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Abstract

In this paper we develop a measure-theoretic method to treat problems in hypergraph theory. Our
central theorem is a correspondence principle between three objects: an increasing hypergraph sequence, a
measurable set in an ultraproduct space and a measurable set in a finite dimensional Lebesgue space. Using
this correspondence principle we build up the theory of dense hypergraphs from scratch. Along these lines
we give new proofs for the Hypergraph Removal Lemma, the Hypergraph Regularity Lemma, the Counting
Lemma and the Testability of Hereditary Hypergraph Properties. We prove various new results including
a strengthening of the Regularity Lemma and an Inverse Counting Lemma. We also prove the equivalence
of various notions for convergence of hypergraphs and we construct limit objects for such sequences. We
prove that the limit objects are unique up to a certain family of measure preserving transformations. As our
main tool we study the integral and measure theory on the ultraproduct of finite measure spaces which is
interesting on its own right.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

The so-called Hypergraph Regularity Lemma (Rodl-Skokan [15], Rodl-Schacht [14],
Gowers [5], later generalized by Tao [18]) is one of the most exciting result in modern
combinatorics. It exists in many different forms, strength and generality. The main message in all
of them is that every k-uniform hypergraph can be approximated by a structure which consists of
boundedly many random-looking (quasi-random) parts for any given error €. Another common
feature of these theorems is that they all come with a corresponding counting lemma [13] which
describes how to estimate the frequency of a given small hypergraph from the quasi-random
approximation of a large hypergraph. One of the most important applications of this method
is that it implies the Hypergraph Removal Lemma (first proved by Nagle et al. [13]) and by
an observation of Solymosi [17] it also implies Szemerédi’s celebrated theorem on arithmetic
progressions in dense subsets of the integers even in a multidimensional setting.

In this paper we present an analytic approach to the subject. First, for any given sequence of
hypergraphs we associate the so-called ultralimit hypergraph, which is a measurable hypergraph
in a large (non-separable) probability measure space. The ultralimit method enables us to convert
theorems of finite combinatorics to measure theoretic statements on our ultralimit space. In the
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second step, using separable factors we translate these measure-theoretic theorems to well-known
results on the more familiar Lebesgue spaces.

The paper is built up in a way that these two steps are compressed into a correspondence

principle between the following three objects.

1. An increasing sequence {H;}7°, of k-uniform hypergraphs.
2. The ultraproduct hypergraph H € X*, where X is the ultraproduct of the vertex sets.
3. A measurable subset W C [0, 1]2k_1.

Using this single correspondence principle we are able to prove several results in hypergraph
theory. The next list is a summary of some of these results.

1.

Removal lemma. We prove the Hypergraph Removal Lemma directly from Lebesgue’s

density theorem applied for the set W < [0, I]Zk_l. In a nutshell, we convert the original
removal lemma into the removal of the non-density points from W which is a 0-measure set.
(Theorem 1.)

. Regularity lemma. We deduce the Hypergraph Regularity Lemma from a certain finite box

approximation of W in L. To be more precise, W is approximated by a set which is the
disjoint union of finitely many direct product sets in [0, 1]2k_1. (Theorem 2.)

. Limit object. We prove that W serves as a limit object for hypergraph sequences {H;}°,

which are convergent in the sense that the densities of every fixed hypergraph F converge.
Limits of k-uniform hypergraphs can also be represented by 2% — 2 variable measurable
functions w : [0, l]zk_2 — [0, 1] such that the coordinates are indexed by the proper non-
empty subsets of {1,2,...,k} and w is invariant under the induced action of S; on the
coordinates. This generalizes a theorem by Lovdsz and Szegedy. (Theorem 7.) Note that a
similar limit object was defined by Kallenberg, in the context of exchangeable arrays [8].

. Sampling and concentration. Even tough W is a measurable set, it makes sense to talk

about random samples from W which are ordinary hypergraphs. We prove concentration
results for this sampling process. The sampling processes give rise to random hypergraph
models which are interesting on their own right. (Theorems 11 and 12.)

. Testability of hereditary properties. We give a new proof for the testability of hereditary

hypergraph properties. (This was first proved for graphs by Alon-Shapira and later for
hypergraphs by Rodl-Schacht.) The key idea is based on a modified sampling process from
the limit object W that we call “hyperpartition sampling”. This creates an overlay of samples
from W and the members of the sequence {H;}7°, such that expected Hamming distance of

H; and the corresponding sample is small. (Theorem 8.)

. Regularity as compactness. We formulate a strengthening of the Hypergraph Regularity

Lemma which puts the regularity in the framework of compactness. Roughly speaking this
theorem says that every increasing hypergraph sequence has a subsequence which converges
in a very strong (structural) sense. Here we introduce the notion of strong convergence.
(Theorem 4.)

. Distance notions. We introduce several distance notions between hypergraph limit objects

(and hypergraphs) and we analyze their relationship. (Theorem 10.)

. Uniqueness. We prove the uniqueness of the limit object up to a family of measure preserv-

ing transformations on [0, 1]2k_1. This generalizes a result of Borgs—Chayes—Lovasz from
graphs to hypergraphs. (Theorem 9.)

. Counting Lemma. We prove that the structure of regular partitions determine the subhyper-

graph densities. (Theorem 13 and Corollary 4.2.)
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10. Equivalence of convergence notions. We prove that convergence and strong convergence
are equivalent. For technical reasons we introduce a third convergence notion which is a
slight variation of strong convergence and we call it structural convergence. This is also
equivalent with the other two notions. The third notation enables us to speak about structural
limit objects which turns out to be the same as the original limit object. (Theorem 14.)

11. Inverse counting lemma. Using the equivalence of convergence notions we obtain that if
two hypergraphs have similar sub-hypergraph densities then they have similar regular par-
titions. In other words this means that regular partitions can be tested by sampling small
hypergraphs. (Corollary 4.1.)

Remark. In our proofs we use the Axiom of Choice. However, Godel in his seminal work The
Consistency of the Axiom of Choice and the Generalized Continuum Hypothesis with the Axioms
of Set Theory proved that (see also [4]): if I" is an arithmetical statement and I is provable in ZF
with the Axiom of Choice then " is provable in ZF. In fact, Gddel gave an algorithm to convert
a formal ZFC-proof of an arithmetical statement to a ZF-proof. An arithmetical statement is a
statement in the form of

(Qix1Q2x2 ... Qrxp) P(x1, X2, ..., X)),

where the Q;’s are existential or universal quantifiers and the relation P (x1, x2, ..., xx) can be
checked by a Turing machine in finite time. The reader can convince himself that the Hypergraph
Removal Lemma, The Hypergraph Regularity Lemma, the Counting Lemma and the Inverse
Counting Lemma are all arithmetical statements.

2. Preliminaries
2.1. Homomorphisms, convergence and completion of hypergraphs

Let Hy denote the set of isomorphism classes of finite k-uniform hypergraphs. For an
element H € H; we denote the vertex set by V(H) and the edge set by E(H). In this paper
we view a k-uniform hypergraph H on the vertex set V as a subset of VK without having
repetitions in the coordinates and being invariant under the action of the symmetric group S.

Let vy, v2, v3, ..., vjy| be the elements of V. Then an edge E € E(H) is a subset of k-elements
{vi, iy, ..., v;} C V such that (v, vi,, ..., v;) € H.If L is a family of edges in H, then L
denote the set of elements (v;,, vj,, ..., v;) € H such that {v; , vj,, ..., vy} € L.

Definition 2.1. A homomorphism between two elements F, H € Hy isamap f : V(F) +—
V(H) which maps edges of F into edges of H. We denote by hom(F, H) the number of
homomorphisms from F to H and by hom®(F, H) the number of injective homomorphisms.
An induced homomorphism is a map f : V(G) — V(H) which maps edges to edges and
non-edges to non-edges (see [3]).

Note that in the definition of hom the map V(F) — V(H) does not have to be injective
but the definition implies that it is injective if we restrict it to any edge of F. There is a simple
inclusion—exclusion type formula which computes hom® from hom. To state this we will need
some more definitions.

Let P = {P1, P», ..., Ps} be a partition of V(F) and let f : V(F) — P be the function
which maps each vertex to its partition set. We define a hypergraph F(P) whose vertex set
is P and the edge set is f(E(F)). Note that F(P) is a k-uniform hypergraph if and only if
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every partition set intersect every edge in at most 1 element. We define the height 2 (P) of P as
V() =PI

Lemma 2.1. If F and H are k-uniform hypergraphs then
hom(F, H) = ZhomO(F(P), H)
P

and

hom’(F, H) =Y "(=1)"® hom(F (P), H)
’]D

where P runs through all partitions of V(F) and hom(F (P), H) and hom®(F(P), H) are
defined to be 0 if F(P) is not k-uniform.

Proof. The first equation is obvious from the definitions. It implies that for any partition P we
have that

hom(F(P), H) = »_ hom(F(P"), H)
P'<P
where the sum runs through all partitions P’ such that P is a refinement of P’. The inversion
formula for the partition lattice yields the second equation.  [J

Now we are ready to prove the next lemma.

Lemma 2.2. If Hy, Hy € Hj are two hypergraphs such that hom(F, H;) = hom(F, Hy) for
every element F € Hy then Hy and Hj are isomorphic.

Proof. Lemma 2.1 implies that hom®(F, H;) = hom’(F, H,) for all hypergraphs F € Hy.
In particular homO(Hl, Hy) = homO(Hl, H;) > 0 and homO(H2, Hy)) = homO(Hz, Hy) >0
which implies that |V (H;)| = |V (H2)| and |E(H1)| = |E(H2)|. We obtain that every injective
homomorphism from H; to Hj is an isomorphism. Since such a homomorphism exists the proof
is complete. [

The next two definitions will be crucial.

Definition 2.2. The homomorphism density 7 (F, H) denotes the probability that a random map
f : V(F)+— V(H) is a homomorphism. It can also be defined by the equation
hom(F, H)
|V (H) VT
We also define tijpg(F, G) which is the probability that a random map f : V(F) +— V(H) is an

induced homomorphism. Finally ti(; 4(F, H) denotes the probability that a random injective map
is an induced homomorphism.

t(F, H) =

Definition 2.3. A ¢-fold equitable blowup of a hypergraph H € Hy is a hypergraph H' which
is obtained by replacing each vertex of H by ¢ new vertices and each edge of H by a complete
k-partite hypergraph on the corresponding new vertex sets.

It is clear that if H' is a ¢-fold equitable blowup of H then hom(F, H') = hom(F, H)t!V (P
and consequently ¢(F, H) = t(F, H'). The next lemma shows that hypergraphs from Hj
are “essentially” separated by homomorphism densities except that equitable blowups of a
hypergraph cannot be separated.
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Lemma 2.3. Let Hy, H, € Hy be two hypergraphs and assume that t(F, Hy) = t(F, H) for
every F € Hy. Then there exists a H € Hy which is an equitable blowup of both H| and H,.

Proof. Let H| be the |V (H,)|-fold equitable blowup of Hj and let H) be the |V (H)|-fold
equitable blowup of H,. Then

[V(HD| = |V(Hy| = |V(H)IIV (H)|
and t(F, H{) = t(F, H}) for every F € Hj. We obtain that

hom(F, H)) = t(F, H))|V(H)|"Y O = t(F, Hy)|V (H)' |Vl = hom(F, H;)
for every F € Hy. By Lemma 2.2 the proof is complete. [

The previous lemma motivates the following definition.

Definition 2.4. Two hypergraphs H;, H» € Hj will be called density equivalent if there
exists H € 'Hj which is an equitable blowup of both Hj, Hy or equivalently, by Lemma 2.3,
t(F, Hy) = t(F, Hy) for every F € Hj.

Homomorphism densities can be used to define two convergence notions on the set H; which
are slight variations of each other.

Definition 2.5. A hypergraph sequence {H;}7°, in H; is called convergent if
lim ¢(F, H;)
1—> 00
exists for every F € Hy. We say that {H;}7° | is increasingly convergent if it is convergent and

lim |V(H;)| =00
1—> 00

Both convergence notions lead to a completion of the set Hy. We denote the first completion
by H; and the second one by Hj. These two spaces are very closely related to each other. It will
turn out that 7 i is arc-connected whereas H;. is the union of H; with the discrete topology and
Hk In the space Hk the set Hk behaves as a “boundary” for the set Hy. An advantage of the set
Hk is that it directly contains the familiar set 7 of hypergraphs. A disadvantage of Hk is that it
is not connected. On the other hand 7{;, is connected and k-uniform hypergraphs are represented
in it up to dense equivalence. In this paper we focus only on H so we give a precise definition
only of this space.

Let § be the following metric on Hy. For two elements Hy, H, € Hj we define §(Hy, H>) as
the infimum of the numbers € > 0 for which |7 (F, Hy) —t(F, H>)| < € holds for all F' € Hj with
|[V(F)| < 1/e. Two hypergraphs have §-distance zero if and only if they are density equivalent.
We denote the completion of this metric space by Hj.

The elements of the space Hy have many interesting representations. We give here one which
is the most straightforward. Let M} denote the compact space [0, 1M, Every graph H € H;
can be represented as a point in M by the sequence T(H) = {t(F, H)}rcp, - By Lemma 2.3
the point set T (Hy) represents the density equivalence classes of k-uniform hypergraphs. The
closure of 7' (H) in My is a representation of Hy. This representation shows immediately that
Hy is compact since it is a closed subspace of the compact space M. To see that Hy is arc-
connected requires some more effort, but it will follow easily from one of our results in this
paper. (Theorem 7.)
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An important feature of the space 7 is that it makes sense to talk about homomorphism
densities of the form ¢ (F, X) if X € ﬂk and F € H.

We will denote by [n] the set {1,2,...,n}. For a subset B C [k], r(B) will stand for the
non-empty subsets of B. Similarly, r([n], k) will denote the set of all non-empty subsets of [n]
having size at most k. If K is a hypergraph on [n] and H C V¥ is a k-uniform hypergraph then
T (K, H) c V"l denotes the (K, H)-homomorphism set, where (x1, x2, ..., x,) € T(K, H) if
1 — x1,2 = x2,...,n — x, defines a homomorphism. Clearly |7 (K, H)| = hom(K, H). For
asubset E C [n], |E| = k let Pg : V"l — VE be the natural projection and Py, : VK — VE
be the natural bijection associated to a bijective map sg : [k] — E. Then it is easy to check that

T(K.Hy= () Pg'(Pyu(H).
E€E(K)

Similarly, T;,q(K, H) C vInl denotes the (K, H)-induced homomorphism set, where
(x1,x2,...,x5) € Tinag(K,H) if 1 — x1,2 — x,...,n — Xx, defines an induced
homomorphism. Then

Tma(K, Hy= [ P (P(D)0 [ Pg' (P, (H)),
EcE(K) E'€eE(K)*¢

where H¢ denotes the complement of H in the complete hypergraph on the set V. A simple
inclusion—exclusion argument shows that if a hypergraph sequence {H;}{°, is convergent, then
for any k-uniform hypergraph F the sequence {t;,qa (F, H;)}°, is convergent as well.

2.2. The Removal and the Regularity Lemmas

First we state the Removal Lemma.

Theorem 1 (Hypergraph Removal Lemma). For every k-uniform hypergraph K and constant
€ > 0 there exists a number § = §(K, €) such that for any k-uniform hypergraph H on

the node set X with t(K, H) < & there is a subset L of E(H) with L < € (lfl) such that
t(K,H\ f,) = 0. ([5,7,13,18].)

Now let us turn to the regularity lemma. Let X be a finite set, then K,.(X) C X" denotes
the complete r-uniform hypergraph on X. An /-hyperpartition 7 is a family of partitions

K. (X) = L.Jlj:1 P/, where P/ is an r-uniform hypergraph, for 1 < r < k. We call H 5-equitable
ifforany | <r <kandl1 <i < j<lI

1P| — P/
K (X))

< 4.

An [-hyperpartition H induces a partition on Ky (X) in the following way.

e Two elements a,b € Ki(X), a = {ay,a2,...,ar}, b = {b1,ba, ..., by} are equivalent if
there exists a permutation o € Si such that for any subset A = {iy,i2,...,ij4;} C [k],
lai\, aiy, ..., aiyy} and {bs(iy), bo(iy)s - - -+ Doy} are both in the same PlfA| for some 1 <
Jj=L

It is easy to see that this defines an equivalence relation and thus it results in a partition U’j:1 C;

of Ki(X) into H-cells. A cylinder intersection L C K,(X) is an r-uniform hypergraph defined
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in the following way. Let By, Ba, ..., B, be (r — 1)-uniform hypergraphs on X; then an r-edge
{ai,az,...,ar}isin L if there exists a permutation T € S, such that

{as(1), A52) - -+ Ao (i—1), Ao (i+1), - - -, o)} € B forany 1 <i <r.
As in the graph case, we call an r-uniform hypergraph G e-regular if
G| |IGNLI|
- =<
|K-(X)] IL]

for each cylinder intersection L, where |L| > €|K,(X)|. Now we are ready to state the
Hypergraph Regularity Lemma for k-uniform hypergraphs (see [5,7,14,15,18]).

3

Theorem 2 (Hypergraph Regularity Lemma). Let fix a constant k > 0. Then for any € > 0
and function F : N — (0, 1) there exist constants ¢ = c(¢€, F) and No(e, F) such that if H
is a k-uniform hypergraph on a set X, |X| > No(e, F), then there exists an F(l)-equitable
[-hyperpartition H for some 1 <1 < ¢ such that

e Each P; is F(l)-regular.
o |HAT| <€ (If‘) where T is the union of some H-cells.

2.3. Combinatorial structures

In this subsection we introduce some further definitions about hyperpartitions. Let H = {P/}
be an [-hyperpartition on a set X where 1| < j < land 1 < r < k. We shall need
the notion of a directed H-cell. Let f : r([k]) — [/] be an arbitrary function. Then the
directed cell with coordinate f is the set of ordered k-tuples (x1, X2, ..., xr) € X¥ such that
{Xiy2 Xiys - xi ) € PP forevery set S = (i1, i, ..., ir} € r([k]).

The symmetric group Sy is acting on X* by permuting the coordinates and this action induces
an action on the directed H-cells. Note that a H-cell in the non-directed sense is the union of an
orbit of a directed H-cell under the action of Sy.

An abstract (k, [)-cell is a function ¢ : r([k]) — [I]. A (k, [)-cell system C is a subset of all
possible (k, [)-cells. The symmetric group S is acting on r ([k]) and this induces an action on the
(k, I)-cells. We say that the system C is symmetric if it is invariant under the action of Si. Such a
symmetric (k, /)-system shall be called a combinatorial structure.

Thus if H is an /-hyperpartition on [n] and C is a combinatorial structure then we can define
a k-uniform hypergraph H (H, C, [r]) in the following way. The hypergraph H (H, C, [n]) is the
union of those H-cells in [n] which belong to the coordinates of the combinatorial structure C.
If F is a k-uniform hypergraph then we may compute the homomorphism density of F in a
combinatorial structure C as follows. Assume that V (F) = [r] and fix a bijection sg : [k] - E
for each edge of F. A function g : r([n], k) — [I] is called a homomorphism of F into C if for
every edge E the restriction g o sg : r[k] — [I]is a (k, [)-cell of C. The homomorphism density
t(F, C) is the probability that a random map f : r([n], k) — [l] is a homomorphism.

2.4. Regularity lemma as compactness

In this section we state a new type of regularity lemma together with a counting lemma which
implies the one stated in the previous section. An interesting feature of this regularity lemma is
that arbitrarily decreasing functions (which are common features in “strong” regularity lemmas)
are replaced by a sequential compactness type statement.
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Theorem 3 (Hypergraph Sequence Regularity Lemma). For every € > 0 and k-uniform
increasing hypergraph sequence {H;}7° | there is a natural number | = (e, {H;}7° ) such that

there is a subsequence {H}:° | of {H;}° | together with a sequence of I-hyperpartitions {H;}{2
satisfying the following properties.

1. For every i there is T; which is the union of some H;-cells such that |Hi/ATi| <e€ (‘)]ifl)

where T is the union of some H;-cells and X; is the vertex set of H].
2. The hyperpartition 'H; is 8;-equitable and §;-regular where lim; _, o, 6; = O.
. Every T; has the same combinatorial structure C
4. lim;_, 0 t (F, T;) = t(F, C) for every k-uniform hypergraph F.

W

Note that the value of / depends on the concrete sequence {H;}° . To see this one can take
a large random graph G on n vertices and then take the i-fold equitable blowups G; of G. The
reader can check that in this case (with high probability) [ = n for any € < 1/2.

It is quite natural to interpret Theorem 3 in terms of compactness.

Definition 2.6. An increasing hypergraph sequence {H;}7° , is called strongly convergent if for
every € > 0 there is a number [/, hypergraphs 7; on the vertex sets X; of H; and [-hyperpartitions
‘H; on X; for every i such that

1. T; is the union of some H;-cells

2 |H AT < € (",ﬁf')

3. The hyperpartition H; is §; regular and §; equitable where lim;_, o, §; = 0.
4. Every T; has the same combinatorial structure.

Using this definition the sequence regularity lemma gets the following simple form.

Theorem 4 (Regularity as Compactness). Every hypergraph sequence has a strongly convergent
subsequence.

2.5. Euclidean hypergraphs

The goal of this subsection is to generalize the notion of k-uniform hypergraphs and
homomorphism densities to the Euclidean setting in order to define limit objects for convergent
sequences of finite hypergraphs. Seemingly, the appropriate Euclidean analogue of k-uniform
hypergraphs would be just the S;-invariant measurable subsets of [0, 1]¥. One could easily define
the notion of homomorphisms from finite k-hypergraphs to such Euclidean hypergraphs and
even the associated homomorphism densities. The problem with this simple notion of Euclidean
hypergraphs is that they could serve as limit objects only for very special finite hypergraph
sequences. In order to construct (see Example 1) limit objects to the various random construction
of convergent hypergraph sequences one needs a little bit more complicated notion.

Let k > 0 and consider [0, 112~ = [0, 170D, that is the set of points in the form (x4,
XAgysooes xAz,_l), where A1, Ay, ..., Ay_y is a list of the non-empty subsets of [k]. Observe

that the symmetry group Sy acts on [0, 1]7"(¥D by

7T((.XA1 , xAz, ey xAZk—l)) = (an(A]), .x].[—l(Az), ey xn—l(Azk_l)).
We call a measurable S —k-invariant subset H < [0, 1]2k_1 a k-uniform Euclidean hypergraph.
Now let K be a finite k-uniform hypergraph and let X' (K) € r([n], k) be the simplicial complex
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of K consisting of the non-empty subsets of the k-edges of K. Let Cy, Ca, ..., C)5(k) be alist
of the elements of X' (K).

Definition 2.7 (Euclidean Hypergraph Homomorphism). A map g : r([n], k) — [0, 1] is called
a BEuclidean hypergraph homomorphism from K to H if for any edge E € E(K):

(8(sE(A1)), g(sE(A2)), ..., g(SE(Ap 1)) € H,

where sg : [k] — E is a fixed bijection. The induced Euclidean hypergraph homomorphism is
defined accordingly.

Note that the notion of hypergraph homomorphism does not depend on the choice of sg. Thus
the Euclidean hypergraph homomorphism set 7 (K, H) C [0, 177("0 is the set of points
(VBy> YBy»> -+ yg‘,_([n],k)l) such that the map g :— [0, 1], g(B;) = yp; is a homomorphism.
One can similarly define the Euclidean hypergraph induced homomorphism set. We
call A(T(K, H)) the |X(K)|-dimensional Lebesgue-measure of the homomorphism set the
homomorphism density. We say that the hypergraph H is the limit of the k-uniform hypergraphs
(H, Y2 if

lim #(K, H,) = MT (K, H))
n—oo
for any finite k-uniform hypergraph K.

Example 1. There are many ways to define random k-uniform hypergraph sequences. The most
natural one is the random sequence {H,};° ;, where each edge of the complete hypergraph on
n-vertices is chosen with probability % to be an edge of H,. Thus for any k-uniform hypergraph
K, lim,_ oo t (K, Hy) = (5)!E! with probability 1. Let us consider the hypergraph

1

)emAﬁ”|05aH55}

H= {(-xAl’ XAps - 7-XA2/(71

An easy calculation shows that L(T' (K, H)) = (%)'E(K)| that is H is the limit of a random hy-

pergraph sequence {H,};2 | with probability 1.

Example 2. Now we consider a different notion of randomness. Let the random sequence
{H,}2 | be constructed in the following way. First choose each (k — 1)-subset of [1] randomly
with probability % Then E will be an edge of H, if all its (k — 1)-dimensional hyperedges are
chosen. Clearly, lim, o0 t (K, H}) = (3)/Kl=1 with probability 1, where |K |¢—1 is the number

of (k — 1)-hyperedges in X' (K). Now we consider the hypergraph

)

N =

2%_1
H = {(XAI,XAZ, XAy, ) e[0,1] [0 <Xx123,. k-1 =

2k—1

2

Then M(T (K, H)) = (%)‘K“‘—] . Thus ‘H’ is the limit of a random hypergraph sequence {H,}°° |
with probability 1.

1 1
0<x123,. k-2 = AR 0<x23.k=<=¢-

Now let K be a finite k-uniform hypergraph. For any E € E(K) we fix a bijection sg : [k] - E
as above. Let Ly, : [0, 177KD — [0, 177(ED,

L (xay, XAy oo Xy ) = (Xp(A)s Xsp(A2)s - - > Xsp(Ay )
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be the natural measurable isomorphism associated to the map sz. Also, let L : [0, 17715
[0, 177 ®) be the natural projection. Then for a k-uniform Euclidean hypergraph 7 and a finite
k-uniform hypergraph K on n vertices

T(K,H)y= (] Lz L (H). M
EcE(K)
Also,
Tma(K.H) = () L' (L, (H)N () L (Lyy, (HO). )
EcE(K) E'€E(K)°

We formulate (1) in an integral form as well. Let Wy : [0, 1]” LIV {0, 1} be the characteristic
function of the Euclidean hypergraph 7. We call such an object a hypergraphon. Then

1 1 1
A(T(K,H)):/ / / ( I WE)dxcldxcz...dxcE(K),
0 Jo 0 \Eeece(k)

where W is the characteristic function of LEI (Ls; (H)). Clearly,

VE(XC)s XCys -+ XCxk) = WHXsp(ADs Xsp(A2)s - -+ Xsg(Ay_))-
Thus, we have the integral formula

MT (K, 'H))

1 1 1
:/ f / ( H WH()CSE(AI),XSE(AZ),...,xsE(Azk1))) dxc, ...dxCZ(K).
0 Jo 0 \eecek)

Remark. One can introduce the notion of a projected hypergraphon VT’H which is the projec-
tion of a hypergraphon to the first 2 — 2 coordinates, where the last coordinate is associated to
[k] itself. That is

1
Wi (xa,, XAy, - Xy ) =f W (xay, XAy, - Xay )dxay .
0

That is VT/H is a [0, 1]-valued function which is symmetric under the induced Si-action of its
coordinates. By the classical Fubini theorem we obtain that if 7 is the limit of the hypergraphs
{H;}72, then

limi— oot (K, H;)
1 1 1 -
:/ / / 1_[ WH(XSE(Al)’XSE(Az)»-~'vXSE(A2k_2))dxC1dsz-~'dxC|K\k,l’
0 Jo 0 EcEK)

where the integration is over the variables associated to the simplices of dimension less than k.
Note that in the case k = 2 it is just the graph limit formula of [10].

Note that for a combinatorial structure C one can define a hypergraphon W < [0, 1]2k_1.
Recall that an /-box Z in [0, 1]2k_1 is a product set in the form

1_1,11—1—1 y 1_2’124—1 y y lzk_l’lzk_l—l—l .
/ / l / / /
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The map f : r[k] — [/], defined by f(A;) = i is the coordinate function of the box Z. Then
We is the union of the boxes corresponding to the coordinates of the combinatorial structure C.
It is easy to check that ¢ (F, C) = ¢ (F, W¢) for any k-uniform hypergraph F.

2.6. W-random graphs and sampling

Let us consider the following natural sampling process for k-uniform hypergraphs. We pick n
vertices vi, v2, ..., v, independently and uniformly at random from the vertex set X of H and
then we create a hypergraph G(H, n) with vertex set [n] such that {i, iy, ..., ix} is an edge in
G(H, n) if and only if {v;,, vi,, ..., v; } is an edge in H. Thus G(H, n) is a hypergraph valued
random variable. The distribution of G(H, n) can be described in terms of the homomorphism
densities fjq(F, H) where |V (F)| < n. The probability that we see a fixed hypergraph F on [n]
in G(H, n) is equal to tinq(F, H).

Now we generalize sampling for Euclidean hypergraphs W c [0, 177(¥D_ Let us introduce
a random variable Xg for every set S € r([n], k) which are independent and have uniform
distribution in [0, 1]. Then {i1, iz, ..., ix} isan edge in G(W, n) it W(X4,, Xa,, ..., XAZ,_I) =
1 where Ay, A, ..., Ay_; are the non-empty subsets of {i, i, ..., ix}. This again gives a
hypergraph valued random variable on [n#] which is the infinite analogy of the finite setting.

Another important sampling process from W will be called the hyperpartition sampling.
Assume that H = {Pj’ }1<j<i,1<r<k is an [-hyperpartition on the set [n]. We consider the function

g : r([n], k) — [l], which is equal to j if and only if § € P/I.SI. Now we define a sampling
process G(W, H, n) in the same way as G(W, n) with the extra restriction that X g has uniform
distribution in the interval [(g(S) — 1)/[, g(S)/I). This sampling process has the property that
tind(F, W) = 0 implies ting(F, G(W, 'H, n)) = 0 with probability 1.

Finally, we introduce the notion of random coordinate systems. Let Z,, be the random variable
which is a random point in [0, 1]" ([]-5) with uniform distribution. In other words Zyisar([n], k)-
tuple of independent random variables with uniform distribution { f7}7e(n),x)- Let [n]](‘) be the
set of elements in [#]¥ without having repetitions in their coordinates. We introduce the random
variables " : [n]’é > [0, 17"UXD gych that the component Tg(x1, X2, ..., x) corresponding to
an element {i1, i, ..., i;} = S € r([k]) is equal to the value of fxi] iy sy * We call the random
variables " random coordinate systems corresponding to [n]. An important property of (t”)
is that for a measurable set W C [0, 177U%D the distribution of the random hypergraph-valued
function (z")~ (W) is exactly the same as the distribution of G(W, [n]).

2.7. Ultraproducts of finite sets

First we recall the ultraproduct construction of finite probability measure spaces (see [9]).
Let {Xi}?; be finite sets. We always suppose that [X|| < |X2| < |X3] < ---. Let w be a
nonprincipal ultrafilter and lim,, : /°°(N) — R be the corresponding ultralimit. Recall that lim,,
is a bounded linear functional such that for any € > 0 and {a,};° , € [*°(N)

{i e N|a; €[lima, — ¢, lima, + €]} € w.
w w

The ultraproduct of the sets X; is defined as follows. ~
Let X = [[72; X;. We say that p = {p;}?2,,q = {¢;}?2, € X are equivalent, p ~ g, if

{ieN|pi =g} €ow.
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Define X = X / ~. Now let P(X;) denote the Boolean-algebra of subsets of X;, with the

normalized measure u;(A) = %. Then let P = [[72, P(X;) and P = P/I, where [ is the

ideal of elements {A;}7° such that {i € N | A; = {}} € w. Notice that the elements of P can be
identified with certain subsets of X: if

P=Upi)21eX and A=[{A}2]1eP
thenp € Aif{i e N| p; € A} € w. Clearly, if A = [{A;}%°,], B = [{B;}$2,] then
o AT =[{A)2),
¢ AUB =[{A; UB}2],
e ANB =[{A; N B;}%°,1.
That is P is a Boolean algebra on X. Now lit M(Z) = limg, ;i (A;). Then p : P — Ris a finitely
additive probability measure. We will call A = [{A;}72,] the ultraproduct of the sets {A;}7°,.

Definition 2.8. N € X is a nullset if for any € > 0 there exists a set A; € Psuchthat N € A,
and w(A¢) < e. The set of nullsets is denoted by N
Proposition 2.1. N\ satisfies the following properties:

eif Ne Nand M C N, then M € N.
o If {Ni}32, are elements of N then U2 | Ny € N as well.

Proof. The first part is obvious, for the second part we need the following lemma.
Lemma 2.4. [f {A_k},fil are elements of P and lim;_, ,u,(Uf(:1 Ay) = t then there exists an
element B € P such that ,u(?) =tand A; C §f0r all k € N.

Proof. Let B, = U\, Ay, u(B)) = 11, limj.oo t; = 1. Let
. ; 1
T = {l eNIpi(Ui_ A — 1] < 7}

where Ay = [{A}}2,]. Observe that Ty € w. If i € ML Ty buti ¢ Tpuy1, thenlet C; = UL Aj.
Ifi € T) for all I € N, then clearly pu; (UZ2, A;{) = t and we set C; = U2, A}'{. Let
B = [{Ci}?2,]. Then w(B) =tandforanyk e N: Ay € B. 0O

Now suppose that for any j > 1, A_J € N. Let E; € P such that A_j - §j~ and ,u(ﬁj) < 621—/
Then by the previous lemma, there exists B° € P such that for any j > 1 E; C B and
,u(Eé) < €. Since U;?":l A_] C B, our proposition follows. [

Definition 2.9. We call B C X a measurable set if there exists Be P such that BAB ¢ N.

Proposition 2.2. The measurable sets form a o-algebra B, and w(B) = /L(E) defines a
probability measure on B,,.

Proof. We call two measurable sets B and B’ equivalent, B = B’ if BAB’' € N. Clearly, if
A=A, B=B thenA= (A, AUB=A'UB,ANB=A'NB'. Alsoif A, B € P and
A = B, then u(A) = u(B). That is the measurable sets form a Boolean algebra with a finitely
additive measure. Hence it is enough to prove that if A; € P are disjoint sets, then there exists
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G (A23)

G (Ay3)¥

c(A3)

Fig. 1. The o-algebras.

‘A € P such that U,fi 1 Ar & A and ,u(Z) = Z,fil [,L(A_k). Note that by Lemma 2.4 there exists
‘A € P such that M(Z) = Z,fozl U,(A_k) and Ay C A for all k > 1. Then for any j > 1,

A\UR, A CA\U]_ AL e P.
Since limj o0 (A \ UJ_; Ap) = 0, A\ U2 | Ay € N thus US| Ay = A, [

Hence we constructed an atomless probability measure space (X, B,,, ). Note that this space is
non-separable, that is it is not measurably equivalent to the interval with the Lebesgue measure.

2.8. o-algebras and the Total Independence Theorem

We fix a natural number k and we denote by [k] the set {1, 2, ..., k}. Let X; 1, Xi2,..., Xix
be k copies of the finite set X; and for a subset A C {1,2,...,k} let X; 4 denote the direct
product § jeA X, j. Let X4 denote the ultraproduct of the sets X; 4, with a Boolean algebra Pg.
There is a natural map p4 : XXl — X4 (the projection). Let B4 be the o-algebra of measurable
subsets in X4 as defined in the previous sections. Define o (A) as pzl(BA), the o-algebra of
measurable sets depending only on the A-coordinates together with the probability measure (4.
For a nonempty subset A C [k] let A* denote the set system {B|B € A, |B| = |A| — 1} and
let o (A)* denote the o-algebra (o0 (B)|B € A*). An interesting fact is (as it will turn out in
Section 6) that o (A)* is strictly smaller than o (A). The following figure shows how the lattice
of the various o-algebras look like. Recall that if B C A are o-algebras on X with a measure
and g is an A-measurable function on X, then E(g | B) is the B-measurable function (unique up
to a zero measure perturbation) with the property that

/E<g|6>du=fgdu,
Y Y

for any Y € B (see Appendix). If A € A we say that A is independent from the o-algebra B if
E (x4 | B) is a constant function. One of the main tools in our paper (the proof will be given in
Section 5) is the following theorem. (See Fig. 1).

Theorem 5 (The Total Independence Theorem). Let Ay, A, ..., A, be a list of distinct
nonempty subsets of k], and let Sy, Sa, ..., S, be subsets of X such that S; € o(A;) and
E(Silo(A;)*) is a constant function for every 1 <i <r. Then

p(S1 NS N---N8) = pn(SHM(S2) ... u(Sy).
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3. Correspondence principles and the proofs of the Removal and Regularity Lemmas
3.1. The ultraproduct method and the correspondence principles

The ultraproduct method for hypergraphs relies on various correspondence principles between
the following objects that are infinite variations of the concept of a k-uniform hypergraph.

1. An infinite sequence of hypergraphs Hy, Hy, ... in H.
2. The ultraproduct hypergraph H.
3. A k-uniform Euclidean hypergraph H < [0, l]zk_l.

Additionally we will need correspondence principles between homomorphism sets
{T(Kv Hl)}?i]s T(KvH) and T(Kv H)

for every fixed k-uniform hypergraph K. Let {H; C X l’.‘}f.’il be a sequence of finite k-uniform
hypergraphs. Then the ultraproduct hypergraph H = [{H;}72,] C X* is well-defined.
Clearly, H is S-invariant and has no repetitions in its coordinates. One can formally define the
homomorphism set 7 (K, H) for any finite k-uniform hypergraph K exactly as in Section 2.1.
Note that we shall refer to any measurable Si-invariant set P C XX without repetitions in its
coordinated k-uniform hypergraph on X.

The following lemma is a trivial consequence of the basic properties of the ultraproduct sets.

Lemma 3.1 (Homomorphism Correspondence I). The homomorphism set T(F,H) is the
ultraproduct of the homomorphism sets T (F, H;). The induced homomorphism set Tinq(F, H) is
the ultraproduct of the homomorphism sets Tinq(F, H;).

To state the next theorem we need some notation. For an arbitrary set S let r(S, m) denote
the set of non-empty subsets of S of size at most m and let r(S) denote r (S, |S|). The symmetric
group S, is acting on [n] and this action induces an action on r([n], m). Furthermore S, is acting
on [0, 177 (nl.m) by permuting the coordinates according to the action on r([n], m). Let X, G, G»
be sets such that Go» € G. Then we will denote the projection X¢ — X 52 by Pg, . If a function
f takes values in X then for an element a € G we denote the corresponding coordinate function
by f. which is the same as the composition P, o f.

Definition 3.1 (Separable Realization). For any k € N a separable realization is a measure
preserving map ¢ : XX > [0, 177U%D such that

1. Any permutation 7 € S; commutes with ¢ in the sense that ¢ (x)™ = ¢ (x7).
2. For any D € r([k]) and measurable set A C [0, 1] the set d)Bl(A) is in o (D) and is
independent from o (D)*.

Note that the fact that ¢ commutes with the Si-action means that ¢4 (x™) = ¢ ne (x) for each
7 € Sk. The second condition in the previous definition expresses the fact that the functions ¢p
of a separable realization depend only on the D-coordinates. Also, by Lemma A.2 of Appendix
and the Total Independence Theorem a separable realization ¢ gives a parametrization of X* by
|r ([k])| coordinates such a way that qb’l defines an injective measure algebra homomorphism
from M ([0, 177D Bk 1¥) to a subalgebra of M (X¥, Bii], j1(x]). The next theorem is the heart
of the hypergraph ultraproduct method. The proof of it will be discussed in Section 6.
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Theorem 6 (Euclidean Correspondence). Let A be a separable sub-o-algebra of ofi on XF,
Then there is a separable realization ¢ : XK + [0, 17D such that for every A € A there is a

measurable set B C [0, 117~ with u(¢~'(B)AA) = 0.

Corollary 3.1. Let E be an Sy-invariant measurable subset of X¥. Then there is a separable
realization ¢ and Sk-invariant measurable set W C [0, 177D sych that u(¢p~"(W)AE) = 0.

The following definition and lemma will be needed to state the main correspondence between
homomorphism sets.

Definition 3.2 (Lifting). Let ¢ : XK + [0, 1]7"*D be a separable realization and let n > k be
an arbitrary natural number. Then a measure preserving map ¥ : X" — [0, 1775 jg called
a degree n lifting of ¢ if P,z o ¥ is equal to ¢ o P on X" and ¢ (x)™ = ¢ (x™) for all
permutations 7w € Sj,.

Lemma 3.2 (Lifting Exists). Let ¢ : XK > [0, 17D pe a separable realization and let n > k
be an arbitrary natural number. Then there exists a degree n lifting V¥ of ¢.

Proof. Let A € r([n], k) be an arbitrary set with ¢ elements and let 7 € S, be a permutation
such that A" = [t]. We define ¥4 (x) to be ¢p;1(Ppx1(x™)). Using the fact that ¢ commutes with
the Sy action we obtain that ¢4 o Pj = ¥4 for every A € r([k]). Now if 7> is an arbitrary

permutation from S,, then the A-coordinate of ¥ (x)™2 is the A™ l—coordinate of ¥ (x) which is
the A-coordinate of v/ (x™2). This proves that ¢y commutes with S,,. It remains to show that i is
measure preserving. The coordinate functions yr4 are constructed in a way which guarantees that
they are measure preserving. Let /4 C [0, 1] be intervals of length /4 for every A € r([n], k)
and let

W = 1_[ I
Aer([nl,k)
be their direct product. Since every measurable set in [0, 17" *1:X) can be approximated by the
disjoint union of such cubes it is enough to check that ¥ ~! preserves the measure of such a set
W. The preimage w_l (W) is the intersection of the preimages w;l (I4) which are in 0 (A) and
are independent from o (A)*. Now the Total Independence Theorem completes the proof. [

Lemma 3.3 (Homomorphism Correspondence II). Let W < [0, 1]" D pe an Sg-invariant
measurable set and let E be the preimage of W under some separable realization ¢. Then for an
arbitrary finite hypergraph K

v (T(K, W) =T(K,E),
where  is a | K| degree lifting of ¢. Similarly,

Y (Tina (K, W) = Tina (K, E).
Proof. Assume that the vertex set of K is defined on [r] and that the edges of K are m([k]),
o ([k]), ..., m([k]) for some permutations 7y, 77, ..., 7w, in S,. Let E; C X" be the preimage

of E under the projection P and let W, C [0, 177D be the preimage of W under the projection
Py (k- By definition we have that

t
T(K,E) = ﬂEg”
i=1
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and
t
T(K, W)= ﬂ Wy
i=1

Since 1 is a lifting of ¢ the first lifting property shows that 1 ~! (W») = E,. Furthermore since v/
commutes with the elements of S, we get that ! (WT) = E7 forevery = € S,. This completes
the proof. [J

3.2. The proof of the Hypergraph Removal lemma

Lemma 3.4 (Infinite Removal Lemma). Let H be the ultraproduct of the k-uniform hypergraphs
Hy, Hy, ... and let F be a finite k-uniform hypergraph such that T (F, H) has measure 0. Then
there is a 0-measure Si-invariant subset I of H such that T (F, H\ 1) is empty.

Proof. We use Corollary 3.1 for the set H and we get a separable realization ¢ and a measurable
set W C [0, 177UD satisfying the statement of the corollary. Let D denote the set density points
in W. Lebesgue’s density theorem says that W \ D has measure 0. Furthermore D will remain
symmetric under the action of the symmetric group on [0, 17D Let D be the preimage of D
under the map ¢. Using the first property in Definition 3.1 we obtain that D is Si- invariant.
Furthermore the measure of HAD is 0.

Now let F be a k-uniform hypergraph on the vertex set [n] and let ¥ be a degree n lifting of
¢. Lemma 3.3 shows that T'(F, D) is the preimage of T (F, D) under ¥ ~!. On the other hand
T (F, D) is the intersection of finitely many sets consisting only of density points. This show that
T (F, D) and thus T (F, D) is either empty or has a positive measure. This means that the set
I = H \ D satisfies the required condition. [

Proof of the hypergraph removal lemma. We proceed by contradiction. Let K be a fixed
hypergraph and € > 0 be a fixed number for which the theorem fails. This means that there is a
sequence of hypergraphs H; on the sets X; such that /im;_, ot (K, H;) = 0 but in each H; there
is no set L with the required property. Again let H € X¥ denote the ultraproduct hypergraph.
Then (T (K, H)) = lim,, t (K, H;) = 0 and thus by the previous lemma there is a zero measure
S-invariant set I € X* such that 7(K, H \ I) = @. By the definition of nullsets, for any €] > 0
there exists an ultralimit set J € X* such that I C J and w(J) < €1. We can suppose that J is Sg-
invariant as well. Let [{J; l?’il] = J; then for w-almost all i, J; is Sk- invariant, |J;| < €| X; |k and
T(K, H; \ L;) =, where L; is the set of edges {x, x2, ..., x¢} such that (xq, x2, ..., xx) € J;.

Clearly, |L;| < |J;|; hence if €] is small enough then |L;| < € (p]i" I) leading to a contradiction.
3.3. The existence of the hypergraph limit object

Proposition 3.1. Let {H;}7°, be a sequence of k-uniform hypergraphs and let H be their
ultraproduct hypergraph. Assume furthermore that ¢ : XK — [0, 17D is a separable
realization such that there is an Sk-invariant measurable set H < [0, 177D with
w(p~ (H)AH) = 0. Then for every k-uniform hypergraph K we have that

lim (K, H;) = t(K, H).
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Proof. Let K be a k uniform hypergraph on n vertices and let i be a degree n lifting of
¢. Lemma 3.1 implies that #(K, H) = lim, T (K, H;) furthermore, using that ¥ is measure
preserving, Lemma 3.3 implies that (K, H) = t(K, H). U

The following theorem is an immediate corollary of the previous one.

Theorem 7 (Existence of the Limit Object). If {H;}2, is a convergent sequence of k-
uniform hypergraphs then there exists a Euclidean hypergraph H < [0, 17D such that
limit(K, H;) =t (K, H) for every k-uniform hypergraph K.

3.4. The proof of the Hypergraph Regularity Lemma

Suppose that the theorem does not hold for some € > 0 and F : N — (0, 1). That is there
exists a sequence of k-uniform hypergraphs H; without having F (j)-equitable j-hyperpartitions
for any 1 < j < i satisfying the conditions of our theorem. Let us consider their ultraproduct
H c X*. Similarly to the proof of the Removal Lemma we formulate an infinite version of the
Regularity Lemma as well.

Let K,(X) denote the complete r-uniform hypergraph on X, that is the set of points
(x1,x2,...,x) € X" such that x; # x; if i # j. Clearly K,(X) C X" is measurable and
wir(Kr (X)) = 1. An r-uniform hypergraph on X is an S,-invariant measurable subset of K, (X).
An [-hyperpartition His a family of partitions K,(X) = U =1 P]r, where P] is an r-uniform

hypergraph for 1 < r < k. Again, an /-hyperpartition induces a partition of Ky (X) into H-cells
exactly the same way as in the finite case. It is easy to see that each H-cell is measurable.

Proposition 3.2 (Hypergraph Regularity Lemma, Infinite Version). For any € > 0, there exists
a 0-equitable [-hyperpartition (where | depends on H) 'H such that

e Each P] is independent from o ([r])*.
o u(HAT) < €, where T is a union of some H-cells.

Proof. Let ¢ be a separable realization for H that is such a ¢ that there exists an Sg-invariant

subset Q C [0, l]zk’1 such that pg (qb’l (Q)AH) = 0. Since Q is a Lebesgue-measurable set,
there exists some [ > O such that Voly_;(QAZ) < €, where Z is a union of /-boxes (see
Section 2.3).

By the usual symmetrization argument we may suppose that the set Z is invariant under the

Sk-action on the /-boxes. For each 1 < r < k we consider the partition X" = Ul Pl, where
P] o (] T 1) We call the resulting /-hyperpartition H. Note that by the S,-invariance of

the separable realization each P]r is an r-uniform hypergraph and also P{ is independent from
(). N

Now we show that C is an H-cell if and only if C = ¢_1(Un€5k (D)), where D is an [-
box in [0, 1]2k—1.~By definition a = (a1, as,...,ar) € XK and b = (b, by, ..., by) € XK
are in the same H-cell if and only if there exists # € Sk such that (a;,, ai,, ..., a; A‘) and

Bizys Digys - - s Bingay) are in the same P'r forany A C [k]. Thatis ¢ (a) and ¢ (b™) = (¢ (b))"
are in the same /-box. _
Since Z is a union of Si-orbits of /-boxes the set T = ¢~ (Z) is the union of H cells. Using

that ¢ is measure preserving the proof is complete. [
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Now we return to the proof of the Hypergraph Regulanty Lemma. First pick an r-hypergraph
P! on X such that u(PLAPY) = 0, PL € Py and u P' = K,(X). Let [ {P]l g =

H. Then for w-almost all indices Ulj:1 Pr{ ; = Ky(X;) is an F(l)-equitable [-partition and
|H;AU! _ Chl < e (lf |) for the induced H-cell approximation. Here U? _, Chm is the H-cell

approximation with respect to the /-hyperpartitions L.Jlj:1 ﬁ = K,(X) and [{C}, 1721 = Cm

The only thing remained to be proved is that for w-almost all indices i the resulting I-
hyperpartitions are F(/)-regular. If it does not hold then there exist ] <r <kand1 < j <1
such that for almost all i there exists a cylinder intersection W; C K, (X;), |W;| = F(D)|K,(X;)|,
such that

Pl 1Pl awil

— F(). 3
K, (X)) wi |70 ©)

Let W = [{W;}72,]. Then W € o ([r])*. Hence P' and W are independent sets. However, by (3)

PO (W) # BN W),

leading to a contradiction.  [J
3.5. The proof of the hypergraph sequence regularity lemma

Let us consider the ultralimit H of the hypergraph sequence {H;}7°, as in the proof of the
regularity lemma together with the /-hyperpartition H given by the partition U, =1 P] K. (X),

where [{P’ 1721 = P' If s > 1, then for w-almost all indices
) Ulj:1 Pr{ ; = K (X;) is an %-equitable %-regular partition
o |HiAU!_ Cll<e (",ﬁf').
e 7T; has combinatorial structure C, where 7; = U? _ CI.
Also, by Lemmas 3.1 and 3.3
lim¢(F, T;) = ¢ (F, (U},_, Cm)) = £(F, C).
n =

Thus for w-almost all i, |t (F, T;) — t(F,C)| < % Therefore we can pick a subsequence Hl./
satisfying the four conditions of the hypergraph sequence regularity lemma. [J

3.6. Testability of hereditary properties

We omit here the definition of Property Testing but we state a theorem which is equivalent
with the statement that hereditary hypergraph properties are testable.

Theorem 8. Let F be a family of k-uniform hypergraphs. Then for every € > 0 there is a
8 = 6(e, F) > 0 and a natural number n = n(e, F) such that if H satisfies ting(F, H) < §
Jor every F € F with V(F) < n then there is a hypergraph H' on the vertex set X of H with

|HAH'| < e ('f') such that £0,(F, H') = 0 for every F € F. (see also [16,1,2]).
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Proof. We proceed by contradiction. Assume that there is a sequence {H;}7°, and € > 0 such
that lim; o ting(F, H;) = O for every F € F; however no member of the sequence can be
modified in the way guaranteed by the theorem. Let us repeat the construction used in the proof of
the Regularity Lemma again. Let H be the ultralimit hypergraph of { H;}7° . We use Corollary 3.1
for the set H in order to obtain a separable realization ¢ and a measurable set W C [0, 1]’([”)
satisfying the statement of the corollary. Then fnq(F, W) = lim,, tina(F, H;) = 0 for every
FeF.

Thus there is an [-step Euclidean hypergraph (a union of [-boxes) W’ such that Vol (W AW’)
< €/4. Let Q be the preimage of W’ under ¢. Denote by C the combinatorial structure of
W'. As in the proof of the regularlty lemma for each 1 < r < k we consider the partition

X" = Ul P}, where P'r = qb[r (’ > l) We call the resulting /-hyperpartition H. The set Qis

the union of some cells in H. Again, we modify the sets P] to obtain the sets {Pj 120 = P’
Consider the resulting [-hyperpartitions H; on X; and for every i denote the union of H;-cells
with coordinates in C by Q;. That is Q; = G(W', H;, [n;]), where [n;] is the vertex set of H;.
Note that G(W’, H;, [r;]) is a random hypergraph, nevertheless it always takes the same value.
Then of course, 1£(Q'AQ) = 0 where Q' is the ultralimit of the hypergraphs {Q;}%°,.

Now we consider the random hypergraph model G; = G(W, H;, [n;]). For an ordered
set S = (i1,i2,...,10§) € [ni]k let Yg denote the random variable which takes 1 if S
is in G;AQ; and takes O elsewhere. One can easily see that the expected value of Ys is

le_lVol((W’ N B)A(W N B)) where B is the box representing the coordinate of the directed cell
containing S. This shows that

E(GiAQi) = Y E(Ys) = Y_ICIZ~Vol(W' N BC) AW N B(C)),
N c

where C runs through the directed cells of H; and B(C) is the box in [0, 1]21(_l corresponding
to the coordinate of C. .
Observe that lim,, |C |/(n)* = 17~! where Cf is the cell in ‘H; corresponding to the

coordinate f. Indeed, the ultralimit of {C; f }72, is a cell in the /-hyperpartition of X. That is

E(IG;AQ;
lim M = Vol(W' N W) < ¢/4.

On the other hand we know that lim,, % = |QAH]| < €¢/4.

E(|G AH 1)

Consequently, lim,, < €/2. Note that by probability 1, t;,4(F, G;) = 0 for any

F e F. That is there exists a hypergraph H/ which is a value of the hypergraph valued random
variable G; such that
o tina(F, H') = 0.
. |H! AH;|
e lim, ln’? <€

This leads to a contradiction. [

4. Uniqueness results and metrics
4.1. Distances of hypergraphs and hypergraphons

Let U and W be two measurable sets in [0, 177TD_ The distance d; (U, W) is defined as the
measure of their symmetric difference UAW. Let F be a k uniform hypergraph. It is clear from
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the definitions that
[t(F,U) —t(F,W)| < [E(F)|d1(U, W).

We can also introduce a distance using subhypergraph-densities.
Let § = 8, (U, W) denote the smallest number such that

[t(F,U) —t(F,W)| <|E(F)|§, foranyF.

Clearly, 6,,(U, W) < di(U, W). It is easy to see that §,, satisfy the triangle inequality. On the
other hand §,, is only a pseudometric since (as we will see) there are different sets U and W
with 6,,(U, W) = 0. Our goal is to understand which two functions have distance O in the
pseudometric §y,.

For every set S € r([k]) we denote by Ag the o-algebra generated by the projection
[0, 177D 1 [0, 117, Let A% denote the o-algebra generated by all the algebras A7 where T
is a proper subset of S for every S € r([k]). We say that a measurable map ¢ : [0, 17D s
[0, 1]7"TD is structure preserving if
1. ¢ is measure preserving.

2. ¢ 1(Ag) C As.
3. The sets ¢§1 (I) are independent from A§ for every measurable set I C [0, 1].
4. ¢ om = 1 o ¢ for every permutation in S.

The following lemma shows that structure preserving maps do not change the homomorphism

densities in hypergraphons.

Lemma 4.1. For any structure preserving map ¢ we have that 8,,(U, $~1(U)) = 0.
Proof. We need to prove that for any finite k-uniform hypergraph F
1(F,U) = t(F, ¢~ " (U)).

Mimicking the proof of Lemma 3.2 we can easily see that there exists a map é : [0, 170 s
[0, 1770 such that ¢ commutes with the S,-action and

¢ oLy =Ly o(f;
where L4 is the projection to the [k]-coordinates. Therefore, we have the following formula for
the homomorphism sets:

¢! (ﬂEeE(F) LEI(LsE(U))) = NEeE(F) LEI(LSE @' U))).
Hence the lemma follows. [

Definition 4.1. A structure preserving map ¢ : [0, 1] @D 5 10, 177WD s called a structure
preserving equivalence if there is a structure preserving map ¢ such that both 1 o ¢ and ¢ o are
equivalent to the identity map on [0, 17" ¥D (recall that equivalence means that two maps define
the same measure algebra homomorphism).

Now we introduce the pseudodistance §; by the formula

61(U, W) = inf di(p~ (), v~ (W),

where ¢ and i run through all the structure preserving transformations. We will prove the fol-
lowing uniqueness theorem (see [11] for the graph case).
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Theorem 9 (Uniqueness I). §,,(U, W) = 0 if and only if there are two structure preserving
measurable maps ¢, ¥ : [0, 17D s [0, 17D such that the measure of ¢~ (U)Ay~1 (W)
is zero.

Theorem 10 (Uniqueness II). 5,(U, W) = 0 if and only if §1(U, W) = 0.
4.2. Technical lemmas
First we prove a simple real analysis lemma.

Lemmad4.2. Let Y < [0, 1]" be a measurable set independent from the o-algebra A,_
generated by the projection onto the first (n—1)-coordinates. Then there exist measurable subsets
Xi € [0, 11" in the form

Xe =AY x BHU @Al x BHU---u @Al x Bf)
such that limy_, oo Vol (X AY) = 0, where A]I U Aé U---u Aﬁk is a measurable partition of

[0, 11""" and A(Bf) = A(BY) = -+ = AM(BE) = Vol(Xy). Obviously, the sets X are all
independent from A, _.

Proof. Fix a real number ¢ > 0. Let H be a union of /-boxes in [0, 1]" such that [ > W
and Vol(HAY) < 10500. By Fubini’s Theorem, for almost all z € [0, 1", )»(A;) = Vol(Y),
where

Al ={tel0, 1], @) eV}

For each [-box T in [0, 17"~ ! let
Hr ={se[0,1],T xs € H}.

Lemma 4.3. The number of [-boxes in [0, 11"~ for which |\(Ht) — Vol(Y)| > % is less than
S
10

Proof. By Fubini’s Theorem,

> " IM(Hr) = Vol(Y)| < Vol(HAY).
T

Hence the lemma follows. [

Now the set X, is constructed in the following way. Pick an integer m such that |7 — Vol (Y)| <
1o+ If foran I-box T [A(Hr) — Vol (Y)| < {5 then add or delete less than {5/ [-boxes of H above
T to obtain exactly m boxes. On the other hand if |A(H7) — Vol(Y)| > %, then just pick m
arbitrary boxes above T'. Then X, is in the right form and Vol(X.AY) — Oase — 0. [

The following lemma establishes the functorality of separable realizations and structure preserv-
ing maps.

Lemma4.4. Let ¢ : Xk — [0, 17D pe separable realization and p : [0, 17D
[0, 177D pe g structure preserving map. Then p o ¢ is a separable realization as well. Similarly
the composition of two structure preserving maps, or the inverse of a structure preserving
equivalence is a structure preserving map.
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Proof. For the first part it is enough to prove that if M C [0, 17D M e Ag for some S C [k]
such that M is independent from A then ¢~ (M) is independent from o (S)*.
First suppose that M is in block-form that is

M = U?:l(Ai N B;),

where for any 1 < i < n, B; € By and A; € Aj so that U?_; A; is a measurable partition of
[0, 177U*D Let T € o(S)*. Then

N MYNT=U" (" (ADNDNe~(B).

Hence

n
u@ ' M) ND =" pu@é™ (A) NDup™ " (B)).
i=1
Note that u(¢~1(B;)) = Vol(M) and Y7, u(¢~'(A;)) N I) = pu(l). Therefore ¢! (M) is
independent from o (5)*. By Lemma 4.2, any set in .Ag which is independent from A% can be
approximated by sets in block-form, thus the proof of the first part of our lemma follows. The
second part can be proved completely similarly. [

The following lemma is a baby-version of the Total Independence Lemma.

Lemma 4.5. For any S C [k], let Xs € Ag such that Xg is independent from .Aj;. Then
{Xs}scik) is a totally independent system.

Proof. We need to prove that for any set-system {S;}/_, C r([k])
r
Vol(M_, Xs,) = [ [ Vol(Xs)). 4)
i=1

Let us proceed by induction. Suppose (4) holds for a certain r. Let {Si}r+] C r([k]) be a set-

i=1
system and suppose that S, is not a subset of S;, for 1 < j < r. It is enough to see that

r r+1
Vol (XS,+1 NN XS,.) =[] vel(Xs). (5)

i=1 i=1

By Lemma 4.2 we may assume that X, , is in the block-form U?_, (A; N B;), where U?_, A; is
a partition of [0, 17715 such that {A; }7_, are in the o -algebra Cs generated by {As}sc(k], s,

r+1
and {B;}_, C Bs. Since N;_, X5, € Cs, (5) follows.  [J

We shall need the auxiliary notion of structure preserving measure algebra embeddings. Let
LD denote the measure algebra associated to ([0, 17"™D B, 1). For any § C [k] let Bs be
the subalgebra generated by the S-coordinate, that is for any S C [k], {Br}rcs are jointly
independent subalgebras generating Ag. We say that an injective homomorphism ¢ : £"(KD
£7(KD is a structure preserving embedding if

@ is measure preserving.

&(Bs) C Ag forany S C [k].

®(Bs) is independent of A%.

® o = 1 o @ for every permutation in S.

R
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Lemma 4.6. Let ¢ : L") s £7UKD pe g (measure algebra) structure preserving embedding.
Then & can be represented (see Lemma A.1) by a structure preserving map ¢ : [0, 177UKD
[0, 177D,

Proof. Let us consider the map @;) : Bj;; — A[;). By the fourth axiom of structure preserving
embeddings the image of @;} consists of Sj;j-invariant elements. We claim that we can represent
&1 by maps ¢p;) : [0, 170D+ [0, 1] such that ¢_1(I) is S[;) invariant for every measurable
set I < [0, 1]. First we represent &(;] by a measurable map ¢Ei]' Now Lemma 6.8 implies that
Sii1 acts freely on [0, 17D withe measurable sets 01,07,....,.0i.LetG=U; Q;. Ifx e G
then we define ¢;1(x) as ¢'[i]1(7r (x)) where 7 € Sy;; is the unique permutation with 7 (x) € Q.
If x € [0, 177D\ G the ¢y;)(x) is defined to be 0. For a general set S € r([k]) with |S| = i we
define ¢g(x) to be ¢[;1(r(x)) where m € Sji is an arbitrary permutation with 7 (S) = [i]. The
Sjj}-invariance of ¢y;] guarantees that ¢s; [0, 1179 — [0, 1] is well defined and represents the
map &g : Bs — Ag. Itis easy to see that the map X ge,([k]) ¢s o Ls is a structure preserving map
which represents ¢. [

Lemma 4.7. Let W C [0, 11D pe an I-step hypergraphon and let ¢ : [0, 177D — [0, 177 (kD
be a structure preserving map with T = ¢~ Y(W). Then there is a structure preserving
equivalence (see Definition 4.1) r such that WAw_l (T) has measure 0.

Proof. Let Pti denote the set qﬁ[?]l([(i —1)/1,i/l)) € Ajnfort = 1,2, ..., k. By the definition of
structure preserving maps the set P/ is independent from AE}], has measure 1// and is symmetric
under Sj;. Using Lemma 6.6, for every r = 1,2,...,k we construct a o-algebra C;; S Aj
such that

1. Cpr) is an independent complement for Afyin Ay

2. Ptl eC[,]forlgi <l

3. Every set in Cf; is invariant under the symmetric group Si;.

In general, for a set S € r([k]), we introduce Cg as 7 (C[;s|) where 7 is an arbitrary permutation

taking A[|S|] to As. By the invariance of Cy;s); this is well defined.
Now the system of o-algebras {Cs}ser(x)) satisfies the following properties.

1. The o-algebras Cg generate [0, 177D where S runs through the elements in r ([k]).

2. Cs C Ag and Cy is independent from A%. That is by Lemma 4.5 the algebras Cy are totally
independent.

Now let pf; be a measure algebra isomorphism from [0, 1] to Cp; taking [(i — 1)/1,i/1) to P..
Using the Sk action we also define maps pg for every S € r([k]) satisfying w o pg = psom
for every m € Spi. Since the algebras Cy are totally independent, by Lemma A.2, the product of
the maps pg creates a measure algebra equivalence from [0, 177U¥D to itself which is a structure
preserving equivalence.

Lemma 4.8. For every pair U, W C [0, 177D of hypergraphons and € > 0 there is a structure
preserving equivalence ¢ : [0, 177D [0, 177D sych that di (U, =" (W)) < 81 (U, W) + €.

Proof. Let 7|, T» be two [-step hypergraphons with d1 (71, W) < €¢/8 and d|(T», U) < €/8. We
know that there are two structure preserving maps v/ and v such that d; (¥, ! ), ¥y ! w)) <
81(U, W) + €/8. By Lemma 4.7 there are structure preserving equivalences p; and py with
d(p; (1), ¥y (1)) = 0 and dy (p; ' (T2), 3 ' (T2)) = 0. Now

di(py ' (T1), py (1)) < 81(U, W) + /4.
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By Lemma 4.4, p o ,o]_1 is a structure preserving equivalence that takes W into a set whose
distance from U is at most §; (U, W) + €.

4.3. A concentration result for W-random graphs

Theorem 11 (Concentration). Let W C [0, 17" %D pe a hypergraphon. Then

2
HWMRGOWMDrﬁdiwﬂ26526m<—§%%ﬁ>~

The proof of the lemma is identical with the proof of Theorem 2.5 in [10], that was used for
the case k = 2. For the sake of completeness we repeat the proof.

Proof. Let us consider the system of random hypergraph models G1, Ga, ..., G, such that the
distribution of G, is G(W, [n]) and G; is the sub-hypergraph in G, induced by [i]. It is clear
that the distribution on G; is the same as G(W, [i]). Let F be a fixed k-uniform hypergraph on
the vertex set [r]. For any injective map v : [r] > [n] we denote by Ay the event that ¥ is a
homomorphism from F to G,,. Let

ZPr(Aw | Gp).
v

_ (n—r)!

n!

By,

The sequence By, By, ..., B, is a martingale, where By = Pr(Ay) = t(F, W) and B, =
Pr(Ay | Gp) is 1if ¥ is a homomorphism and O elsewhere. This implies that B, = 1y(F, G,).
Now we have that

(n—r)!

|Bm _Bm—ll =< )
n:

Y IPr(Ay | Gw) = Pr(Ay | G|
4
The terms in the sum for which m is not in the range of i are O and all the other terms are at

most one. The number of terms of the second type is r 52:3: and so |B,, — By,—1| < r/n. By
applying Azuma’s inequality we get that

2

Pr(|to(F, Gp) — t(F, W)| > €) = Pr(|B, — Bo| > €) < 2exp <2n(rjn)2>
_ 5 <_62n)
- T2 )

Theorem 12 (Convergence). The sequences ty(F, G(W, [n])) and t (F, G(W, [n])) converge to
t(F, W) with probability one as n goes to infinity.

Proof. The convergence of to(F, G(W, [n])) follows from Theorem 11 and the Borel-Cantelli
lemma since for every fixed € > 0 the sum of the right hand side in the inequality is finite. O

4.4. Proof of the uniqueness theorems

Let X be the ultraproduct of the sets [r]. Let Z, be the random variable which is a random
point in [0, 1770 with uniform distribution as in Section 2.6 and let {t"} : [n]’(‘) — [0, 177D
be the associated random coordinate systems. The ultraproduct function 7 = [{z"}7° ] on Xk
will also be called random coordinate system.
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Lemma 4.9. The random coordinate system t : XK [0, 177D 5 4 separable realization with
probability one.

Proof. Let I C [0, 1] be a measurable set and S € r([k]). It is clear from the definition that
Tg ! (1) is in o (S). We show that (with probability one) 7y 1(I ) is independent from o (S)* and
has measure A (/).

Let 7, 5 be an open interval with rational endpoints a, b. Let ia,b denote the ultraproduct
[{(rg)’l(la,b)},‘jil]. By Proposition 6.1 (and the remark after the proposition) we have that

almost surely ia, » has measure b — a and is independent from o (S)*. Then we have

~ - ~
Ia+€,b7€ - Tg (Ia,b) - Ia,b

for every small enough rational number € > 0. Since there are only countable many rational
numbers this holds simultaneously for every rational number with probability 1. This implies
that ¢ ! (I14,5) has measure b — a and is independent from o (S)* with probability 1. Since g
is measurable and measure preserving on rational intervals it has to be measure preserving on
Lebesgue sets. By approximating an arbitrary measurable sets by unions of disjoint intervals we
get the independence from o (S)*.

Now let B € [0, 17D be a box of the form [ge, () Is Where Is is an interval with rational

endpoints. The measure of B is equal to HSEr([k]) A(Is). The set t~1(B) is equal to

Nser (k) T§1 (Is).

Therefore using the total independence theorem we obtain that with probability one 7' (B) =
A(B). Again this holds simultaneously for every rational interval system with probability 1. As a
consequence T is almost surely a measure preserving map.

The symmetry on t under Sy is clear from its definition.  [J

Lemma 4.10. Let W be a hypergraphon. Then with probability one the ultraproduct H =
HGW, [n1)}2°,1 € X* has a separable realization ¢ : X* + [0, 11" D such that HA¢~™1 (W)
has measure 0.

Proof. We will use that the set H = [{G(W, [n])};2 ] can be written as the ultraproduct
[{(r")_l(W)}ZO:l]. Our goal is to prove that almost surely HA7~!(W) has measure 0. First
by applying Theorem 12 to a single hyperedge F we deduce that H has measure A(W) with
probability one.

If W is open then ' (W) is contained in H and, by Lemma 4.9, has measure |W| with
probability 1. This means that with probability 1 the set 7! (W)AH has measure 0.

For an arbitrary measurable set W C [0, l]r([k]) and € > 0 there are open sets O and O3 in
[0, 177 UXD such that 01\ O € W C 07 and |O>| < €. We have that

@l on\ @0 < @I W) < ) (01)
and thus by taking the ultra product
HE) ™ ON I\ HE™ (02122, 1 CH C [{(z) ' (0N)2,].

Using our observation about open sets and that t is measure preserving with probability 1 we
obtain that the measure of HAT~! (W) is at most €. By Lemma 4.9 the proof is complete. (]
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Proof of Theorem 9. Let U and W be two functions with §,,(U, W) = 0. This means that
G(U, [n]) and G(W, [n]) are equal to the same distribution Z,. Let H = [{Z,}72,]. By
Lemma 4.10 with probability one there are two separable realizations ¢p, ¢ : X" > [0, 1] (kD
such that qbfl ), ¢, ! (W) and H differ only in a zero measure set. Let A denote the separable
sigma algebra generated by ¢ and ¢,. By the Euclidean correspondence (Theorem 6) there is a
separable realization ¢3 : X* > [0, 17D corresponding to the algebra .A. The maps ¢; and
¢ define unique structure preserving maps v/; and ¥, on the measure algebra £ (XD such that
(#3) " i (S) is equivalent with ¢; ! (S). This means that 1 (U) = (W) in the measure algebra
L7UKD  Therefore by Lemma 4.6 our theorem follows. [

Proof of Theorem 10. By the previous theorem, if 8, (U, V) = 0, then §;(U, V) = 0. On
the other hand, if §;(U, V) = 0 then by the fact that §,,(U, V) < d1(U, V) and Lemma 4.1,
Sp(U,V)=0. 0O

4.5. The counting lemma

LetC C [I117TD pe a symmetric combinatorial structure. Let V be a finite set. An (/, k)-map
is a function from r(V, k) to [/]. If E € V has k-elements then the restriction of an (/, k)-map f
to E is an element x in [/]"F). By specifying an arbitrary bijection g between E and [k] we can
also represent x by an element x” in [[]" (D The Sj-orbit of x” does not depend on g and so we
can talk about the Si-orbit determined by the restriction of f to E.

Let F be a k-uniform hypergraph on V, let C € [[]"™D be a symmetric combinatorial
structure and let f be an (/, k)-map on V. We say that f is a homomorphism from F to C
if the restriction of f to any edge of F' determines an Si orbit which is in C.

The homomorphism density ¢ (F, C) is the probability that a random (I, k)-map on V is
a homomorphism. Note that here we take the uniform probability distribution on all (I, k)-
maps. For technical reasons we will also need the number ¢ (F, C, P) which is the probability
that an (I, k)-map chosen with distribution P on (1170 (the set of all (I, k)-functions) is a
homomorphism.

Let H be an [-hyperpartition on a finite set U. Every injective map g : V +— U induces an
(I, k)-map f, on V such that for a set S € r(V, k) the value f(S) is the index i of the partition
set P|i5\ containing g(S). Let D(V, H) denote the probability distribution of f, if g is chosen
uniformly at random from all the injective maps g : V +— U. Using this notation the following
lemma follows immediately from the definitions.

Lemmad4.11. Let C < [I"™ be a symmetric combinatorial structure and let H be a
hypergraph on the set U which is the union of H-cells with coordinates in C. Then the probability
tO(F, H) that a random injective map g : V + U is a homomorphism from F to H is equal to
t(F,C, D(V,H)).

Theorem 13 (Counting Lemma). Let {U;}:°, be increasing finite sets with l-hyperpartitions
{Hi}:2, such that 'H; is €;-regular and §;-equitable with lim; s €; = lim;j 00 8; = 0. Let
furthermore C C [I]" (5D pe a symmetric combinatorial structure and H; be the union of H;-
cells with coordinates in C. Then for every finite hypergraph F we have that

lim ¢(F, H;) = 1 (F, C).
1—> 00
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Proof. Let V denote the vertex set of F. Since {U;}72, is an increasing sequence of sets we have
that

Lim (°(F, H;) = lim 1(F, H;).

1—>00 11— 00
Now by Lemma 4.11 it suffices to show that lim;_, ., D(V, H;) is the uniform distribution on
[[]7V-, We proceed by contradiction. By choosing an appropriate subsequence of {U;}2, we
can assume that the limit of D(V, H;) exists and it is not uniform. This means that there is a
function f : r(V, k) — [I] such that

lim p; # [~IrVRI where p; = P(fe=f1g:V = U, g isinjective)
1—> 00

holds. The set of all injective maps from V to U; can be represented as the collection of elements
in UI.V with no repetitions in the coordinates. This subset in UiV has relative density tending to 1
as i goes to infinity. Now let 7; € UiV defined by

- s
T, = m TTg 1(P|J;|( ).
Ser(V.,k)

For S Cc r(V,k), g : UiV — Ui“S” is defined as L, o Lg, where Ly : UiV — UI.S is the natural

projection and L, is given by a bijection pg : § — [|S]]. Here P‘é‘(s) denotes the corresponding

partition set in H;. Since Plé‘(s) is symmetric in its coordinates the set 7; is independent of the

concrete choice of the bijections ps. Let X denote the ultraproduct [{U,-};.>o 1] and let H/ denote

the ultraproduct [{7;}{2,] € X" Furthermore for every S € r(V, k) let Hg denote the ultralimit

of the partition sets g ! (Pl‘gl(s)) from H; where i tends to infinity. Then

H' = (| Hi

Ser(V.,k)
Also, the measure of HY is equal to lim,, p; = lim;_, » p;. Now the condition lim;_, €; =
lim;, o0 6; = O implies that for every S € r(V,k) the set Hg has measure /= and that

H§ € o(S)*. The total independence theorem implies that the measure of H is [~I"(V:X)l
providing a contradiction. [

4.6. Equivalence of convergence notions and the inverse counting lemma

Let W C [0, 171D be a hypergraphon. We say that a sequence of hypergraphs {H;}72,
is structurally converges to W if for every /-step hypergraphon U with §;(W,U) < € and
combinatorial structure C there is a sequence of /-hyperpartitions H; on the vertex sets of H;
such that

1. 'H; is §;-regular and §;-equitable with lim; , », §; = O.

2. The union T; of H;-cells with coordinates in C satisfies lim sup;_, ., d1(T;, H;) < €.
Definition 4.2. We say that an /-step hypergraphon U with combinatorial structure C is (e, §)-
close to a hypergraph H if there is an [-hyperpartition H on the vertex set of H such that

1. H is both §-regular and 5-equitable.
2. The union Ty of H-cells with combinatorial structure C satisfies d| (H, Ty) < €.
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Theorem 14. For an increasing sequence {H;}7°, of k-uniform hypergraphs the following
statements are equivalent:

1. {H;} is strongly convergent
2. {H;} is weakly convergent
3. {H;} structurally converges to a hypergraphon W which is also the weak limit of {H;}.

Proof. Let us start with (2) implies (3). By Theorem 7 we know that there is a hypergraphon W
such that lim;_ ot (F, H;) = t(F, W). Assume by contradiction that {H;} is not structurally
convergent to W. Then for some ¢ > 0 there is a § > 0, an [-step hypergraphon U of
combinatorial structure C with §;(U, W) < € and an infinite subsequence {J;} of {H;} such
that none of the elements of {J;} is (8, € 4+ §)-close to 7. Let J be the ultraproduct hypergraph
[{Ji}?il] C X* and let ¢ : XK 10, 177D pe a separable realization of J. That is for some V C
[0, 1]’(“‘]), JAQS’] (V) has measure zero. By Proposition 3.1, 6,,(V, W) = 0. By Theorem 10,
61(V, W) = 0 and consequently 81 (U, V) < €. By Lemma 4.7 there exists a measure preserving
equivalence p with d; (,o_l(U), V) < e+ §/2. This means that (p o ¢)_1(U)AJ has measure at
most € +8/2. By Lemma 4.4 p o ¢ is a separable realization; hence (p 0 ¢) ™! (U) is a cell system
with combinatorial structure C of a 0-regular and 0-equitable hyperpartition on X. This leads to
a contradiction.

The implication (3) = (1) is trivial.

The implication (1) = (2) follows from the Counting Lemma (Theorem 13). Let us fix a
k-uniform hypergraph F on the vertex set V and with edge set E. According to the definition of
strong convergence for every € > 0 there is a fixed combinatorial structure C and modifications
H! of H; with an at most e-density edge set such that every H/ is the union of the cells with
coordinates in C of some hyperpartition which is getting more and more regular and balanced
as i tends to infinity. The Counting Lemma implies that lim;_, o #(F, H]) = t(F,C). On the
other hand |t (F, H;) — t(F, H,.’)| < |Ele. Using this inequality for every € > 0, we obtain the
convergence of ¢t (F, H;). U

The following immediate corollary states that if two hypergraphs have similar sub-hypergraph

densities then they have similar regular partitions.

Corollary 4.1 (Inverse Counting Lemma). Fix k > 0. Then for any € > 0 there exist positive
constants 6 = §(€), C = C(e), N = N(¢) such that if Hy, Hy are two k-uniform hypergraphs,
|V(Hy)| = N,|V(Hy)| = N and §1(Hy, Hy) < §, then there exists an l-hyperpartition U,
1 < I < C so that both hypergraphs are (€, €)-close to U.

We also have a corollary of the Counting Lemma, using the notion of (e, §)-closeness.
Corollary 4.2 (Counting Lemma Finitary Version). For any finite k-uniform hypergraph F, [-

step hypergraphon U and € > 0 there is a constant § = §(F, U, €) such that if a k-uniform
hypergraph H is (8, §)-close to U then

[t(F,U) —t(F,H)| <e.
(see also [13]).

5. The proof of the total independence theorem

Let {X;}{2, be finite sets as in Section 2 and f; : X; — [—d, d] be real functions, where
d > 0. Then one can define a function f : X — [—d, d] whose value at p = [{p,-}?il] is
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the ultralimit of {f; (p;)}{2,. We say that f is the ultraproduct of the functions { f;}72 . We shall
use the notation f = [{f;}7°,]. Note that the characteristic function of the ultraproduct of sets
is exactly the ultraproduct of thelr characteristic functions. From now on we call such bounded
functions ultraproduct functions.

Lemma 5.1. The ultraproduct functions are measurable on X and

> filp)

ex;
fdu =lim 22—
/x 2 | X

Proof. Let —d <a <b <d bq real numbers. It is enough to prove that f|, p) = {fpeXlac<
f(p) < b} is measurable. Let f[’a’h] ={p € X, | a < fi(p) < b}. Note that [{f[la,h]}?il] is not
necessarily equal to f, ). Nevertheless if

. oo
— 1
= [{f[a_’l"b-i_’l']}i:l] ’

then P, € P and f, ) = ﬂf,ozl P,. This shows that f], ;) is a measurable set. Hence the function
f is measurable.

Now we prove the integral formula. Let us consider the functlon gi on X; which takes the
value 3 if fi takes a value not smaller than " but less than L= L for —Ni < j < N, where
Ni = d2% + 1. Clearly |[{g, el f| < 2,\ on X. Observe that g = {g,}ool] is a measurable

step-function on X taking the value 5z on C; = [{f l FRYEEN }72,1. Hence,
SIS

S j ‘ Tig.i)
— N — 1 2 2
/ngu—zz—ku(C,)—lgn |

2’< X;
—Nk J=—Nk |

Also, |g — f] < zik on X uniformly, that is | [ fdu — [x gdp| < 2i,{ Notice that for any i > 1

Ny ‘fij " > filp)

Z [zk’zk) L_PEX:‘ <l.
e 2T x| T

Therefore for each k > 1,

Z fi(p)

eX;
fd —lm ! < .
/x Ko T |2

Thus our lemma follows. [

Proposition 5.1. For every measurable function £ : X — [—d, d], there exists a sequence
of functions f; : X; — [—d,d] such that the ultraproduct of the sequence {f;}7°, is
almost everywhere equal to f. That is any element of L>*(X, By, i) can be represented by an
ultraproduct function.
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Proof. Recall a standard result of measure theory. If f is a bounded measurable function on X,
then there exists a sequence of bounded stepfunctions {/1}2 | such that

o f=37° ! hi

o |hi| < ifk > 1.

2k 1>
o hj = Zn ) nXAk where U Aﬁ = X is a measurable partition, cﬁ eRifl <n <ny.

Now let BX € P such that 1 (AK ABX) = 0. We can suppose that Uzkzl BF is a partition of X. Let
B, =" ckx prand f' = Y i=1 k. Then clearly f = f almost everywhere. We show that f' is
an ultraproduct function.

Let Bk = [{Bk }°° 1] We set Ty C N as the set of integers i for which U, 1k Bk is a partition

n, i
of X;. Then 0bv10usly, Tk € w. Now we use our dlagonahzmg trlck again. If i gZ T lets; = 0. If

ieT,ie€T,...,i €Ty, i¢ Ty then define s; == Z] 1(2 C"XBJ,) If i € Ty for each
k > 1 then set s; :=Z 1(Zn | nXBJ ). NowletpeBl ﬁB2 ~ﬂBfk.Then

. _ _ 1
I(llur)nSi)(P) () < T
Since this inequality holds for each k > 1,f = [{s;}2,]. O

Lemma 5.2. Let A, B c [k] and let £ : XX — R be a o (B)-measurable ultraproduct function.
Then for all y € XA the function f, is 0 (AN B)-measurable, where A° denotes the complement
of Ain [k] and fy(x) = f(x, y).

Proof. Let f : XXl — R be a o(B)-measurable ultraproduct function. Note that there exist
functions f; : X; ] — R depending only on the B-coordinates such that f is the ultraproduct
of {f; ;’il. Indeed, let f be the ultraproduct of the functions g;. For x € X; p, let fi(x,1) =

e 8162

|X; pel
Lemma 5.1, lim,, f; = f. Let y € X4°, y = [{y; }72,]. Then fy is the ultraproduct of the functions
fly '. Clearly fl} ' depends only on the A N B-coordinates, thus the ultraproduct fy is o (A N B)-
measurable. [

. Then f; depends only on the B-coordinates. Also by the integral formula of

Proposition 5.2 (Fubini’s Theorem). Let A C [k] and let £ : X*1 — R be a bounded o ([k])-
measurable function. Then for almost all y € XA°, f, (x) is a measurable function on XA and the
function y — fXA f,(x)dpa(x) is XA -measurable. Moreover:

/ f(P)dM[k](P):/ ([ fy(X)dMA(x))duAe(y)~
XIk] XA€ XA

Proof. First let f be the ultraproduct of { f; : 1 — R} ,. Define the functions fi: Xiac —
[—d, d] by
Fi) =1Xial™" D filx ).
xeX; A
By Lemma 5.1

770 = [ 160 dnaco).

Applying Lemma 5.1 again for the functions f;, we obtain that
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imXa Y v = [ ([ i) ano.

yEX AC
Then our proposition follows, since

ZX fi(p)
Xiacl ™ D Fin =E—

}le AC |X |

Now let f be an arbitrary bounded o ([k])-measurable function. Since there exists an ultraproduct
function g that is a zero measure perturbation of f it is enough to prove the following lemma.

Lemma. Let Y C XW be a measurable set of zero measure, then for almost all y € XA
xeX? | X xyey)
has measure zero.

Proof. Since Y is a set of zero measure, there exist sets Z, € Pjx] such that

K(Zn) < 3
oY CZ,.

Let L, C XA be the set of points y in X4 such that

1
pally e X4 XA xy € Zy) = oo

Since Fubini’s Theorem holds for ultraproduct functions it is easy to see that pac(L,) <

Thus by the Borel-Cantelli Lemma almost all y € XA is contained only in finitely many sets
L,. Clearly, for those y, {x € XA | X4 x y € Y} has measure zero. [

Proposition 5.3 (Integration Rule). Let gi : X1 — R be bounded o(A;)-measurable
functions fori = 1,2,...,m. Let B denote the o-algebra generated by o (A1 N Az), (A1 N
A3),...,0(A1NA,). Then

/ g1g2...gmdlL[k]=/ E(g11B)g283 - - - &m d k-
XK1 X[kl

Proof. First of all note that E(g; | B) does not depend on the A{-coordinates. By Fubini’s
Theorem,

/ 818283 -+ 8m Al = /Ac (/ 81()g2(x, y) - gm(x, y) duAl(x)) dprag ().
X1 X4 \Jx4

Now we obtain by Lemma 5.2 that for all y € X41° the function

x = 06, Mg, Y) .. gm(x,y)  (x € XA

is B-measurable. This means that

/ g1(x)g2(x, ) ... gm(x, ¥)dua, (x)
XA1

= /XAI E(g11B)(x)g2(x, ¥)g3(x, ¥) ... gm(x, ¥)dpa, (x)

forall yin X A This completes the proof. [
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Now we finish the proof of the Total Independence Theorem. We can assume that [A;| > |A]
whenever j > i. Let x; be the characteristic function of S;. We have that

uS1NSHN---NSy) = /m X1X2 - Xrd i)
X

The Integration Rule shows that
/ XiXi+1 - Xr k) = / E(xilo (A)") Xi+1 - -« Xr diik)
b X1

==u0$)/1 Xi+1Xi+2 - - - Xr A1)
X141

A simple induction finishes the proof. [

6. The proof of the Euclidean correspondence principle

6.1. Random partitions

The goal of this subsection is to prove the following proposition.

Proposition 6.1. Let A C [k] be a subset, then for any n > 1 there exists a partition
X4 =851 US U US,, such that E(S; | o (A)*) = L.

Proof. The idea of the proof is that we consider random partitions of X4 and show that by
probability one these partitions will satisfy the property of our proposition. Let £2 = []2,
(1,2, ...,n}%i4 be the set of {1, 2, ..., n}-valued functions on U;?il Xi. 4. Each element f of {2

defines a partition of X 4 in the following way. Let
S ={peXial f(=j} 1<j<n izl
[{S5/152,1 = §7.

i=1
Then X4 = S} U SJZC U---u S; is our partition induced by f.
Note that on {2 one has the usual Bernoulli probability measure P,

o . 1
P(Tpl,pz ..... p,(llal2s~-~ylr))=n_r,

where

Tpl,pz ..... pr(ilai2a~~-,ir)={f69|f(Ps)Zis 1§s§r}~

A cylindric intersection set 7 in X; 4 isaset T = Nc.ccaTc, where Tc C X; c. First of all
note that the number of different cylindric intersection sets in X; 4 is not greater than

rlynd<gmwﬁi
C.CCA

Let0 <e < ﬁ be a real number and T be a cylindric intersection set of elements of size at least

€|X;. al. By the Chernoft-inequality the probability that an f € (2 takes the value 1 more than
(% + €)|T|-times or less than (% — €)|T|-times on the set T is less than 2 exp(—c¢|T|), where

the positive constant ¢ depends only on €. Therefore the probability that there exists a cylindric
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intersection set T C X; 4 of size at least €|X; 4| for which f € {2 takes the value 1 more than
(% + €)|T |-times or less than (% — €)|T|-times on the set T is less than

X129 exp(—cee | X |14,
Since | X1| < |X2| < - - - by the Borel-Cantelli lemma we have the following lemma.

Lemma 6.1. For almost all f € (2 the following holds. If € > 0, then there exist only finitely
many i such that there exists at least one cylindric intersection set T C X; a for which f € (2
takes the value 1 more than (% + €)|T |-times or less than (rll — €)|T|-times on the set T.

Now let us consider a cylindric intersection set Z € X4, Z = Nc.ccaZc, Ze C XC. By the
previous lemma, for almost all f € (2,

1
WSy N2) = —u2).

Therefore for almost all f € (2:
1 1 1 /
n(SyNZ) = r—l(/L(Z ),

where Z' is a finite disjoint union of cylindric intersection sets in X4. Consequently, for almost
all f e 02,

1
WSFNY) = —(u(Y)),

where Y € o(A)*. This shows immediately that E(S} | 0(A)*) = }l for almost all f € (2.
Similarly, £ (S} | o0 (A)*) = % for almost all f € {2, thus our proposition follows.  [J

Remark. Later on we need a simple modification of our proposition. Let {¢;}7_, be non-negative
real numbers, such that ) '_,¢; = 1. Repeat the construction of the measure on 2 as in
Proposition 6.1 with the exception that for any p € X; 4 the probability that f(p) = i is ¢;
instead of % Then with probability one E(S} | 0 (A)*) = q;.

6.2. Independent complement in separable o -algebras

Let A be a separable o-algebra on a set X, and let i be a probability measure on A. Two
sub o -algebras B and C are called independent if (B N C) = u(B)u(C) for every B € 5 and
C € C. We say that C is an independent complement of 3 in A if it is independent from B and
(B, C) is dense in A.

Definition 6.1. Let A > 3 be two o-algebras on a set X and let 1« be a probability measure on
A. A B-random k-partition in A is a partition Ay, Ay, ..., Ax of X into A-measurable sets such
that E(A;|B) = 1/k foreveryi =1,2,..., k.

Theorem 15 (Independent Complement). Let A > BB be two separable o -algebras on a set X
and let u be a probability measure on A. Assume that for every natural number k there exists a
B-random k-partition {A1 k, A2k, - .., Akx} in A. Then there is an independent complement C
of Bin A. (Note that this is basically the Maharam-lemma, see [12]).
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Proof. Let S1, S, ... be acountable generating system of .A and let P denote the finite Boolean
algebra generated by Sy, Sz, ..., Sx and {A; ;i < j < k}. Let P; denote the atoms of Py. It is
clear that for every atom R € 7?;{k we have that E(R|B) < 1/k because R is contained in one
of the sets Ay, A2k, .- ., Ak k. During the proof we fix one B-measurable version of E(R|5)
for every R. The algebra Py is a subalgebra of P41 for every k. Thus we can define total
orderings on the sets P such a way thatif Ry, Ry € P; with Ry < R; and R3, R4 € P/ | with
R3 C Ry, R4 € R; then R3 < R4. We can assume that ZRepk* E(R, B)(x) = 1 for any element
x € X. It follows that for k € N, x € X and A € [0, 1) there is a unique element R(x, A, k) € P,f
satisfying

Y. ERIB)x) <2

R<R(x,Ak)

and

> ERB() > A

R<R(x,%.k)

For an element R € P,f let T(R, A, k) denote the set of those points x € X for which
R(x, X, k) = R.Itis easy to see that T (R, A, k) is B-measurable. Let us define the .A-measurable
set S(A, k) by

Stk = | (TR, 2,5 N (Ur,<r R2))
ReP;

and S’(A, k) by

S'Ou k)= | (T(R. 2. k) N (Ury<k R2)).
ReP;

Note that

Y. ERIB() <Ay,

S(A k) = :x eX
Ry <Ry (x)

where Ry (x) is the element of 7P that contains x.

Proposition 6.2. (i) » — ; < E(S(x, k) | B)(x) < A forany x € X.
(i) If k < t, then S(A, k) € S(A, 1) € S'(A, k).
(i) E(S'(A, )\ S(A, k) | B)(x) < %foranyx € X.

Proof. First observe that

her= Y ERIBM =4,

R<R(x,Ak)

for any x € X. Also, we have

so.kh= J (ROTRi,A L),
R.R€P},R<R,
: (6)
Seb=|J ROTRLLK).

R,R]EP,:‘,RfR]
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That is by the basic property of the conditional expectation:

ESOKk B = Y  ERI|Bxr® ..n-
R,RIE,PZ,R<R1

That is
ESO0 1B =Y  ERI|B® )
R<R(x,\k)
and similarly
ES OB =Y  ERI|BM®. ®)
R<R(x,),k)

Hence (i) and (iii) follow immediately, using the fact that E(R" | B) < % for any R" € P}.
Observe that for any R € P}, T(R, A, k) = Ur'cR.ReP? T(R',A,t). Hence

U @®nr@RiLuk)S ) (RNTRL D)
R.R1€P},R<R R'.R|€P},R'<R|

c U ®oT®R, ).
R,RleP,f,RsRl

Thus (6) implies (ii)). O

Lemma 6.2. Let S(A) = U,‘:il S\, k). Then if Lo < A1, then S(A3) € S(Ap).

Proof. Note that x € S(X2, k) if and only if x € R, for some Ry < R(x, A2, k). Obviously,
R(x, A2, k) < R(x, A1, k), thus x € S(A1, k). Hence S(A2) € S(Ay) O

Lemma 6.3. E(S(A) | B) = X

Proof. Since xso.p) 5" x5, we have E(SG, k) | B) S E(SG) | B). That is by (i)

of Proposition 6.2 E(S(A) | By =x. O

The last two lemmas together imply that the sets S(A) generate a o-algebra C which is indepen-
dent from B.

Now we have to show that 5 and C generate A. Let S € Py for some k € N. We say that S is
an interval if there exists an element R € P,f such that § = Ug,<g R;. It is enough to show that
any interval S € Py can be generated by 5 and C.

Suppose that {7;}7°, are sets in (B, C) such that 7; C S and ||[E(S | B) — E(T; | B)| tends
uniformly to 0 as t — oo. Then u(S \ 7;) — 0 as t — oo, that is B and C generate S. Indeed,

u(S\T,)=/X<XS—xT,>=/X<E<S|B)—E<T, | B).

So let t > k be an arbitrary natural number. It is clear that S is an interval in P;. For a natural
number 0 < d < t — 1 let F; denote the B-measurable set on which E(S|B) is in the interval
d 4411 Now we approximate S by

t—1
T, = <des<§>> € (B,C).

d=0
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Lemma 64. 7; C S.
Proof. It is enough to prove that F; N S(‘t—i, k) C Sforany0 <d <t —1,t < k. Observe that

d d+1
Fd={x6X|7< ZE(RllB)(X)SIL}

R <R

and

d d
S<7,k> = {xeXl Z E(R2|B)(x)§?}.

Ry <Ry (x)

Thusifx € FzN S(”—l,k) thenx € §. O
Lemma 6.5. For any x € X,

[E(S | B)(x) — E(T; | B)(x)| <

~ | W

Proof. First note that by Proposition 6.2 (iii)

(o(2) ) efe(2) )

Note that

t—1 d
E(T | B)(x) =) xr(E (S (;) | B) (x).
d=0

Suppose that x € F;. Then by (7) and (9),

1
=-. )

~

—_

E(T; | B)(x) — Zd ERR" | B)(x)| < "
R’<R(x,7,t)

On the other hand E(S | B)(x) = } g E(R" | B)(x) and% <Y r<rER' | B)x) < dtil,

That is

[E(S | B)(x) — E(T; | B)(x)| < U

~ | W

The Theorem now follows from Lemma 6.5 immediately. [

Definition 6.2. Let (X, A, u) be a probability space, and assume that a finite group G is acting
on X such that A4 is G-invariant as a set system. We say that the action of G is free if there is
a subset S of X with u(S) = 1/|G| such that S8 N $82 = (J whenever g; and g, are distinct
elements of G.

We will need the following consequence of Theorem 15.

Lemma 6.6. Let A > B be two separable o -algebras on the set X and let v be a probability
measure on A. Assume that a finite group G is acting on X such that A, B and p are G invariant.
Assume furthermore that the action of G on (X, B, ) is free and for any k > 1 there exists a
B-random k partition of X in A. Then there is an independent complement C in A for B such
that C is elementwise G-invariant.
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Proof. Let S € B be a set showing that G acts freely on B. Let A4|s and 5|5 denote the restriction
of A and B to the set S. It is clear that if {A}, Aj, ..., Ag} is a B-random k-partition in A then
{SNA|,SNA;, ..., 5N A} is a Blg-random k partition in A|g. Hence by Theorem 15 there
exists an independent complement C; of B|g in A|g. The set

C:{UHg|Hecl}

geG

is a o -algebra because the action of G is free. Note that the elements of C are G-invariant. Since
E(Ugeg HE|B) = deG E(H|B|s)® we obtain that the elements of C are independent from B.
It is clear that (C, B) is dense in A. [

6.3. Separable realization

In this subsection we show how to pass from nonseparable o -algebras to separable ones.
First note that the symmetric group S acts on the space X¥ by permuting the coordinates:

(xl, X2y oeny xk)n = (.xﬂ—l(l), xﬂ—l(z), ey xn—l(k)).

The group also acts on the subsets of [k] and 0 (A)" = o (A™), where A" denotes the image of
the subset A under w € S;. We will denote by S4 the symmetric group acting on the subset A.

Definition 6.3. A separable system on X, r < k is a system of atomless separable o-algebras
{I(A) | A € r([k])} and functions {F4 : X¥ — [0,1]1 | A € r([k])} with the following
properties.

1. [(A) is a subset of o (A) and is independent from o (A)* for every ¥ # A C [k].

2. I[(A)™ = I(AT) for every permutation = € S.

3. 87 = Sforevery S € [(A) and w € S4.

4. Fy is an [(A)-measurable function which defines a measurable equivalence between the
measure algebras of Xk, 1(A), 1) and [0, 1]. (See Appendix.)

5. FA(X) = Fa= (x™) for every element x € Xk, e Sy and A C [k].

The main proposition in this section is the following one.

Proposition 6.3. For every separable o -algebra A in o ([k]) there exists a separable system such
that for every set M € A there is a set Q € (I(A) | A € r([k])) with pjry(MAQ) = 0.

This proposition immediately implies Theorem 6 since the map F : Xt - [0, 177D
whose coordinate functions are {F4 | A € r([k])} constructed in Proposition 6.3 is a separable
realization.

We will need the following three lemmas.

Lemma 6.7. Let B C A be two o-algebras on a set Y, and let ju be a probability measure on
A. Then for any separable sub-o -algebra A of A there exists a separable sub o-algebra B of B
such that E(A|B) = E(A|B) for every A € A.

Proof. We use the fact that A is a separable metric space with the distance d(A, B) = u(AAB).
Let W = {Dj, D,,...} be a countable dense subset of A with the previous distance. Let
C;’q = E(D; | B~ (p,q), where p < g are rational numbers. Clearly, E(D; | B) is a B;-
measurable function, where B; = (C;’?’q | p < g € Q). Obviously, E(D; | B) = E(D; | B)
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for any i > 1, where B=(B;|i=12,...). Now observe that E(D; | B) i% E(D, B) and
ED; | B) B E(D,B)if Di — D.Hence forany D € A, E(D | B) = E(D | B). O

Lemma 6.8. Let A C [k] be a subset and assume that there are atomless separable o -algebras
d({i}) c o({i}), i € A such that d({i})™ = d({i™}) foreveryi € A and w € Ss. Then Sy acts
freely on (d({i})|i € A).

Proof. The permutation invariance implies that there exists a o-algebra A on X such that
P{:}l (A) = d({i}) foreveryi € A. Let F : X — [0, 1] be a .A-measurable measure preserving

map. Now we can define the map G : X* — [0, 1]4 by
G(Xiys Xigy ooy Xigg) = (F(xip), F(xiy), ooy Fxig)).

Let us introduce S’ := {(y1, y2, ..., y)Iy1 < y2 < ... < y.} € [0,1]4 and § := G~'(5).
Clearly 1 (S) = 1/|A|! and ST N SP = @ for every two different elements 7 # pin S4. [

Lemma 6.9. Let k be a natural number and assume that for every A C [k] there is a separable
o-algebra c(A) in o (A). Then for every A C [k] there is a separable o-algebra d(A) in o (A)
with c(A) C d(A) such that

1. E(R|{d(B)|B € A*)) = E(R|o(A)*) whenever R € d(A).
2. d(A)" = d(A"™) for every element w € Sy.
3. d(B) C d(A) whenever B C A

Proof. First we construct algebras d’(A) recursively. Let d’([k]) be {(c([k])™ |7 € Sk). Assume
that we have already constructed the algebras d’(A) for |A| > t. Let A C [k] be such that
|A] = t. By Lemma 6.7 we can see that there exists a separable subalgebra d//(\A/) of o (A)* such
that E(R|o (A)*) = E(R|d/’(\A/)) for every R € d’'(A). Since o (A)* is generated by the algebras
{o(B)|B € A*} we have that every element of o (A)* is a countable expression of some sets in
these algebras. This implies that any separable sub o -algebra of o (A)* is generated by separable
sub o-algebras of the algebras o (B) where B € A*. In particular we can choose separable
o-algebras d'(A, B) O ¢(B) in o (B) for every B € A* such that (d'(A, B)|B € A*) D d'(A).
For a set B C [k] with |B] = t — 1 we define d’(B) as the o-algebra generated by all the
algebras in the form of d'(C, D)™, where 7 € S;, D™ = B, |C| = |[D|+ 1and D C C.
Since d'(C, D)™ C o(D)™ = o(B) we have that d’(B) C o(B). Furthermore we have that
d'(B)" = d'(B™) for every w € S.

Now let d(A) := (d’(B) | B € A). The second requirement in the lemma is trivial by
definition. We prove the first one. The elements of d (A) can be approximated by finite unions of
intersections of the form ()34 Tp wWhere Tp € d’(B) and so it is enough to prove the statement
if R is such an intersection. Let Q = (g A B IB- Now

E(R|(d(B)|B € A*)) = E(R|(d'(B)|B C A, B # A)).
By the basic property of the conditional expectation (see Appendix) :

E(R|(d'(B)IB C A,B # A)) = E(Tal{(d'(B)IB C A, B # A)xo = E(Talo(A)")xo
= E(Rlo(A)%). O
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Proof of Proposition 6.3. We construct the algebras /(A) in the following steps. For each non-
empty subset A C [k] we choose an atomless separable o-algebra c¢(A) € o(A) containing a
o (A)*-random r-partition for every r. We also assume that A C c([k]). Applying Lemma 6.9
for the previous system of separable o-algebras c(A) we obtain the o-algebras d(A). By
Lemma 6.8 and the permutation invariance property of the previous lemma, S, acts freely
on d([r])* = (d(B)|B € [r]*). Hence using Lemma 6.6, for every # # A € [k] we can
choose an independent complement /([r]) for d([r])* in d([r]) such that [([r]) is elementwise
invariant under the action of Sjj. The algebras /([r]) are independent from o ([r])* since
w(R) = ER|d([r])*) = E(R|o([r])*) for every R € I([r]). Now we define [(A), where
|A| = r by I(A) = I([r])" for some m € S, w([r]) = A. Note that /(A) does not depend
on the choice of 7. By Lemma A.1 of Appendix we have maps Fj,] : X" — [0, 1] such that
F~1 defines a measure algebra isomorphism between M ([0, 1], B, A) and M (X", I[r], 1”). Let
Fi=n"1o Fir), where = maps [r] to A. Again, Fj,] does not depend on the particular choice
of the permutation 7. [
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Appendix. Basic measure theory

In this section we collect some of the basic results of measure theory we frequently use in our
paper.

Separable measure spaces. Let (X, A, u) be a probability measure space. Then we call
A, A" € A equivalent if u(AAA’) = 0. The equivalence classes form a complete metric
space, where d([A], [B]) = w(AAB). These classes form a Boolean-algebra as well, called
the measure algebra M (X, A, 1). We say that (X, A, u) is a separable measure space if
M(X, A, n) is a separable metric space. It is important to note that if (X, A, u) is separable
and atomless, then its measure algebra is isomorphic to the measure algebra of the standard
Lebesgue space ([0, 1], B, 1), where B is the o-algebra of Borel sets (see e.g. [6]). We use the
following folklore version of this theorem.

Lemma A.1. If (X, A, 1) is a separable and atomless measure space, then there exists a map
f X — [0, 1] such that f~Y(B) c A uw(f~'(U)) = MU) for any U € B and for any L € A
there exists M € BB such that L is equivalent to f_1 (M).

In other words, if F : [0,1] — X is an injective measure preserving measure algebra
homomorphism such that the image of the Borel-algebra is just A, then F can be represented by
the map f. That is for any measurable set U C [0, 1], F(U) is the set representing f~'(U).

Proof. Let /o denote the interval [0, 31, I} = [5, 1]. Then let Ipo = [0, 11, Io.1 = [4, 5],
Lo = [%, %], L = [43'1’ 1]. Recursively, we define the dyadic intervals Iy, o,,....q;, Where
(o, 00, ...,0r) is a 0 — 1-string. Let T be the Boolean-algebra isomorphism between the
measure algebra of (X, A, 1) and the measure algebra of ([0, 1], B, A). Then we have disjoint
sets Uy, Uy € A such that T ([Up]) = [Ip], T([U1]) = [11]. Clearly u(X \ (Up U Uy)) = 0.
Similarly, we have disjoint subsets of Up, Up,o and Up,1 such that T ([Uo,0]l) = [lo,0] and

T([Uo,11) = [o,1]. Recursively, we define Uy, o,,...0p € A such that Ua,ar,...,0p_;,0 and
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Ua, ar,....ap_,0 are disjoint and T ([Ug, as....00 1) = lay,a,....0; - FOr any k > 0, the set of points
in X which are not included in some Uy, q,.....o, has measure zero. Now define

f(P) = m](?C):l Iotl,otz ..... [0}

where for each k > 1, p € Uy,
lemma. [

yeeey

o - It is easy to see that f satisfies the conditions of our

.....

Generated o-algebras. Let (X, C, 1) be a probability measure space and A;, Ay, ..., A be
sub-o-algebras. Then we denote by (A; | 1 <i < k) the generated o-algebra that is the smallest
sub-o-algebra of C containing the .4;’s. Then the equivalence classes

[U;%ZI(A{ NASN...NAD],

where A] € A; and (A]NASN...NAHNANA,N...NAL) =@ ifs # ¢ form a dense
subset in the measure algebra M(X, (A4; | 1 < i < k), u) with respect to the metric defined
above (see [6]).

Independent subalgebras and product measures. The sub-o-algebras Ay, Ay, ..., Ay C C
are independent subalgebras if

u(ADU(AL) ... n(Ak) = p(Ar N Ax M-+ N Ag),
if A; € A;.
Lemma A.2. Let Ay, A, ..., Ax C C be independent subalgebras as above and f; : X —
[0, 1] be maps such that fl._l defines isomorphisms between the measure algebras M (X, A;, i)

and M([0, 11, B, A). Then the map F~!, F = @;‘:1 fi : X — [0, 11¥ defines an isomorphism
between the measure algebras M(X, (A; | 1 <i < k), u) and M([0, 11, B¥, A5).

Proof. Observed that
N
u(F~N U TA] x o ARD) = D AF[A] x . x Af]
i=1

whenever {A’i X ... X A};}le are disjoint product sets. Hence F~! defines an isometry between
dense subsets of the two measure algebras. [

Radon—Nikodym Theorem. Let (X, A, u) be a probability measure space and v be an abso-
lutely continuous measure with respect to . That is if £(A) = O then v(A) = 0 as well. Then
there exists an integrable .A-measurable function f such that

n(A) =f fdu
A

for any A € A.

Conditional expectation. Let (X, A, 1) be a probability measure space and B C A be a sub-
o-algebra. Then by the Radon—Nikodym-theorem for any integrable .A-measurable function f
there exists an integrable B-measurable function E(f | B) such that

/BE(fIB)dM=/de/L,

if B € B. The function E(f | B) is called the conditional expectation of f with respect to B. It
is unique up to a zero-measure perturbation. Note that if a < f(x) < b for almost all x € X,
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thena < E(f | B)(x) < b for almost all x € X as well. Also, if g is a bounded 5-measurable
function, then

E(fg|B)=E(f | B)g almosteverywhere.

The map f — E(f, B) extends to a Hilbert-space projection E : L>(X, A, u) — L*(X, B, ).
Lebesgue density theorem. Let A € R" be a measurable set. Then almost all points x € A is a
density point. The point x is a density point if

Vol(B,(x) N A)
im-—— =1,
r—0 Vol(B,(x))

where Vol denotes the n-dimensional Lebesgue-measure.

Coupling. Let A, B be sets. Let X be an A-valued random variable and Y be a B-valued
random variable. A coupling of X and Y is a A x B-valued random variable Z, such that the first
component of Z has the distribution of X and the second component of Z has the distribution
of Y.
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