q,.s)ND}.  (4.5)

Normalize u so that u(4,(Q))=1. By (3.5) there is a constant M,
depending only on M, such that if u(¥Y)> M" and Y € B(Q, )N D, then
d(Y,8D) < M "r. Choose N so that 2% > M,. Finally, let M’ = M"%, where
h=N+3.

Suppose that there exists Y,E€ B(Q,r)MD such that u(Y,)>
M'u(A,(Q))=M5. Then d(Y,,éD)<M;'r and if Q, is a point of &D
nearest to Y,. |Q — Q| <r+ M, "r <3r. Applying (4.5):

sup{u(X): X € B(Q,. M, "**r)" D}
> 2% sup{u(X): X € B(Q,, My "r)y > M"H,
Hence, we can choose Y, € B(Q,, M, "*¥)M D such that u(Y,) > M**'. As
before for Yy, d(Y,,8D) <M, " 'r. Let Q, be a point of éD closest to Y.
Continuing in this manner we obtain two sequences, {¥,} and {Q,} such that
w(Y)>MiE d(Y,,0D)=|Y,— Q| <M7" ¥, and Y € B(Q_y,
M " k+¥y™ D, This contradicts the continuity of u at 4(Q, 2r) provided we

can show that the sequence B(Q, ,,M " ***r)is contained in B(Q. 2r). In
fact,

IYA_Q]<]YA-“QA-|+]Q/<“Yk—1|+\Yk71—Q}
SMIP"HEE M 1Y, -0l

Since | Y, — Q] < r, we have

Y= QI<r+ Y (M "+ M7y r < 2r,

j=1
because =N + 3.

WMA(Q ) KM GX. A,(0))] (4.6)

for X € D\B(Q, 2r), 2r < r,.
To prove (4.6) fix X € D\B(Q, 2r) and define

g(P)=G(X.P), PED,
=0. PED.
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g is continuous in R"\{X} and subharmonic. For all P € R"\(6D U {X}),

gP)=—¢, ((X—PF "= 0Pl "d0'@). @)

(X -~ P|*~" is replaced by log | X — P| when n=2.}

By Fatou’s lemma, [,,|Q — P|*~" dw*(Q) < oo for all P € &D. Moreover,
if we choose P;— P non-tangentially, that is, | P, — P| < Md(P;, &D), then for
all Q € oD,

|Q—P|<|Q—PF)|+|P,—P|<(M+1)|Q— P

Therefore, by dominated convergence (4.7) is valid for all P € R"\{X}.
For any ¢ € CP(R") satisfying ¢(X) = 0,

|, 8Py 46(P) aP
=—c, JW ;lX—Plz‘” —LD |P— Q™" dw*(Q){ A¢(P) dP
=c,| | 1P~0QP"44(P)dPdw*(Q)

=—| #Q)a’©)

Choose ¢ >0 so that ¢ =1 on 4(Q,r), ¢ vanishes outside B(Q,3r) and
(8/0x )(&/éx;) ¢| < Mr~*. Then

0" (4@ )< #0)dw*(Q)

=~ | sPrasPrap<|  |glP)|de(p) dp

r)

<M |GX,ALQ) r* 7, by Lemma (4.4).

Combining (4.6) and (4.3). we obtain the generalization of a lemma of
Dahlberg [15].

(4.8) LEMMA. If 2r < r, and X € D\B(Q, 2r), then
M~ <™ 4(Q, n)/r T |GX, A,(Q)) <M.

(We have replaced M’ by M, since M’ is just a constant depending on the
previous value of M.)
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Observe that in (4.8) the estimate is uniform as X tends to D\A(Q, 2r).

(4.9) LEmma (Doubling condition). @*(4(Q. 2r)) < Cyw™(4(Q. r)).

For 2r < r,, (4.9) follows from (4.8) and Harnack’s principle. For large r
it follows from (4.2) and Harnack’s principle.

(4.10) LEMMA. Let r be such that Mr <r,. Suppose that u and v are
positive harmonic functions in D vanishing continuously on A(Q.Mr) for
some Q € éD and that u(4,(Q)) = v(4,(Q)). Then M~" < u(X)/v(X) < M for
all X€ B(Q.M " 'r)N D.

Proof. Let 2 be the NTA domain of Theorem (3.11) such that
B(Q,2M " 'r)ND c 2 < B(Q, 3Mr)N D.
Denote
L, = {(P€oQ\oD: d(P,éD) <M 'r},
L,={PEJ:d(P.éD)>M 'r}.
L, clearly contains a surface ball {of £) of radius comparable to r. Covering
L, with a finite union of balls of size a small constant times r in order to
apply (4.8), we find that w§(L, U L,) < Mwy(L,) for X € B(Q, M ~'r)N D.
Lemma (4.4) implies u(X) < Mu(4,(Q)) for X € 2. By the maximum prin-
ciple, since u vanishes on 82 M éD, u(X) < MwpH(L, U L,) u(4,(Q)). On the
other hand, Harnack’s principle and (3.3) imply v(X) > Mv(4,(Q)) for all

X € L,. Hence, v(X) > Mv(4 ,(Q)) wh(L,) for all X € 2, and Lemma (4.10)
follows.

(4.11) LEMMA. Let A=A4(Q,.r), r <ry. Let 4" =A4(Q,s) < A(Qy,1r/2).
(0, Q, € 8D.) If X € D\B(Q,, 2r), then
wA,(QM(A/) ~ (UX(A’)/(,UX(A).

(C, ~ C, means that the ratio of C, and C, is bounded above and below
by a constant depending only on M.)

Proof. By (4.8),
w(4) > r""? | G(X, A,(Qy))]+
w*(d") =" |G, A(Q)),
and

w0 (47) ~ 5" |G(A,(Q,), A,(Q))

-
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Thus it suffices to prove

|G(A4,(Q0), A(Qo)) = " " |G(X, A (@) |GX, 4,(Q)) - (4.12)

Let u(Y)=G(A4,(Q,), Y): v(Y)=G(X,Y) Choose a point 4 such that
|4 —ALQ)=3M," and d(4,6D)>1M,". Then u(A)~r'"" and v(4) =~
|G(X, 4,(Q)). Now apply (4.10) to appropriate multiples of » and v, and let
Y =A4,(Q) to obtain (4.12).

(4.13) Notations. Fix a point X, € D and denote w = w™. Denote
K(4, Q) = (dw/dw)(Q), the Radon—-Nikodym derivative, which exists by
Harnack’s principle.

The doubling condition (4.9) implies K(4, Q) = lim w*(4")/w(4’) a.e. (w),
as 4’ shrinks to Q. A priori, K(4, Q) is only defined for almost every (w) Q.
Actually, K(4, Q) is a Hdlder continuous function of Q as we will see later

((5.5), (7.1)).

(4.14) Lemma. Ler A =A,(Q,), Q, € aD, d4,=A4(Q,,2r) and
R;=4\;_,. Then supiK(4,Q): Q€ R;} <c;/w(d,), with ¢;<CM2~".
a > 0, M depend only on D, (C depends only on the choice of X,.)

Proof. First consider j such that 2/r <r,, Pick a small surface ball
A" R;. Denote A;=4,,(0,). By (411), w'(4')~w(d')/w(d,). By
Lemmas (4.1) and (4.4),

Af 41 Aj( At ‘A — Q0| b (U(A,) —jB
wi(4") < Mo'(4") <~———2jr ) gM———w(Ai)2 .
Hence w'(4')/w(d") < M2 */w(4,), and ¢; < M2,
There is only a finite number of j for which R; is non-empty and 2/r > r,.
Thus it is enough to show that sup{K(4, Q): Q € éD\A(Q,. r,)} < C.
Choose 4’ = éD\A(Q,, r,). By (4.4) and Harnack’s inequality w"'(4'} <
Moy '@ (4') < MPw(d").

(4.15) LeMMA. Let A=A(Q,,r)., r<r,. Then sup{K(X,0):0¢€
oD\A} -0 as X - Q.

Proof. Let A’ be a small surface ball about Q. As in the proof of
(4.14), w )< M w(d’) for X€EB(Q,.r/2)ND. Since w*’)
vanishes continuously on B(Q,.r/2)MéD we deduce from (4.1) the
stronger estimate: w¥(4') <K M w(d)(|X —Q,/r ")*. Thus K(X, Q)<
M| X — Q,] r ")?, and the lemma follows.

Let us add a few variants on the preceding lemmas. Let £ be as in (3.11)
for the distance r and boundary point Q. Choose 4 € 2 such that
d(A4, 802) > M " 'r. Let G,(X) denote the Green function for D with pole at
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X, (see (4.13)) and denote by G,(Y,X) the Green function for £. Let
A=B(Q.M *r)NéD. Choose Y so that M 'r>|4d—Y|>M ’r and
d(Y,02) > M *r. By comparison with the Green function for the exterior
and interior of a ball we find that |G,(Y,4)|~r""". By Lemma (4.8) and
Harnack’s principle, |G,(Y)| =~ r*~"w(4). Therefore, by Lemma (4.10)

1

G4, X)~ G, (X)/w(d) forXe B(Q.M “r)NnD. (4.16)
Using (4.16) and (4.8) we obtain

wH(A") = (4" w(4) for any surface ball 4’ < 4. (4.17)
From (4.17) and (4.11), we deduce that

wH(E) ~ w(E)/w(d) for any Borel set £ < A. (4.18)

5. GLOBAL BOUNDARY BEHAVIOR OF HARMONIC FUNCTIONS

(5.1) THEOREM (Boundary Harnack principle). Let D be an NTA
domain and let V be an open set. For any compact set K <V, there exists a
constant C such that for all positive harmonic functions u and v in D that
vanish continuously on eD NV, u(X,) = v(X,) for some X, € DM K implies

Cl'uX)<v(X)y< Cu(X) foralX€ KN D.

See [15. 55] for the case of Lipschitz domains. Theorem (5.1) is an
immediate consequence of Lemma (4.10).

For the rest of the theorems of this section we need a better understanding
of K(X, Q) defined in (4.13).

(5.2) LEMMA. Let D be an NTA domain. Let u be harmonic and positive
in D and continuous in D\{Q,}. where Q, € éD. If u=0 on aD\A(Q,. r).
then for all X € D\B(Q,, Mr).

u(X) >~ u(4,(Qy)) w0 (4(Qq. 1)).

Proof. By the Harnack chain condition (3.3), we can replace 4,(Q,) with
a (non-tangential) point 4 of dB(Q,, Mr). Cover (6B(Q,. Mr))éD with a
finite collection of surface balls of 8D of size roughly r, disjoint from
A(Qy, r). Both u(X) and u(4) w*(4(Q,,r)) vanish continuously on these
surface balls. Lemma (4.10) and (4.2) and Harnack’s principle imply the
desired estimate for all X € D M 8B(Q,, Mr). The full estimate then follows
from the maximum principle.
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A kernel function in D at Q € éD is a positive harmonic function u in D
that vanishes continuously on @D\{Q} and such that u(X,) = 1. (X, is fixed;
see (4.13).)

(5.3) LEemMmA. Let D be an NTA domain. There exists a kernel function
u at every boundary point.

Proof. Let Q € éD, and denote u,(X)= w*(4(Q,2 ™))/w(4(Q,2"™)).
Note that by (4.13), u,,(X,) = 1. By Harnack’s inequality, there exists a non-
zero harmonic function u such that u,, —» u uniformly on compact subsets of
D. As in the proof of (5.2), u (X) <Mu (A (Q) 0™ (A(Q, 1)), for r> 27"
Fix r and let m;— c0. We conclude that u(X) vanishes on éD\A(Q, 2r) for
any r > 0. Thus u is a kernel function at Q.

(5.4) LEMMA. Suppose that u, and u, are two kernel functions for D at
Q. Then

M'<u,(X)/u,(X)<M  forall X E D.

Proof. Since u,(X;)=1, (5.2) implies u,(4,(Q)) w(Q.r))~1 for all r.
Applying (5.2) again, we have u,(X)=~ " (4(Q,r))/w(d(Q,r)) for all
X € D\B(Q, Mr). Choose a subsequence r; as in (5.3) so that

lim @*(4(Q. r))/w(4(Q. 7)) = u(X)

uniformly on compact subsets of D. Then u,(X)~ u(X). Similarly, u,(X)~
u(X), and (5.4) follows.

Using (5.4) and the general theory of Martin boundaries [41], one can
now deduce:

(5.5) THEOREM. Let D be an NTA domain. There is exactly one kernel
function at Q € éD. It is given by K(X, Q) =lim,_, w*(4(Q, r))/w(4(Q. ).
The limit exists for all Q. K(X, Q) is a positive harmonic function of X for
X € D and a continuous function of Q € dD.

Direct proofs of (5.5) using (5.4) can also be found in [6, 26].

(5.6) Notations. A non-tangential region (or corkscrew) at Q € 8D is
denoted by I' (Q) = {P € D:|P — Q| < (1 + a)d(P, dD)}. The non-tangential
maximal function is denoted N, (u)(Q)=sup{|u(P):PE,(Q)} for u
defined in D. The value of « is often of little importance, in which case we
write N(u)(Q) to mean N_(u)(Q) for some (or any) value of a. The usual
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Hardy-Littlewood maximal function with respect to w=w"" is for
f€ Li(dw),

M (S NQ) = su |/(Q")i de(Q').

1 .
P G0 )
ro(4(Q. 1) Jaw.n
We say that u converges to f non-tangentially ar Q if for any a, u(X)
restricted to I, (Q) converges to f(Q) as X - Q.
As a consequence of the doubling condition (4.9), the usual estimates on
the maximal function hold:

w{Q: M, f(Q)> A< (C//U ”f”l‘l(dw)'
Hwa”Ll’(dw) <C, 01 ptctny I <pgoo. (5.7

(5.8) THEOREM. Let D be an NTA domain, f€ L'(dw) and define
w(X) = [opf(Q) K(X, Q) dw(Q). Then N,(u) Q)< C, M (f)Q). and u
converges to [ non-tangentially a.e. w. Thus u is the harmonic extension of f.
Moreover, if u is a finite Borel measure on 6D and du=fdw + dv, v is
singular w.rt. w, and u(X)={,, K(X.Q)du(Q), then u converges non-
tangentially to [ a.e. w.

Proof. The estimate N(u)(Q)< C_(f)Q) follows from Lemma (4.14).
Nontangential convergence a.e. w then follows from a well-known argument
using Lemmas (4.9) and (4.15). (See for example, Hunt and Wheeden [25].)

The Martin boundary [41] of a domain D is identified with the collection
of kernel functions on D. A consequence of Theorem (5.5) is:

(5.9) THEOREM. If D is an NTA domain, then the Martin boundary of D
is the Euclidean boundary of D.

The representation theorem of Martin [41]| can be expressed in our case
as:

(5.10) THEOREM. Let D be an NTA domain. If u is a positive harmonic
function in D, then there exists a unique positive Borel measure u on éD such
that

u(X)=| K(X.0)duQ)

(5.11) COROLLARY. If u is a positive harmonic function in D, then u has
non-tangential limits a.e. w.

(5.12) Remark. If u is bounded in D, then u(X)= |,, K(X, Q) g(Q) dw
with g € L*(dw).
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In fact, adding a constant to ¥ we may assume that O < u < C. Thus u is
represented in (5.10) by a positive measure u. Let A4 =A4(Q,r) and
A=A4,0). By (4.11) and (4.2), w(4) K(4, Q") >M ' for Q' € A. Hence

A .
D) p [ KA, Q') du(Q') < Mu(d) < MC.
w(4) YA
Therefore, ¢ is absolutely continuous w.r.t. w and g = du/dw < MC.
To conclude this section, we prove a result related to the area integral (see

Theorem (6.6)). We will make use of a theorem of Riesz {2, Chap. IX,
paragraph 5|:

‘ (5.13) THEOREM. Suppose that v(X) is subharmonic in D. Then
Jp AX)G(X, X,)| dX < o0 for some X, € D if and only if v has a harmonic
majorant. Moreover, if v* denotes the least harmonic majorant of v, then for
al YED,

o(Y)=v¥(¥) +| dv(X)G(X. Y)dX.
=D
From now on we will denote G(X) = G(X, X,). (Recall that w = w*9.)

(5.14) THEOREM. Let D be an NTA domain. If f€ L*(dw). | fdw =0
and w(X) = [, f(Q) dw*(Q), then

| 1Vul |G ax=4] Q) de(@) < oo

“én

5

Conversely, if u is harmonic, u(X,)=0, and |,|Vu|* |G(X) dX < o, then
there exists f€ L*(dw) such that u(X) = [,,f(Q) dw*(Q) and u approaches
[ non-tangentially a.e. w.

Proof. Suppose that f is continuous on éD and | fdw =0. Let u(X)=
(@) dw*(Q). Let v(X)=u(X)’. Then Av=2(Vu[*>0. v has a
harmonic majorant because it is bounded. Therefore, by Theorem (5.13),

p(Xg) = v*(X,) = 2| |Vu(X)?|G(X) dX.
Note that v(X,)=0 and v*(X,) = [,,f(Q)* dw. Hence,
4 j‘mf(Q)z do(Q) = | |Vu(X)* |G| X,

Now let f€ L*(dw) with [fdw=0. Choose continuous functions f;
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approaching f in L? norm. If u and u; denote the harmonic extensions of f
and f;, respectively, then Vu; approaches Vu uniformly on compact subsets
of D. Therefore

[ 1Vu? |GX)| dX <sup lim | |Vu (X)) |GX)| dX
-D K /2L 0K

<supd | /(@) dw < .
7 San
Now a simple limit procedure implies that

|, VP 1GU0laX =1 | F(Q)* de(Q)

c oD

For the converse, let » = %’. Since [, |Vu|> |G(X)| dX < oo. v has a least
harmonic majorant v*. Both u+ (1l +0¢*) and (1 +¢*) are positive
harmonic functions in D. Therefore, by Theorem (5.10),

uX)=u+(1+ ¥ = (1 +0%) =] K(X,Q)du(Q)

for some finite Borel measure u. If all we wanted to conclude was that u has
non-tangential limits a.e. w, we could stop here and apply Theorem (5.8).
However, if du = g dw + dv, where v is singular with respect to w, we wish to
show that v=0 and g € L*(dw).

Step 1. v=0.

(5.15) LEMMA.  If u(X) = | ., K(X, Q) du(Q), then for any &> 0, there
exists a closed set F< oD and a (sawtooth) NTA domain . such that
w(@D\F)<¢, d2,MéD=F, u is bounded on Q. If w,=w}" denotes
harmonic measure on 082, for a point X, of 2., then w, and w are mutually
absolutely continuous on F. Moreover, w (602 \F) < Me.

Proof. Let F be a set on which u is non-tangentially uniformly bounded.
The sawtooth domain is constructed exactly as in Lemma (6.3). The only
additional property we have stated here is that w(¢Q\F) < Me. To prove
this recall from (6.3) that w*(6D\F)> M ™' for all X € 9Q,)\F. By the
maximum principle,

w,(6Q\F) < Mw(éD\F) < Me.

It is easy to see from the proof that we can arrange for {2, to increase to D
as ¢ 0.



108 JERISON AND KENIG

(5.16) ProposITION [2]. If 0, increase to D and f is a continuous
Sfunction on D, then

| (@) do’@=Tim | f(Q)dwi(Q)

We now proceed with Step 1. By (5.12), there exists f,€ L™ (dw,) such
that u(X) = [,0,/(Q) dw}(Q). Denote the Green function at X, of 2, by
G(X)=G,X, X,). By the maximum principle, | G (X)| <|G(X)|. By the first
half of Theorem (5.14),

| Q) do@)=2] VU |G X)X

“EQg
<2 |Vu(X)|G(X) dX = C < 0.

Fix X € D; then

wX)=|  [(Q)dw(Q) + 1 L, 11D dwi(Q)

JoQenen

|, @@ | < (| (0 o) " werep)”

‘8Q\oD

< CVH(Me)'2,

Furthermore, f,|;0.~ap = &ls0,nsp Since both are the non-tangential limit a.e.
w of u. Hence, u(X) =lim,_, fm o 8(Q) dw?(Q). Let g, be continuous on
D and [,,| g —g;| dw < 8. Denote us(X)= [,, g;(Q) dw™(Q). Since u, is
continuous in D, (5.16) implies

us(X)=1tim | u,(0) dot(Q)
£=0 aa,

Hence,

us(X) = lim $ us(Q) dw(Q)

< dQeMeD

=lim 4 ga(Q) dw{(Q)

20 J5Q.Man

Thus,



BOUNDARY BEHAVIOR OF HARMONIC FUNCTIONS 109

lu(X) — us(X)| =

" (8(Q) — £,(Q)) dwi(Q)

lim |
5*0-8050
<sup | 18(0)-8,(Q) di(©)

<[ 180) - £,(Q) do*(@) < €,

Thus, u;— u uniformly on compact sets. And therefore, u(X)=[,,g(Q)
dw*(Q). This concludes Step 1.

Step2. g€ L*(dw).

(5.17) LEMMA. Let D be an NTA domain. For any ¢ > Q there exists
D.c < D such that D, > {P:d(P,8D) < ¢}, and D, is an NTA domain with
bounds independent of ¢.

This lemma can be proved in the same way as Lemma (6.3) or Theorem
(3.11), but is somewhat simpler.

Denote T = {X:d(X, dD) < 15 r}. Choose a family of balls B; = B(Q,,r)
with Q, € 0D such that () B; > T and such that at most 10" balls intersect at
a point. Let ¢; be a continuous partition of unity of T subordinate to {B;}.
Denote 4;=4,(Q;). Denote h,(Q)= >, u(4;) $,(Q). For D, as in (5.17), let
w, = wY® denote harmonic measure at X, for D,. By (5.16),

| h(Q) do(@)=lim | h(Q)dw,(Q).
D e=076n,

4

For ¢ <M 'r,

| h(Qdo Q) <CY |

Jon, 7 -en

u(4,)* 9(Q)" do(Q)

<C| N9 (Q)dw(Q)

v éDg

N'® denotes the non-tangential maximal function for D,. The second
inequality follows from the observation that for sufficiently large o, if

Q € supp ¢;, then 4, € I' (Q).
By Theorem (5.8) and (5.7), applied to D,,
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“ N®(u)? (Q) dw,(Q) < M‘ED 4(0)? dw,(0)

Jany

=2M | |[Vu(X)P |G (X)] dX

<2M | |Vu(X)? |G(X)| dX < co.
D

(G, denotes the Green function of D, at X.)

The equality above is from the first part of (5.14). It is valid because u is
continuous in D, .

Combining the inequalities above we conclude that ||A,(Q), 4., 18
uniformly bounded as r - 0. Choose 4 € L*(dw) and a subsequence hm" h
weakly in L*(dw). Notice that u approaches g non-tangentially uniformly
except on a set of arbitrarily small harmonic measure. It is then easy to see
that g = h a.e. w. Thus, g € L’ (dw) as desired.

6. LocAL BOUNDARY BEHAVIOR OF HARMONIC FUNCTIONS

Throughout this section D will denote a non-tangentially accessible
domain. A truncated non-tangential approach region (or corkscrew) at
Q €6D is denoted I'(Q)=T_(Q)M B(Q, h). (See (5.6).) If more than one
domain is under consideration, we will display the dependence on the
domain by I ,(Q). We say that a function u defined on D is non-
tangentially bounded from below at Q € oD if there exist a, A, M such that
u(X) > M for all X € I'*(Q). If F <D, we say that u is non-tangentially
bounded from below on F if u is non-tangentially bounded from below at
every point of F.

Denote S,(F)=Uye;r F.(Q) and S2(F)=Uye, IH(Q). We will write
S, p(F) if the former notation is ambiguous.

(6.1) LEMMA. Let F < oD. For every h, € > 0, a, > a, > 0, there exists a
closed set Fy < F and a number k > 0 such that w(F\F,) < ¢ and S% (F,) <
Sk (F). )

Proof. This lemma is proved by a well-known point of density argument
[48, p.202]. The weak (1, 1) estimate for M, (5.7) implies that the set of
points of density of F

- W@ )NF)
F= e = ue.y

satisfies w(F\F) = 0.
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Let s=a, +a,+ 1. Choose a closed set F, — F and k such that 0 < k <
h/(1 + a,). w(F\F,) <&, and for all Q € F,, r < sk,

w(A(Q.r) N F) > (1 — 1) w(4(Q. r)).

(n will be chosen later.)
Let X & I“f,:(Q) for some Q € F,. Denote by X a point of @D closest to X.
By the doubling condition (4.9), w(4) < Mw(A'), where

A=A(Q,s|X—X|) and A" =AX.a,|X-X]|).
Therefore.
o(d' NF) > w(d N F)— wd\d’)
>((A=n)—(1-M""))wd) >0,

provided n <M~'. Thus, A’ N F#@. It is easy to see that for Q' € 4,
Xe FZI(Q’). Hence, X € SZK(F).

(6.2) LeMMA. Let F < @D. Suppose that u is continuous in D and non-
tangentially bounded from below on F. For any a. ¢ > 0, there exists a closed
set Fy < F with w(F\F,) < e. and a constant C such that u(X) > —C for all
Xe S, (Fy.

Proof. Since u is bounded from below. for any ¢ >0, there exist
constants a, h, and C, and a set F, < F with u(X)>—-C, on S* (F,) and
w(F\F,) < &/2. By (6. 1) for any « = «a,. there exists F,c F. w(F \F )< ¢g/2
and k > 0 such that S%(F,) < S} (F,). Note that S,(F,\S(F,) is relatively
compact in D, and thus the contmmty of u gives the lemma.

(6.3) LEMMA. For any « > 0. there exist . y >0 such that for any
closed set F < éD there exists an NTA domain 2 < D with éD M éR = F.
0c Spo(F) and I, ,(Q) < T, ,(Q) for every Q € F. Moreover, w,, and w,,
are mutually absolutely continuous on F.

Proof. The construction is along the lines of the one in [32]. Only a few
extra remarks are needed. Let {/;} be the dyadic Whitney decomposition of
D, by closed cubes /;. Given a cube L (1+d)1 denotes the cube with the
same center as I, expanded (14+6) time. If 6= 5, and (1+6)1,N
(140)1,#@. then I;N I, #@. In this case, (14+6)1,U(1+4)1, is an
NTA domain. Let D= {I;:1,N S, (F)+# @}. Fix a Whitney cube /, of D.
For every I; € D, make a pipe P (see [32] for the definition) connecting /, to
I,. These are called primary pipes. Let Z = |z: z is the center of a Whltney
cube [ with M P +# @ for some primary pipe P}. Let /; correspond to z;. If
z;, z satisfy § <diam(Z))/diam(/,) <4 and |z, — z,| < M diam(I,), make a

A

607/46/1-8
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pipe connecting z; to z,. These are called secondary pipes. Note that if a
pipe does not intersect a Whitney cube 7, it does not intersect the expanded
cube (1 + d) /. Finally, let

Q={J{(14+8)I: 1€ D} U {P: Pis a primary or secondary pipe}.

The verification that 2 satisfies the required geometric properties is now
completely analogous to the one in [32].

To check that w,, and w,, are mutually absolutely continuous on F, first
observe that w, < w, on F by the maximum principle. Next, take Ec F
with w,(E)=0.

Claim. There exists C, > 0 such that
wi(CF)> C,  forall X € (¢Q)\F.

In fact, because S,,h,,(F) cCRUF, (8!2)\F~c "SQ‘D(IZ). Denote a point of D
nearest to X by X. For every Q€ A4(X,a|X -~ X|), XE T ,(Q). Hence,
AKX, a|X—X))cF. And thus }(°F)>oldX, a|X—X))>C,. by
(4.2).

A lower function for y, in D is a function @(X) that is subharmonic in D,
such that lim sup, ., ®(X) < xx(Q) for all Q € aD. Recall that wy(E)=
sup{@(X): @ is a lower function for y,}. Hence (X)) wp(EY<K 1 —C,.
Therefore, ®(X)— 1+ C, is a lower function for y, in 2. Thus
PX)— 1+ Cy<wh(E)=0, and so &(X) < | —C, for all X € Q. But then
wp(E)< 1 — C, for all X € Q2. This shows that w,(E) = 0, because Theorem
(5.8) says that w}(E) converges non-tangentially to 1 a.e. w on E.

(6.4) THEOREM. Assume that u is harmonic in D and non-tangentially
bounded from below on F < ¢D. Then u has non-tangential limits a.e. (w) on
F.

Proof. Given a > 0, we will show that « has limits in I (Q) for a.e. Q in
F. Let § correspond to « as in (6.3). Given ¢ > 0, choose, by (6.2), a closed
set Fy  F such that u(X) > —C on S;(F,) and w(F\F,) < &. Construct £ as
in (6.3) corresponding to a and F,. Then u > —C on Q. By (5.11), u has
non-tangential limits a.e. (w,) on 692. The theorem now follows because
I, (Q)c T, qQ) for Q€ F,, and w, and w, are mutually absolutely
continuous on Fj.

(6.5) DEFINITION. Let u € C'(D), a > 0. The area integral of u in D is
given by

A, (u)(Q) = v‘} o |Vu(X) d(X)* "dX  for Q € éD.
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Here, d(X)=d(X,D). When there is more than one domain under
consideration, we use the notation 4, ,(u)(Q) for the area integral of u in D.

We say that the area integral of u is finite on F if for any Q & F. there
exists o > 0 (depending on Q) such that 4, (#)(Q) < .

(6.6) THEOREM. Let u be harmonic in an NTA domain D. The set of
points of D where the area integral is finite equals a.e. (w) the set of points
where u has non-tangential limits.

(6.7) LEMMA. Assume that u € C'(D). Then

| Au)Q) do(@ <M | |Tu(X) | G| aX.

S oD

where G(X) = G(X. X,), w = ™.

Proof.

| ALNQdo@)=| (| VuONP dON)* " dX ) dol©)
“en N T,(0)

én

- ;' d(X) " | Vu(X)? w{Q € 8D: X € I, (Q)} dX.
=D

Denote by X a point of @D closest to X. Then {Q€ éD:XEI,(Q)}
A(X, (a +2)|X — X|). But (4.8) and (4.9) show that

d(X)* " w(A(X, (@ +2) | X — X])) S M|G(X).

and the lemma is established.

We now turn to the proof of (6.6). Assume first that u is non-tangentially
bounded on F. As in the proof of Theorem (6.4), we can insert an NTA
domain £ on which u is bounded and reduce matters to showing that the
area integral of u on £ is finite a.e. (w,,). By (5.12), u(X) = | ., g(Q) dw}(Q)
for some g € L*(Dw) for all X € 2. Thus by (5.14),

[ [VU@OF (Ga(X) dX = | [ 8(Q) = u(X, )’ deog < 0.

where G,(X) = G,(X, X)), w, = w}y. Thus, by (6.7) the area integral of u
on £ is finite.
For the converse, assume that the area integral of u in D is finite on F.
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For any £ > 0, we can choose F,C F, a > 0, and C such that w(F\F,) <
and 4,(u}(Q) £ C for ali Q € F,. It follows that

a(X)* " \VuX)* o{Q € Fy: X € I, (Q)} dX

S8y
<| A4.(Q) do@) < C.

There exists a constant N and a set F, c F,, such that w(F,\F,) < ¢ and for
all QEF,, w(FyNA(Q,r)>N"'wA(Q,r). Let XES,,(F,). Choose
Q,€F,suchthat Xer,,(Q,)

{QEFy: XEF (O 2> F,MA(Q,, (a/2) d(X)).

Hence w|Q € F: X €T (Q)} > N 'w(4(Q, (a/2) d(X))). Moreover, by the
doubling condition (4.9),

o(4(Q,. (¢/2) d(X))) > N~ w(4(X. d(X))).

Finally, (4.8) implies

| Vu(X)* |G(X) dX

U8 0 FD\B(Y . (1/2)d (X))

<M| [Vu(X) d(X)* " w(A(X.d(X))) dX

IS qnlFy

<MN? | |Vu(X)2d(X) " wlQ € F: X €I, (0)} dX.

“SanlFp

Furthermore, ‘|AB(4‘,M”2)(,U(””]Vu(X’)|2 |G(X) dX < oo. Using (6.1) and (6.3)
insert an NTA domain Q in S, ,(F)), with o(F\d2)<e We may as
well assume that X € Q. |G,(X)|=|G,(X, X)) <|G(X, X,)]. Hence.
[ |Go(X)||Vu(X)]* dX < co. By Theorem (5.14), u has non-tangential limits
in 2 a.e. w,, and the theorem follows.

The following corollary is a version of a theorem of Stein for NTA
domains (see |46, 48]).

(6.8) COROLLARY. Suppose that u,...., u, are harmonic in D and satisfy
the generalized Cauchy—Riemann equations 3 7 | (¢u;/ox;)=0, éu,/ou;=
ou,/ou;. If (n — 1) of the u;'s are non-tangentially bounded on a set F < oD,
then the remaining one has non-tangential limits a.e. (w) on F.

Proof. The area integral of each u; is bounded by the sum of the area
integrals of the others, so the result follows from (6.6) and (6.4).
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7. HO6LDER CONTINUITY OF THE KERNEL FUNCTION

We shall prove an estimate on the kernel function K(X, Q) that is needed
for the theory of H”, p< 1. on non-tangentially accessible domains (see
Section 8).

(7.1) THEOREM. There is a constant M depending only on the NTA4
constat of D such that if Q,. 0, €D, XE D and | X — Q,| > M’ |0, — Q,].
then

KX.Q) | Ly
b a2 LA | _ i
Kirg, M

COROLLARY. K(X,Q) is Holder continuous as a function of Q:
|K(X, Q) — KX, Q") < Cy|Q— Q'|* for some a > 0, depending only on the
NTA constant of D.

The corollary is an immediate consequence of (7.1), if we multiply the
inequality in (7.1) by K(X. Q,).

Proof of (7.1).

(7.2) LeMMA. Let M > 2. Let u be a positive finite measure on a set S,
and let 8 be a measurable function on S such that 0 < a < 8 < A. Denote

N, du(:
B(0)=sup 3“5 I'g():x)'(.v:)(fizz(ﬁ)(x) M '<w< M: .
b(8) = inf g%{x—):M”<w<M€.

Then

’Z;((g_))qg <1—%M’2) (%— 1).

Proof. Without loss of generality, we may assume that a=1 and
u(S)=1. Denote y = (1 — M )4 — 1.
Case 1. B(@) <1+
Observe that b(8) > 1 = a. Then
B(#) 14y
—1< —
b)) T b

I<(+y)-lI=y

Case 2. B(@)> 1+
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Denote S, = {x € S: (x) > 1 + 3y}. Let m = u(S,). Define
g,(x)= A4, xXeSs,,
=1+3p  x€S8\S,.
Since 8 8,, B(6) < B(#,). It is easy to calculate that

AMm+ (1 +3p(0 —myM !
Mm+ (1l —m)M™!

B(Ol):

Thus
AMm+ (1 +39)(1—m)M !
Mm+(1—-—mM'

1+7<

. Denote

r -

Therefore, 3y < ((4 — 1) M* + 1y — yM*) m, and hence m >
O,(x)=1+43y. x€S,.
=1, xE S\S,.
8, < 8 implies b(6,) < b(#). 1t is easy to calculate

M 'A+3ym+Mi-m) (I+3p)M'"+M
M 'm+ M(1—m) M '+M

b(ez) =

since m > 3. Observe that B(6) < A. Therefore,

1—im 2
MM+ MY

B(B)m1< AM '+ M)
b®) T (l+inMi e M

—1:(A—1)(1~ )<y.

(7.3) LEMMA. For any point Q € ¢éD, and distance r <r,, there is
Q< D such that B(Q,r)N Q2 =@ and Q> D\B(Q, Mr) and Q2 is an NTA

domain with constant depending only on that of D.

Proof. This is a variant of Jones’ theorem. (See (3.11) and [32}.)
Consider all Whitney cubes of D that do not intersect B(Q, v5 Mr). Enlarge
this union of cubes by adding primary and secondary pipes as in |32]. The
NTA domain we obtain, £2, has NTA constant depending only on that of D.

Because the pipes added are non-tangential, B(Q,r)M 2 =@.

Let Q,. O, belong to éD. Let r=|Q, — Q,|. Denote by £2; the region of
Lemma (7.3) corresponding to @, and the distance M'r, j=1,2..;

Mr <r,.
D\B(Qqy, M’r) = 2, = D\B(Q,, 2M’"'r).

(As usual, we replace M with a larger value than in (7.3).)
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Denote S; = (692;,)\é¢D. We can assume that X, € Q; and d(X,.a02,)~
d(X,.éD). Denote harmonic measure for £, by w; and K;X.Q)=
(do}/dw)(Q).

Lemma (4.11) can be restated as follows. Let 4 =4,Q,). For all
Q,€éD, such that |Q,—Q, <r. M '<K(A, Q) w(d) <M. where
A =A(Q,. r). Hence, replacing M with a larger value,

M ' < K(4.Q,)/K(4.Q,) < M.

By the boundary Harnack principle (Lemma (4.10)) again replacing M by a
larger constant we have

M~ <K(X.0)/K(X.0,) <M  forall X & D\B(Q,.2r). (7.4)

Similarly, we have
M < KX, Q")/K{(X, Q")
<M for X € D\B(Q,.2M’r) and Q'.Q" € S,. (7.5)

Denote u,(X) = K(X. Q). u,(X)=K(X. Q,). Define

o 100 ?
b;= inf [ ) ES_,-‘
—sup 10X
,_sup? o SN

The maximum principle implies

biug(X) < u (X)) < Bjug(X) forallX € 2.

Since uy(X,)=1=u,(X,) we see that

b;<1<B,. (7.6)

J

Next, (7.4) implies that

by>M™! and B, < M. (1.7)

Define 8(Q) = u,(Q)/u,(Q) for Q€ S;. Define du(Q)=u,(Q)dw,(Q) for
QES;. Let XED\B(Q,,2M’r) and Q,€ S,. Denote w(Q)=K,(X, Q)/
K/(X,Q,) for QE S,. By (1.5). M "' <w < M.

Note that since u, and u, are harmonic and continuous in .(5,
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() =KX, 0) |_6(Q) w(Q) du(Q)

w(X) = KX, 0) | w(Q)du(Q)

Therefore,
u (X)
= 1 XeS,;,,
Bj+l u()(x) E i+ E
[, 6(0) w(Q) du(Q)

< sup

IowQdag) <M Mﬁ = B(6).

in the notation of Lemma (7.2). Similarly, b, , > b(#). Notice that
b; < 0(Q) < B;. Therefore, by Lemma (7.2),

(ﬂﬂ—l)<<1—iMz)<&—1). (7.8)
bjyy 4 b
Combining (7.7) and (7.8), we have

B, ) | o,

J

We deduce from (7.6) that

u(X)
u(X)

—1 ‘<M2(1~—8)i forxes,,

and hence, by the maximum principle, for all X € Q,.
We will now use the same reasoning to prove a refinement of the
boundary Harnack principle (5.1).

(7.9) THEOREM. Let D be an NTA domain, and let V be an open set. Let
K be a compact subset of V. There exists a number a > 0 such that for all
positive harmonic functions w and v in D that vanish continuously on
oD MV, the function u(X)/v(X) is Hélder continuous of order o in K N\ D, In
particular limy _, , u(X)/v(X) exists for every Q € 0D N K.

Proof. Multiplying v by a constant, we may as well assume that u(X,) =
v(X,). By the boundary Harnack principle (5.1), we conclude that M~' <
u(X)/v(X) < M. Choose r, so that B(Q,2r,))c ¥V for all Q€ K. Let
Q€ KMoD. Denote by {0,172, a sequence of regions corresponding to

Q at distance M ’r,, given by Theorem (3.11). Thus, B(Q,2M /r))N
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Dc Q;cB(Q, M/ 'ry)N D. Denote B;=sup{(u(X)/v(X)):XEQ;}, b;=
inf{(u(X)/v(X)): X € 2,}. The sequence B, is decreasing, and the sequence b;
is increasing, Moreover, by the same argument as in the proof of Theorem
(7.1), |B;/b; — 1| < M*(1 —¢). The Holder continuity of u(X)/v(X) at Q
follows immediately.

For Hoélder continuity at interior points, that is, points of KM D, the
extra estimate needed is Holder continuity on Whitney cubes of D that
intersect K. This follows from the estimate |V(u/v)(X)| < Cd(X)* ', which
can be verified on Whitney cubes using Holder continuity at the boundary
and a change of scale. We will give instead a direct proof that is valid for
solutions to elliptic divergence class equations with bounded, measurable
coefficients as well as the usual Laplace equation.

Let U be a solution to an elliptic divergence class equation with bounded,
measurable coefficients. Let [ be the unit cube. The de Giorgi—Nash estimate
is [6]

[U(X) ~ U(Y)| < C|X — Y|* sup | U(Z) (7.10)
Zel

for all X, Y€ ¢l for some ¢ < I. (The constant ¢ does not depend on the
divergence class operator, but only its ellipticity constant.)

Now consider ¥ and v as above restricted to a Whitney cube W of
diameter r. Let Q € @D be a point at distance roughly r from W. Replace u
by a constant multiple of u (between M ' and M) so that
limy ,(u(X)/v(X))=1. Then the Holder continuity at @ says that
lu(X)/v(X)—1|<Cr* for all X€W. Denote L =supy., u(X) By
Harnack’s principle, L ~ u(X) ~ v(X) for all X € W. Moreover, the estimate
on u(X)/v(X) can be rewritten as

| u(X) — v{X)| < CroL forall X € W. (7.11)

Observe that u(X)/v(X) —u(Y)/v(Y)=A4, + A,, where
Ay = (u(X) — u(N)Y) = u(Y))/v(X) o(Y),
Ay = u(Y)((u — v)(X) — (u — 0)(Y))/v(X) v(Y).

Applying (7.10) to # on W with a change of scale r ',

lu(X) —u(V)KCL(r~'|X—-Y})*, X,Yin W.

Therefore by (7.11), for X, Y in W,

A, <CL(r "X —Y|)* (Cr*L)/L* < C|X — Y|*
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Applying (7.10) to (u — v) with a change of scale, and then applying (7.11).
we have for X, Yin W

l(u— v)X) — (u—o)Y)<C sup |W(Z) —o(Z) (r " | X —Y]"
LCr*L)r~' X —Y)* =CL|X — Y.

Therefore, 4, < C{X — Y|°. In all |u(X)/v(X) — u(Y)/v(Y)| < C|X — Y| for
X, Yin W, as desired.

8. AtoMIC DECOMPOSITION OF H”, p, < p < 1

In this section we treat the H? theory of NTA domains.

(8.1) DeFINITION. For 0 <p< oo, HP(D,dw)={u harmonic in D:
N, (u) € L(dw)}.

We first show that this definition is independent of a. This follows from
the following standard lemma (see, for example, {3]):

(8.2) LEMMA. Assume 0 < a < w0, a, > a. Then, there exists a constant
C such that w{Q € éD: N, (u) > A1} < C, , w{Q € éD: N (u) > A}.

a,aqt

(8.3) LEMMA. Let u € H'(D,dw). Then, there exists f€ L'(dw) with
u(X) = [, fdo* for all X € D. Also, u € H?(D,dw), p > 1, if and only if
u(X) = [,pfdw®, f€ L*(dw).

Proof. The second statement follows from (5.8) and the proof of the first
statement. The proof of the first statement follows the same strategy as in
(5.14). Choose a > 0. As N_(u) is in L'(dw), u has non-tangential limit f a.e.
(w). Obviously, f€ L'(dw). Choose now g associated to « as in the
construction of sawtooth domains (6.3). Let F, = {0 € dD: Ny(u)(Q) < 41,
and construct the sawtooth region £2,, corresponding to a, # and F,. In
particular 2, < S;(F,), and so |u| <4 on 2,. As in (5.15), w,(0R,\F,) <
Mw(60D\F,), and the £, increase to D. Thus, by (5.12), there exists a
function f, in L*(6R2,, dw,) such that for all X € 2,, u(X)= fw.\f,l dw?.
Since w, and w are mutually absolutely continuous on F,, it follows that
f=fi ae (w) on Fy, and u(X)= [, f(Q)dwi(Q)+ [,q  u(Q)dwi(Q).
But,
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u(Q) dwi(Q) < MyAw(@DF ;)

CE8 Ny

= M, Aw|Q € 8D: Ny(u) > 1)

<M, ’ Ny(u)dw -0 as A- 0.

SLQEPDINg(u) = 1)

Thus, we see that u(X)=1lim,_, ~l‘,,}lf(Qv) dwy(Q). Arguing as in (5.14), we
see that u(X) = |,,f(Q)dw*(Q)., and the lemma is established.

(8.4) DEFINITION. BMO(éD) = | f€ L'(dw): sup,(1/w(d)) [, |f— m,f]
dw < +o0, where 4 is a surface ball, and m, (/) = (1/w(d)) |, fdw}. As is
well known, by the theorem of John—Nirenberg [30] this is the same as the
set of f€ L*(dw), with sup,((1/w)) [41/—m (/) dw)"* < +o0, with
comparable norms.

Before turning to the main of this section, we need to recall several
definitions and results from the general theory of spaces of homogeneous
type |14, 38, 39, 52].

(8.5) DeriNtTiON.  The triple (X, D, u) is called a space of homogeneous
trpe if X is a topological space, whose topology is given by a quasi-distance
d (i.e., d(x.y) < K(d(x, z) + d(z.y)): d(x. y) = d(», x): d(x. r) = 0 if and only
if x=y). with a Borel measure u such that u(4,,(x)) < Cu(4,(x)), where
4.(x)={y;d(x,y) <r}. On such a space one defines the so-called measure
distance m(x, )= inf{u(4): 4 is a ball with x, y € 4}, m(x, v) is also a quasi-
distance (see [14]), and if 4)"(x) = {1; m(x. ) < ri, then cr Lu(47(x)) < r.

Remark. For a bounded NTA domain D, the triple X =¢D,
d = Euclidean distance, 4 =w is a space of homogeneous type. Also, for
0,0, €ED. m(Q,. Q) ~ w(4(Q,.1Q, — Q.)).

Let (X.d,u) be a space of homogeneous type such that X is compact,
u(X) = 1. and such that the balls A are open sets.

(8.6) DEFINITION. a € L'(X) is a p-atom if | adu = 0 and there is a ball
4 containing the support of a, with ||a||,. < 1/u(4)"?. The constant function
a=1 is also assumed to be a p-atom. It can be verified (see [39]) that p-
atoms on (X, d,u) are the same as p-atoms on (X.m, u). up to a bounded
multiple.

(8.7) DEFINITION. Let a >0 be given. A function @(X) belongs to
Lip,(a) if  L(P,at, m)=5UP ey yex.cr il PX) — @()/m(x.y) a) < +co.
The norm in Lip,(a) is | @], ,,=L(P,a,m)+ |, |®|du. A function @ in
L'(X) belongs to BMO if there exists a constant C such that
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u(A) 4| DX) — mu (D) du < C for all balls 4 in the quasi-distance m (or
d), where m(®) = (1/u(4)) [, & du.

A function @(X) belongs to Lip,(a, q) for 1 <g < +o0, if there exists a
constant C, such that for all d-balls 4 we have

1 " l/q
<Z(?1“).‘A'¢(X)"”A(¢)l"dﬂ) < culd)®.

The norm in Lip,(a, g) is the least C above plus | |®|du.

Remark. 1t is easy to see from the definitions that a p-atom of (X, d, u)
defines a linear functional of norm less or equal to 1 on Lip,(1/p — 1, 1) for
p <1, and on BMO for p= 1. Also, a p-atom of (X, m, u) defines a linear
functional on Lip,(1/p — 1), p < 1, or BMO for p=1, with norm less than
or equal to 1. It was shown in [38] that @ € Lip,(a, q) if and only if it
coincides almost everywhere with a function on Lip,(a). Moreover, the
norms are equivalent.

(8.8) DEerFINITION. For 0 < p< 1 and f€ Lip,(1/p — 1, 1)*, or BMO for
p=1, let || flip o = inf{(37,|4;]”)"; there exists a sequence of p-atoms
la,(X)}, such that /=3 A;a, in Lip,(1/p — 1, 1)*, or BMO* for p= 1}.

If no such sequence exists, we let || f|,x, = +0. Then,

Hi(X) = {[: Hf”ug,(,\') <t}

Now, for f€ L'(X), let f*(x)=sup|1/r [x/(y) #(¥) du(y)
and supp ¢ < 47'(x), L(g, 7, m) <r 7, |81l < 1.

Let K(r, x,y) be a continuous, non-negative function defined on (0, 1] X
X X X, with the following properties:

(8.9) (@) K(rx,y)<(l+mx,p)/r) "7
(b) K(r,x,x)>A4"",
©) |K(r, x, ) — K(r, x, 2)] < (m(p,2)/r) (1 + m(x,y))/r)~ "% for
m(y, z) < (r + m(x, y)/44)
for some y >0, 4 > 0.

For f€ L'(X), define f " (X) = supo.,, [(1/r) [x K(r %, »).S () du(y)]-
The main results of [39] and [52] combined, give (Corollary 1’ in [52]):

, 0<rLl,

(8.10) THEOREM. There exists a p, < 1, depending only on X, such that
Sfor any f€ L'(X), and any p, p, < p < 1, we have

I sy = IS * Moo = Hf”Hg,(.\')-

We will now apply these general results to the case X = ¢D, d = Euclidean
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distance, 4 = w. In our particular case, a p-atom is an L'(dw) function on
éD, with |,, adw =0, supp ad, |lal||,, < 1/w(d), or the constant function 1.
BMO coincides with BMO(éD) (see (8.4)). The main result needed to apply
the general theory is the following:

(8.11) LEMMA. There exists a non-negative continuous function
K(r,P,Q) on (0. 1| X 8D X éD. satisfving (8.9), and constants « and C,
depending only on D such that whenever f€ L'(dw) and w(X)={,, fdw",
then [ (P)< CN_(u)(P). for every P € éD.

Proof. It is easy to see that all we have to produce is a function
K(r, P, Q) as in the statement of the lemma, but which satisfies, instead of
(8.9),

(89)’ (a) K(r,P, Q)ga(l +7n(P. Q)/r);l,}‘l'
(b) K(r,P.Q)>b""

() |K(r. P. Q) — K(rn P. Q) < c(m(Q,.0,)/r)(1+
m(P, Q,)/r)”" " for m(Q,, Q,) < r/4B.

for some positive constants y,. ¥,. y;, @. b. ¢ and B.

We will start by establishing all the required properties for a function
H(r, P, Q). not necessarily continuous in r and P.

For fixed P € &D and 0 < r £ 1, we pick s so that w(A4(P.s))=r. s and r
will be fixed until we verify the desired properties of H(r, P, Q). Let 4, be a
point such that |4 ,—P|~s and dist(4,,éD)>M 's. Then, we let
H(r. P, Q)=rK(A4,. Q). Notice that for H, we automatically have /'~ (P)

N_(u)(P) for every P E ¢D, for sufficiently large «. The verification that H
satisfies all the required properties is routine, using the results in Sections 4
and 7. We include all the details for completeness. {8.9'b) is immediate since
K(A,.P)~ 1/w(4(P,s)) by (4.11). We now turn to (8.9'a). If C is small and
m(P. Q)< Cr, then w(P.|P—Q)<r. and hence |P— Q|<s. But then,
rK(A,,Q)=~1, and so (a) holds in this case. Next assume that-
w(P.|P—Q)>r, and so |P—Q|>s. Let [P~ Q|~2's, for some j> 1.
(4.14) shows that rK(A4 . Q) < Mre,/w(A(P. 2’s)), where ¢;=2 “/. But. the
doubling condition (4.9) shows that w(4(P.2's)) < 2“’(0( (P.s))= 2%
Thus. 2% = (r/w(4(P. 2'5)))*%. and so

rK(4,.0)< M ( S ! )
w(A(P.|P QD)) =

F

I+a/B

N

M ( 1+
and so (a) follows.
We now turn to (c). The main estimate needed for establishing (c¢) is that
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it 10, —~Qil=t. [X—0Q,>21 j>2 then K(X.Q,)—K(X,0,)<
M2 YK(X,Q,) (7.1). From now on, let |Q, — Q,| =t Assume first that
m(P, Q)< Cr, so that w(A(P,|P— Q1)< r, and hence |[P—Q [<s. If
A, —Q,|< 21, as dist(4,,éD) > M~ 's, we see that |Q, — Q,| > M 's. Thus,
MO, . M|Q,— Q,|)>4(P,s5), and hence, w(4(Q,.|Q, — @,|)) > Cr. Thus,
for (c) to hold in this case, all we have to show is that rK(4,, Q,) < C. and
K(A,,Q,)<C. Both estimates follow from (a). Assume then that
|4,—Q,~ 24 j> 2. Then, |rK(4,.Q,)~rK(4,. Q) < rM2 VK(4,.0,)<
CM2~Y. The desired estimate then reduces to showing that 2 YV g
Cw(4(Q,.10, — Q,))/w(4(P.s))y~ But, as [4 — Q| >M 's. [P~ Q| <5
AP, 5s)cA(Q,.C|A,— @,]), and so the required estimate follows from the
doubling property of w.

Assume now that m(P, Q,) = Cr, so that w(A(P.|Q, — P|)) > +. and thus
|Q,—Pl>=s. As before, assume first that |4, —Q,|<2t Then,
|Q;—Q,|2cs. We claim that 1<2s. If not. A(P.|Q,—Q,))cC
A(Q,,5(10Q,— 0,]) and thus w(A(P — 0, < Cod(Q,.1Q, — 0.IN <
C(r/4B)<r if B is large, and so. |Q,— Q, 1<s. a contradiction. Thus.
[P— Q] <s+2t<5s, and hence w(Q,.|Q, — 0.]) = r. Thus. for (c) to hold
in this case, we need the estimate in y, only. Thls will follow from (a).
provided m(P,Q,)> Cm(P,Q,). But, m(P,Q,)>Cr. and m(P.Q,) <
Km(P, Q)+ Km(Q,, Q,) < Km(P, Q,) + Kr/4B, and so the estimate holds if
B is large enough. The last case is when |4 — Q,|~2/t, j> 2. Then
PK (A, Q) — rK(A,. Q) S M2 VK(A. Q) < M2 V(1 + m(P.Q,)/r) '
by (a). All we have to check then is that 2~ < C(w(4(Q,.]0, — Q.))/
w(4(P, s)))y:. This will follow from the doubling condition for . if we can
show that A(P, s) c A(Q,, C |4, — Q,]). This easily follows from the fact that
|4,—Q,| > M 's. Thus. (8.9)" is established for H(r, P, Q).

We will now modify H so as to make it continuous. We will first define
K2 \P,Q), i>»0. For each PeEdD, choose s(P) so that
w(A(P,s(P)))=2"". Using the compactness of ¢D. and the Besicovitch
covering lemma (see, for example, {50, Lemma 3.3, p. 54]). we can select a
finite collection of points {P,} in &D, so that ¢D = (J; 4(P,, s(P,)), and every
point P € @D belongs to at most N of the 4(P;. s(P;)). where N is a number
depending only on-the dimension #n. We note that the doubling property of w
implies that if P& A(P;.s(P;)). then w(A(P,s(P;))) =2 i and s(P )= s(P).
Let now {¢;} be a continuous partition of unity, subordinate to the cover
{A(P;.s(P;))} of éD. Let 4,€D be such that |4,—P,[~s(P;). and
dist(4;. D) > M~ 's(P;). Let K(2 LPQ)=27"Y, 0(P)K(A,,Q Th1s is
obviously continuous in P and Q. Also, for a given P, there are at most N
indices j so that ¢,(P)+ 0. For each such j, |4, — P|~s(P). s{P)=s(P)),
w(A(P, s(P)))=2 ’i, and thus K(2 ', P, Q) verifies (8.9)' by our previous
estimates on H. Also, for «a large, A4;,€7,(P). and thus
(1/27) [op K2 P, Q) £(Q) dax(Q)| < CN,)(P). ~ We now  define
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K(r.P, Q) for 277" < r<2 ' by linearly interpolating K(2 "', P, Q) and
K(27', P, Q). The resulting K(r, P, Q) satisfies ail the required properties.
An immediate consequence of (8.3). (8.10) and (8.11) is:

(8.12) COROLLARY. (i) Assume u€ H'(D.dw). Then u(X)=/,, fdw".
fe Ll(dw). Then,

Hf“il‘l,,(("{)) = “f* “I.l(dw) = “f ’ “;,lmfm g C ||“I|H'(ll.<l(.n'

(it) There exists a p, <], depending only on D. such that, if
SE L' (dw), and u(X)=|,,fdw". then for any p, < p <1, we have

1 s emr = 0 * Nmaan =S Wit < C Nl itnins ton -

at

The main results of this section are simple consequences of this corollary.

(8.13) THEOREM. u is in H'(D, dw) if and only if u(X) =1, fdw", with
VS H(IH(E)D)' Moreover, ||ulyip.au > ||f“l!(i,u"l)) =S vt = 1Sl vtn
Also. H'(D. dw)* = BMO(&D).

Proof. By (8.12), it remains to show only that if /€ H)(&D), then
u(X) = |,,fdw® is in H'(D, dw). Thus, all we have to show is that if a is a
I-atom, and u (X) = [,, a dw”, then | N ()|, 1ge, < C.

More generally, we will show that if @ is a p-atom, p, <p< 1, then
| N QUM L rigen < Cs if py is sufficiently close to 1. In fact, let a be a p-atom,
supported on a surface ball 4 centered at Q. of radius r. Let 4, = A4(Q,. 27r).
We first observe that N,(u,)<1/w(4)'", and thus, [, N, (u)"dow<
w(d,)/w(d) < C. Next, assume P€éD\4,., and XET (P). Then,
| X —Q,l > C2r.

u (X)) = [, a(Q)K(X, Q) — K(X, Q,)] dw(Q). and so, by (7.1).

C .
‘lla(X)| < W K(X,Q,) 2 "1‘/(,()(41)
27" ()

C .
()" w(4(Qg, [P~ Q1))
Thus, J."’”\Ax N (u,)’ (PYdw < C Y7 2 "Y(w(d)/w(4;)"". By the

ju

doubling condition, w(4;) < C2¥w(4), and so the sum converges to a value
independent of 4 as soon as 4/ > (1/p — 1).

(8.14) THEOREM. There exists p, < 1, depending only on D, such that,
for every f€ L'(dw), and u(X) = |,, fdw*. we have, for p, <p < 1

lullyon de = W * eodanr =1L sdan = ”f”n{,’,w)»-
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Proof. The theorem follows from (8.12ii), the proof of (8.13), and the
fact (7.1) that there exists y > 0 such that, for all x € D, K(X,—) is in

Remark. If we knew that the set of functions u(X)=|,,fdw",
fE LY dw), is dense in H?(D,dw), p,<p<1, it would follow that
u€ H(D,dw), py <p< 1, if and only if there exists f€ H? (D) such that
u(X)= [,,f(Q)K(X, Q) dw(Q), where the integral is interpreted as the
action of f€ Lip,(1/p — 1, 1)* on K(X,—). This density easily follows on
star-shaped Lipschitz domains by considering the functions u,(X)= u(rX)
(we assume that the star-center of the domain is the origin). Thus, we have:

(8.15) THEOREM. Let D be a star-shaped Lipschitz domain. Then, there
exists p, < 1, depending only on D, such that for p, < p < 1, u € H(D, dw)
if and only if there exists f€ H! (D) such that u(X)= [,,/(Q)K(X. Q)
dw(Q) (the integral is interpreted as the action of f€ Lip,(1/p— 1, 1)* on
K(X, —)). Moreover,

Il sro0 e = [RAIPYP.

at

9, AREA INTEGRAL ESTIMATES AND BMO

In this section we prove LP(dw) estimates (1 <p < o) for the area
integral. We also establish a Carleson measure characterization of
BMO(&D).

(9.1) THEOREM. Let D be a boundgd NTA domain. Assume
l<p<ow, and f€LP(dw). Let u(X)=|,,fdw*, and A,u)’ (Q)=
Iy oy d(X)*~" | Vu(X)? dX. Then,

HAauHLl’idw) < Cp '|f| Lrtdew) (92)

Moreover, if u(X,) =0 (where w = w*"), then

C;l Hf”l."(dw) < HAa(u)Hl_de)' (93)

Proof. The method of proof is taken from [47|. The main difference is
that we use (4.8). Also, the pole of the Green function causes some minor
technical difficulties. To overcome them, we will also consider the truncated
version of the area integral. It is enough to prove (9.2) for /> 0, f€ C(oD).
Fix a small h, and write ALu)NQ)=[[rrg dX)* " |Vu(X) dX +
Jl“['n\rgtg) |Vu(X)]? dX = A%, (u)(Q) + B> ,u)(Q). * Harnack’s  principle
implies that B, ,(u)(Q) < Cu(X,). Thus, B? ,(ulQ)< C J,,f? dw. and we
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only have to deal with 4, ,(u). The proof of the case p =2 illustrates the
role of (4.8) in this theorem:

| A w@do=] (| U0 V) X ) do

L éD

< C |G |Vu(X)? dx
=| I/~ u(X)?do<C| |f[*dw by (4.8)and (5.14).

In the case 1 < p < 2, the proof is the same as the one given in [47], using
(5.8) and the fact that if I, ,(Q)= jrh(Q) d(X)* " A(u”)(X)dX. then
Yo 1o n(Q) do(Q) < C [, 7 dw. This last inequality holds because as u > 0,
u” is subharmonic, and its least harmonic majorant is [ f” dw®. Thus, (5.13)
shows that u’(X,)=,,f"dw+ [, G(X) 4(u’)dX. Also, (4.8) and an
interchange in the order of integration show that

J:a» Ia,h(Q) dw(Q) < C ‘1) I G(X)I A(UD)(X) aX.

We now turn to 4 < p < o0. Once (9.2) is established in this range, it will
follow in general from the Marcinkiewicz interpolation theorem (see|50]).
Let 1/g+2/p=1, so that 1<g<2 Let g>0, g€C@D), and
v(X)= [,p g dw®. Let D,=Ugeap I(Q). Following [47] once more, we
first show that

| 45400(Q)8(Q) dw(@) < C | |G IVu(X) (X)X, (9.4)

This follows again, interchanging the order of integration on the left-hand
side, from (4.8), the fact that {Q € 8D: X € I''(Q)} = 4(X*, cd(X)), and
that, by (4.11), l/w(4(X*, cd(X))) Jax- cacn & dw < Co(X), for X E D,.
From (9.4), we will deduce, using the identity A(u’-v)=Adu’ v+
2Vy? . Vo, that

| A2@ 8@ du(@<C || fgdot| fdw| gdo

2 éD

+| Na@) A, ) -Aa‘,,(v)dwé . (9.5)
-an

As in [47], the case 1 < ¢ < 2, (5.8) and Holder’s inequality, imply (9.2)

607/46/1-9
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in general. The main technical difficulty in establishing (9.5) comes from the
pole of the Green function. The right-hand side of (9.4) equals

C| (G {A@® - v)—~2Vu? - Vv dX.
L,

Notice that the integrand is non-negative. Let D, be a family of C* domains
D, c D, which increase to D, and G, then corresponding Green functions,
with pole at X,. By monotone convergence, the integral above equals
lim, g [ p, s 14(U* - ©) = 2Vu? - Vot |G(X)|dX. On D\D,. by Harnack’s
principle | Vu?| Vo] £ C(J 1 f* dw)([,p g dw). Thus,

| 42,00(0)£(@) do(@ < C |Tim \| M) |G LX) dXI

“éD

+him | VU Ve]|GAX)| dX

€20 Jne.nn,

+ (‘ fzdw) (J.ﬂngdw) (

oD

Integrating by parts on D,, we see that

| A |G (X) dX (

|' u'v dw, — u*(X,) v(X,)

Yapg

< ‘ u'vdw, + (‘ 1 dw) <|
- oD

fapg ‘on

# (], o) (], g)

gdw) | s gdw
ab

e—=0 .

Also,

|Vu?|| Vol |G (X)) dX

YNy,

<| V| |V0]| G aX

=D

<C| ()Ah luHVuHVv\d(X)z'"dX)dw(Q), by (4.8),
-\ T (0Q)
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because X is away from the poie X,. Thus (9.5) follows and (9.2) is
established.
We turn to (9.3). We use the identity [,/ gdw=— |, GX)Vu(X)-
Vo(X) dX, where u(X) = [,,/dw". v(X)=|,, gdo*. u(X,) =0 (see (5.14)).
Isolating the pole, we see that

| [ogdo<| |G(X)|[Vu||Ve|dX + | | G(X)Vu'Vz‘dX‘[.

-én SD\BsUY ) SR

By (4.8) and an interchange in the order of integration. we see that the
first term is majorized by C [, A, (u) A (v} dew.

For the second term. using the fact that u(X,) = v(X,) = 0. and expressing
u and ¢ as integrals of their gradients (in B,(X,)). an integration by parts
shows that

2 GX)Vu-Vedx ! =

CBatXy)

CBaY )

<C|  |Vu||Veldx

R ENA

<C| A w4, @) do.
~éD
Thus, {,, /- gdw| < C |, A, (1) A,(r)dw. and so (9.3) follows.
We now turn to our characterization of BMO(¢D) (see (8.4) for the
definition).

(9.6) THEREOM. Let D be a bounded NTA domain, and u harmonic in
D. Then. u(X)={,,/fdw"*. with f€ BMO(éD) if and only if there exists a
constant C such that, for all balls B centered at points Q€ (D,
(o) [ |GX)| [ Vu(X)? dX < C. where A =B M D.

This theorem was established in [19] for Lipschitz domains. our approach
here is parallel to |19, 20].
We need three lemmas in order to prove this theorem.

(9.7) LEMMA.  Assume f€ BMO(¢D), and r < r, (see (3.1)). Then. there
exists a constant C, independent of r and f. such that if B = B(Q,.r). and
A ED AA,.éDY =M "'r, M 'r<|A,— Q.| < Mr, and A =B D, then

l(A )= ; U‘ ”’A‘(f)f do'" <C “f“nmm"m*

Sipay

where A, is the surface ball with same center as A. and twice the radius.
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Proof. Let 4, be the surface ball with same center as 4, and 2’ times the
radius. Let R, A M, _,. Since

Ima)f) —ma (SN C S saos |mA,(f) —my (SNKC-J 1S lgmo-
)<Y | IS =m(NIKA,, Q) do

AW S 1r—
<7Mw(4.) JAij my (S do by (4.14).

On the other hand,

w(A)j = ma ()] do

1

<oy b =M e+ G oo < G 1 v

Since ¢; < M2 ¥, the lemma is established.

(9.8) LEMMA. Let D be a bounded NTA domain, and r < r,. Then, there
exists a constant C, independent of r, such that if B=B(Q,,r), and
Ad=BNaoD, then

r2(n—2) . GJ(X)
(U(A)3 ‘BOD dZ(X)

dx < C

Proof. Let I; be a dyadic Whitney cube of D, which touches BﬁD
Then dxam(1)< Cr. Let # ={allsuch [;}, and # = {[,€ F:1(I;)=2 .
Then,

J‘ G*(X) RS G*(X)

el dX < dx,
0 d(X) T ey d'X)

Now let Z; = center of I;. Fix k, and look at /; 657; Let Zj* € 0D, be such
that |Z;, — Z¥| = dist(Z;, oD), and 4; = A(Z}, 2%). By Harnack’s principle,
for Xe 1, G (X))~ G3(Zj). Thus,

f G (%) dX ~G*(Z)2 M"=2 ~ C}(Z;)) w(d)),

, d5(X)

by (4.8). Moreover, there exists a constant C such that, for every j,
4;c A(Q,. Cr), and also 3 x5, < N, where N depends only on the dimension
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n. This last fact holds because if Q € 4,4, then |Z, — Z;| < C2 %, and the
claim follows because I, and I, are dyadic cbes of side 27*. Also, since
A(Z}, Cr) > 4(Q,, 2r), (4.1) shows that

2—1\‘ a .
G(z,)gM( : ) L w(d),
Hence, Zle?kfz (G° (X)/d2 (XNAX<M?P T, 5, (275/r)* PP 0l ()w(4))
< CR22=1 2~ /)2" w*(4). Adding all over kK such that 2% < Cr, we get
the desired estimate.

(9.9) LEMMA. Assume that u is harmonic in the NTA domain D, and
there exists a constant C such that, for all balls B centered at points Q € oD,
(1/(D)) [ prp | GX)| | Vu(X)? dX < C, where A=BN\D. Let |ul|? be the
least constant in the inequality above. Let Dy= {X € D:dist(X, D) < d}.
Then, there exists 6 > 0, and M > 0 such that, for all X € D,, |Vu(X) <
M jul/d(X)

Proof. Fix n >0 so that B, (X,) = D. Pick J so small that if X € D,
then B(X) = {Y:|X — Y| < d(X)/2} € D\B,,(X,). For each X € D, we have
|Vu(X))* < (1| BX)) [0 | Vu(Y)? dX. Also, for each Y€ B(X), d(Y)~
d(X), and by Harnack’s principle G(X)=~ G(Y). Thus, by (4.8), G(Y)=~
d(X) " w(d(X*.d(X))) for all Y € B(X). Letting B(X) = B(X*, 2d(X)), we
see that

2 n nol 1
VU@ < ed@) - dX)" - Crsm o

x|
“B(X)MD

and thus the proof of the lemma follows.

Proof of (9.6). Assume f€ BMO(GD). Since |[,,|f— u(X,)* dw <
I/]lamo> by (5.14) all we have to worry about is balls B with r < r,. Fix one

such ball B, and let f, = (f— m, (f))xq So=(—my (/) 1., . with 4, as
in (9.7). Let u, and u, be their respective harmonic extensions. Then Vu =

Vu, + Vu,, and (5.14) shows that (1/w(4)) [z, | G| Vu,(X)? dX <

(l/w(d)) o 1G] [Vu,(X)? dX = (1/w(4)) Iplfil? dw < [/ 13810+
By Harnack’s inequality, splitting f, into its positive and negative parts,
we see that

v(X)
dx)’

[Vu,(X) < C where  v(X)=| |/~ m, (/)] do".



132 JERISON AND KENIG

Applying (4.10) in BN D to v(X) and C(X), using (9.7) and (4.8), we see
that for X € BN D,

(n—2)

r

w(4)

Thus, by (9.8), (1/@(4)) | 5rp [GX)] |V (X)? dX < C| f o

Conversely, assume with the notation of Lemma (9.9), that ||ul|* < 4o
and u(X,)=0. Evidently, [,|G(X)|Vu(X)*dX < +c0. Thus, by (5.14),
there exists /'€ L*(dw) such that u(X)={,,fdw*. and [,,fdw=0. To
check that /€ BMO(GD) we need only consider surface balls 4 with small
radius. Let 4 =4(Q,.r). and let 2 be the “cap™ of (3.11) such that
B(Q,.r)NDcRcB(Q,.M*’r)MD. Let A be a point in £ with
B(A.r/2)c 0. We first claim that [, |Vu(X)]* |Go(A. X)? dX < Cllul* In
fact, in B(4.r/2), |Go(d. X)| < 1/|4 — X|"~2, while, by (9.9), |Vu(X)*<
C |luli* r=2. Thus,

v(X)<C ”f”BMO . G(X).

| ¢ ax ,
Vu(X)* |G yl4. X)| dX < C—5 X ol
-’m.lt,r/Z)I (71 Gol ) r JB(J.r/Z) (4 — X" % 7 ]

On the other hand, in Q\B(4, (M/2)r), Gy(4.X)< C(G(X)/w(4)), by
(4.16), and so our claim follows.

Next, (5.14) shows that I'A |f» u(A )|2 dw?, < Clul*. Using (4.18), we see
that (1/w(4)) (4 |f— < C[lull?, as desired.

10. BMO, DOMAINS

Throughout this section D denotes a BMO, domain (see (2.6)). Fix
X, € D. We will denote w = @™, harmonic measure for D at X,. ¢ denotes
surface measure of ¢#D. Recall that w € A (do) if there exist a, B, 0 < a,
B <1 such that for all surface balls A4 and all Borel sets E A4,
w(E)/w(4) < a implies o(E)/d(4) < B.

(10.1) THEOREM. Let D be a BMO, domain. Then:

(a) w€A_(do). (In particular, w and o are mutually absolutely
continuous. )

(b) There exists p, < o such that for all p > p,. and all f€ L"(do).
there is a unique harmonic function u in D such that u approaches f non-
tangentially and Nl rye) < C Il Mings, - (N() denotes the non-tangential
maximal function (5.6).)

Proof. Suppose that we have already proved w € A (do). The fact that
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w and ¢ are mutually absolutely continuous follows from |28]. In fact,
w = g do for some g € L%do). ¢ > 1. Hence, if p > ¢’ and f€ L?(do), then
Hélder’s inequality implies f€ L'(dw). By Theorem (5.8), f has a harmonic
extension u and N(u)(Q) < CM,, f(Q). By a theorem of Muckenhoupt |12],
1M, fllioeor < C IS i oae for sufficiently large p.

It remains to prove that w € 4 (do). An immediate consequence of
Lemma (4.11) is that if A=4(Q.r), A=A,(Q)., Ecd4, then
w*(E)~ w(E)/w(d4). Therefore, it suffices to show that w'(E) < a implies
o(E)/o(d) < § for some «, f between O and 1. The main lemma is:

(10.2) LEMMA. There exists a Lipschitz domain D < D such that if M is
a constant depending only on the BMO, constant of D.

(a) AED, dA,éD)~r,
(b) a(@DMA)>M 'g(4),
(c) the Lipschitz constant of D is dominatd by M.

To prove w € A_ (do) using the lemma, let 3" denote harmonic measure
at A for D. The maximum principle implies &"(E M éD) < w'(E) < a. An
estimate of Dahlberg on Lipschitz domains |15.27] says that there exists
y >0 depending only on the Lipschitz constant of D such that
o (EMéD) < a implies o(EN dD)/o(A) < Ma'. Hence, for sufficiently
small a.

o(E) o(E\éD) o(ENéD)

o)~ o) + ) <1—M"+Ma"<f<1.

We need only Lemma (10.2) in a special domain D = {(x, y)| y > ¢(x).
xe k™ ye R with ¢ € BMO,. Furthermore, after a bounded dilation in y,
we may assume that || ¢|g,, < &,. for some small fixed ¢,. Finally, because
the BMO, norm is invariant under ¢(x)— rg(r 'x). ie. the dilation
(X, 8(x)) = (rx. rg(x)), we may assume that a(4) = 1.

Let y be a Lipschitz function on 1™, Denote by v(w)(x) the unit normal
to the graph (x, w(x)): v(w)(x) = (—Vy(x), 1) (—Vy(x), 1) which exists for
almost all x. Let 7 denote the unit cube in R™ with center 0. Let 6 € C (1)
be even, >0, | f(x)dx =1, and § = 1 on 1. An approximate unit normal
to the graph over I of a function ¢ € BMO (R™) is given by v(¢ + 8)(0).

(10.3) LEMMA.  Suppose that ||9 ||y, < &,. Then there exists a Lipschitz
function y and an open set ©” < I such that
(a) w>g¢onlandgd=wyon I\
(b) [~ (Vo) + 1) dx < Cel™.
(c) v(@*8)0)-v(y)(x)> 3 for xEL
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In order to see that (10.3) implies (10.2), observe that if vy = (0,..., 0, 1),
the unit vector in R™*', then v, - v(w)(x) = 1/(jVy(x)]> + 1)"%. Thus, in
general, the Lipschitz norm of a surface in rectilinear coordinates with v, as
vertical direction is dominated by |v, - v(w)(x)|~'. Let v, = v(¢ x 8)(0). We
conclude from (10.3c) that  is the graph in rectilinear coordinates with v,
as a vertical direction of a Lipschitz function with Lipschitz norm <2. The
Lipschitz domain D with diameter roughly 1 and bounded Lipschitz constant
is constructed by dropping a cone from the vertex (0, #(0)) + v,. Let
A = A((0, $(0)), 1). Denote ¥V = {(x, ¢(x)): x € 7}. Then by (10.3a) and (b),
(4N éD) > o(d)—o(V) > 1 — Cel/* > 1 = jo(4). This proves (10.2).

Proof of (10.3). Denote a= V(4 * 6)(0). R=(la|’+ 1)"*. Recall that
v, =(—a, 1)/R. Let n € CP(R™); n=1 on I Let h(x) = (¢(x) — a - x) n(x).
Note that since |[¢[|,, <||¢llamo, < & and $(0)=0, [,|VA(x) dx <&, (see
(3.7)). Denote the ordinary Hardy-Littlewood maximal function on R”
Mf(x)=sup{(1/|J]) [,|f(»)dy; J is a cube containingx}. Define
™ = {x € I: M(JVh|)(x) > e;/°R}. The weak type estimate for M tells us that

|7 < CePR 1. (10.4)
Denote §(x) = d(x, °/?), and 6,(x) = ¢ ""#(¢ " 'x). Define
h(x)=h* O,(x), xEO,
= h(x), x&o.

Finally, let w(x)=a - x + h(x) + Cey*0(x).
The main estimate is that Vi(x) exists a.e. and

|VA(x)| < Cey’R. (10.5)
To prove this, denote v(x,e)=~h=0,(x). # ={(x,¢e):e>d(x)}. For
(x,e)e X,

Vot < |V i = 00 dy |+ | £ [ o av)

(x.€)

< | 1m0 o= ay |
o | (g g e —he) e ar)

o
< Cey’R + C80J|y| i 2 04 ‘ dy

< Cel/R + C,.
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The second to last inequality holds because & > d(x) implies the ball of
radius ¢ about x contains a point of “?. The final inequality holds because

I'1yl1@/2e) 8(») v < C. _
Notice that v(x,¢) is continuous in # and the estimate above says

sup., | Vu(x, £)] < Cey’R. Therefore (48] v|, can be extended to all of R™*"
as a Lipschitz function with norm Ce;’R. Finally, 4(x) is the composition
x = (x, 6(x)) > v(x, 6(x)). Because d(x) is Lipschitz with bound 1, A(x) is
Lipschitz with bound Cel!/’R.

We can now prove (c). By (7.5),

Vy(x) = a + VA(x) + V(Ceyd(x))
—a+0(\R).

Part (c) now follows for sufficiently small ¢,.

For part (a),

i)~ A < [ [ A +9)-+ 306 =) = ) ()

<t | 1310500 (») dy < Cey 3(x).

Hence, A(x)+ Ceyd(x) > h(x). Thus w(x)>d(x). Also, we clearly have
w=¢ on I\, so (a) is proved.
For part (b), = {J I;, where I, is the Whitney decomposition of /7.

‘/ (|V¢(X)|2 + 1)1/2 dx < }:‘l(] + 'V¢(x)’2)1/2 dx

<,\; 17| +’ |Vo(x)| dx

J

<N (4] + Ce*R L + CR| 1))
i

The final inequality holds because | Vo(x)| < |VA(X)| + |a| = |Vh(x)| + R, and
there is a point of ‘7 in the expanded cube /. Thus by (10.4),

Jp (1+]Vg(x)[")"? dx < CR Y |I| = CR 7| < Cey”,
J

This concludes the proof of (10.3) and the theorem.

Let us compare Theorem (10.1) with a result of [28]. We call a domain D
an L7 domain if the boundary of D is given locally as the graph of
continuous functions ¢ with V¢ € L”.
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(10.6) THEOREM [28|. If DcR" is an LY domain for some p > n— 1,
then w and o are mutually absolutely continuous. Moreover, if p > 2, and
f€ L*(do) for some q > 2(p— 1)/(p — 2), then f € L' (dw) and the harmonic
extension u of [ converges to f non-tangentially a.e. (w) or (o).

The domains treated in (10.6) are far more general than BMO, domains:
BMO c L}, for all p < oo. However, the convergence we obtain is merely
pointwise convergence almost everywhere. Theorem (10.1) has the advantage
that the non-tangential maximal function N(u)(Q) is controlled. Thus the

convergence is dominated.

11. FURTHER REsSuLTS AND OPEN QUESTIONS

(11.1) THEOREM. Let D be a quasicircle. Then, u belongs to H'(D. dw)
if and only if u(X)::l'ﬁ,,fdw“' Jor some f€ L'(dw), and the harmonic
conjugate of u, i(X)=|,, g dw* for some g € L'(dw).

Proof. Suppose that u(X)=[,,fdw*. with f€ L'(dw), and u(X)=
[p & dw®, with g € L'(dw). Denote F = u + id. Then, |F|'/? is subharmonic,
and its boundary values belong to L*(dw). By subharmonic majorization,
and Theorem (5.8), the non-tangential maximal function of |F|"* belongs to
L*(dw). Therefore, u € H'(D, dw). Conversely, suppose that u € H'(D. dw).
Then, u(X)= [, fdw", where f€ L'(dw) and f has an atomic decomposition
(Theorem (8.13)). Let ¢ denote a conformal mapping from the unit disc to
D.uo®@(Y)= s fod(e)dw!., and fo & has an ordinary atomic decom-
position as a function in the unit circle (relative to arc-length ds). Therefore,
by the boundedness of the conjugation operator on H' of the circle,
(o @) (Y)= ¢ h(e®)dw?,, where he€ L'(ds). But, io®=(uo®);
thus, :

(XY= |, gdo’. where g=ho® '€ L' (dw).

(11.2) THEOREM. Let D be a chord-arc domain with chord-arc constant
sufficiently close to 1. Then, u belongs to H'(D, dw) with u(X,)=0, if and
only if u(X) = |,,fdw" for some f€ L' (dw) with | fdw =0, and such that
the Cauchy integral of f-(dw/dc) (ie., p-v- _“(r,,)f(z) - (dw/do)(z) -
(z =) do(z) =, (f(2)/(z — {)) dw(z)) belongs to L'(do).

Proof. We will only give a sketch of the proof. First, choose the chord-
arc constant so close to 1 that the Cauchy integral is bounded in every
L7(de), 1 <p< oo. (See [13].) Now, introduce the space H} (D, do) of
f=2Aa;, Y |A] < +oo, such that suppa,cd,, 4, a surface ball,
lepa;do=0, and ||a;||,, < 1/a(4,). It is easy to see that the L” boundedness
of the Cauchy integral (which we are going to denote by C from now on)
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implies that if f€ H./(éD,dw), then Cf€ L'(@D,do). The fact that
w€E A, (do) implies that f€ H.(éD, dw), _I.fdo) =0 if and only if
[+ (dw/do) € H,(éD,ds) (see [14]). It follows that if u € H'(¢D, dw).
u(X,) =0, then C(f (dw/do)) € L'(do), where u(X)=[,,fdw" with
fEH(éD,dw) by (8.13).

For the converse, we follow the lines of Theorem 2.13 of |[18]. Let
Kf(z)=p- v+ [ ((z—0.N,)/|0 —z|*) f(6) do(p). where N, is the inward
pointing unit normal to ¢D. It is easy to see that the boundedness of Cf on
L?, 1 <p< oo, implies the same result for K. Moreover, arguing as in
Theorem 1.1 of [18], we can show that if the chord-arc constant of D is
sufficiently close to 1, then K is not only bounded on BMQO(éD). but, in
addition K =K + E, where K is compact on BMO(éD), and the operator
norm of E on BMO(dD) is small. Because of this, an argument similar to the
one given in Theorem 1.2 of [18]| shows that 3/ + K is invertible on
BMO(@D), and 3/ —K* is invertible on H)(éD,do). From this, the
argument of Theorem 2.13 of |18] (with some modifications) shows that if
JE LY D, do). and Cf € L'(do), then f€ H. (6D, do).

Thus, if f€L'dw), [fdw=0. and C(f: (dw/do)) € L'(do), then
S (dw/do) € H,(¢D, do), and so f€ H}(éD, do). Hence, u(X)= [, fdw*
belongs to H'(D, dw).

An examination of the proof of the doubling condition (4.9) shows that it
can be stated in the following form. Let Q€ éD, 4= B(Q,r)N¢éD,
24 = B(Q. 2r)MéD. Then there is a constant C independent of X such that
if d(X,24) > ir, ©¥(24) < C*(4).

(11.3) PROPOSITION. Let [ be a continuous function on the unit interval,
S0)=0. f(»>0 for y>0. Denote D={(x,y):|x|<f(y).xER",
O <y < I} If harmonic measure in D satisfies the doubling condition {as
stated above), then there exists € >0 depending only on C such that
S(y) > ey for vy < 4. In other words. D contains a cone at the origin.

Proof. Suppose that for some y <4, f(»)<er. We will deduce a
contradiction for ¢ sufficiently small. Let Q=(0,0), X,=(0,y),
X,=(0,3y). Denote 4=B(Q,y)NéD, B=B(X,,}p). Choose N
sufficiently large that B(X,, N)> D. Denote H = {(x,¢):¢> y}. Denote by
u,{X) the harmonic function in H M B{X,, N} such that

LX)=1, X=X <fO
=0, elsewhere on the boundary.

By the maximum principle, #,(X) > w*(4) for all X in H N B(X,. N)N D.
In particular, u,(X) > w*(4) for all X € BN D. There is a constant C,, such
that u(X) < C,,e™ for X € B. Thus, w*(4) < C,.e™ for all X€ BN D.
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Denote by #,(X) the harmonic function in H M B(X,, y) such that
w,(X)=1,  X=(xp) [x|>S()),

=0, elsewhere on the boundary.

By the maximum principle, u,(X) < @*(24) for X in HN B(X,,y) N D. In
particular, u,(X) < w¥(24) for X € BN D. There is a constant a,, > 0 such
that u,(X) > a,, for X € B. Thus, ®*(24) > a,, for all X€ BN D. In all,
w*(24) > a,,C,'¢ "w¥(4) for X € BN D.

Case 1. B < B. In this case, d(X,,24) >}y, so for sufficiently small ¢
the estimate above contradicts the doubling condition at X .

Case 2. B¢ D. Then there exists y,, (5/4(y <y, <(7/4)y, such that
f(y;) < (1/4)y, The estimate above shows that w*(24) > a, C, 'c "w*(4)
for all X on the boundary of D M {(x, ¢): ¢ > y,}. By the maximum principle,
the same estimate is valid on the interior of D M {(x, ¢): ¢t > y,}. For example,
take the interior point X, = (0, 3y). X, satisfies d(X,, 24) > } y, but for small
g, the doubling condition at X, is violated.

We would now like to make some remarks about elliptic operators 2#, in
divergence form, with bounded measurable coefficients, ie., ¥ = 0;a,;0;,
where A Y |&1P <Y a,(x) &E LAY |EF (see [6]). If we replace
harmonic functions on NTA domains, by solutions to operators ¥ as above,
on NTA domains, many of our theorems remain valid.

Specifically, all the lemmas in Section 4 hold, with similar proofs, using in
some instances the results and techniques of [6]. All the global results of
Section 5 then also remain valid, except for (5.13) and (5.14), which use
specific properties of the Laplacian. (However, we believe that some
analogue of (5.13) and (5.14) must also hold for this general class of
operators.) The theorems in Section 6 which do not deal with the area
integral, also remain valid for the general class of operators, as well as
Sections 7 and 8 in their entirety. The proofs of the theorems in Section 9 use
special properties of the Laplacian, and thus cannot be claimed to hold for
the general class of divergence form operators. The results of Section 10, as
they involve surface measure, cannot be true for general divergence form
operators, because surface measure and elliptic measure need not be
mutually absolutely continuous for these operators, even in smooth domains
(see |5]).

We would now like to list some open questions.*

(1) Does the analogue of the local area integral theorem (6.6) remain

valid for divergence form operators with bounded measurable coefficients?
(See also (4) below.)

* Since this paper was written in June 1980, considerable progress has been made on
several of these questions. See the note at the end of the paper.
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(2) By the methods of [5], it can be shown that every measure on S,
which satisfies the doubling condition, arises as the elliptic measure of an
operator in divergence form. Is this true for §", n > 1?

(3} The idea behind the proof of [5] is that quasiconformal mappings in
two dimensions preserve the class of operators in divergence form, with
bounded coefficients. This, however, is not true in higher dimensions. Is there
a class of elliptic operators in higher dimensions, which is invariant under
quasiconformal mappings of IR", and such that our resulits hold for this class
of operators on NTA domains (or even smooth domains)? A natural class to
consider is operators ¥’ = d;a;;d;, with

[ g ¥ RtV

/l(x): [ a;(x) §;¢;

pa—

Alx)
A(x) <

2 with

<A(x):‘éi

and A(x), A(x) € 4 ,(dx).
(4) Distribution function inequalities for the area integral in NTA
domains: The proposed inequalities are of the form

w{QE ED: A (u) > 24 Ny(u) <A} < C(y) w{Q € D: A ,(u) > Al.

where C(y)— 0 as y— 0, and a < . The same inequality, with the roles of 4
and N interchanged, with the assumption that u(X,) = 0 is also desired. As is
well known (see [3]), those inequalities imply the equivalence of the L”(dw)
norms of 4 and N, 0 < p < co. As mentioned in the Introduction, Dahlberg
[16]| proved those inequalities for Lipschitz domains. The key point in his
proof is the existence of constants a, b > 0 such that if F <4 < éD and 4 is
a surface ball of radius r, and we construct the sawtooth region £ over F, of
diameter r (see (6.3)), then

w(F) ) o) " oo
M< C[(I)Q(F)l . and [WJ >C (,I)Q(F).

We have not been able to establish these inequalities for general NTA
domains. On Lipschitz domains, they are an easy consequence of the fact
that w € A (do). Since on BMO, domains (see (10.1)) w € 4, (do), the
distribution function inequalities hold in this case.

In the case n=2, for any NT4 domain one can use a subharmonic
majorization argument like the one used in Theorem (11.1) to show the
equivalence in L'(dw) of A and N (see [48, Chap. 7]).

The existence of distribution function inequalities of the type described
above is also an open question (for exactly the same reason cited above) for
divergence class operators, even on smooth domains.

607/46/1-10
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(5) In connection with (8.14) we would like to pose the question of
whether the set of functions u(X)=[,,fdw", f€ L'(dw), is dense in
H?(D, dw), for p, < p < 1, on any NTA domain. This fact, and the a priori
estimate of (8.14) would complete the proof of the atomic decomposition of
HP(D,dw), py <p < 1.

(6) The following generalization of chord-arc domains to higher
dimensions seems natural. Let D be an NTA domain such that
o(4(Q, r)) < Cr*~ ! for all surface balls 4(Q,r) in éD. (Of course, BMO,
domains satisfy this property.) Does harmonic measure belong to 4, (do) in
this case? Conversely, if harmonic measure belongs to A_(do)., does ¢
satisfy o(A4(Q. r)) < Cr"~'? This question is open even when n = 2.

(7) Jones asked whether the Corona theorem holds on multiply
connected NTA domains in the plane. This might be a consequence of the
duality of H' and BMO (8.13).

The last questions are of a geometric nature.

(8) Does the conformal mapping between two simply connected
quasicircles preserve corkscrews? This would give a more direct proof of
(11.1). Perhaps (2.7) is relevant here.

(9) Suppose D is an NTA domain in R", n > 2, which is homeomorphic
to a ball. Can the “caps” of (3.11) be constructed so as to also be
homeomorphic to balls? This is of course true for Zygmund domains, and
quasispheres (see Appendix).

(10) Is every Zygmund domain D in R", n > 2 a quasisphere? (The
answer for n =2 is yes, and follows from Ahlfors’ three point condition, set
Section 2).

APPENDIX: A LOCALIZATION

We will now prove Theorem (3.11) in the special cases where D is ¢
quasisphere or a Zygmund domain. Recall that in both cases D itself is ar
NTA domain.

Notations. ®:R"->R" and @' will denote global quasiconforma
mappings. d(B) (d(E)) denotes the diameter of the ball B (respectively, a se
E) and |E| denotes the Lebesgue measure of a set EcCR". As usua
d(B,, B,) denotes the distance between balls.

We need two properties of quasiconformal mappings. Throughout, M wil
denote a constant that depends only on the dilatation constant of @ (an
o),

(A.1) Let 0<C< M; if d(B,) < Cd(B,) and d(B,, B,) < Cd(B,). the
d(P(B,)) < MC*d(D(B,)).
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(A.2) Let B be a ball with center X; then there exist balls B, B” with
center @(X) such that B « @(B)c B’ and d(B’) < Md(B").

These properties are easy consequences of theorems of Gehring and
Viisala.

THEOREM 1 |23]. |J@], the Jacobian of ®. satisfies A, with respect to
Lebesgue measure. In other words, there exists a > 0 such that

\@E) K]
oy <M (T

) forany E < B.

THEOREM 2 [53|.  For any ball B < R", there exists a ball B’ such that
®(B)< B’ and d(B') < M| ®(B)|'".

(A.3) ProposITION. If D= @(B,), where B, is the unit ball. then for
every r >0 and every Q&€ éD, there exists an NTA domain 2 such that
B(OQM ' )NDcQcB(Q,MryND. In fact 2 is a quasisphere with
dilatation constant comparable to that of D.

Proof. Let B=B(Q.M 'r). Choose B"< @ '(B)c B’ according to
(A.2) so that d(B') < Md(B"). Let 2 = @(B') D = @(B' N B,). Obviously
£ is a quasisphere with dilatation comparable to D and 2 > B M D.
Moreover,

d(2) < d(P(B")) < M|P(B")"" < Md(P(B")).
Now by (A.1) and the inclusion @(B") < B,

Md(@(B')) < M*d(P(B")) < M*d(B) = 2Mr.

(A.4) PrROPOSITION. Let D be a Zygmund domain. For every r > 0 and
every Q € éD there exists an NTA domain Q such that B(Q.M 'ryn D c
QcB(Q,Mr)ND. M and the NTA constant of 2 depend only on the
Zygmund class constant of D.

Proof. Let. ¢ € A,, the Zygmund class. As in (3.6), it will suffice to
verify (A.4) in a special domain D = {(x,y):y > ¢(x), x € R™} with [|g]|
small. We will use slightly different notations from those in Section 3. If
€ CP(R™) is a non-negative even function with [ 8(x)dx=1, we will
denote G,(x) =2 "0(27*x), @,(x)=9 * 6 (x), a?(x)=Vg,(x). Let «a
denote an absolute constant times || ¢||,,. Recall that ((3.7), (3.9))

|9(x) — p(x)| < a2~ .
|¢(z) — 9(x) —a®(x)  (z —x)| <a27* for|x—z| < 10-2 % (A.5)
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It is easy to deduce from (A.5) that

la*(x) —a* " (x) < a

la*(z) —a'®(x) <a  for|x—z|<10-27% (A.6)

We will need a quantitative version of the inverse function theorem, whose
proof is left to the reader.

(A.7) LEMMA, Suppose that F is a  Lipschitz  mapping
R*— R"; F(0)=0. Let S be a convex set containing 0 and T be an
orthogonal matrix. If |[F'(x) = T|| < a <3, for all x € S, then:

(@) (I—a)lx—z[<|F(x)—F2) < (1 +a)|x—z].
(b) IfB(O,(1+a)r)c S, then F(B(0,r))> B(0, (1 —2a)r).
(| || denotes the operator norm of a matrix.)

A mapping F satisfying (A.7) will be called a near isometry.
Denote

nO=2"1—1, 272k
=22k, 2R 2k,

=0, otherwise.

Observe that

X

Nogy=1 fort>0.

k=~

o
N2 =t for ¢t > 0. (A.8)

k=—oo

Let {y¥(x)} be a smooth partition of unity on R™ subordinate to the doubles
of dyadic cubes of side 2. Denote the center of each cube by x¥; R (x) =
(=a®(x), 1)), APx)=(=a®(x), D/RP(x), Aj=AN()). v x)=

(6 94()) + 27 %, () 4.
Finally, F(x, 1) =35 _ . 1(t) v (x). (F: R7*' > D.) F preserves distance
to the boundary:

(A.9) LEMMA. For sufficiently small a

@) |F(x, 1) = (x, 9(x))| = 1 + O(ar),
(b) d(F(x,1),oD)=t+ O(at).
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Progf. Choose i so that 27'<t<2 "', Denote J={i— I,i}. For
|z—x] <1027 by (A.5), (A.6), (A.8),

F(x,0) = (2.6(2)) = Y n(0)(walx) — (2, 9(2)))
= N7 2(D10, 6(x) — 6(2) — @ (x)(x — 2))

+ (0, 61(x) — 6(x)) + 27 X yi(x)(4f — 4V (x))

+(x—z,a?(x) - (x —2))+2*4P(x)}
=tH(x—z.a’(x)- (x—2)) + 4" (x)) + O(ar).

In particular, when z=x, F(x,f)— (x,¢(x))=14"(x) + O(at) and (a)
follows since 4”(x) has unit length. For part (b), we need only check the
lower bound. Denote (w,y)=F(x,f) with weER", yER. If |z—x|<
10- 27 then the formula above shows |F(x,?)— (z,d(z))|>t— O(ar)
because the vectors (x — z, a”(x) - (x — z)) and 4'”(x) are perpendicular.

Part (a) for small a implies |w—x| <2t If [z—x|>10-2"", then
[F(x, 1) = (2, 8(2))| 2|z = w| 2|z = x| =[x —w[ > 1.

Define a block B/(x)={(z,t):|z—x|<100-2"" and {27 '<1<
10 - 277}, Denote 1, the m X m identity matrix. R, = R'"”(x), a = a'"(x) and
‘a the transpose (row) vector. It is not hard to calculate, for (z, t) € B,(x),

L —alR; ) (A.10)

F'(z,t)=J;+ O(a), where J, = (’a 1/R

For any m X m matrix U, denote U= (§ ), the (m + 1) X (m + 1) matrix.
Let U, denote the rotation of R™ that sends a/|a| to the unit vector
(1,0,..,0) and fixes the orthogonal complement of these two vectors. (If
a=0,let U;=1,.) An easy calculation yields:

(A.11) J,=T,S,;, orthogonal, S, symmetric and S;='U,D,U,,
D;= (If)i lmo,,,)-

Remark. The geometric meaning of calculations (A.10) and (A.11) is
that if we translate x to the origin F o S; ' is a near isometry on S,(B,(x)), in
the sense of (A.7). Furthermore, {(A.9) shows that the image under F of
disjoint blocks is disjoint. Thus F is a global homeomorphism.

Denote E(x) = {z:]S;(z — x)| < C}. E,(x) is an ellipsoid in R™ containing
the rectangle {z:|z—x|<10-2 % ]a,(x)  (z—~x)<10.277} and
contained in a multiple of this rectangle. The NT4 domain of size 27" at
Q = {x,, 6(x,)) is 2 = F(E(x,) X (0, C - 27")). The reader may verify, using
(A.5) and (A.9), that B(Q,2 YNDcR<B(Q,C-27)YND.
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The key point in the verification that 2 is an NTA domain is to find a
non-tangential ball at height ¢ and distance ¢ from the sides of Q.
F(PE (x,) X (0, C - 27%)). Without loss of generality, assume i = 1.

(A.12) LEMMA. Let Q=F(x,1), 0<t<! and x€&E. (E=E,(x,).)
Then there exists P € 2 such that |P— Q| =1t and d(P,02) > (1 — i7) 1.

Proof. Choose k so that 2%t < 2 ¥*'. We need only be concerned
with the block B,(x). Make a translation so that x=0. Then O & ¢E.
Fo S, 'is a near isometry on S,(B,(0)). Therefore, the problem reduces to a
question in R™. It suffices to prove that one can inscribe a sphere inside the
ellipsoid §,(E) of radius at least ¢ at 0 € §(S,(E)). (Here we are using the
notations of (A.10) and (A.11).)

Recall that E={z:|S,(z—x,)| <C}; thus S(E)=1z:18,5;"2—
S,x,] < C}. For any ellipsoid {z:|4z—zy| < C}, the least radius of an
inscribed sphere at any boundary point is C/{|4]|*||4 ~'|. Hence we must
prove that ||S, S, "|* || S, S; || < Ct '~ C2.

Denote H,=U,—U,. (A.6) implies that |H,||<ke/R, and
|R, — R|| < ka. Therefore,

IS, 8¢ =1'U,D,U,'UD; Uil
=||'U,D,D;'U, +'U,D,U,'H,D; U, ||
<IDD Y+ 1D 'HL < 2(1 + ka).

Similarly, || S, S7 || < 2(1 + ka). Hence, [|S,S; "] 1IS,8,; "> < 8(1 + ka)' <
C2*%, as desired.

The remainder of the proof that £ is an NT4 domain is similar to the
proof of (3.6) and will be left to the reader. The only tools needed are
Lemma (A.12), the remark following (A.11), and the fact that
E (x,) X (0, C - 27"} is convex.

Note added in proof. Questions 1 and 4 of Section 11 have been resolved in the affir-
mative by B. Dahlberg, D. Jerison, and C. Kenig in a forthcoming article: *“Area integral
estimates for elliptic differential operators with non-smooth coefficients.” An answer to
Question 3 can be found in: “The local regularity of solutions of degenerate elliptic
equations,” Comm. in P.D.E., 7 (1) (1982). 77-116 by E. Fabes, C. Kenig, and R. Serapioni
and in two articles by E. Fabes, D. Jerison, and C. Kenig: “The Wiener test for degenerate
elliptic equations,” Ann. Inst. Fourier, Grenoble and “Boundary behavior of solutions to
degenerate elliptic equations,” Proc. Conf. in honor of A. Zygmund (1981). The two-
dimensional part of Question 6 is treated by D. Jerison and C. Kenig in “Hardy spaces, 4,
and singular integrals on chord-arc domains,” Math. Scand., in press. Finally, the positive
answer to Question 8 is well known (although not to us at the time). It follows easily from the
fact that the conformal mapping between quasicircles has a global quasiconformal extension.
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