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‘We show that the ring of invariants in a skew monoid ring
contains a so called standard Galois order. Any Galois ring
contained in the standard Galois order is automatically itself
a Galois order and we call such rings principal Galois orders.
We give two applications. First, we obtain a simple sufficient
criterion for a Galois ring to be a Galois order and hence for
its Gelfand-Zeitlin subalgebra to be maximal commutative.
Second, generalizing a recent result by Early-Mazorchuk-
Vishnyakova, we construct canonical simple Gelfand-Zeitlin
modules over any principal Galois order.

As an example, we introduce the notion of a rational Galois
order, attached an arbitrary finite reflection group and a
set of rational difference operators, and show that they are
principal Galois orders. Building on results by Futorny-Molev-
Ovsienko, we show that parabolic subalgebras of finite W-
algebras are rational Galois orders. Similarly we show that
Mazorchuk’s orthogonal Gelfand-Zeitlin algebras of type A,
and their parabolic subalgebras, are rational Galois orders.
Consequently we produce canonical simple Gelfand-Zeitlin
modules for these algebras and prove that their Gelfand-
Zeitlin subalgebras are maximal commutative.

Lastly, we show that quantum OGZ algebras, previously
defined by the author, and their parabolic subalgebras, are
principal Galois orders. This in particular proves the long-
standing Mazorchuk-Turowska conjecture that, if ¢ is not a
root of unity, the Gelfand-Zeitlin subalgebra of U,(gl,) is
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maximal commutative and that its Gelfand-Zeitlin fibers are
non-empty and (by Futorny-Ovsienko theory) finite.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Galois orders

In this paper we study Galois rings and orders, which are certain noncommutative
rings defined and studied by Futorny and Ovsienko [13,14]. This theory has its origin in
the Gelfand-Zeitlin bases for finite-dimensional simple modules over classical Lie algebras
and groups [17,18,35] followed by the foundational paper [4] where several notions such
as Gelfand-Zeitlin modules were defined in a very general setting.

Gelfand-Zeitlin modules have been studied from many different points of view [24,26,
25,27,11,12,21,22,3]. Classification of simple Gelfand-Zeitlin modules for U(gl,,) is still
out of reach although tremendous progress has been made in the last few years, pro-
gressing from generic modules in [4] to the construction of increasingly singular modules
in [6-9]. In [16] a necessary condition for certain fully supported singular modules to be
simple was proved, and simple subquotients described in some cases. Different realiza-
tions of singular Gelfand-Zeitlin modules were further investigated in [34,32,33,30]. In
particular, it is now known how to canonically construct fully supported Gelfand-Zeitlin
modules associated to any character. It is conjectured that any simple Gelfand-Zeitlin
module over U(gl,,) will be a subquotient of one of those. In the latest development [5],
the authors moved beyond U(gl,,) and constructed canonical Gelfand-Zeitlin modules
for so called orthogonal Gelfand-Zeitlin (OGZ) algebras [24], and constructed bases for
some of them.

In this paper we return to the general framework in [13,14] and propose a simplified
setup for Galois orders involving few, but natural, assumptions and then develop our
results from those. All important examples of Galois rings and orders in the literature
satisfy the conditions including U(gl,,), U,(gl,,), OGZ algebras and finite W-algebras. In
addition our setup sometimes enables simpler proofs over [13]. The main generalization
is that we do not require the monoid .# to be a group in any of the results. This leads
to various “parabolic” examples. Moreover we do not require a ground field until we get
to Gelfand-Zeitlin modules in Section 3.

The first main result of this paper provides a sufficient condition for a ring to be
a Galois order and simultaneously provides canonical simple Gelfand-Zeitlin modules.
This generalizes the construction of modules from [5], and can also be viewed as a
partial generalization of the statement about non-empty fibers in [14].
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Theorem 1.1. With assumptions as in Section 2.1, let % be a subring of & generated
by I' U 2" where Uxea Supp_,(X) generates M as a monoid, and X(y) € T' for all
XeZ andvyel. Then:

(i) % is a Galois T-order in A,
(it) T is maximal commutative in % .

If in addition A is finitely generated over an algebraically closed field k of characteristic
zero, and M and G act by k-automorphisms on A, then:

(iti) For every character £ : I' — Kk, there exists a canonical simple right Gelfand-Zeitlin
U -module V (&) with V(§)e # 0. Moreover V (£) is realized as a quotient of a cyclic
submodule of T = Homg (T, k).

We call Galois orders satisfying the hypothesis of Theorem 1.1 principal Galois orders.
Replacing the condition X (y) € I' by XT(y) € I where t is a certain anti-isomorphism
(see Remark 2.30) gives the definition of co-principal Galois orders, and for those one
obtains left modules instead of right modules.

Further exposing the connection to invariant theory already manifest in [13,14,34,
32,33,30], our second main result is the construction of a new class of Galois orders,
called rational Galois orders, see Definition 4.3. They are attached to an arbitrary finite
reflection group and a set of difference operators with rational function coefficients. They
are tailored to naturally satisfy the hypotheses of Theorem 1.1, using the main result
from [31] about relative invariants. In the sections that follow we apply these results to
parabolic subalgebras of finite W-algebras, OGZ algebras and quantum OGZ algebras.
The terminology “rational Galois order” is introduced with a different meaning in an
unfinished manuscript by Futorny and Ovsienko.

1.2. Finite W-algebras

Finite W-algebras have many realizations; as generalizations of enveloping algebras
depending on a nilpotent element [28]; as quantizations of Slodowy slices [15]; as trun-
cated shifted Yangians [29,2]; and as Galois orders [12]. The family of finite W-algebras
W (m) of type A includes level p Yangians Y, (gl,,) and the enveloping algebra U(gl,,) as
special cases.

In Section 4.2, we prove that finite W-algebras, and their parabolic subalgebras ob-
tained by removing a subset of the “negative simple root vectors”, are examples of
rational Galois orders. Then we apply Theorem 1.1. As a consequence we obtain our
third main result.

Theorem 1.2. Letk be an algebraically closed field of characteristic zero. Let J be a subset
of {1,2,...,n— 1}, and let W;(w) be the parabolic subalgebra of the finite W-algebra of
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type A, generated by the coefficients of the polynomials A;(u),
1<i<n,5€Jandl1 <k<n-—1. Then:

Bj (u) and Byt (u), where

(i) Wy(r) is isomorphic to a rational Galois order;
(i) For every character £ : T — Kk, there exists a canonical simple left Gelfand-Zeitlin
Wy (m)-module M with M # 0.

In particular part (ii) says that the Gelfand-Zeitlin fibers are non-empty. This, and
the fact W (w) is a Galois order, was already known when J = {1,2,...,n — 1} by [12].
However, their method cannot be applied for the proper parabolic subalgebras, because
the corresponding monoid .# is not a group. We prove the result by realizing them as
rational Galois orders and then applying Theorem 1.1 which holds any rational Galois
order.

1.8. Orthogonal Gelfand-Zeitlin algebras and their quantizations

In [24], a family of algebras of linear operators were defined called orthogonal Gelfand-
Zeitlin (OGZ) algebras, denoted U (7). They include (algebras isomorphic to) U(gl,,) and
extended Heisenberg algebras as special cases. Quantum OGZ algebras Uy(r) were de-
fined by the author in [19]. It was shown in [19] that U,(r) are Galois rings (which is
weaker than being a Galois order). By the same methods it can be seen that U(r) are
Galois rings. Among OGZ algebras, only U(gl,,) = U(1,2,...,n) and the enveloping
algebra of the trivially extended Heisenberg Lie algebra U (slj x kt) = U(1, 1) are known
to be Galois orders, the former shown in [13] and the latter follows by results in [13]
since they are generalized Weyl algebras. Similarly, only U,(1,1) is known to be a Ga-
lois order, again because it is a generalized Weyl algebra. Moreover, the Grébner basis
methods in [13,12], do not work in the quantum case, essentially because the associated
graded algebra is not commutative. Although it is likely their method might work for
U(r), our method of realizing the algebras as rational Galois orders works uniformly in
all cases, including the parabolic generalizations.

In Sections 4.4 and 5 we prove our fourth main result.

Theorem 1.3. Let k be an algebraically closed field of characteristic zero. Let J C
{1,2,....,n =1} and Uy be Uy(r) or Uy(r;J) i.e. a parabolic (quantum) OGZ algebra
over k and ' be its Gelfand-Zeitlin subalgebra. Then:

(i) U is a Galois I'-order;
(i) T is maximal commutative in U;
(iii) For any character £ : T' — Kk, there exists a canonical simple left Gelfand-Zeitlin
U-module M with M¢ # 0;
(i) If J ={1,2,...,n—1}, then for any § € T there are only finitely many isomorphism
classes of simple Gelfand-Zeitlin U-modules M with Mg # 0.
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As before, we prove this for Ujy(r) by realizing it as a rational Galois order. How-
ever, for the quantum case we show that it satisfies a criterion involving the quantum
Vandermonde determinant to prove that it is a co-principal Galois order and then apply
Theorem 1.1. To prove part (iv) of this theorem we apply the main result of [14].

Lastly, we prove a conjecture of Mazorchuk and Turowska [26] stating that the
Gelfand-Zeitlin subalgebra of Uy (gl,,) is maximal commutative. By results in [13,14], this
implies that Uy(gl,,) is a Galois order and that the Gelfand-Zeitlin fibers are nonempty
and finite. Since U,(gl,,) = U,(1,2,...,n) when k = C, as shown in [10,19], the proof of
the conjecture is a direct consequence of Theorem 1.3.

Theorem 1.4. Let n > 0 and ¢ € C\ {0} not a root of unity. Let Uy(gl,,) be the quantized
enveloping algebra of gl,, over C. Then the Gelfand-Zeitlin subalgebra T'y of Uq(gl,) is
mazimal commutative. Hence Ugy(gl,,) is a Galois order with respect to I'y. Moreover, for

any character £ : I'y — C there exists at least one but only finitely many isomorphism
classes of simple Gelfand-Zeitlin Uq(gl,,)-module M with Mg # 0.

Acknowledgments

The author thanks Mark Colarusso, Ian Musson, Akaki Tikaradze and Tathagata
Basak for inspiring discussions and Vyacheslav Futorny, Volodymyr Mazorchuk and
Elizaveta Vishnyakova for helpful comments on the first version of the manuscript.

2. Galois orders

In this section we develop the theory of Galois orders from first principles. Compared
to the treatments [13,14] our scope is modest. We have tried to select a small set of
standing assumptions which balances generality and applicability. In particular we as-
sume from the outset that A (equivalently T') is integrally closed and that .# acts on A
rather than L. This ensures that I is always a Harish-Chandra subalgebra of any Galois
ring, which in turn means that the theory of Gelfand-Zeitlin modules is well behaved. On
the other hand, we do not require that .# is a group. This allows us to include parabolic
subalgebras of finite W-algebras and (quantum) orthogonal Gelfand-Zeitlin algebras as
examples of Galois orders. Furthermore, we do not need to assume that A contains a
field, until we get to Gelfand-Zeitlin modules in Section 3.

2.1. Invariants in skew monoid rings

Let A be an integrally closed domain, G a finite subgroup of Aut(A), .# a submonoid
of Aut(A). We make the following assumptions:

(separation) (M4 "1)NG =1dy, (A1)

(invariance) Vg€ GVu € # : u d:Cfg opog e, (A2)
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(finiteness) A is noetherian as a module over A“. (A3)

Let L = Frac A be the field of fractions. Then .# and G act naturally on L by automor-
phisms. Let .Z = L % .# be the skew monoid ring, defined as the free left L-module on
A with multiplication given by aijp - asps = (al,ul(ag)),ul,ug for a; € L, u; € .#. By
(A2), G acts on .Z by ring automorphisms via g(ap) = g(a)9pforg e G,a € L, p € M.
Let T = A®, K = LY, # = 2% be the respective subrings of G-invariants. Thus we
have the following inclusions:

s [, —

o — >

L &
T T (2.1)
K H

Lemma 2.1. The following statements hold:

3 K —

(i) A is integral over T';

(ii) K =FracT, K = LY and L/K is a Galois extension with Gal(L/K) = G;
(iii) T is integrally closed;
(iv) A is the integral closure of T in L;

(v) A is a finitely generated T'-module and a noetherian ring;
(vi) T is a noetherian ring.

Proof. (i)(ii)(iii): See [1, Prop. 3.1].
(iv): Let T be the integral closure of I'in L. By (i), A C T. Since A is integrally closed,
CA.
(v): Clear, by (A3).
(vi): Follows from (v) and the Eakin-Nagata theorem [23, Thm. 3.7(1)]. O

T

Example 2.2. Take A = Clxy,22,...,2,], G = S, acting on A by permutation of vari-
ables, 4 = (p1,..., pn) = N™ acting on A by p,;(x;) = ; + ;5. Then (Al)—(A3) hold.
In this case J# can be identified with the ring of symmetric difference operators with
rational function coefficients.

2.2. Harish-Chandra subrings

Definition 2.3 (/4]). A commutative subring C' of a ring <7 is a Harish-Chandra subring
(of &) if for every x € &7, the C-bimodule CxzC is finitely generated as a left and right
C-module.

Lemma 2.4. If C' is a commutative Harish-Chandra subring of a ring 7, then C is a
Harish-Chandra subring of any subring of <7 that contains C.

Proof. Obvious. O
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Proposition 2.5. " is a Harish-Chandra subring of £ .

Proof. We follow the proof of [13, Prop. 5.1]. Since the subset L U.# generates .Z as a
ring, I' is noetherian and T'(X 4+ Y)I CTXT+TYT, T'(XY)T' C (T XT)(TYT), it suffices
to show that T XT is finitely generated as a left and right I-module for all X € LU .Z.
For X € L this is trivial since L is commutative. Let X = u € .#. We have

Pul’ € Tu(D)p € Ap,

since I' C A and p(A) = A. Since Ap = A is a finitely generated left I-module and T is
noetherian, Tul is finitely generated as a left T-module. Similarly Tul’ € pu= ()T C pA
shows that T'ul’ is finitely generated as a right I'-module. O

2.8. Galois rings

We recall the definition of a Galois I'-ring in J# from [13], and give a necessary and
sufficient condition for a I'-subring of % to be a Galois I'-ring in J#°, Proposition 2.9.
The condition is the same as the one given by Futorny and Ovsienko in [13, Prop. 4.1(1)],
however there it was stated under different assumptions. And although we follow their
proof closely, we have adapted it to our setting and simplified it in several places.

Definition 2.6 (/13]). A T-subring  C ¢ is a Galois T'-ring in 2 if
UK =X =K% . (2.2)

Lemma 2.7. Let p, 1, po € A . Then:

(i) Ku(K) = LG, where G,, = {g € G|9u=u} is the G-stabilizer of p;

(ii) K[pK = {[ap] | a € LE}, where [ap] ) ZQEG/Gu g(a) 9, and this is a simple
K -bimodule;
(iii) K[u]|K = K[u]K as K-bimodules iff pa =9y for some g € G;
(iv) K[pT = K[u|K =T[u]K, hence # K = K% for any T'-subbimodule % C Z;
(v) A = @ue//(/(;' KlpK.

Proof. (i): g € Gal (L/Ku(K)) < gop|, = p| < 9l =pl, & 9w €G @& ge
G-

(ii): By (i), K[ap)K = {[by] | b € L%} for any nonzero a € LY.

(iii): Suppose ¥ : K[u1]K = K[us] K. Put L; = LG for i = 1,2. Define VL — Lo
by ¢([ap1]) = [1h(a)p2]. One checks that 1 is a K-isomorphism between the intermediate
fields Ly and L,. By Galois theory ¢ = g}Ll for some g € G. Thus ¢¥([ap1]) = [g(a)pz].

Then for k € K: [Ypn(k)pe] = ([pa(k)pa]) = ¢([m])k = [palk = [p2(k)p2] proving
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uglK = gM1’K hence po = 9. Conversely, if ps = 9y, the map [apq] — [g(a)pz] is an
isomorphism K[u1]K = K[us] K.

(iv): K[p]T' = [Ku(T)u]. By symmetrizing denominators, K pu(K) = Ku(T'). Then use
(i) and (ii). The second equality is analogous.

(v): Let z € " and write z = 3 @, for some x,, € L. Since g(z) = x for all g € G,
g(z,) = xq, for all p € A4 and g € G. Grouping terms according to G-orbits in .# this
implies that o = ), [a;p;] for some p; € 4 from pairwise distinct G-orbits in .4, where
a;=m,, € L. O

Definition 2.8. The support of X =3_  , xup € £ is Supp_4(X) o {peA|z, #0}

Proposition 2.9 (c¢f. [13, Prop. 4.1(1)]). Let & C % and let % be the subring of A
generated by I'U 2. Then % is a Galois T'-ring in & iff Uxca Supp ,(X) generates
M as a monoid.

Proof. The “only if” part is obvious since Supp_,(ab) C Supp ,(a)Supp ,(b) for any
a,b € Z. For the converse, by Lemma 2.7(iv)—(v) it suffices to show that if x € X and
i € Supp_,(x) then [u] € KaK. Write x = ), [a;p;] for some p; € A from pairwise
distinct G-orbits in .#, where a; € L. Then KzK C Y, K[a;u]K = @, K[| K
by Lemma 2.7(ii)—(iii). Thus (KzK) N K[u;] K is either zero or K[u;]K. But the former
would imply KzK C P, K[u;]K contradicting p; € Supp_4(z). So [u;] € KzK for
alli. O

Lemma 2.10. The following statements hold.

(i) A is a Galois T'-ring in A .
(i) Let % C WU be subrings of . If 2 is a Galois T'-ring in & then so too is Us.
(iii) (A .#)¢ is Galois T-ring in A .

Proof. (i)(ii): By Definition 2.8.
(iii): By Lemma 2.7(iv)(v), since [1] € (A% .#)€ for all p € .#. O

Example 2.11. Continuing Example 2.2, fix f = (f;)i_; € A" with o(f;) = f,(;) for all 4,
and define Xy € L x .# by

n
Xp=3" i fui- (2.3)
i=1 H (zj — i)
1<j<n, j#i

It is easy to see that o(Xy) = Xy for all o € S,,, hence Xy € #. Let U(f) be the subring
of J generated by ' U{X}. Since Supp_, (X¢) = {ft1, pt2, - . ., tn } which generates the
monoid .#Z = N Proposition 2.9 implies that U(f) is a Galois I'-ring in J¢".
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2.4. Galois orders

In this subsection we define the notions of (co-)standard and (co-)principal Galois
orders, and prove sufficient conditions for a Galois ring to be a Galois order.

Definition 2.12 (/13]). A Galois T'-ring % in % is a left (respectively right) Galois
T-order in ¢ if for any finite-dimensional left (respectively right) K-subspace W C ¥,
W N is a finitely generated left (respectively right) I'-module. A Galois I'-ring % in
K is a Galois I'-order in J if % is a left and right Galois I'-order in 7 .

Definition 2.13. A commutative subring C' of a ring & is mazimal commutative in <f if
C' is not properly contained in any commutative subring of 7.

The following result is expected from [13, Thm. 5.2(2)] since T is integrally closed.

Proposition 2.14. ' is mazimal commutative in any left or right Galois I'-order % in

A

Proof. Let x € , [x,T] = 0. Write = ayp1 + aspio + -+ + appuy for some a; € L
and p; € A . Then for v € T', 0 = [z,7] = >, ai(y — pi(7))ps- Hence pi(y) = v for
all v € I'. By (Al), n = 1 and pu; = Ids. This shows that € K. Since % is a left or
right Galois I'-order in ¢, K N % is a finitely generated I'-module. Since T is integrally
closed, KN =T. Thusz€l'. O

Corollary 2.15. % is a Galois I'-order in & iff A is a field.
Proof. (=): Proposition 2.14 implies that I' = K, hence A = L since A is integral over
T.

(«): If A = L then I' = K, hence this direction is immediate by Definition 2.12. 0O

Lemma 2.16. Let 24, and %5 be two Galois T'-rings in & such that % C Us. If Us is a
Galois T'-order in &, then so too is % .

Proof. Immediate by the definition of Galois order and that IT" is a noetherian ring. O

Part (ii) of the next lemma is probably well-known but we could not find a proof in
the literature.

Lemma 2.17. Let A be an integral domain, F' be a field, and 01,02, ...,0, be pairwise
distinct injective ring homomorphisms from A to F. Let F4 be the F-vector space of all
functions from A to F with pointwise operations. Then:
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(i) {o1,09,...,0,} is a linearly independent subset of F4;
(i) There exists (a1,aq,...,an) € A™ such that the determinant of (Uj(ai))zjzl is
nonzero.

Proof. (i): This follows from Dedekind’s Independence Theorem, see e.g. [20, Sec. 4.14].
(ii): We use induction on n. For n = 1, we may take a; = 1. For n > 1, assume that we

found (a1, as,...,a,_1) € A"~! such that (aj (az))jj_:l1 has nonzero determinant. Then

the system

o1(a;)xr + o2(a;)xe + - + opn_1(a;)rp—1 = opnla;), 1=1,2,...,n—1, (2.4)

has a solution (z1,Z2,...,7,_1) € F"~1. By part (i), there exists a,, € A such that

(on — i: 2;0:) (an) # 0. (2.5)

Performing column operations and using (2.4), we can eliminate the rightmost column
except for the bottom right entry:

o1(a1) og2(ar) -+ oplar)
o1(az) o2(az) -+ oplaz)
o1(an) Oalan) - onlan)
0'1((11) 0'2(a1) an_l(al) 0
B 0’1((12) 0'2((12) Unfl((l2> 0
o1(n) 0a(n) - Tu1lan) nlan) — S5 wiilan)

This determinant is nonzero by (2.5) and the induction hypothesis. O

Definition 2.18. For X =3  , @, € £ and a € L we define the evaluation of X at a
to be

X(a) = Z z, - (u(a)) € L. (2.6)

neM

Lemma 2.19. Evaluation of £ on L satisfies the following properties.

(i) (X,a) = X(a) is a Z-bilinear map £ x L — L.
(i) X (Y(a)) = (XY)(a) for all X,Y € £ and a € L.
(iii) If X € & and a € K then X(a) € K.
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Proof. (i) and (ii): Easy to check.

(iii): Let X € . Since X € .2 we can write X = > . , z,u for some uniquely
determined elements x,, € L with only finitely many of them nonzero. Since X € 2 =
£Y we have g(x,) = s, for all g € G and all i € #. Thus for any a € K and g € G-

9(X(a)) = > glwn) - g(ula) = D wou-u(g(a)) = Y @ pla) = X(a).

neM neA neA

This shows that X(a) € L =K. O

Example 2.20. Continuing Example 2.11, we have for any g € L,

= fini(g)
X;(g) = .
7(9) ; 0 s

1<j<n, j#i

We are ready to prove the main result of this section.
Theorem 2.21.
def
Jdr ={Xex|X(y)el vyeT} (2.7)
is a Galois T'-order in A .

Proof. If X,Y € J#7 then (XY)(7) =X (Y (7)) €T and (X +Y)(7) =X (7)Y (y) €T
for all v € T. Thus Jr is a subring of J#". Since u(T') C A for any p € .# we have
X(T) C A for any X € A .#. By Lemma 2.19(iii), X(I') € AN K = T for any
X € (A*.#)C. Thus (A x .#)¢ C . By Lemma 2.10(iii) and (ii), #r is a Galois
T'-ring in 22"

To show that J¢r is a Galois I'-order, let W be a finite-dimensional left K-subspace
of . Then LW is a finite-dimensional left L-subspace of .Z. Suppose that - N LW
is finitely generated as a left I'-module. Then, since I' is noetherian, £ N W is finitely
generated as a left I'-module. Similarly on the right. So it suffices to show that for any
finite-dimensional left (respectively right) L-subspace W C &, the set - NW is finitely
generated as a left (respectively right) I'-module. Since Ly = uL for any p € A, left
and right L-subspaces of . are the same thing.

Let {wq,ws,...,ws} be a left L-basis for W. Write each w; as a finite linear combi-
nation of elements of .#. Thus W is contained in a subspace of the form W= D, Lu;
where p; € 4. Assume for a moment that %HW is finitely generated as a left and right
I'-module. Then, since I' is noetherian, the submodule 22 N W is also finitely generated.
This shows that we may without loss of generality assume that W = @', Ly, for some
finite subset {1, 2, ..., n} of .#. Define a map

VN W — L"
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111(211#”) = (a1, az,...,an)
i=1
Clearly v is injective. If we view L™ as a I'-bimodule via

v(ar,az,...,a,)y = (varp (7)), vazpa (v'), - - ., Yanpn (7)) (2.8)

for 7,4 € T, then ¢ is a I-bimodule homomorphism. Let a = (a1,as2,...,a,) € L™
belong to the image of 4. Then >, a;u;(y) € T for all v € I'. By Lemma 2.17(ii)

applied to u;

that d 2 det A # 0, where A = (uj('yi))?jzl. Now >°" , aijpi(vy;) = 7, for some 7 =

(31,92, --,9n) € ™. That is, A-a = 7. All the entries of A are in A, hence that is
true for the adjugate matrix A’ satisfying A’-A =d-I,. Sod-a = A" -5 € A™ for
i1=1,2,...,n. That is, a € %A". Thus the image of v is contained in éA” which is a
I’-subbimodule of L™ which is finitely generated as a left I'-module and, with respect to
the twisted action (2.8), as a right I'-module. Since I' is noetherian, s N W is also a
finitely generated left and right I'-module. O

r» which are pairwise distinct by Assumption (A1), there are 7; € I' such

Definition 2.22. %t is the standard Galois I'-order in X .

Corollary 2.23. If % is a Galois I'-ring in & and % C Jr, then % is a Galois I'-order
in A .

Proof. By Theorem 2.21 and Lemma 2.16. O

Definition 2.24. If 7% is a Galois I'-order in ¢ such that % C J#r, then % is a principal
Galois I'-order in .

Corollary 2.25. If % is a Galois T'-ring in & and % is generated as a ring by a subset
2 such that X(v) €T for all (v,X) €T x 2, then % is a principal Galois T'-order in
K.

Proof. By (2.7), 2" C Jr. Since Jt is a ring, % C . Now use Corollary 2.23. O

Definition 2.26. For a linear character x : G — K, the set of x-relative G-invariants in
A s

A ={a €A gla) = x(g)aVyg € G}. (2.9)

The following is a useful method to produce interesting elements of .
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Lemma 2.27. If x : G — K* is a linear character such that Ag = I'd, for some d, € A,
then

1
H N (Ax ) C A (2.10)

X
Proof. If z € ' N i(A ./ ) then for any v € I we have z(v) € (éA) NK = él\g =
I'' o

Remark 2.28. The set .2 N é(A * ) was defined for U(gl,,) by Vishnyakova [32].

Example 2.29. Continuing Example 2.11, let sgn : S, — {1, —1} be the sign character and
dsgn = [[1<i<j<n(®i — ;) € A be the Vandermonde determinant. Since any alternating
polynomial is divisible by dgen we have A‘sggn = I'dggn. Observe that dy, Xy € Ax.#. Hence

Xpexn i(A x ). By Lemma 2.27 and Corollary 2.25, U(f) is a principal Galois
T-order in 7.

Proof of Theorem 1.1(i)(ii). By Proposition 2.9, Corollary 2.25 and Proposition 2.14. O

Remark 2.30. There is an anti-isomorphism f : L * .# — L* (#4~'), fI = f for f € L
and puf = p~! for u € .#. Then t commutes with the action of G on .Z, hence # T =
(L = (,//_1))G. Moreover, % is a Galois [-ring (respectively T'-order) in # iff % T is
a Galois I'-ring (respectively I'-order) in .#T. However it is not true in general that
(A1)t = (1. Thus this gives an opposite way to produce Galois T-orders in % as
images under 1 of principal Galois I'-orders in 7T

Definition 2.31. We call 0.7 def

Equivalently,

((%T)F)T C % the co-standard Galois T'-order in & .

r# ={XeX|X(y)eTVyeT}. (2.11)

If % is a Galois I'-order in ¥ contained in p. %" then % is a co-principal Galois I'-order
n K.

We have the following opposite versions of Corollary 2.25 and Lemma 2.27.

Corollary 2.32. If % is a Galois T'-ring in & and % is generated as a ring by a subset
2 such that XT(y) €T for ally €T and all X € 2, then % is a co-principal Galois
T-order in A .

Lemma 2.33. If x : G — K* is a linear character such that Ag =TI'd, for somed, € Ag
then

(A % ///)di NA CrA. (2.12)

X
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3. Gelfand-Zeitlin modules

In [5] the authors constructed canonical simple Gelfand-Zeitlin modules in the setting
of orthogonal Gelfand-Zeitlin algebras. In this section we generalize this to an arbitrary
principal Galois I'-order % in % . In Section 4.4 we show that orthogonal Gelfand-Zeitlin
algebras are examples of principal Galois I'-orders.

In addition to Assumptions (A1)—(A3), in this section we assume that:

A is finitely generated over an algebraically closed field k of characteristic zero,

(Ad)
G and # act by k-algebra automorphisms on A. (A5)

Let T be the set of all [-characters, i.e. k-algebra homomorphisms ¢ : I' — k.

Definition 3.1. Let % be a Galois I'-ring in #. A left %-module M is said to be a
Gelfand-Zeitlin module (with respect to T') if T acts locally finitely on M. Equivalently,

M= M, Mc={veM|ker&)¥v=0,N>0}
¢el

Symmetrically one defines the notion of a right Gelfand-Zeitlin module.

The following is standard, see e.g. [4]. We provide some details for the convenience of
the reader.

Lemma 3.2. Let % be a Galois T'-ring in & .

(i) Any submodule and any quotient of a Gelfand-Zeitlin module is a Gelfand-Tsetlin
module.
(it) Any % -module generated by generalized weight vectors is a Gelfand-Zeitlin module.

Proof. (i): Obvious for submodules. If T" acts locally finite on v € M then it does so on
v+ N € M/N for any submodule N.

(ii): It suffices to prove this for a left cyclic Z-module, say M = % v. Let u € % . Since
I" is a Harish-Chandra subalgebra of %, I'ul' is finitely generated as a right I'-module.
So Tul' = Y, vul' for some v; € T'. Hence I'uv C Twl'v C Y7 | yul'v which is
finite-dimensional over k. The proof for right modules is symmetric. O

Let I'* be the set of all k-linear maps from I' to k. Note that I'* is a right Zp-module
with respect to the action 7X f o X for 7 € '™ and X € Jr, where X is viewed as a
function from I to I' via evaluation. Similarly, I'* is a left p.#-module via X7 = 70 (X1).
Thus by restriction, I'* is a right (left) %/-module for any (co-)principal Galois I'-order
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% in . We now prove the main theorem of this section, which in particular proves
Theorem 1.1(iii).

Theorem 3.3. Let & € T be any character.

(i) If % is a principal Galois T-order in K, then the right cyclic % -module £ has a
unique simple quotient V(§). Moreover, V(§) is a Gelfand-Zeitlin module over %
with V(§)e # 0.

(it) If % is a co-principal Galois T'-order in J¢, then the left cyclic % -module % & has
a unique simple quotient V'(§). Moreover, V'(€) is a Gelfand-Zeitlin module over
U with V'(§)¢ # 0.

Proof. (i): Put M(§) = £%. Since £ is a weight vector of weight &, M () is a right
Gelfand-Zeitlin % -module by Lemma 3.2. Let m = ker{. As in [5, Prop. 5] we have

Homp(F/m,F*) = Homk(F/m Xr F,k) >~k

since T'/m = k. Thus ¢ is the unique (up to scalar) weight vector in I'* of weight &.
Thus every proper submodule has zero intersection with the generalized weight space
M (&)e. Therefore, by Lemma 3.2, the sum N(§) of all proper submodules is itself a
proper submodule and V(&) = M(§)/N(€) is a Gelfand-Zeitlin module with V' (§)¢ # 0
since £ ¢ N(§).

(ii): The proof is symmetric. O

Definition 3.4. Let ¢ € T, % (respectively %) be a principal (respectively co-principal)
Galois I'-order in #. Then

(i) V(&) is the canonical simple right Gelfand-Zeitlin % -module associated to &,
(if) V'(€) is the canonical simple left Gelfand-Zeitlin %'-module associated to &.

4. Rational Galois orders

In this section we introduce a general construction of a large class of principal Ga-
lois orders we call rational Galois orders. This class naturally includes U(gl,), level p
Yangians Y, (gl,,), type A finite W-algebras W (w), OGZ algebras U(r) as well as their
respective parabolic subalgebras.

4.1. Construction from finite reflection groups
Consider a finite reflection group G C GL(V'), where V is a vector space over a

field k of characteristic not dividing |G|. By a reflection group [1,31] we mean a group
generated by pseudo-reflections, i.e. linear transformations g with codimker(1 — g) = 1.
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Let A = S = S(V*) be the algebra of polynomial functions on V, and I' = R = SY be
the subring of G-invariants. Let L = Frac S and K = Frac R be the respective fields of
fractions. Let V act on S by translations, t,(p)(v) = p(v — w) for v,w € V, p € S. Let
S # V be the skew group algebra defined as the free left S-module on the set {¢,},cv
with multiplication pt, - gt = (pty(q))tytw- Since got, 09~ =t (), the group G acts on
S+ V by k-algebra automorphisms. Let G be the group of linear characters y : G — k*.
For y € G, let S)? ={feS|g(f)=x(g9)f Yg € G} be the subring of relative invariants
and put

dy = H ()™ (4.1)

Hed (G)

where &7 (G) = {ker(1 — g) | g € G} is the set of reflecting hyperplanes in V, agy € V* is
a choice of linear form with keray = H, and agy is the least non-negative integer with
x(su) = (det(s*H))aH, where sy is a fixed generator of the stabilizer of H in G. The
key result we need is the following theorem from [31].

Theorem 4.1 ([31, Thm. 2.5]). For any x € G we have 5S¢ = Rd,.
This allows us to construct principal Galois orders as follows.

Theorem 4.2. Let G C GL(V) be a finite reflection group and 2 be a subset of L xV
such that:

(i) 9(X) =X forallge G and all X € X,
(it) for all X € X there exists x € G such that dy, - X € SV (respectively X - d, €
SxV).

Then the subring % (G, %) of L xV generated by RU 2" is a principal (respectively
co-principal) Galois R-order in (L .#)¢ where 4 CV is the submonoid generated by
Uxea Supp 4 (X).

Proof. Properties (A1)-(A3) are straightforward to verify. Put ¢ = (L * .#)%. By
Theorem 2.9, % (G, Z") is a Galois R-ring in J#. That % (G, 2") C g follows from
Theorem 4.1 and Lemma 2.27. By Corollary 2.25, % (G, Z") is a principal Galois R-order
in JZ. The opposite case follows from Corollary 2.32, Lemma 2.33. O

Definition 4.3. Call Z (G, Z") the rational (respectively co-rational) Galois order associ-
ated to G and Z".

Example 4.4. The algebra U(f) defined in Examples 2.2, 2.11, 2.20, 2.29, can be viewed
as the rational Galois order % (S,,{X}) with V =@ ; Cp; and coordinate functions

zi(pg) = ij.
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Remark 4.5. Any co-rational Galois order is isomorphic to a rational Galois order via the
restriction of the automorphism LV — LxV t, —t_,, f — f~ where f~(v) = f(—v).

4.2. Finite W-algebras of type A

Let k be an algebraically closed field of characteristic zero. Let n be a positive in-
teger, m = (p1,P2,...,0n) € Z™ where 1 < p; < ps < -+ < py, and let W(rw) be
the corresponding finite W-algebra of type A, see [12]. There is a generating set for
W (m) consisting of the coefficients of certain polynomials Ai(u),B,:f(u) € W(m)[ul,
1 =1,2,...,n;k = 1,2,...,n — 1. We recall the realization of W () as a Galois or-
der from [12] and show that it is a special case of a rational Galois order, as defined
above.

Let A =k[zk, | 1 <i<r <n;1<k<p;] bea polynomial algebra in N = np; + (n —
1)pa+- - -+py, variables, G = Sy, X Sp,4py X+ X Spy 4pyt-tp, acting on A by letting the
rth component permute all the p; + ps + - - - + p,. variables {zF, |1 <i < k; 1 <k < p;}.
Let .4 = ZN-Witp2t+Pn) he the free abelian group, written multiplicatively, with
basis {5;?1» [1<i<r<n-—1;1<k<p;} acting faithfully on A by

5k-($l ) _ {xi] -1 if (T,i, k) = (Sajvl)v
re\*"sj 1

Ty otherwise.

Properties (A1)—(A5) are easily verified, and we form the corresponding algebra % =
(L + #)¢ where L = FracA. By [12, Lem. 3.5], there exists an injective k-algebra
homomorphism

i W(r) = A (4.2)
given by the following equalities in J# [u]:

i(Aj(u) = A;(u)l (4.3)

(B (w) =Y (61,)" - X3, (u) (4.4)
)

where

I iy @+ i) I, o (@0, — 2hj)

X:I:
H(k,i);é(z,j)(fl?’fi - Ilrj)

rlj(u) =+

(4.5)

Moreover i maps the Gelfand-Zeitlin subalgebra of W (r) to I' = AC.

Proof of Theorem 1.2. (i): Let V = k” and identify A with S(V*) in the obvious way. G
can be identified with the reflection group in GL(V) permuting coordinates. The linear
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S
rj
in Sp,4ps+--+p, interchanging those variables. Thus the Jacobian dge, corresponding to

forms mfi — x5, vanish on the reflecting hyperplane corresponding to the transposition
the sign (=determinant) character sgn : G — {1} is the product of the n Vandermonde
determinants V, in the variables a:’,fl The key observation is that Xﬁj (u) - dsgn is a
polynomial. Let 2 be the set of coefficients of powers of u in i(B; (u)) and i(B; (u))
for k=1,2,...,n—1and j € J. Then Theorem 4.2 implies that W () is isomorphic
to the rational Galois order % (G, Z").

(ii): Follows from part (i), Theorem 4.2 and Theorem 3.3. O

4.8. Level p Yangians Y,(gl,)) and enveloping algebra U(gl,,)

These are special cases of finite W-algebras, Y,(gl,,) =2 W (w) where 7 = (p,p,...,p),
see [2,12,29]. Specializing further, the enveloping algebra U (gl,,) is isomorphic to Y3 (gl,,).
Hence Y,(gl,) and U(gl,), along with their respective parabolic subalgebras, are also
examples of rational Galois orders.

4.4. Orthogonal Gelfand-Zeitlin algebras of type A

Let k be algebraically closed of characteristic zero. Orthogonal Gelfand-Zeitlin (OGZ)
algebras U(r) of type A were defined by Mazorchuk in [24]. Quantum analogs were
defined in [19]. They can be understood directly as examples of Galois rings as follows.
Let » = (r1,792,...,7,) be a n-tuple of positive integers. Let A = klzg; | 1 < k <
n; 1 < i < rg] be a polynomial algebra in |r| = r; + 79 + -+ + 1, variables. Let
G = Sp, X Spy X --- xS, acting by 0(2p;) = Tie, ) for 0 = (01,02,...,0,) € G and
put I' = A%, L = FracA. Let .# = ZI"I="» be the free abelian group with generators
¥ for 1 <k <n-—1and 1<i<r, acting on A by 5ki(:clj) = x1; — O0;5. Properties
(A1)—(A5) are satisfied. Put # = (L x .#)¢. Consider

R I (xrt1, — Tra)
Xi _ 5k1 +1 AiA7 Ai. =F J 5] 4.6
N [P v (46)

As in [19], we may identify the OGZ algebra U(r) defined in [24] with the subring of JZ
generated by I' and X,f for k=1,2,...,n — 1. For any subset J C {1,2,...,n— 1} we
define Uj;(r) to be the corresponding parabolic subalgebra generated by I' U {X,:r |1 <
k<n-1}U{X; |jeJ}

Theorem 4.6. Let J C {1,2,...,n — 1}.
(i) The parabolic OGZ algebra U;(r) is a Galois T-order.

(ii) For any character £ € T' there exists a canonical simple left Gelfand-Zeitlin module
M over Uy(r) with Me # 0.
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(iii) If J ={1,2,...,n—1} then for any € € T there are only finitely many isomorphism
classes of simple Gelfand-Zeitlin U(r)-modules M with M¢ # 0.

Proof. (i): We show that U;(r) is isomorphic to a rational Galois order. Let V = k¥
and regard G C GL(V) by permutation of coordinates. The relative Jacobian dsgn
associated to the sign character is a product of Vandermonde determinants: dssn =
. H1§i<j§rk (xgi — ;). Since X;tdsgn € AxV and in is G-invariant for all k, the
result follows from Theorem 4.2. Note that here .# is a group iff J ={1,2,...,n —1}.

(ii): Immediate by Theorem 4.2 and Theorem 3.3.

(iii): By part (i), U(r) is a Galois T-order in ¥ = (L % .#)“ where .4 is a group.
Thus the claim follows from the main result of [14]. O

5. Quantum OGZ algebras
We apply the results from Sections 2 and 3 to the quantum OGZ algebras, introduced

n [19]. These are g-deformations of the OGZ algebras U(r) and include Ugy(gl,,) and
extended quantized Heisenberg algebras as special cases. To avoid unnecessary clutter,

n

we only treat the standard form rather than the general (m, p)-form from [19].
Let k be an algebraically closed field of characteristic zero. Let » = (r1,72,...,7,) be
an n-tuple of positive integers. Let ¢ € k be nonzero and not a root of unity. Let

A=k[zi! [1<k<n, 1<i<ry) (5.1)

be a Laurent polynomial algebra in |r| = ry + ro + -+ + r,, variables, and L = Frac A.
Let G be the product of complex reflection groups G(2,2, r):

G=Gr=Cy X Gy x X Gy Gr=G(2,2,m) =S, x A2,2,n),  (5.2)
A2,2,n) = {a = (a1,002,...,a,) € {1,—-1}" | qag -+ oy, = 1}. (5.3)

Thus G
hence on L, by

is isomorphic to the Weyl group of type D,,. Then G acts naturally on A,

Tk

9(Thi) = OkiTroy, (5) (5.4)
for
g:(CTlOél,O'QOéQ,...,O'nOzn) eqG, oy ESrk, ak:(akl,akg,...,akrk) EA(Q,Q,Tk),
(5.5)

Let I' = AY. Let .# = ZI"I=™ written multiplicatively, with Z-basis {5* | 1 < k <
n—1,1<i<r}, acting on A by 6¥/(z;;) = ¢~°%%ix;. For simplicity we use the Galois
ring realization obtained in [19] as the definition of these algebras.
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Definition 5.1. The quantum OGZ algebra of signature r, denoted Ugy(r), is the subring
of # generated by I and X& for k € [1,n — 1], where

Tk
XE=) (")* AL e Lx.a, (5.6)

i=1

where, with the convention ry = 0,

H (Tgt1,5/Tri) — (Ikﬂ?j/ﬂ?kz’)*l)/(q —q )
Ai - Z(Tkil me)  J=1 . 5.7)
T H (($kj/36ki) - (mkj/xki)_l)/(q ) (
Sjj;ééirk

For J C {1,2,...,n — 1} define the parabolic quantum OGZ algebra Uy(r;J) to be the
subalgebra of U, (r) generated by I' U { X,/ }7_, U {XS Yies

Example 5.2. Uy(1,2,...,n) = Uy(gl,,). For details, see [10,19].

Example 5.3. U,(1,1) is isomorphic to 3,[t,t~!] where H, is the quantized Heisenberg
algebra with generators X, Y, K*! and relations

KK '=K'K=1, (5.8)
K—-K! K—q'K!
yx-———_  xy-£-% - (5.9)
q—4q q—4q
KXK' =¢X, KYK !'=q¢'Y. (5.10)

Definition 5.4. The g-Vandermonde of signature r is the element of A given by

:f[ H (xlﬂ/xkjé (55 i/ ki)~ 1. (5.11)

k=1 1<i<j<rg 7

Lemma 5.5. Let sgn : G — {1} be the linear character given by

sgn : (o101,0200,...,0,05) — (sgnoy)(sgnos) - - (sgnoy,).
Then
AG, =T -Vy(r). (5.12)
Proof. Let f € Abgn Since
(ki /Thj) — (wki/mk')_l (xkixk‘)_l
J J = J_l (z3, — mij) (5.13)

q—q! q—q
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it suffices to show that f is divisible by

n
H (z3, — xi]) (5.14)
k=11<

1<j<rg

Since f is G-alternating, it is fixed by A, = A(2,2,71) x A(2,2,7r9) X -+ x A(2,2,7y,).
Thus

[ = Z fre - (w1212 - - 210 (1292 - - - T2y, )2 "'(l'nﬂnz"'xnrn)k",
k=(k1,k2,....kn)€{0,1}"

(5.15)

where f; are S,-alternating Laurent polynomials in the variables {22, | 1 <k <n, 1 <
i <71}, hence divisible by (5.14). O

Theorem 5.6. Let J C {1,2,...,n— 1} and U = Uy(r;J) be a parabolic quantum OGZ
algebra and T be its Gelfand-Zeitlin subalgebra.

(i) U is a Galois I'-order in A .
(it) T is maximal commutative in U.
(iii) For any & € T there exists a canonical simple left Gelfand-Zeitlin U-module M with
ME # 0.
(iv) If J ={1,2,...,n} then for any £ € T there are only finitely many isomorphism
classes of simple Gelfand-Zeitlin U-modules M with M¢ # 0.

Proof. (i): Let .# be the submonoid of .# generated by 6* and (67°) =1 for k € [1,n—1],
a € [1,rg], 5 € J and b € [1,r;]. We show that U is a co-principal Galois I'-order in
Ky = (Lx* (,///J))G. It is easy to verify that conditions (A1)—(A5) hold for A, G and .#;
as defined in (5.1), (5.2). By Corollary 2.32, it suffices to check that (X;7)T, (X;)Jr € Jr
for all k € [1,n — 1] and j € J. Observe that multiplying (X ,:C'E)Jr by the ¢-Vandermonde
from the left clears all denominators. So the claim is immediate by Lemma 5.5 and
Lemma 2.33.

(ii): By part (i) and Proposition 2.14.

(iii): By part (i), Remark 2.30 and Theorem 3.3.

(iv): In this case .#; = .# is which is a group so the statement follows from part (i)
and the main result of [14]. O
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