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1. Introduction

This is a continuous work of our previous paper [36], where we presented some recent
results on the Weil-Petersson geometry theory of the universal Teichmiiller space, a
topic which is important in Teichmiiller theory and has wide applications to various
areas such as mathematical physics (see [4]-[5], [18], [19], [27]-[28]), differential equation
and computer vision (see [14], [15], [20]).

A sense-preserving homeomorphism ¢ of the unit circle S* onto itself is said to belong
to the Weil-Petersson class, which is denoted by WP(S?!), if it has a quasiconformal
extension to the unit disk A whose Beltrami coefficient v is square integrable in the
Poincaré metric, namely,

// lv(2)[2(1 — |2*)2dxdy < +oo. (1.1)
A

In an important paper [40], Takhtajan-Teo showed how to endow WP(S!) and its two
close relatives, the Weil-Petersson Teichmiiller space Ty = WP(S!)/Méb(S!) and the
Weil-Petersson Teichmiiller curve Ty = WP(S')/Rot(S"), with Hilbert manifold struc-
tures (see also [15], [36]). Here, M6b(S!) denotes the group of all Mébius transformations
keeping the unit disk A fixed, while Rot(S!) denotes the sub-group of all rotations about
the circle S1. In [36], we gave the following intrinsic characterization of a quasisymmet-
ric homeomorphism in the Weil-Petersson class WP(S!) without using quasiconformal
extensions, which solves a problem proposed by Takhtajan-Teo in 2006. Recall that, for
a function f defined on a subset I" of the complex plane, f’ denotes the derivative of f,
namely, for z € T,

f/(Z) = lim f(() — f(Z)

I's3¢—z (—=z

provided the limit exists, while f/(z) = 0 otherwise.

Theorem 1.1. ([36]) A sense-preserving homeomorphism g on the unit circle S' belongs
to the Weil-Petersson class WP(S1) if and only if g is absolutely continuous (with respect
to the arc-length measure) such that logg’ belongs to the Sobolev class H? on the unit
circle. Moreover, the correspondence g — log|g’| induces a homeolmorphism from the

Weil-Petersson Teichmiiller curve Ty onto the real Sobolev space HRZ /R.

It should be pointed out that the second assertion of Theorem 1.1 was stated in a
different but an equivalent way in [36] (see Theorem 8.1 in [36]). The definition of Sobolev
class will be given in the next section. In this paper, we will continue to deal with the
Weil-Petersson class WP(S). Recall that WP(S!) is modeled on the Sobolev space H?,
namely, the tangent space to WP(S?) at the identity consists of precisely the H % vector
fields A on the unit circle (see [25], [40] and also [17]). We will be mainly concerned with



Y. Shen, S. Tang / Advances in Mathematics 359 (2020) 106891 3

the flows of H? vector fields on the unit circle. It is known that the Weil-Petersson class
WP(51) can be generated by the flows of the H? vector fields on the unit circle (see [9],
[15]). Here we consider the converse problem and prove the following result, completely
solving a conjecture posed by Gay-Balmaz-Ratiu in the recent paper [15] (see page 760
in [15] and also [9]).

Theorem 1.2. Let A(t,-) € C°([0,M],H?) be a continuous vector field of Sobolev class
H3 on the unit circle S*. Then the flow curve n = g(t,-) of the differential equation

{% = Altm) (1.2)
77(0’ C) = C

is in the Weil-Petersson class WP(SY) and is continuously differentiable with respect to
the Hilbert manifold structure of WP(S') such that

() = Mgt ). (13)

Recall that the first assertion in Theorem 1.2 was already proved by the author in
[36]. In fact, we have proved

Theorem 1.3. ([36]) Under the assumption of Theorem 1.2, the flow curve g(t,-) of the
differential equation (1.2) satisfies logg'(t,-) € H?z, which implies by Theorem 1.1 that
the flow curve n = g(t,-) is in the Weil-Petersson class WP(S'), and the mapping
t— logg'(t,-) from [0, M] into H? s continuously differentiable such that

S logg'(t,) = X(t.g(t, ). (1.4)

Theorem 1.2 has several important consequences on the regularity of the Weil-
Petersson class WP(S!) and on the flows of the vector fields of Sobolev class H 3 on
the unit circle S* (see [15] and [36] for more details). It is also assumed to be useful to
the further study of the geometry of the Weil-Petersson Teichmiiller space Ty. We hope
to pursue this in a separated paper.

An open problem (see page 68 in [40]) is to give a geometric characterization of
a Weil-Petersson quasi-circle, the image of the unit circle S' under a quasiconformal
mapping which is conformal outside the unit disk A and has Beltrami coefficient in A
satisfying (1.1). A partial answer to this problem was obtained by Gallardo-Gutiérrez,
Gonzélez, Pérez-Gonzédlez, Pommerenke and Rattya [10]. A Weil-Petersson quasi-line is
defined in the same way, namely, it is the image of the real line R under a quasiconformal
mapping which is conformal on the lower plane U* and has Beltrami coefficient in the
upper half plane U being square integrable in the Poincaré metric, that is, satisfying
(2.1) below. In a forth-coming paper [39], we will endow the set of all Weil-Petersson
quasi-lines (with certain normalized condition) with a real Hilbert manifold structure
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from a geometric point of view and show that new manifold structure is topologically
equivalent to the standard complex Hilbert manifold structure given by Takhtajan-Teo
[40]. Theorem 2.3 in the next section will play an essential role in that work.

2. Weil-Petersson Teichmiiller space on the real line

In this section, we give some basic definitions and results on the Weil-Petersson Te-
ichmiiller space (see [36] and [40] for more details). As will be seen later, it is convenient
to define the Weil-Petersson Teichmiiller space and prove Theorem 1.2 in the setting of
the real line R instead of the unit circle S'. Actually, as stated at the end of the first
section, the results in the real line case, e.g. Theorems 2.2 and 2.3 below, turn out to be
very useful to the study of geometric characterizations of Weil-Petersson quasi-lines (see
[39]).

Let M (U) denote the open unit ball of the Banach space L>°(U) of essentially bounded
measurable functions on the upper half plane U in the complex plane C. For u € M (U),
let f, be the unique quasiconformal mapping on U onto itself which has complex dilata-
tion p and keeps the points 0, 1 and oo fixed. We say two elements p and v in M (U)
are equivalent, denoted by p ~ v, if f, = f, on the real line R. Then T'= M(U)/. is
known as the Bers model of the universal Teichmiiller space. We let ® denote the natural
projection from M (U) onto T so that ®(u) is the equivalence class [u]. [0] is called the
base point of T'. It is known that 7" has a unique complex Banach manifold structure
such that the natural projection ® from M (U) onto T is a holomorphic split submersion
(see [11], [21], [22]).

We denote by £(U) the Banach space of all measurable functions p with norm

1

. 1 w(z)]? )
Julhwe = Nl + | & [[ P vy ) 2= vty @1)
U

Set M(U) = M(U) N L(U). Then Ty = M(U)/~ is the complex model of the Weil-
Petersson Teichmiiller space. It is known that T has a unique complex Hilbert manifold
structure such that the natural projection ® from M(U) onto Ty is a holomorphic split
submersion (see [40] and also [36]).

It is well known that a quasiconformal self-mapping of U induces a bi-holomorphic
automorphism of the universal Teichmiiller space (see [11], [21], [22]). Precisely, let w :

U — U be a quasiconformal mapping with complex dilatation p. Then w induces an
bi-holomorphic isomorphism R,, : M (U) - M(U) as

Ro(v) = (f_‘/j‘yg_Z) ow L, (2.2)

R,, descends down a bi-holomorphic isomorphism w* : T'— T by w* o ® = ® o R,,. w*
is usually called an allowable mapping. When w is quasi-isometric under the Poincaré
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metric |dz|/y with Beltrami coefficient © € M(U), R, maps M(U) into itself and
w* : Ty — Tp is bi-holomorphic.

We denote by WP(R) the Weil-Petersson class of all increasing homeomorphisms h
of R onto itself which have quasiconformal extensions w to the upper half plane U
whose Beltrami coefficients p belong to the class M(U). We also denote by WP (R)
the sub-class of WP(R) of all mappings h with the normalized condition h(0) = 0,
h(1) = 1. Then the correspondence [u] — f,|r induces a one-to-one map I from T onto
the normalized Weil-Petersson class WP (R), which endows WPy(R) with a complex
Hilbert manifold structure (under which I is a bi-holomorphic isomorphism).

Recall that the Sobolev class H 2 (ng) on the unit circle S or the real line R is the
set of all locally integrable (real-valued) functions ¢ with

2 _ |<P
ol = g / / C dulida) < -+ (23)

where S denotes the unit circle S* or the real line R. We denote by H (Hé) the class of
all (real-valued) functions ¢ on the unit circle S* or the real line R which are locally ab-
solutely continuous such that ¢’ € Hz. As will be seen in section 8 (Theorem 8.1 below),
the tangent space to WPy(R) at the identity consists of precisely the H % real-valued
vector fields on the real line vanishing at the points 0 and 1.

We have the following result on the real line parallel to Theorem 1.2.

Theorem 2.1. Let w(t,-) € C°(0, M],Hé) be a continuous real-valued vector field on the
real line R with the normalized condition w(t,0) = w(t,1) = 0. Then the flow curve
u = h(t,-) of the differential equation

{Z—? = ;U(L;L) (2.4)

is in the normalized Weil-Petersson class WPo(R) and is continuously differentiable with
respect to the Hilbert manifold structure of WPo(R) such that

d
g ) = w(t At ). (2.5)

The following result plays an essential role in the proof of Theorem 2.1.

Theorem 2.2. Let h be an increasing and locally absolutely continuous homeomorphism
from the real line onto itself such that logh' belongs to the Sobolev class H:. Then h
belongs to the Weil-Petersson class WP(R). Moreover, the correspondence

fow et gt

wis hy: hy(z) =220 7
u u( fole“(t)dt

reR (2.6)
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induces a real analytic map ¥ from the real Sobolev space HE /R into the normalized
Weil-Petersson class WPy(R)(= I(Tp)).

Since the logarithmic derivative is not invariant under a Mdbius transformation, (the
first assertion of) Theorem 2.2 can not be deduced from Theorem 1.1 directly. We will
prove Theorem 2.2 by means of a construction due to Semmes (see [33]-[34]), which is
largely different from the approach in our previous paper [36]. Theorem 2.2 only gives
a sufficient condition for an increasing homeomorphism on the real line being in the
Weil-Petersson class WP(R). We have shown in a separated paper (see [38]) that this
sufficient condition is also a necessary one. Consequently, ¥ is a one-to-one analytic map
from the real Sobolev space H]é /R onto the normalized Weil-Petersson class WP (R).
We will show that the inverse map ¥~! is also real analytic.

1
Theorem 2.3. ¥ is a one-to-one analytic map from the real Sobolev space Hg /R onto
the normalized Weil-Petersson class WPo(R) whose inverse W1 is also real analytic.

Remark 2.1. Here is an appropriate place to point out why we first prove our main results
in the real line case and then come back to the unit circle case. As will be seen later, the
main effort of the paper is to prove the real analyticity of the map sending an H 2 function
to a Weil-Petersson homeomorphism. The proof is based on an important instruction due
to Semmes [34], which is available on the real line but not on the unit circle. On the
other hand, we have a program to study the Weil-Petersson Teichmiiller space from
several points of view. In the forth-coming work [39], we will study how the Riemann
mapping depends on a Weil-Petersson quasi-line. In [39] we need the Weil-Petersson
theory on the real line parallel to the unit circle case, which will be carried out in the
present paper. Theorem 2.3 implies that the normalized Weil-Petersson class WP (R),
the real model of the Weil-Petersson Teichmiiller space 7, can be endowed with a real
Hilbert manifold structure from Hﬂé /R by the correspondence h — logh’, which is real
analytically equivalent to the standard complex Hilbert manifold structure on 7 given
by Takhtajan-Teo [40]. This fact will play an important role in the sequel [39].

3. BMO functions

In order to prove Theorem 2.2, we need a construction concerning quasiconformal
extensions of strongly quasisymmetric homeomorphisms introduced by Semmes [33]-[34],
which relies heavily on BMO estimates (see section 4 below). In this section we recall

some basic definitions and results on BMO functions (see [13]).

1
loc

A locally integrable function v € L
and belongs to the space BMO if

(R) is said to have bounded mean oscillation

. 1
Jullowo = sup o / lu(t) — wr|dt < +oo, (3.1)
I
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where the supremum is taken over all finite sub-intervals I of R, while u; is the average

1
uy = T I/u(t)dt. (3.2)

of u on the interval I, namely,

If u also satisfies the condition

1
lim — t) —urldt =0
iy 10—t =0
1

we say u has vanishing mean oscillation and belongs to the space VMO. We can define
BMO functions and VMO functions on the unit circle in a similar way. It is well known
that H2 C VMO, and the inclusion map is continuous (see [42]). In the following, we
denote by BMOg the set of all real-valued BMO functions.

We need some basic results on BMO functions. For simplicity, we fix some notations.
C, C1, Cy - - - will denote universal constants that might change from one line to another,
while C(-), C1(+), Ca(-) - - - will denote constants that depend only on the elements put in
the brackets. The notation A < B means that there is a positive constant C' independent
of A and B such that A/C < B < CA. The notation A < B (A 2 B) means that there
is a positive constant C' independent of A and B such that A < CB (A > CB). By
the well-known theorem of John-Nirenberg for BMO functions (see [13]), there exist two
universal positive constants C; and Cs such that for any BMO function u, any subinterval
I of R and any A > 0, it holds that

[t e Tefutt) —ul =M _ (o (—C‘M> (3.3)

|I| HUHBMO

By Chebychev’s inequality, we obtain that for u with ||ul|smo < Ca,
(oo}
1 [lu—ur| 1 A
T (e ’—1)dt:m HteTl:|u—ur| >A}Hd(Ee"—1)
T

/e)‘ exp < G2 ) d\ (3.4)
/ [ullzymo

CilullBmo
~ Cy — [lullBmo

Similarly, for any p > 1 we have

1
i [ =i < Colulfye (3.5)
1
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Lemma 3.1. Let ¢ be a C* function on the real line which is supported on [—1,1] and
satisfies fR d(z)dx = 1. Set ¢y(x) =y 'o(y~'z) fory >0, and

by xv(x) = /gby(x —t)u(t)dt. (3.6)
R
Then it holds that
|y * | =< |e¢y*"| (3.7)

when ||ullpmo s small.

Proof. Lemma 3.1 appears in [34]. For completeness and for convenience of later use,
we write down the detailed proof here. Actually, besides Lemma 3.1 itself, the following
inequalities (3.8) and (3.9) will also be used in the proof of Theorem 2.2.

For z € R and y > 0, consider I = [z — y,x + y] so that

Since [p ¢(x)dx = 1, which implies that [ ¢, (x)d2z = 1, we obtain

1
|0y * u(x) = ur| = |y * (u—ur)(z)| < C(¢)m / u(t) — urldt < Jlullmo.  (3.8)
T
Since |e* — 1| < |ze*| < |z|el*], we have
L[ gt =y u() L[ e =gyu()
T |0 —1]dt < T |07 [u(t) — by * u(x)|dt
T T
|6u17¢y*u(m)| )
< g [ 1O () =+ s = 0+ ).
T

Using Holder inequality, we conclude from (3.4), (3.5) and (3.8) that

1 —py *
o [ e —1jat < o (3:9)
1

when ||u||pmo is small. Noting that

by * €'(z) — ePr@) = gPuru@) gy (eumdurul@) _1)(z),
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we obtain
|6y * € (x) — ePr @] = e gy x (=P —1)(2)]

< e‘b”'%“(m/eu(t)wu(m) 1,
I

which implies by (3.9) the required relation (3.7). O
4. Semmes’ construction revisited

We begin this section with a basic result of Coifman-Meyer [6]. For v € BMO on the
real line, set

Jy e Wt

JoZ T L eR. 4.1
Jy en®dt ! “1)

Yu(2) =

Coifman-Meyer [6] showed that =, is a strongly quasisymmetric homeomorphism from
the real line R onto a chord-arc curve I';, = v, (R) when ||u||gmo is small. If; in addition,
u is real-valued, then =, is a strongly quasisymmetric homeomorphism of R onto itself.
Recall that a sense preserving homeomorphism i on R is strongly quasisymmetric if it is
locally absolutely continuous so that |h’| belongs to the class of weights A introduced
by Muckenhoupt (see [13]) and it maps R onto a chord-arc curve passing through the
point at infinity (see [34]).

In an important paper [34], Semmes showed that, when ||u|gmo is small, 7, can be
extended to a quasiconformal mapping to the whole plane whose Beltrami coeflicient
satisfies certain Carleson measure condition. To be precise, let ¢ and ¥ be two C'*°
real-valued function on the real line supported on [—1,1] such that ¢ is even, 1 is odd
and [p p(z)dz =1, [p ¢p(x)zde = 1. Define

p(,y) = pu(®,y) = oy xyu(z) —ithy xyu(z), 2z2=2+iyeU. (4.2)

Semmes proved that p is a quasiconformal mapping from the upper half plane U onto the
left domain bounded by I',, when ||u||gmo is small. Furthermore, when wu is real-valued,
p is a quasiconformal mapping of U onto itself and is quasi-isometric under the Poincaré
metric |dz|/y. In fact, there exist two C*° functions a and 8 on the real line which are
supported on [—1,1] and satisfy [p a(x)de =0, [ B(x)dz =1 such that

0p(z) = ay xe"(x), Op(z) = Py xe"(x), z=xz+iyeU. (4.3)

It follows from Lemma 3.1 that the Beltrami coefficient u of p satisfies



10 Y. Shen, S. Tang / Advances in Mathematics 359 (2020) 106891

_Boa)| _ oy (@)
0p(2)] By x " (x)]
oy (@)

(=)

= fay x e A )

= Jay * (" Pve@) — 1)(x)] (4.4)
z+y
< i / |eu(t)—6y*u(x) —1)|dt
2y
T—y
S llullsmo

if |u|lpmo is small, by (3.9).
5. Proof of Theorem 2.2 (first part)

We first prove the following result.

Lemma 5.1. There exists some universal constant § > 0 such that, for any u € H? with

||u||H% < 0, the mapping p = p, defined by (4.2) is quasiconformal whose Beltrami
coefficient p satisfies ||ullwp < [lull 3 and thus belongs to the class M(U).

Proof. By the continuity of the inclusion H LR BMO, we conclude that there exists
some universal constant § > 0 such that, for any u € H? with ||u\|% < 4, the mapping
p = py defined by (4.2) is quasiconformal. It remains to show that u € M(U).

For z =z +1iy € U, set I =[x — y,z + y] as before so that

Noting that [ a(z)dz = 0, and |e* — 1| < |ze*| < |z]el*], we conclude by (4.3) that

o) =lay x e"(a)| = | [ (o= e
R

= /ay(x — 1) (e — ev(®))dt

R

= /ay(x —t)(eO7u@) _ 1)eul@) gy
R




Y. Shen, S. Tang / Advances in Mathematics 359 (2020) 106891 11

< [laye = B)llu(t) - (o)l
R

1
S [ 1o = u@)ielar
I

On the other hand, since f]R x)dz = 1, we conclude by Lemma 3.1 and (4.3) that

10p(2)] = |B, * €“(x)] = ||,

Thus,

Ip(
|M(Z)\ _ :ap z / ||eu(t) ﬂy*u(x)ldt
p(z)
I

By Holder inequality, we conclude by (3.9) that

1 u — *u(x
WP S oz [ Iult) = uta)Pae [ e P ar
1 1
1 2
S g7 [ 1t = ata)ae 6.
1

y
< e / lu(t + ) — u(z)|*dt.
Y
—y

Consequently,
[ s ] 5
U U -
:/OO 70 /|ut—|—x ) — ()Pt
—0 0
= +/°°d$ 703—2 /y(|U($ +t) = u(@)? + u(e — 1) — u(@)?)dt
—o0 0 0
/Oodx / lu(x +t) —u(2))® + [u(z — t) — u(z)|*)dt 7005—3 (5.2)
+o0  +oo
- [ [ s =0 e,

—o0 0
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2¢2

o0 +oo
- [ [l el

< Jlul?;. ©
H?2

Corollary 5.1. Let h be an increasing and locally absolutely continuous homeomorphism
from the real line onto itself such that | log h’HH% < §. Then h can be extended to
a quasiconformal mapping to the upper half plane which is quasi-isometric under the
Poincaré metric |dz|/y and has Beltrami coefficient in M(U). In particular, h belongs
the Weil-Petersson class WP(R).

To prove (the first part of) Theorem 2.2, we will decompose a homeomorphism h with
finite || log b’ ||H 1 into homeomorphisms h; with small norms || log A HH 1 - We need some
preliminary results. The first is about the pull-back operator induced by a quasisymmet-
ric homeomorphism. Recall that an increasing homeomorphism A from the real line onto
itself is said to be quasisymmetric if there exists a (least) positive constant C(h), called
the quasisymmetric constant of h, such that |h(I1)| < C(h)|h(I2)]| for all pairs of adjacent
intervals I; and I on R with the same length |I;| = |I2|. A strongly quasisymmetric
homeomorphism is obviously quasisymmetric. We have the following well-known result.

Proposition 5.1. ([3], [2/]) Let h be an increasing homeomorphism h from the real line
onto itself. Then the pull-back operator Py, defined by Pyu = wo h is a bounded operator
from H? into itself if and only if h is quasisymmetric.

Lemma 5.2. Let h be an increasing and locally absolutely continuous homeomorphism
from the real line onto itself such that || log h’||H% < oo. Then h is strongly quasisym-
metric.

z—i
z+1
onto the unit disk A. Since logh’ is in H? on the real line, logh’ o

from the upper half plane U
-1

Proof. Consider the Cayley transformation ~(z) =
isin H2 on the
unit circle and consequently in VMO on the unit circle, which implies that logh’ o y~!
can be approximated by a sequence of bounded functions (u,) on the unit circle under
the BMO norm (see [13]). Thus, logh’ can be approximated by the bounded functions
u, 0y on the real line under the BMO norm. By Lemma 1.4 in [26] stating that an
increasing and locally absolutely continuous homeomorphism g from the real line onto
itself is strongly quasisymmetric if log ¢’ can be approximated by bounded functions on

the real line under the BMO norm, we conclude that h is strongly quasisymmetric. 0O

Proof of Theorem 2.2 (first part). Let h be an increasing and locally absolutely continu-
ous homeomorphism from the real line onto itself such that log b’ belongs to the Sobolev
class Hz. Without loss of generality, we assume h(0) = 0. For each real number ¢ € [0,1],
set
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ha(x) = /(h’(s))tds, z€R. (5.3)

Then h; is an increasing and locally absolutely continuous homeomorphism from the real
line onto itself with hg = id, hy = h, and log h} = tlogh’, which implies by Lemma 5.2
that h; is strongly quasisymmetric. Noting that for any fixed ¢ € [0, 1],

| og(hy o b 'Y,y = lI(log hy —log k) o My = |s — tl[[ Py log W] 3.

we conclude by Proposition 5.1 that there exists a neighborhood I; such that || log(hs o
hty ||H% < 6 when s € I;. By compactness, we conclude that there exists a sequence of

finite numbers 0 = tg < t1 <t < -+ < t, < tpy1 = 1such that || log(ht].Oh;j}rl)’HH% <0
for j =0,1,2,--- ,n — 1,n. Since WP(R) is a group,’ and

hil = (hto © ht_ll) © (hh Oht_zl) 00 (htn oh_l )7

tn+1

we conclude by Corollary 5.1 that h € WP(R). O

6. Proof of Theorem 2.2 (second part) and Theorem 2.3

1
Lemma 6.1. Let Hy = {u € H? : ||uHH% < 0}, where & is the universal constant

1
obtained in Lemma 5.1. For v € Hg, let A(u) denote the Beltrami coefficient for the
1
quasiconformal mapping p, defined by (4.2). Then A : H? — M(U) is holomorphic.

Proof. Since A is bounded in H 6% , it is sufficient to show that, for each fixed pair of (u,v)
1 -

withu e H, v e Hz, A(t) = A(u+ tv) is holomorphic in a small neighborhood of t = 0

in the complex plane. To do so, choose

5 ull,

0<e< 2
2[lvll 3

so that u +tv € H(;% when |t| < 2e. We conclude by (4.3) that A(t)(z) is holomorphic in
[t| < 2e for fixed z € U. For |tg] < ¢, |t| < ¢, Cauchy formula yields that

A -At)z) _d, 5 |_|tto| / MOG)

T g O) = S, Coc-wr

L Cui [7] first proved that WP(S'), WP(S')/ Rot(S') and WP(S')/Mob(S') are all groups (see also [40]).
This can also be seen by means of Theorem 1.1 and Proposition 5.1. Consider the Cayley transformation
z—1

v(z) = Z77 from the upper half plane U onto the unit disk A. Then the correspondence g — h = ~y logoy

induces a one-to-one from WP(S')/Rot(S') onto WP(R) when WP(S')/ Rot(S') is considered as the
sub-class of WP(S!) of all mappings h with h(1) = 1. This already implies that WP(R) is also a group.
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[t — tol

<5 [ RO,

I¢l=2€

Thus, by (4.4),

t—t -
<‘2W630| / IA(Q)looldC| < C(u, )|t —tol,

e [Cl=2€

2

A(t)(2) — Alto)(2) _d dxdy

P— ahzto[‘(t)(z)

2

<l // / Q@] | dady

¢l=2¢
U |¢]|=2¢
t —to|?
= // O 10,
I¢l=2¢ U
< Clu,v)|t —to|*.
Consequently, the limit
A —Ay) X
Jm —=— o pr 0

exists in M(U) and A : Hé — M(U) is holomorphic. O

To complete the proof of (the second part of) of Theorem 2.2, we need to use the
allowable maps introduced in section 2. Let hg € WPy(R) be a normalized mapping in
the Weil-Petersson class. Then gy = 7 o hg o v~ ! belongs to the Weil-Petersson class
WP(S1) on the unit circle, where y(z) = j—jrz is the Cayley transformation from the
upper half plane U onto the unit disk A. Cui [7] showed that the Douady-Earle [8]
extension DFE(gg) of go is a quasiconformal mapping of the unit disk onto itself whose
Beltrami coefficient satisfies the condition (1.1). Set wy = v~ o DE(go) o . Then wyq
is a quasiconformal extension of hg with Beltrami coefficient pg € M(U). Since the
Douady-Earle extension DE(gg) is quasi-isometric under the Poincaré metric |dz|/(1 —
|2]2) (see [8]), wp is quasi-isometric under the Poincaré metric |dz|/y. Thus wq induces an
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allowable map wyg : Ty — Tp which is a bi-holomorphic isomorphism. Now hg induces a
one-to-one mapping Ry, : WPo(R) — WP (R) which sends h to hohg*. Clearly, it holds
that I o w§ = Rp, o I, which implies that Rp, : WPo(R) — WP,(R) is bi-holomorphic.
On the other hand, when loghy € H %, ho also induces a bi-holomorphic isomorphism
Ly, : H2JC — Hz/C defined by

Lpyu = (u—loghy) o hy't.

1
When restricted to Hg /R, both Ly, and its inverse are real analytic. Clearly, Ry, :
1 1
WPy(R) — WPy(R) and Ly, : Hg/R — Hg /R are related by Rp, o ¥ = Vo Ly,.
Summarizing these, we obtain

1
Lemma 6.2. In order to prove that ¥ : Hg /R — WPy(R) is real analytic, it is sufficient
to show that ¥ is real analytic near the base point.

1 1
Proof of Theorem 2.2 (second part). Since ¥ = Io®oA on (Hy NHg)/R, we conclude
by Lemma 6.1 that W is real analytic near the base point. Combining this with Lemma 6.2
completes the proof of Theorem 2.2. A direct computation shows that the differential of

1
U at a point v € Hg /R is the linear operator

1 T 1 T

1
Vi ———————— /e“(t)dt/e“(t)v(t)dt—/e“(t)u(t)dt/e“(t)dt (6.1)
1,
(fo eu(t)dt) 0 0 0 0

1
forve HZ/R. O

Proof of Theorem 2.3. As stated in section 2, ¥ is a one-to-one map from the real
Sobolev space H]I% /R onto the normalized Weil-Petersson class WPy(R). Now ¥ is real
analytic, and its derivative d, ¥ : HH% /R — HE (0,1) o U(u) is given by the linear opera-
tor (6.1). Here, HE (0,1) is the set of all real-valued H 2-functions w with the normalized

conditions w(0) = w(1) = 0. Recall that Hé (0,1) is the tangent space at the base point
of the normalized Weil-Petersson class WPo(R) (see Theorem 8.1 below), which im-
plies that H]é (0,1) o U(u) is the tangent space at the point ¥(u) of WP((R). Clearly,
d,V: HH% /R — Hé (0,1) o ¥(u) is invertible. In fact, for each w € Hé (0,1) o ¥(u),

1
/
(W) wo(z) = /eu(t)dt ‘:u((f)) zeR. (6.2)

0

Now the invertibility of d, ¥ implies that the inverse mapping U~! is also real analytic
by the implicit function theorem. O



16 Y. Shen, S. Tang / Advances in Mathematics 359 (2020) 106891

Remark 6.1. Theorem 2.3 says that, with the standard real Hilbert manifold structure of
Hﬂé /R, U is a one-to-one analytic map from Hﬂé /R onto the normalized Weil-Petersson
class WP((R) whose inverse ¥~! is also real analytic. Therefore, there exists a unique
complex Hilbert manifold structure on HH% /R such that ¥ is a bi-holomorphism from
H]I% /R onto WP (R). This complex Hilbert manifold structure on HH% /R can be assigned
as follows. For u € H]é /R, define

JE et

0 zeR
JFentt)dt

hu(x) =

as before. By the well-known conformal sewing principle (see [1], [21], [22], [36], [40]),
there exists a pair of quasiconformal mappings f,, g, on the whole plane C which satisfies
the following properties:

(1) Both f, and g, fix the points 0, 1, and oo;

(2) fu = gu © hy on the real line;

(3) fu is conformal in the lower half plane U*, with Beltrami coefficient p1 in U being
square integrable in the Poincaré metric, that is, uy € M(U);

(4) gy is conformal in the upper half plane U, with Beltrami coefficient po in U* being
square integrable in the Poincaré metric, that is, uz € M(U*).?

Let D(U*) denote the Dirichlet space of functions ¢ holomorphic in U* with semi-norm

1

2

1 /
I6low) = | 5 [[ 16/ dody
U*

1
Then the correspondence u — log f,, induces a one-to-one map from Hg /R onto a con-
1
nected open subset in D(U*)/C, which endows Hg /R with a complex Hilbert manifold

structure. Under this complex Hilbert manifold structure, ¥ is a bi-holomorphism from
1
Hg /R onto WP((R). For more details, see [40] and also [36]. Theorem 2.3 says that
1
this complex Hilbert manifold structure on Hyg /R is compatible with the standard real

1
Hilbert manifold structure Hg /R, which is obtained by the standard way under the
semi-norm (2.3).

7. Proof of Theorems 1.2 and 2.1

We first point out the following analogous result to Theorem 1.3. A detailed proof can
be found in our paper [16].

2 M(U*) can be defined in the same manner as M(U).
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Theorem 7.1. Under the assumption of Theorem 2.1, the flow curve h(t,-) of the dif-
1
ferential equation (2.3) satisfies logh'(t,-) € HE and the mapping t — logh'(t,-) from
1
[0, M] into Hg is continuously differentiable such that

% logh/(t,-) = w'(t, h(t,)). (7.1)
Proof of Theorem 2.1. Since the vector field w(t,-) satisfies the normalized condition
w(t,0) = w(t,1) = 0, the flow curve h(t,-) of the differential equation (2.4) satisfies
the condition h(t,0) = h(¢,1) — 1 = 0. Then it holds that h(t,-) = ¥(logh'(t,)). Con-
sequently, h(t,-) is in the normalized Weil-Petersson class WP((R) and is continuously
differentiable with respect to the Hilbert manifold structure of WP (R) by Theorems 2.2
and 7.1. Now since h(t, ) is a smooth curve in the Weil-Petersson class WP (R), we have

d 0
(he)) @ = g (a0,

which implies (2.5) from (2.4). O
Proof of Theorem 1.2. Without loss of generality, we may assume that the vector field

A(t, ) satisfies the normalized condition A(¢,1) = A(t,—1) = A(t,—i) = 0 so that the
flow curve g(t,-) of the differential equation (1.2) satisfies the condition g(¢,1) = 1,

g(t,—1) = —1, g(t, —i) = —i. Consider as above the Cayley transformation v(z) = Z;
from the upper half plane U onto the unit disk A. Set
At,~(u)
w(t,u) = ——==, ueR, 7.2
() = 250 (7.2
and
h(t,z) =~y tog(t,y(z)), z=eR. (7.3)

By Corollary 8.1 below, we see that w(t,-) € C°([0, M], Hé) is a continuous real-valued
vector field on the real line R with w(¢,0) = w(t, 1) = 0. A direct computation yields
that h(t,-) is the flow curve of the differential equation

{‘é—é‘ = w(t,u)

u(0,2) = x.

By Theorem 2.1, h(t,) is in the normalized Weil-Petersson class WPy(R) and is con-
tinuously differentiable with respect to the Hilbert manifold structure of WPo(R) such
that
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ih(t, ) =w(t, h(t,)). (7.4)
dt

Noting that the correspondence g +— h = 7! o g o~ is a real analytic diffeomor-

phism from T, = WP(S!)/Méb(S') onto WPo(R), we conclude that g¢(t,-) is in

To = WP(S1)/Méb(S!) and is continuously differentiable with respect to the Hilbert

manifold structure of Ty = WP(S')/Mo6b(S!). Finally, (1.3) follows from (1.2) immedi-

ately. O

8. Appendix: on the tangent space to WPq(R)

The tangent space to the universal Teichmiiller space is well understood (see [11],
[12], [23], [32]). In this section, we will deal with the tangent space to the Weil-Petersson
Teichmiiller space, showing some results which have been used in previous sections and
have independent interests of their own.

Recall that a complex-valued function F' defined in a domain 2 is called a quasicon-
formal deformation (abbreviated to q.d.) if it has the generalized derivative OF such
that OF € L>(Q). There are several reasons for being interested in quasiconformal
deformations because of their close relation with quasiconformal mappings and Teich-
miiller spaces (see [1], [11], [12], [22], [32], [41]) and also of their own interests (see [2],
[17], [29]-[30], [31], [35], [37]). The notion of quasiconformal deformation is also closely
related to the Zygmund class A, in the usual sense (see [43]). Reich-Chen [31] proved
that any Zygmund function g € A, on the unit circle has a quasiconformal deformation
extension to the unit disk and conversely, any continuous function g on the unit circle
which has a quasiconformal deformation extension to the unit disk must belong to the
Zygmund class A, if g also satisfies the condition Rijg(n) = 0 for all n € St. We will
need the following result. A proof of Proposition 8.1 may be founded in our paper [17].

Proposition 8.1. Let g be a continuous function on the unit circle with the normalized
condition Rwg(w) = 0 on S*. Then g € H3 if and only if g can be extended to a
quasiconformal deformation g to the unit disk so that

/ 10G(w)|?(1 — |w|*) " 2dudv < +oc. (8.1)
A

Proposition 8.1 implies that the tangent space to WP(S') at the identity consists of
precisely the H? vector fields A on the unit circle (see [25], [40] and also [17]), a fact
which was already pointed out in section 1. In this section, we will prove the following
analogous result.

Theorem 8.1. The tangent space to WPo(R) at the identity consists of precisely the H3
real-valued vector fields f on the real line with the normalized condition f(0) = f(1) = 0.
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By the standard Ahlfors-Bers theory of quasiconformal mappings, Theorem 8.1 follows
from the following result immediately.

Theorem 8.2. Let f be a real-valued continuous function on the real line. Then f € H3
if and only if f can be extended to a quasiconformal deformation f to the upper half
plane so that f(z) = o(2?) as z — oo and

// 0f(2)|2y 2dzdy < 400, 2=z +iy. (8.2)
U

We sketch the standard proof how Theorem 8.1 is deduced from Theorem 8.2 (see
[12], [41]). Suppose we are given a curve of Weil-Petersson class mappings h'(z) (t > 0
is small) normalized to fix 0 and 1, which is the identity for ¢ = 0 and differentiable with
respect to t for the Hilbert manifold structure on WPy(R) = I(Tp). Denote

hi(z) =z + tf(x) + o(t), t—0.

Since the natural projection ®:M(U) — Tj is a holomorphic split submersion, we con-
clude that there is a differentiable curve of Beltrami coefficients v, € M(U) such that
h' is the restriction to the real line of the normalized quasiconformal mapping f,,. Now
there exists some p € £(U) such that

Vg = t,u + O(t)
Consequently,

fu, (2) = z + tf[u](2) + o(t), t— 0.

Here f[u] satisfies the normalized conditions f[u](0) = f[u](1) = 0, flu)(z) = o(z?) as
2 — 00, and is uniquely determined by the condition 8f[u] = p (see [12]). Noting that
f = flu]|r, we conclude by Theorem 8.2 that f € H3.

Conversely, suppose we are given a function f € H 3 satisfying the normalized condi-
tion f(0) = f(1) = 0. By Theorem 8.2 again, we deduce that f can be extended to the
upper half plane to a quasiconformal deformation f with d—derivative u = df € £(U)
and f(z) = 0(2?) as z — co. Set py = tu for small ¢ > 0. Then

fu (2) = 2+ tflu](2) + o(t), t— 0.

Noting that both f[x] and f satisfy the normalized conditions f[u](0) = f[u](1) = 0,
flu](2) = 0(2?) as z — oo, and have the same d-derivative u, we conclude that f[u] = f.
Then,

fun(2) = 2+ tf(2) + o(t), t—0.
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Set h' = f,,|r. Then it holds that
hi(z) = x +tf(z) + o(t), t—0,

which implies that h' is a differentiable curve in WPy(R) = I(T,) with the tangent
vector f.

Before giving the proof of Theorem 8.2, we point out the following corollary, which
was already used in the proof of Theorem 1.2.

Corollary 8.1. Let g be a continuous function on the unit circle with the normalized
conditions g(1) = 0, and Rwg(w) = 0, and v(z) = z—jrz be the Cayley transformation
from the upper half plane U onto the unit disk A. Set f = (go~)/y so that f is a
continuous real-valued function on the real line with the normalized condition f(x) =
o(2?) as v — oco. Then g € H2 on S if and only if f € H? on R.

Proof. For a q.d. extension § of g, f = (§jo~)/v is a q.d. extension of f with the
normalized condition f(z) = 0(2?) as z — oo, and vice versa. Moreover, it holds that

f =(0go7)

| =]

s

2

Since 9 satisfies (8.1) if and only if Of satisfies (8.2), this corollary follows directly from
Proposition 8.1 and Theorem 8.2. O

Now we begin to prove Theorem 8.2. We first recall the following well-known result
(see [42]).

Proposition 8.2. Let ¢ be analytic in the unit disk. Then it holds that
[ tetw)Pauae = o) + [ [16/w)P 1 - P Pdude (53)
A A

We show that a similar result also holds on the upper half plane.

Proposition 8.3. Let i be analytic in the upper half plane with ¥ (c0) = 0. Then it holds
that

[ wepdsdy = [[1w)PyPazay, ==t (5.4

U U

Proof. Suppose first that [[ [¢(2)[?dzdy < 4o00. Let v(z) = 274 be the Cayley
transformation from the upper half plane U onto the unit disk A as before. Set

¢ = (¢ oy ) (y~1). Noting that
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¢/ _ (,(/}/ 07—1)(7—1)/2 +¢ 07_1(7_1)1/7

we obtain by Proposition 8.2 that
[ 1w @pypasay
U
_ _ 2
= [[16 o v DY P~ ol Pduds
A
S [[01 + 1w ey G Y P - [0 Pduds
A

/ 2(1 _ |wl?)2 W) 12 dudo
Sé/(lsb(w)l (1= w[?)” + |p(w)[")dud

< / / |6(w)[2dudo
A

- / / [6(2) Pdedy.
U

Here we have used the relation

21

Conversely, suppose that [ [¢/(2)]*y*dzdy < +oc0. Then we have the following

reproducing formula (see [11]):
12 2,1,
P(2) = — // %dudv, w = U+ v,
U
or equivalently,

w(z):%//%dudv, w=u+ 1.
U

Now for any holomorphic function ¢ in the upper half plane with [[; [¢(z)[2dzdy < +oo,

we have

J[5@ee)dady
U
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_ / / / / v (w) w);;))gz dudvdzdy
_;// V2 (w)dudv // %dﬂ@
U U

+o0 +oo+iy

_%4/v2mdudvo/dy / (Z;‘OZ_(TZ)Wdz

—oo+1y

—+oo

—4i / / 02 (w)dudv / ¢" (2iy + w)dy
= 2//v P (w)' (w)dudv,

which implies by what we have proved in the first part that

(=)

2

P(2)p(z)dzdy| <4 [0’ (2)|*y* dady | (2)|2y*dady
[ 54 oo
s [[w@pitisay [[ 1P
U U

Consequently,

// (=) [Pdady < / W (=) PyPdedy. O
U U

Now suppose that f is a real-valued continuous function on the real line, and there
exists some constant o < 2 such that f(t) = O(|t|*) as t — co. Following Reich [29], set

_ 2241 f(®)
Af(z) = pe / (t—z)(t2+1)dt’ zeU, (8.5)
and
(z—2)° 7 f@)
Hfz) = E _/( it el (8.6)

Clearly, Af is analytic on the upper half plane U, and
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+oo
(Af)"(z) = % / (tji(ti)4dt, z€U. (8.7)

— 00

Reich [29] showed that H f is a C'™° extension of f to U, and
BHS)(2) = —*(AF)7 (), z=a+iye . (5.5)
He also showed that R(Af) is continuous extension of f to U (see also [37]).

Lemma 8.1. Let f be a real-valued continuous function on the real line with the normalized
condition f(t) = O(|t|*) as t — oo for some constant a < 2. Then f € H? if and only if

[[1an @p sy, 2 =o+in 59)

Proof. Recall that a function w on the real line belongs to the class H 3 if and only if
there exists some harmonic function @ on the upper half plane with boundary values
w and has finite Dirichlet integral [[;(|0@|* 4 [0&]?) < +oo. Consequently, under the
assumption of the lemma, f € H? if and only if [ w I(Af") = (Af') (00)|* < +00, which
is equivalent to (8.9) by Proposition 8.3 due to the fact that (Af)” = (Af")". O

Proof of Theorem 8.2. Let f € H % be a real-valued continuous function on the real line.
Then we conclude by (8.8) and Lemma 8.1 that H f is the required quasiconformal defor-
mation extension of f to the upper half plane. Conversely, suppose f can be extended to

a quasiconformal deformation f to the upper half plane so that f(z) = o(2?) as z — o
and (8.2) holds. Then it holds the following equality (see [29] and also [37]):

(Af)"(z) = // dudv z=x+iy e U. (8.10)

A direct computation shows that (8.9) holds by means of (8.2) and (8.10). In fact, by
(8.10) we obtain

i< 8 [ [ = 2 [

which implies by (8.2) that

//| (AS)" () 2y dedy < 20 /// |if_ BT dudvdady
/ / |0f (w)? / / gy dedydudy
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= [[ 105y 2dude < oo, w=utiv
U

We conclude that f € H 3 by Lemma 8.1 again. O
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