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The noise contained in images collected by a charge coupled device (CCD) camera is pre-
dominantly of Poisson type. This motivates the use of the negative logarithm of the Poisson
likelihood in place of the ubiquitous least squares fit-to-data. However, if the underlying math-
ematical model is assumed to have the form z = Au, where A is a linear, compact operator,
the problem of minimizing the negative log-Poisson likelihood function is ill-posed, and hence
some form of regularization is required. In this work, it involves solving a variational problem
of the form

. arg TQHZ(AU; z) + aJ(u),

where ¢ is the negative-log of a Poisson likelihood functional, and J is a regularization func-
tional. The main result of this thesis is a theoretical analysis of this variational problem for
four different regularization functionals. In addition, this work presents an efficient computa-
tional method for its solution, and the demonstration of the effectiveness of this approach in
practice by applying the algorithm to simulated astronomical imaging data corrupted by the
CCD camera noise model mentioned above.
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Chapter 1

Introduction

The following problem is very common in imaging science: given a blurred, noisy N x N image
array z, obtain an estimate of the underlying N x N true object array Uexact by approximately
solving a linear system of the form

z = Au. (1.1)

Here z has been column stacked so that it is N2 x 1, and A is a known N2 x N2 ill-conditioned
matrix.

The focus of this work is on astronomical imaging, in which case A is the blurring matrix and
z is an image of an object Uexact in outer space collected by a charge couple device (CCD)
camera. The CCD camera was invented in 1969 by Willard Boyle and George E. Smith at AT
& T Bell Labs [1]. Tt has the ability to receive charge via the photoelectric effect, allowing for
the creation of electronic images. A CCD camera consists of a grid of pixels, each of which
detects roughly 70% of incident light (photographic film captures only about 2%). At each
pixel an electric charge accumulates that is proportional to the amount of light it receives.
This charge is converted into voltage, digitized, and stored in memory.

The collected image z is blurred due to the fact that the light from the object being viewed
has travelled through layers in the earth’s atmosphere with variable degrees of refraction.

Furthermore, diffractive blurring occurs due to the finite aperture of the telescope. This
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process is represented by the picture in Figure 1.1.

-

Object Plane Atmosphere Aperture Plane Image Plane
Figure 1.1: Blurring process schematic.

In practice, the noise in the image z is random. Thus z is a realization of a random vector z.

A statistical model for z is given by (c.f. [31])

2z ~ Poiss(AUeyact) + Poiss(y - 1) + N (0, o°T). (1.2)

Here 1 is an N2 x 1 vector of all ones, and I is the N? x N? identity matrix. (1.2) means
that each element Z; of the vector z, has a mixture distribution, it is a random variable with
distribution

. 1

Gi=3 (nobj (i) +19(i) + g(i)), i=1,...,N? (1.3)

where

® n,p;(4) is the number of object dependent photoelectrons measured by the ith detector

in the CCD array. It is a Poisson random variable with Poisson parameter [Auexact);-

e 1ny(7) is the number of background photoelectrons, which arise from both natural and
artificial sources, measured by the ith detector in the CCD array. It is a Poisson random

variable with a fixed positive Poisson parameter ~.
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e g(i) is the so-called readout noise, which is due to random errors caused by the CCD
electronics and errors in the analog-to-digital conversion of measured voltages. It is a

Gaussian random variable with mean 0 and fixed variance o?2.

The random variables ngp;i(i), ng(é), and g(i) are assumed to be independent of one another
and of ngpj(j), no(j), and g(j) for i # j.

The image and object in Figure 1.2 illustrate the light emanating from the star cluster Uexact
on the left hand side, it travels through the earth’s atmosphere, and the telescope’s CCD

camera collects the blurred noisy image z on the right.

Figure 1.2: Illustration of image formation.

In order to obtain a workable maximum likelihood problem for obtaining estimates of Uexact,
approximating (1.2) is necessary. As in [31], following [18, pp. 190 and 245], this is done using

the approximation

N(o?,0%) ~ Poiss(c?). (1.4)

From this, together with the independence properties of the random variables in (1.3) it
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follows,

z+0%-1 ~ Poiss(AUexact) + Poiss(y - 1) + N(o? - 1,0°1)
~ Poiss(AUexact) + Poiss(y - 1) + Poiss(a? - 1)

~ Poiss(AUexact +7-14+ 0% 1). (1.5)

Assuming that (1.5) is the true statistical model, the maximum likelihood estimator of Uexact,
given a realization z from z defined in (1.5), is the minimizer with respect to u of the negative-

log Poisson likelihood functional

N2 N2
To(w) € Y ([Au)i + 7 +0%) — 3 (2 + 0?) log([Aul; + 7 + 0?), (1.6)
=1 =1

where [Au]; and z; are the ith components of Au and z respectively.

Before continuing, let address the question of whether or not using (1.5) to approximate (1.2)
will have a negative effect on the accuracy of the estimates obtained by minimizing (1.6).
For large values of o2 (the simulations suggest that o? > 30 suffices), (1.4) is accurate, in
which case (1.5) will well-approximate (1.2). This will also be true if the signal is sufficiently
strong, since then the readout noise will have negligible effect. However, there are certainly
instances in which (1.5) will not well-approximate (1.2), in particular, in regions of an image
with very low light intensity. The likelihood that results, however, from the correct model
(1.2) is non-trivial, as can be seen in [30]. In the sequel, the assumption that (1.5) is accurate
is made.

Since A is an ill-conditioned matrix, computing the minimizer of (1.6) is an ill-posed problem.
Thus regularization must be used. This involves solving a problem of the form

arg min {Ta(u) © T (w) + aJ(u)} , (1.7)

where J(u) and a > 0 are known as the regularization function and parameter, respectively,

and minimization is subject to the constraint u > 0 due to the fact that light intensity is
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non-negative.

The use of four different regularization functions is the main point of this thesis, also an
important subject is that (1.7) can be motivated from a Bayesian perspective. The Bayesian
perspective and the computational method used to solve (1.7) are the main topic of Chapter
4. The reader not interested in the theoretical arguments that constitute the remainder of
this Chapter, as well as Chapter 2 and 3, should skip to Chapter 4 now.

Practically speaking, the computational problem (1.7) is very important, as it is the solution
of (1.7) that will yield a regularized estimate of Uexact- However, of equal importance is the
relationship between (1.7) and its analogue in the function space setting, which results from

the operator equation analogue of (1.1) given by

2(z) = Au(z) /Q alw, y)uly) dy. (18)

Here, Q € R% is the closed bounded computational domain, and a which is known as the point
spread function, is nonnegative and bounded, moreover it is reasonable to assumed that it is
measurable with respect to the Lebesgue measure, and hence is in L?(2 x ). Although in the
numerical experiments, d = 2, in the analysis, d can be any positive integer, unless otherwise
specified, so that the results are as general as possible. Given the true image Uexact € L2(£2),

let define z = Atgxact. The functional analogue of (1.6) is then given by

To(Au; z+7v) = /Q (Au+v+0%) — (z + v+ 02) log(Au + v + 02)) dz. (1.9)

Note that if mid-point quadrature is used to discretize the integral in (1.8) and a collocation
of indices is used to discretize the z-variable, the resulting numerical approximation of (1.9)
will have the form (1.6). Thus in addition to stochastic errors, z also contains numerical

dicretization errors. The functional analogue of (1.7) is then given by

U = arg m>151 {Ta(Au; z+7) def To(Au;z+ ) + aJ(u)} , (1.10)
u>
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where J is now a regularization functional.

The main results of this thesis involve the analysis of problems of the form (1.10). In particu-
lar, although minimizing (1.9) is an ill-posed problem, problem (1.10) is well-posed if certain
reasonable assumptions hold; that is, solutions of (1.10) exist, are unique, and depend contin-
uously of the data z and the operator A. Noting that this is an important result because in
practice there will always be errors in the measurements of z and A. Well-posedness implies
that if these errors are small, the estimates will be near to those that would be obtained if
the exact data z and operator A were known.

To state this mathematically, let introduce a sequence of operators equations

def

(@) = Ayu(z) + 7 /Q a2, y)uly) dy + 7, (1.11)

where a, € L?(Q x ) and corresponding minimization problems

ton = argmin { To( Ay 20)  To(Auus ) + ad (w)} (1.12)
uz

Proving that (1.10) is well posed amounts to showing that if 4,, — A and z, — z + v then
Uam — Uq, Where u, is defined in (1.10). Another important result is that as A, and z,
become arbitrarily close to A and z + v, respectively, o, can be chosen so that u,, , becomes
arbitrarily close uezqct; that is if A, — A and z, — z + 7 there exists a positive sequence
{ay,} such that oy, — 0 and uq,, n — Uexact- The main results of this thesis are proofs of these

important properties for four different regularization functionals.



Chapter 2

Mathematical Preliminaries

In this chapter, the goal is to provide a mathematical background for the theoretical analysis
of Chapter 3, which serves as the main result of this thesis.
This begins by proving a number of facts about Fredholm first kind integral operators, of

which A, defined in (1.8), is an example.

2.1 Some Results Regarding Fredholm Integral Operators

Most functions will be element of L?(Q2), ||.||2 and (.,.) denote the L?(£2) norm and inner

product, respectively. The operator A will be assumed to be of Fredholm first kind type, i.e.

def
Aula) [ afe.pyuta)ds (2.)
where a € L?(Q x Q) and is measurable with respect to the Lebesgue measure. Then A :
L*(Q) — L*(Q).

Definition 2.1.1. A linear operator A : L?(Q) — L?(Q) is said to be compact if it maps the

unit ball to a relatively compact set, that is, a set whose closure is a compact subset of L*().
The proofs in this section follow those in [4, chapter 4].

Theorem 2.1.2. Ifa € L*(Q2xQ), then (2.1) is a compact operator and || A||2 < llal|r2(xq)-

7



2.1. SOME RESULTS REGARDING FREDHOLM INTEGRAL OPERATORS 8

The following lemma is necessary in order to prove Theorem 2.1.2.

Lemma 2.1.3. If {e; : i € I} is an orthonormal basis for L*(Q) and

bij(z,y) = ei(w)e;(y) (2.2)

fori, j €I andz,y € Q then {¢;j : 4,7 € I} is an orthonormal basis for L*(Q x Q).

Proof. Since [, [o |¢ij|*dwdy = [o [q lei(x)e;(y)|*dady = [lei][3]lej][5 = 1, ¢i5 € L*(Q x Q).
Moreover, if (k,1) # (i,j) then

(bus bi5) = jét[;¢k<x>¢xy>¢xx>¢j@ndxdy

:AKAmmmm@@@%@@

= (bk, i) (D1, D;5)

= 0.

Therefore {¢;;} is an orthonormal set.
To see that {¢;;} is a basis for L2(Q2x ), let choose ¢ € L?(Q2 x Q) and define ¢, (z) = ¢(z, ).
Then ¢, € L*(R), and hence, f;(y) = (ei, ¢y) = [o (2, y)ei(x)dz is well defined. Moreover

1£ill3 =

/Q /Q ¢(x7y)¢ij($,y)dxdy

' o, i) | -

2
2
- z:://cbxyez (e ()dudy|
2
>

Thus, if ¢ is orthogonal to ¢;; for all 4 and j, f; = 0 for all ¢ and hence ¢, = 0 in L3(9),
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implying ¢ = 0. From this it follows immediately that {¢;;} is a basis for L*(Q x ). O
Now let prove Theorem 2.1.2.

Proof. The first step is to prove that [[All2 < [la[|r2(axq)- Let {ei} and {¢;;} be as in the

previous lemma. Then

HGH%%QxQ) = E:’ ¢m

2

a(z,y)ei(z)e;(y)dzdy
>

— /Q [/ﬂ “("”’y)eg‘(y)dy} ei(x)d

= > ldejenl
i?j

Moreover, if u =}, aje; € L3(9), then ||u|]3 = > |oj|* < o0, and hence

2

[(Au, ;)| Zaj Aej,e;)| < Z\aﬂz Z|<Ae]~,ei>|2 ,
J J
implies

[ Aul = 57 [(Au, e < [[alBa ey llull3,
7

which in turn implies [|All2 < [|al|f2(xq)-
It remains to show that A is compact. Let J be the smallest (with respect to the number of

its elements) set such that

a = Z ozz-jqﬁij.

ijeJ



2.1. SOME RESULTS REGARDING FREDHOLM INTEGRAL OPERATORS 10

Such a representation exists by Lemma 2.1.3. If J is a finite set, then
Aua) = [ ate.puiy

= /Q Zaij¢ij($’y) u(y)dy

1,€J

Hence, A has finite rank and is therefore compact since it is bounded [33, chapter 2 page 17].

On the other hand, if J is not finite it is countably infinite, and hence

o0
a= )" i

i,j=1
Let define
n
an =Y aijoij.
i,j=1
Then

llan — allr2(x0) — 0 as n — oo.

Moreover, if

Apu(x) dﬁf/gan(x,y)u(y)dy,

then given that ||u||2 is finite,
Anulz) — Au(z)| = \ [ fanten) - a<w,y>]u<y>dy\ < llan — all ey lull — 0,

and hence, ||A,, — A||2 — 0. Since the A,’s are finite dimensional, they are compact, implying

that A is compact [4, chapter 4 page 41]. O

Next, is to show that A, defined in (2.1), has a singular value decomposition, which will be
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useful when proving that (2.1) is ill-posed.

Definition 2.1.4. A singular system for a linear operator A : L?(2) — L?(2) is a countable

set of triples {u;, s;,v;}; with the following properties:

1. the right singular vectors vj form an orthonormal basis for Null(A)*, where
Null(A) € {u € L2(Q) | Au=0},

and L denotes the orthogonal complement;
2. the left singular vectors uj form an orthonormal basis for the closure of Range(A);

3. the singular values s; are positive real numbers and are in nonincreasing order, i.e.
s1 > s9 > --- > 0. Moreover, if Range(A) is infinite-dimensional, one has the additional

property lim; o s; = 0.

4. for all j

Avj = sjuj,  and A"uj = s5v;.

Where A* is such that

(Av,u) = (v, A*u) for all u, v € L*(Q).

Next is the statement of an important theorem regarding compact operators.
Theorem 2.1.5. If A is a compact operator then A has a singular system.

Proof. The following proof is inspired by Exercise 2.9 of [33].

Let start by proving part 1. If A is compact then A* is compact as well [4, chapter 4, page
41]. Hence A*A is compact and self adjoint. By [4, Theorem 5.1] the existence a set of real
eigenvalues and a corresponding set of orthonormal eigenfunctions is guaranteed, furthermore
they form a basis for Null(A* A)*. Moreover, these eigenvalues are strictly positive. In addition

[14, Theorem 4.9.A] states that Null(A)+ = Null(A*A)*. This completes the proof of part 1.
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For part 2, 3 and 4 let define 0,(A*A) to be the set of positive eigenvalues of A*A. Then if
Ai € op(A*A) corresponds to the eigenfunction v; and satisfies A\; > Ag, -+ > 0, it is possible

to have s; = +/\; and u; = S%Avi. This yields

1 1 1 . Ai
<ui,uj) = <SiAUZ', S]‘Avj> = )\i)\j <A AUi,'Uj> = T}\j(w,vﬁ = (51]

Hence, {u;} is an orthonormal set. Moreover u; = S%_Avi implies A*u; = s;v; # 0, and
hence {u;} spans Null(4*)+ = Range(A) [14]. Finally, noting that if Range(A) is infinite-
dimensional, 0,(A*A) will be infinite-dimensional as well, therefore by [4, corollary 7.8]

lim; 00 Aj = 0 = lim; o0 8;. Thus {v;, s, u;} forms a singular system for A. O
Following is the definition of a notion which will be of great importance in the analysis.

Definition 2.1.6. Let A : L?(2) — L?(Q2) be a nonzero operator. Then the equation
Au =z (2.3)

1s said to be well-posed provided
1. for each z € L*(Q) there exists u € L*(2), called a solution, for which (2.3) holds;
2. the solution u is unique; and

3. the solution is stable with respect to perturbations in z and A. This mean that if Apm =

zZm and Au = z, then u,, — u whenever z,, — z and A, — A.
A problem that is not well-posed is said to be ill-posed.
The following result is fundamental to the work in this thesis.
Theorem 2.1.7. Let A : L*(Q) — L?(Q) be compact, then Au = z is ill-posed.

Proof. First, suppose dim(Range(A))= oo. The goal is to show that Condition 3 of Definition
2.1.6 fails. Without lost of generality let suppose that z = 0; indeed, one can generalize for

any nonzero z by using the linearity of A. Let {um,, v, Sm}m be a singular system for A, and
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define A,, = A and z,, = s}, uy, € Range(A) with 0 < r < 1. Then ||zp||2 = ||shuml|2 =
ISy |” ||tm]|2, implies z, — 0 when m — oo. However z, = s\ u, = A(s\, tvy), with

_ . def ,._
|57 tvm||e — 0o when m — co. Therefore, A, — A and 2, — 0 while u,, = s" 1v,, =

0. Thus Condition 3 of Definition 2.1.6 fails.

If dim(Range(A)) < oo, by the first fundamental theorem on homomorphisms
L?(2)/Null(A) = Range(A), and hence, Null(A) is not a trivial space. If z € L?(Q2)\Range(A),
then there is no u satisfying Au = z, and Condition 1 fails. Otherwise, if u satisfies Au = z,

and v € Null(A) is nonzero then A(u + v) = z, and Condition 2 fails. O

However, in this thesis, in place of the operator equation Au = z, the task is to study the
variational problem

uw = argmin Tp(Au; z + ), (2.4)
u>0

where A : L*(Q) — L*(Q) is a nonsingular operator satisfying Au > 0 whenever u > 0, z €
L*>°(92) is nonnegative and vy > 0 is a fixed constant, and 7Ty is as defined in (1.9). Accordingly

to this variational problem, let now define what it means for (2.4) to be well-posed.

Definition 2.1.8. The variational problem (2.4) is said to be well-posed provided
1. for each nonnegative z € L>®(S)), there exists a solution u € L*(Q) of (2.4);
2. this solution is unique;

3. the solution is stable with respect to perturbations in z + v and A; that is, if
uo,n def arg min To(Anu; zy,),
u>0

where A, : L?(Q) — L%*(Q) satisfies Ayu > 0 whenever u > 0 and z, € L®(Q)
is nonnegative, then u, — u whenever z, — (z + ) in L*°(Q) and a, — a in

L>(2 x Q).
With this definition, the statement and proof of the analogue of Theorem 2.1.7 will be,

Theorem 2.1.9. The variational problem (2.4) is ill-posed.
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The gradient and Hessian of Ty is useful for proving Theorem 2.1.9. Also, the notion of Fréchet

derivative is needed [33, page 22| for a better understanding,

Definition 2.1.10. An operator T : L?(Q) — L?(Q) is said to be Fréchet differentiable at
u € L2(Q) if and only if there exists T (u), element of the set of linear operator from L*(f)

to itself, called the Fréchet derivative of T at u, for which
T(u+h) =T(u) + T (w)h+ o]|h]2) (2.5)
The following identity, stated in Proposition 2.34 of [33], is used to derive the gradient:

diTo(U + Th) = <VT0(U)’ h> (2'6)
T 7=0

As a composite function of the natural logarithm and Au + v + o2, T, is twice Fréchet
differentiable. Moreover, since A(u + 7h) — (z + v + 02)log(A(u + Th) + v + 0?) is twice
differentiable with respect to 7, its first and second derivatives are bounded over 2. Hence

the Lebesgue Dominated Convergence Theorem implies

d d
= 0(A(u+ Th); 2+ 7) . I Q(( u+TAh+ v+ 0%)
—(z+7+0%)log(Au+TAh +y+07)) dz|__,
(z4+7+07)
- — Ahd
/Q< Au+ TAh + v + 02 xTiO

(z+7+0?)
= 1———2|,AR
<( Au+~y+02)’
Au — 2
= (A" ——=],h).
< (Au+v+02>’ >
Thus from (2.6) it is obvious that

. Au—z
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In the same fashion, let compute the Hessian using the relation [33, Definition 2.40]

d2
dpdTt

= (V2Typ(u)l, h). (2.8)
p,7=0

To(A(u+ Th+ pl); 2z + )

Once again using the Lebesque Dominated Convergence Theorem yields

DA
_ /d(Ah_(z+’y+a)2h> i
.p=0 q dp Au+v+o 7.p=0
B / Ah(z 4+~ + o)Al de
 Jo \(Au + TAh + pAl + v + 02)2
) (z+7v+ %)
Al (d Ah
< ’<lag<(Au+~y+a?)2
e (z+7+0?)
= A" (d Al h
< <lag<<Au+v+02>2 A

where diag(v) is defined by diag(v)w = vw. Thus, it results, from (2.8), that

d2
dpdt

To(A(u+Th + pl); 2z + )

7,p=0

VITy(Aus 2 +) = A* (diag (( itytol )2>) A. (2.9)

Noting, therefore, that

% . Zn + o?
VQTO(Anu;zn) = A (dlag ((A 2>2>> A,

Since z, 2z, > 0, V?Ty(Au, 2z + v) and V2Ty(Anu, z,) are positive semi-definite operators,
implying To(Au; z + ) and To(Anu; zp,) are convex [33, Theorem 2.42] and hence have min-
imizer over C = {u € L%*(Q)|u > 0}. Moreover, since A is nonsingular, Tp(Au;z + 7) is
strictly convex and has unique minimizer uexact, recall that it has been assumed uexact = 0
and Auexact = 2.

The task is now to prove Theorem 2.1.9.
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Proof. Since it has been assumed that A is nonsingular, Condition 1 and 2 hold. Hence, let
show that Condition 3 fails. For this let proceed as in the first paragraph of the proof of
Theorem 2.1.7, assuming once again without lost of generality, that z = 0. Let {tm, Vm, Sm }m
be a singular system for A, and define A,, = A and z,, = s}, uy, + v with 0 < r < 1. Since A

is invertible, by our discussion above,

U, = arg min To(Au; z,,)
u>0

1

is unique and satisfies Au,, = s} vy, and hence, u,, = s],  vp,. Thus 2z, — 1 while [|[um||2

= |[s" Y ||l2 — +oo, implying that u,, - 0, and hence, Condition 3 fails. O

2.2 Regularization Schemes and the Operator R,(A,z + )

Because (2.4) is ill-conditioned, well-posed methods for its approximate solution are important.
Regularization represents the most common such approach. The aim of this thesis is to study

a variational problems of the form
Ry (A, z+7) o arg mi? To(Au; z +7), (2.10)
ue

where Ty, (Au; z2+7v) = To(Au; 2+v) + aJ (u), where J and « are the regularization parameter
and functional respectively. The task will be to show that R, defines a regularization scheme
for four different regularization functionals.

In order to define a regularization scheme, let suppose that there is an operator R, such that
for each z in Range(A) there is an unique R, (A, z+7) € L*(Q) such that A(R.(A, z+7)) = z.

For this work, given the assumption and therefore discussion,
Ro(Au; 2z + ) = arg mig To(Au; z + 7).
ue

From [33] is the following definition
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Definition 2.2.1. {R, (A4, z+7) }aer is a regularization scheme that converges to R.(A, z+7)
if

1. for each a € I, R, is a continuous operator; and

2. given each z in Range(A), for any sequence {z,} € L*(Q) that converges to z and

any sequence {An} of compact operators on L*(2) that converges to A, one can pick a

sequence {ay} € I such that

lim R, (Ap,2n) = Ri(A, 2+ 7).

n—oo



Chapter 3

Theoretical Analysis

In this chapter, the task is to prove that R, (A, z + ), defined by (2.10), is a regularization
scheme for four regularization functionals J.

Some standard assumption are made in all of the following arguments. Let {2 be a closed
bounded, convex domain with piecewise smooth boundary. Then |Q| = [, dz < co. Let | - |
denote the Euclidean norm in R? and || - ||, the Banach space norm on LP() for 1 < p < oo.
Since € is bounded, LP(2) C LY(Q) for p > 1. It is assumed that the true solution uexact > 0

and that Au > 0 for every u > 0, with A defined by

Aufz) = /Q a(z, y)u(y)dy,

where a(x,y) is nonnegative, measurable with respect to the Lebesgue measure, and bounded
on L?(Q2 x Q). Then, as previously, the exact data satisfies z = Atiexact > 0. Furthermore, z is
assumed to be bounded, hence z € L>°(Q2). Note that these are reasonable assumptions since
in practice the kernel function a is nonnegative and the image z has finite intensity at every
point in the computational domain. These assumptions hold for the perturbed operator A,

defined by

Avi= [ aule.yut)is
and data z,. Additionally, let {ay,}n>1 C L>(2) and {z, }n>1 C L®(R), ap, — a € L® (2 xQ)

18
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and z, — z 4+ in L*>(Q). Then, it follows that ||A, — Al|1 — 0, ||An — Al|2 — 0, ||zn — (z +
Y)||loo — 0, and that the a,’s are uniformly bounded in L>°(€ x €2). All these facts are useful
for what follow.

In order to simplify the notation in the arguments, let Tt (u) denotes T, (Au; z+7) and T, 5, (u)

denotes T, (Anu; z,,) throughout the remainder of this analysis.

3.1 Tikhonov Regularization

The work in this subsection originally appeared in [8], though the modifications are significant.

Let begin the analysis with the most standard regularization functional:

1
T(w) = 5l (3.1)
Let define
C={u € L*Q) |u>0}. (3.2)
Then the task is to show that
R.(A,z+7) of arg me%l To(Au; z + ) (3.3)

reward a regularization scheme as defined in Definition 2.2.1.
Let begin with definitions and results that will be needed in the later analysis. The following

theorem, proven in [35], will be useful.

Theorem 3.1.1. If S is a bounded set in L?(SY), every sequence in S has a weakly convergent
subsequence in L%(Q), where u, converges to u weakly (denoted u, — u) in L*(Q) if (u, —

u,v) — 0 for allv € L*(9).

An important definition is what comes next.
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Definition 3.1.2. A functional T : L?>(Q) — R is coercive if
T(u) — oo whenever |ull2 — oo. (3.4)

Recalling that a functional is said to be weakly lower continuous if

Definition 3.1.3. T is weakly lower continuous if
T(uy) < liminf T'(uy) whenever u, — ux (3.5)

3.1.1 R.(A,z+~) is Well-Defined

The following theorem, which is similar to [33, Theorem 2.30] helps to prove the existence

and uniqueness of the solutions of (2.10).

Theorem 3.1.4. If T : L?(Q2) — R is convex and coercive, then it has a minimizer over C.

If T is strictly convex, the minimizer is unique.

Proof. Let {u,} C C be such that T'(u,) — T df inf,cc T'(u). Then, by (3.4), the sequence
{un} is bounded in L?()). By Theorem 3.1.1, this implies that {u,} has a subsequence
{un,} that converges weakly to some u, € C. Now, since T is convex, it is weakly lower

semi-continuous [33, page 21], and hence,

T(us) < lminf T'(up,) = im T'(uy,) = T.
Thus us minimizes T on C and is unique if T is a strictly convex functional since C is a convex
set. O

Corollary 3.1.5. R, (A, z + ) is well-defined.

Proof. The convexity of T, follows from the convexity of Ty (see the comments at the end of
Chapter 2) and the strict convexity of J(u).

For coercivity, noting that by Jensen’s inequality and the properties of the function x —clog x,
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for ¢ > 0,

To(u)

v

|Au+ 5 + 2|1 — ||z + 7 + 02||cc log | Au + v + 2|1,

v

245+ 0%lloo = 12 + 7 + 02loo log 12+ + 0o (36)

Since z > 0, Tp is bounded below. The coercivity of To(u) = To(u) + 2[jul|3 then follows
immediately.

By Theorem 3.1.4, T, has a unique minimizer in C and hence R, (A, z+) is well-defined. [

3.1.2 R,(A,z+~) is Continuous

Let uy be the unique solution of T, over C given by Corollary 3.1.5. A similar analysis yields
the existence and uniqueness of minimizers uq ,, of Ty (Anu; 2) in (1.12) for o« > 0 (recall that
A, and z, satisfied the same assumptions as A and z).

The following theorem gives conditions that guarantee this result.
Theorem 3.1.6. Let uq,, be the unique minimizer of Tr, ,, over C, and suppose that

1. for any sequence {u,} C L*(Q),

lim T pn(upn) = +00  whenever lim |luylls = +o0; (3.7)
n—oo

n—oo

2. given B >0 and € > 0, there exists N such that

|Ton(u) —To(u)| < e whenever n > N, ||lullz < B. (3.8)

Then U, converges strongly to u, in L*(Q).

Proof. Note that T 5 (tan) < Ton(ta). From this and (3.8), yields

lim inf Ty p (ta,n) < limsup Ty p(tan) < To(ua) < 00. (3.9)
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Thus by (3.7), the ua,’s are bounded in L?(2). By Theorem 3.1.1, there exists a subse-
quence {un;} that converges weakly to some @& € L?*(Q2). Furthermore, by the weak lower

semicontinuity of Ty, (3.8), and (3.9) it follows

To(a) < liminf Ty (uy,),
= Hminf(To(un,;) — Tan,; (Un,;)) + Hminf T 5, (un, ),

< Ty (ua)-

By uniqueness of minimizers, 4 = us. Thus {un]} converges weakly to u, and hence, uq , —
Ug-

Let now prove strong convergence. This follows if ||ugn|l2 — ||uall2 since uq, — uq [4,
Exercise 8, page 128]. By the weak lower semi-continuity of the norm ||uq||2 < liminf ||uq ,||2-

However Ty n(tan) < Tan(ta) implies

A

.. 2 ..
lim inf ||ua7n\|§ HuaH% + E(To(ua) — liminf Ty (ua,n))

IN

2
|uallz
Since Tp is weakly, lower semi continuous. Hence ||uqnll2 — ||uqll2 which in turn implies
Uan — Uq- O
A corollary of Theorem 3.1.6 is the continuity result for (3.3) that concludes this part.
Corollary 3.1.7. R,(A, z+7) is continuous.

Proof. Tt suffices to show that conditions (i) and (i) from Theorem 3.1.6 hold. For condition

(1), note that the analogue of inequality (3.6) for Tp,, is given by

Ton(tan) 2 ll2n +0%lloo = 2n + 0°|loo 10g [z + 0% |0,

which has a lower bound for all n since ||z, — (2 + 7)||cc — 0 and z € L*(2) is nonnegative.

Thus T 5 (un) = Topn(un) + ||unl|3 — oo whenever ||uy||2 — oo, and hence, (3.7) is satisfied.
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For condition (7i), note that, using Jensen’s inequality and the properties of the logarithm,

Ton(u) — Ta(uw)| =

/Q ((An = A)u — (2 + 0%) log(Apu + 7 + 0°)) da

—|—/ ((z+v+ 0% log(Au + v + 0?)) dz|,
Q
< [[An = Allaflully
Hlzn — (2 +7)lloo log (| Anll1[ull + (v + o)1) (3.10)

H|z 47+ 020 log || (Au + 7 + 02)/(Agu + v + 02|, -

By assumption, |4, — A|1,[|zn — (2 + 7)|[|cc — 0. Furthermore, by the Banach-Steinhaus
Theorem, ||A,||1 is uniformly bounded, and since ||u||2 is bounded by assumption, by Theorem
3.1.1 |lu||1 is bounded as well. Thus the first two terms on the right-hand side in (3.10) tend

to zero as n — oo. For the third term note that

|ree
1 Apu+vy+o

Au + 7y + o?
Apu+v+ 02

[An = Ally fJull1,
1

which converges to zero since ||1/(A,u + v + 02)||1 is bounded and |4, — Alj; — 0. Thus

log(||(Au + v + 02)/(Auy, + v + 02)||1) — log(1) = 0, and hence

T (1) — T ()] — 0. (3.11)

3.1.3 R.(A,z+~) is Convergent

The task in this section is to prove that R, (A, z + ) is convergent.
Theorem 3.1.8. R,(A,z+ ) is convergent.

Proof. Suppose «;,, — 0 at a rate such that

(TO,n<uexact) - TO,n(uO,n))/ oy — 0. (312)
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Then since u,, ;, minimizes Ty, 5, it is obvious that

TOénm« (uan,n) S Tocn,n (uexact)- (313)

Since {z,} and {A,} are uniformly bounded and A, — A in the L'(2) operator norm,
{T%, n(texact)} is a bounded sequence. Hence {1y, n(Ua, n)} is bounded by (3.13).

Subtracting 1o (uo,,) from both sides of (3.13) and dividing by «,, yields

1
(TO,n(“an,n) - TO,n(UO,n))/O‘n + Q”uan,n”% < (TO,n(uexact) - TO,n(UO,n))/ Qn

1
+§HuexactH§‘ (3.14)

By (3.12), the right-hand side is bounded, implying the left hand side is bounded. Since
Ton(Uan.n) — Ton(uon) is nonnegative, this implies that {ua, »} is bounded in L?().

Let now show that wu,, n — Uexact I Lz(Q) by showing that every subsequence of {uq,, n}
contains a subsequence that converges to Uexact- Since {uq, n} is bounded in L?(2), by
Theorem 3.1.1, each of its subsequences in turn has a subsequence that converges weakly in

L?(€). Let {uanj ;) be such a sequence and 4 its weak limit. Then

To(@) = / (At = ttay, ;) + (A = A i,y da
Q
+ / (2n; — (2 + 7)) log(Ad + v + 0?)) da
Q

~ | g + DN OByt 7+ 72) (i 4 7+ 02) o

+T0,nj (uozn]. nj )s
which, as in previous arguments, yields

‘Toa'n»j (uOénj 7"3’) - TO (ﬁ)|

/Q A (= tta, i, ) do

<
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+llzn; — (2 +M)llo log (Al llall1 + ~1€2)
Hlzn; + 0% lloo log | (An, U, n, + 7+ 0%)/(Ad+ 7+ 0%l

HIIA = An; [l l[ua, n; -

Then

l2n; = (2 + M) llo log(lAll a1 + (v + o*)|2]) — 0,

since [|zn; — (2 +7)[loc — 0 and log(||A|1[|@]ly + (v + 02)[€|) is constant, and
A = A [l1 e, il — 0

since [|A — Ap,[l1 — 0 and ||uanj ;|11 is bounded.

Since A is a bounded linear operator on L?(Q) with 2 a set of finite measure, F(u) = [, Au dz
is a bounded linear functional on L?(2). The weak convergence of {uanj ;) then implies
fQ Auanj n; AT — fQ A dr, which yields fQ A (& — Uay,, ,nj) dr — 0.

Since A is compact, q,, n,; converges weakly to @, hence HAuanj n; — Atly — 0 (cf. [4, Prop.

is bounded, and

3.3]). Thus, since ‘ ,

1
Ad+y+o?

Ap e, n; +7+ 02 1
J e 7 5 — < TS ||Anjuan.,nj_Aﬂ”17
Ai+y+o , A+ 402 ’
1
Ad+~+ 02|,

(HAnj - AH1 ”Uomj,njHl + HAuanj,nj - Aa’h) )
it results that [|z,; + 0%[|c log ||(Anjuanj,nj +5+02)/(Ad+ v+ o?)||1 — 0. Therefore

To (ﬂ) = nhgloo TO,nj (uanj Jlj)-
J
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Invoking (3.14), (3.12), and (3.11), respectively, yields

lim 7oy, (

nj—00 ua"]‘ ’nj) - nl-lm TO,nj(

Uozn.,nj) = lim TO,nj (uexact) = TO(Uexact)-
J*)()O J n;

j 00

Thus To(u) = To(Uexact). Since Uexact is the unique minimizer of Ty, it follows 4@ = Uexact-
Therefore {Uanj n; ) converges weakly to Uexact in L2(%).

With weak convergence in hand, the next task is to prove strong convergence, which is true pro-
vided ||ua, n|l2 = ||tUexact||2. In order to prove this is the case, noting that by the weak lower
semi-continuity of the norm, HuexactH% < lim inf HuamnH%, and since 1o n(u0.n) < Ton (Yo, n),

then

Ta,n(uan,n) < Tan,n(uexact)
Op, N . n
a3 + Tom(tann) < =5 Iltoxactl 3 + Ton(uexact)
Op, N a.n
o ltannl3 + Ton(uon) <~ [ttexact][3 + To n(texact)
Ton(uon) — Ton(u
:>Huan,n||% < Huexact||%_2< ,n( 7n()oémn),n( exact) :
therefore with (3.12),
T - T
lim inf |[ug,, ql[3 < |Uexact”§—2hminf< 0.0 (40.n) Oan(uexact)>
(an’n)
< HuexactH%

Hence it is clear that ||uq, » 2 — ||texact||3 consequently Uq,, n CONVETZES tO Uexact Strongly in

L2(9). O

A summary of the results is the next Theorem.
Theorem 3.1.9. R, (A, z + ), defined in (3.3) defines a reqularization scheme.

Proof. By Corollaries 3.1.5 and 3.1.7 R,, is well-defined and continuous and therefore satisfies

Conditions 1 and 2 of Definition 2.2.1. Theorem 3.1.8 then gives convergence. O
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3.2 Differential Regularization Theory

The work in this section appears in [7], though it has been modified the in presentation
significantly. In this section, the focus is to study the use of first-order differential operators

for regularization. Let define
(u,0) iy < (4, 0)2 + (Vu, Vo)a, (3.15)
where “V 7 denotes the gradient. The set of all functions u € C*(f) such that
ull @) = £/ (u, w) g1 (@)

is finite is a normed linear space whose closure in L?(f) is the Sobolev space H'(Q2) [34].
Noting, moreover, that with the inner-product defined in (3.37), H'(f2) is a Hilbert space.

Now, let introduce the d x d matrix valued function
[G(@))ij = gij(®), 1<4,j<d,

where G(z) is non-singular for all z € Q. Moreover, let assume that the gij’s are continuously

differentiable for all i and j. Then a regularization functional can be defined, as in [24], by

1
J(u) = 5||G(gc)vu||§. (3.16)
C is defined by
C={u € HY(Q) | u>0} (3.17)
and
. « 2
Ra(4,247) = argmin { To(Aus 2 +7) + S|Gw)ull?} (3.18)

The task in this subsection is to show that (3.18) defines a regularization scheme as defined

in Definition 2.2.1.
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3.2.1 R,(A, z+7) is Well-Defined

With the || - || g1 (o) norm a function T is coercive if
T(u) — +oo  whenever |lul| g1 (q)y — +o0. (3.19)

In order to prove the existence and uniqueness of solutions of (3.18), let introduce the following

theorem, which is similar to [33, Theorem 2.30].

Theorem 3.2.1. If T : HY(Q) — R is convex and coercive, then it has a minimizer on C. If

T is strictly convez it has a unique minimizer over C.

Proof. Let {u,} C C be such that T'(u,) — T} e inf,cc T'(u). Then, by (3.19), the sequence
{uy,} is bounded in H(2). By the Rellich-Kondrachov Compactness Theorem [16, Theorem
1, Section 5.7], {u,} has a subsequence {uy;} that converges to some u. € C. Now, since T is

convex, it is weakly lower semi-continuous [35], and hence,
T(us) < lminf T'(up,) = im T'(uy,) = T..

Thus u, minimizes T on C. Uniqueness follows immediately if T strictly convex. O
Corollary 3.2.2. R,(A;z + ) is well-defined.

Proof. First, recall that from the above arguments, Tj is strictly convex since A is invertible.

Next, note that

2

d
/ > gi(@)ou | da (3.20)
o \ia

M=

IG (@) Vul* =

~
Il

1

I
M=

/ngk(x)(aju)(ﬁku) dx (3.21)

~
I

1

where g;(x) & 2?21 91;(x)gu(x). 1t is readily seen that if [G(z)]x 3 Gjr(), then G(z) =

GT(z)G(z), and hence G(z) is symmetric and positive definite for all z. Since € is a closed
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and bounded set, the eigenvalues of G(x) will be uniformly bounded away from 0 on Q. Thus

there exists a constant 6 > 0 such that

> gin()&8, > 0l¢) (3.22)

Jk=1

for all z € Q and & = (&1, ,&,) € R™. Equation (3.22) implies that for u € H(£),
J(u) > 9/ Vu-Vudz. (3.23)
Q

Moreover, the Poincaré inequality [16, Theorem 3, Chapter 5|, implies that there exists a
constant C such that

lull3 < CIVul3.

Therefore,

J () + COIVull = Ollull3 q)-

But by (3.23), ||[Vu||2 < 6~1J(u), and so this yields to, finally,

J(u) > (3.24)

4 2
1+ CHUHHl(Q)-

Thus J is coercive, and is convex by results shown in [13].
The strict convexity of T, over C follows immediately.
To show that T, is coercive, noting that by Jensen’s inequality and the properties of the

function x — clog z for ¢ > 0,

To(u)

Y

|Au+ 5 + 2|1 — ||z + 7 + 02]|cc log | Au + v + 2|1,

v

12+ 7+ 0|loo — |2 + 7 + 02[lc log || 2 + ¥ + 02| so- (3.25)

Since z > 0, Tp is bounded below. Thus the coercivity of J implies the coercivity of Ty,.

The desired result then follows from Theorem 3.2.1 O
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Remark: The choice of boundary conditions will also determine the space in which solutions

can be expected to be found. For example, if the boundary condition u = 0 on 9 is used,

then J will be strictly convex on the set HJ(Q) def {u € HY(Q) | u = 0 on 9Q} [16], and

hence, by the arguments above T, will have a unique minimizer on Cy = {u € H} () | u > 0}.

3.2.2 R,(A,z+ ) is Continuous

Recalling that A, and z, in (1.11) satisfy the same assumptions as A and z, the above

arguments give that u, , (defined in (1.12)) exists, and is unique if A,, is invertible.

Theorem 3.2.3. Let u, be the unique minimizer of T,, over C, and for each n € N let uqp

a minimizer of T, over C. Suppose, furthermore, that

1. for any sequence {u,} C H'(Q),

lim Ty n(un) = +00  whenever  lim ||uy|| g1y = +0o0; (3.26)
n—oo n—oo

2. given B >0 and € > 0, there exists N such that

Tan(u) — To(u)| <€ whenever n > N, |lullg(q) < B. (3.27)

Then
Ua.n — U 1 L*(Q). (3.28)

Proof. Note that Tt n(tuan) < Tan(uq). From this and (3.27), it is obvious that
liminf T}, 5, (ta,n) < Hmsup Ty p(tan) < Ta(ua) < 00. (3.29)

Thus by (3.26), the uq,’s are bounded in H'(2). The Rellich-Kondrachov Compactness
Theorem [16, Theorem 1, Section 5.7] then tells that there exists a subsequence {u,,} that

converges strongly to some @ € L%(). Furthermore, the weak lower semicontinuity of Ty,
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(3.27), and (3.29) imply

To(a) < liminf Ty (uy,),
= lminf(Ta(tn;) — Tam; (tn,;)) +liminf Ty (un, ),

< To(uq).
By uniqueness of minimizers, @ = u,. Thus every convergent subsequence of {uq,,} converges
strongly to uq, and hence, it results (3.28). O
The following corollary of Theorem 3.2.3 is the stability result for (3.18) that is desired.
Corollary 3.2.4. R, (A, z+7) is continuous.
Proof. Tt suffices to show that conditions (i) and (7) from Theorem 3.2.3 hold. For condition

(1), note that the analogue of inequality (3.25) for Ty, is given by

Ton(uan) > Hzn+‘72Hoo_Hzn""72HOOIOgHZn+U2HOO=

which has a lower bound for all n since ||z, — (2 + 7)||oc — 0 and z € L*°(2) is nonnegative.
Thus by (3.24) Ton(un) = Ton(un) + aJ(un) — +oo whenever |un| 1) — 0o, and hence
(3.26) is satisfied.

For condition (7i), note that using Jensen’s inequality and the properties of the logarithm

Ton(u) — To(uw)| =

/Q ((An = A)u = (20 4 0°) log(Anu + v + 07)) dz

—l—/ ((z+’y+a2)log(Au+v+02)) dz|,
Q

A

< [ An — Alllully

Hlzn = (2 +7) oo log ([ Anll ull + (v + o) 192) (3.30)

+Hlz 47 + 0?lloo log || (Au + 5 + 0%) /(Anu + v + 02|, -

By assumption, ||A, — A1, |lzn — (2 + ¥)|lec — 0. Furthermore, by the Banach-Steinhaus
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Theorem, [|Ay|1 is uniformly bounded. Since it is assumed that ||ul|g1 () is bounded, and
HY(Q) c L3(9), |lullz will be bounded as well. Moreover, since €2 is a bounded set, this
implies that [|u|; is bounded. Thus the first two terms on the right-hand side in (3.30) tend

to zero as n — oo. For the third term note that

[An = Ally fJull1,

H Au+y + o?
1

Anu+7+02 -

iy
1 Apu+ v+ o2

which converges to zero since ||1/(Anu + v + 0?)||1 is bounded and ||4, — All; — 0. Thus

log(||(Au +~ + 0%)/(Auy +v +0?)[1) — log(1) = 0, and hence
|Ton(u) — T (u)| — 0. (3.31)
The desired result now follows from Theorem 3.2.3. O]

3.2.3 R,(A,z+ ) is Convergent

The task now, is to prove that R, (A, z + ) is convergent, that is, Condition 2 of Definition
2.2.1 holds. For this, let assume that A is invertible so that texact is the unique solution of

Au = z.
Theorem 3.2.5. R,(A,z+ ) is convergent.

Proof. Suppose a,, — 0 at a rate such that

(To,n(Uexact) — To.n(von))/ on (3.32)
is bounded. Then since uq,, , minimizes T, n, this yields

T n(tUann) < Toyn(Uexact)- (3.33)

Since {z,} and {4,} are uniformly bounded and A, — A in the L'(Q) operator norm,

{Tt, n(Uexact)} is a bounded sequence. Hence {T4,, n(ua, n)} is bounded by (3.33).
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Subtracting Tp »(uo,n) from both sides of (3.33) and dividing by «, yields

(TO,n (ann,n) - TD,n (UO,n))/an + aJ(uan,n) < (TO,n(uexact) - TO,n (UO,n))/ Qp

+aJ (Uexact )- (3.34)

By (3.32), the right-hand side is bounded, implying that the left hand side is bounded. Since
Ton(tan,n) — Ton(uon) is nonnegative, this implies that {J(uq, n)} is bounded. Equation
(3.24) then tells that {ua, »} is bounded in H'(Q).

Next is to show that uq, n — Uexact il L?(2) by showing that every subsequence of {tua, n}
contains a subsequence that converges to Uexact- Since {ua, n} is bounded in H(Q), it is
relatively compact in L?(£2) by the Rellich-Kondrachov Compactness Theorem [16, Theorem
1, Section 5.7]. Thus each of its subsequences in turn has a subsequence that converges

strongly in L?(Q). Let {uanj n; } be such a sequence and 4 its limit. Then

To(@) = /Q (Al ~ tta, ;) + (A — An) i,y da
+ [ on, = e+ ) oAy 4 0%) do
Q

— /Q(Z”j + 02) log((Anjuanjmj + v+ 02)/(Aft + v+ 02)) dx

+T0,nj (uanj )5 )7

which, as in previous arguments, yields

|T0,nj(uanj,nj) - TO(ﬂ)|
< /A(ﬂ—ua n) dx
nj Tty
Q
+lzn; — (2 + 7)o log([[All1[[@]l1 +~vI€2])
+lzn,; + 0% [loo 10g | (Any Uy +7 + %)/ (Al +v + 0%

+||A - Anj Hl”ua”j P Hl



3.2. DIFFERENTIAL REGULARIZATION THEORY 34

Then

l2n; = (= + )l log(lAll 1l + (v + 0*)|2]) — 0,

since [|zn; — (2 +7)[loc — 0 and log(||A|1||@]ly + (v + ¢2)[€|) is constant, and
1A = A [l1 e, il — 0

since ||A — Ap;[l1 — 0, and Huanj n;|l1 is bounded since ”Uanj ;|11 (e is bounded and H'(Q2)
is compactly embedded in L?(Q2) C LY(Q).

Knowing that A is a bounded linear operator and €2 is a set of finite measure, gives F(u) =
Jo Au dz is a bounded linear functional on LP(£2). The convergence of {uanj n; } then implies
fQ Auanj n; dr — fQ At dx, which yields fQ A (a — Uay,, 7nj) dr — 0.

Since A is compact, it is completely continuous, i.e. Uony inj — 4 implies that HAuanj nj —

N . 1 .
Adi|ly — 0 (cf. [4, Prop. 3.3]). Thus, since HW s bounded and
Ap U, m; +7 + 02 1
LRI ~
-1 < |(|-——— A, — A
At + v+ 02 - “Aﬂ%—v—i—rﬂ 1 | nj o, @y,
1
H :
At + v+ o2,

(I[4n, = All, It s 1 + Aty = Adil1)
hence ||z, 4 02| log H(Anjuanj n; +7+02)/(Ad+ v+ o?)|L — 0. Therefore

To(ﬁ) = hm T(),nj(uocnj,nj)‘

ng;—00

Invoking (3.34), (3.32), and (3.31), respectively, yields

l_im TO,nj (uanj ,nj) = hm TO,nj (uexact) = TO(uexact)-
nj—00 n;—00

Thus To(u) = To(Uexact)- SINCe Uexact 1S the unique minimizer of Ty, it results 4 = Uexact-

Therefore {uanj n; + converges strongly t0 Uexact in L*(92). O
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The result obtained in this subsection are summarized in the following Theorem.
Theorem 3.2.6. R, (A, z+ ) defined in (3.18) defines a reqularization scheme.
Proof. By Corollaries 3.2.2 and 3.2.4, R, (A, z+7) is well-defined and continuous, and therefore
satisfies Condition 1 of Definition 2.2.1. Theorem 3.2.5 then gives Condition 2 and hence R,
defines a regularization scheme. O

3.3 Higher Order Differential Regularization Theory

In this section, the focus is the use of m-order differential operators for regularization purpose.

Let define
m+1 )
=Y q(@)0] ", (3.35)
j=1
and
d
N e, (3.36)
=1

{ei}1<i<aq being the canonical basis of R? and Bg_l = (8/0z;)’~!. The norm in this section is

(ST

ull o) = | D /QIWUIde (3.37)

|| <m
HY () is the completion of C°(Q) with respect to || - |0 (02)-
In addition @ is a d x (m + 1) real valued matrix of functions
[Q(2)]ij = qij(z), 1<i<d, 1<j<m+1
where the ¢;;(z)’s are nonnegative and C*°(Q) for all z € (2. Furthermore by assumption the
¢in+1(x)’s are strictly positive. The regularizing functional is given by
m+1

d
T(w) = |rul3 =) /Q > qin(@)qa (@) udl | da. (3.38)
=1

k=1
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Lastly, Q(z) is such that there is 6 > 0,

d

OED)S / Qi1 (2))(O0)? da. (3.39)
i=1 7%
The definition of C is then

C={uec H Q) |u>0}. (3.40)

The regularization scheme is

. o 2
R, (A, z+ ) = argmin {TO(Au; z4+7) 4+ =|lTull } . (3.41)
ueC 2

The task in this subsection is to show that (3.41) defines a regularization scheme as defined

in Definition 2.2.1.

3.3.1 R(A;z+ ) is Well-Defined

Accordingly to the HY (Q2)-norm a function T is coercive if
T(u) — +oo whenever ||ullgo ) — +o0. (3.42)
In order to prove the existence and uniqueness of solutions of (3.41), the use of the following

theorem, which is similar to [33, Theorem 2.30] helps.

Theorem 3.3.1. If T : HY () — R is convex and coercive, then it has a minimizer on C. If

T is strictly convex it has a unique minimizer over C.

Proof. Let {u,} C C be such that T'(u,) — Tk e inf,cc T'(u). Then, by (3.42), the sequence
{un} is bounded in HY,(Q). By the Rellich’s Theorem [5, Theorem 6.14], this implies that
{un} has a subsequence {uy,} that converges to some u. € C. Now, since T" is convex, it is

weakly lower semi-continuous [35], and hence,

T(us) < liminf T'(up,) = im T'(uy,) = T..
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Thus u, minimizes T on C. Uniqueness follows immediately if T is strictly convex. O
Corollary 3.3.2. R, (A, z + ) is well-defined.

Proof. Since the ¢; m+1’s are strictly positive , there is {¢; m+1}1<i<a such that
Gim+1(x) > ¢imy1 >0 for all i and x € Q.

Hence

d d
/Q Dt (00 o > /Q D (e (00 (3.43)

=
by Theorem [5, 7.14], since the right hand side of (3.43) is such that 3% (¢; 11)262" # 0 for
all nonzero ¢ € R? [5, page 210], it is elliptic with real coefficients, hence coercive on HY ().
Thus, by (3.39) J is coercive, and is convex as a composite functional of linear functions and
the norm squared.

The convexity of T,, over C follows immediately, with strict convexity if A is invertible.

To show that T, is coercive, noting that by Jensen’s inequality and the properties of the

function x — clog x for ¢ > 0,

T[)(u)

Y

[Au+ v+ 021 = |z + 7 + %[l log | Au + 7 + 01,

A\

12+ 7+ 0|loo — |2 + 7 + 02[lc Jog [|2 + 7 + 02| so- (3.44)

Since z > 0, Tp is bounded below. Thus the coercivity of J implies the coercivity of Ty,.

The desired result then follows from Theorem 3.3.1 O

Remark: Even though, if u € HY/(Q) then u = 0 on the boundary [5, Corollary 6.48], this
analysis can generalized to reflexive and periodic boundary conditions since in both cases no
boundary condition is assumed on the boundary of the extended function, which is the same

as assuming zero boundary condition on the extended function [22, page 31].
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3.3.2 R.(A,z+7) is Continuous

Recalling that A, and z, in (1.11) satisfy the same assumptions as A and z, from the above
arguments u, ,, (defined in (1.12)) exists, and is unique if A, is invertible.

To prove stability, let assume that T, has a unique minimizer u,, over C and then show that

A, — A and z, — z + v implies uq — uq. The following theorem gives conditions that

guarantee this result. For completeness, let present the proof.

Theorem 3.3.3. Let u, be the unique minimizer of T,, over C, and for each n € N let uqp

a minimizer of T, , over C. Suppose, furthermore, that

1. for any sequence {u,} C H2(Q),

lim 7o 5 (upn) = +00  whenever  lim ||luy| o (o) = +00; (3.45)
n—0o0 n—00 m

2. given B >0 and € > 0, there exists N such that

Tan(u) — Ta(u)| < e whenever n > N, |ullgo () < B. (3.46)
Then
RILH;O lwan — ua”Hg(ﬂ) =0 for all k <m. (3.47)

Proof. Note that T 5, (ta,n) < Ton(ua). From this and (3.46), it follows
liminf T4, 5, (ua,n) < limsup Ty, (tan) < To(uq) < oo. (3.48)

Thus by (3.45), the uq ,’s are bounded in HY, (). Rellich’s Theorem [5, Theorem 6.14] then

tells us that there exists a subsequence {uy,} that converges to some @ € HJ(Q) for k < m.
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Furthermore, by the weak lower semicontinuity of 7y, (3.46), and (3.48)

To(a) < liminf Ty (uy,),
= lminf(T,(un;) — Tan, (Un;)) + liminf T (un;),

< To(uq).
By uniqueness of minimizers, @ = u,. Thus every convergent subsequence of {uq,,} converges
to ugq, which implies, (3.47). O
The following corollary of Theorem 3.3.3 is the stability result for (3.41) that is sought.
Corollary 3.3.4. Ry (A,z +7) is continuous in HY(Q) for k < m.
Proof. 1t suffices to show that conditions (i) and (7) from Theorem 3.3.3 hold. For condition

(1), note that the analogue of inequality (3.44) for Ty, is given by

Ton(uan) > Hzn+‘72Hoo_Hzn"'U2HOOIOgHZn+U2HOO=

which has a lower bound for all n since ||z, — (2 +7)||oc — 0 and z € L*°(2) is nonnegative.
Thus by the coercivity of J, To,n(un) = Ton(un) + . (un) — +oo whenever |[u,|| o ) — 00,
and hence (3.45) is satisfied.

For condition (7i), note that using Jensen’s inequality and the properties of the logarithm

Ton(u) — Ta(u)| =

/Q ((An = A)u — (20 4 0°) log(Anu + v + 07)) dz

—l—/ ((z+’y+02)log(Au+v+02)) dz|,
Q

A

< [ An = Alllfully

Hlzn = (2 + 7)o log ([ Anllull + (v + o) 192) (3.49)

+Hlz 47 + 0?lloo log || (Au + 7 + 0%) /(Anu + v + 02|, -

By assumption, ||A, — A1, |lzn — (2 + ¥)|lec — 0. Furthermore, by the Banach-Steinhaus
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Theorem, [[A,|[1 is uniformly bounded. Since it is assumed that ||lu[[fo () is bounded, by
Rellich’s Theorem [5, Theorem 6.14] ||u|| 19 () Will be bounded as well for k < m. Moreover,
since (2 is a bounded set, this implies that ||u||; is bounded. Thus the first two terms on the

right-hand side in (3.49) tend to zero as n — oo. For the third term note that

[An = Ally fJull1,

H Au +y + o?
1

Anu+7+02 -

iy
1 Apu+ v+ o2

which converges to zero since ||1/(Anu + v + 0?)||1 is bounded and ||4, — All; — 0. Thus

log(||(Au +~ + 0%)/(Auy +v +0?)[1) — log(1) = 0, and hence
|Ton(u) — T (u)| — 0. (3.50)
The desired result now follows from Theorem 3.3.3. O]

3.3.3 R(A,z+ ) is Convergent

It remains to show that a sequence of positive regularization parameters {a,,} can be chosen

so that ua, n — Uexact as o, — 0.
Theorem 3.3.5. R,(A,z+ ) is convergent.

Proof. Suppose a,, — 0 at a rate such that

(To,n (texact) — Ton(uo.n))/ an (3.51)
is bounded. Since u,,, , minimizes T, »,

Tovpn(Uan,n) < Topn(Uexact)- (3.52)

Since {z,} and {A,} are uniformly bounded and A, — A in the L'(f2) operator norm,

{T,, n(texact)} is @ bounded sequence. Hence {T,, »(ta, )} is bounded by (3.80).
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Subtracting Tp »(uo,n) from both sides of (3.52) and dividing by «, yields

(TO,n (ann,n) - TD,n (UO,n))/an + aJ(uan,n) < (TO,n(uexact) - TO,n (UO,n))/ Qp

+ aJ (Uexact)- (3.53)

By (3.51), the right-hand side is bounded, implying the left hand side is bounded. Since
To,n(tay, n) —Ton(uo,n) is nonnegative, this implies that {J(uq,, »)} is bounded. The coercivity
of J then tells us that {uq, »} is bounded in HZ, ().

Coming next is proving that ua,, n — Uexact in Hp () by showing that every subsequence of
{uq, n} contains a subsequence that converges to texact. Since {uq,, »} is bounded in HY (),
each of its subsequences in turn has a subsequence that converges strongly in H,g(Q) for k <m

[5, Theorem 6.14]. Let {uanj n; } be such a sequence and 4 its limit. Then

1) = [ (A~ oy 0,) + (A= Ao it iy
+ / (2n; — (2 + 7)) log(At + v + 0?)) dzx dy
Q

- /Q(Zn] + ‘72> 10g<(Anjuanj n; T+ ‘72)/(147:‘ +7+ ‘72)) dx dy

+T07nj (uanj Jlj)a

which, as in previous arguments, yields

‘Tﬂ,nj(uanj,nj) — To(a)]
< /QA<ﬁ—uanj7n].) da dy
H2n; — (2 +7)lloo Log([[All1 ][ + ~|€2)
Hizn,; + 0% [loc log [[(An,Ua, m; + 7 +02)/ (Al +5+ %)y

A = An; 11 l[tan, ny -

Then

lzn; = (2 + 7)o log(lAll1 1l + (v + o*)|2]) — 0,
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since [|zn, — (2 +7)[lso — 0 and log(||A[|1[|@/[1 + (v + ¢2)[€2]) is constant, and
1A = An; ll1l[wan, n;llt — 0

since ||A— Ay, |l — 0, and ||Uanj n;|l1 is bounded since ||Uanj ;|| () is bounded and H? ()
is compactly embedded in L?(2) C LY(Q).

Since A is a bounded linear operator and (2 is a set of finite measure, therefore F(u) =
Jo Au dz is a bounded linear functional on LP(Q2). The convergence of {uanj n; } then implies
Joy At m, A = [y At da, which yields [, A (= ta, n, ) dz— 0.

Since A is compact, it is completely continuous, i.e. Uqy,, n; — @ implies that HAuanj nj =

Adlly — 0 (cf. [4, Prop. 3.3]). Thus, since ‘ is bounded and

1
Adty+o? ||

Anjuanj N +v+ 02
Al +~+ 02

1
HA&—%—’Y—Hﬂ

) ”Anjuanj nj Aa”h

1
H Au+~+0?|,
(1[4, = All, It s 1t + At 1, = A1)

on the other hand, ||zn, + 02|« log 1(An; o n; +7 + 02)/(At+ v+ o?)|j; — 0. Therefore

To(a) = nhinoo TO,nJ- (uan]- ,nj)-
j

Invoking (3.53), (3.51), and (3.50), respectively, yields

nh£>noo TO,nj (uanj ,nj) = nhinoo TO,nj (uexact) = TO(Uexact) .
j j

Thus To() = To(Uexact). SINCe Uexacty 18 the unique minimizer of Ty, % = Uexact. Therefore

{uanj ,n; ) converges strongly to Uexact in H,g(Q) for k < m. O

In this second part let suppose that uexact ¢ C.
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Definition 3.3.6. Let Uexact € L2(Q). Upbapprox 45 called a best approzimation to Uexact if

Ubapprox — al'g min Hu — Uexact || . (354)
ueC
The existence of upapprox is guaranteed since C is closed [11, Theorem V.2].

Now the goal is to show that {c,} can be chosen so that uqa, n — Ubapprox as oy, — 0

Corollary 3.3.7. There is a sequence {a,} such that uq,, , € C and

Uqry,,n = Ubapprox- (355)

Proof. Since C is a closed subspace of L%(Q), it follows

L) =Ccact
hence
Uexact = Ubapprox T (L — Pc)Uexact
= 2z = Aupapprox + Al — FPe)uexact
Let have

Aubapprox = Zbapprox

Au — zp
Tr( Au: — A* approx
vO( u,z+’y) <Au+’y—|—02>

A(PC - I)Uexact
A* . .
" ( Au + v + o2 > (8:56)

From the above decomposition of V7 (Au; z+7) it is readily seen that upapprox is the minimizer

of To(Au; Zbapprox +7Y) - By theorem 3.3.5, since upapprox € C there is {ay,} such that uq, » —
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Upbapprox- Moreover, when applied to Tp(Au; 2z 4 ) this sequence will lead to upapprox since the

first term of the right hand side of (3.56) will go to zero. O

Putting together the well-posedness of R, (A, z + ), its continuity and convergence yield to

the final Theorem of this section.

Theorem 3.3.8. R, (A, z+ ) defined in (3.41) is a regularization scheme.

3.4 Total Variation Regularization

The work in this section appears in [9]. In this section, the subject is to study total variation

regularization [2,12,26]. In theory, this is accomplished by taking

T(u) = Js(u) < sup /Q (~uv v+ VBO = p@)P)) dr, (3.57)

veY

where 3 > 0 and

V={veCRY : [v(x)|<1 zeQl

Noting that if w is continuously differentiable on €2, (3.57) takes the recognizable form [2,

Theorem 2.1]

To(u) %< /Q VIVl + 3 da. (3.58)

Jo(u) is known as the total variation of u.
When (3.57) is used, minimizers of T, will lie (as it will be shown later) in the space of

functions of bounded variation on €2, which is defined by
BV(Q) = {u € LY(Q) : Jo(u) < +00}. (3.59)
This motivates the following definition of C

C ={u e BV(2) | u> 0 almost everywhere}. (3.60)
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Let now give a number of results and definitions regarding BV (2); further background and
details on BV spaces can be found in [17,19]. First of all, BV (Q2) is a Banach space with

respect to the norm

lull v = |lullr + Jo(u).

Vo <ax+ [ <+ /B for B,z >0, yields
Jo(u) < Jg(u) < Jo(u) + /B9 (3.61)

Inequality (3.61) will allow to assume, without loss of generality, that § = 0 in several of the
arguments.

With this norm, two useful definitions for this section are

Definition 3.4.1. A set S C BV (Q) is said to be BV-bounded if there exists M > 0 such

that ||ul|py < M for allu € S.

Definition 3.4.2. A functional T : LP(Q)) — R is said to be BV -coercive if
T(u) — +oo  whenever ||ulpy — +o0. (3.62)

Note that BV (Q2) C L'(Q), by definition. Also, as a consequence of the following theorem,
whose proof is found in [2], BV(Q) C LP(Q) for 1 < p < d/(d — 1), where d/(d — 1) © o

ford=1.

Theorem 3.4.3. Let S be a BV -bounded set of functions. Then S is relatively compact, i.e.
its closure is compact, in LP(Q) for1 <p < d/(d—1). S is bounded and thus relatively weakly

compact for dimensions d > 2 in LP(Q2) for p=d/(d —1).

Let define

Ruy(A;z+ ) = arg Inel(lzl {To(Au; 2z +v) + adg(u)} . (3.63)

The task is to show that R, (A, z + ) defines a regularization scheme.
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3.41 R,(A, z+~) is Well-Defined

In order to prove the existence and uniqueness of solutions of (3.63), (3.60), the following

theorem, which is similar to [2, Theorem 3.1] will be useful.

Theorem 3.4.4. If T : LP(Q) — R is convex and BV -coercive, and 1 < p < d/(d — 1), then

T has a minimizer over C. If T is strictly convex there is a unique minimizer.

Proof. Let {u,} C C be such that T'(u,) — inf,ecc T'(u). Then T'(u,) is bounded, and hence,
by (3.62), {un} is BV-bounded. Theorem 3.4.3 implies that there exists a subsequence {uy, }
that converges to some u € LP(€2). Convergence is weak if p = d/(d — 1). Since T is convex,

it is weakly lower semi-continuous [35], and hence,

T(a) < lminf T'(up,) = im T (u,) = T,
where T is the infimum of 7" on C. Thus @ minimizes T on C. Uniqueness follows immediately
if T is a strictly convex functional and C is a convex set. O
Using Theorem 3.4.4, requires showing that Ty, is both strictly convex and BV -coercive.

Lemma 3.4.5. T, is strictly convex on C.

Proof. It was shown above that Tj is strictly convex since A is nonsingular. The strict con-
vexity of T, then follows immediately from the fact that Js is convex, which is proved in

[2]. O
Lemma 3.4.6. T, is BV -coercive on C.

Proof. By (3.62), if ||u||py — 400, then T, (u) — +00. A straightforward computation yields

the following decomposition of a function u € BV (£2):

u=v+w, (3.64)
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w = (/Qudx/\m) o, and /deac:(). (3.65)

Here g is the indicator function on Q. It is shown in [2] that there exists C; € RT such that,

where

for any u = v+ w in BV (Q),
[v]l, < C1do(v), (3.66)

for 1 < p <d/(d—1). Equation (3.66), the triangle inequality, and the fact that Jy(w) = 0
yield

[ullBy < lwlly + (C1 + 1) Jo(v). (3.67)

Let {u,} C BV () be a sequence with u,, = v,+wy, as above, and suppose that lim inf T, (u,) =
K < 4o00. Let {u,,} C {u,} be a subsequence such that T, (uy,,) — liminf T, (u,) = K.
Then, since T (uy,) is uniformly bounded, aJy(vn,) < To(un,) — To(Uexact) implies that

Jo(vn,,) also is uniformly bounded. Noting that

[Awn, Iy = (1 AxellL /1920) lwn, 1 = Callwn, |11 (3.68)

and Au > 0 for all u € C, Jensen’s inequality together with (3.66) and (3.68) yields

Ta(un) 2 A, +7+ 0% = Iz + 7+ 0%l log || Aun, + 7+ 0?1, (3.69)

v

[Awn, [li = [ Avn, [l1 = (v + )€

=llz + 7 + 0®[loo log (| Awn, l1 + [[Ava, [l + (v +02)I0) ,

Y

Collwn, [l = A1 C1do(vn,) = (v + %)€Y

~[lz + 7 + 0®[loc log (Callwn, 1 + [ All1C1Io(vn,) + (7 + 0%)[€2) ,

> Ooflwn i = M — ||z + 7 + 0°||oc log(Calwn, [l1 + M), (3.70)

where M is an upper bound for || A||1C1Jo(vn,) + (v + 02)|Q|, and || A]|; is the operator norm
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induced by the norm on L'(2). Thus
liminf (Collwp, [[1 = M — ||z + 7 + 02|00 log(Ca|wn, |1 + M)) < liminf T, (up, ) = K.

If [|wp, |1 — 400, then the limit inferior on the left would equal +o00, so liminf |jwy, |1 < +oc.
Let {Unkj} C {up, } be a subsequence such that Hwnkj |1 — liminf ||wy,|[1. Then Hwnkj I|l1 is
uniformly bounded.

Since ”“nkj By < ||wnkj I+ (C1+ 1)J0(Unkj ) ||unkj ||pv is uniformly bounded, which implies
that liminf ||uy, || gy is finite.

Thus it has been shown that if lim inf 77, (u,) < 400, then liminf ||u,|| gy is finite. Therefore

llun || By — +oo implies Ty (u,) — +00. 0

Existence and uniqueness of solutions of (3.63), (3.60) now follows immediately. Thus the

following is result of this subsection
Theorem 3.4.7. R, (A, z+ ) is well-defined.

Before continuing, let note that in the denoising case, i.e. when A is the identity operator,

the existence and uniqueness of minimizers of T, (u) was proved in [3].

3.4.2 R,(A,z+ ) is Continuous

Recalling that A, and z, in (1.11) satisfy the same assumptions as A and z, the above

arguments give that u,, (defined in (1.12)) exists, and is unique if A, is invertible.

Theorem 3.4.8. For each n € N, let uy be the unique minimizer of Ty, over C and uqn a

minimizer of Ty, over C. Suppose, furthermore, that

1. for any sequence {u,} C LP(2),

lim T, ,(u,) =400 whenever  lim |luy,|py = +0o0; (3.71)
n—-+4o0o n—-4oo



3.4. TOTAL VARIATION REGULARIZATION

2. given M >0 and € > 0, there exists N such that

|Ton(u) — To(u)| < € whenever n >N, |ullpy < M.

Then

Uqn — Ua in LP(Q)

for1<p<d/(d—1). Ifd>2 and p=d/(d—1) convergence is weak, i.e.

Proof. Note that Ty n(uan) < Tun(ta). This and (3.72), yield

lim sup Tt 1, (ta,n) < To(uq) < +o0.

49

(3.72)

(3.73)

(3.74)

(3.75)

Thus by (3.71), {tta,n} is BV-bounded. By Theorem 3.4.3, there exists a subsequence {ua,n, }

that converges (weakly) to some @ € LP(€2). Furthermore, by the weak lower semicontinuity

of Ty, (3.72), and (3.75) it follows

To(t) < liminf Ty (uamn,),

= lim inf(Ta(uaynj) — T, (ua,nj)) + liminf T}, 5, (ua,nj),

< Ta(ua)

Since u, is the unique minimizer of Ty, @@ = u,. Since every convergent subsequence of {uq p }

converges to uq, hence uq , — uq (weakly if p = d/(d —1)).

The following corollary of Theorem 3.4.8 is the stability result for (3.63), (3.60).

O]

Corollary 3.4.9. R,(Au;z + ) is continuous with respect to LP(Q) for 1 < p < d/(d—1)

and is weakly continuous with respect to LP(Q) for p=d/(d —1).

Proof. Without loss of generality, due to (3.61), let assume 5 = 0 and show that conditions
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(i) and (4i) from Theorem 3.4.8 hold. Also, all limits are assumed to be taken as n — +oo.
For condition (i), let proceed as in the proof of Lemma 3.4.6. Taking ua, = van + Wan,
suppose that iminf T}, ,(uan) = K < 400, and let {uqn, } C {ua,n} be a subsequence such
that T n, (tan,) — K.

Note that Tpp, (¢on,) is uniformly bounded below, since using the analogue of inequality
(3.69) together with the properties of z — clogx for ¢ > 0 yields To n, (u0.n,) > |20, + 02|00 —
|20, +02 |00 10g || 2, + 02| s, Which is uniformly bounded below since ||2,,, — (2 +7)||oo — 0 and
z € L*(Q). Thus Ty, (vamn,) = Ton, (Vo) + @do(va,n,) implies that Jo(va,n, ) is uniformly
bounded.

Since Jo(Va,n, ) is bounded, from (3.70),

Tom(tam,) = Collwanlli = M = ||zn, + 02|l log (Collwam, 1 + M), (3.76)

where M is the upper bound on ||A,||1C1Jo(van) + (7 + 02)|Q| obtained using the uniform
boundedness of both ||A,|| (Banach-Steinhaus) and Jo(va.n, ). Since ||z, + 02||o is uniformly
bounded and liminf T, , (4an,) = K, there exists a subsequence {“ocmkj} C {ua,n,} such
that Hwa,nkj |1 is uniformly bounded. Thus ||ua,nkj v < ||wa,nkj||1 + (Ch + 1)J0(va,nkj)
implies that Hua,nkj | By is uniformly bounded, so liminf ||uq || gy is finite. It has been shown
that liminf T}, ,,(uan) < 400 implies liminf ||uq || gy is finite, so ||uan||By — +oo implies
Ton(tan) — +00.

For condition (7i), note that, using Jensen’s inequality and the properties of the logarithm,

Ton(u) — Ta(u)| =

/Q ((An — A)u — (zn + 02) log(Apu + v+ 02)) dzx

)

—|—/ ((z+ 7+ 0?)log(Au+ 7 + 0?)) dx
Q

IA

[An = Alla[Jullx

+zn = (2 + 7)lloo log (|| Anl1[Jully + (v + 0)|€2])
(Au + v + 0?)

+|z + 7 + 02| log ‘(A )
n

(3.77)

1
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By assumption, ||A, — A1, |lzn — (2 + ¥)|lec — 0. Furthermore, by the Banach-Steinhaus
Theorem, || Ay||1 is uniformly bounded, and since it has been assumed that ||u||py is bounded,
by Theorem 3.4.3 ||u||; is bounded as well. Thus the first two terms on the right-hand side in

(3.77) tend to zero as n — 4o0. For the third term note that

[An = Ally fJull1,

H Au +y + o?
1

Anu+7+02 -

iy
1 Apu+ v + o2
which converges to zero since ||1/(Anu + v + 0?)||1 is bounded and ||4, — All; — 0. Thus
log([|(Au + v + 02)/(Aun, + v + 02)||1) — log(1) = 0, and hence

|Ton(u) — T (u)| — 0. (3.78)

The desired result now follows from Theorem 3.4.8. O]

Finally, the main result of this subsection now follows directly from Theorem 3.4.7 and Corol-

lary 3.4.9.

3.4.3 R,(A,z+ ) is Convergent

The task in this section is to prove that R, (A, z + ) is convergent, that is, Condition 2 of
Definition 2.2.1 holds. For this, assuming that A is invertible so that uexact is the unique

solution of Au = z.

Theorem 3.4.10. R, (Au;z + ) is convergent with respect to LP(Q) for 1 <p < d/(d—1)

and is weakly convergent for p =d/(d —1).

Proof. Suppose «,, — 0 at a rate such that

(TO,n(uexact) - TO,n(UO,n)))/ (079 (379)

is bounded. Again, due to (3.61), it suffices to consider the 3 = 0 case. Then since uq,, n
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minimizes T, , yields

Tan,n (uan,n) S Tan,n (uexact)' (380)

Since {z,} and {A,} are uniformly bounded and A, — A in the L'(f) operator norm,
{T\,, n(Uexact)} is @ bounded sequence, and (3.80) implies that {7, n(ta, n)} is therefore also
a bounded sequence.

Subtracting Ty »(uo ) from each term in (3.80), dividing by ,, and using the decomposition

Uay n = Vap,n + Wa, n yields

(TO,n(uan,n) - TO,n(UO,n))/ an + JO(Uan,n) < (TO,n(uexact> - TO,n(“O,n))/ Qp, (381)

+JO (uexact) .

By (3.79), the right-hand side of (3.81) is bounded, implying the left hand side is bounded.
Since To pn(Uan.n) — To.n(uo,n) is nonnegative, Jo(va,, ) is therefore also bounded. The bound-
edness of Ty, n(uqa, n) together with (3.76) imply that ||wq, n|1 is bounded. The BV-
boundedness of {u,, »} then follows from (3.67).

In order to show that ||ua, n — Uexact||p = 0 (Uap,n — Uexact for p = d/(d — 1)) let proceed by
showing that every subsequence of {u,,, »} contains a subsequence that converges to Uexact-
Every subsequence {uanj ;) of {ta,n} is BV-bounded since {uq, } is, and by Theorem
3.4.3, it is reasonable to assume that {uanj n; } converges strongly (weakly for p =d/(d — 1))

to some 4 € LP(Q2). Then

To(a) = /Q(A(ﬁ = Uoy, ,nj) + (A - Anj)“anj n; T (an — (2 +7)) log(At + v + ‘72)> dx

~ | oy + 0D 0Byt 7+ 02/ (A4 7+ 02) o+ T (s, )
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which, as in previous arguments, yields

/QA (ﬂ — Uay, 7nj) dz

Fllzn; = (2 + 7)o log (| All[[@[]1 + ~1€2])

[To n, (tan, my) = To(@)] - <

Hlzn, +0%(loc 10g [|(An,ta,, i, +7 +0°)/(AG+ 75+ 0%)|s

1A = An; 1l n; 1
Then for 1 <p <d/d-1,
l2n; = (2 + Ml log(IAll1 @]l + (v + o)) — 0,
since [|zn; — (2 +7)[loc — 0 and log(||Al1||@]l1 + (v + ¢2)[€|) is constant, and
A = An; ll1l[tap, n;llt — 0

since [[A — Ap,[[1 — 0 and ||ua,,  n, 1 is uniformly bounded.

Since A is a bounded linear operator and € is a set of finite measure, F(u) = [, Au dzx
is a bounded linear functional on LP(€2). The weak convergence of {uanj’nj} then implies
Joy At m, A = [, At da, which yields fo, A (i~ ta, n, ) dz—0.

Since A is compact, it is completely continuous, i.e. the weak convergence of uq, n; to @
J

implies that HAUanj n; — Al — 0 (cf. [4, Prop. 3.3]). Thus, since Hm is bounded,
1
and
2
Anjtia, n; +7+0 B 1 14, Al
At + v+ o2 ) Ad 4y + o2, ’
1
At + vy + 02|,

% ([ 4n, = All, N,y 1 + At n, = A1)
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hence ||z, 4+ 02| log 1(An; o iy + 7+ 02)/(Ad + v + o?)||1 — 0. Therefore

To(i) = lim Tou,(ua,,n,).

nj—+

Invoking (3.81), (3.79), and (3.78), respectively, yields

lim TO,nj (uanj ,nj) = lim TO,nj (UO,nj) = lim TO,nj (uexact) = TO(uexact)-
) 00 S

nj~>+ nj~>+ nj~>+

Thus To(@) = To(Uexact), and, since Uexact is the unique minimizer of Ty, & = Uexact. Therefore

{uanj n; ) converges strongly (weakly for p = d/(d — 1)) t0 Uexact in LP(£2). O
The results obtained in this subsection are summarized in the following theorem.

Theorem 3.4.11. R, (A, z + ) defined in (3.63) defines a regularization scheme.

Proof. By Corollary 3.4.9 and Theorem 3.4.7 R, (A, z 4+ ) is well-defined and continuous and
therefore satisfies Condition 1 of Definition 2.2.1. Theorem 3.4.10 then gives Condition 2, and

hence R, defines a regularization scheme. O



Chapter 4

Numerical Method

4.1 An Efficient Numerical Method

In this section, the focus is on the computational problem of interest, which was last seen in

the Introduction:

arg 11?218 {Ta(u) o To(u) + %J(u)} , (4.1)
where
N2 N2
To(w) € ST ([Au); +7+0%) = (2 + 02) log([Aul; +7 + 02), (4.2)

i=1 i=1
and J(u) is the regularization function, which is assumed to be nonnegative, convex, and
V.J(u) Lipschitz continous with Lipschitz constant L. Here A € RN XN’ u, z € RN” are
assumed to have been obtained from a discretization (e.g. mid-point quadrature plus a collo-
cation of indices) of the underlying operator equation z = Au, followed by a lexicographical
ordering of unknowns. Also z is assumed to contain random noise.
For any image collected by a N x N CCD camera, the noise contained in z follows a well-known

distribution [31]. In particular, z is assumed to be a realization of the random vector

% = Poiss(Au) 4 Poiss(y - 1) + N (0, o°I). (4.3)

95
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Here 1 is an N2 x 1 vector of all ones. (4.3) means that 2 is the sum of three random vectors:
the first two are Poisson with Poisson parameter vectors Au and -y - 1 respectively, and the
third is Normal with mean vector 0 and covariance matrix ¢?I. Following arguments found

in the Introduction, a first approximation of (4.3) is

%+ 0% -1 = Poiss(Au + v + o), (4.4)

where v = 71 and o2 = ¢21, which has probability density function

N ul; 02)% 49 oxp[—([Aul; o?
i=1 v :

Even though Poisson random variables take on only discrete values, p,(z|u) should, in theory,
be positive only for z € ZN% . However to ease in both analysis and computation, p, is a
probability density defined on R fu {0}.

In the Bayesian approach, a prior probability density py(u) for u is also specified, and the
posterior density

pu(u|z) = s (4.6)

given by Bayes’ Law, is maximized with respect to u. The maximizer of py(u;z) is called the
maximum a posteriori (MAP) estimate. Since p,(z) does not depend on u, it is not needed in
the computation of the MAP estimate and thus can be ignored. Maximizing (4.6) is equivalent

to minimizing

T(u) = —Inps(zlu)—Inpy(u)

— Ty(w) — lnpa(u). (4.7)

with respect to u. The In(z;4+0?) term is dropped from the summation for notational simplicity
since this term has no effect on the corresponding minimization problem. Comparing (4.7)

and (4.1), it is clear that —Inpy(u) corresponds to the regularization term in the classical
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penalized likelihood approach to regularization. However in the Bayesian setting, py(u) is
the probability density known as the prior from which the unknown u is assumed to arise.
Thus the prior knowledge regarding the characteristics of u can be formulated in the form
of a probability density py(u), this yields to a natural, and statistically rigorous, motivation
for the regularization method. In this chapter, one of the goal is to provide a statistical
interpretation for the use of standard Tikhonov, /?>-norm of the gradient, and total variation

regularization for the negative-log prior — In py(u).

4.2 Statistical Interpretations of Regularization

Standard Tikhonov regularization corresponds to the following choice of negative-log prior:
Q2
~Inpy () = 5 a3

This corresponds to the assumption that the prior for u is a zero-mean Gaussian random
vector with covariance matrix o 'I, which has the effect of penalizing reconstructions with
large ¢?-norm.

For /?-norm of the gradient regularization, the negative-log penalty has the similar form
g g g g p y
Q@
~Inpy(u) = 5|/ Dul3,

where D = [I',,T|7 is a discrete gradient operator. The discretization of the gradient
that is used to obtain D, or of the Laplacian to obtain DD, determines the form of the
covariance matrix o~ (DTD)f, where “1” denotes psuedo-inverse. In this case, following
[21], the solution is assumed to be a “differentially Gaussian” random vector. The use of this
regularization function has the effect of penalizing reconstructions that aren’t smooth.

For total variation, u is a two-dimensional array. In [21], it is noted that for a large number

of two-dimensional signals [u],;,j = u; , the values of u;11,; — u;; and u; ;11 — u;; tend to be
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realistically modeled by a Laplace distribution with mean 0, which has the form

p(x) = 26704"”‘.

An analysis of 4000 digital images in [23] provides further support for this claim. The Laplace
distribution has heavy tails, which means that the probability of u; 1 ; —u;; and u; j41 —u; ;
being large (such as is the case at a jump discontinuity in the image) is not prohibitively
small.

The main result of [21] is that for one-dimensional signals, the total variation method of [26],
with appropriate choice of regularization parameter, provides the MAP estimate given the
assumptions that the measurement noise is i.i.d. Gaussian and that adjacent pixel differences
are independent and satisfy a Laplacian distribution. For images of dimensions two and
higher, however, an analogous result has not been given. This is due in large part to the fact
that the one-dimensional Laplacian distribution does not extend in a straightforward manner
— as do the Gaussian and Poisson distributions — to the multivariate case. To see this, recall

that in [15] it is shown that if

Tul;; = ([Leuliy, [Tyulij) = (Wir1j — wig, Wij1 — Wiy)

is an i.i.d. Laplacian random vector, its probability density function is given by

a2
oo (ay/Iaul?, + [T,uf2))

where K is the order zero, modified second kind Bessel function. Assuming independence,

this yields the negative-log prior

Inpa(u) = c— i In Ky (a\/[rxu]gj + [ryu]gj) (4.8)

3,j=1
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where c is a constant. Ignoring ¢ and using the approximation

—In Ky(z) =~ z,

whose accuracy is illustrated in Figure 4.1, hence

—Inpy(

N
W a Y /Iul? + [yl

ij=1

which is the discrete total variation function.
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Figure 4.1: Plot of z (0) and —In Ky(x) (*) on the interval [0, 500].

4.3 An Analysis of the Posterior Density Function

For notational convenience, (4.7) i

where, in the case of total variation, J(u) is modify so that it has the form

S

To(u) = To(w) + aJ(u),

99

(4.10)
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with 3 > 0 included to ensure the differentiability of Jg3.

The gradient and Hessian of T, (u) are given by

VT,(u) = VTy(u) + aVJ(u),

V2T, (u) = V*Ty(u) + aV2J(u). (4.11)

The gradient and Hessian of the Poisson likelihood functional T(u) have expressions

Au—(z—7)

T

VIb(u) = A (Au+7+a2> (412)
2 . T 4. z—|—02

VTo(u) = A dlag((Au+7—|—a2)2>A’ (4.13)

where diag(v) is the diagonal matrix with v as its diagonal. Here, and in what follows, x/y
is used, where x,y € RY, to denote Hadamard, or component-wise, division, and x? := x ©x,

where “

® 7 denotes the Hadamard product.

Note that for moderate to large values of o2, say o > 32, it is extremely unlikely for z; to be
negative. Then, since Poisson random variables take on only nonnegative integer values, the
random vector z -+ 021 is also highly unlikely to have nonpositive components. Assuming that
A is positive definite and that Au > 0 whenever u > 0, it immediately follows that V2Tj(u)
is positive definite for all u > 0, and hence Ty is strictly convex on u > 0.

The gradient and Hessian of J for Tikhonov regularization are given by VJ(u) = u and
V2J(u) = I, respectively, whereas for 2-norm of the gradient regularization, they are given
by VJ(u) = D'Du and V2J(u) = DTD, respectively. Moreover, both choices clearly yield

convex, Lipschitz continuous functions.

In the case of total variation the gradient and Hessian computations are somewhat involved.

VJg(u) = Li(u)u, (4.14)

V2Js(u) = Ly(u)+ 2Ly (u), (4.15)
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where, if ¥(t) := /t + 3, Tu? := (Tyu)? + (Tyu)?, and T'yyu :=T,u e Ty,

T
: / 2
Ly () = T, diag(y'(F'u®)) 0 T, | (4.16)
r, 0 diag(¢/(T'u?)) r,
T
Ly(w) T, diag((T,u)? © ¢"(Tu?)) diag(Tzyu © ¢"(Tu?)) T,
2(u) =
r, diag(Tzu© " (Tu?))  diag((Tyu)? © ¢"(Tu?)) r,

For a more detailed treatment of these computations see [33]. Since VJs(u) is positive semi-
definite for all u, and hence, Jg is a convex function. The Lipschitz continuity of V.Jg follows
from (4.15).

It is now time to prove that T, has a unique minimizer on u > 0. This follows if T}, is strictly

convex and coercive on u > 0 [33, Chapter 2]. Recall that T, is coercive on u > 0 provided

|lull2 — o implies To(u) — 0.

Theorem 4.3.1. Assume that z + 0?1 > 0, A is positive definite and Au > 0 for all
u > 0. Then T, s strictly convex and coercive on u > 0, and hence has a unique nonnegative

minimizer.

Proof. First, noting that given the assumptions and discussion above, Tj is strictly convex on
u > 0. It has been also argued that J is convex. Thus T, is strictly convex on u > 0.

The coercivity of T, in all cases is proved using the following application of Jensen’s inequality:

To(u) > |[Au+ (v + oD)1||1 — ||z + 6%||oc In || Au + (v 4+ 0)1]1 (4.17)

for u > 0. Since A is positive definite ||ul2 — oo implies that ||Aul|[; — oo, which in turn
implies, via (4.17), that Tp(u) — oco. Coercivity then follows from the fact that J(u) > 0 for
all u.

It results, finally, from the fact that u > 0 is a convex set. ]
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4.3.1 A Weighted Least Squares Approximation of Tj(u, z)

First, a computation of various derivatives of Tj is given. The gradient and Hessian of Ty with

respect to u are given by

Au—(z —7)
vuTO(u;Z) = AT <W> ) (418)
9 ) B T 5. z + o
ViuTo(u;z) = A'diag ((Au oy 02)2> A, (4.19)

where division — here and for the remainder of the manuscript — is computed component-wise.

The gradient and Hessian of Ty with respect to z are given by

V.Io(w;z) = —log(Au+vy+ 0-2)a (4.20)

V2, Th(u;z) = O. (4.21)

The second order mixed partial derivatives of T are given by

1
2 T 3;
To(u; = —A _— 4.22
Vuz 0(“7 Z) dlag <Au o+ 0_2> ) ( )
1
) .
To(u; = —d —— ] A. 4.2
vzu O(U’ Z) 1ag <Au +9+ o.2> ( 3)

Now, let u, be the exact object and z. def Au, + ~ the background shifted exact data. Then,
letting k = z — z, and h = u — u. and expanding 7Ty in a Taylor series about u, and z., gives

from (4.18)-(4.23)

To(w;z) = To(ue+ h;ze +k),
= To(uiz) — KTV, To(ues ) + 5h7 Vi, To(usi z0)h
oK V2 Ty (e ze)h -+ BT V2, To (e 20k + O, [i]E)
— g(Au— (o) g () (Au- (2= )

+To(ue; 2) + O([[h3, [K]3)-
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Thus the quadratic Taylor series approximation of Tp(u;z) about the points (ue;z.) is given
by

Tofui2) + 5(Au - (2 - 7)) ding J@u-@-m). (2

Au, +v+02
This Taylor series connection between the negative-log of the Poisson likelihood and (4.24)
has, to the knowledge of the authors, not been noted elsewhere.

It is important to emphasize that the quadratic approximation (4.24) of T will be accurate
provided |/h||2 and || k|2 are small relative to ||uc|l2 and ||ze||2. Since this will hold in practice
for typical data z and reasonable approximations of u, it is reasonable to expect that (4.24)
will be an accurate approximation of Tp(u;z) in a region of (ue;ze) that is not restrictively
small.

In practice, if this approximation is to be used, Au. must in turn be approximated. The
natural choice is to use z + o2 instead since E(z) = Au, + 7, where E is the expected value
of the random variable z. This yields the following weighted least squares approximation of

the Poisson likelihood function

1

Tis(w;z) & SICT?(Au—(z—7)[3, where C = diag(z + o). (4.25)
Note that the constant term Ty (ue;z) has been dropped since it does not effect the computa-
tions. In a large number of applications in which Poisson data is analyzed, T} is approximated
by a weighted least squares function. The analysis above suggests that Ty is the natural

choice.

4.4 A Nonnegatively Constrained Convex Programming Method

In this section, the aim is to give an outline of a computationally efficient method for solving
(4.1), following the approach set forth in [10], which was developed for use on Tikhonov-

regularized Poisson likelihood estimation problems.
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4.4.1 Preliminaries

The projection of a vector u € RV * onto the feasible set {fue RN ’ | u > 0} can be conveniently
expressed as

P(u) ¥ argmin ||v — ul|; = max{u, 0},
ves)

where max{u, 0} is the vector whose ith component is zero if u; < 0 and is u; otherwise. The

active set for a vector u > 0 is defined
A(a) = {i | u; = 0},

and the complementary set of indices, Z(u), is known as the inactive set.
The next step is to make some definitions that will be required in the discussion of the iterative
method. The reduced gradient of T, at u > 0 is given by

Palul € I(u)

0, i€ A(u),

[vredTa (u)]’L =

the projected gradient of T, by

0T (u) . . 0T, (u)
5.t €Z(u), ori€ A(u) and =5 = <0,
[VprojTa(u)]i =

0, otherwise,

and the reduced Hessian by

PTa() 3¢y c T(u) and j € Z(u
[VZaTa(w)y = ¢ 7m0 () and J € 20w

ij, otherwise.

Finally, Dz (u) is defined to be the diagonal matrix with components

1, i€Z(u)
[Dz(u)}i; = (4.26)
0, i€ A(u),
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and D 4(u) =1 — Dz(u). Note then that

Viedlo(u) = Dz(u) VI, (u), (4.27)

V2 iTo(u) = Dz(u) V*T,(u) Dz(u) + Dy(u), (4.28)

4.4.2 Gradient Projection Iteration

A key component of the iterative method introduced in [10] is the gradient projection iteration

[25], which is presented now. Given ug > 0, ug41 is computed via

Pr = —VTa(ug) (4.29)
A = argminyso 7o (P(ug + Apk)) (4.30)
uit1 = P(ug + \ppk) (4.31)

In practice, subproblem (4.30) is solved inexactly using a projected backtracking line search.

In the implementation used here, the initial step length parameter is

K (V2T (ur)PE, PR) '

The quadratic backtracking line search algorithm found in [27] is then used to create a sequence
of line search parameters {)\i};":(), where m is the smallest positive integer such that the

sufficient decrease condition
T (M) < Talue) = - lue — w (W) (4.33)
k
holds. Here p € (0,1) and

u;(A) = Pa(ug + Apg). (4.34)

The approximate solution of (4.30) is then taken to be A}

The proof of a convergence result for gradient projection iterations now follows.
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Theorem 4.4.1. Under the same hypotheses as Theorem 4.3.1, the gradient projection iter-

ation applied to (4.1) yields a sequence {uy} that converges to the unique solution u*.

Proof. First, let show that V7, (u) is Lipshitz continuous.

Au+~vy—12z Av+vy—12z
To(u) — VT, = ||AT — —
VT = VTl = AT (G - R ) el - T

HA”QF(U,V) + aLHu - V||2,

2

IN

where L is the Lipschitz constant for J and

(A(u-v)) @ (z+0?)

Fluv) =

(u,v) H(Au+7+02)®(AV—|—'y+02) 9
z + o2

< Al | 2500 fn vl
(v +02)? |,
Hence,
z + o
VTt - VL)1 < (1A | 252 | + o) fu-viL

establishing that VT, is Lipschitz continuous.

Then by [25, Theorem 5.4.5] the gradient projection iteration (4.29)-(4.31) is well defined.
Moreover, every limit point @ of the gradient projection iterates satisfies V070 (W) = 0
[25, Theorem 5.4.6].

Now, {Tn(ug)} is a decreasing sequence that is bounded below by T, (u*), where u* is the
unique solution of (4.1) given by Theorem 4.3.1. Hence it converges to some T, > T, (u*).
Since T, is coercive, {uy} is bounded, and hence there exists a subsequence {uy, } converging
to some u. By the results mentioned in the first paragraph of the proof, V.7, (a) = 0,
and since T, is strictly convex, @ = u*. Thus T, (ux) — T,(u*). The strict convexity and

coercivity of T, then implies [29, Corollary 27.2.2] that u; — u*. O
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4.4.3 The Reduced Newton Step and Conjugate Gradient

In practice, the gradient projection iteration is very slow to converge. However, a robust
method with good convergence properties results if gradient projection iterations are inter-

spersed with steps computed from the reduced Newton system
v?edTa(uk) pP= _vredTa(uk)' (435)

Approximate solutions of (4.35) can be efficiently obtained using conjugate gradient iteration

(CG) [28] applied to the problem of minimizing

Qk(p) = Ta(uk) + <vredTa(uk)’ p> + %(v?edTa(uk) p, p>' (4'36)

The result is a sequence {pi} that converges to the minimizer of (4.36). Even with rapid CG
convergence, for large-scale problems it is important to choose effective stopping criteria to
reduce overall computational cost. The following stopping criterion from Moré and Toraldo
[27] is very effective:

a (Pl ) — ar(p)) < veemax{ge(pi ) — qr(py) |i=1,...,5 — 1}, (4.37)

where 0 < yc¢ < 1. Then the approximate solution of (4.36) is taken to be the p,'““ where

mcg is the smallest integer such that (4.37) is satisfied.
With pg := pZLCG, applying again a projected backtracking line search, only this time, the

much less stringent acceptance criteria
T(weA]) < Ta(uy). (4.38)

is used.
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4.4.4 Sparse Preconditioner

Since there is a conjugate gradient stage in the above algorithm, it is natural to introduce
a preconditioner, yielding the proconditioned CG (PCG) iteration. The way in which the
implementation of PCG for (4.1) that differs from those given in [6,10] is in the definition of
the preconditioner. However, the analysis nonetheless follow the general idea set forth in [10];
that is, a sparse preconditioner is used.

In practice, this amounts to create a sparse Hessian and use it as preconditioner. In particular,
noting that

V2T, (u) = AT diag(w(u)) A + aV2J(u),

yields to the following definion of the sparse preconditioner
M(u) = AT diag(w(u)) A + aV2J(u), (4.39)

where A is obtained by zeroing out all the “small” entries of A in the following fashion

0 otherwise.

The truncation parameter 7 is selected so that it this proportional to the largest entry of A

T =rmax[A];;, 0<r<1 (4.40)
ij

Note that in the cases of interest here, V2J(u) in (4.39) is sparse, so that M is a sparse
matrix.
Now, implementing PCG at outer iteration k requires that solving a linear systems of the

form

Mred(uk)y =1z
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efficiently is reachable, where

M:cq(ug) = Dz(ug)M(ug)Dz(ug) + Da(ug)

fory,z € RN, To do this, a way is to compute a Cholesky factorization of M,eq(uy) at each

outer iteration prior to beginning the inner PCG iterations.

4.4.5 The Numerical Algorithm

In the first stage of the algorithm a stopping criteria is needed for the gradient projection

iterations. Borrowing from Moré and Toraldo [27] , gradient projection stops when

To(ug—1) — Ta(ug) < ygp max{Ty(u;i—1) — To(w;) i =1,...,k — 1}, (4.41)

where 0 < ygp < 1.

Gradient Projection-Reduced Newton-CG (GPRNCG) Algorithm

Step 0: Select initial guess ug, and set k& = 0.
Step 1: Given uyg.
(1) Take gradient projection steps until either (4.41) is satisfied or
GPmax iterations have been computed. Return updated uy.
Step 2: Given uyg.
(1) Do PCG iterations to approximately minimize the quadratic (4.36)
until either (4.37) is satisfied or CGpax iterations have been
computed. Return pj = p;'°c.

(2) Find A} that satisfies (4.38), and return ug41 = ui(A}").

(3) Update k := k + 1 and return to Step 1.

Since at each outer GPRNCG iteration at least one gradient projection step, with sufficient

decrease condition (4.38), is taken, Theorem 4.4.1 yields to the following result.
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Theorem 4.4.2. Under the same hypotheses as Theorem 4.3.1, the iterates {uy} generated

by GPRNCG are guaranteed to converge to the unique solution of problem (4.1).

Proof. The GPRNCG iteration is well-defined since the gradient projection iteration (Step 1)
is well-defined, and since the truncated CG search direction pg given in Step 2.1 is guaranteed
to be a descent direction [28]. In the proof of Theorem 4.4.1, [25, Theorem 5.4.6] is used.
The analogous result holds for GPRNCG: every limit point of the sequence {uy} generated
by GPRNCG satisfies VprojTn(u) = 0. The proof requires a minor modification of the proof
of [25, Theorem 5.4.6]. Following the arguments given in the last paragraph of the proof of

Theorem 4.4.1, the result follows. O

The Lagged-Diffusivity Modification for Total Variation

In the case of total variation, GPRNCG is much more efficient if the full Hessian is replaced
by V2Ty(u) + aLi(u) (where Ly (u) is defined in (4.16)) within Step 2 of the algorithm, i.e. in
(4.36) [6]. The name of this method is, gradient projection—reduced lagged diffusivity iteration
(GPRLD).

4.5 Numerical Experiments

Finally, to finish the chapter, some numerical experiments that demonstrate the effectiveness
of the various regularization methods in conjunction with the negative-log of the Poisson
likelihood function. The tests are performed using the 64 x 64 simulated satellite seen on the
left-hand side in Figure 4.2. Generating corresponding blurred noisy data requires a discrete
PSF a, which is computed using the Fourier optics [20] PSF model
. 2
a— ’fftQ <p ® e”p)‘ ,
where p is the N x N indicator array for the telescopes pupil; “ ® ” denotes Hadamard
(component-wise) product; ¢ is the N x N array that represents the aberrations in the

incoming wavefronts of light; 2 = v/—1; and ££t2 denotes the two-dimensional discrete Fourier



4.5. NUMERICAL EXPERIMENTS 71

10 1 10

20 1 20

30 | 30

40 1 40

50 | 50
F 11000

60 &l

o L L . .
0 20 0 40 S0 &0 1y 20 £l 40 50 &0

Figure 4.2: On the left is the true object Ugpye. On the right, is the blurred, noisy image z.

transform. The 642 x 642 blurring matrix A is then defined by

Au=ifft2(a® (££t2(u))),  a=fft2(fftshift(a)),

where ifft2 is the inverse discrete Fourier transform and fftshift swaps the first and third
and the second and fourth quadrants of the array a. Then A is block Toeplitz with Toeplitz
blocks (BTTB) [33]. For efficient computations, A is embedded in a 1282 x 1282 block circu-
lant with circulant block (BCCB) matrix, which can be diagonalized by the two-dimensional
discrete Fourier and inverse discrete Fourier transform matrices [33]. Data z with a signal-
to-noise ratio of approximately 35 is then generated using the statistical model (4.3) with
02 = 25 and v = 10 — physically realistic values for these parameters. To generate Poisson
noise, the poissrnd function in MATLAB’s Statistics Toolbox is used. The corresponding
blurred, noisy data z is given on the right hand side in Figure 4.2.

Let present now the reconstructed images obtained using standard Tikhonov regularization,

total variation regularization, and regularization by the £?-norm of the gradient.
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4.5.1 Tikhonov Regularization

For Tikhonov regularization, GPRNCG is applied to problem (4.1). The regularization pa-
rameter o = 4 x 1075 was chosen so that the solution error ||u, —Uexact ||2 is minimized. Noting
that this will not necessarily yield the “optimal” regularization parameter since slightly larger
values of «, though resulting in a larger solution error, may also yield reconstructions that are
more physically correct (in this case smoother). However, the objective in this dissertation
is only to show that this method works in practice. The question of optimal regularization
parameter choice is left for a later work. The choice of GPRNCG parameters included is
GPrnax = 1, since more gradient projection iterations did not appreciably improve the conver-
gence properties of GPRNCG, CGpax = 50, and ycg = 0.25. GPRNCG iterations stops after
a 10 orders of magnitude decrease in the norm of V076 (uy). In this example, this stopping
criteria was satisfied after only 12 GPRNCG iterations. The reconstruction is given on the
bottom in Figure 4.4.

One of the benefits of using the Poisson likelihood in place of least squares is that it is sensitive
to changes in the low intensity regions of images. This is illustrated by Figure 4.4 where a
cross section of Uexact, z and u, are plotted corresponding to the 32nd row of the respective
arrays. The low intensity feature, which can also be seen in the two dimensional images in
Figure 4.2, is reconstructed with reasonable accuracy using the Poisson likelihood. The high
frequency artifacts in the high intensity regions, however, are not desirable. This observation
coincides with those made by others (see e.g., [32]); namely, that the Poisson likelihood is
sometimes less effective than least squares in regions of an image that are high intensity
and very smooth. For general interest, Richardson-Lucy iteration is also applied, stopping
iterations once ||ug — Uexact|l2 was minimized. Interestingly, the resulting reconstruction was
visually indistinguishable (cross sections included) from that obtained using GPRNCG with
a = 4 x 1076, This supports the observation that both methods can be characterized as
regularized Poisson likelihood estimation schemes and hence should yield similar results. Also,
the energy of the GPRNCG and Richardson-Lucy reconstructions is the same. Finally, the

plot of the reconstruction obtained using GPRNCG with o = 4 x 1077 is also presented. Note
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that though the solution error is larger for this choice of «, the reconstruction is smoother.

In [10], the object studied is a synthetically generated star-field — for which the Poisson
likelihood is particularly well-suited — and the data is generated using statistical model (4.3),
but with a significantly lower signal-to-noise of approximately 4.5. The method presented

here also works well on this example.
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Figure 4.3: On the left is the reconstruction obtained by GPRNCG applied to (4.1) with J(u) = %|lul|3

and o = 4 x 1076, On the right is are plots of the 32nd row of the 64 X 64 arrays Uexact, z and Uy. The
dashed line corresponds to the true object; the dash-dotted line corresponds to the blurred, noisy data z;
the solid line corresponds to u, with o =4 x 1075 and the line with circles to u, with a =4 x 1072,

4.5.2 (>-Norm of the Gradient Regularization

For /?-norm of the gradient regularization, let apply GPRNCG to (4.1) with regularization
parameter o = 1075 which was chosen so that the solution error |[u, — Uexact||2 Was near
to minimal (a = 2 x 10~7 minimized the solution error) but which yielded a reconstruction
that was noticeable effected by the smoothing properties of the regularization function. This
method of choosing « is admittedly ad hoc. However, the objective here is only to show that
the method works in practice and that reconstructions are indeed smooth. The optimization
parameters for GPRNCG iterations are the one used in the Tikhonov case. However, the
iterations stop after a 9 orders of magnitude decrease in the norm of projected gradient of
T,. The reconstruction is given on the left in Figure 4.3. To demonstrate the effect of the

Laplacian regularization, on the right in Figure 4.3, the plot of the 32nd row of of the true
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image and the reconstructions with o = 1 x 1076 and o = 2 x 1077, which minimizes the

solution error, is provided.

BOOOD

a=2x1077 #y
]
H =1=10"" W
10 1 F000 [ _x [} j/ N
true image »
fi ¥
6000 - ; i
I W
20 i |
5000 | J !
) I
0 | ’ | |
4000 N !
sl 14 |
/ 'I.\ & ]
40 1 2000 v/;y WAt !
if ST
/ \
f I
& | 2000 |
f |

1000 1000 | Ji i
60

—o a Y ol : : ™
10 20 0 40 50 &0

Figure 4.4: On the left is the reconstruction obtained by GPRNCG applied to (4.1) with J(u) =
1|Dul) and o = 1 x 107%. On the right is the 32nd row of the true image and the reconstructions
with o =1 x 107% and a = 2 x 1077, which minimizes the solution error.

4.5.3 Total Variation Regularization

In this case, the data z was generated using (4.3) with a signal-to-noise ratio of approximately
30. With the blurred, noisy data in hand, the object is estimated by solving (4.1) using
GPRLD with GPpax = 1 (note that then a value for ygp is not needed), vog = 0.25 with pre-

conditioning and 0.1 without, and CGpax = 40, which is only ever satisfied if preconditioning

is not used. Iterations stop once

IVprojTa () ll2/1[VprojTa(uo) |2 < GradTol, (4.42)

where GradTol = 1075, These parameter values are chosen in order to balance computational
efficiency with good convergence properties of the method. The initial guess was ug = 1,
and the regularization parameter was taken to be o = 5 x 107°. This choice of parameter
approximately minimizes ||uy — Uexact||2. The reconstruction is given in Figure 4.5. In order

to compare this result with those obtained using other methods, a comparison of plots of cross
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Figure 4.5: On the left is the reconstruction obtained by GPRLD applied to (4.1) with J(u) = TV (u)
and o =5 x 1075,

sections of different reconstructions corresponding to the 32nd row and 32nd column; note that
the sub-objects are all centered on one of these two cross-sections. In our first comparison, the
picture of plot reconstructions obtained using the approach presented in this thesis, RL, and
the projected Newton method applied to the problem of minimizing the Tikhonov regularized
Poisson likelihood function over {u | u > 0}. For the latter method, CGpax = 50 is used,
GradTol = 1078, and initial guess ug = 1. The regularization parameter - chosen as above
- was a = 2 x 1076, The RL reconstruction was taken to be the iterate that minimizes
|lup — Uexact]|- The results are given in Figure 4.6. The total variation reconstruction is
visually superior to the others, with the exception of the Gaussian with the high peak in the
left-hand plot. This is not surprising given the fact that it has been observed that standard
Poisson estimation is particularly effective at reconstructing objects with high intensity, but

small support, such as a star.
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Figure 4.6: Comparison of Cross-Sections of Reconstructions Obtained with a Variety of Poisson
Likelihood Methods. The left-hand plot corresponds to column 32 and the right-hand plot corresponds
to row 32 of the respective reconstructions. The true image is the solid line; the projected lagged-
diffusivity reconstruction is the line with circles; the Tikhonov solution is the line with stars; and the
Richardson-Lucy solution is the line with diamonds.



Chapter 5

Conclusion

The main results of this thesis are the proofs that R, (A; z+7) defines a regularization scheme,
where R, is defined by (2.9), (1.12) for four different regularization functionals J : 3|[ul3,
L|G (@) Val 3, 3Irull} and f, /[Va + Gda.

Following the theoretical analysis, is the computational method of [10]. This method is efficient
and very effective for nonnegatively constrained Poisson likelihood estimation problems. It is
also proved in this thesis that under reasonable circumstances, its iterations converge to the
unique minimizer of (4.1). In addition the demonstration the effectiveness of the approach
in general, and of the computational method in particular, on simulated astronomical data
generated using statistical model (1.2) is given.

The plan for the immediate future is to investigate a parameter selection method for « in the

four methods above.

7
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