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We count the algebraic numbers of fixed degree by their
w-weighted [p,-norm which generalizes the naive height, the
length, the Euclidean and the Bombieri norms. For non-
negative integers k, [ such that k4 2] < n and a Borel subset
B C R x C!_ denote by ®, w,k,:(Q, B) the number of ordered
(k+1)-tuples in B of conjugate algebraic numbers of degree n
and w-weighted [,-norm at most Q. We show that

lim ép,w,k,l(QvB) _ VOln+1(IBzT)L,tV1)
Qmee Qi 2(n+1)

/Pp,w,k,l(’@ z)dxdz,
B

where Vol,11(BpE}!) is the volume of the unit w-weighted
lp-ball and pp w,k,; Wwill denote the correlation function
of k real and [ complex zeros of the random polynomial

i Z—”]zj , where 7, are i.i.d. random variables with density
cpe” 11" for 0 < p < oo and with constant density on [—1,1]
for p = oo. If the boundary of B is of Lipschitz type, we also
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estimate the rate of convergence. We give an explicit formula
for pp,w,k,1, which in the case k42l = n has a very simple form.
To this end, we obtain a general formula for the correlations
between real and complex zeros of a random polynomial with
arbitrary independent absolutely continuous coefficients.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

What is the distribution of algebraic numbers of a given degree n? To answer this
question, we first need to define a suitable notion for it. For discrete sets like e.g. infinite
subsets of integers one is lead to consider asymptotic relative densities of such sets in
intervals of integers [1, N| in the large N limit. Clearly, this direct approach does not
work for algebraic numbers (real or complex), since any domain contains an infinite
number of them (even for a fixed degree n). A possible solution is the following classical
ordering of algebraic numbers by the concept of height. Let Q denote the field of (all)
algebraic numbers over Q. A function h : Q — R is called a height function if for any
n € Z, and @ > 0 there are only finitely many algebraic numbers « of degree n such
that h(a) < Q. Note that usually it is required (and we will always assume this) that
h(a’) = h(w) for all conjugates of a.

Having defined h, we are interested in the asymptotic number of o € Q of degree n
lying in a given subset B of R or C such that h(a) < @ as @ — oco. More generally,
for k = 1,...,n, one would like to determine the asymptotic behaviour of the number
of k-tuples (aq,...,ax) € By X -+ X By of conjugate algebraic numbers of degree n and
height at most Q) as Q — oc.

In this paper, we consider the so-called weighted l,-heights (p € (0, cc]).

We would like to emphasize that throughout this paper the degree n of polynomials,
algebraic numbers, etc. is fized.

Section 2 contains some basic notation. In Section 3 we describe the problem of count-
ing vectors with algebraic coordinates and formulate the main number-theoretical results
of the paper. Section 4 gives a necessary account of related topics in random polyno-
mials. There we formulate the principal result relating distributions of zeros of random
polynomials and algebraic numbers. In Section 5 we state several explicit formulae for a
function which plays the role of the joint distribution functions for conjugate algebraic
numbers. Sections 6—8 contain the proofs of our statements.

2. Basic definitions

Given a polynomial ¢(2) := ag + a1z + -+ + a,2™ and a vector of positive weights
w = (wp, w1, . ..,w,) define the w-weighted [, w-norm of ¢ as
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(i lwiail)", 0 < p < oo;
I [ ] — i—0 |Wils ) p 5
pwld] -
maXop<i<n wi‘ai|a p = 0.

Although it is not a real norm for 0 < p < 1, all our results remain true in this case as
well.

In the non-weighted case w = 1, this notion generalizes the naive height (p = c0), the
length (p = 1), and the Euclidean norm (p = 2):

=0

n n 1/2
Hg) == max |ai|, Ll := ) lail, |l = <Z a?) :
- =0

An important weighted example is the Bombieri p-norm:

alp = (Z (”)||> "

Denote by Bt ! the (n + 1)-dimensional unit I, w-ball:
Bt = {(ao, csan) € R Mwa)P < 1} : (1)
i=0

Using the well-known formula for the volume of the (non-weighted) unit Z,-ball B} we
have

41 2n+ll—\(1+l)n+1
Vol B P < 0
Voln1(Bp &) = % = wowl_;—.iwnF(le%)’ b T (2)
C Wy 9 ’ b= o
WOWT ... Wn,

Let Ppw(Q) denote the class of integral polynomials (polynomials with integer coef-
ficients) of degree n and the I, -height at most Q:

Pow(Q) :={q € Zz]: deglg] = n, Ipwlg] < Q}.

We say that an integral polynomial is prime, if it is irreducible over Q, primitive (the
greatest common divisor of its coefficients equals 1), and its leading coefficient is positive.
Denote by P; ,(Q) the class of prime polynomials from P, w(Q):

Py w(Q) :={q € P, w(Q): q is prime}.

The minimal polynomial of an algebraic number « is the (unique) prime polynomial
g such that ¢(a) = 0. We put by definition

lpwla] = lp wlal-
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The other roots of ¢ are called the (algebraic) conjugates of a.
3. Distribution of algebraic numbers

We would like to study the joint distribution of several conjugate algebraic numbers of
degree n and bounded height. What is the natural configuration space for this problem?
Consider a prime polynomial of degree n. Some of its zeros are real, and the rest are
symmetric with respect to the real line. Thus we may neglect the zeros lying in C_. Fix
some integer numbers k,l > 0 such that 0 < k + 2l < n.

For a measurable set B ¢ R* x C l+ and the height function /,. denote by
D, wk,1(Q, B) the number of (k + I)-tuples (a1, ..., b1,...,5) € B of distinct num-
bers such that for some ¢ € P ,(Q) it holds

q(ar) = -+ =qlar) = q(B1) = --- = q(B) = 0.

Essentially @, w.x.1(Q, B) denotes the number of ordered (k +[)-tuples in B of conjugate
algebraic numbers of degree n and height I, + at most Q.

We always assume that B is measurable and its boundary 0B has Lebesgue measure
0. Our aim is to show that there exists a non-trivial limit

lim (I)p,w,k,l(QaB) (3)
Q—00 Qn+1

and to find its exact value.

Theorem 3.1. For p € (0,00], a fized positive vector w = (wg, w1, ..., wy), and some

integer numbers k,l > 0 such that 0 < k + 21 < n, there exists a function ppw i, :
RF x Ci — Ry such that for any measurable B C RF x Ci with the boundary having
Lebesgue measure 0 we have

lim D) w1 (Q, B) _ Vol 11 (Bt
Q—o0 QM+ 2¢(n+1)

/pp,wk,l(x,z)dxdz,

B

where the formula for Vol 1(Byt!) is given in (2). The expression for pp ki (x,z) will
be given in Corollary 5.0.

Provided that 0B is smooth enough we are able to estimate the rate of convergence
in (3) as well. To clarify what we mean by “smooth enough” we need the following
definition (see [45, Definition 2.2]).

Definition 3.2. We say that S C R is of Lipschitz class (M, L) (S € Lip(M, L)) if there
exist M maps ¢1,..., ¢ : [0,1]971 — R? satisfying a Lipschitz condition

|¢l($) _¢z(y)| < le - y| for T,y € [07 1]d_1? i = 17~-~7M7
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such that S is covered by the images of the maps ¢;.

Remark 3.3. It is clear that if in the Definition 3.2 we replace the domain [0, 1]¢~! by an
arbitrary parallelepiped, then S is still of Lipschitz class with some different parameter L.

This definition can be naturally extended to subsets of R4 x C?2 as well by considering
them as images under the standard isometry between R% x C% and R%+2d2,

Theorem 3.4. Suppose that the boundary of B is of Lipschitz class (M, L). Then,

P ,B) Vol (B2t clsQ =2 1=0,
00 V) [ s < (0

1 .
C@’ otherwise,
where C' depends on n, M, L,w only.

For the naive height (p = oo, w; = 1), the problem of finding the limit in (3) was
solved for real (kK = 1,1 = 0) and complex (k = 0,1 = 1) algebraic numbers, see [27]
and [18], and also for tuples of real conjugate algebraic numbers (k is arbitrary, I = 0),
see [16].

Unfortunately, our approach cannot cover the case of the Mahler measure. The Mahler
measure (in particular, in the form of the Weil height) has many applications in algebraic
number theory. Counting algebraic numbers and points with respect to the Weil height
and its generalisations has been intensively studied. See the papers [33], [32], [46], [19]
for results in this direction and related references.

It turns out that the function pp w.x,; coincides with the correlation function of the
zeros of some specific random polynomial. To formulate the result we first recall some
essential notions.

4. Zeros of random polynomials

Let &y,&1,...,&, be independent real-valued random variables with bounded proba-
bility density functions fy, ..., f,. Consider the random polynomial defined as
G(z) =& +&z+--+&2", zeC. (4)

With probability one, all zeros of G are simple, see [9]. Denote by p the empirical measure
counting the zeros of G:

M= Z 0z,

z:G(2)=0

where J, is the unit point mass at z. The random measure p may be regarded as a random
point process on C. A natural way of describing the distribution of a point process is
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via its correlation functions. Since the coefficients of G are real, its zeros are symmetric
with respect to the real line, and some of them possibly are real. Therefore, the natural
configuration space for the point process p must be a “separated” union C; U R with
topology induced by the union of topologies in C; and R. Instead of considering the
correlation functions of the process on C; U R, an equivalent way is to investigate the
mized (k,1)-correlation functions (see [42]). We call functions p; : R*¥ x C|. — Ry,
where 0 < k + 20 < n, mixed (k,[)-correlation functions of the zeros of G, if for any
family of mutually disjoint Borel subsets Bi,..., By C R and Bg41,...,Bry C Cy,

k+1
E H#(Bi) = / . / pi.1(x,z) dx dz, (5)
i=1 B Br4
where E denotes the expectation with respect to the joint distribution of &y, &1, ..., &n.

Here and subsequently, we write
x:=(z1,...,21) €ERF, z:=(2,...,2) € Cﬂ_.

The most intensively studied class of random polynomials are Kac polynomials, when
&’s are i.i.d. Sometimes the i.i.d. coefficients are considered with some non-random
weights ¢;’s. The common examples are flat or Weil polynomials (with ¢; = \/W)
and elliptic polynomials (with ¢; = /(7).

The (1,0)-correlation function p ¢ is called a density of real zeros. Integrated over R
it gives the average number of real zeros of G. The asymptotic properties of this quantity
as n — oo have been intensively studied for many years, mostly for Kac polynomials;
see the historical background in [6] and the survey of the most recent results in [42]. We
just mention some contributions here like: [25], [13], [41], [21], [34], [31], [39], [4], [15].

Similarly, po.1 is called a density of complex zeros being an expectation of the empirical
measure j counting non-real zeros. Its limit behaviour as n — oo is of a great interest
as well, see [38], [23], [22], [24], [36], [37], [5], and the references given there.

There are comparatively few papers on higher-order correlation functions of zeros.
Well-known results are due to Bleher and Di [7], [8] who studied the correlations between
real zeros for elliptic and Kac polynomials, and to Tao and Vu [42] who proved asymptotic
universality for the mixed correlation functions for elliptic, Weil, and Kac polynomials
under some moment conditions on &;.

Our next result connects the limit density of tuples of conjugate algebraic numbers
with the correlation function of zeros of the following random polynomial.

Theorem 4.1. Let p € (0,00] and let ng,m1, ..., 0n be i.i.d. real random variables with a
probability density function given by

f) =4 or(eg) 7 (6)
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Consider the random polynomial defined as

Gpw(z) = Z &z’ (7)

Then, the mized (k,1)-correlation function of zeros of Gp w coincides with the function
Pp.w.k,1 from Theorem 3.1.

The exact formula for pp w1 is given in Section 5. Let us now formulate one important
special case.

4.1. Bombieri 2-norm

The next theorem shows that the way of counting algebraic numbers with respect
to the Bombieri 2-norm is in some sense the most natural. It has been shown in [12]
that in the case of Bombieri 2-norm the zeros of the corresponding random polynomial
(sometimes called the elliptic random polynomial) have a very simple density.

Theorem 4.2 (Edelman—Kostlan [12]). Assume that w = ((7.’)71/2)71 . Then

3 .
1=

__n
p2,w,1,0(T) = T(+22)

Thus for any degree n the asymptotic density of algebraic numbers counted with
respect to Bombieri 2-norm coincides with the normalized Cauchy density. In particular,
Theorem 3.1 implies the following.

Corollary 4.3. We have

lim (I)Q,w,l,O(QaB) o \/EVOITL"Fl(]Bg;vl)/ dz
Q=00 Qrt1  2n¢(n+1) 1422

B

The volume VolnH(IBg;,l) can be calculated as

n+1
w2

I(1+ )

Vol,41 (B5 3! =

5. General formula for pp, w k1

Recall that fo,...,f, denote the probability density functions of the coefficients
&0, - - -, & of G and py,,; denotes the mixed correlation function of its zeros; see (4) and (5).
For m =1,...,n, consider a function p,, : C™ — R defined as
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Pm (21, 2m) = H |z — 2]

1<i<j<m
n n—m m | n—m )
X / H fz Z (—1)m_Z+JO'm,i+j (Zl, ey Zm)tj H Z thzJ dt() e dtn,m,
Rr—m+1 =0 j=0 i=11] j=0

(8)

where we used the following notation for the elementary symmetric polynomials:

1, i i=0,
0i(21,y .0y 2m) 1= Zl§j1<-~~<ji§mzjlzj2"'zjz" if 1<i<m, (9)
0, otherwise.

It is tacitly assumed that the arguments of f;’s are well-defined (i.e., real): we shall
restrict ourselves by considering only those points (z1, ..., 2y, ) such that all symmetric
functions of them are real.

Introduce as well the absolute value of the Vandermonde determinant:

Vi (215 Zm) 1= H |zi — 2. (10)

1<i<j<m
It was proved in [17] that the correlation functions of real zeros of G are given by (8):
Pr,0(X) = pr(%)

for all x € R¥. The following theorem generalises this relation to all mixed (k,l)-corre-
lation functions.

Theorem 5.1. For all (x,z) € R* x C,
pri(x,2) = 2 priai(x, 2, 2), (11)

where pgyop is defined in (8). Specifically,

n n—k—21
Pk,l(X7Z) = 2le+2[(X,Z,Z) / Hfz Z (—1)k7i+jtj0'k+21_i+j (X,Z,Z)
Rn—F—2141 =0 Jj=0
k |n—k—21 4 n—k=21 |2
X H Z tja:f . H Z tjzf dto . dtn_k_gl. (12)
i=1] j=0 i=1] j=0

The proof of Theorem 5.1 is given in Section 7.
Note that the correlations between real zeros and the correlations between complex
zeros are essentially given by the same function p,,. In particular, ps provides a formula
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for the density of complex zeros as well as for the two-point correlation function of real
ZETos:

po.1(2) =2p2(2,2), pao(z,y) = p2(z,y).

Let us give some examples. Taking k = 1,1 = 0 in (12) yields a formula for the density
of real zeros.

Corollary 5.2. We have

dto...dt,_1,

p10(z) = /Hfz (tic1 — at;)

R =0

n—1

o
E tjx
Jj=0

where we sett_1 =t, :=0.

This formula (with different notations) was obtained in [48].
Taking £ = 0,1 = 1 yields a formula for the density of complex zeros.

Corollary 5.3. We have

n 2
p071(2’) :4\Imz| Hfi(ti—Q 72151'_1 Rez+tl|z|2) dto...dtn_Q,

Rn—1 =0

n—2

o
E tjz
Jj=0

where we sett_og =t_1 =t,_1 =t, :=0.
This formula (with different notations) was obtained in [47].
Taking k = n — 2] we obtain the (non-normalized) joint density of all zeros given that

G has exactly n — 2[ real zeros.

Corollary 5.4. We have
Pn—211(X,2) = 2lv, (x,2,2) / |t|™ H fi ((—1)"7itan_i(x, z, Z)) dt. (13)
R i=0

Recall that p denotes the empirical measure counting the zeros of G. It is easy to
derive from (5) that

p(R)! p(Cy)! ] / /
E = Prn—21,1(X, z)dxdz,
(4(®) — n + 201 (#(Cy) — 1) be7)
Rn—2 Cl
where we used the convention 0! := 1 and ¢! := oo for any integer ¢ < 0. Since with

probability one p(R) 4 2u(C4) = n, the random variable under expectation is non-zero
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if and only if u(R) = n — 2I. Thus we obtain the probability that G has exactly n — 2I

real zeros.
Corollary 5.5. We have

!
Plu(R) =n— 2] = ﬁ / /Vn(x,z,i)

=2l ¢l
Rn—2L CY

X /|t|" Hfl (-1)""ton—i(x,2,2)) dtdxdz.
R =0

This formula has been obtained earlier in [47].
From Theorems 4.1 and 5.1, the following statement immediately follows.

Corollary 5.6. An explicit representation for the integrand pp w.k,i1(X,2) of Theorem 5.1
can be obtained from (12) by choosing the densities of coefficients as

w; e—\wit|p
9

fiy=4 1+§)
Flogy(wit),  p=oo.

p < 00,

| g

i)

In the case k = n — 2[ the formula for p, w k1(x,2z) can be considerably simplified as
shown in the next theorem. Before formulating it we introduce the following notion: for
an arbitrary monic polynomial ¢(z) := (z — 2z1) ... (z — 2z,) define its discriminant as

Theorem 5.7. We have

gt [Dld]]
(n 1 1) Vol (Bp ) Upowlal) ™"

Pp,w,n—21,1 =

where q is the monic polynomial whose zeros are the arguments of pp-w.n—21,1:

q2)=GF—-x1)...z—z)(z—21)(z—Z1) ... (z — 21) (2 — Z).

The proof will be presented in Section 8.
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6. Proof of Theorems 3.1, 3.4 and 4.1
6.1. Methods of proof: counting integer points

We reduce counting algebraic numbers to counting corresponding minimal polyno-
mials represented by the vectors of their coefficients. So we need to formulate some
statements about counting integer points in multidimensional regions.

Estimating the number of integer points in a region by its measure is a well-known
idea. The most «ancient» publication (that relates integer points counting to the volume
of a region), which the authors are aware of, is a result by Lipschitz [30]. See as well
the classical monograph by Bachmann [1, pp. 436-444] (in particular, formulas (83a)
and (83b) on pages 441-442). There are a number of papers generalizing such estimates
to arbitrary lattices, see e.g. [32] and [2].

For a Borel set A C R? denote by A(A) the number of points in A with integer
coordinates, and by A\*(A) the number of points in A with coprime integer coordinates:

ANA)=#(AnzZ%),
N(A) = #{(21,...,2q) € ANZ : ged(an, ..., 24) = 1}.

For a real number r and a set S C R< let
rS={rx:xeS}

Lemma 6.1. Let d > 2 be an integer. Let A C R? be a fized bounded region. If the
boundary OA of A has Lebesque measure 0, then

lim AM@A)

Note that the requirement of A to be just Lebesgue measurable doesn’t suffice, and
the boundary 9 A must be of Lebesgue measure 0 to ensure the existence of the limit. For
example, if one takes A to be the set of points in [0, 1]¢ with rational coordinates, then
for any positive integer @ the set QA contains ~ Q¢ integer points, but A has Lebesgue
measure 0. Notice that in this case 94 = [0, 1]%.

Proof. The lemma can be easily proved if one considers coverings of A by d-dimensional
cubes with edge Q7!. See, for example, [29, Chapter VI §2]. Note that none of the
conditions of the lemma can be omitted. O

Lemma 6.1 provides no estimates for the rate of convergence. Additionally, in this
lemma the region A is kept fixed and therefore cannot depend on Q. To avoid all these
restrictions one needs to restrict oneself to a suitable class of regions. See [10], [29], [40].
One way is to employ the class provided in Daveport’s paper [10]. However, for our goals
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it is more natural to follow the approach used in [44]. To this end, we will need a notion
of the Lipschitz class which was introduced in Section 3.

Lemma 6.2. Consider a bounded region A C R%, d > 2, such that the boundary OA of A
is in Lip(M, L). Then A is Lebesque measurable and

AQA)
Qd

where C' depends on d, L, M only.

— Volg(A)| < (14)

¢
Q )
Proof. The proof follows directly from [44, Theorem 5.4]. O

Now we need to adapt the latter two lemmas to the integer points with coprime
coordinates.

Lemma 6.3. Under the assumptions of Lemma 6.1 we have

A (QA) _ Voly(4)

li = , 15
Qe Q4 ¢(d) (15)
and under the assumptions of Lemma 6.2 we have
A (QA Voly (A logXd-©
O vy logrg, "
Q ¢(d) Q
where C' depends on d, L, M only and
1, n=2,1=0;
" p— ) ) ) 1
Xt {O, otherwise. (17)

Proof. Using the inclusion-exclusion principle (Moebius inversion) one can easily show
that

[QN]+1
v = 3 nr)A(24).
r=1

where N is a positive number such that A C [~N, N]¢, and u(-) is the Moebius function.
Let

Then we have
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) ), (@
r=1 r=1
From the well-known equality ¢(d)~! = Y>>, p(r)r=9, the first sum can be estimated
as
[Q§:+1 pr) 1| i": u(r) < 7d_x B 1 (18)
d = d | = d = (d— d—1"
D] T B, | T e T @)

From Lemma 6.1 we infer that for any e > 0 there exists Qo = Qo(A,¢) such that
104(Q)| < € for all Q > Qo, and there exists finite © 4 = maxg>¢ [04(Q)|. Hence

%%W (:)g 3 %+m§:%§wﬁ+éiﬂé%ﬁf

Therefore, for any € > 0

[@N]+1
Qh—r>noo ; g)ﬂA(g) < ((d)e,

which proves (15).
To prove (16), note that the bound (14) in Lemma 6.2 can be written as

104(Q)] < %,

where the constant C' is the same as in (14). Hence,
% u(r <_> Qg]:“ 1 [cQ -, d>3,
- rd r Q pT = CQ ' (log([QN]+ 1) +1), d=2.

Now joining the latter estimate with the bound (18) and suitably choosing a new constant
C, we obtain (16). O

6.2. Proof of Theorems 3.1, 3.4 and .1

Let us describe how to calculate @, w 1,:(Q, B).

Given a function g : C — R and a Borel subset B C R* x C! denote by fig..(B)
the number of ordered (k+1)-tuples (z1, ..., Tk, 21,...,21) € B of distinct numbers such
that
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g(x1) =---=g(=)=0.

For any algebraic number its minimal polynomial is prime, and any prime polynomial is
a minimal polynomial for some algebraic number. Therefore we have

Cpwii(@B)= Y gri(B). (19)

9€P; (Q)

On the other hand the right-hand side can obviously be written as

O w i (QB) =Y m-#{q € Py o (Q): pgi(B) =m}. (20)
m=0

Since pq,1(B) < n!/(n — k — 20)!, the number of the summands in the right-hand side
is finite.

Consider a set A,, C Bg;} (which depends on B) consisting of all points (ag, ..., a,) €
B7t! such that

p,w
Hag+arat-tanzn kil (B) = m.
Then, by definition of a primitive polynomial,
#{q € Ppw(Q): q is primitive and pq 1 ;(B) = m} = A" (QAn).

Hence it follows from the definition of a prime polynomial that

(P € P7(Q): pypa(B) = m) = SA°(QA)
< #{q € Ppw(Q): ¢ is reducible}. (21)

Note that the factor 1/2 arises because prime polynomials have positive leading coeffi-
cients. It is known (see [43], or [28], [11]) that

#{q € Ppw(Q): ¢ is reducible} = O (Q" log*"° Q), Q — oo, (22)

where X0 is defined in (17). Note that for n = 2 any reducible integer polynomial has
only real roots. Thus (21) and (22) imply

(P € P1(Q): posa(B) = m) = A (QA)| = 0(Q" 10" Q) Q = cx.

Applying this to (20), we obtain
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oo

> m )4+ 0(Q"log"' Q), Q — . (23)

m=0

l\DI'—‘

q)p,wkl Q B

It follows from Lemma 6.3 that under the assumptions of Theorem 3.1,

. A(QAR) B Vol,,+1(An)
QT Tt D)

(24)

To estimate the rate of convergence in (24) we need to use (16) which requires A,, to
be of Lipschitz class. This is established in the next lemma.

Lemma 6.4. Let B C R* x (Cl+ and A,, be defined as above. If B is of Lipschitz class
(M, L), then the boundary OA,, is of Lipschitz class (M, L) for some constants My,
L1 depending on n, M, L, w only.

The proof of Lemma 6.4 is postponed to the end of this section. Now assuming
Lemma 6.4 we have from (16) that under the assumptions of Theorem 3.4,

N (QAn)  Volyi(An)| _ C
Q! Cn+1) [~ Q

(25)

where C' depends on n, M, L, w only. Note that since n > 2, dimension of A,, is at least
3, so there is no factor log @ in the right-hand side of (25).

Thus having obtained (23), (24), and (25), to prove Theorems 3.1 and 3.4 we are left
with the task of calculating of Vol,,1(A,,). To this end, consider the random polynomial
defined as

n
k
=> &,
k=0

where the random vector (&g, &1, . .., &,) is uniformly distributed over ]B”H By definition
of A,

VOLI’L+1 (Am)

Plus, ,(B) =m| = . 26

[Nc,k,l( ) ] VolnH(Bg;,l) (26)
The probability on the left-hand side is difficult to calculate due to dependence of the
coefficients of G(z). However, the zeros of G(z) do not change if we divide the polynomial

by any non-zero constant. By proper normalisation we can achieve independence of the

coefficients.
Lemma 6.5. Let p € (0,00], and w = (wo, w1, ..., w,) be a vector of positive weights.
Assume that the random vector (&o,&1,-..,&n) 08 umformly distributed in B"H and that

the random variables 1ng,n1, ..., My are i.3.d. with Lebesgue density
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LIt p< oo,
flt) =4 03 27)
311y (t), p = oo.
Then the polynomials G(z) = Y 1, &2' and
— 7 i
— L 2
0 =3 o (28)

have the same distribution of roots (both real and complex).

To prove the lemma, we need the following probabilistic representation of the uniform
measure on Bg“.

Theorem 6.6 (Barthe et al.). Let p > 0 and let ng,n1,...,n, be i.i.d. random variables
with p.d.f. (27). Let Z be an exponential random variable (i.e., the p.d.f. of Z ise™ 't >
0) independent of no,m1,-..,0n. Then,

(n7na"',nn) d
sl + 207 (o)

Proof. See [3]. O
Now we are ready to prove the lemma.

Proof of Lemma 6.5. It is easy to check that the vector (wo&p,wi&1,...,wpé,) is uni-
formly distributed in BZH. Therefore, from Theorem 6.6 we obtain at once

-1 -1 1
(wo Mo, WL My e Wy ) d

O SHNTITESA U

Since dividing a polynomial by a non-zero constant does not affect its zeros, the lemma

is proved. O

Thus it readily follows that

P[Hé,k l(B) =m|= P[MG,k,l(B) =m],

)

where the random polynomial G is defined in (28). Combining this with (26), we arrive

at
> mVolyi1(Am) = Vol 1 (BpE) > mPlugki(B) = m]
m=0 m=0

= Voln+1(B;L;,1) Elug ki (B)] = Voln+1(Bg)tvl) / Pp.w k1 (X, 2) dxdz,
B
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where the last relation follows from the properties of correlation functions (see, e.g., [20]).
Combining this with (23), (24), and (25) finishes the proof of Theorems 3.1, 3.4 and 4.1.

6.3. Proof of Lemma 6.4

Claim. The boundary of A, is contained in the union of four sets:

(i) the boundary of B}
(ii) the set

A = {(a07 ) an) € Bg,tvl : ,Ufao+a1:r:+~~+an93",kA,l(aB) > 0} )

(iii) the set D consisting of the points (ag,. .., ay) such that the polynomial ag + a1x +
-+ apx™ has double real roots;

(iv) the set D’ consisting of the points (aq,...,a,) such that the polynomial ag + a1z +
-+ apx™ has double non-real roots.

Proof of Claim. Suppose that a point (ag, . .., a,) does not belong to any of Sets (i)—(iv).
The task is to show that (ag,...,an) ¢ 0A,. Let B’ C C** denote a set of all (k +

[)-tuples of different (real or complex) roots of

g(z) :==ap +ar1x + -+ apz™.

Since B’ is finite and (ag,...,a,) ¢ A’, we have

g1 := dist(0B, B") > 0. (29)
Denoting by z1, ..., 2, the roots of g, we have that

€9 := 111;151 |zi — 2] > 0. (30)

Consider § > 0 and a polynomial
h(z) :==bg + brx + - + bpz™
such that
la; —b;| <é for j=0,...,n.
If § is sufficiently small, then

(bo,-..,by) € ]ngvl if and only if (ag,...,a,) € B"T! (31)

p,w 2
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which means that (b, ...,b,) does not belong to Set (i). Let

R:= max |z].
1=1,...,n

If z; is a root of g, then
|h(z:)] = |g(2:) — Z —b;|RI < (n+ 1)6(R™ +1).

On the other hand,
h(zi) = bp(zi — 24) ... (z: — 20),

where 21,..., 2, are the roots of h. Assuming that ¢ is so small that |b,| > |a,|/2, we

arrive at
(2 = 21) ... (z — 2))| < 2(n+ Da,'S(R™ +1).

Therefore if § is sufficiently small, then there exists an index j such that

€1
E+1

€
|lzi — 25| < 2 and |z - 2| <

: (32)

Thus, taking into account (30), we obtain that the roots of g and h split into n pairs all
satisfying (32) and the roots 2], ..., 2/, are pairwise different. Now consider some indices
1<y <+ <igyr < n. It follows from the second part of (32) that

H(Zi17"'7zik+z)_<Zz/’1""’ 'Lk+l H<51,
which together with (29) implies that (27 ,..., %, ) ¢ 0B and
(25 s 2,,,) € B ifand only if (z,,...,2,,,) € B.

This together with (31) means that all points (bg, ..., b,) from some neighbourhood of
(ag, - - -,ay) satisfy

(bo,...,bn) € Ay, ifand only if  (ag,...,an) € A,
o (ag,-..,an) ¢ OAnm, and the claim follows. O
It follows from the claim that in order to prove Lemma 6.4 it is enough to show that
Sets (i)—(iv) are of Lipschitz class.

(i) The boundary of By t!. For p > 1 the set B! is a convex body. Therefore,
according to [45, Theorem 2 6] its boundary 9B, £ belongs to the Lipschitz class (1, Lo),
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where Ly depends on n,p, w only. In the case 0 < p < 1 the set 818%”“ consists of 2"+1
congruent concave pieces. Every piece can be embedded in the boundary of a convex
body congruent to

1 1 .
{<> Biw \Bjw mnzo}

Applying [45, Theorem 2.6] to the latter set we see that 8[8;;,1 is of Lipschitz class
(271 Ly) for 0 < p < 1.
(ii) The set A’. Consider binary multi-indices € € {—1,1}*,§ € {—~1,1}. We have

A/ c U /6,57

(e,0)e{—1,1}k+1
where A/ 5 is a set of points (ag, . ..,an) € By such that there exists a (k 4 [)-tuple

(xl,...,xk,zl,...,zl)EGB (33)

of distinct zeros of ag + a1x + - - - + a,x™ with

il <1, i=1, | <1, 5:13
{x | — € and {'ZJ| — J (34)

‘in|>1, €; —1 |Zj|>1, 6j=—

fori=1,...,k,j=1,...,1

Let us fix some (¢,8) € {—1,1}** (ag,...,a,) € Al 5, and the corresponding (k +
[)-tuple (33).

Since the components of (33) are different roots of ag + a1z + - - - + a, ™, there exists

a unique polynomial with real coefficients Zf;(]f b,z such that
n—k—21
Zazz— Z bya” H (x — ;) H (z;'e—1) (35)
1:€;=1 1:e,=—1
< [ @=2z)@-2) [] Glz—DE e-1).
j:5_7‘:1 j:5j:71
Thus,
_ €1 01 0 301
a; = pi(xl, .. xk, 200y A zl Loboy ey bn—k—21) (36)
for some polynomials pg, . .., pn-

Since OB is of Lipschitz class, there exists a Lipschitz map

¢ =(1,...,¢p41) 1 [0, 1] 5 RF 5 CL
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(from a fixed finite collection of Lipschitz maps depending on B only) such that
(X1, Ty 21, .-, 21) € ([0, 1]’”2[*1).
Thus for some to € [0,1]**2 =Y andi=1,...,k, j=1,...,] we have
z; = ¢i(to),  zj = Prtj(to). (37)

Fori=1,....k j=1,...,1, let

L ¢i7 € = 15 d L ¢k+j7
Soi,ei = ® 1 an (Pk+j,6j = é

i B
max(1,[¢;[2)7 ) max(1,|dr+;[2)’

5 =1,
§; =—1.

Obviously, @i c,, Pi.e;» Ph+4.6,» Pr+js, are Lipschitz, too. Taking into account (34), (36),
and (37), we have

a; = pi(P1,e,(t0), -+ Phyer (t0), Prt1,5, (£0)s - - - s Prt1,5, (to), (38)
Grt1,61 (80)s -+ - s Prt1,5,(t0), Do, - -+ s b p—21)-

Let us assume for the moment that there exists a constant C' > 0 depending on B only
such that

bol, [bal, - - [br—p—21] < C. (39)
Letting
joobitC
’ 2C
and redefining the polynomials py, . .., p, accordingly, we obtain

ai = Pi(P1.e,(t0), - - - Phey (t0), P 1,5, (t0), - - - Prt1.6, (F0),

@k-&-l,&l (t0)7 ceey @k‘-{-l,él (to)a bOa DRI bn—k—?l)a

where

(to, EO, ey bn_k_Ql) S [0, 1]".

Since polynomials are Lipschitz on compact sets and the composition of Lipschitz func-
tions is Lipschitz, assuming (39) it follows from (38) that A’ is of Lipschitz class. Now let
us show that (39) holds. To this end, we first recall the definition of the Mahler measure
and its basic properties.
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For a polynomial ¢(z) = a,(z — 21) ... (2 — z,) its Mahler measure is defined as

M]q] := |an| Hmax(l, |zi]).

It is known (see, e.g., [35, Theorem 4.2.1]) that the naive height can be estimated via
the Mahler measure as follows:

Mlq|
vn+1

Also, it is easily seen that for polynomials g1, g2 one has M[qg1q2] = M[q1]M|qz2]. Thus

the polynomials % a;at and "2 b,z" (see (35)) have the same Mahler measure.

We have

< Hlq] < 2" 'M]q]. (40)

n—k—21

H [Zr—o brxr:| < gn—k=2-1py |:Zr—0 bwr} _ on—k—=2-1,1 [Z;o aixz}
< onk=2-1 /o g [Zio aixl} < gn—k=2-1, /T

and (39) follows.
(iii) The set D. Let

._1]n—1

W= [-1,1] x [— “max wj_l7 _max w;

j=0,....,n j=0,....,n

Consider a map

&= (¢o,...,ppn): W — R

defined as

n n
(ZSO(:EatQa v 7tn) = Z(] - ]-)tjx]a ¢1($7t23 oo atn) = _thjxj_lv

=2
¢j(xat23-"7tn):tj7 2§]<Tl

Since ¢ is continuously differentiable in a compact, it satisfies a Lipschitz condition with

some constant which depends on n and max;—o, ... » w;l only.

Now suppose that (ag,...,a,) € D. Then ag + a1z + - - - + a,z™ has a multiple real
root, say g, which implies

Zajxé =0, Zjajxé_l =0, (41)
: =

or, equivalently,
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n n
— ; J _ ; Jj—1
ag = g (j — Dajxy, a = — E ja;x
Jj=2

Jj=2

Using these equations and definition of ¢ we arrive at
a; = ¢;(xo,a2,...,a,), 0<j<n. (42)

Moreover, it is straightforward that if 2y # 0, then 1/xz¢ is a multiple root of the reflected
polynomial a,, + ap—_12x + - -+ + apxz™, hence applying the above reasoning gives

an—j = ¢j(wg" an2,...,a0), 0<j<n,
or, equivalently,
aj = bn_j(rgt an_2,...,a0), 0<j<n. (43)
Since (ao, ...,an) € BIE € B2HL, we have that for |zo] < 1 the argument of the

right-hand side of (42) belongs to W, while for |z¢| > 1 the argument of the right-hand
side of (43) belongs to W, hence we have (ag,...,a,) € ¢(W) U ¢'(W), where ¢' :=
(dn,y - -, ¢0). Thus it follows from Remark 3.3 that D is of Lipschitz class.

(iv) The set D’. Let

W :=[0,7] x [0,1] x [ — max w; -1 max_w; l}n_g.
Consider a map
= (¢o,...,Pn): W — R
defined as

~, (_isin[(j — 1a]

do(a,mt3, .. 1) = Ztﬂ“] + jcosacos[(j — 1)a] — cosa) ,

2 sin o
Jj=3
o1(a, 1y ts, ... th i (cosa [(s]m_al) o _ cos[(j — 1)a]> )

L sin[(j —1)a]
(152(0477", t3,... ,tn) = _thjrj']i’
G(@nty,. . it) =1, 3<j<n.

Again, ¢ is continuously differentiable in a compact, so it satisfies the Lipschitz condition
with some constant which depends on n and maxj—o,... wj_l only.
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Now suppose that (ag, ...,a,) € D’. Then ap+ayz+- - -+a,z™ has a multiple non-real
root, say zp = ro(cosag + isinagp), where ro > 0, a9 € (0, 7), which implies

n n

- PRy et
E ajzpy =0, E jajzy ~ =0,
J=0 Jj=1

or, equivalently,

Zajrg cos[jag] =0, Zjaﬂfrl cos[(j — )ag] =0, (44)
3=0 j=1

Zajré sin[jag] = 0, Zjajrg;l sin[(j — 1)ag] = 0.

Jj=1 Jj=2

It consistently follows from the fourth, second, and first equalities in (44) that

-1
a2:——z —2sin[(j )010]7

sin
n .
ay = —2asrg cos|ag] — Zjajrgfl cos[(j — 1)ap]
j=3
sinf(j — Dao] -
_ 1 sin[(j —Daol S~ i1
> gt osfon) D07 oo 1)),
J=3 =3
ap = —a17( oS (g — aaTe cos[2ap] — Z a;1? cos|jay]

SN sin 1o
- Zya]—ré cosz[ao]M + Z]a]ro cos o cos|[(j — 1)ap]

= S111 (Y =3

L1 - sin[(j — D] P

5 Z ja;r) cos QQO]W - 23 a;r} cosjoy)

=3 i=
1  Si 1
=-3 jaﬂ“‘éw + Zjaﬂ“o cos ag cos|(j — 1)ap] Za]ro cos[jag],
— sin ag s .
j Jj= j=
where in the last equation we used the identity cos[2ag] = 2cos? ag — 1. Using these

equations and the definition of ¢ we arrive at
a; = ¢;(ag,ro,a3,...,a,), 0<j<n. (45)

Again, 1/z; is a multiple root of the reflected polynomial a,, + ap—12 + -+ + apx™, so
applying the above reasoning gives
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anfj:(bj(a()ar[)aanffiu"'aao)v Ogjgnv
or, equivalently,

aj :¢n_j(ao,ro,an_3,...,a0), OSJ Sn (46)
Since (ao, . ..,a,) € BlE! € B2'L, we have that for 7o < 1 the argument of the right-

hand side of (45) belongs to W, while for o > 1 the argument of the right-hand side
of (46) belongs to W, so we have (aq, ...,a,) € (W)U (W), where ¢' := (¢, ..., do).
Thus it follows from Remark 3.3 that D’ is of Lipschitz class.

7. Proof of Theorem 5.1

7.1. Preliminaries

Suppose that x1,...,zr € R and z1,...,2; € C, are different zeros of the random
polynomial G defined in (4). It means that

1 T o !
1 T e xy
S 2SS
1 Rez ... Rez - Zo (47)
0 Imz; ... Imz} S
&n
1 Rez ... Rez
0 Imz ... Imgz]
Denote by V(x,z) the real Vandermonde type matrix
1 = x’f+2l_1
1 g .T]]:+2l_1
1 Rez; ... Re zf”l_l
Vix,z) =
( ) 0 Imz ... Imzf+21_1
1 Rez ... Re zf”l*l
0 Imz ... Imzlk?*zl*1

Then, (47) is equivalent to
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n J
Zj:k+21 iy

25

Z?:k:+2l &y ¢
ReS" . &2) 0
: Zi;k+2l J i — V(x,2) : (48)
m Zj:k+2l izt o1
Rel iio &4
Im 377 40 €521
It is easy to check that V(x,z) satisfies
|det V(x,2)| = 2 iy oi(%, 2, 2), (49)
where vy is defined in (10).
Consider a random function n = (g, ..., Mrs2-1)7 : R* x C! — R¥t2 defined as
Z?:k—&-Ql &1
Z;'L:k+2l &5y
Re> " 2
Moez) = Ve | ke (50)
Im Zj:k-i—Ql &z
Re Z; k-+21 fJZl
Im Zj:kJr?l & Zz
It follows from (48) that (47) is equivalent to
€o
n(x,z) = : (51)
Ek+21-1
Consider a random function ¢ : R*¥ x C! — R defined as
1 k| k4201
o(x,2) = Il > imixzalt+ Z j&alt
Vitai(X,2) 2|
i= 7=0 j=k+21
(52)
L |kt2-1
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Lemma 7.1. For all (x,z) € RF x C,

k+20—-1

E |o(x,2) H fi(m‘(xl))] = prta1(X, 2,2). (53)

Proof. The idea of the proof goes back to [26, pp. 58-59] (see also [27, Lemmas 2.5, 2.6]).
By definition of the expected value,

VE+21 (X7 Z)

k+21—1 1
E|o(x,2) H filmi(x,2))| =———— (54)

-1

+21

Jj—1 Jl
E xzsxl + g Jjs;x
=0

j=k+21

Rn—k—21+1 *=

I | k+20-1 2
-1 1
xH Z]rj(xzs +stjj
i=1] j=0 j=k+2l
k+20—1 n
X H filri(x,2,8)) H fi(si)dspyar ... dsy,
i=0 i=k-+21
where the functions rg,...,rx19—1 are defined by
n j
Zj:k+2[ SRS
n J
( ) Zj k421 55T
ro(X,Z,S
Re ;27
: =V | 2jekr ; (55)
Thyoi—1(X,2,8) o Zj:k+2l %4
Re Z] k421 SJZZ
Im Zj:k+2l Sj zl
and s := (Sgt21,- -+, Sn).
Now we perform the following change of variables:
n—k—21
S = Z (_1)k+2l_l+J0k+2l—i+j (X’ z, Z)t]7 i=k+ 2l7 sy T (56)
§=0
where o;’s are defined in (9) and we write o; := 0 for ¢ < 0. The Jacobian is a lower

triangle matrix with ones on the diagonal, hence the determinant is 1. This variable
change is suggested by the fact that x4, ..., xx, 21,21 - .., 21, 2; are zeros of the polynomial
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2l-1 2
g(z) i=ro+riz+ - a1 2" posp M s, 2T,
see (55). Thus for some ¢, ...t _, o, we have
k ! n—k—21
— _ '
—H(z—x] H z—z;)(z — Zj) E tiz (57)
j=1 j=1 7=0
k+21 n—k—2[
k+21—j =\ ~J rj

= E (=) o0 4(x,2,2)27 E t;2!

Jj=0 Jj=0

Comparing the coefficients of the polynomials from the left-hand and right-hand sides
and recalling (56) we obtain that t; =¢; for i =0,...,n — k — 2] and

n—k—21
(x,2,8) Z D=ty o ii(x,2,2)t, i=0,...,k+2l—1. (58)
7=0

If we differentiate the first equation in (57) at points x;, 2;, and z;, we get

k+21—1 l n—k—21
J 1 J 1 - 1
Z e+ Y s = [T ) [T —a) | X el
j= k421 j;ﬁz j=1 j=0
(59)
k+21—1 n k n—k—2I
S| Y 1
Yo grE T+ Y dsid —H zi— ) [ [ (i = 2) (2 = 7)) tiz] |,
j=0 j=k+21 j=1 J#i j=0

j=k—+21 j=1 J#i j=0

k+20—-1 k n—k—2[
Z e Y st = [E—a) [[E-mE-5 | 3 o).

Substituting (56), (58), and (59) in (54) completes the proof of the lemma. 0O

Denote by J,(x,2) the real Jacobian matrix of i at point (x,z):

9no Ono 9o 9no dno dno
ox1 e oz O Re z1 Olm z; e O Re z; Olm z;
In = : : : : . : :
OMkt21-1 OMkt21-1  OMk421—1  OMry21—1 ONk421-1  OMky21—1
Oz Oxp O Re z1 OIm 2, O Re z; 01Im z;

Lemma 7.2. For all (x,z) € R* x C!,
| det Jy,(x,2)| = 2lo(x,2), (60)

where o(x,z) is defined in (52).



28 F. Gétze et al. / Advances in Mathematics 359 (2020) 106849

Proof. Differentiating

V(x,z)n(x,z) = —

we obtain
A 0 0
Vix,z)J,(x,z = —
( ) ) 77( ) )+ 0 A2 0 A4 )
where
k+20—1 . j—1
Z]‘:O In;ry 0
k201 . -1
0 Zj:o L2
A1 =
0 0
k+20—1 O Rez] k+20—1, ORez]
Z,y‘:o N 5 Re = Z]’:O N 5Tm 21
k4+20—1  OImz] k+20—1  9Imz{
Yito  MiaRes 2j-o  Miotme
A2 =
ORe zlj
0 0 Z J O Re z;
9Im z‘Z
0 0 Z J O Re z;
n s g1
Zj:k+21.7§Jx1 0
n co g1
0 Zj:k+2135J552
A3 =
0 0
n O Re 27 n A Re zd
Zj=k+2l fjm Zj=k+2l fjm
n &Im 27 n OIm 27
Zj:k+2l & Wezi Zj:k+2[ & Wzi
A4 =
n _ORe z‘l7
0 0 Z]'=k+21 & 9 Re z
O1Im z]
0 0 Z 5]' O Re zl}

CCIf+2l

k—+21
L

Re zF+2

Im zf“l

k+21
Re z

k421
Im z;

£1f+2l+1

x/]z+2l+1
Re Z{C+2l+1

Im Z{H_QH_I

k42041
Re z

k+20+1
Im z;

n
Tk
Re 27

n
Im 27

Rez!

Im 2}

§k+2l

£

k+20-1 . -1
Zj:o N5 T

ORez]
J 01Im z;
461mz,’.
J 8 1Im z;

Sy
Sy
0
0

n J—1
Zj:k+2l MISE

0
0

n ORe zli
Zj=k+2l §J O 1Im z;

n O0Im zlj
Zj:k+2l 5] OIm z;
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We finish the proof by moving in (61) the second term from the left-hand side to the
right-hand side, using (49), and noting that for any analytic function f(z)

ORe f ORe f

ORez OIm z _ / 2

det OImf Olmf =1f'(»)|*. O
ORez 0lIm z

Lemma 7.3 (Coarea formula). Let B C R™ be a region. Let u: B — R™ be a Lipschitz
function and h : R™ — R be an L'-function. Then

/ #{x € B:u(x) = y} h(y)dy = / | det Ju ()| h(u(x))dx, (62)
B

Rm™

where Ju(x) is the Jacobian matriz of u(x), and #S denotes the cardinality of a set S.

Proof. See [14, pp. 243-244]. O
7.2. Proof of Theorem 5.1

Now we are ready to finish the proof of Theorem 5.1. To this end, we show that for
any family of mutually disjoint Borel subsets By, ..., By C R and Byy1,..., By C Cy,

k+1
E {H p(Bi)

=9 / . / Pr+21(x,2)dxy ... dzrdzy ... dz. (63)

B, By

From (51) we get

=E [#{(x,2) € By X -+ X By : n(x,2) = (&0, ..., &kr2-1)}]. (64)

kit
E [H p(B;)
i=1
For clarity, denote the sets Byy; by Byt; when we consider them as subsets of R?:
Biyj = {(z,y) € R? : x +1iy € Byy;}.
Let us apply Lemma 7.3 to (64) with

m=k+2l, B=DB;X-XBjXBgi1 XX By,
u(zy, ..., Tpyo1) = (@1, oo Tl T T iTpg2, - -0 Thp2i—1 T i T421),

h(yo, - Yr+21-1) = fo(yo) - - - frrai—1(Yrs21-1)-

Note that the indices of y;’s are shifted by 1 according to the enumeration of polynomial
coefficients. Hence due to Lemma 7.3, the right-hand side of (64) is equal to
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E #{(z1,...,xk42) € B 1 u(z1,...,xp42) =Y} fo(Wo) - - - frra1—1(Yrt20—1) dy
RFE+21
k+21 1

/|detJ H filui(zy, ..., Tpyor)) dey - . dTgpor,
B

where we used first Fubini’s theorem and then (62). The Jacobian matrix of u coincides
with the real Jacobian matrix of 1, the determinant of which is given by Lemma 7.2.
Thus, switching from u to 1 and again using Fubini’s theorem we obtain

E [’ﬁlu(&) zzl/E

B

k+20—-1

o(x,2) H fi(ni(x,2))| dx dz,

where (x,z) is defined in (52).
Combining this with (53) implies (63), and due to (5) the theorem follows.

8. Proof of Theorem 5.7
We first consider the case p < co. Applying (13) to Gp w defined in (7) gives

l-n—1
27 g . wy

(r(i+3))"
X /|t|” exp <|tp i |wian_i(x,z,z)p> dt.
R i=0

Pown—211(X,2) = v (%, 2,2)

Using the substitution

n

s =P Z |wion—i(x,2,2)|P

=0
and a representation of the gamma function, we obtain

n+1

p

2= . . w, T (%)
- NG (x,2,2) Z|wzanzxzz)|
p(r(1+3))

Using the identity %I‘ (%‘1) = %H r ("T‘fl + 1) concludes the proof of Theorem 5.7

Pp,w,n—21,1 (X, Z) =

for p < oo.
The case p = oo follows from the case p < oo by letting p — oo:

Poo,w,n— 2ll(X Z) = lim Pp,w,n— 2ll(X Z)
p—0o0
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2"y L wn v (X, 2, Z)

(n + 1)(maxo<i<n |wion—i(x,2,2)| )"+

where in the first equality we used the continuity of the I'-function at 1 and in the second
— the limit equality

1/p
m

lim Z|bj|p = max |b;|.
pmroo | 1<j<m
j=

The theorem follows.
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