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A locally compact group G is Hermitian if the spectrum
Sle(G)(f) C R for every f € L'(G) satisfying f = f*,
and quasi-Hermitian if Sppi g (f) C R for every f € Co(G)
satisfying f = f*. We show that every quasi-Hermitian locally
compact group is amenable. This, in particular, confirms
the long-standing conjecture that every Hermitian locally
compact group is amenable, a problem that has remained
open since the 1960s. Our approach involves introducing the
theory of “spectral interpolation of triple Banach x-algebras”
and applying it to a family PF;(G) (1 < p < oo) of
Banach x-algebras related to convolution operators that lie
between L!(G) and C}(G), the reduced group C*-algebra of
G. We show that if G is quasi-Hermitian, then PF;(G) and
C?(G) have the same spectral radius on Hermitian elements
in Cc(G) for p € (1,00), and then deduce that G must
be amenable. We also give an alternative proof to Jenkin’s
result in [23] that a discrete group containing a free sub-
semigroup on two generators is not quasi-Hermitian. This,
in particular, provides a dichotomy on discrete elementary
amenable groups: either they are non quasi-Hermitian or
they have subexponential growth. Finally, for a non-amenable
group G with either rapid decay or Kunze-Stein property,
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we prove the stronger statement that PF;(G) is not “quasi-
Hermitian relative to C¢(G)” unless p = 2.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Let A be a Banach *-algebra, i.e. a (not necessarily unital) Banach algebra equipped
with an isometric involution * : A — A. Recall that a € A is called Hermitian if a = a*.
If S is any subset of A, we let

Sph={aeS:a=a"}
denote the set of Hermitian elements in S. The Banach #-algebra A is Hermitian if
Spa(a) CR

for every a € A, where Sp 4(a) denotes the spectrum of a € A. Hermitian Banach
x-algebras are one of the most important subclasses of Banach x-algebras. For instance,
Hermitian Banach *-subalgebras, or more generally Hermitian Fréchet x-subalgebras,
of C*-algebras appear in many areas of mathematics such as approximation theory,
time-frequency analysis and signal processing, non-commutative geometry and geometric
group theory (see [13], [14], [15], [3], [40], [26], [6] and references therein). We also refer
the reader to [38, Section 11.4] for a very nice survey of the topic (see also [4, Sections
35 and 41]).

Let G be a locally compact group. The group algebra L'(G) is a Banach x-algebra
with involution given by

for f € LY(G) and s € G, where A : G — (0,00) denotes the modular function of G.
The locally compact group G is Hermitian if L'(G) is Hermitian. Naimark initiated the
study of Hermitian groups in 1956 by showing that the group algebra of SL(2,C) is
not Hermitian (see [32]). The class of Hermitian locally compact groups includes abelian
groups, compactly generated groups of polynomial growth, and the ax + b-group (see,
for example, [31], [10]). The literature on Hermitian groups is vast, particularly from the
1960s and 1970s, and we make little attempt at a summary. We instead refer the reader
to [38, p. 1441-1444 and §12.6.22] and [35] for nice historical surveys.

The biggest open problem regarding Hermitian locally compact groups is, arguably,
whether every such group is amenable. We provide an affirmative answer to this long-
standing open problem in this paper. The authors are unaware of when this problem
first arose, but it was certainly being considered by 1963 when Hulanicki announced the
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result was true for discrete groups in [19] and that a proof would appear in a forthcoming
paper. Unfortunately the proof was flawed and the forthcoming paper referred to in [19]
never appeared in the literature.

The question of whether every Hermitian locally compact group is amenable has
previously best been answered for the class of almost connected groups in 1978.

Theorem 1.1 (Palmer [36]). A Hermitian almost connected locally compact group is
amenable.

This result was deduced from Jenkin’s characterization of Hermitian reductive Lie
groups (see [25]). The best known result on the topic for discrete groups was the following.

Theorem 1.2 (Jenkins [23]). A discrete group containing a free sub-semigroup on two
generators is not Hermitian.

In particular, every discrete group containing a non-commutative free group is not
Hermitian. Beyond the realm of non-amenable groups, this theorem also implies the
discrete group Q x Q* is not Hermitian.

More recently, in [35], Palma made a systematic study of Hermitian locally compact
group using the concept of the “capacity” of a Hermitian element of a Banach x-algebra.
His work was motivated by the work of Jenkins (see [25]) and Fountain, Ramsay and
Williamson (see [12]). He provided many examples of non-Hermitian locally compact
groups including certain totally disconnected groups and certain torsion groups.

The main result of this paper applies to a class of locally compact groups which we
call quasi-Hermitian.

Definition 1.3. A locally compact group G is quasi-Hermitian if Sp LI(G)( f) C R for every
€ Cu(G)p.

The class of quasi-Hermitian locally compact groups is strictly larger than Hermitian
locally compact groups, and will be discussed in more detail later in the paper (see Exam-
ple 2.11 and Proposition 4.1). The most significant part of our main result (Theorem 4.7)
is the following theorem.

Theorem 1.4. A locally compact group G is quasi-Hermitian if and only if for every
[ € Cu(G), Sprie(f) = Spe: (e (f)- In particular, a quasi-Hermitian locally compact
group is amenable.

This, in particular, implies that every Hermitian locally compact group is necessarily
amenable. Our proof of Theorem 1.4 is surprisingly short and involves a completely new
approach to the problem, which we summarize below.

We begin with an analysis and discussion of spectral properties for Banach *-algebras.
We then consider a family of triple Banach x-algebras A C B C C whose spectral radii
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satisfy an interpolation relation; we call it “spectral interpolation of triple Banach x-
algebras” (Definition 3.1). For such a family of algebras, we present conditions that ensure
ri(a) = re(a) for “many” a € Ap, (see Theorem 3.4). Subsequently, for a locally compact
group G, we consider a class of Banach -algebras PF, (G) (1 < p < 00) of convolution op-
erators, introduced in [27] and [30], and show that for 1 < p < 2, (L'(G), PF;(G), C;(G))
is a spectral interpolation of triple *-semisimple Banach x-algebras (Definition 4.3 and
Corollary 4.6). We then apply our method to show if G is quasi-Hermitian, then for every
l<p<2and f € C.(G)p,

rers(a) (f) = rex ) (f)-

Thus, by letting p — 17 and making a careful analysis of the spectral radii relations
between these algebras, we deduce that rp1(q)(f) = rex(q)(f) for all f € C.(G)n (The-
orem 4.7). This, in particular, implies that the full and reduced C* algebra of G must
coincides so that G must be amenable. Moreover, this also implies that a discrete group
containing a free sub-semigroup on two generators is not quasi-Hermitian thus providing
an alternative proof to the result of Jenkin in [23] (see Remark 4.9). In particular, using
the structure theory of discrete elementary amenable groups, we obtain that a discrete
elementary amenable group is quasi-Hermitian if and only if it has a subexponential
growth (Corollary 4.11).

The paper ends with asking whether an analogue of Theorem 1.4 holds for PF}(G)
when p # 1,2, 0o. Solutions are obtained when G either has the rapid decay property or
is a Kunze-Stein group.

2. Spectral properties of Banach *-algebras
2.1. Definitions and basic results

We begin by recalling some background on Banach x-algebras. The reader should see
[37] and [38] for a more comprehensive treatment of the topic.

If X is any Banach space, B(X) will denote the space of bounded linear operators on
X. Let A be a Banach *-algebra. The reducing ideal of A is

Ag = ﬂ{kerﬁ | # is a Hilbert space and 7 : A — B(#) is a *-representation}.

Note that no assumptions of continuity are imposed on m in this definition since *-
representations of Banach x-algebras are automatically contractive. The reducing ideal
Agx is a closed x*-ideal of A that is known to contain the Jacobson radical A; of A. The
Banach x-algebra A is x-semisimple if Ag = {0}. Note that A/ Ag is always *-semisimple
since *-representations of A descend to *-representations of A/ Axg.

Suppose A is a x-semisimple Banach x-algebra. The enveloping C*-algebra of A,
denoted by C*(A), is the unique C*-algebra B which admits the following universal prop-
erty: there exists an injective *-homomorphism 7, : A — B with dense range so that for
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every s-representation 7 : A — B(H), there exists a *-representation 7 : B — B(H) so
that m = 7 o m,,.

Let A be a commutative Banach algebra. We write 24 to denote the spectrum of
A, i.e. the set of all nonzero multiplicative linear functionals on A. The spectrum Q4
is a locally compact Hausdorff topological space when equipped with the w*-topology
induced from A*. The Gelfand representation of A is given by

Fa: A= Co(Q4a) , Fala)(p) =pla) (a€ A peNy).

The kernel of F4 is exactly Ay, the Jacobson radical of A. In particular, the Banach
algebra A is semisimple if and only if its Gelfand representation is injective. Now suppose
A is also a Banach #-algebra. Since the image Im F 4 of F4 is a subalgebra of Cy(24)
that separates points of 24 and vanishes nowhere on Q 4, Im F4 is dense in Cp(Q4)
whenever F 4 is a #-homomorphism by the Stone-Weierstrass theorem. So when is F 4
is *-homomorphism? This occurs exactly when A is Hermitian which follows from the
fact that F 4 is an algebra homomorphism, every a € A can be written in the form
a = a1 + tas for ai,as € A, and

Spa(a) \ {0} ={p(a) : o € Qa}\ {0} (a € A). (2.1)
Finally note Equation (2.1) immediately implies
ra(a) = [|Fal@)llca) = supfle(a)l - ¢ € Qa} (2.2)

for every a € A.
2.2. Invariant spectral radius and spectral subalgebras

Definition 2.1. We say that A C B is a nested pair of Banach x-algebras if A and B
are Banach x-algebras and A embeds continuously into B as a dense *-subalgebra. If,
in addition, B (and hence A) is *-semisimple, we say A C B is a nested pair of x-
semisimple Banach s-algebras. A nested triple of (x-semisimple) Banach x-algebras is
defined similarly.

Inspired by [37, Definition 2.5.1 and Proposition 2.5.2], we give the following defini-
tions.

Definition 2.2. Let A C B be a nested pair of Banach x-algebras and S a (not necessarily
closed) x-subalgebra of A. We say S, has invariant spectral radius in (A, B) if

ra(a) = rg(a),

for every a € S. If A has invariant spectral radius in (A, B), we simply say that A
has invariant spectral radius in B. Similarly, S is a spectral subalgebra of (A, B) if
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Spa(a) U {0} = Spg(a) U {0},

for every a € §. We simply say A is a spectral subalgebra of B when A is a spectral
subalgebra of (A, B).

Clearly if S is a spectral subalgebra of (A, B), then Sy, has an invariant spectral radius
in (A, B). The following theorem of Barnes provides a partial converse to this statement.
Indeed, suppose A C B is a nested pair of Banach x-algebras where B is a C*-algebra,
and S is a *-subalgebra of A. The Barnes-Hulanicki Theorem implies S is a spectral
subalgebra of (A, B) whenever S, has invariant spectral radius in (A, B).

Theorem 2.3 (Barnes-Hulanicki Theorem [1]). Let A be a Banach x-algebra, S a *-sub-
algebra of A, and w : A — B(H) a faithful x-representation. If A is unital, we assume

ra(a) = [lm(a)]

for all a € Sy, then

Spa(a) = Spp(y)(r(a)) (2.3)
for every a € S.

Remark 2.4. The above theorem of Barnes slightly generalizes a well-known and fre-
quently used result of Hulanicki (see [21, Proposition 3.5]). In neither version is the
hypothesis 7(14) = idp(3) assumed. However, as it is pointed out in [11, Appendix 6],
the argument of Barnes-Hulanicki only yields

Sp.a(a) \ {0} = Spp s (w(a)) \ {0}.

In other words, their arguments shows that S is a spectral subalgebras of (A, B(H))
which, for all purpose, is sufficient for obtaining that S is quasi-Hermitian in .A. Nonethe-
less, it is shown in [11, Appendix 6] that the relation (2.3) can be obtained in its full
generality provided that the hypothesis m(14) = idp(3, is assumed (if A is unital) and
some minor modifications are made in the proof of Theorem 2.3 (a further generalization
can be found in [10, Lemma 3.1]). We also note that if 4 is unital, then the hypothesis
7(14) = idp(s) is necessary for obtaining (2.3). Otherwise m(14) is not invertible in
B(H), as it is a proper orthogonal projection in B(H), whereas 14 is invertible in A.
Of course, one could compensate by replacing H with H’ := 7(1.4)(H), the image of the
orthogonal projection 7(14), and consider the subrepresentation 7’ of 7 by restricting
on H’. In this case, 7’ becomes a faithful unital *-representation on H’ and

Spp (3 (7'()) \ {0} = Spp 3 (m(a)) \ {0} (a € A).
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Thus we could consider 7’ instead of 7 in Theorem 2.3.

The conditions of invariant spectral radius and spectral subalgebra are satisfied in
many examples of nested Banach x-algebras. We pause to note one important class of
examples.

Example 2.5. For a nested pair A C B of Banach x-algebras, we say A is a differential
subalgebra of B if there exists K > 0 and 0 < 6 < 1 such that

0 —0
la®|la < Kllall ' llalls™  (a € A).

It is well known that if A is a differential subalgebra of B, then A; has invariant spectral
radius in B. If we additionally assume that B is Hermitian, then A4 is automatically a
spectral subalgebra of B so that it is also Hermitian (see [13, Lemma 3.2]). Differential
subalgebras naturally occur in many contexts. For example, differential subalgebras of
C*-algebras arise in time-frequency analysis and in noncommutative geometry (e.g.,
see [13], [3] and [40]). Further, this notion has applications to K-theory since spectral
subalgebras induce isomorphism in the K-theory (e.g., see [26] and [29]).

The following provides an explicit example of a differential subalgebra that we will
return to later in the paper.

Example 2.6 (Pytlik). Let G be a locally compact group. A (submultiplicative) symmetric
weight w : G — [1,00) is weakly additive if there is C' > 0 such that

w(st) < C(w(s) +w(t))

for all s,t € G. Fix a symmetric weakly additive weight w on G. Pytlik shows in [39,
Lemma 1 and Lemma 2] that the Beurling algebra L!(G,w) is a differential subalgebra
of LY(@).

We finish this subsection with a result that demonstrates one of many useful properties
related to an invariant spectral radius.

Proposition 2.7. Let A C B be a nested pair of x-semisimple Banach *-algebras, and S be
a dense x-subalgebra of A. Suppose Sy has an invariant spectral radius in (A, B). Then
A and B have the same C*-envelope. In particular, if B is a C*-algebra, then B is the
C*-envelope of A.

Proof. Let C*(A) and C*(B) be the enveloping C*-algebras of A and B, respectively.
Since any bounded x-representation of B restricts to a #-representation of 4 and also A is
dense in B, the inclusion A C B extends to a surjective *-homomorphism L; : C*(A) —



8 E. Samei, M. Wiersma / Advances in Mathematics 359 (2020) 106897

C*(B). Let m, : A — C*(A) be the canonical inclusion of A inside C*(A). Then, for
every a € S,

[mu(a)]|* = [|lmu(a*a)|

=TCe(A) (mu(a*a))

<ra(a*a)

=rg(a*a)

< lla”alls

< |lall-

Thus 7, extends to a x-homomorphism from B into C*(A). By the universal property
of C*(B), the identity map on A extends to surjective x-homomorphism Ly : C*(B) —
C*(A). Set

L:C*"(A) - C*"(A) , L:=Lyol.
Clearly L is a surjective s-homomorphism on C*(A). Moreover, since L(m,(a)) = 7y (a)
for every a € A and m,(A) is dense in C*(A), it follows that L is the identity map on
C*(A). In particular, L; is injective so that it is an isometric *-isomorphism from C*(.A)
onto C*(B). O

2.8. Hermitian and quasi-Hermitian Banach x-algebra

We begin by noting some conditions which are equivalent to a Banach *-algebra being
Hermitian.

Lemma 2.8. The following are equivalent for a Banach *-algebra A.

(i) A is Hermitian;

(i3) A is symmetric, i.e. Spy(a*a) C [0,00) for every a € A.
If A is x-semisimple, then (i) and (it) are equivalent to each of the following.

(#ii) A is a spectral x-subalgebra of C*(A);
(iv) ra(a) =re-ay(a) for every a € A.

If A is commutative, then conditions (i) and (it) are equivalent to the following.

(v) The Gelfand representation F.4 is a x-homomorphism.
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If A is commutative and *-semisimple, then conditions (i) through (v) are equivalent
to the following.

(vi) Let m, be the universal embedding of A into C*(A). The Gelfand transform F :
A — Co(QA) extends to an isometric -isomorphism F : C*(A) — Co(Q4) such

that Fao = F4q0my.

Proof. The equivalence of (i) and (i¢) is the well known Shirali-Ford Theorem (see [38,
Theorem 11.4.1]).

Suppose A is x-semisimple. The equivalence of (i) with (4i¢) is proven in [38, Theorem
11.4.1]. The implication (4ii) = (iv) is clear. The reverse implication follows from the
Barnes-Hulanicki Theorem (see Theorem 2.3).

Now suppose A is commutative. The equivalence of (7) and (v) is well known and has
already been observed in Subsection 2.1. Suppose A is also *-semisimple. The equivalence
of (v) and (vi) is easily deduced from Equation (2.1) and Proposition 2.7. O

We now introduce the notion of a quasi-Hermitian *-subalgebra of a Banach *-algebra,
which generalizes that of a Hermitian Banach *-algebra.

Definition 2.9. A dense x-subalgebra S of a Banach x-algebra A is quasi- Hermitian in A
if Sp 4(a) C R for every a € Sp,.

Definition 1.3 can be rephrased as stating that a locally compact group G is quasi-
Hermitian if and only if C.(G) is quasi-Hermitian in L'(G).

Let S be a dense *-subalgebra of a Banach *-algebra. The property of S being quasi-
Hermitian is “relative” in the sense that it depends upon which Banach *-algebra S is
viewed as being contained in. For example, let A be any non-Hermitian #-semisimple
Banach x-algebra. Then A is a quasi-Hermitian *-subalgebra of C*(.A), but A is not a
quasi-Hermitian s-subalgebra of itself.

Suppose S is a dense x-subalgebra of a commutative Banach *-algebra A. We show
in the following proposition that A4 is Hermitian if and only if S is quasi-Hermitian. The
proof is straightforward but the consequences are essential.

Proposition 2.10. The following are equivalent for a commutative Banach x-algebra A
with dense *-subalgebra S.

(1) A is Hermitian;
(t4) S is quasi-Hermitian in A;

(73i) for every a € S, Sp(a*a) C [0, 00).

Proof. The implication (i) = (#44) is provided by Lemma 2.8.
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The proof of (iii) = (i7) is identical to the “easy part” of the Shirali-Ford Theorem.
For the sake of self-containment, we include it here. Let a € Sy,. If (4i7) holds, then

{a®:a €8Spy(a)} CSpy(a?) =Spla*a) C [0, ).

Hence Sp 4(a) C R for every a € Sp,.

We argued in Subsection 2.1 that the Gelfand transform is a x-homomorphism if
and only if A is Hermitian. The same argument shows the restriction of F4 to S is a *-
homomorphism if and only if S is quasi-Hermitian in 4. Thus, the implication (ii) = (7)
follows by density of S in A and continuity of F4. O

We point out that the results of Proposition 2.10 may not hold when the assumption
of commutativity is dropped. Namely, a non-Hermitian Banach x-algebra may contain
a quasi-Hermitian dense %-subalgebra. As demonstrated by the following example due
to Pytlik ([39, Example 1 and Remark 2]), such dense #-subalgebras may even be a
Hermitian Banach x-algebras under a different norm.

Example 2.11. Let G be a locally finite, countable, discrete group, i.e. a discrete group
containing an increasing sequence {G};en of finite subgroups such that G = |J,cn Gi-
Take an increasing sequence {n; };en of natural numbers and define w : G — [1,00) by

w=1+ ZnilGiH\Gi'
i=1

It is easy to see that
w(st) = max{w(s),w(t)}

for every s,t € G. In particular, w is a weakly additive symmetric weight on G. Choose
{n;} so that 1/w € £*(G). Then, as we will elaborate on in Remark 3.2, £}(G,w) is Her-
mitian. In particular, /1(G,w) is quasi-Hermitian when viewed as a dense *-subalgebra
of /1(G). Since there are examples of locally finite, countable, discrete groups that are
not Hermitian (see [22]), we deduce that a dense quasi-Hermitian x-subalgebra of a non-
Hermitian Banach #-algebra may even be a Hermitian Banach x-algebra with respect to
a different norm.

3. Spectral interpolation of triple Banach *-algebras

We now define an interpolation condition for the spectral radius of Banach x-algebras.
The theory developed around this condition is the main ingredient in our investigation
of Banach *-algebras containing quasi-Hermitian dense *-subalgebras.
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Definition 3.1. Suppose A C B C C is a nested triple of Banach x-algebras and S is a
dense x-subalgebra of A. We say (A, B,C) is a spectral interpolation of triple Banach
x-algebras relative to S if there exists a 6 € (0,1) such that

1-60

rg(a) < ra(a)~re(a)’ (3.1)

for every a € Sp,.

The following remark links Example 2.6 with spectral interpolation of triple Banach
x-algebras.

Remark 3.2. The condition (3.1) in Definition 3.1 appears in [39] where Pytlik shows in
the proof of [39, Theorem 1] that (L' (G, w), L}(G), C;(G)) is a spectral interpolation of
triple Banach *-algebras relative to L' (G, w) whenever G is a locally compact group and
w is a symmetric weakly additive weight on G such that % € LP(QG) for some 0 < p < o0.
From this, he deduces

roiw (f) = o (f) = rexe (f),

r

for every f € L'(G,w) and, hence, that L'(G,w) is Hermitian.

We use spectral interpolation of triple Banach #-algebras to study a class of Banach
x-algebras related to convolution operators in the next section.

The main application of relation (3.1) for a nested triple A C B C C in the existing
literature is to show that the spectral radii of the three algebras coincide on A whenever
the spectral radii of A and B coincide on A. This is how Pytlik applied condition (3.1)
in [39], as elaborated on in the previous remark. We will be applying this condition
differently since we do not wish to assume equality between r4 and rz on A, or even on
a dense x-subalgebra of A. Instead we are interested in the case when A admits a quasi-
Hermitian dense x-subalgebra S. Though this initially seems too weak of a condition
to garnish much information from, we show it has important consequences when A, B,
and C are commutative. From this, we deduce the equality of rz and r¢ on Sy in the
noncommutative case.

Proposition 3.3. The following conditions hold for a spectral interpolation of triple -

semisimple commutative Banach x-algebras (A, B,C) relative to a quasi-Hermitian dense
x-subalgebra S of A.

(i) A, B, and C are all Hermitian;
(15) C*(B) = C*(C) and Fg is the restriction of F¢ to B;
104 15 a spectral subalgebra of C.

B [ subalgebra of C
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Proof. (i) If a € Sy, then

Spc(a) U {0} € Spp(a) U{0} C Spy(a) U {0} CR.

So S is also quasi-Hermitian in B and C and, hence, A, B and C are Hermitian by
Proposition 2.10.
(#4) Consider the following commutative diagram.

ida,B idp,c

PA,B ¥B.c

C*(A) —= C*(B) —= C*(C)

The maps id 4,53 and idg ¢ denote the inclusion maps, 74, 73, and m¢ denote the canonical
inclusions of the given Banach x-algebra into its corresponding C*-envelope, and ¢ 4 5
and ¢p ¢ are the continuous extensions of id 4 3 and idp ¢ to *-homomorphisms between
the corresponding C*-envelopes. We further note both ¢ 4 g and ¢ ¢ are surjective since
these maps have dense images and *-homomorphisms between C*-algebras have closed
ranges (see [38, Theorem 10.1.11]). On the other hand, by part (i), A, B and C are
Hermitian. So, by Lemma 2.8(#i), A, B and C are spectral subalgebras of C*(A), C*(B)
and C*(C), respectively. Therefore the hypothesis relation (3.1) implies that for every
a€sS,

||a||2c*(5) = [la*allc-(5)

=rg(a*a)

<ra(a*a)'~’re(a*a)’

= lla*allg.{ 4 lla”allt-c)
2(1-0

= a2 ) llalZ. -

Hence, by the density of S,
leas@lc-m) < 1€l alleacEle-c (32)

for every ¢ € C*(A), where pac = 9B, © pap. It follows from equation (3.2) that
ker o 4.¢c = kerp 4 5. Hence, pp ¢ is injective since ¢4 g is surjective. Thus g ¢ is an
isometric *-isomorphism so that C*(B) = C*(C). The remainder of part (i) and the
verification part (4i¢) follow from Lemma 2.8(ii3) and (vi). O

We now deduce the main result of this section. Recall the straightforward fact that if
E is a compact subset of C such that its boundary OF lies in R, then FE itself must be
a subset of R.
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Theorem 3.4. If (A, B,C) is a spectral interpolation of triple x-semisimple Banach -
algebras relative to a quasi-Hermitian dense x-subalgebra S of A, then Sy has invariant
spectral radius in (B,C). In particular, we have the canonical x-isomorphism C*(B) =

Cc*(C), and

rs(a) = re(a) (3.3)
for every a € Sy,.

Proof. Fix a € S, and let S(a) be the x-algebra generated by a in S. We will let A(a),
B(a) and C(a) be the (commutative) Banach x-algebras generated by a in A, B, and
C, respectively. Then (A(a), B(a),C(a)) is a spectral interpolation of triple *-semisimple
commutative Banach x-algebras relative to S(a). Note S(a) is quasi-Hermitian in A(a)
since

9Spaay(a’) S Spu(a’) U{0} CR

for every a’ € S(a)y (see [4, Proposition 5.12]) implies Sp 4,)(a’) C R for all ' € S(a)p.
Therefore, B(a) is a spectral subalgebra of C(a) by Proposition 3.3 and, thus,

r8(a) = rp(a)(a) = rc(a)(a) = rc(a).

Hence, Sy, has invariant spectral radius in (B, C). The equality C*(B) = C*(C) follows
from Proposition 2.7. 0O

4. Quasi-Hermitian algebras associated to locally compact groups

We apply methods developed in the preceding section to Banach *-algebras associated
to locally compact groups in this section. This culminates in a proof that every quasi-
Hermitian locally compact group is amenable.

Clearly every Hermitian group is also quasi-Hermitian. The converse is not true as is
demonstrated in the following proposition. We recall that a locally compact group G is
quasi-symmetric if Sppi ) (f* * f) C [0,00) for every f € Cc(G) (see [38, Definitions 5
and 6]). Palma shows every locally compact group with subexponential growth is quasi-
symmetric in [34, Proposition 3] by applying a result of Hulanicki (see [20]) and the
Barnes-Hulanicki Theorem (Theorem 2.3). An aspect of our main result (Theorem 4.7)
is that for locally compact groups, being quasi-symmetric is equivalent to being quasi-
Hermitian. But for now, we could show the following.

Proposition 4.1. Fvery quasi-symmetric locally compact group is quasi-Hermitian. More-
over, the class of quasi-Hermitian locally compact groups contains the class of locally
compact groups with subexponential growth and it is strictly larger than the class of Her-
mitian locally compact groups.
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Proof. By examining the proof of Proposition 2.10 (¢i1) = (7), one sees that, in fact, the
assumption of commutativity is not needed. In particular, if f € C.(G) with Sle(G)(f* *
f) €[0,00), then the same argument given there shows that Spy1 () (f) € R. Therefore
every quasi-symmetric locally compact group is quasi-Hermitian. The remaining parts
of our claims follows from [34, Proposition 3] wherein it is proven that every locally
compact group with subexponential growth is quasi-symmetric as well as the examples
of non-Hermitian, quasi-Hermitian locally finite groups described in Example 2.11. O

Let G be a locally compact group and 1 < p < co. The left-regular representation of

LY(G) on LP(G) is given by
Mo LHG) = B(LP(G)) , M(f)g= f*g, (4.1)
for all f € L'(G) and g € LP(G).

For p = 1, this is nothing but an isometric embedding of L!(G) as convolution op-
erators over itself. For 1 < p < oo, the norm-closure of \,(L'(G)) inside B(LF(Q)) is
denoted by PF,(G) and called the algebra of p-pseudofunctions on G (see [9, Section 4]
for references and further information). Clearly we have PFy(G) = C*(G).

Suppose 1 < p < g < oo are conjugate, i.e. 1/p+1/g = 1, and consider the (conjugate)
duality relation LP(G)* = L4(G) given by

(f.g) = / f(8)g®ds (f € IP(G).g € LI(G)).
G

Then, for every f € L'(G), g € LP(G) and h € L(G), it is straightforward to verify that
Ao ()9, h) = (9, Aq(F)P)- (4.2)
The relation (4.2) may be compared with [1, Note 2] and its proof.

Proposition 4.2. Let G be a locally compact group, and suppose 1 < p,q < oo satisfies
1/p+1/q=1. The group algebra L*(G) is a normed *-algebra with respect to

£l Py = max{INp (Dl Br @), NNl Bra@y}  (f € LYG)),  (43)
and the standard convolution and involution on L*(G).

Proof. Observe that |- [|pr: (c) is well-defined on LY(G) since [ fllprs(c) < || flly for every
f € LY(G). Tt is straightforward to verify that (L*(G),| - [PFs(c)) is a normed algebra.
We now must show the involution on L!(G) is an isometry with respect to || - lPFs(G)-
Let f € LY(G). It follows from (4.2) that

sup{[(Ap(f)g, M| - g € LP(G), h € LUG), [lglly <1, [|hllq <1} < IAg(N)llB(La(e))-
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Therefore

A (f ) BLrcyy < Il BLa@))-

By switching p and ¢, we will see that

A (N Bzaay) < IXp(H)llBLria)-

Combining the preceding inequalities with (4.3), we get

£ llersc) < I fllersic)- (4.4)
We obtain the reverse inequality by replacing f with f* in (4.4). O

Definition 4.3. Let G be a locally compact group, and let 1 < p < oo. The Banach
+-algebra PF(G) is defined to be the completion of (L*(G), || - PFx(c), *)-

It is immediate that if ¢ is the conjugate of p, then PF,(G) = PF,(G) isometrically
as Banach *-algebras. These algebras have been considered by Kasparov-Yu (see [27])
and Liao-Yu (see [30]) in relation to Baum-Connes conjecture.

The next proposition demonstrates the importance of the preceding definition in our
context (see also [30, Proposition 2.4]). However we first recall the following standard
results from the theory of complex interpolation; we refer the interested reader to [2] and
[5] for further information. For every 1 < p; < py < p3 < oo and 0 < 0 < 1 satisfying

1 _1-0

= T p%, we have the following Banach space identification

LP2(G) = [L7(G), L**(G)]o,

where the right-hand side of the preceding equality stands for the complex interpolation
space of LP'(G) and LP3(G) with respect to the parameter 6 (see [2, Theorem 5.1.1]).
This, together with [5, Section 10.1], implies the following well-known lemma:

Lemma 4.4. Let 1 < p; < pa < p3 < 00. Suppose that T is a bounded operator defined on
LPr(G) N LP2(G) such that it extends continuously to bounded operators on both LP'(QG)
and LP3(G). Then T extends continuously on LP?(G). Furthermore, if M; is operator
norm of the extension of T on LY (G) fori=1,2,3, then

My < M} ~OM¢ (4.5)

for 0 < 0 < 1 satisfying

1 1-06 0
+
D2 D1 D3
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Proposition 4.5. Let G be a locally compact group and 1 < p; < py < ps < 2. Then
(PF,, (G), PFy,(G), PF, (G))
is a spectral interpolation of triple x-semisimple Banach x-algebras relative to PF;l(G).

Proof. Let q1, g2, and g3 be the conjugates of p1, pa, p3, and choose 6 € (0, 1) such that

1 1-6 46
_|_

D2 D1 D3 '

Then, for f € L'(G),

1 Aps (DI B(Lr2(cy) < 1 Apy (f )||B(Lp1(g A (P B(zrs ()

<11 )11, )

by Equation (4.5). Similarly,

g (Dl Bz @) < 11 llpe: (G)Hf||193F;3(G)

since
1 1
q2 P2
=1- 1-0_0
D1 D3
1 1
mamn (- 1) se(1- )
q1 q3
TN
q1 q3
Hence,
Ifllprs, (@) < IIfIIPF* (@) ||f||193F;3(G) (4.6)

for every f € L'(G). As such, it suffices to show PF, (G) C PF; (G) C PF;_ (G) is a
nested triple of *-semisimple *-subalgebras.
Let 1 < p < 2 be arbitrary. Then, for f € L'(G),

1flprs ey = max{[|Ap(f)| Bzr(c))s [Xa(DllBLae}
> [ Ap(f )”B(LP ))||)\q(f)\|%(m(c))

> [[A2(H)llBz2ay)

= Iflles @)
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by Equation (4.5), where ¢ is the conjugate of p and 0 < 6 < 1 satisfies

So the identity map on L'(G) extends to a contraction m, : PF;(G) — C;(G). Further-
more, this map is injective since C.(G) is dense in LP(G), LY(G), and L?(G). Indeed,
suppose that T € kerm,. Choose a sequence {f,} C L*(G) so that lim, o fn = T in
PF,(G). Since T € ker m,, for every g € C.(G), we have lim,, o fr g = 0 in L*(G). In
particular, f, * g converges to 0 in measure for every g € C.(G). Observe that the map

LY(G) = B(LP(G) & LU(G)) [ = Xp(f) @ Ag(f)

extends to an isometric representation PF ) (G) — B(LP(G)®> L9(G)). As such, we view
PF(G) as being contained in B(LP(G) &> LI(G)). Considering g, and gz in C.(G), we
then have

T(91,92) = (h1, ha),

where h; and hs are the limits of f,, x g1 and f, * go in LP(G) and L4(G), respectively.
Since both of these exist and converge to zero in measure, h; = 0 in L?(G) and hy =0
in L4(G). Thus T = 0 by norm density of C.(G) & C.(G) in LP(G) &> L1(G).
Now let 1 < p < p’ < 2. Substituting (p,p’,2) for (p1, pe, p3) in Equation (4.6) gives
1fllpr:,

< ||f||pp* I f1Brs () = I fllprs (e

Hence, the identity map on L'(G) extends to a contraction PF,(G) — PF;,(G) for
1 <p < p’ < 2. This map is also injective by injectivity of 7, and commutativity of the
following diagram.

PF (G)

PF, (G) C5(G)

7l'p/

Finally we note that since 7, is a faithful x-representation of PF/(G) into C(G) C
B(L*(G)), we deduce that PF(G) is #-semisimple for 1 < p < 2. So, we conclude

(PF;‘71 (Q), PF;‘)2 (Q), PF;;3 (@)

is a spectral interpolation of triple x-semisimple Banach #-algebras relative to PF, (G)
forall1<p; <ps<p3s<2. O
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Corollary 4.6. If 1 < p < 2, then
(L} (@), PF,(G).C}(C))
is a spectral interpolation of triple x-semisimple Banach *-algebras relative to L'(G).
Recall that if G is a locally compact group with left Haar measure v, then

vg = lim V(S")%
n—oo
exists and belongs to the interval [1,00) for every nonempty, open, pre-compact subset
S of G (see [35, Theorem 1.5]). A locally compact group G has subexponential growth
exactly when vg = 1 for every such subset S of G.
We are now equipped to prove the main theorem of this paper.

Theorem 4.7. The following are equivalent for a locally compact group G.

(4)
(i) G is quasi-Hermitian;

(iii) rr1(e)(f) = rope)(f) for every f € Ce(Gn;
(iv) Sle V() = Spcs ) (f) for every f € Ce(G).

G is quasi-symmetric;

Proof. The implication (i) = (4¢) is given in Proposition 4.1. Further, (iii) = (iv) is
a special case of the Barnes-Hulanicki Theorem (see Theorem 2.3), and (iv) = (4) is
clear. We now must prove (1) = (i1).

Suppose G is quasi-Hermitian and 1 < p < 2. Then (L'(G),PF,(G),Ci(G)) is a
spectral interpolation of triple *-semisimple Banach *-algebras relative to L'(G) by the
previous Corollary. Hence, Theorem 3.4 implies C.(G);, has invariant spectral radius in

(PFX(@), C(G)), ie.

rerse)(f) =rexe)(f)  (f" = f € Ce(G)n). (4.7)

Now suppose f € C.(G), and S is a pre-compact, open, symmetric subset of G with
suppf C S. We will write f" to denote f *---* f for f € L1(G). For every n € N, we
—_—

n times
have

/"Iy = 1/ Lsm L2 (e
<™ ze@yllsnllace
< ||fn71||B(LrJ(G))||f||Lz>(G)V(Sn)1/q
= 1" lers @ 11l Lo @ (S™)M9,
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where v denotes the Haar measure of G.
Thus, condition (4.7) in conjunction with taking the n” root of both sides as n tends
towards infinity implies

1/q

rove(f) < TPF;(G)(f)Vs Vé/q

=rcx (e (f)
for f € C.(G)p, by the spectral radius formula. Taking limits as ¢ — oo (i.e., p — 17),
the preceding equation becomes

1/q

rova)(f) < res@)(f) qli}H;O Vg

=roxa)(f) Sroe(f)-
Thus

rve)(f) = rex ) (f)
for every f € C.(G)p. O
Corollary 4.8. A quasi-Hermitian locally compact group is amenable.

Proof. If G is quasi-Hermitian, then C.(G); has invariant spectral radius in (L'(G),
C(Q)) so that, by Proposition 2.7, C¥(G) is the C*-envelope of L'(G). Hence, G is
amenable. O

Remark 4.9. Let G be a discrete group containing a free sub-semigroup on two genera-
tors. Jenkins proved G is not Hermitian by exhibiting a function f € ¢.(G)p on the group
with Spri(g)(f) € R (see [23, Theorem 5.1]). In particular, G is not quasi-Hermitian.
Although Jenkins’ proof was a clever combinatorial argument, it was long and compli-
cated. Later on, he provided a much simpler proof which was polished and simplified
by Palmer showing that G is not Hermitian by appealing to properties of the spectral
radius for C*-algebras (see [24, Theorem 3] and [38, Theorem 12.5.18 (f)]). We now give
a short verification that G is not quasi-Hermitian by appealing to Theorem 4.7 and some
of Jenkins-Palmer’s observations. We reproduce most of their argument for the sake of
self-containment.

Suppose s,t € G generate a free semigroup, ag, a1, as € C satisty |ag| = |a1]| = |az| = %
and

sup{|ao + a1z +az2?|: 2 € T} < 1.

Then 74 (g)(agde + a1ds + a26,2) < 1 by the spectral mapping theorem and maximum
modulus principle. Since agde + a10s + a2d,2 is a normal element of Cf(G), we deduce

llapde + a1ds + azds2 ”C;:(G) = TC:(G)(GO(SQ + a10s + az042) < 1.
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So

|(apde + a10s + agdsz) * 5t

cx(@) = [aods + a10st + azdszillox @y < 1
since 0, is a unitary in C(G). When we expand the n-fold convolution product
(aodt + 105 + azde2)",
none of the 3" terms coincide as s and t generate a free semigroup. Hence,
[(a0ds + a10st + a2042)" |1 () = 1

for every n € N and, so, rp1(g)(aods + a16s + azds2) = 1. Thus,

SPe1 () (a0t + ar1dse + a2dsi2) # Spes (e (@ode + a1dse + a2ds2)
and, hence, G is not quasi-Hermitian by Theorem 4.7(iv).

Remark 4.10. A locally compact group G is quasi-Hermitian if and only if every com-
pactly generated open subgroup of G is quasi-Hermitian. Indeed, if H is a compactly
generated open subgroup of a quasi-Hermitian group G, then H is quasi-Hermitian
by Theorem 4.7(iii) since L'(H) embeds isometrically into L!'(G) and C(H) embeds
isometrically into C(G). Now suppose every compactly generated subgroup of G is
quasi-Hermitian and f € C.(G)p, is nonzero. Let H be the open subgroup generated by
the support of f. Then

Sprie)(f) € Sprim)(f) € R.

So G is quasi-Hermitian.

Note the above equivalence is not true if we replace the condition “quasi-Hermitian”
with “Hermitian” since there exist locally finite non-Hermitian groups (see Exam-
ple 2.11).

As a consequence of the above remarks, we arrive at the following characterization
amongst elementary amenable discrete groups.

Corollary 4.11. An elementary amenable discrete group G is quasi-Hermitian if and only
if it is of subexponential growth.

Proof. If GG is of subexponential growth, then G is quasi-Hermitian by [34, Proposi-
tion 3]. Otherwise, G contains a finitely generated subgroup of exponential growth and,
hence, a free sub-semigroup on two generators (see [7]). So G is not quasi-Hermitian by
Remark 4.9. O
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In the finitely generated case, the preceding corollary gives the characterization that
a finitely generated elementary amenable discrete group is Hermitian if and only if it
is almost nilpotent since every finitely generated elementary amenable discrete group is
either almost nilpotent or is of exponential growth (see [7]) and almost nilpotent groups
are Hermitian (see [34, Theorem 12.5.17] or [31]). It remains an open problem whether
every (quasi-)Hermitian discrete group is of subexponential growth (see [34, Question
2)).

Let us consider one additional problem: When is C,(G) quasi-Hermitian in PF (G) for
1 < p < 271If G is a locally compact group such that C.(G) is quasi-Hermitian in PF,(G)
for every 1 < p < 2, then Theorem 3.4 and Proposition 4.5 imply TPF:(G) coincides with
rcs(a) on Ce(G)p for all 1 < p < 2. The proofs of Theorem 4.7 and Corollary 4.8 then
show G is amenable.

Proposition 4.12. If G is a locally compact group such that C.(G) is quasi-Hermitian in
PF,(G) for every 1 <p <2, then G is amenable.

We conjecture C..(G) is not quasi-Hermitian in PF; (G) for every non-amenable locally
compact group G and 1 < p < 2. This paper concludes by verifying this for groups with
the rapid decay property and Kunze-Stein groups. Let us first recall the definitions of
such groups.

Let G be a locally compact group. It is a classical result that L?(G) is an algebra
with respect to convolution product if and only if G is compact. Groups with the rapid
decay property and Kunze-Stein groups are classes of locally compact groups for which
L?(G) is closed under left convolution by certain classes of functions which are “close
to” L?(Q).

Fix a locally compact group G and a length function ¢ on G (see [6] for definition of
a length function). For a > 0, we let wy o denote the weight on G given by

we,a(s) == (14 £(s))”

for s € G. The locally compact group G has the rapid decay property if L?>(G) is closed
under convolution on the left by functions from L?(G,wy,,) for some length function
{ on G and a > 0. If G has the rapid decay property, then the closed graph theorem
shows L?(G,wy,,) embeds continuously inside C(G). The rapid decay property was
first established for free groups by Haagerup (see [16]) and later formalized by Jolissaint
(see [26]). It is known that an amenable group has rapid decay with respect to a length
function ¢ if and only if it has polynomial growth with respect to ¢ (see again [26]). Groups
with the rapid decay property are a very interesting class of locally compact groups for
which many difficult problems become more tractable. See [6] for a nice survey.

In 1960, Kunze and Stein observed that if G = SL(2,R), then L?(G) is closed under
convolution on the left by functions from LP(G) for every 1 < p < 2 (see [28]). Cowling
famously shows that this property is shared by every connected semisimple Lie group
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with finite center and defines a Kunze-Stein group to be a locally compact group G for
which L?(G) is closed under convolution on the left by functions from LP(G) for every
1 < p < 2 (see [8]). On the opposite spectrum, there are also many examples of totally
disconnected Kunze-Stein groups acting on trees (see [33]). The closed graph theorem
shows LP(G) embeds continuously inside C(G) for every 1 < p < 2 and Kunze-Stein
group GG. We finally note that compact groups are the only examples of amenable Kunze-
Stein groups (see [8]).

Lemma 4.13. Let G be a locally compact group and 1 < p < q < oo, where p and
q are conjugate. If Co(Q) is quasi-Hermitian in PF,(G) and S is a nonempty, open,
symmetric, pre-compact subset of G, then

1

vg? < resa) (hs)

where hg := Vl(g),

Proof. Suppose C.(G) is quasi-Hermitian in PF;(G). Then, by Theorems 2.3 and 3.4,
PF,/(G) is a spectral subalgebra of C(G) for each p < p’ < 2. So the argument used to
prove Theorem 4.7 shows that for every f € C.(G) with support contained in S,

1
rove) (f) S rose) (Hve

where ¢’ is the conjugate of p’. Allowing p’ to tend towards p so that ¢’ tends towards
q, we deduce

rrie)(f) < ’“C:(G)(f)’/g

for every f € L*(G). Replacing f with hg * hg € C.(G) and S with S?, we conclude

1 2
1= TLl(G)(hS xhg) < TC;(G)(hS * hs)ng = Tc:(c)(hs)2V§-
This completes the proof. 0O

Remark 4.14. In the case when G is a discrete group generated by a finite symmetric set
S, the function hg and its spectrum and spectral radius in C*(G) and C*(G) is heavily
studied in various areas of mathematics such as geometric group theory or random walk
on groups. For example, a celebrated and fundamental theorem of Kesten states that
1 € Spci (@) (hs) (or equivalently, rex () (hs) = 1) if and only if G is amenable (see [18,
Proposition 4.7]). On the other hand, G has Kazdhan property (T) if and only if 1 is an
isolated point of Spe. () (hs) (see [17, Proposition III]). We refer the interested reader
to [17] and [18] for more details and also generalizations.

Theorem 4.15. Let G be a locally compact group and 1 < p < 2. If G either
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(a) has the rapid decay property, or
(b) is a Kunze-Stein group

and C.(G) is quasi-Hermitian in PF,(G) for some 1 < p < 2, then G is amenable.

Proof. (a) Suppose that G has the rapid decay property and C.(G) is quasi-Hermitian
in PF;(G) for some 1 < p < 2. Choose a length function ¢ on G and o > 0 so that
L?*(G,w,) C CF(G). Let g denote the conjugate of p, K be the norm of the embedding

map L?(G,w) — C*(G), and S be any open, symmetric, pre-compact subset of G. The
previous lemma implies

Vs " < Klhslz, < KCs(S)%,
where
Cg :=sup{wr n(s) : s € S}.
Replacing S with S™, we deduce
vl < KCsav(S™)F < n®KCsu(S™) %

since / is a length function. Taking the nth root of both sides and letting n tend towards
infinity, we get

Since g > 2, we deduce vg < 1. So G has subexponential growth and, hence, is amenable.

(b) Suppose G is a Kunze-Stein group and C.(G) is quasi-Hermitian in PF,(G) for
some 1 < p < 2. Let K,/ denote the norm of the canonical embedding LP(G) — C (@)
for 1 < p’ < 2. If S is an open, symmetric, pre-compact subset of G, then

— 1
7

V;"E < Kp/HhS"HLP’(G) = Kpv(S")

where ¢ is the conjugate of p’. Taking the nth root of both sides and allowing n to tend
towards infinity, we deduce

By choosing p’ to be in the interval (p,2), we will have ¢’ < ¢ so that we must have
vg = 1. Thus G has subexponential growth and must therefore be amenable. O
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