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Abstract

A champagne subdomain of a connected open set U # ) in R?, d > 2, is obtained by omitting pairwise
disjoint closed balls B(x, ry), x € X, the bubbles, where X is an infinite, locally finite set in U. The union A
of these balls may be unavoidable, that is, Brownian motion, starting in U \ A and killed when leaving U,
may hit A almost surely or, equivalently, A may have harmonic measure 1 for U \ A.

Recent publications by Gardiner and Ghergu (d > 3) and by Pres (d = 2) give rather sharp answers to
the question of how small such a set A may be, when U is the unit ball.

In this paper, using a totally different approach, optimal results are obtained, which hold also for arbitrary
connected open sets U.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction and the main results

Throughout this paper let U denote a non-empty connected open set in R?, d > 2. Let us
say that a relatively closed subset A of U is unavoidable if Brownian motion, starting in U \ A
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and killed when leaving U, hits A almost surely or, equivalently, if /,L;J\A (A) = 1, for every

y € U\ A, where Méj\A denotes the harmonic measure at y with respect to U \ A (we note that
u;/\A may fail to be a probability measure, if U \ A is not bounded).

For x € R? and r > 0, let B(x, r) denote the open ball of center x and radius r. Suppose that
X is a countable set in U having no accumulation point in U, and let r, > 0, x € X, such that
the closed balls E(x, ry), the bubbles, are pairwise disjoint, sup, .y ry/dist(x, dU) < 1 and, if
U is unbounded, r, — 0 as x — oo. Then the union A of all B(x, r,) is relatively closed in U,
and the connected open set U \ A (which is non-empty!) is called a champagne subdomain of U.

This generalizes the notions used in [3,8,12-14] for U = B(0, 1); see also [6] for the case
where U is RY, d > 3. Avoidable unions of randomly distributed balls have been discussed
in [11] and, recently, in [5].

It will be convenient to introduce the set X 4 for a champagne subdomain U \ A: X4 is the
set of centers of all the bubbles forming A (and 7, x € X4, is the radius of the bubble centered
at x). It is fairly easy to see that, given a champagne subdomain U \ A and a finite subset X’
of X4, the set A is unavoidable if and only if the union of all bubbles E(x, re), x € X4\ X/,
is unavoidable.

The main result of Akeroyd [3] is, for a given § > 0, the existence of a champagne subdomain
of the unit disc such that

Z ry <8 andyet A is unavoidable. (1.1)

xeXa

Ortega-Cerda and Seip [13] improved the result of Akeroyd in characterizing a certain class of

champagne subdomains B(0, 1) \ A, where A is unavoidable and ), .y , 'x < 00, and hence the

statement of (1.1) can be obtained omitting finitely many of the discs B(x,ry), x € Xa.

Let us note that already in [10] the existence of a champagne subdomain of an arbitrary
bounded connected open set U in R? having property (1.1) was crucial for the construction
of an example answering Littlewood’s one-circle problem in the negative. In fact, Proposition 3
in [10] is a bit stronger: Even a Markov chain formed by jumps on annuli hits A before it goes
to dU. The statement about harmonic measure (hitting by Brownian motion) is obtained by the
first part of the proof of Proposition 3 in [10] (cf. also [9], where this is explicitly stated at the
top of p. 72). This part uses only “one-bubble estimates™ for the global Green function and the
minimum principle.

Recently, Gardiner and Ghergu [8, Corollary 3] proved the following.

Theorem A. If d > 3, then, foralla > d — 2 and § > O, there is a champagne subdomain
B(0, 1) \ A such that A is unavoidable and

Z r <.

xeXy
Moreover, Pres [14, Corollary 1.3] showed the following for the plane.

Theorem B. If d = 2, then, foralla > 1 and § > O, there is a champagne subdomain B(0, 1)\ A
such that A is unavoidable and

1 —a
Z <log —> < 4.
Ix

xeXy
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For capacity reasons both results are sharp in the sense that o cannot be replaced by d — 2
in Theorem A and « cannot be replaced by 1 in Theorem B. In fact, taking o = d — 2, ¢ = 1,
respectively, the corresponding series diverge if A is an unavoidable set of bubbles (see [8, p. 323]
and [14, Remark 1.4]). The proofs of Theorems A and B are quite involved and, in addition, use
the delicate results [7, Theorem 1] (cf. [2, Corollary 7.4.4]) on minimal thinness of subsets A
of B(0, 1) at points z € dB(0, 1) and [1, Proposition 4.1.1] on quasi-additivity of capacity.

Carefully choosing bubbles centered at concentric spheres, estimating related potentials, and
using the minimum principle, we obtain the following optimal result, not only for the unit ball,
but even for arbitrary connected open sets.

Theorem 1.1. Let U # O be a connected open set in RY, d > 2 andlet h : (0,1) — RT be
such that liminf;_.o h(t) = 0. Then, for every § > 0, there is a champagne subdomain U \ A
such that A is unavoidable and

—1
Z <1ogrl> h(ry) <8, ifd=2,

xeXa

> i Phrd <8, ifd =3

xeXa

Moreover, we may treat the cases d = 2 and d > 3 simultaneously. To that end we define
functions

1
log r ifd =2,

274 ifd > 3,

N(t) = and ¢@(t):=1/N(@)

so that (x, y) — N(]x — y|) is the global Green function and, for d > 3, ¢(t) = 1972 is the
capacity of balls with radius ¢ (for d = 2, ¢(¢) should be considered for ¢ € (0, 1) only). Using
the (capacity) function ¢, the two displayed formulas can be simultaneously expressed as

> eroh(ry) < 8. (1.2)
xeXy

Accordingly, the results of Gardiner and Ghergu and of Pres (Theorems A and B) can be
unified as follows.

Theorem C. If d > 2, then, foralle > 0and § > 0, there is a champagne subdomain B(0, 1)\ A
such that A is unavoidable and

Z (p(rx)HE < 34.

xeX A

Clearly, Theorem C follows from Theorem 1.1 taking & = ¢®. Of course, we may get much
stronger statements taking, for example,

h(t) = (loglog- - - log(l/gp(t)))_l, t > 0 sufficiently small.

In fact, we shall obtain the following.

Theorem 1.2. Letd > 2and U =R or U := B(0, L), L > 0. Further,let0 < Ry < Ry < - - -
with B(O, Ry) + U and h : (0, 1) — R with liminf, .o h(t) = 0. Then, for every § > 0, there
exist finite sets Xy in d B(0, Ry) and ry > O such that, taking
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A= U B(x, i),

xeXk,keN
the set B(0, 1) \ A is a champagne subdomain, A is unavoidable and (1.2) holds.

Let us finish this section by explaining in some detail how these results are obtained. Given
an exhaustion of an arbitrary domain U by a sequence (V) of bounded open subsets, we first
present a criterion for unavoidable sets A in U in terms of probabilities for Brownian motion,
starting in V,, to hit A before leaving V,,; 1 (Section 2).

To apply this criterion we prove the existence of ¢ > 0 and ¥ > 0 such that the following
holds (Sections 3 and 5): Given R > 0and 0 < p < (1/3) min{R, 1}, there exists 0 < py < p/3
such that, for every 0 < r < pg, we may choose a finite subset X, of d B(0, R) satisfying

(i) the product #X, - ¢(r) is bounded by c,o’1 R4
(i) the balls B(x, r), x € X,, are pairwise disjoint,
(iii) starting in E(O, R + p), Brownian motion hits the union of the balls E(x, r),x € X,, before
leaving B(0, R + 2p) with a probability which is at least «.

In Section 4 we give a straightforward application of our construction X, to the unit ball
considering an exhaustion (B(0, Ri))i>k, given by Ryy1 — Ry = (k log2 k)~! and a “one-bubble
estimate” for the global Green function. The resulting Proposition 4.1 is already fairly close to
Theorem C.

The proof of (iii) in Section 5 will be based on a comparison of the sum of the potentials for the
points x € X, with the equilibrium potential for B(0, R) (both with respect to B(0, R4-2p)). The
proof of Theorem 1.2 is now easily accomplished by taking px := (1/3) min{Ry+1 — Rk, Ry —
Ri—1,1/k} and choosing 0 < ry < pox < px With c,ok_lR,f_lh(rk) < 27k§ (Section 6).
Finally, in Section 7, we prove Theorem 1.1 by covering the boundaries dV,, of an arbitrary
exhaustion (V,) with small balls to which we apply the results of Sections 3 and 5.

2. A general criterion for unavoidable sets

Given an open set W in R and a bounded Borel measurable function f on RY, let Hy f
denote the function which extends the (generalized) Dirichlet solution x f fd /L;V ,x e W,to
a function on R taking the values f(x) for x € R \ W. We shall use the fact that the harmonic
kernel Hy has the following property: If W’ is an open set in W, then Hy Hy = Hy .

Let U # () be a connected open set in R, d> 2 andlet A C U be relatively closed. Then A
is unavoidable if and only if

Hy\alp =1 onU.

Proposition 2.1. Let 0 < «; < 1 and V; be bounded open sets in U, j > jo, such that
Vj C Vit Vi 1 U, and the following holds: For every j > jo and every z € 9V; \ A,
there exists a closed set E in AN Vjiy such that

HVjJr]\ElE(Z) = Kj. 2.1
Then, foralln,m € N, jo <n < m,
Hpalaz1— [] —kj) onV,. (2.2)
n<j<m

In particular, A is unavoidable if the series ) Kk is divergent.

J=Jo
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As we noticed later on, the probabilistic aspect of such a result has already been used
in [13] and subsequently in [6,12]: of course, Brownian motion starting in V,, hits dV,, before
reaching V), 1 1. Inequality (2.1) implies that a Brownian particle starting at some z € 9V; \ A,
n < j < m, does not hit A before reaching 9V with probability at most 1 — « ;. By induction
and by the strong Markov property, it does not hit A with probability at most [, jem( —Kj)
before reaching 8 V,,, and therefore it hits A with probability at least 1 — [ — Kk j) before
leaving U.

n§j<m(1

Proof of Proposition 2.1. For j > jo,let W; 1 := V; ;1 \ A. If Eis aclosed setin ANV,
then HWJ.+1 1y Vi < 1-— HVj+1\E 1 g, by the minimum principle. Hence, by (2.1),

Hw;, lyv,,, =1 —«;j ondV;.
Now let n, m € N, jo < n < m. By induction,

HW,,,IBV,,, =Hwn+1HWn+2"'HWm13Vm < 1_[ (I—Kj) ondV,.

n<j<m
By the minimum principle, we conclude that

HU\AlAZHW,,l]Azl_HW,,,]Z)VmZl_ l_[ (1—Kj) on Vn. O

n<j<m

3. Choice of bubbles

Let R > 0,V := B(O,R), and 0 < p < (1/3)min{R, 1}. For every r > 0 which is
sufficiently small, we shall choose an associated finite subset X of 9V and consider the union E,
of all bubbles B(x,r), x € X,. Forr > 0, we first define

B = (p(r)p)/ @D, (3.1)

In other words, we take § satisfying

d—1 -1 . exp(—p/B), ifd =2,
o(r)=pg""p ", thatis,r = {ﬁ(dl)/(dZ)pl/(dZ)’ ifd > 3. (3.2)

It is easily seen that 8 < p if r < p. Further, there exists 0 < pg < p/3 such that
r < B/3, wheneverr € (0, pp). 3.3)

Indeed, if d > 3 and r < 3'"9p, then r/B = (rd’l/(rd’zp))l/(d_l) < 1/3. Assume now that
d=2andr < (1/18)p>. Then p/B = log(1/r) < 10g{[p/(3r)]2/2} < p/3r.

Given 0 < r < pp, we choose a finite subset X, of dV such that the balls B(x, 8),
x € X, cover dV and the balls B(x, 8/3), x € X,, are pairwise disjoint (such a set X, exists;
see [15, Lemma 7.3]). By (3.3), the balls F(x, r), x € X,, forming E, are pairwise disjoint.
A consideration of the areas involved, when intersecting the balls with dV, shows that there
exists a constant ¢ = c¢(d) > 0 such that

cTNR/BT < #X, < c(R/B)T, (3.4)
and hence, by (3.2),

#X, - @(r) <cp 'R (3.5)
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Thus, given R and p, our assumption on & implies that liminf,_,o #X, - ¢(r)h(r) = 0.
4. A result based on a ‘“one-bubble approach”

It may be surprising that, having Proposition 2.1 and our construction of unions E, of bubbles
centered at spheres dB(0, R), a “one-bubble approach”, which only uses the global Green
function with one pole, may already yield a result which is almost as strong as Theorem C.

For Proposition 4.1, a sequence (Ry)x>x, Will be chosen in the following way. We fix ko > 34
such that Y~ ;- (jlog® j)~! < 1/2 and ke ™% < (91log® k)~", for k > ko. For every k > ko, let

R:=1- (jlog’ )~" and Vi := B(0. Ry).
=k
To apply our construction in Section 3 let us, for the moment, fix k > kg and let R := Ry,

p=Q@3 log2 k)~!sothat V = Vi and p < 1/6 < R/3. Further, let

{e_k ifd =2,
ro=

k—d-D/@D ), iy s 3, -

According to (3.1) we have 8 = p/k, and hence 38 = (k log2 k™' = Rii1 — Ry and
r/B = kr/p < 1/3. So we may choose a corresponding finite set X, and take X; = X,,
ry := r. Let us already notice that r /(1 — Ry) < p/(3k) -klog2k =1/9.

Proposition 4.1. Let ¢ > 1/(d — 1) and § > 0. Then there exists K > ko such that, taking
A = U E()C, rk),

xeXy,k>K

the set B(0, 1) \ A is a champagne subdomain, A is unavoidable, and

Z <P(rx)1+€ < 4. 42)
xeXy
Proof. Letk > ko. By (4.1), ¢(r) < k'~ Hence, by (3.5),
#Xp ()" < cBlog® K)p(r)® < c(3log? )k,

So (4.2) holds if K is sufficiently large.

We next claim that the union A of all F(x, rr), x € X, k > K, is unavoidable. Indeed, let us
fix k > K and let B, r be as above. Let z € 0Vj \ A. There exists x € X such that |z — x| < B.
We define E := B(x, r) and

() =) (N(y —x|) = N3p)), yeR

Since 38 = Ri4+1 — Rk, we know that B(x, 38) C Vi1, and hence g < 0 on 9 Vi . Further,
g < @(r)N(r) = 1 on the boundary of E. By the minimum principle,

HVk_H\ElE > g on Vk+1 \ E.

Clearly, N(|z — x|) — N(38) > (2/3)p>~¢, since log3 > l and 1 — 3274 > 2/3 ford > 3.
Therefore, by (3.2),

Hy \e1E() = 8(2) = 2/3)9()p> " = 2/3)B/p = 2/3)k".
By Proposition 2.1, A is unavoidable. Clearly, B(0, 1) \ A is a champagne subdomain. [
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Remark 4.2. If d > 3, then ¢(r,)! ¢ = rid_z)(lﬂ), where the critical exponent (d — 2)(1 +
1/d—1))=d —1—1/(d — 1) is strictly smaller than d — 1.

5. A crucial estimate

Let us now return to the general situation introduced in Section 3. In addition, let
V.= B0, R+ p), W := B(0, R + 2p),
and let G be the Green function for W.
Proposition 5.1. There exists a constant k = «(d) > 0 such that
Hw\g,1g, >k on 7, for everyr € (0, po), ;.1

that is, Brownian motion starting in V' hits E, with probability at least k before leaving W,
whatever 0 < r < pg is.

Before proving Proposition 5.1 we establish two lemmas.

Lemma 5.2. There exists a constant ¢y := c1(d) > 0 such that

G(y,2) <ciG(y,2), ifyeW and z,7 €dVwith|ly—7|<4ly—z|.

Proof. For y,z € W,let ¥(y,2) == (R+2p — |[yD(R +2p — |z])/|y — z|* and

log(1+ ¥(y,2)), d=2,

FG,2) = {min{l, Ty, )y —z>¢, d =3

If y e Wand z,7/ € 9V with |y — z/| < 4|y — z|, then ¥(y,z) < 4>¥(y, 7)), and hence
F(y,z) < 41 F (v, 7). It follows immediately from [4, Theorem 4.1.5] that there exists a constant
co = co(d) such that co™ ' F < G < ¢y F. So it suffices to take ¢; = 4dc%. O

For every measure y on W, let Gx(y) = fG(y, z2)dx(z), y € W. Let o be the surface
measure on dV. We note that

Go = |lo|| - min{N(| - |) = N(R + 2p), N(R) — N(R + 2p)}. (5.2)

Now we fix r € (0, pg) and define

nw= ,Bd_l Z Ex-

xeX,

Since ¢ 'R < lml < cRI1, by (3.4), and X, is distributed on dV in a fairly regular way,
there is a close relation between G and Go. We shall use the following.

Lemma 5.3. There exists a constant C = C(d) > 0 such that Go < CGu on 9V’ and, for
every x € Xy,
Gu < B 'G(,x) +CGo onB(x,r).

Proof. Let us introduce a partition of 3V corresponding to X, = {x{,...,xy}.Forl < j <M,
let S} =0V NB(xj,B/3), S}/ = 0V N B(xj, B), and let S’ be the union of the pairwise disjoint
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sets S, ..., S),. We recursively define S, S2,..., Sy by Sy := 8] U (57 \ §) and
Sj = (S;UEIASH) N (S1U- U S,
Since S, ..., S}, cover dV, the sets Si, ..., Sy form a partition of 3V such that
S} cS;cC S}/ forevery 1 < j < M.
So there exists a constant ¢o = ¢>(d) > 0 such that
o B <o) <ap!, 1M (5.3)

To prove the first inequality of the lemma, we fix y € 9V’. Let 1 < j < M. Forevery z € §;,
ly =zl = p > B > |z —xj|, and hence |y — x| < |y —z| + |z — xj| < 2|y — z]|. So, by
Lemma 5.2, G(y, -) < ¢1G(y, x;) on S}, and hence

G(ls,0)(») = / G(y,2)do(2) < c10(S)G(y, x)) < 1B G (. x)).

S.I
Taking the sum we see that Go (y) < c1c2Gu(y).
To prove the second inequality let x = xj,, 1 < jo < M, and assume that 1 < j < M,
j # jo. Moreover, let y € B(x,r) and 7’ € S;. Clearly, y € B(x, 8/3), by (3.3). Since
B(x,B/3) N B(xj, B/3) = @, we see that |y — x;| > B/3, whereas |x; — z’| < B. So
ly — 2| < |y —xjl+ |x; — 2| < 4]y — xj|, and therefore G(y, x;) < c1G(y,-) on S;, by
Lemma 5.2. By integration, o (S;)G(y, xj) < ch(lsjcr)(y). Thus, using (5.3),

Gu < 7Gx+ 2 Y o (S)G (. x))
J#Jo
< pGC ) e Y Gs0)
J#Jo
< B41G(, x) + cicaGo on B(x,r).
Taking C := cic; the proof is finished. [

By (5.2), there exists a constant c3 = ¢3(d) > 0 such that

03_1,0 < Go(y) <c3p, whenevery e Wsuchthat R —p < |y| < R+ p. 5.4)

After these preparations we are ready to prove the crucial estimate in Proposition 5.1. We first
claim that

Gu<24c3C)p ondE,. (5.5

Indeed, let x € X, and y € 9B(x,r). Since W C B(x,3) and |y — x| = r < 1/3, we
obtain that G(y,x) < N(ly —x|) — N3) = N@) — N3) < 2N(r) (if d = 2, then
N(r)— N@3) =log(1/r) +log3 < 2log(1/r)). So, by (3.2),

BTG (x,y) <2897 'N(r) =287 () = 2p.

Further, by (5.4), Go (y) < c3p. Therefore (5.5) holds, by Lemma 5.3.
Since G is harmonic on W \ E, and G vanishes at d W, we conclude that

Hw\g 15, > 2+ 30 o7 'Gu on W\ E,.
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On the other hand, by Lemma 5.3 and (5.4),
Gu>C'Go > (c3C)"'p onaV/,

whence also on V’, by the minimum principle. Taking « = (¢3C(2 + ¢3C ))~! we thus obtain
that HW\E, 1Er >konV’.

6. The main result for R? and for open balls

To prove Theorem 1.2, let 0 < R} < Ry < --- such that Vi := B(0, Ry) 1 U. Further, let
8 > 0and h: (0, 1) — R with liminf;_o h(t) = 0.

To apply our construction in Section 3 let us, for the moment, fix kK € N and take R := Ry (so
that V = Vi) and p := (1/3) min{Rg+1 — Rk, Rx— Ri—1, 1/k} (with Ry := 0).Let0 < pg < p/3
such that (3.3) holds. There exists 0 < r < pg such that ¢p~! RZﬁlh(r) < 27k8. We choose X,
as in Section 3 and define ry ;= r, Xy := X,,. Then, by (3.5),

#Xi - proh(r) < cp™ R h(re) < 2755 6.1)
By the minimum principle and Proposition 5.1, the union Ej of all B(x, ry), x € Xy, satisfies
Hy  \E 1E, = HBO,Re+20\E 1B, = & on 9V (6.2)

Clearly, ry < min{1/k, dist(x, U)/9}, for every x € Xy, and the balls E(x, re), x € Xg,
k € N, are pairwise disjoint. Let A be the union of all Ey, k € N. Then B(0, 1)\ A is a champagne
subdomain. By (6.2) and Proposition 2.1, A is unavoidable. Finally, > . x, ¢ro)h(ry) <6,
by (6.1).

7. The proof for arbitrary connected open sets

Let U be an arbitrary non-empty connected open set in R4, d > 2. Let us fix bounded open
sets V,, # @, n € N, such that V,, C V41 and V,, 1 U. For every n € N, we define

dy = min {dist(dV,,, 0V,—1 U dV,,41), 1/n}

(take Vo := @) and choose a finite subset Y, of dV, such that the balls B(y,d,/2), y € Y,,
cover dV,, and the balls B(y, d,/6), y € Y, are pairwise disjoint.

For the moment, let us fix y € Y,. By Section 3, Proposition 5.1, and translation invariance,
there exist a finite set X in dB(y, d,/7) and 0 < sy < d,, /42 such that

#Xy - @(sy)h(sy) < (#Y, -2M) 78 (7.1

and the union Ey, of all F(x, sy), x € Xy, satisfies

Hp(y.d,/6)\E, 1 E, = & on B(y,dy/7). (7.2)

For x € Xy, let ry := sy. Then, for every x € X,, dist(x, U°) > d,/2 and hence r, <
dist(x, U¢)/21.

Let X be the union of all Xy, y € ¥,,n € N, and let A be the union of all E(x, ry), x € X.
Of course, X is locally finite in U and, if U is unbounded, r, — 0 if x — oo. Hence, U \ A is
a champagne subdomain. Moreover, by (7.1),

> eGohs) < Y3 @, -2n s =4

xeX neNyeY,
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So it remains to prove that A is unavoidable. To that end we define

n= inf{HB(o,l)\E(o,w)1?(0,1/7)(1): |zl < 1/2},

so Brownian motion starting in B(0, 1/2) hits B(0, 1/7) with probability at least n before leaving
B(0, 1). (Of course 7 is easily determined: it is log2/log 7 if d = 2, and 42— 1)/(74 2 -1
ifd > 3.)Letusfixn e N,y € ¥, and let E := E,. We claim that

HV,,_H\EIE > Kn on B(y, dn/Z), (7.3)

that is, Brownian motion starting in B(y, d,/2) hits E with probability at least kn before
leaving V, 1. Since the balls B(y, d,/2), y € Y,, cover 3V, then Proposition 2.1 (this time
with k,, := «n) will show that A is unavoidable.

To prove the claim let

B = B(y, dy), D = B(y,d,/6), F :=B(y,d,/7).

In probabilistic terms we may argue as follows. Starting in B(y, d,/2), Brownian motion hits F
with probability at least n before leaving B C V1. And, continuing from a point in F, it hits E
with probability at least « before leaving D, by (7.2). So Brownian motion starting in B(y, d,,/2)
hits £ with probability at least k1 before leaving V,,11.

For an analytic proof, we first observe that, by translation and scaling invariance of harmonic
measures, Hp\r1r > non B(y, d,/2). By the minimum principle,

Hy, \elg > Hp\plg > Hp\glE,
where Hp\glg > « on F, by (7.2), and hence
Hp\plp = Hp\(eur)Hp\elE > Kk Hp\(EuF)lEUF > K Hp\F1F.

Thus (7.3) holds and our proof is finished.
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