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1. Introduction

A finite, connected graph I" with vertex set V(I") and path-length distance d is said
to be distance-reqular if, for any vertices x,y € V(I') and any integers 1 < ¢,j <
max{d(z,w) : z,w € V(I")}, the number of vertices at distance i from z and distance
j from y depends only on ¢,j and d(z,y), independent of the choice of x and y. Many
distance-regular graphs arise from classical objects, such as the Hamming graphs, the
Johnson graphs, the Grassmann graphs, the bilinear forms graphs, and the dual polar
graphs amongst others. In particular, distance-regular graphs give a framework to study
these classical objects from a combinatorial point of view. In addition, distance-regular
graphs and association schemes give an algebraic—combinatorial framework to study, for
example, codes and designs [13,18].

In their 1984 book, E. Bannai and T. Ito conjectured that there are only finitely many
distance-regular graphs of fixed valency greater than two (cf. [5, p. 237]). In this paper
we prove that their conjecture holds:

Theorem 1.1. There are only finitely many distance-reqular graphs of fized valency greater
than two.

History

A distance-transitive graph is a connected graph I' such that for every four (not
necessarily distinct) vertices z, y, u, v in V(I') with d(z,y) = d(u,v), there exists an
automorphism 7 of I" such that 7(z) = w and 7(y) = v both hold. It is straight-forward to
see that distance-transitive graphs are distance-regular graphs. In [14,15], P.J. Cameron,
C.E. Praeger, J. Saxl and G.M. Seitz proved that there are only finitely many finite
distance-transitive graphs of fixed valency greater than two. They did this by applying
Sims’ conjecture [33] for finite permutation groups (i.e. that there exists an integral
function f such that |G| < f(dg,) holds, where, for G a primitive permutation group
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acting on a finite set {2, G, denotes the stabilizer of x, x € {2, and d¢, denotes the length
of any G -orbit in 2\ {z}), which they also showed to hold by using the classification
of the finite simple groups (in [15] they gave a proof without many details, and in [14]
Cameron worked out a detailed proof with an explicit diameter bound).

Note that for small diameter there are many distance-regular graphs which are not
distance-transitive. On the other hand there are only five families of distance-regular
but not distance-transitive graphs known with unbounded diameter, namely the Doob
graphs [19] (see also [13, p. 262]), the quadratic forms graphs [20] (see also [13, p. 290]),
the Hemmeter graphs [12] and the Ustimenko graphs [37] (for both, see also [13, p. 279])
and the twisted Grassmann graphs [16]. Any member of the first four families is vertex-
transitive, whereas the twisted Grassmann graphs have exactly two orbits under the full
automorphism group [16].

The first class of distance-regular graphs for which the Bannai-Ito conjecture was
shown is the class of regular generalized n-gons. Feit and Higman [21] (cf. [13, The-
orem 6.5.1]) showed that a regular generalized n-gon has either valency 2 or n €
{3,4,6,8,12}. In addition, R.M. Damerell, and E. Bannai and T. Ito have indepen-
dently shown that there are only finitely many Moore graphs with valency at least three
[4,17].

In the series of papers [6-9], E. Bannai and T. Ito showed that their conjecture
holds for valencies k = 3,4, as well as for the special class of bipartite distance-regular
graphs. In [27] and [28], J.H. Koolen and V. Moulton also showed that the conjecture
holds for distance-regular graphs of fixed valency & = 5,6 or 7, and for triangle-free
distance-regular graphs of fixed valency k& = 8,9 or 10. More recently, in [3], together
with S. Bang, they showed that the Bannai—Ito conjecture holds for regular near polygons
and geodetic distance-regular graphs.

The proof for the Bannai-Ito conjecture that we present in this paper builds upon
many of the concepts and ideas developed in [2,3,27,28].

Structure of the paper

In Section 2, we present some definitions and previous results concerning distance-
regular graphs and associated sequences and related structures, and in Section 3 we
present some properties of certain generalizations of these sequences. In Section 4, we
state without proof the key result of the paper (Theorem 4.2) and used this to prove
Theorem 1.1. We also present an outline proof of Theorem 4.2, before proving it in
Sections 5 to 9. In Section 10, we will present an application of Theorem 1.1 to distance-
regular graphs of order (s,t). We conclude in Section 11 by discussing some possible
future directions.

2. Preliminaries
In this section, we review some of the well-known theory of Christoffel numbers for

orthogonal polynomials, interlacing and distance-regular graphs that will be used in this
paper. We refer the reader to [5,13] and [36] for more details.
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2.1. Christoffel numbers

Let Ly be the arbitrary tridiagonal matrix defined by

ag  fo
M oo P
Y2 oz B
Ly := o ; (1)

Vi QG Bi

o1 On—1 Bn-1

Tn Qp

where «; > 0, B;_1,7; > 0 are real numbers with ag = v = 8, = 0 and 7; = 1, and
a; + Bi + v = Bo holding for all 1 <i < n. Let v;(x) (0 <i<mn+ 1) be the polynomials
defined recursively by the equations

vo(z) =1, vi(x) ===, (2)
2vi(x) = PBic1vi—1 () + v (x) + vig1vipa1(z) (1 <i<n-—1), (3)
Uny1(2) = (2 — an)vn(z) — Br_1vn-1(2), (4)

and Fj(x) (0 < i <n) be the monic polynomials defined by setting Fy(x) := 1, Fi(z) :=
z+1 and

Fi(z):="a-- -'yi(vo(x) +uoi(z)+--+ vl(x)) (2 <i<n).
Note that for each 2 < i < n, the polynomial F;(z) satisfies the recurrence relation
Fl<x) = (:L‘ - BO + 51‘—1 + ’Yi)Fifl(l') — 5241’72;1}71;2(37). (5)

Moreover, by (2)-(5), for each 0 < i < n, the polynomials v;(z) and F;(z) have degree
i and have exactly 4 distinct real roots in the closed interval [—Bp, Bo] (cf. [36, Theo-
rem 3.3.1]). Note that the polynomial (x — ) F,(z) is the minimal polynomial of the
matrix Lj.

Now, let k := By and define

ki:=vi(k) (0<i<mn), and (6)
wi(z) = ”is) (0 <i<n). (7)

Put k := k1. Then the polynomials u;(z) (0 < i < n) satisfy

wi(k)=1 (0<i<n); (8)
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uo(x) =1, up(x) = %, aui(z) = yiui—1 () + ayug(x) + Biuipr (z)

(1<i<n). (9)
The sequence (u;(z))l, is called the standard sequence of L1, and if 6 is an eigenvalue
of Ly, then the column vector (ug(8),u1(6),...,u,(0))T is a right eigenvector of L,
associated to 8, by (9).
Note also that it follows by (7) that, for each eigenvalue € of the matrix Lq, the
equation

2

20 _ S z0) (10)

n
o
i=0 v i=0

holds.
Now, let By = 6y > 07 > 65 > --- > 0, be the eigenvalues of L and, fori =0,1,...,n,

define
"k
me= (4 ) )
Zj:() Jlij

as well as the symmetric bilinear form (-,-) on the polynomial ring R[z] by

(f.9) = Zmifwi)g(ei)-

Then, (v;,v;) # 0 holds for all 0 < ¢ < n, and (v;,v;) = (v;,v;)d;; holds for all 0 <
1,7 < n, where §; ; is the Kronecker delta function on Ny x Ng, where Ny is the set of
non-negative integers. In particular, it follows that (v;)?_ is a sequence of orthogonal
polynomials with respect to (-,-). Note that within the theory of orthogonal polynomials,
the numbers m,; are referred to as the Christoffel numbers of the sequence (v;)7_, [36,
Theorem 3.4.1], [5, p. 201]. Analogously, we call the number m; as defined in (11), the
Christoffel number of L associated with 6;.

2.2. Interlacing

We now recall two results stated in [2] that provide us with some interrelationships
between the eigenvalues of the matrix L; as defined in (1). The first generalizes the
well-known Interlacing Theorem [13, Theorem 3.3.1], from which it immediately follows.

Lemma 2.1. Suppose that A is a real n X n matriz for which there exists a non-singular
diagonal matriz Q such that the matriz Q1 AQ is real and symmetric. If ;; < ... <1,
are the eigenvalues of A and 0, < ... < 0,_1 are the eigenvalues of the matriz obtained
by removing the ith row and ith column of A, with i € {1,...,n}, then
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Note that in [2, Lemma 3.1] the condition that @ has to be a diagonal matrix was
omitted. Without this condition the lemma is not true.

In particular, since B;y;+1 > 0 (0 < i <n —1) and L; is tridiagonal, it follows that
L, satisfies the conditions on A given in Lemma 2.1, and therefore the eigenvalues of L,
must satisfy the inequalities given in this lemma.

The second result guarantees the existence of eigenvalues of Lq lying within certain
limits.

Lemma 2.2. (See [2, Theorem 5.2].) Let o, Bi,v: (0 < i < n) be non-negative integers
satisfying cg = v0 = Bn = 0, Bi—1,7% > 0, oy + B + v = Po, Bi—1 = Bi and v; > vi—1
for all 1 < i < n, and let L1 be the tridiagonal matriz as defined in (1). For each

1 <i<n-—1,let i) = {j: (vj,05,8;) = (vi-,B:), 1 < j < n—1}|. Then the
following statements hold.

(i) If £(i) > 2 then there is an eigenvalue 0 of Ly with

2
. LA - < .
a1+2\/ﬁ1’yzcos(£(i) 1) 0 <k

(if) If £(i) > 3 then there is an eigenvalue 0 of Ly with

a; + 2/ Bivi COS(

forall j=3,...,0(i).

) <0<a1+2\/ﬂl'yzcos< 2)7T)

i) +1

2.3. Distance-regular graphs

We now review some basic definitions and results concerning distance-regular graphs.

For I' a finite, connected graph, denote by d(z,y) the path-length distance between
any two vertices x,y in the vertex set V(I') of I' (i.e. the length of a shortest path),
and by D = Dr the diameter of I (i.e. the maximum distance between any two vertices
of I'). For any y € V(I'), let I';(y) be the set of vertices in I" at distance precisely i
from y, where ¢ € Ny is a non-negative integer not exceeding D. In addition, define
I' 1(y) =I'psaly) = 0.

Following [13, p. 126], a finite, connected graph I" is called a distance-regular graph
if there are integers b;,¢;, i = 0,1,..., D, such that, for any two vertices x,y € V(I') at
distance ¢ = d(x,y), there are precisely ¢; neighbors of y in I';_1(z) and b; neighbors of
y in 41 (z). In particular, I" is regular with valency k := by. The numbers ¢;, b; and

ai::k—bi—ci (OSZSD)
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(i.e. the number of neighbors of y in I;(x) for d(z,y) = i) are called the intersection
numbers of I'. Note that bp = ¢g = ag := 0 and ¢; = 1. In addition, we define k; := |I3(y)|
for any vertex y € V(I'), i = 0,1,...,D. This definition for distance-regular graphs is
easily seen to be equivalent to the one given in the introduction.

For I' a distance-regular graph as above, we define

Tr = ((Ciaaiabi))il (12)
and we let
Gr:= ((’)’zaazaﬂz))ngl (13)

denote the (necessarily unique) maximal length subsequence of 7 for which the ith term
of Gr is not equal to the (¢4 1)th term of Gy for all 1 <4 < D — 1. In addition, we define
the numbers

h:h[' = }{j : cj,aj,bj) = (cl,al,bl) 1 <j < D—]_}{ and (].4)
HJ (¢j,aj,b;) = (b1,a1,¢1), h < j <D—1H (15)

which are called the head and the tail of I', respectively. Note that by [2, Lemma 2.1],
it follows that tail t satisfies the following:

t <hand, if t > 1 then (¢p_s,ap—t,bp—t) =+ = (¢p-1,ap-1,bp—1) = (b1, a1, 1).
(16)

2.8.1. Intersection numbers
For the rest of Section 2, we suppose that I' is a distance-regular graph with va-
lency k > 3, diameter D > 2, intersection numbers a;,b;,c;, 0 < ¢ < D and

Gr = ((72,az,ﬂz))g+1
In [13, Proposition 4.1.6] and [2, Lemma 2.1(ii)], it is shown that the following in-

equalities always hold:

k=by>b; >by>--->bp_1>bp=0 and 1261§02§---§CD§]€, (].7)

a; > ay +1—min{b;,¢;} (1<i<D-1). (18)

In particular, it follows that for every term (v;, o, 5;) in Gr, B; > Biy1 and v; < i1
hold. For each 1 < i < g, define

s(i) = SF(i) = min{j : cj,aj,b )= (i, 0:), 1 <j<D-— 1} (19)
£(i) ={j: (¢j,a;.b;) = (i, B:), 1 <j <D

and define s(g+1) = D. Note that s(1) =1 ¢(1) =hp, £(g+1) =1, and that s(i +1) —
s(#) = £(7) holds for all 1 <4 < g.
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2.83.2. Diameter bounds
The following result is originally due to A.A. Ivanov [26] (cf. [13, Theorem 5.9.8]).
Note that N denotes the set of positive integers.

Theorem 2.3 (A.A. Ivanov’s diameter bound). Let k > 3 be an integer. Then there is a
function F : N = N so that, for all distance-regular graphs I' with valency k, diameter
Dr, and head hp, the inequality

Dr < F(k)h[*
holds.

Note that it was also shown in [26] (cf. [13, Theorem 5.9.8]) that one can in fact take
F(k) = 4* in the last theorem.

Now, in order to show that there are only finitely many of distance-regular graphs I’
with fixed valency k > 3, it suffices to show that the diameter Dp of any such graph
is bounded above by some function f : N — N depending only on k, since |V (I')| <
1+ ZDF k(k — 1)"~1. Thus, in view of Theorem 2.3, it also suffices to show that the
head hj is bounded above by some function ¢ in k. In particular, the following result
also holds (as we can take g(k) to be a constant function).

Corollary 2.4. Suppose that k > 3 and C' > 1 are positive integers. Then there are only
finitely many distance-regular graphs I' with valency k and head hp < C.

2.3.8. Eigenvalues of distance-reqular graphs
The tridiagonal matrix Ly = L;(I") associated to I" is defined by

0 by
c1 a1 by

c2 az by
Ly = . . .
¢ a; b ’

¢p-1 ap-1 bp_1

CD ap

and 0 € R is an eigenvalue of I" if § is an eigenvalue of Ly (I") [13, p. 129]. Note that any
distance-regular graph I' with diameter D = D has exactly D + 1 distinct eigenvalues
[13, p. 128]. Moreover, if 6 is an eigenvalue of I, then (ug,us,...,up)? is called the
standard sequence of I" associated with 8, which is a right eigenvector of L (I") associated
with eigenvalue 6, and the multiplicity m(#) of € is given by

VD)

m(f) = ————. 21
) 2o kiu2(0) 21
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This equation is known as Biggs’ formula [10, Theorem 21.4]. Note that in view of
Egs. (10) and (11) it follows by this last formula that the multiplicity of eigenvalue 6; of
I' is equal to the Christoffel number m; of Li(I).

3. Graphical sequences

In this section, we define graphical sequences and tridiagonal sequences. Note that
these are similar (but not identical) to the ones presented in [3]. The definition for these
sequences is motivated by the sequences Gr and Tr associated to I' a distance-regular
graph that were presented in the last section.

For integers k > 3 and A > 0 with A < k — 2, define

Vier 1= {(7,&,5)€N8 s B,y > 1, 7+a+ﬁzﬂandaZmaX{)\qufﬂ,)\Jrlf’y}}.

Definition 3.1. With «, A and Vj;  as just defined above, a sequence G = ((;, o, ﬁi))fill
of distinct terms in N3 is called a (k, \)-graphical sequence if it satisfies the following
conditions:

(ir i, Bi) € Ver (1 <i <),
(71,01,B81) = (LA, k= A —1),

i > By (1<i<g—1)and 3 < viq1 (1< < yg),
g+1 =0 and vg41 + g1 = k.

Let G = ((4, ai,ﬁi))fill be a (k, A)-graphical sequence and let £:{1,...,g+1} - N
be a function with (g + 1) = 1. For each 1 <14 < g+ 1, define s4(i) = s(4) by

s(1):=1,
i—1
s(4) ::1+Z£(j) (2<i<g+1). (22)

Definition 3.2. With G, ¢ and s as just defined above, the sequence of triples T =
T(G,0) = ((cm,am7bm))s(g+1) given by putting, for each 1 <i < g+1,

m=1
(Cs(i)tjs @s(ir4i bs(iyrg) = (vir e, Bi) (0 <5 < €(i) — 1)
is called the (k, A)-tridiagonal sequence (associated with G and £).

Given T = T (G, ) as in this last definition, we define the head h = hr, the tail t =t
and the diameter D = Dy of T to be

tr=|{hr <i<s(g+1): (ciyaibi) = (k= A—1,A1)}|, and (24)
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Dy :=s(g+1), (25)
respectively. Note that h and t satisfy
h >t and, if t > 1 then (cp_¢,ap—¢,bp—t) =--- = (cp—1,ap—1,bp—1) = (b1,a1,1)

(see (16)).

Note that if I' is a distance-regular graph, with diameter Dp and Tp =
((€ms @m, b)) 2L, then, referring to (13) and (20), it follows that the sequence G is a
(bo, aq)-graphical sequence and that 7 is the (bg, a1 )-tridiagonal sequence T (Gr, ¢r).

Now, given a (k, A)-graphical sequence G, function ¢ and the (k, A)-tridiagonal se-
quence T = T(G, ) = ((¢m,@m,bm))P_; as in Definitions 3.1 and 3.2, we define the
tridiagonal matrix L, (7) associated to 7 by

0 =~
c1 ar by
co az by

¢ oa; b

¢p—1 ap-1 bp_1
CD ap

It follows by the results in Section 2.1, that the tridiagonal matrix Li(7) has exactly
D + 1 distinct eigenvalues, kK = 0 > 61 > 62 > --- > 0p, say, which we call the
eigenvalues of T and denote by

Er={0;, : 0<i<D}. (26)

Note that applying formulae (3) and (6) to the matrix L;(7) we obtain, for each 1 <
i< g+1,

N\ Jid () S N
Ks(i)+j = %(&y H(&> = w (j =0,...,£(i) — 1). (27)

Vi =1 Yt ci1Co - - Cs(i)+j

We define the Christoffel numbers of T to be the Christoffel numbers associated with
Li(T) (cf. Section 2.1).

Now, in case L1 = Li(Tr) for a distance-regular graph I then, for any 6, " distinct
algebraic conjugate eigenvalues of I'; the multiplicities of § and ¢’ are equal [5, Propo-
sition II1.1.5]. Hence so are the corresponding Christoffel numbers, which implies that
S ilg kiu(6) = 32 wiu? (6') holds.

Motivated by this fact, we will be interested in (x, A)-tridiagonal sequences T that
satisfy the following key property:
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(AC) Any two eigenvalues of 7 which are algebraically conjugate (over Q) have the same
Christoffel numbers.

We conclude this section with a useful result concerning graphical sequences. Suppose
that G = ((’yi,ai,ﬂi))zgﬂl is a (K, A\)-graphical sequence for some integers k > 3 and
0 < A <k —2, as in Definition 3.1. For each 1 < ¢ < g we define the ith right and ith
left guide point by

Ri =Ri(G) == +2¢/Biyi and £ =£i(G) = —2/Bivi (1<i<g) (28)

respectively. In addition, we put Rpax = Rmax(G) := max{R; : 1 <i < g}.
Moreover, for each 1 < i < g, we define the ith guide interval to be the open interval

The following lemma is a slight extension of Lemma 3.1 in [3]. We provide a proof
of it for the sake of completeness. Note that a sequence ry,...,7, of real numbers is
called unimodal if there exists some 1 < ¢t < n satisfying r; < 79 < -+ < 1 and
TE 2 Tip1 2 2 Ty

Lemma 3.3. Suppose that k > 3 and A > 0 are integers with A < k — 2, and that
G = ((yi, i, B:))21] is a (1, \)-graphical sequence. Then the following hold.

(i) The inequality R; > Ry holds for all 1 <i < g, with equality holding if and only if
(Vs iy Bi) € {(L,\ k= A=1),(k=A=1,\1)}.
(ii) For any 2 <i < g, if B; > v; then R;_1 < R;.
(iii) Forany2<i<g-—1, if B; <~; then R;11 < R;.

In particular, by (i) and (i), it follows that the sequence (R;)7_, is unimodal.

Proof. First note that by (G0) and (G1) in Definition 3.1, for each 1 < 4,5 < g, we have

= (VB —v3) = (VB — v3)*,  and (30)
B > i (31)

Now, to see that (i) holds, note that by (G0), (G2) and (31), v/B1 — 1 > |v/Bi — /7l
holds. Hence R; > M holds in view of (30) with j = 1. Moreover, equality holds if and
only if (vi, i, Bi) = (1,1, B1) if B > i and (i, i, Bi) = (Br, ax, 1) if vi > B

To complete the proof of the lemma, note that (ii) and (iii) follow from (30) and
(G2), since fBi—1 > Bi > vi > vi—1 and i1 > 7 > B > Biyp1 hold for (ii) and (iii),
respectively. O
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4. A key result

In this section we will state without proof a key result (Theorem 4.2) that we will
then use to prove the main result of this paper (Theorem 1.1). We will then give a sketch
a proof of this key result which we will prove in Sections 5 to 9, inclusive.

For w = (w;)?_, any sequence, we put

w:={w; : 1 <i<n}, (32)

i.e. the set consisting of all distinct terms in W. To state Theorem 4.2, we will require
the following key definition:

Definition 4.1. Let x > 3 and A > 0 be integers with A < k — 2. A (k, A)-quadruple is a
quadruple (G, A; L, ¢) such that

(i) G := (6 == (v, s, 5;))?1] is a (k, \)-graphical sequence (cf. Definition 3.1),
(ii) A = (0s,);—1 is a subsequence of G in which (1,\,x — A —1) € A (i.e., iy = 1) and
(79+17a9+1769+1) ¢ A, and
(iii) £:{1,...,9+1} > Nand L:{1,...,g+ 1} \ {i1,...,4-} = N are functions with
lg+1)=1and L(#) =4(¢) foralli e {1,...,g+ 1} \ {i1,..., 0}

Theorem 4.2. Let k > 3 and A > 0 be integers with N < k — 2, and let G =
(6; == (’yi,ai,ﬁi))fill be a (k,\)-graphical sequence. Suppose that A = (0;,)]_; is
a subsequence of G with (1,A\,k — X — 1) € A and (Vg41,9+1,04+1) € A, and
L:{1,...,9+1}\{éi1,...,i-} — N is a function. Suppose ¢ > 0 is a real num-
ber, C := C(k) > 0 is a constant, and ¢ : {1,...,9 + 1} — N is any function for
which (G

T=T(

JA L) is a (K, A)-quadruple and the associated (k, \)-tridiagonal sequence
,0) satisfies

(i) Property (AC),
(i) Dy < Chr, and
(iii) Dy — (b + t7) > chy,

where hy, t+ and Dy are as defined in (23)-(25), respectively.
Then, there exist positive constants F := F(k,G,A,L) and H := H(k,\, ,G,A, L)
such that if £(ip) > F holds for all1 < p < 1, then hy < H holds.

We will now use Theorem 4.2 to prove Theorem 1.1, the main theorem of this paper.
To do this, we will make use of the following result:

Proposition 4.3. Let k > 3 and X\ > 0 be integers with A\ < k — 2, and let G = (§; :=
(’yi,ai,ﬂi))fill be a (K, \)-graphical sequence. Suppose € > 0 is a real number, C =
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C(k) > 0 is a constant, and £ : {1,...,9 + 1} = N is any function with £(g+ 1) = 1,
such that the associated (K, \)-tridiagonal sequence T = T (G, ) satisfies

(i) Property (AC),
(i) Dy < Chy, and
(iii) Dy — (hy + t7) > ehy.

Then there exists a positive constant H := H(k, A\, €,G) such that hy < H holds.

Proof. Suppose that &, A, G, €, C, ¢ are as in the statement of the proposition. First, we
show that the following statement holds:

() Foreachi=0,...,g9—1, there exists a subsequence G; of G with precisely (i+1)-terms
satisfying (1, \, k—=A—1) ¢ G; and (vg+1, g+1, Bg+1) € G; for which there is a positive
constant L; := L;(k, A, €,G, G;) such that

() <Ly
holds for all (v;,a;,8;) € Gi.

Proof of (). We use induction on . In case i = 0, (}) holds for the subsequence Gy :=
((7g+1, @tg+1, Bg+1)) and constant Lo := 1.

So, assume that (1) holds for all ¢ = s, with 0 < s < g — 2, i.e. there is a subsequence
Gs = ((’yip,aip,ﬁip));:i of G with (1, A,k = XA —=1) ¢ G, and (vg41, g1, Bg+1) € Gs for
which there is a positive constant Ly := Ls(k, A, €, G, Gs) > 0 such that £(i,) < L, holds
foralll1 <p<s+1.

Let £({41,...,%s+1}) denote the set consisting of those functions L : {i1,...,is41} —
N satisfying L(i,) < L, for all 1 < p < s+1. Note that the set L({i1,...,is41}) depends
only on k, A, €, G and G;. Let Ay denote the subsequence of G obtained by removing the
terms in G from G. Put m = m(G,G,) :==min{2 <i < g : (v, a4, 3i) € A}

Define positive constants F, = Fy(k, A, €,G,G,) and Hy, = Hy(r, A\, €,G, Gs) by

F, = maX{F(n7g,AS7L) : Le £({7;1,...,Z’S+1})},
H, = max{H (k, X\, €,G,Aq, L) : L€ L({i1,...,i541})},

where F(k,G,Aq, L) and H(k, A\, €,G, Ag, L) are the constants given by applying Theo-
rem 4.2 to the (k, A)-quadruple (G, Ag; L, ?).

Then, by Theorem 4.2, either (a) £(i) > F holds for all (v;,a, 3;) € A, in which
case we can let Gs11 be the sequence defined by adding the term (Y, Qm, Bim) to the
beginning of G, and put L4 := max{L,, C(k) ﬁs}, or (b) there exists (v, an, Bn) € Ag
such that ¢(n) < 155 holds, in which case we can let G,11 be the sequence defined by
inserting the term (vy;, o, 8;) with j := max{m, n} into the sequence G, (according to its
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place in G) and put L := max{L,, C(x) F,}. This completes the proof that statement
(1) holds. O

To complete the proof of the proposition, we apply (1) for i = g — 1. In particular, for
this choice of i, Gg—1 = ((vs, s, ﬂi))f;l, and constant L, depends only on k, A, e and G,
and hence the set L({i1,...,44}) = L({2,...,g+1}) of those functions L : {i1,... i} —
N satisfying L(i,) < Lgy_; for all 1 < p < g depends only on k, A, € and G. Since
(G,A; L, ¢) is a (k, A)-quadruple for the subsequence A = ((vy1, a1, 51) = (1, \, k—A—1))
of G and L any function in £({2,...,g + 1}), it follows by applying Theorem 4.2 to
(G,A; L, ¢) that there exists a constant

C =C(kA\€G) :=max{F(x,G,A,L),H(rk,\e,G,A L) : LeL({2,...,9+1})},
where F'(k,G,A, L), H(k, A\ ¢,G, A, L) are the constants given by Theorem 4.2 so that
hr <C

holds. This completes the proof of the proposition. O

In order to prove Theorem 1.1, we will also make use of the following result from [2],
which generalizes results of Bannai and Ito [8,9] and Suzuki [34]:

Theorem 4.4. (See [2, Theorem 1.2].) Suppose that k > 3 is a fixed integer. Then there
exists a positive number eqg = €o(k), depending only on k, so that there are only finitely
many distance-reqular graphs with valency k, head hp, tail tr, and diameter Dp that
satisfy

Dr — (hp +tr) < eohr.

Proof of Theorem 1.1. Let k£ > 3 be a fixed integer. By Theorem 4.4, there exists a
constant €y = €p(k) > 0 (which depends only on k) such that there are only finitely
many distance-regular graphs I" with valency k, head hp, tail t and diameter D that
satisfy

Dr — (hr +tr) < €ohr.
Now, suppose that I" is any distance-regular graph with valency k that satisfies
Dr — (hr +tr) > eohr. (33)
Then, by Theorem 2.3 and (33), the (k,ai)-tridiagonal sequence Tr = T(Gr,fr)

(cf. (12)) satisfies all of conditions (i)—(iii) in Proposition 4.3, where a; is an intersection
number of I'.
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Therefore, for any distance-regular graph I" with valency k that satisfies (33), it follows
that

hr < C(k)
= max{H(k,al, eo(k), g) :0<a; <k-—2, Gisa (k,a)-graphical sequence}

where H(k, a1, €y(k), G) is the constant given by Proposition 4.3 (note that in the formula
for C(k), taking a maximum is appropriate since the number of integers a; with 0 <
a; < k — 2 is finite, and so is the number of (k, a;)-graphical sequences). Theorem 1.1
now follows by applying Corollary 2.4 with the constant C(k). O

The strategy that we use to prove Theorem 4.2 (whose proof will be presented in
Section 9) is quite involved, and so we will now provide a brief overview of the proof
before continuing.

Let (G,A;L,¢) be any (k, A)-quadruple as in the statement of Theorem 4.2, and put
G:= ((%,ahﬁl))qjl and 7 :=T(G, ).

By Lemma 3.3(i), for each 2 < ¢ < ¢ satisfying (y;, @, 8:;) € G\ {(L,\,x — XA —
1),(k = A =1,A\1), (vg+1, 0g+1, Bg+1)}, there exists a closed interval Z = [Zmin, Zmax]
with Zinin < Zmax, which we shall call a “well-placed interval” (see Section 7), such that

(W1> 1z - (mlammax);
(W2) fZNI; # 0 then Z C I; holds, 1 <i < g;
(W3) TC I,

all hold (cf. (28), (29)).

In the first step of the proof of Theorem 4.2, we will approximate the Christoffel
numbers of the eigenvalues of T inside a well-placed interval Z. To do this, we define the
quantities

c=¢G,7):= min{{Q <i<g: Tnax < LitU{g+ 1}};
0=0(G,I) := maX{{Q <i<g: Tax < £} U {c}};

chjga E(]) ifc<g

Gap(z) = Gapo, (7) = { & sl

(cf. (69), (70), (72)) and, for any eigenvalue § € Z of T, we approximate the sum
ZZD:B kiuz(0) (see Theorem 8.1) by bounding the following three subsums (cf. (22), (25),
(27), (74)):

(1) Head sum: » ;- (=2 2(0);
(2) Gap sum: Zlfbji)) | kiud(0);

’L

(3) Tail sum: Es(b+1)+1 riuZ(0).
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We can use the theory of three-term recurrence relations, to bound the Head sum and
the Gap sum (see Theorem 8.7 and Corollary 8.8). However, for the Tail sum, there may
exist some real numbers near to which we are unable to find good bounds for the Tail
sum. Let B denote the set of these real numbers (cf. (52)). In Theorem 6.2, we show
that B is finite and depends only on G, A and L. In particular, for each (v;, vy, i) €
G\, A\ k—=A=1),(k—=A—=1,\1), (Vg+1, 0g+1, Bg+1) }, there always exists a well-placed
interval J C I; such that J N B = @ (cf. Corollary 7.3). Note that such a well-placed
interval J depends only on G, A and L. We strengthen the condition on the interval 7
by requiring that in addition to (W1)—(W3), it also satisfies Z N B = (). Then for any
such a well-placed interval, we can approximate the Tail sum as long as we require that
£(i) > F holds for all (v, «;, B8;) € A, where F is a positive constant depending only on
k, G, A and L (cf. Theorem 8.9).

Now, by condition (iii) of Theorem 4.2, we can find an element (v;,c;,5;) € G\
{LAE=A=1), (k=X =1,\1),(Yg41, g+1, Bg+1)} satisfying £(z) > %1, and we can
find a well-placed interval Z C I; such that ZN B = () and Len(Z) > %ﬁ both hold (cf.
(23), (71)).

By the approximation given in Theorem 8.1 and Property (AC), it follows that for
any real number 6 > 0, there exist two positive constants C; = Cy(k, A, €,6,G, A, L)
and Cy = Cy(k, A, d) such that any two eigenvalues 6,1 € Z of T which are conjugate
algebraic numbers must satisfy |6 —n| < ¢ if hy > C; and Gap(Z) < Cohy all hold (cf.
Theorem 9.1). In Claim 9.3, we show, by using interlacing, that the number of eigenvalues
in 7 is at least Cshy, where Cj3 is a positive constant depending only on Zax — Ziin, €
and G.

Now, we have to consider two cases: either Gap(Z) < Cshy or Gap(Z) > Cohr. In the
first case, Gap(Z) < Cohy, we show by using Theorem 9.1, Claim 9.3 and Theorem 5.5,
a result in number theory, that

lim [{n : eigenvalues of T that have an algebraic conjugate in Z}| _
hy—o0 hy
holds (cf. Proposition 9.2). Since the number of eigenvalues of T is exactly Dy + 1
(cf. (26)) and Dy +1 < (C(k) + 1)h7 holds by condition (ii) of Theorem 4.2, there
exists a constant H > 0 depending only on &, \,¢,G, A, L so that h+ < H holds, as
required.
In the second case, Gap(Z) > Cahr, by the unimodality of the sequence (R;)7_;, we

can find another well-placed interval Z' := [Z} ;.,Z; .| which depends only on G, A, L
such that

(1) Ir,min > Imax;

(2) Z'NB=10;

(3) Len(z’) > %2,
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all hold (see Proposition 7.4). So we can repeat the same process with Z’ instead of Z.
Using the unimodality of the sequence (R;)?_,, the condition Z/ ;, > Znax implies that
«(G,7) <¢(G,7"), 9(G,7') < 0(G,Z) and Gap(Z’') < Gap(Z) all hold. Hence, the second
case can be repeated at most g times so that, finally, the first case must be satisfied,

from which Theorem 4.2 again follows.
5. Two useful results for polynomials

In this section, we prove two useful results concerning roots of polynomials. The first
one, Theorem 5.1, will be used in Theorem 6.2 to show that the set B (as we intro-
duced in Section 4) is finite. The second result, Theorem 5.5, analyzes the polynomials
having all roots in an interval. It will be used to bound the number of eigenvalues of a
distance-regular graph in the proof of Proposition 9.2.

We denote the degree of any polynomial p(x) by deg(p(z)). The polynomial p(x) =0
is called the zero polynomial and, for technical reasons, we define the degree of this
polynomial to be —1 (cf. [25, p. 158]). Two polynomials p;(x) and p2(x) are identical if
their difference p1(x) — pa(z) is the zero polynomial. Let R and C be the fields of real
and complex numbers, respectively, and let R[z] denote the ring of polynomials in one
variable x with real coefficients.

Theorem 5.1. Let ¢1(x), g2(x) € Rlz] be two monic quadratic polynomials which are not
squares of linear polynomials, and let I C R be the largest (infinite) interval on which
both ¢1(x) and g2(x) are non-negative. Suppose Pj(x) € Rlz] (1 < j < 4) are such that
C := max{deg(Pj(z)) : 1 <j <4} > 0. Put

P(z) := Pi(x) + Pa(2)V/q1(x) + P3(2)\/ q2(x) + Py(w)\/q1(7)q2(z).

Then the equation P(x) = 0 has at most 4(C + 2) roots in I, unless q1(x) is identical
to q2(x) and Py(z) + P3(x), Pi(x) + q1(x)Ps(x) are the zero polynomials, in which case
P(z) =0 for every x € I.

Proof. For each i, € {0,1}, we define

P (z) := Py(z) + (—1)"Pa(2)V/qu (x) + (—1)" Ps(2)y/q2 ()
+ (1Y Py(2) Vau (2) g2 (),
and put
P*(z) := P9 () x POV (z) x POO () x PO (z). (34)

Note that

PO (2)POD (@) = (Pi(2) + Pa(2)Var (2))” — a2(2) (P3() + Palw) Vo ()
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has the form U(z) + V(z)/q1(z) with U(z), V(z) € Rlx] satisfying deg(U(x)) < 2C +4
and deg(V (z)) < 2C + 2. Similarly,

PO ()P () = (Pi(2) — Pa(x)Var (@) — q2(2) (Ps(z) — Pa(a)v/a1 ()

=U(z) = V(z)Vaq (2).

Hence, by (34), P*(z) = U(xz)? — V(x)2%qi(z) is a real polynomial of degree at most
4C + 8. This proves the theorem in the non-degenerate case when P*(z) is not the zero
polynomial.

Assume now that P*(z) is the zero polynomial. We need to prove that this happens
only if ¢;(x) is identical to go(x) and Pe(x) + Ps3(x), Pi(x) + q1(x)Psy(x) are the zero
polynomials. We first prove the following.

Claim 5.2. If ¢1(z) — q2(x) is not the zero polynomial then P*(x) is also not the zero
polynomial.

Proof. We first show that P?(x) — q1(x)ga2(x) Py(x)? is not the zero polynomial if at least
one of the polynomials P;(x), Py(x) is not the zero polynomial. Take a root v € C of ¢; ()
which is not a root of go(x). By the condition of the theorem, v is the root of ¢;(x)qz(z)
of multiplicity 1. Assume that P?(x)—qi(2)g2(x)Py(x)? is the zero polynomial. Then 7 is
the root of ¢1(z)qz(z) Py(z)? of odd multiplicity but it is either not the root of P;(z)? or
it is its root of even multiplicity, a contradiction. By the same argument, Py (x)?q; (z) —
P3(x)2q2(x) is not the zero polynomial if at least one of the polynomials P (z), Ps(z)
is not the zero polynomial. Since C' := max{deg(P;(x)) : 1 < j < 4} > 0, we always
have either P?(z) # qi(2)qa2(x)Py(x)? (if Pi(z)Py(z) is not the zero polynomial) or
Py(2)%q1(x) # P3(2)%qa(x) (if P2(2)P3(z) is not the zero polynomial) for infinitely many
el

Suppose P*(z) is the zero polynomial. Then one of the functions P(“)(z), where
i,7 € {0,1}, must be zero identically on « € I. Hence

Pi(z) + (=1)"Pa(2) Va1 () + (=1)7 Py(2) /g2 () + (=1)! Pa() /1 () ga(2)
=0. (35)
Our aim is to show that this is only possible if all Pj(x), j = 1,2,3,4, are the zero

polynomials which is not the case by the condition of the theorem.
We first claim that

Py(2) Py () = ga(x) P3(2) Py(x). (36)

Indeed, putting first two terms of (35) into the right hand side and squaring we obtain

2

(Pr(2) + (1) Po@) Va1 (2))” = qa(@) ((—1) Ps(2) + Pa(w)y/a ()" (37)
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Since ¢1(z) is not the square of a linear polynomial, by the same argument for roots
multiplicity as above, the function S(z) + T(z)\/q1(z), where S(z),T(z) € Rlz], is
zero identically on I if and only if S(z) and T'(x) are the zero polynomials. Therefore,
collecting terms for y/q1(x) in (37) we obtain (36).

Similarly, putting the first and the third term of (35) to the right hand side, squaring
and then using the same argument for the ring R[z] + R[z]/q2(z), we deduce that

Py (z)P3(x) = q1(x) Pa(x) Py(x). (38)

Suppose first that Py (x) is the zero polynomial. Then, by (36) and (38), Pa(z), Ps(x) or
P,(z) is zero identically. If either Py(z) or Ps(z) is the zero polynomial then, by (35), all
four Pj(x) must be the Zero polynomials a contradiction. If Py(x) is the zero polynomial
then Py(2)\/q1(7) + (—=1)? P3(x)+/q2(z) = 0. But this yields Py(z)%q1(x) = P3(z)%qa2(x),
a contradiction agaln. By the same argument, if any of the polynomials Ps(x), Ps(x),
Py(x) is the zero polynomial, then by (36) and (38) one more polynomial must be a
zero polynomial. One then concludes as above that all four polynomials are the zero
polynomials.

Finally, if none of the polynomials P;(z) is the zero polynomial then multiplying
(36) and (38) gives P (x)?Py(z)Ps(z) = q1(2)q2(x)Pe(z) P3(z)Py(z)%. Hence Pi(1)? =
q1(z)g2(z) Py(x)?, which is a contradiction again. O

Now, to complete the proof of the theorem, suppose that g;(z) is identical to ga(z).

Then P(x) = Pi(z) + qi(z)Pa(z) + (Pa(x) + Ps(x))y/qi(z) for all x € I. If Pi(x) +
q1(z)Py(x) and Py(z) + P3(x) are the zero polynomials then P(x) is zero identically.
Otherwise,

P(z)(P1(z) + q1(z)Pa(z) — (P2(2) + P3(2)) v a1 ()
= (Pi(2) + q1(2)Pa(2))” — 1 () (Pa(@) + P3(z))”

is not the zero polynomial. So P has at most 2C + 4 roots in I, which is better than
required. O

In the remainder of this section, we will show the second useful result, Theorem 5.5

For any real number x > 2, we denote by P, the set of all irreducible monic polyno-
mials p(z) € Z[z] such that all of the roots of p(z) are contained in the closed interval
[—k, k]. Note P, C Py if k < K.

Lemma 5.3. Let k > 2 be a real number and let n be a positive integer. Then the following
holds.

(i) The set consisting of all polynomials p(x) € P, of degree at most n is finite.
(ii) P, is an infinite set.
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Proof. (i) Obviously, any coefficient of each p(z) € P, of degree at most n is in
[—(2K)™, (2K)™], so P, contains at most (2(2x)™ + 1)"*! of such polynomials. See also
[27, Lemma 7.1].

(ii) Let P,(1,0,1)(z) be the characteristic polynomial of the tridiagonal (n x n)-matrix
with zeroes on the diagonal and ones on the subdiagonals and superdiagonals. Then

P,(1,0,1)(x) is a polynomial of degree n and has n distinct roots, 2 cos(nij1 ),i=1,...,n
[10, p. 11]. Thus, if we factorize P, (1,0, 1)(x) into irreducible factors, say q1(z), ..., ¢:(z),
then g;(z) # gj(z) f 1 < i < j <tand ¢(x) € Py for all 1 < i < ¢. (ii) now follows

immediately from (i). O

In fact, an old result of R.M. Robinson [32] asserts that if J is an interval of length
strictly greater than 4 then there are infinitely many irreducible monic polynomials whose
roots all lie in J. Moreover, none of them has a root of the form 2 cos(nr) with r € Q as
those lying in Ps.

Now, for any real number ¢ > 0, let I, ¢ be the set of all closed intervals of length
¢ which are contained in the closed interval [—k, k]. For each p € P, and I € I, ¢, we
define

el po) =0} -1
deg(p(z)) 7
Yo = sup{TN(p,I) p€eP, I€ Im,g}- (40)

Ye(p,I): and (39)

Remark 5.4. Note that Y. . is positive for all { > 0 since by Lemma 5.3(ii) there exists

a polynomial p(z) € P, with degree n > 8% and so, by the pigeon hole principle, there

¢
exists an interval I € I, ¢ of length ¢ such that p(z) has at least Z—é roots in . Even so,

we now show that the limit of 7 ¢ as ¢ tends to oo is zero.
Theorem 5.5. Let k > 2 be a real number. Then

lim TK,C =0.

¢—0

Proof. Fix k > 2 and ¢ € (0,1). Let p(z) € P, be of degree n, say, and let I € I, ..
Since p(z) is irreducible in Z[x], it has n distinct roots s, ..., a, € [k, x]. Consider
the discriminant A(p) of p given by

Ap):= JI (@ —ay

1<i<j<n

Since p(z) is a monic polynomial with integral coefficients, its discriminant A(p) is an
integer. Moreover, A(p) is not zero as the roots of p(z) are distinct and A(p) > 0, so
A(p) = 1.

Without loss of generality, assume that {aq, ..., a; } is the set of roots of p(x) contained
in I, for some 0 <t <n. Let 7 = 7(p,I) := L.

n
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Claim 5.6. Ift > 2 then 72 < _211;(2&).

Proof. We have

= (1<g<t(ai - aj)2> ( 1T (a; — aj)2>

1<i<j<n and j>t

< CTn(‘rnfl) (QH)n(nfl),

since t =7mn > 2, |o; —a | < (for 1 <i<j<tand|w—a; <2kforl<i<j<n.
Using 7n — 1 > 7(n — 1)/2 and 0 < ¢ < 1 we find that 1 < CW(%{)”("*),
sol < §72/22/<;. The claim follows by taking the logarithms of both sides of the last

inequality. O
Now, let ¢(z) € P, and I € I, ¢ be such that
Yi(q,I) > %TK,Q > 0.
Such a ¢(z) exists, since, as remarked before the statement of the theorem, T ¢ is

positive. Since 1 (q,I) > 0, the polynomial g(x) has at least 2 roots in I. Hence, by
Claim 5.6 and (39), we have

_2In(2k) < H{x eI : q(z) =0} S Hxel: qx)=0}—-1
In¢ ~ deg(q()) deg(q())

1
= TR(Q,I) Z §TR,C > 07

from which the theorem immediately follows. O
6. Preliminary results for the Christoffel numbers

In this section, we will prove some results which we will use later in Section 8 for the
approximation of Christoffel numbers.

Suppose that G := ((v;, ai,ﬂi))fill is a (k, A)-graphical sequence, that (G, A; L, ) is a
(K, A)-quadruple as in Definition 4.1, and that A = (d;)7_;.

Fix i with 0 <i <7 —1. Let 0 < j; < g be the integer for which

Or—i = (’79*3’1" O‘Q*jwﬁgfji) (41)

holds. We put j_; := —1, and note that j; — j;;_1) > 1 necessarily holds.
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Suppose j; — jii—1) = 2. Then, for n; := j; — ji—1) — 1, we define the sequence
20 = (24 @ )5, by putting

(@) .— , . 4 = .
Zs = (79—3(1‘71)—57 ag_](i—l)_s’ 69—](7;71)—5)7 s§= 17 <oy T

In addition, for N := Zzez( ) L(z), we let w® = (w,(f))N be the sequence whose kth

term w,(c is defined to be z ) for the necessarily unique j for which

Jj—1 J
D L) < k<> L(2) (42)
s=1 s=1

holds.

Now, suppose that 6 is a real number, and that vy and v; are real numbers satisfying
(vo,v1) # (0,0). In addition, let (vj)jy:‘gl be the sequence that is defined by the recurrence
relations

,3311] 1+( fG‘)’UJJr’yJUJ_H—O (j=1,2,...,N), (43)
where (75, olj,Bj) denotes the jth term w](-i)
Ji — Ji-1) = 2 and N = 0 else. Then, in view of (43), for j; — j;—1) > 2 there are

of the sequence w(¥, and N is as above if

polynomials ft( (2), gt ( ) 1n Q[x] (of degree s — 1 and s — 2, respectively) that, for
0 € Ry_j,, k], satisfy vy = ft ( Jur + gf@ (0)vg for each s > 1,

(0 (i o
oy = 4 F17 Ov+ 917 (O)vo if i = j(i-1) = 2 (44)
Vo it ji —Ju-1 =1,
and
£ 01+ g8 Oy if Gi — o1y > 2
UN41 = 2 2 o o B (45)
v if ji —Jju-1 = 1.

In addition, in case j; — ji—1) = 1, we let ft(i) (x) and gti) () (t=1,2) be the polyno-
mials in Q[z] for which both ft(z)(:r) —t+1and gt(i) (z) +t — 2 are the zero polynomials
for t = 1,2. Note that the degrees of the polynomials ft(l)( ) and g( )( ) are as follows:

i =1+ .o L(2) if ji —ju—1) > 2
G et 10)
) () g .
i d —1 if ji —ju_) >2
st o) = { LD 0 2 &
deg(f3" (x)) = deg (i (x)) + 1; (48)

deg(g5” (x)) = deg(f{”(x)). (49)
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Note also that ft(i)(x) and gt(i)(ac) (t =1,2,0 <i <7 —1) depend only on the triple
(G,A, L) (and not on the function £).

We now present the second key definition of this section. For the (k,\)-graphical
sequence G = ((i, s, 5:))?1], let ; = x4(0) and y; = yi(0) (where |z > |yi|) be the

roots of the equation
Yyg—it? + (ag_i — )+ B,_i =0 (0<i<g). (50)

Definition 6.1. For any integers k > 3 and A > 0 with A < x — 2, let (G,A;L, /) be
a (K, \)-quadruple with G = (('yi,ai,,é’i))fill and A = (6;)7_,. With reference to (28),
(44), (45) and (50), for 0 < i < 7 —1 and 0,—; = (Vg—j;s ¥g—js> Bg—j:) € A satisfying
Bg—j; < Yg—j:, and for any real numbers vy, v satisfying (vg,v1) # (0,0) we define the

set B; = B;(G,A, L) by
Bz(g,A,L) = {0 € [mg—ji(g)7mnlax(g)] : F’(e) = 0}7 (51)

where F;(z) is the polynomial in R[x] given by

Heete, i, (@ = age) (A7 (@)€ = £7(@) + 9941 (01" (2)¢ — 957 (2)))
ifi=0

Tie et sy gt (@6 = £7@)x + 617 (@)6 — 037 (2))
if i # 0.

With reference to (51), we also define the set B = B(G, A, L) by

B(G,A, L) := U Bi(G, A, L). (52)

0<i<7—1 and Bg—j, <vg—j;

Note that since the polynomials ft(i)(x) and gt(i)(x) (t=1,2,0<4i<7—1) depend
only on the triple (G, A, L), the polynomial F;(x) and the sets B; and B in the last
definition all also depend only on (G, A, L). Note that, if Ryax(G) = &, then Fj(k) =0
for all 4, 0 < i < 7—1 (as the standard eigenvector for & is the all-one vector and z; = 1
for all 0 <4 < 7 — 1), and hence in this case k € B.

Theorem 6.2. Let K > 3 and A > 0 be integers with A < k — 2. Suppose that (G, A; L, L)
is a (K, \)-quadruple. Then there exists a constant C' = C(G,A, L) > 0 such that

1B <C
holds, for B =B(G,A, L) as defined in Definition 6.1.
Proof. Let (G,A;L,¢) be a (k,A)-quadruple, put G = (('yi,ai,ﬁi))f;l and let 7 =

T(G,¢) be the associated (k, \)-tridiagonal sequence. In addition, put A = (9;)7_; and
let 07— = (Vg—j;» Qg—js» Bg—s;) € A with SBy_;. < ~y,—;, be as defined in (41).
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To prove the theorem, we will use Theorem 5.1 to bound |B;| by some constant
depending only on G, A and L for each 0 < i < 7 — 1. To do this, we first define
polynomials ¢(z), s = 1,2, and Pj(z), 1 < j <4 as in the statement of that theorem,
breaking this definition into cases depending on ¢:

(a) i = 0: Let gs(z) = (x — ag—j,)* — 4Bg—jivg—s; (s = 1,2). For each & € {z;,,v; },
put

i) (@)

(
x—ag_j)((z—a 17+ Y419 i i
P1(x) — ( g—J )(( 279-&-'1) 1 g+191 ) _ (I—Oég+1)f2( ) —’Yg+19§)7
g—Ji
5 (x —« 1)f(i)+’y 19(i)
Ps(x) = (—1)"vs < gt1//1 LA >7
2Yg— i
Yg—ji

Pg(l‘) = P4(33) = O7

where d¢ ,; is the Kronecker delta function, and let Py(x) = P5 (). Then, for this specific
choice of polynomials, the polynomial P(z) = P%(x) in Theorem 5.1 becomes

P(z) = (z — age1) (7 (@) — f57(2)) + 7911 (91" (2)€ — 9" (2)),

which is precisely the factor that appears in the definition of the polynomial Fy(z) in
Definition 6.1.

Note that if Pj(x) and Py(z) are the zero polynomials, then (x — agH)fs(i) +
vgﬂggi) are also the zero polynomials for s = 1,2. This contradicts (46)—(49). Hence
max{deg(Pj(x)) : 1 <j <4} >0.

(b) i > 1: Let q1(x) = (x — ag—j,)* — 4Bg—j,79—j, and qa2(z) = (x — ag_j,_,))* —
4Bg—ji—1yVg—jy- Note that as Bo_j. ) < Byg—ji < Vg—ji < Yg—ju_,y holds, q1(y) #
q2(y) for some y € R. For each (£, x) € {xj,,Yj, } X {Zj(,_1)» Yii_ry > let Ps(z) € Qz], 1 <
s < 4, be polynomials such that P(x) := (fli) ()€ — féi)(:c))x—i—gli) (x){—géi)(x), i.e. the
factor appearing in the definition of the polynomial F;(x) in Definition 6.1, ¢ > 1. Note
that if Ps(x) =0 (1 < s < 4) are all the zero polynomials, then so are the polynomials
ft(i) () and g,gi)(x), t = 1,2. Thus vn(0) = vy4+1(0) = 0 hold for any real number 6,
which is impossible as (vg, v1) # (0,0). Hence max{deg(Ps(x)) : 1 < s <4} >0.

With these definitions in hand we can now apply Theorem 5.1 simultaneously to cases
(a) and (b). (Clearly, g1 (x) and g2 (x) are not squares of linear polynomials.) In particular,
in view of (46)-(49),

1B;| < {8(4 +deg(fi7(2))) ifi=0
TN 060 4 deg(70 (@) i #0

holds, from which the proof of the theorem now follows by taking

C(g,A7L)::16|Q|<3+ > L(z’)). O

(visi,8:)€EG\A
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Now, for the (k, A)-quadruple (G, A; L, £),let T = T (G, £) be the associated tridiagonal
sequence. Let 6 be a real number. Then, for each 0 < ¢ < g satisfying 6 > :,_;, there

exist complex numbers VY) (9) and Véi) (0) such that the terms in the standard sequence

(uj = uj(H))f:TO satisfy

(i3 (0) = A O)210) + O] (0) (0<j<llg—i)+1),  (53)
where s(g — i+ 1), ;(0) and y;(0) are as defined in (22) and (50). Note that x;(0) —

yi(0) # 0 holds, and that (\”(6), 157(6)) # (0,0) holds as (ug,u1) # (0,0). Taking
j=0,11in (53) we obtain:

i 9 1
V% )(9) = ( y Us(g— z+1) <M>Us(g—i+1)—1(9)§ (54)

)"
80 = (0 Vs + (o st (0 (55)

In particular, in view of (44), 5) and (53), for each 60;—; = (Yg—j,» Ag—j;» Bg—j:) € A,
D (), g = g8 (x) (t =1,2) in Q[z] such that

there exist polynomials ft(i)

Ug(g—ji+1)(0) = fl(l,)@“s@—ju )=1(0) + 85 (s, (0) i #0 (56)
£ up—1(8) + ¢t (B)up () ifi=0

and

s 1)-1(6) = { IO s 0) 02 Oamsin @) 20
f2 (9)uD71(9) + 95 (Q)up(h) ifi=0
hold, where ft(l)(x) —t+1 and gti) (7) 4t — 2 are the zero polynomials if j; — j;—1) = 1.
The last theorem of this section will play an important role later on in obtaining an
upper bound for the Christoffel numbers of any eigenvalue of T (G, ¢) within some closed
interval not intersecting B. For any non-empty closed real interval I, we define I,,;;, and
Imax to be the real numbers for which I = [Iiin, Imax) holds.

Theorem 6.3. Let £ > 3 and A > 0 be integers with A < k — 2. Suppose that (G, A; L, {)
is a (K, \)-quadruple and let G = ((’yz,az,ﬁz))gJrl Suppose that I is a non-empty, closed
subinterval of (R1, Rmax) such that

NBU{R :1<i<g})=0 and 2<b<g (58)

both hold, where b = b(G,I) := max{2 < i < g : Imax < Ri}. Then for each
(Vg—is g—i, Bg—i) € A with b +1 < g —1i < g, there exist positive constants C; =
Ci(k,G, AL, I) > 1 and M; = M;(k,G,A,L,T) > 1 such that, if £(g — j) > C; hold for

all j < i with (vg—j, g—j, Bg—j) € A, then
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S (25)

holds for any real number 6 € I, where R;, A, z;(0), v:(0), B=B(G,A,L) and I/J(-i) (0)

(j =1,2) are as defined in (28), (32), (50), (52) and (53), respectively.

Proof. Let 7 = T(G,£) be the (x, \)-tridiagonal sequence associated to (G, A; L, {), let

D := Dy and let A = (§;)]_;. Note that for each 0 < j < g—1b,0 < z;gg; < 1 holds

for any 0 € I, and also that £ gg; is a non-zero continuous function (in #) on the closed
J
interval I. Hence, there exists a constant 0 < P = P(G,I) < 1 such that

y;(0) _ A \/(9 —ag—;)? — 4By jVg—j <P<1

zi(0) 0 —ag_j+ /(0 —ag_;)? —4Bg_j7—;

(60)

holds for any 0 < j < g — b and for any 6 € I. Note also that for each 0 < j < g — b,
Bg—j < vg—; holds by Lemma 3.3.
Now, for each d,_5 € A, let

Or—s = (Vg—jo» Ug—ju» Bg—j.)
for some 0 < js < g. We prove the theorem by induction on 0 < s < s, where
s:=max{i : 6—; € A and Ry_;, < Imin}-
First, suppose s = 0. Let 6 = (Yg—jo, Qg—jo> Bg—sjo) € A for some 0 < jo < g—b—1.
By (9), vg+1up—1(0)+(ag+1—0)up(f) = 0 and up(#) # 0 for any 8 € I. By (54)(57),

there exist polynomials ft(o) (x), g,go)(a:) € Q[z] (t =1,2) such that

v (0)

_ ((9 — age) (A O)yio (0) + £ (0)) 701 (=91 (0)ys0 (0) + 957 (9)) )u )
Yo (@5 (0) = 93, (0)) i

and

Lo gy — (€= ) (L O)ziy 0) = £,70)) + 79911 (91” (B);0(6) — 05" (0)\
SN Y1 5a0) — 530 (0) )uo00)

both hold for all § € I. Tt follows by (58) and up(f) # 0 that v (0) £ 0 (¢t = 1,2)
(o)

"0 (0)
UEjO)(O)

closed interval I, by (60) there exist constants N,, = N, (k,G,A,L,I) > 0 and
Cy, = Cj,(k,G,A,L,I) > 1 so that

for all § € I. Since the function is a non-zero continuous function on the
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(Jo) ) &
70 (0) P\, (0)

holds for any 6 € I. Hence there exist constants C;, = Cj,(k,G,A,L,I) > 1 and
M, = M;,(k,G,A,L,I):=1/P such that (59) holds for all § € I. This completes the
proof of the base case.

Now, suppose 0 < s < s, and assume that the theorem holds for all §,—; € A
with 0 < j < s. Let o := x;,_,,(0), ¥y := y;._,,(0), v = t(j(sfl))(ﬁ) (t =1,2) and
€= L(g — j(s—1)). In view of (53) and (56) and (57), there exist polynomials ft(s)(x)
and g,gs)(x) (t = 1,2) such that, putting f; := fls)(ﬁ)7 fa = 2(8)(9), g1 = g%s)(Q) and

g2 = g5(0),
Us(g—jo+1) = f1ls(g—j(o_1))—1 T G1Us(g—j(s_1))
= (fiz + gz’ + (fiy + g1)meyh; (62)
Us(g—jo+1)—1 = f2ls(g—j,_1))—1 F G2Us(g—j(. 1))
= (fox + g2)riz’ + (foy + g2) 1oy’ (63)
both hold for all § € I. Let 2’ := xz; (0) and v := y; (0), and define M; =
Mjs(’iagvAvLaI) by
Mjs(mg,A,L,])

iy = R)y+ gy — g2
(fry — f2)x + 1y’ — go

:06]}.

(64)

’ (fiz" = fa)y + g12’ — go
T (fir = f2)z 4 12’ — go

= max{Mj(sl),Q‘

By the induction hypothesis, if ¢(g — j:) > Cj,_,, holds for all 0 < t < s — 1,
then (59) holds for the case i = ji;_1). Moreover, there exists an integer Ej, :=
E; (k,G,A,L,I)>1 so that

v | [\ P
= (y) > M, (65)

V2

holds for any 6 € I. Now take C} (k,G,A, L,I) := max{E;_,Cj_, } and suppose that
£(g — ji) > Cj_ holds for all 0 < t < s. If ijs)(n) = 0 holds for some 7 € I, then
us(gfjs+1)71(77) = Us(gfjsﬂ)(??)yjs (77) holds and so, as 1 ¢ B,

"+g2) and
) #0

<
<

91562(@?1?7 - fz)fﬁ + 017 —92) = 525[((—f1 "+ )T 3
(hy = f)z+ a0 — 32) (H¥ + f2)

QI

-0y +

A

both hold, where 7 = v, (n). fi = 7 (0). g = 7 () (1 = 1.2). 7 = 2, _, (),
T =xz;,(n), Y =vj,_,,(n), and ¥ =y, _, (n). This contradicts (64) and (65) as
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7\ Eis

7\ Bi
(5) =

Y
Similarly, it follows that Vt(js)(b') # 0 (t = 1,2) must hold for all § € I. Moreover, by
(53), (62) and (64), there exists a constant N; := Nj_ (k,G,A, L,I) > 0 such that

Iz

%)

Iz

Mj<

s

<$>Z _ ‘(flyl — [y + 517 — g2
Y

(AT - )T+ 0T — G2

Vo

nzt((—f1y + f2)x — 1y + g2) + ey (=19’ + f2)y — 1y’ + g2)
nzt((fir’ — fo)r + 12’ — ga) + vy ((fre’ — f2)y + 12" — g2)

I/ijS)(e) '
l/( 4s)(9)

M; [(f1y' = f2)x + g1y — g2| = |(f1y — f2)y + 919 — 92|

M, |(fr2" — fa)r + g12’ — go| + [(f12’ — f2)y + g12’ — g2

N \(f1y' = f2)y + 919" — 92|

T M |(fir' = f2)r + g12’ — go| 4+ [(fr2' — f2)y + 917" — go

> N, (66)

holds for any # € 1I. This implies that there exists a positive constant CJ/' =
CY(k,G,A, L, 1) > 1 such that N;, > MjsPC}; holds. Hence by taking C; =
Cj.(k, G, A, L, 1) := max{C’_,C7 }, it follows that

(‘75‘) X st
DO >, > vy P >, (200
7 (9) ;. (0)

holds for all § € I. By applying the induction hypothesis, it follows that the desired
result holds for each (y4—;,,aq—j,, Bg—;.) € A satisfying 0 < j, < g — b. This completes
the proof of the theorem. O

7. Well-placed intervals

In this section, we define the concept of a well-placed interval with respect to a graph-
ical sequence, and derive some simple properties of such intervals that will be used later
on. Note that our definition of a well-placed interval is similar (but not identical) to the
one presented in [3].

Suppose that G = ((’yi,ai,ﬂi))fill is a (K, \)-graphical sequence, where k > 3 and
0 < X\ < Kk — 2 are integers.

For any closed subinterval I = [Inin, Imax] Of (JR1, PRmax) With positive length, define
integers a = a(G,I), b = b(G,I), ¢ = ¢(G,I) and 0 = 9(G,I) (that depend only on G
and I) by

a(G, 1) :=min{2 <i < g : Inax < Ri}, (67)
b(G,I) :=max{2 <i<g : Inax < Ri}, (68)
¢(G. 1) ==min{{2 <i < gt Inax < &} U {g+1}}, (69)
(G, 1) := max{{? <i<g: Imax < £i} U {c}} (70)
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The interval I is called a well-placed interval with respect to G if it satisfies the following
conditions:

(W1) I is a closed subinterval of the open interval (JR1,Rmax) with positive length;
(W2) If INI; # 0 then I C I; holds, 1 < j < g;
(W3) I C I,, where a:=a(G,I).

From now on, we will denote well-placed intervals using calligraphic script (e.g. Z
instead of I) to help the reader follow the text.

In the rest of the section, we will derive some properties of well-placed intervals. We
start with recording some simple properties of the numbers a, b, ¢, 0.

Lemma 7.1. Let k > 3 and A > 0 be integers with A\ < k — 2, and let G = ((’yl,al,ﬁl))ﬁ'1
be a (K, A)-graphical sequence. Let T = [Iinin, Imax] be a well-placed interval with respect
to G. For the numbers a,b,¢,0 as defined in (67)—(70), the following hold:

(i
(ii

) S <g.
)
(iii) fc<g, then 2 <a<c¢<0<b<g holds.
)
)
)

2
¢ <

(iv) {1<i<g:1<i<aorb<i<g}C{l<i<g: R <Znin}
(v) Ifc<g,then{l<i<g:a<i<cord<i<b}C{l<i<g:ZCI} holds.
(vi) Ifc=g+1,then {1 <i<g:a<i<b}={1<i<g:ZCI} holds.

Proof. (i)—(iii) are simple consequences of the definitions of well-placed intervals and the

numbers a, b, ¢ and ?.

(iv)—(vi) are direct consequences of the following inequalities, which follow in view of
the fact that the sequence (R;)?_; is unimodal by Lemma 3.3:

max{R; : 1 <i<aorb<i<g}<Znin<Zmax <min{R; : a <i<b}
and
max{&; : 1 <i<min{c,g+1} or min{d, g+ 1} <i < g} < Lpin. O
We now present a result that ensures the existence of well-placed intervals.

Proposition 7.2. Let k > 3 and A > 0 be integers with A < k — 2, and let G =
(i, v, B))92) be a (r, N)-graphical sequence.

(i) For each (v, i, B:) € GA\N{(L, A,k —A—=1),(k—=X—=1,\1), (vg41, 0g+1, Bg+1)} and
for any closed subinterval I C (MR, R;) with positive length, there exists a well-placed
interval J; C I with respect to G (cf. (28)).
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(ii) Let Z be a well-placed interval with respect to G. Then any closed interval J C T
with positive length is also a well-placed interval with respect to G. In particular,

a(G,J) =a(G,1), b(G,J) =b(G,1), ¢«(G,T) = ¢(G,1), 0(G,T) = 0(G,Z) must all
hold (cf. (67)~(70)).

Proof. (i) Let (vi, v, 8i) € G\{(1L, A,k = A—1), (k = A =1, A\, 1), (Yg41, g s1, Bg11) } and
suppose that I = [Inin, Imax] C (91, R;) is a subinterval with positive length. Define

M, = max{]min, y:rye{R;, L 1<j<g}and Inn, <y< Imax}.
Then I, <M, < Lhax, and the closed interval

Irnax + Zmz 2 Irnax + gni
Ji = 3 ; 3

is a well-placed interval with respect to G satisfying J; C I.
(ii) This follows immediately from the definition of well-placed intervals. O

Now, suppose that ¢ : {1,...,g+ 1} — N is a function with (g + 1) = 1. For T
a well-placed interval with respect to G, we define C = Cg 1, Len(Z) = Leng ¢(Z) and
Gap(Z) = Gapg ,(Z) as follows:

{1<i<g:a<i<cord<i<b} ifc<g
Cgz1:=

{1<i<g:a<i<b} ifc=g+1,
Leng ((Z) = ZE(J’)’ (71)
jec
Yecja lly) ifc<yg
G 7) := €<y<0 2
angg( ) {O ifc=g+1. (72)

Using Proposition 7.2, we now show that for any (x, A)-graphical sequence G, there is
a certain family of well-placed intervals with respect to G each of whose members avoid
the set B(G, A, L) as defined in Definition 6.1.

Corollary 7.3. Let k > 3 and A > 0 be integers with A < k — 2. Suppose that (G, A; L, {)
is a (K, \)-quadruple and let G = (6; := (vs, @i, BZ))fill Then for any closed subinterval
I C (Ry,R;) with positive length, there exists a well-placed interval J; in I such that
JiNB =0 holds (cf. (28), (32) and (52)).

In particular, Len(J;) > £(7) also holds.

Proof. Suppose that (v;, a;, 8;) and I are as in the statement of the corollary. By Propo-
sition 7.2(i), there exists a well-placed interval Z C I with respect to G. By Theorem 6.2,
the set B is finite. Hence, by Proposition 7.2(ii), we may take any closed subinterval J;
of 7\ B with positive length to give the desired well-placed interval. 0O
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We conclude this section by showing that, in addition, well-placed intervals satisfying
certain other properties also exist.

Proposition 7.4. Let k > 3 and A > 0 be integers with A < k—2. Let G = ((’y,;,a,;,ﬁ,;))f;l
be a (k, A)-graphical sequence and € :{1,...,g+ 1} = N is a function with £(g+1) = 1.
Suppose that T is a well-placed interval with respect to G such that Gap(Z) # 0 holds.
Then there exists a well-placed interval J such that

(i) jmin > Z-max;
(ii) Gap(J) < Gap(Z) and
(iii) Len(J) > %)
all hold, where Len(J) := Leng ((J) and Gap(Z) := Gapg ,(Z) are as defined in
(71) and (72), respectively.

Proof. As the sequence (R;)Y_; is unimodal by Lemma 3.3 and since Gap(Z) # 0, there
exists an integer j with ¢ < j < 0 such that ¢(j) > GaprI) and R; > Z,ax both hold, where
¢ =¢(G,7Z) and 0 = 9(G,Z) are as defined in (69) and (70). Hence, by Proposition 7.2,
there exists such a well-placed interval J C (Zpax,R;) C I; as Len(J) > £(j) > (hpT@.
The result now follows. O

8. Christoffel numbers

In this section, we prove a result that will allow us to bound the Christoffel numbers of
the (k, A)-tridiagonal sequence associated to a (k, A)-quadruple. We will begin by stating
the main theorem of this section, whose proof will be split into several steps. To state
this result, we require some further definitions.

Let § = ((’yi,ai,ﬁi))igill be a (k,\)-graphical sequence for some integers x« > 3
and A > 0 with A < & — 2. Let = be a real number. For each (y;,;,3;) € G\
{(Vg+1, ®g+1, Bg+1)}, define p; = p;(z) and o; = o;(z) to be the roots of the (auxil-
iary) equation

Biz® + (i —x)z + 7 =0, (73)
which, without loss of generality, we assume to satisfy |p;| > |o;| for all 1 <i < g.

Theorem 8.1. Let k > 3 and A > 0 be integers with A < k—2. Suppose that (G, A; L, () is a
(k, A)-quadruple and let G = ((v4, o, ﬁl))fill Suppose that T is a well-placed interval with
respect to G satisfying TN B(G, A, L) = 0, with B(G,A, L) as defined in Definition 6.1.
Then there exist positive constants F := F(k,G,A,L,T), Cy := C1(k,G,Z) and Cy :=
Co(k,G,A,L,T) so that if (i) > F holds for all (v;, a;, B;) € A then, for any 0 € I, the
following holds:
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1 Gap(Z) a—1 ﬂz ) £(1) D )
o (@) Len(Z) E((%)pl) < Z"Ei“i

=0

a—1 ,B £(1)
< 02(9H4)Gap(I)Len(I) H ((_Z)pf) ,

el Vi

where k; and u; := u;(0) are as defined in (6) and (7) for the matriz L1(T(G,¥)), and
D := Dy, o := a(G,Z), Len(Z) := Leng ((Z), Gap(Z) := Gapg ,(Z) and p; := p;(0)
are as defined in (25), (67), (71), (72) and (73), respectively.

To prove Theorem 8.1, we will divide the sum ZiD:O k;u? into three parts: The Head
sum Zficgfz Kku?, the Gap sum Zf(:b;;))q k;u?, and the Tail sum ng(bﬂ)ﬂ kiu?. In
particular, in Section 8.1 we will prove a preliminary result concerning three-term recur-
rence relations and, for completeness, recall some additional results on such recursions
from previous papers. We will then use these results in Section 8.2 to derive bounds for
the Head and the Gap sums (as well as to prove some results in Section 9). Then, in
Section 8.3, we will derive an upper bound for the Tail sum which, together with the

previous bounds, will be used to prove Theorem 8.1.
8.1. Three-term recurrence relations

Let k > 3 and A > 0 be integers with A < k — 2. Suppose that T = T(G,¢) is a
(K, A)-tridiagonal sequence and let G = (4, @, BZ))fill Let x be a real number, and let
pi == pi(z) and o; := o;(x) be as defined in (73), noting that without loss of generality
we are assuming |p;| > |o;| forall 1 <i < g. If z ¢ {R;, £ : 1 <i < g}, with R; and
£; as defined in (28), then the roots p; and o; are distinct, and so, by standard theory
of recurrence relations, it follows that

U145 = Wi p] +wilal (0 <5< LG) +1) (74)
holds for some complex numbers wy) = w%i)(x) and wg) = wéi)(x), where u; = u;(x)
are the numbers associated to the matrix L1(7) given by (7) and s(7) is defined in (22).
In this situation, note also that (1) if |z —a;| > 2+4/B;7; holds then the roots p; and o; are
real numbers with |p;| > /2* > |oy], and w%i),wgi) are real, and (2) if |z — a;| < 2¢/Bivi

holds then the roots p; and o; are complex numbers with o; = p; and |p;| = |o;| = 4 /%,

and wy), wéi) are complex numbers with wéi) = w%i).
We now prove a result that is analogous with the result [1, Proposition 3.1] that was

proven to hold for distance-regular graphs.

Proposition 8.2. Let > 3 and A > 0 be integers with A\ < k—2. Let G = (i, s, 5i)) 72}
be a (K, \)-graphical sequence, £ : {1,...,9+ 1} — N be a function with £(g+ 1) = 1,
and T = T(G,¥) be the (k, \)-tridiagonal sequence associated to G and £. Suppose that
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T is a well-placed interval with respect to G. Then, for all § € I the following hold (cf.
(67), (74)):

(i) 0 <oy(0) <pi(0) <1, foralll1<i<a-—1.
(ii) wgi)-1(0) > [To=; p(0)°D, for all2 <i < a.
(iil) —w'?(0) < w$?(0) < 0 < w'(0), for all1 <i < a.

Proof. Suppose 0 € Z, and put p; = p;(0), o; = 0;(0), (1 < i < g), u; = u;(0)
(1<j <Dy)and ol :=w{’(0) (j =1,2) as in (74).

(i) Since 6 > R, holds for all 1 <14 < a by (67), 0 < 0; < p; holds for all 1 <17 < a.
By (GO) in Definition 3.1 and by Lemma 3.3, 0 < 6 < Rpax = max{x — (vBi — 7)* :
1<i<g}<rkandf; > (1<i<a)both hold. Hence

28— (0 — o) =(k—0)+(B; —7) >0 and

(26 — (0 - ai))Q — (60— )® = 4B;7yi) = 4Bi(k — ) > 0

follow. Thus, (i) holds by (73) and the fact that p; = =%t (92—5?71)2—4@:% holds.

To prove that (ii) and (iii) hold, we will use the following claim.

Claim 8.3.

(@) piy1 <pi 1<i<a—1).
(b) sy > piusiy—1 (1 <i<a).
(€) Wi > ugpyq (1<i<a).

Proof. In view of Proposition 8.2(i) and Bj/ﬁ +(a;j—0)pj+v;, =0 (1 <j<g),it follows
that

(Bi = 1)pf + (i +1 = 0)p; + v = pi(1 = pi) >0 and
Bipi + (i —1=0)pi+ (vi+1)=1—p; >0

for all 1 <4 < a— 1. Hence, by (G2) in Definition 3.1, statement (a) in the claim holds.
We now prove statements (b) and (¢) by using induction on . Suppose ¢ = 1. By

2 s0(2) o= (- )0 n ()0

prug = p1 < % = w; hold. Thus, by Proposition 8.2(i) and pjug = pl(wgl) + wél)) <
wgl)pl + wél)al = uy, (b) and (c) hold for ¢ = 1.

Now let 2 < i < a, and suppose that (b) and (c) hold for all 2 < j < ¢. By the
induction hypothesis, it follows ws(; 1) — Pitis(it1)—1 = wéi)aw) (0;—pi) > 0 by (i) of the

7
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proposition, and ws(i41) > Pills(iy1)—1 > Pit1Us(i+1)—1 Dy statement (a) of the claim.
Thus, by (74), (b) and (c) hold for all 1 < ¢ < a, which completes the proof of the
claim. 0O

(ii) We prove this using induction on i. Suppose i = 2. Then by applying (b) and (c)
of Claim 8.3 and statement (i) (with i = 1),

Ug(2)—1 — Pi(l) _ pf(l) (w%l) _ 1) + wél)af(l) > m (w§1) _ 1) (pﬁ(l)—l . Uf(l)ﬂ) > 0.

Therefore (ii) holds for i = 2.
Now let 2 < i < a, and suppose that (ii) holds for all 2 < j < 4. Using (i) and
Claim 8.3(c), it follows that

i i) e £
Us(i+1)—1 — us(i)qpi( ) = wé)(%( i Pi( )) >0
holds. Hence, by induction, ug(;1)—1 > H;Zl pﬁ(j).
(iii) Using (ii) and Claim 8.3(c), it follows 0 < wus(;—1 = wgi) + wéi) < wy) for all
1 <4 < a. Now, (iii) follows immediately. O

We now recall a result that was originally stated using different terminology in [2]
and [8].

Lemma 8.4. (Cf. [2, Lemma 5.1, [8, Proposition 7].) Let &k > 3 and XA > 0 be integers with
A< k—2. Let G = (('yi,ai,ﬂi))fill be a (k, A)-graphical sequence, £ : {1,...,g+1} - N
be a function with £(g+ 1) = 1, and T := T(G, ) be the (k, \)-tridiagonal sequence

associated to G and £ with diameter D (cf. (25)). Let 0 be any real number with |0 < k.
Then for eachi=1,...,Dr —1,

(i)
3% max{|ui(9)|, |ui+1(c9)|} < max{|ui_1(9)|, |u1(9)|} < 3nmax{|ui(0)|, |ui+1(9)|}

and

1
(9—) max{wi—1uf_y (6), wiuf (6)} < max{riuf(0), mirufi (6)}
< 9g? max{mqufq(e)a wﬁ(ﬁ)}

hold, where r; and u;(0) are as defined in (6) and (7) for the matriz L1(T).
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Proof. (i) Since |§] < k and 0 < 3;, 1 < k (1 < i < g) hold, it follows by (9) that

i1 (0)] = ‘ (9 /_@O‘i>ui(9) - <%>ui1(9)‘ < 26| ()] + #|ui1(0)]

< 3;@max{‘ui71(9) ) “z<9)|}

and
0—a; i
Vi Yi
< 3k max{|u;(0)|, |uis1(0)|}
all hold. Statement (i) now follows immediately.
(ii) Since %/{Hl < ki <KKi—1,1=1,..., D7 —1, holds by (27), statement (ii) follows

immediately from (i). O
For completeness, we now recall two results from [2].

Corollary 8.5. (See [2, Corollary 4.2].) Suppose N > 2 is an integer, and a > 0, > 0,
v >0, xg and 21 are real numbers satisfying (xo,x1) # (0,0). Let € be a real number with
0 < € < 2y/Bv. Then there exist positive real numbers Cs := Cy(B,7,¢€), s = 1,2,3,4
such that for every real number 0 with |0 — o] < 24/By — €, and for all real numbers
Zo, ..., &N satisfying yri—1 + (o — Q) ax; + Priy1 =0 (i=1,...,N — 1), we have

i—1 %
ol (e} sme{(2)” 2 2) ) om ()]

fori=1,2,...,N, and

cvvmus{i ()< 3(3) ot < vl (7)1}
3N max < xp, x] _Z x; < CyN maxq zg, 7 p-
gl =\ gl

Proposition 8.6. (See [2, Proposition 4.3].) Suppose N > 2 is an integer, and o > 0,
B8 >0,v >0, xg and x1 are real numbers satisfying (xo,z1) # (0,0). Let k, € and
€' be positive real numbers. Then there exist constants Cy = Cy(k,a, 8,7,€) > 0 and
Cy = Co(B,7,€) > 1 such that, for every real number 0 with |0 —a| > 21/Bv +¢, |0] < K,

and
|z — 20| > € max{|x0|, \/ §|m1|}
v

(with p = p(0) and o = o(0) the roots of Bx* + (o — O)x + v = 0 with |p| > |o|), and for
all real numbers s, ..., xy satisfying yr;—1 + (@ —0)z; + fx;01 =0 (i =1,...,N — 1),
we have
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N

> (2)za((2)r) mefs (2))

and, for alln < N,
2 < C 2n { 2 <é> 2}
xs < Co p“™ maxq g, 5 x] p-

8.2. Bounding Head and Gap sums

In this subsection, we obtain bounds for Head sum Zq(u) 2

Zf(;;gi))_l k;uZ. In more detail, we prove the following:

kiu? and Gap sum

Theorem 8.7. Let k > 3 and X\ > 0 be integers with A < k — 2. Let G = (('yz,cul,ﬁl))g+1
be a (K, \)-graphical sequence, £ : {1,...,g+1} = N be a function with £(g+1) = 1, and
T :=T(G, ) be the (k, \)-tridiagonal sequence associated to G and €. Suppose that T is a
well-placed interval with respect to G. Then there exist positive constants C; :== C;i(k,G,T)

(1 <i<11) such that for any element 0 in I, the following all hold:

(@) S5 i < O TS ((2)p3) 0.

(ii) H?:_f p?l(i) < max{us(a)il, (5_> s(a } < Oy Ha 1 p?f(z)'
(iii) Let ¢ := min{c,b+ 1}. Then

(o) HH(2))" < 5 e

J

i=a J=1 i=s(a)—1
-1 a—1 B; £(5)
oS0 ()"
i=a j=1 Vi

(iv) Let¢:=min{c,b+ 1}. Then

a—1 ” B 1 5; £(1) a—1 .
e [La < max{uy 1 (2 ) [ IT(2) <[
1 i=a i=1

i=1 Vi

(v) If ¢ < g, then 335000 myu? < Cr(9r4)% @ [T (2)p2)10).
(vi) Ife<gandd <b both hold, then

1 Gap(I)( i ‘ﬁ Bj ) £(5)
o) (2 0)I((3)7)
9k i=o+1 j=1 NN ’
s(b+1)

< Y niufgcg(g,#)cap(z)(i: g(@) a1(<ﬁ—i>p§>£(j).

i=s(0+1)—1
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(vil) Ifc < g, then

1 Gap a—1 B ) £(7) ) 55 ,
Cio| — 7z 2 )2 < Kq =
o(g) @I(G)) = mommessonsn () o)

cap(T) a—1 B £(1)
S 011(9FL4) °® H ((J)pg) )

i1 Vi

where k; and u; := u;(0) are as defined in (6) and (7) relative to the matriz L1(T), and
s(4), a, b, ¢, 0, Gap(Z) := Gapgl(I) and p; := p;(0) are as defined in (22), (67)-(70),
(72) and (73), respectively.

Proof. Suppose that G, ¢, 7, Z and 6 are as in the statement of the theorem.
(i) and (ii): In order to apply Proposition 8.6, we first prove that there are positive
constants €1 := €1(G,Z) and €3 := €3(G,Z) such that, forall 1 <i<a—1,

(a) 10 — ci > 2¢/Biyi + €1, and
(b) [us(iy = oittagiy—1| > €2 max{lugiy—1l, \/Zugn}

both hold.

For statement (a), we can take €; = €1(G,Z) := min{Zyin — (i +2v/Biy:) : 1 <i <
a— 1}, in view of (67) and (W2).

By (67) and (73), inequalities M; > p; > 0 and \’}% > My > 0 all hold for any

i/ Vi

0 € T and for any 1 <i < a— 1, where

(Znax — @) + v/ (Tmax — )2 — 487

M, = M,(G,T) := max{ : 1§i§a1} and

20
My = My(G,T) = min{ ViV Tin — i)? — 4B l<i<a— 1}.
Biv/Bi
By (i) and (iii) of Proposition 8.2,
i)

i — 0y L |pi—oi| _ M
|pi — ai lpi —ail My

Bi lpil /8. — M
Vi Vi
holds, and hence (b) holds for e; = €2(G,Z) = %
Now by Proposition 8.6, there exist constants Ms = Ms5(k,G,Z) > 1 and My =
My(k,G,T) > 0 such that for all 1 <i<a-—1,

Bit1 203 Bi
max{uiuﬂ)v(%—il Wiy p < Mapf" maxg ), o U (75)

|us(i) - Uius(i)—1| w§

/5. RG] @)
max{|us)—1], 5—|u9(1)|} ‘Wl pi + w0y
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and

£(i)+1 5 £(4) ﬂ
Z Rs(i)—145Ua(0) 145 < Ma Ka(i) - 1((71)@) max{“?(i)—l?(#)”i(i)} (76)

both hold. By applying (75) inductively and also using (76), it follows that, for each
1<i<a-—1,

2 Bz+1 20(5) ﬁl) }
max< u, . , < M | I max-< ug,
{ “””‘1(7+ ) “*”} 3117 { 0(71 1

J=1

< KM} H 249)

£(1)+1 /8 2(5)
D Ko -14ilag 14y < K MaM5T! H(( )m)

=0 G2 AN
2 2a_1 Bj 2 ‘w
<stanars* [1((2)01)
g=1 >N

all hold. Statements (i) and (ii) now follow by taking
Cpi=(a—DR2My M2, Cy:=rMI!

and noting that v, | > H; ip?z(j) holds by Proposition 8.2(ii).

(iii) By Iemma 7 1 I C I; holds for each a <i <¢—1. Let ¢ = €(G,Z) := min{|a; +
2v/Bii — Imax|s [ Zmin — (i — 2¢/Bivi)| + a <4 <¢—1}. Then |0 — o] < 2/ — €
and 0 < € < 2v/B;v; both hold for all a <4 <t — 1. Hence by Corollary 8.5, there exist
constants M; := M;(G,Z) > 0 (5 < j < 8) such that, for any a <7 <¢—1,

Bi g\ pi
Msmax{ug(i)l,(7 S() < b max ui(iﬂ),l, o Ui(i+1)

§ MG max{ui(i)l, <&>u§(l)} (77)

Yi

and
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both hold. Note that for each 1 <14 < g, the following hold for all 0 < j < £(i) + 1

1 ’ j i—1 - £(m) : » £(m)
(I e (G G

m=1 m=1
Hence, by applying (79) to (78) and by using (77) and statement (ii) of the theorem,
it follows that, for each a < ¢ < ¢ — 1, there exists a constant My := My(x,G,Z) > 0
such that

£(i)+1

) i—1 £(4) ) Bi\ 5
Z Rs(i)—1+j Us(i)—145 < KMsE( H( ) maX{“su)—v (;)“su)}
7=0 =1 ’
) a—1 B £(5) B
< KMgM§™* (4) H <—j> max{ui(a)17 (—a)ui(u)}
j=1

Yj Ya

< wmax{1, M§} Mg Mol(3) H <(ﬁg)p])e(j)

Jj=1 i

holds and, similarly,

£(3)+1 , M R a—1 Bi\ £(5)
Z Ks(i)—14jWs(i) 145 = — min{1, Mg} £(i) H ((f)/g) :
7=0 j=1 J

Hence (iii) follows by taking

M . _
Cs(k,G,T) := 3—/{7 min{1, Mg}, Cu(k,G,T) := kmax{1, Mg } Mg My,

in hght of that fact that each element rg)_14,u appears in the sum

() 1+j
Z Z 0 /{s(l) 1+mug( )—14+m at most three times.
(i ) This follows from (77) and statement (ii) of the theorem.
(v) By Lemma 8.4(ii), statement (iv) of the theorem, (72) and (79), there exists a
constant C7 = C7(k,G,T) > 0 so that

s(0+1)
Z qu <2 9I<E ) s@+1)=s()+1 maX{”s(c)—lug(c)—l’Ks(t)ui(c)}

i=s(c)
a—1 ) £(1)
cmr=Ti((2))
i=1 ¢

holds. (v) follows immediately.
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(vi) and (vii) Using the same proof as for statement (iii), it can be seen that if 9 < b
then (77) and (78) both hold for all 9+ 1 < ¢ < b.

By (77)-(79), Lemma 8.4(ii) and statement (iv) of the theorem, there exist constants
M; = M;(k,G,Z) > 0 (10 < j < 15) such that

Be
Ks(b+1) maX{ui(bH)p (% Ui(bﬂ)

5o
< Mloﬁs(a+1) max{ui(wrl)lv (% s(a+1)

< Mllfis(c) (9H4)Gap(1) max{uf(c)_l, (5( 1) s(c)}
—1
4\ Gap(T) ﬁz
< M2 (9x%) | | 5

=N

holds, and moreover, if 9 < b then for each 9 +1 <17 < b,

2(i)+1 , \Gan() e—1 8 0(4) , Be\
D A1t —14s < Mis £i) (957) H(—) max{“s(c)—lv (—>“s(c>}
= =1 Vi Ve
a1 €G)
. ap(Z j
()
JEL NN
and
£(i)+1 , 1 Gap(Z) a—1 ﬂj ) £(3)
D Rs(i-1itia14g 2 M15f(1>(w> 11 ((T)w)
=0 j=1 J

all hold. By taking Cg(k,G,Z) := s (k,G,T) := M4 and C11(k,G,T) := Mo, it
can be seen that the inequalities in (vi) and (vii) involving these constants all hold. It
can also be seen in a similar fashion that there exists a constant Cyo = C1o(k,G,Z) > 0
such that the left-hand inequality in (vii) holds. O

(b+1) 2
i=s(a)— 1 Rl

By using the previous theorem, we now obtain bounds for Gap sum >_°
Corollary 8.8. Let x> 3 and X > 0 be integers with A < k — 2. Let G = ((vi, cvi, )93}
be a (k, \)-graphical sequence, £ : {1,...,9+1} — N be a function with £(g+1) =1, and
T :=T(G,?) be the (k, \)-tridiagonal sequence associated to G and €. Suppose that T is a
well-placed interval with respect to G. Then there exist positive constants C := C(k,G,T)
and C" .= C'(k,G,T) such that for any element 0 in T,
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1\ Gr(D) a—1 8, £(4) s(b+1)
3

) @ (7)) = X
i=1 i=s(a)—1

a-1 £(4)
ccmraan i((2))"
i=1

where k; and u; = u;(0) are as defined in (6) and (7) for the matriz L1(T(G,£)), and
5(i), a:=a(G,Z), b :=b(G,Z), Len(ZI) := Leng ((Z), Gap(Z) := Gapg ,(Z) and p; := p;(0)
are as defined in (22), (67), (68), (71)-(73), respectively.

Proof. Counstants C; (i = 3,4,7,8,9) in this proof are the constants in Theorem 8.7.
Note that Len(Z) > 1 and (9x*)%() > 1. We break the proof into three cases:

(1) c=¢g+1: By (71) and (72), Len(Z) = Z?:a £(i) > 1 and Gap(Z) = 0. By applying
Theorem 8.7(iii) with ¢ = b + 1, Corollary 8.8 holds for C' := C3 and C" := Cj.

(2) c < gand ? = b: Then Len(Z) = Z;; £(i) > 1, and by applying Theorem 8.7(iii)

and (v) for ¢ = ¢, the result follows for C := C3 and C’ := Cy + C; as

() o TT((2)) < caroni T1((2)02)

i=s(a)—1
a—1 £(7) a—1 £(%)
< CyLen(T) <(&>pf> <C (9/{4)Gap(I)L () H ((é>p5>
=1 M\ =1 \\Ti
and
s(b+1) £(3)
3 vt < oo H((ﬂ)pf)
(©) o
e P PNNIINT6)
< cr(0n)* Pnea(r) [T ((2)2)
=1 W\
all hold.

(3) ¢ < g and ® < b: In this case, Len(Z) = ZE;; (i) + Zf:a-s—l £(i) and by Theo-
rem 8.7(iii), (v) and (vi), the following all hold:

min{03’08}(9_;>0ap(1) iﬂ(i) ﬁ((%)p?)e(i)

i=a i=1 ¢

=0 (P
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IN
(]
2
sgw

i=s(a)—1
/61 £(7)
esfi((2))
=1 Yi
cap(Z) a—1 B £(4)
< max{Cy, C7,Co}(9x*)""" Len(T) H((f)ﬂ?) )
i=1 i

s(041) 110
5tz 11 (2))

i=s(c)

a—1 B £(1)
< max{Cy, C7, Cg}(9/<;4)GaP(I) Len(Z) H (<J>P3>

and

min{C?”CS}(g_;)Gap(I)'zb: " ﬁ((&)pi)ai)

i=0+1 i=1 Vi
s(b+1)
DD
i=s(0+1)—1
a—1 £(3)
Gap(Z ﬂl
o™ § 1 T
i=04+1 i=1 Vi
G I a—1 £(4)
< miax{Ca, Cr. 00} (0s)* Pren) [T ((2)2)
i=1
Hence, the result now follows by taking
in{Cs, C
C = w7 Cl = 3maX{C4, C’?; C9}7

in light of the fact s(c) < s(0 + 1) — 1. The corollary now follows. O
8.3. Bounding Tail sum

In this section, we obtain an upper bound for the Tail sum Zis(b+1)+1 r;u?. Namely:
Theorem 8.9. Let k > 3 and A > 0 be integers with A < k—2. Suppose that (G,A; L, 0) is

a (k, A)-quadruple and let G = ((~;, az,ﬁz)) L Suppose that T is a well-placed interval
with respect to G satisfying TN B =0 and b < g (c¢f. (52) and (68)). Then there exist
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positive constants F = F(k,G,A,L,T) and C := C(k,G,A,L,T) so that if £(i) > F
holds for all (v, a;, i) € A with b < i < g then, for any 6 € Z,

D a—1 ﬂ £(7)
&t zcoaro(2))
i=s(b+1)+1 i=1 i

holds, where k; and u; := u;(0) are as defined in (6) and (7) for the matriz L1 (T (G,¥)),
and s(i), D = Dy(g.r), o := a(G,Z), Gap(Z) := Gapg ,(Z) and p; := p;(0) are as defined
in (22), (25), (67), (72) and (73), respectively.

Proof. Suppose (G,A; L, ¢) and Z are as in the statement of the theorem. By Theo-
rem 6.3, for each 0 < i < g — b —1 satisfying (v4—s, g—i, Bg—i) € A there exist constants
C; = Ci(k,G,AL,7) > 1 and M; = M;(k,G,A,L,T) > 1 such that if £(g — 5) > C;
holds for all (vg—j,ag—j,By—;) € A with j < ¢, then (59) holds for all § € Z. Now put
F = F(k,G,A,L,T)
=max{C;(k,G,A,L,T) : 0<i<g—b—1and (vg—, g, Bg—i) € A};
M = M(k,G,A,L,T)
:=min{M;(k,G,A,L,T) : 0<i<g—b—1and (vg—i,ag—i, Bg—i) € A}.

(1) Suppose that if {(v4—i, g, Bg—i) €A : 0<i<g—b—1} # 0 then {(g —i) > F
holds for all (yg—i, ag—i, Bg—i) € A with0<i<g—b—1.

Let 0 € Z. We will use the following;:

Claim 8.10. There exist constants C1 = C1(G,Z) > 0 and Cy,, = Cri(k,G, AL, T) > 0
(m = 2,3) such that, for all0 <i < g—b—1, the following hold:

(a)
ts(g—it1)—j| < Crmax{|usg_iy1y—1| |usirn |zl (0<5 < llg—1i)+1).
(b)
max{|ts(g—i)—1, [ts(g—1)| } > Co max{|ug(g_it1)-1l, \us(g,i+1)|}xf(9—i).
()

g—b—1

26(g—3j 2 2 2 2
H Z; (g j)maX{uD_l,uD}<C’gmaX{us(b+1)_1,us(b+1)},
i=0

where x; is defined in (50).
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Proof. Let 0 <i < g—b—1. By (50) and Lemma 7.1(iv), x; > y; > 0. Let uj(,i) = y](i) (0)
(j = 1,2) be as defined in (53).
irst suppose that v, > olds. en for a <5< —1)+1, (a) follows
F hat v{” 15" > 0 holds. Then for all 0 U(g—i)+1, (a) foll
since

fustg-ivn—gl = 47| 2] + 157wl < (|47] + [147]) 2 = fusgg-san | .

Nowsupposeu() ()<0 By (54) and (55),

rnax{ |y£i) ,

(ot o bl s s )
T; — %‘7 T — i s(g—i+1)—11]5 |Us(g—i+1)
<Ci ma'x{|us(gfi+1)fl|7 |us(gfi+1)|} (80)

holds, where

Cy = C1(6,1)

Imax — Qy TYm

=2 max{ , :
\/(Imin - Oém)Q - 45m7m \/(Imin - am)Q - 4Bm7m

Ogmgg—b—l}.

Since |us(g—i+1)—j| < rnax{|1/1 )|, |1/2i)|} a7 holds by VY)VS)
lows by (80).

(b) Suppose (Yg—i, g—i, Bg—i) € G\ A. Then ¢(g—1i) = L(g—1) and, by Lemma 8.4(i)
and 0 < z; < % it follows that

< 0and z; >y; >0, (a) fol-

max{|us(g_i)—1|a |Us(g—i)|}

1 £(g—1) £(g—1)
2( ) ma.X{|usg i+1) —1l, |usg 1+1)|}x .

3/’125E¢
L(g—1)
Yg—i £(g—1)
= (?W(Imaj—agi)) max{ [ts(g—i+1)—1, [usg—itn|} 277,

and thus (b) follows by taking Cy = C3(k,G, A, L,T), where

5 L(g—m)
C5 := min g—m :0<m<g—b—1and
3k( )

Z-rnaux - ag—m

(Yg—ms Qg—m, Bg—m) € G \ A}.

Now suppose (vg—i, 0g—i, Bg—i) € A. By Theorem 6.3 with (),
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max{|us(g—i+1)—l|a ‘us(g—i+1)|}

< max{l,xi}(|uli)| + |l/§l)|)

< (1 + % (‘Z—)F> (14 )"

1 (Imax -« 71‘)2 ) F) ( Tinax — Qg (i)
1+ — (—g 1+ ==y 81
( M Bg—i’)/g—i Yg—i | ! | ( )
and
(@), L(g— 1)‘

( )Ilf(gfi)‘ _ ‘Z,

max{|ug(g_i)-1|; [usg-n|} > [1"2;

F £(g—1)

()| _£(g—%) 1 [z Yi

> ‘ - = (%) (%
7 ( M(@h) (fﬂz) )

1 i —i
> <1 - M)M i) (82)
all hold. By (81) and (82), statement (b) now follows by taking Co = Ca(k,G, A, L,T),
where
CQ = = 7 1- ﬁ
M)F)QJF‘“:’;*‘M) 0<m<g—b—1and (7g_m,0g_m>Bg_ m)GA}

max{(1+ 37 (75,7 =
(c) This follows by applying (b) inductively oni for 0 <i<g—b—1. O

Let 0 < i< g—b—1. By (a) and (c) of the claim, (gz Z)x > 1 and Theorem 8.7(vii),
there exist constants M; = M;(«x,G,Z) > 0 (j = 1,2) and M; = M;(x,G,A,L,Z) >0

(j = 3,4) such that

L(g—i)—1
> it

s(g—i+1)—jUs(g—i+1)—j
3=0

t(g—j) Lg—)—1 o\ ™

confl(32) 7 ()
H Bo—i o By—i (g—i+1)

L(g—i)—1 m

()

i—1 £(g—3)
< Mitp H( ) max{uZ(, ;1) 1, Us(g_ip1) ) Z Byes
m=0 -t

Bg—;
i Yor £(g—j)
< Mskp max{u%_l,uZD} H <(Bg__3>x3>
g9—j

=0

g—b—1 , 2(9—7)
< Makp max{uj,_,,u}h} H ((ﬁ —J)x2>
9—J
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< M3f€s(b+1) max{ui(bﬂ),l, Ui(bﬂ)}
a—1 ) £(3)

S M4 (9K/4)GaP(I) H ((&)p?) (83)
=1 Vi

holds. From (83) and

D g—b—1 £(g—i)—1
Kiu? = K ; 2
iy = s(g—i+1)—jUs(g—i+1)—j>
j=s(b+1)+1 i=0 =0

Theorem 8.9 now follows by taking C(x,G, A, L,T) := (g —b)My. O

With these results in hand, we can now prove the main theorem of this section:

Proof of Theorem 8.1. Theorem 8.1 follows immediately by Theorem 8.7(i), Corollary 8.8
and Theorem 8.9. O

9. Distribution of eigenvalues and proof of Theorem 4.2

In this section we prove Theorem 4.2 and thus complete the proof of the Bannai-Ito
conjecture. To do this we will first prove two results concerning the distribution of the
eigenvalues of a graphical sequence in a well-placed interval with respect to this sequence,
using the results from the last four sections.

Theorem 9.1. Let k > 3 and A\ > 0 be integers with A < k — 2, and let G = (§; :=
(%,ai,ﬂi))fill be a (k,\)-graphical sequence. Suppose that A = (0;,);_1 is a subse-
quence of G with (1, A,k — A —1) € A and (Yg+1,0g+1,Pg+1) € A, L: {1,...,g+1}\
{i1,...,ir} = N is a function, and T is a well-placed interval with respect to G satisfying
INBG,A L) =0 (c¢f (52)). Suppose that € > 0 is a real number, C := C(k) > 0
is a constant, and ¢ : {1,...,9+ 1} — N is any function for which (G,A;L,£) is a
(K, A)-quadruple and the associated (K, \)-tridiagonal sequence T = T (G, ) satisfies

(i) Property (AC),
(i) Dy < Chr, and
(iii) Len(Z) > ehr,

where hy, D1 and Len(Z) := Leng ¢(Z) are as defined in (23), (25) and (71), respectively.

Then for any real number 6 > 0, there exist positive constants F := F(k,G,A,L,T),
Cy = Ci(k,\€,0,G,A, L, 1) and Cy := Cs(k, \,d) such that if £(ip,) > F holds for all
1 < p <7 and if there exist two conjugate algebraic numbers 0 and n in E NI satisfying
|0 —n| > § then

either h7 < Cp or Gap(Z) > Cohr

holds, where Er and Gap(Z) := Gapg ,(Z) are as defined in (26) and (72), respectively.
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Proof. Suppose that &, A\, ¢, C, G, A, L, T, £ and T are as in the statement of the
theorem, and put h := hy and D := Dy. Let § be any positive real number, and let 6
and 7 be two conjugate algebraic numbers in £ NZ satisfying |§ — n| > 6. Without loss
of generality, we assume 1 — 6 > 4.

By applying Theorem 8.1 and the conditions eh < Len(Z) < D < Ch given by (ii)
and (iii) in the statement of the theorem, it follows that there exist positive constants
F:=F(k,G,A,LTI), My :=M(k,G,I) and My := M3(x,G,A, L, T) so that if £(i,) >
F holds for all 1 < p < 7 then

1 Gap(Z) a—1 ﬁz £(1)
w(ga) - I((5))

D
<> r()
i=0
a—1 ﬂ £(i)
< hMQC(9m4)GaP(I) H ((#)pf(x)) (84)
i=1 v

holds for any x € Z, where k; and u; := u;(x) are as defined in (6) and (7) for the matrix
Li(T), and a, p;(z) are as defined in (67) and (73), respectively.
By Proposition 8.2(i) and n > 6, it follows that

0<Pz(9)<Pz(77)<1 (7’:171(1_1)7 (85)
and moreover, by (85) and n — 6 > 4,
p1(n) > p1(0) + ﬁ > (1 + m)ﬂa)- (86)

By applying (85) and (86) to (84), it follows that

i kiug (n) > eh My (9]_[{4)(1&13(1) ﬁ((ﬂi>pf(n))m)

i=0 i1 Vi
1\ %) 5 2h a—1 B\ 0)
eM, [ 1 %@ 5 2n D )
> T o S A — . T .
— MyC (9n4> <1 + 20k — A — 1)) ;“zuz (0) (87)

Since 6 and 7 are algebraic conjugates, Zz‘io kiuZ(n) = ZQO k;u?(@) > 0 holds by
Property (AC). Hence, by (87),
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0 2 In( MJ\ZC ) Gap(Z) 2
In(1 < In(9x%)".
n< +2(HA1)) <ty n(9x*) (88)
Now, put
Cy = —( i) and Cy:= ( Q(HiAil))

a In(14+5—5% In(14+5—5%
If 0 < 22C < 1 then Gap(Z) > Coh holds as 2 > ™ Tn"’(;;;*”) (;325;2;“)

n(M2C
by (88). Moreover, if 22 > 1 and Gap(Z) < Coh, then h < WmCE) polds by (88).

eM, m
Therefore Theorem 9.1 now follows for this choice of C7 and Cy. O

Proposition 9.2. Let k > 3 and A > 0 be integers with A < k — 2, and let G =
(6; = (vi,u, )92 be a (r, \)-graphical sequence. Suppose that A = (0, )p=1 s
a subsequence of G with (L,LA,k — A —1) € A and (Vg41,9+1,84+1) ¢ A, L :
{1,...,g + 1} \ {i1,...,i:} — N is a function, and T is a well-placed interval with
respect to G satisfying T N B(G,A,L) = O (cf. (52)). Suppose that ¢ > 0 is a real
number, C := C(k) > 0 is a constant, and £ : {1,...,9 + 1} — N is any function
for which (G, A; L, £) is a (k, A)-quadruple and the associated (k, \)-tridiagonal sequence
T =T(G,¢) satisfies

(i) Property (AC),
(ii) Dy < Chr, and
(iii) Len(Z) > ehr,

wherehr, D and Len(Z) := Leng ¢(Z) are as defined in (23), (25) and (71), respectively.

Then for any real number u > 0, there exist positive constants F := F(k,G,A,L,T),
G :=G(k,\€e1,G,T) and H := H(k, X\, e,10,G, A, L, T) such that if £(i,) > F holds for
alll <p <7, andhy > H and Gap(Z) < Ghy also hold, then the number of eigenvalues
of T that have an algebraic conjugate in T is at least ph, where Gap(Z) := Gapg ,(Z) is
as defined in (72).

Proof. Suppose that &, A\, ¢, C, G, A, L, Z, £ and T are as in the statement of the
proposition, and put h :=hy and D := Dy. Let u be any positive real number.

In view of Theorem 5.5, there exists a constant M7 := M (k, €, 1, G,Z) > 0 such that
for any positive real number ( satisfying { < My,

1

48Trpg
24 7

Toc< (89)

holds (cf. (40)). Put
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M
Co = Colk, €, 1,G,T) = min{|Z|, 21} and T =Ty .. (90)

Then by (89) and (90),

1
r<— <
— 48
24 E’E‘“g

(91)

DN | =

By Lemma 5.3(i) and Remark 5.4, there exists a constant My := Ma(k, €, 4,G,Z) > 0
such that

Hp(w) € Py : deg(p(x)) < %H < M,

holds, and therefore

M,

= (52

1
erlﬁé’T s deg(z) < ?H <

where deg(z) is the degree of the minimal polynomial of an algebraic number z (cf. (26)).
Now, let F := F(k,G,A/L,ZT), C; := Ci(k,\e, 1, G,ALT) and Cy :=
Cy(k, A €, 11,G,T) be the positive constants given by Theorem 9.1 by taking § := %0,

and put

6kmg 24KkmTgMo

H = _
maX{ qz|’ ez

, C’l} and G := (Cs.

We now show that for this choice of F', H and G, the proposition holds. To this end,
let 6 be any element in &7 N T satisfying deg(f) > +, and let py(z) € P, be a minimal
polynomial of §. Then by Theorem 9.1, all roots of pg(x) must lie in the closed interval
[0 — $2,0 + <] Hence, by (39), (40) and deg(d) = deg(ps) > =,

{z €I : pyp(x) =0}| < er { —%,9+%:| :pg(m)ZO}’ < T deg(pg) + 1
< 27 deg(py). (93)

Now, we prove the following claim.

Claim 9.3. The number of eigenvalues of T in I is at least (é‘}ﬂg)h.

Proof. Ash > H and |Z| < x (by (W1)),h > 66'?;[‘7 > 1 holds. Hence, as Len(Z) > ¢h > 1
(by statement (iii) of the proposition), there exists m € {2,...,g} so that £(m) > %
and Z C I, hold, where I,, is the mth guide interval. Put (v,, 8) := (Vm, @m, Bm),
C:={(m)ande:=|{j €{l,...,0} : a+2y/Bycos(£%) € T}|. Note that Z C I,, and

, 1
o+ 2\/67c0s(j+—”1) € I, for all 1 < 7 < {. Since
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(o2 807)) - (o 2y reas( (7)) < 20 <

+1 —l4+1

holds for all 2 < j < ¢, it follows by £ > eh and h > 65;9 that e > L(Hl)mj > LS:JFIQ‘J >

;2‘7?; > 3. Hence by Lemma 2.2(ii), there eXlsts an eigenvalue § € & N7 and, moreover,

eJ e _ eh|Z]
> =>

ErnI|>|= -
Er |_{3 6  12kmg

holds. Claim 9.3 now follows immediately. O

By applying Claim 9.3, (92) and h > % (by h > H), it follows that

1 €|Z|h 1
: Rl =
Hxééﬁ-ﬂl’ deg(z) > T}‘ Z Tonng Hzeé‘TﬂI deg(z) < T}'

A
>

. 4
~ 24kmg (94)

Now, for each integer i > 5, let A; be the set of those elements in &7 N ([—k, k] \ T)
of degree i that have an algebraic conjugate which is contained in Z, and let @; be the
set of those elements in £ NZ that have degree 4. Then by (91) and (93), each element
in ©; has an algebraic conjugate in [—k, ] \ Z. This implies that A; is a non-empty set
if and only if ©; is a non-empty set. Hence, for each integer ¢ > % satisfying ©; # (), the
number of elements in the set

A;:={(6,n) € ©; x A; : 0 and 7 are conjugate algebraic numbers}
is bounded above and below as follows:
(1 —27)i|0;] < |4;] < 2iT|A,. (95)
Hence, by (91), (94) and (95), the inequality

(1 -27)e|Z|h
24KkTg

<@1-2r) > o<y > A (96)

Z>%,@L¢® Z>%,AL¢@

holds, and therefore by (91) and (96), it follows that

(1—27)e|Z|n
. ~ 1 >
Z Al > Brngy =B (97)
i>7,A7‘,7é®

holds. Since the number of eigenvalues of 7 which have an algebraic conjugate in Z is at
least ZD%’A#@ |A;|, the proposition now follows immediately by (97). O



S. Bang et al. / Advances in Mathematics 269 (2015) 1-55 51

Proof of Theorem 4.2. Suppose that xk, A\, ¢, C, G, A, L, { and T are as in the statement
of the theorem, and put h :=hy, t := t7, D := D7, Len := Leng and Gap := Gapg ,
(ct. (71), (72)).

By statement (iii) of the theorem and Lemma 3.3(i), there exists an integer sg €
{2,...,9} such that Ry, > Ry and £(so) > (5)h (cf. (28)). On the other hand, by
Corollary 7.3, there exists a well-placed interval Jp in the soth guide interval I;, =
(L50:Rs,) (relative to G) such that Jo N B = 0 and Len(Jo) > (£)h both hold as
Len(Jo) = £(s0) (cf. (29), (52)). It follows by Proposition 9.2 for (e, u) := (5, C(x) +2)
that there exist positive constants Fy := Fy(k,G, A, L), Go := Go(k, \,€,G) and Hy :=
Ho(k, M\ €,G, A, L) such that if £(i) > Fy holds for all (v;, oy, 8;) € A then

either h < Hy or Gap(Jo) > Goh holds,

as T has exactly D + 1 distinct eigenvalues (cf. (26)) and D < C'h holds by statement
(ii) of the theorem.
Now, if h < Hy, then the theorem follows by taking H := Hy and F := Fy.
Otherwise, h > Hy and Gap(Jy) > Goh both hold, so by Corollary 7.3 and Proposi-
tion 7.4 for T := Jy, there exists an integer s1, ¢(G, Jo) < s1 < (G, Jo), and a well-placed
interval J; in the s; th guide interval I, such that

Len(Jp) >

By applying Proposition 9.2 again for (e, p) := (%, C(k) + 2), there exist positive con-

stants Fy := Fy(k,G,A, L), Gy := G1(k, A\, €,G) and Hy := Hy(k, A\, e,G, A, L) such that
if £(¢) > Fy holds for all (y;, o, ;) € A then

either h < Hy or Gap(Ji)> Gih holds.

Since (R;)?_, is a finite unimodal sequence by Lemma 3.3, it follows by iteratively
repeating this argument (if necessary) that there exist an integer m, 1 < m < g, and
positive constants Fj := Fj(x,G,A,L) and H; := H;(k,\,¢,G,A,L) (0 < j <m) given
by Proposition 9.2 such that if £(¢) > max{F; : 0 < j < m} holds for all (y;,a;,5;) € A
then

max{H; : 0<j<m-—1} <h< Hy,
holds. Theorem 4.2 now follows by taking

H:=max{H; : 0<j<m} and F:=max{F;:0<j<m}. O
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10. Distance-regular graphs of order (s, t)

In this section, we shall use our main result to show that, for fixed integer ¢ > 1, there
are only finitely many distance-regular graphs of order (s,t) whose smallest eigenvalue
is different from —t — 1. We begin by recalling the relevant definitions and some previous
results.

Let I' be a distance-regular graph. For any vertex x, the local graph of a vertex x is
the subgraph of I" induced by I'i (x). For an integer s > 1, a clique of size s (or, s-clique)
is a set of s vertices which are pairwise adjacent. Following H. Suzuki (see [35]), we say
that a distance-regular graph I' is of order (s,t) for some positive integers s,t, if the
local graph of any vertex is the disjoint union of ¢ + 1 cliques of size s. In particular,
a non-complete distance-regular graph with valency k > 3 and ¢y = 1 is of order (s,t)
with s=a; +1and t = &

a1+1°
Note that the Hamming graph H (n, q) is a distance-regular graph of order (n—1,¢—1).

Hence, for fixed positive integer t, there are infinitely many distance-regular graphs of
order (s,t) where s is a positive integer. In addition, B. Mohar and J. Shawe-Taylor [30]
(see also [13, Theorem 4.2.16]) showed that any distance-regular graph of order (s,1)
with s > 1 is isomorphic to the line graph of a Moore graph or the point graph of
some generalized 2D-gon of order (s,1), where D € {3,4,6}. Since the point graph of
a generalized 2D-gon of order (s,1) is exactly the same as the flag graph of a regular
generalized D-gon of order (s,s), there are infinitely many distance-regular graphs of
order (s,1) with s > 1.
The following proposition is well-known; we include its proof for completeness.

Proposition 10.1. For s, t positive integers, let I be a distance-reqular graph of order
(s,t) with diameter D > 2. Then the smallest eigenvalue 0p of I' satisfies 0p > —t — 1.
Moreover, if s > t, then 0p = —t — 1 holds.

Proof. Let C be the set of (s + 1)-cliques in I'. Let M be the vertex-clique of size s + 1
incidence matrix, that is, M is the (|V'(I")| x |C|)-matrix such that the (x, C)-entry of M
is 1 if z € C and 0 otherwise. Then MM7T = A+ (¢t + 1)1, where M7 is the transpose of
M. As MMT is positive semidefinite, it follows that all the eigenvalues of I" are at least
—t — 1. Note that |C|(s + 1) = [V(I')|(t + 1) so that if s > ¢ then |C| < |V(I")], and, as
the rank of M is at most |C|, it follows that A 4 (¢ + 1)I is singular. This shows that A
has —t — 1 as its smallest eigenvalue. 0O

Corollary 10.2. Let t > 1 be an integer. Then there are only finitely many distance-regular
graphs of order (s,t) with s > 1 and st # 1 which have smallest eigenvalue not equal to
—t—1.

Proof. Let ¢t > 1. If I' is a distance-regular graph of order (s,t) such that its smallest
eigenvalue is different from —t—1, then s < t holds by Proposition 10.1. As the valency of
I' equals s(t+1) < t(t+1), the corollary follows by Theorem 1.1 as long as s(t+1) # 2. O
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Remark 10.3. Not much is known concerning distance-regular graphs of order (s,t) with
t > 2. The distance-regular graphs of order (1, 2) and (2, 2) were classified by N.L. Biggs,
A.G. Boshier and J. Shawe-Taylor [11] and by A. Hiraki, K. Nomura and H. Suzuki [23],
respectively. In [38], N. Yamazaki presented some strong results concerning distance-
regular graphs of order (s,2) with s > 2. However, it is not known whether there are
infinitely distance-regular graphs of order (s,2) with s > 2 and ¢3 = 1.

11. Concluding remarks

In Section 1, we mentioned that Sims’ conjecture on permutation groups could be used
to prove that there are only finitely many finite, connected distance-transitive graphs of
fixed valency greater than two. We conclude by recalling and discussing a combinatorial
version of Sims’ conjecture that is related to the Bannai-Ito conjecture.

To state this conjecture, we first recall the definition of association schemes (as defined
by E. Bannai and T. Ito [5]). An association scheme (X, R) is a finite set X together
with a collection R = {Rg, Ry, ..., R,} of non-empty binary relations on X satisfying
the following conditions:

(i) R is a partition of X x X;
(ii) Ro = {(z,x) : v € X};
(iii) for each R; € R, there exists ¢’ such that Ry = {(y,z) : (z,y) € R;};
(iv) for any 0 < i,5,h < r and for any (x,y) € Ry, the number |{z € X : (z,z) € R;
and (z,y) € R;}| is a constant pfj which depends only on i, j, h not on the choice
of (z,y).

Note that an association scheme in this sense is also called a homogeneous coherent
configuration (see [22]). Also, an association scheme (X, R) is called primitive if any
non-trivial relation R; (i # 0) induces a directed connected graph on the vertex set X.

Let (X,R) be a primitive association scheme. Then each non-trivial relation R; € R
(i # 0) induces a directed, connected, regular graph of valency k; := pJ,,. L. Pyber [31,
p. 207] and M. Hirasaka [24, p. 105] attribute the following conjecture to L. Babai.

Conjecture 11.1 (Babai’s conjecture). There exists an integral function f such that for
any primitive association scheme (X,{Ro, R1,...,R.}),

k:max S f(kmin)
holds, where kmyax := max{k; : 1 <i <r} and kypin :=min{k; : 1 <i<r}.

For a primitive permutation group G on a finite set {2, the orbits R; of the induced
action of G on {2 x {2 determine a primitive association scheme, denoted by AS(G). Sims’
conjecture follows from Conjecture 11.1 by considering the association scheme AS(G) for



54 S. Bang et al. / Advances in Mathematics 269 (2015) 1-55

a primitive permutation group G. Note also that the cyclotomic schemes (for a definition
see [24, p. 106]) provide examples of primitive association schemes with fixed smallest
non-trivial valency and an unbounded number of classes. Therefore, in Conjecture 11.1
we cannot expect to provide a bound for r in terms of kpyiy.

The main theorem of this paper, Theorem 1.1, implies that Conjecture 11.1 is true for
primitive distance-regular graphs with diameter D as the sequence (k;)1<;<p is unimodal
by [13, Proposition 5.1.1(i)] and k; > /& holds for all i > 1 by [13, Proposition 5.6.1].

One could also ask whether there exists an integral function f such that for any
primitive commutative association scheme (X, {Ro, R1,..., R,}) with multiplicities m;
(i=0,1,...,7) with mg = 1,

TMmax S f(mmin)

holds, where mpax := max{m; : 1 < i < r} and mpy;, := min{m; : 1 <i < r}. Such
a function is not known to exist even for the class of Q-polynomial association schemes
(for a definition see [13, p. 58]), although the dual statement of Theorem 1.1 has been
shown to be true by W.J. Martin and J.S. Williford [29]. In particular, they showed that
for any my > 2, there are only finitely many Q-polynomial association schemes with the
property that the first idempotent in a Q-polynomial ordering has rank m;.

Acknowledgments

The first author was supported by NRF grant NRF-2014R1A1A1002094. The major
part of this research was conducted while the third author was working in the Department
of Mathematics, POSTECH, Hyoja-dong, Namgu, Pohang 790-784 Korea. He is also
partially support under the 100 Talents Program of the Chinese Academy of Sciences.

References

[1] S. Bang, J.H. Koolen, V. Moulton, A bound for the number of columns in the intersection array of
a distance-regular graph, European J. Combin. 24 (2003) 785-795.
[2] S. Bang, J.H. Koolen, V. Moulton, Two theorems concerning the Bannai-Ito conjecture, European
J. Combin. 28 (2007) 2026-2052.
[3] S. Bang, J.H. Koolen, V. Moulton, There are only finitely many regular near polygons and geodetic
distance-regular graphs with fixed valency, J. Reine Angew. Math. 635 (2009) 213-235.
[4] E. Bannai, T. Ito, On finite Moore graphs, J. Fac. Sci., Univ. Tokyo, Sect. 1A, Math. 20 (1973)
191-208.
[5] E. Bannai, T. Ito, Algebraic Combinatorics I: Association Schemes, Benjamin/Cummings, Menlo
Park, CA, 1984.
[6] E. Bannai, T. Ito, On distance-regular graphs with fixed valency, Graphs Combin. 3 (1987) 95-109.
[7] E. Bannai, T. Ito, On distance-regular graphs with fixed valency III, J. Algebra 107 (1987) 43-52.
[8] E. Bannai, T. Ito, On distance-regular graphs with fixed valency II, Graphs Combin. 4 (1988)
219-228.
[9] E. Bannai, T. Ito, On distance-regular graphs with fixed valency IV, European J. Combin. 10 (1989)
137-148.
[10] N. Biggs, Algebraic Graph Theory, second edition, Cambridge University Press, Cambridge, 1993.
[11] N.L. Biggs, A.G. Boshier, J. Shawe-Taylor, Cubic distance-regular graphs, J. Lond. Math. Soc. (2)
33 (1986) 385-394.


http://refhub.elsevier.com/S0001-8708(14)00342-9/bib626B6D2D6C656E677468s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib626B6D2D6C656E677468s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib74776F2D74686Ds1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib74776F2D74686Ds1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib726E70s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib726E70s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E69746F2D3733s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E69746F2D3733s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E69746Fs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E69746Fs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E2D69746F2D49s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E2D69746F2D3838s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E2D69746F2D4949s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E2D69746F2D4949s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E2D69746F2D3839s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62616E2D69746F2D3839s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6269676773s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6B3D33s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6B3D33s1

S. Bang et al. / Advances in Mathematics 269 (2015) 1-55 55

[12] A. Brouwer, J. Hemmeter, A new family of distance-regular graphs and the {0, 1, 2}-cliques in dual
polar graphs, European J. Combin. 13 (2) (1992) 71-79.

[13] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-Regular Graphs, Springer-Verlag, Berlin, 1989.

[14] P.J. Cameron, There are only finitely many finite distance-transitive graphs of given valency greater
than two, Combinatorica 2 (1) (1982) 9-13.

[15] P.J. Cameron, C.E. Praeger, J. Saxl, G.M. Seitz, On the Sims conjecture and distance transitive
graphs, Bull. Lond. Math. Soc. 15 (5) (1983) 499-506.

[16] E.R. van Dam, J.H. Koolen, A new family of distance-regular graphs with unbounded diameter,
Invent. Math. 162 (2005) 189-193.

[17] R.M. Damerell, On Moore graphs, Math. Proc. Cambridge Philos. Soc. 74 (1973) 227-236.

[18] P. Delsarte, An Algebraic Approach to the Association Schemes of Coding Theory, Philips Research
Report, Supplement, vol. 10, 1973.

[19] M. Doob, On graph products and association schemes, Util. Math. 1 (1972) 291-302.

[20] Y. Egawa, Association schemes of quadratic forms, J. Combin. Theory Ser. A 38 (1) (1985) 1-14.

[21] W. Feit, G. Higman, The non-existence of certain generalized polygons, J. Algebra 1 (1964) 114-131.

[22] D.G. Higman, Coherent configurations. Part I. Ordinary representation theory, Geom. Dedicata
4 (1) (1975) 1-32.

[23] A. Hiraki, K. Nomura, H. Suzuki, Distance-regular graphs of valency 6 and a; = 1, J. Algebraic
Combin. 11 (2) (2000) 101-134.

[24] M. Hirasaka, The enumeration of primitive commutative association schemes with a non-symmetric
relation of valency of at most 4, in: Lecture Notes in Mathematics, vol. 1773, Springer, Berlin, 2002,
pp. 105-119.

[25] T.W. Hungerford, Algebra, Graduate Texts in Mathematics, vol. 73, Springer-Verlag, New York,
Berlin, 1980.

[26] A.A. Ivanov, Bounding the diameter of a distance-regular graph, Sov. Math., Dokl. 28 (1983)
149-152.

[27] J.H. Koolen, V. Moulton, On a conjecture of Bannai and Ito: there are finitely many distance-regular
graphs with degree 5, 6 or 7, European J. Combin. 23 (2002) 987-1006.

[28] J.H. Koolen, V. Moulton, There are finitely many triangle-free distance-regular graphs with degree
8,9 or 10, J. Algebraic Combin. 19 (2004) 205-217.

[29] W.J. Martin, J.S. Williford, There are finitely many Q-polynomial association schemes with given
first multiplicity at least three, European J. Combin. 30 (3) (2009) 698-704.

[30] B. Mohar, J. Shawe-Taylor, Distance-biregular graphs with 2-valent vertices and distance-regular
line graphs, J. Combin. Theory Ser. B 38 (1985) 193-203.

[31] L. Pyber, Asymptotic results for permutation groups, in: L. Finkelstein, W. Kantor (Eds.), Groups
and Computation, in: DIMACS Series on Discrete Math. and Theoret. Computer Science, vol. 11,
American Mathematical Society, Providence, 1993, pp. 197-219.

[32] R.M. Robinson, Intervals containing infinitely many sets of conjugate algebraic integers, in: Studies
in Mathematical Analysis and Related Topics, Essays in Honor of G. Polya, 1962, pp. 305-315,
Stanford.

[33] C.C. Sims, Graphs and finite permutation groups, Math. Z. 95 (1967) 76-86.

[34] H. Suzuki, Bounding the diameter of a distance-regular graph by a function of kg, II, J. Algebra
169 (3) (1994) 713-750.

[35] H. Suzuki, An introduction to distance-regular graphs, in: K. Shinoda (Ed.), Three Lectures in
Algebra, in: Sophia Kokyuroku in Mathematics, vol. 41, 1999, pp. 57-132.

[36] G. Szegd, Orthogonal Polynomials, American Mathematical Society Colloquium Publications,
vol. 23, American Mathematical Society, New York, 1939.

[37] V.A. Ustimenko, Some properties of the geometries of Chevalley groups and of their generaliza-
tions (in Russian), in: Investigations in the Algebraic Theory of Combinatorial Objects, Vsesoyuz.
Nauchno-Issled. Inst. Sistem. Issled., Moscow, 1985, pp. 134-148.

[38] N. Yamazaki, Distance-regular graphs with I'(z) ~ 3 % K41, European J. Combin. 16 (1995)
525-536.


http://refhub.elsevier.com/S0001-8708(14)00342-9/bib68656Ds1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib68656Ds1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib62636Es1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib63616D65726F6Es1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib63616D65726F6Es1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib647467s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib647467s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib442D4Bs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib442D4Bs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib64616D6572656C6Cs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib64656C7361727465s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib64656C7361727465s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib646F6F62s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6567617761s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib666569742D6869676D616Es1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6869676D616Es1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6869676D616Es1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib686972616B692D73757A756B69s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib686972616B692D73757A756B69s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6869726173616B61s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6869726173616B61s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6869726173616B61s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib68756E676572666F7264s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib68756E676572666F7264s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6976616E6F76s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6976616E6F76s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib76616C35s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib76616C35s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib76616C3130s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib76616C3130s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6475616C2D42492D636F6E6As1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib6475616C2D42492D636F6E6As1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib743D31s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib743D31s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib7079626572s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib7079626572s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib7079626572s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib726F6262s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib726F6262s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib726F6262s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib73696Ds1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib73757A756B69s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib73757A756B69s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib73757A756B696E6F746573s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib73757A756B696E6F746573s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib737A65676Fs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib737A65676Fs1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib757374s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib757374s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib757374s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib79616D617A616B69s1
http://refhub.elsevier.com/S0001-8708(14)00342-9/bib79616D617A616B69s1

	There are only ﬁnitely many distance-regular graphs of ﬁxed valency greater than two
	1 Introduction
	2 Preliminaries
	2.1 Christoffel numbers
	2.2 Interlacing
	2.3 Distance-regular graphs
	2.3.1 Intersection numbers
	2.3.2 Diameter bounds
	2.3.3 Eigenvalues of distance-regular graphs


	3 Graphical sequences
	4 A key result
	5 Two useful results for polynomials
	6 Preliminary results for the Christoffel numbers
	7 Well-placed intervals
	8 Christoffel numbers
	8.1 Three-term recurrence relations
	8.2 Bounding Head and Gap sums
	8.3 Bounding Tail sum

	9 Distribution of eigenvalues and proof of Theorem 4.2
	10 Distance-regular graphs of order (s,t)
	11 Concluding remarks
	Acknowledgments
	References


