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General sufficient conditions are established for maps between function algebras to be com-
position or weighted composition operators, which extend previous results regarding spectral
conditions for maps between uniform algebras. Let X and Y be a locally compact Hausdorff
spaces, where A c C(X) and B c C(Y') are function algebras, not necessarily with unit. Also
let OA be the Shilov boundary of A, §A the Choquet boundary of A, and p(A) the set of p-
points of A. A map T: A — B is called weakly peripherally-multiplicative if the peripheral spec-
tra of fg and T fTg have non-empty intersection for all f,g in A. (i.e. o.(fg)no-(TfTg) + @
for all f,g in A) The map is said to be almost peripherally-multiplicative if the peripheral
spectrum of fg is contained in the peripheral spectrum of T'fT'g (or if the peripheral spectrum
of T fTg is contained in the peripheral spectrum of fg) for all f, g in A.

Let X be a locally compact Hausdorff space and A ¢ C(X) be a dense subalgebra of a
function algebra, not necessarily with unit, such that 0A = p(A). We show that if 7: A - B is
a surjective map onto a function algebra B c C(Y") that is almost peripherally-multiplicative,
then there is a homeomorphism 1:6B — JA and a function o on 6B so that (T'f)(y) =
a(y) f(¢(y)) for all f e A and y e dB, i.e. T is a weighted composition operator where the
weight function is a signum function.

We also show that if T' is weakly peripherally-multiplicative, and either o.(f) c o, (Tf)
for all f € A, or, alternatively, o.(Tf) c o(f) for all f € A, then (Tf)(y) = f(¥(y)) for all
f e Aand yedB. In particular, if A and B are uniform algebras and T: A — B is a weak
peripherally-multiplicative operator, that has a limit, say b, at some a € A with a? = 1, then

(Tf)(y) =b(y) a(¥(y)) f(¥(y)) for every f e Aand yedB.

Also, we show that if a weak peripherally-multiplicative map preserving peaking functions
in the sense P(B) c T[T-P(A)] or T[P(A)] c T-P(B) then T is a weighted composition
operator with a signum weight function. Finally, for function algebras containing sufficiently
many peak functions, including function algebras on metric spaces, it is shown that weak
peripherally-multiplicative maps are necessarily composition operators.
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Chapter 1

Introduction

This chapter describes the background and historical context of what are referred to as “spec-
tral preserver problems.” In general, one studies maps between Banach algebras and con-
ditions on these maps which imply a structure preserving property of the map, ultimately

relating the structure between two Banach algebras.

Structure-preserving maps are ubiquitous throughout mathematics. For example, in algebra,
a group is a set with a structure determined by the binary operation of the group. If several

groups are being considered, it is natural to ask if they have the same, or similar structure.

The topic of this thesis is maps between Banach algebras, and function algebras in particular.
A Banach algebra is an object that has a linear, multiplicative, and topological structures.
Therefore, maps that preserve all of these structures are most useful in determining whether
two Banach algebras are fundamentally different or similar. Structure preserving maps be-
tween Banach algebras are called isometric algebra isomorphisms. It is particularly interesting
to investigate particular conditions where we may deduce that the map is an isometric algebra
isomorphism, since this gives insight into the relationship between the various structures of

the algebras.
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The goal of this dissertation is to present sufficient conditions for maps between function alge-
bras to be weighted composition operators, which operators are a type of structure preserving
map that describe the action of a map between algebras in terms of the elements it is acting on
(see Definition 4.1.1.) The first two chapters give a brief introduction to the general subject,
while the third builds the framework and basic tools for arguments in the later chapters. Much
of the theory and many results presented here have been developed previously for uniform

algebras. Here we widen our scope to the more general context of function algebras.

The remainder of this chapter provides some historical context and summary of several results
that appear in Chapters 4,5 and 6. The terminology and definitions are provided in Chapters
2,3 and 4.

1.1 Linear and Spectral Preserver Problems

The study of real-linear spaces is a historically significant and central topic in mathematics,
and it is an important precursor to the general study of Banach spaces. One of the first

significant results for real-linear normed vector space is the famed Mazur-Ulam Theorem.

Theorem 1.1.1 (Mazur-Ulam Theorem). Let f: X — Y be a distance preserving surjective
map between normed vector spaces X,Y over R such that f(0) =0. That is, ||f(x) - f(y)]| =

|| = y|| for all x,y € X. Then f is an isometric real-linear transformation.

More simply, the Mazur-Ulam Theorem states that every isometry between normed vector
spaces over the real numbers is an affine transformation. For the Mazur-Ulam theorem, as
well as the theorems in Chapters 5 and 6, the assumption of surjectivity is essential since
the theorem is not necessarily true for non-surjective mappings. Complex conjugation is
a simple counter-example that shows the Mazur-Ulam Theorem does not hold for complex

vector spaces.
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The linearity of the map f is a consequence of the Mazur-Ulam Theorem stated above. How-
ever, many classical results in the theory of Banach algebras assume the linearity of a map
and show, under other suitable hypotheses, that the map is multiplicative, thus an algebra
isomorphism. The following theorem is an important result in the theory of spectral preserves

and provides an example of a linear preserver problem.

Theorem 1.1.2 (Gleason-Kahane-Zelazko Theorem (1973)). [26] Let A be a unital com-
mutative Banach algebra and B a uniform algebra. If T : A - B is a linear map with

o(Tf)co(f), where o(f) is the spectrum of f, for every f € A, then T is multiplicative, i.e.,

T(fg9) =T(f)T(g) for every f,g € A.

The hypotheses in the Gleason-Kahane-Zelazko Theorem include the spectral condition o (T f) c
o(f), which is considered an analytic (or topological) condition on the map 7' (See Definition

2.2.4) and concludes that the map preserves the multiplicative structure of the algebras.

The following theorem is another classical linear preserver problem that describes sufficient
conditions for a map between spaces of continuous function to be a weighted composition

operator.

Theorem 1.1.3 (Banach-Stone Theorem (1936)). (e.g. in [2]) If X and Y are compact sets
and T : C(X) - C(Y) is a surjective linear isometry, then there is a homeomorphism ¢ : Y —
X and a function a € C(Y') such that |a(y)| =1 for ally €Y and (Tf)(y) = a(y)f(¥(y)) for
all feC(X) andyeY.

The Banach-Stone Theorem is a linear preserver problem giving sufficient conditions for a map
to be a weighted composition operator. This is the model used for the theorems presented in

Chapters 5 and 6.
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1.1.1 Multiplicative Spectral Preserver Problems

Another type of condition on a mapping T : A —» B between algebras of functions relates
the spectrum o(fg) of the product fg with the spectrum o (7T fTg) of the product of the
images T fTg. Note that if A and B are algebras with multiplicative identities, 14 and 1p
respectively, then we say T is a unital map if T(14) = 15. The following theorem by Molnar
is one of the first to address the sufficient conditions of unital mappings with a multiplicative

spectral condition.

Theorem 1.1.4 (Molnar (2001)). [18] Let X be a first-countable compact space. A surjective,
unital mapping T : C(X) - C(X) for which o(TfTg) = o(fg) for every f,g € C(X) is an

isometric algebra automorphism.

In 2005, Rao and Roy showed in [23] that the theorem holds for any self map 7': A - A
where X is a compact Hausdorff space and A c C'(X) is a uniform algebra. In [17] from 2007,
Luttman and Tonev improved the result to hold for maps between two, possibly different,
uniform algebras under a weakened hypothesis requiring only the preservation of a subset of
the spectrum, the peripheral spectrum (see Definition 2.2.5,) of the products fg and T fTg
for each f,g in A. The following theorem appears in Luttman and Tonev’s paper Uniform

algebra isomorphisms and peripheral multiplicativity.

Theorem 1.1.5 (Luttman-Tonev (2007)). [17] If T : A - B is a surjective map (not necce-

sarily linear) between uniform algebras such that

on(TfTyg) = ox(fg)

for all f,g € A, then there exists k € B with k* =1 and a homeomorphism 1 : 6B — §A such

that
Tf=r(for)

on OB for all f € A. In particular, T = kT : A > B is an isometric algebra isomorphism.
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Note that the previous theorem of Luttman and Tonev is a generalization of the result by Rao
and Roy since if o(f) = o(g), then o,(f) = 0:(g) although the converse is not true. That
is, the peripheral multiplicativity condition or(fg) = o.(TfTg) is a strictly weaker condition

than the spectral condition o(fg) = (T fTg).

The result was strengthened by Luttman, Lambert and Tonev, again in 2007.

Theorem 1.1.6 (Lambert, Luttman, and Tonev (2007)). [14] A surjective mapping T : A - B
between uniform algebras with o (T fTg)Nor(fg) + @ for all f,g € A, and which preserves the
peripheral spectra of all elements, i.e. o (Tf)=0(f) for all f in A, is an isometric algebra

isomorphism.

If a map satisfies the condition o (T fTg) no,(fg) # @ for all f,g in A then T is said to be
weakly peripherally-multiplicative (see Definition 5.1.1.) Note that the condition o(T fTg) =
or(fg) implies the weakly peripherally-multiplicative condition, but not vice-versa. In chap-
ter 5 we establish sufficient conditions for maps between function algebras to be weighted

composition operators.

The following results were obtained by the author in the joint paper [12] with T. Tonev in
2011.

Theorem. 5.2.1 (A)[12] Let Ac C(X) be a function algebra and B c C(Y') a dense subal-
gebra of a function algebra, not necessarily with units, such that p(B) = B, where X and Y

are locally compact Hausdorff spaces. If T: A - B is a surjection such that

or(Tf-Tg) cox(fg) (1.1)

for all f,g € A, then there exists a homeomorphism ¥:0B — dA and a continuous function «

on 8B with o =1 such that

(TH) () = aly) f(L(y))
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for every y e §B.

The same conclusion follows under alternative symmetric conditions.

Theorem. 5.2.1 (B)[12] Let A c C(X) be a dense subalgebra of a function algebra, and
B c C(Y) be a function algebra, not necessarily with units, where X andY are locally compact

Hausdorff spaces. If T: A - B is a surjection such that

ox(fg) cox(Tf -Tg) (1.2)

for all f,g € A, then there exists a homeomorphism ¥:0B — dA and a continuous function «

on 6B with o =1 such that

(TH) () = aly) f($(y))

for every yedB.

We call a map T between function algebras A and B almost peripherally-multiplicative if
ox(fg) c o (TfTg) or o.(TfTg) c o.(fg) for all f,g in A. The previous two theorems
can be summarized as follows: An almost peripherally-multiplicative map between function
algebras is necessarily a weighted composition operator where the weight function is a signum

function.

A clear sufficient condition for T to be an isometric algebra isomorphism is given in the

following corollary to the previous theorems.

Corollary 1.1.7. Let X and Y be locally compact Hausdorff spaces and A ¢ C(X) and
B c C(Y) be function algebras, not necessarily with unit. If T: A - B is an almost peripheral-
multiplicative surjection, and d(o(f),0-(Tf)) < 2 for all f € A, then T is a composition

operator.
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1.2 Extensions for Function Algebras

The proofs of the above theorems rely on variations of Bishop’s Lemma, a classical result from

the theory of uniform algebras. Namely,

Theorem 1.2.1 (Classical Bishop’s Lemma). (e.g. in [4]) Let E be a peak set of a uniform
algebra A and f € A such that flg #0. Then there is a peaking function h € Pg(A) such that

fh takes its mazimum modulus only within E = E(h).

In [14], Lambert extended Bishop’s Lemma for p-sets in uniform algebras.

Theorem 1.2.2 (Bishop’s Lemma for p-sets for Uniform Algebras). [14] Let Ac C(X) be a
uniform algebra and E a p-set of A. If f € A is such that f|g # 0, then there is a peaking

function h € Pg(A) such that fh takes its mazimum modulus on E.

In chapter 3 we prove the following theorem for function algebras A c Cy(X) where X is a

locally compact Hausdorff space.

Theorem 1.2.3 (Bishop’s Lemma for p-sets in Function Algebras). Let X be a locally compact
Hausdorff space and A c Cy(X) be a function algebra without unit. If f € A and E is a p-set
of A with f|g # 0, then there exists a peaking function h € Pg(A) such that fh takes its

mazximum modulus in E.

As a corollary, we obtain the version of Bishop’s lemma for p-points from [24], which is

fundamental to the results in chapters 5 and 6.

Theorem 1.2.4 (Strong Multiplicative Bishop’s Lemma). Let X be a locally compact Haus-
dorff space and A c C(X) be a function algebra without unit on X = 0A. If fe A and zge X

is a p-point of A with f(xg) # 0, then there exists a peaking function hg € Py, (A) such that

ox(fho) = {f(z0)} (1.3)
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If E is a peak set of A which contains xq, then ho can be chosen so that E(fho) = E(hg) c E.

In Chapter 4 we state and prove several lemmas needed for the following theorem.

Theorem. 4.2.1 [24] Let A c Cy(X) and B c Co(Y') be dense subalgebras of function algebras
without units on X and Y with p(A) =6A and p(B) =0B. If T:A — B is a surjection such
that HTf-TgH = ||fgll for all f,g € A, then there is a homeomorphism ¥:p(B) — p(A) such

that
(T ()| =|f(@())] (1.4)

for all fe A and yep(B).

It is known that if A ¢ C'(X) is a function algebra, then |A| separates the points of X (e.g.

[23]). We provide an alternative proof of this result. Namely,

Lemma. 4.2.9 Let X be a locally compact Hausdorff space. If A c Co(X) separates the points
of X, then so does |A|.

1.2.1 Weak Peripherally-Multiplicative Maps between Function Algebras

In [14] Lambert, Luttman, and Tonev show that weak peripherally-multiplicative maps be-
tween uniform algebras that preserve the peripheral spectrum of each element are isometric
algebra isomorphisms. In Chapter 6 we generalize this result to algebras of functions and
relax the condition of preserving the peripheral spectra to o, (f) c o (T f) for all f in A, or
ox(Tf)co(f) for all f in A.

Theorem. 6.0.5 (A)(2011) [12] Let X be a locally compact Hausdorff space where A c C(X)
is a dense subalgebra of a function algebra, not necessarily with unit, such that X = 0A and

p(A) =0A. If T: A - B is a surjection onto a function algebra B c C(Y') such that

or(Tf-Tg)no(fg) 2 forall f,ge A (1.5)
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and

ox(f) con(Tf) for all feA, (1.6)

then T is a bijective 1-composition operator on 6 B with respect to a homeomorphism ¢:6B —

0A. That is,
(Th)y) = fw(y))

forall f € A andy € 0B. In particular, A is necessarily a function algebra and T is an algebra

isomorphism.

Again, the result holds under symmetric conditions.

Theorem. 6.0.5 (B)(2011) [12] Let X be a locally compact Hausdorff space where A c C(X)
is a function algebra, not necessarily with unit such that X = A, and B is a dense subalgebra

of a function algebra B c C(Y') such that p(B) = 6(B). If T: A - B is a surjection such that

or(Tf-Tg)no(fg) +2 forall f,ge A (1.7)

and

ox(Tf)cor(f) forall feA, (1.8)

then T is a bijective 1-composition operator on 6 B with respect to a homeomorphism ¢:6B —

0A. That is,
(T)(y) = f(¥(y))

forall f € A andy € dB. In particular, B is necessarily a function algebra and T is an algebra

isomorphism.

In [9, Theorem 8] it is shown that weak peripherally-multiplicative maps between uniform
algebras that are continuous at the unity element are composition operators, and thus algebra
isomorphisms. We generalize this result by showing that it is not necessary for T to be

continuous at the unity element, but that it must have a limit at a point a € A with a® = 1.
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Theorem. 6.1.4 [Johnson and Tonev (2011)] [12] Let A and B be uniform algebras on com-

pact Hausdorff spaces X and Y. If T: A - B is a surjective map such that

(i) ox(Tf-Tg)no(fg)+ @ forall f,ge A and

(ii) There exist an a € A with a® =1 such that T has a limit, say b, at a,

then b® = 1 and (Tf)(y) = b(y) a(v(v)) f(¥(y)) for every f € A and y € 6B, i.e. the map

fbT(af) is an isometric algebra isomorphism.

The following two theorems were proved for uniform algebras by Lambert,Luttman, and Tonev
in [14]. In chapter 6 we show that the theorems hold for algebras of functions, not necessarily

with a unit element.

Theorem. 6.1.6 (A)(2011) Let A be a dense subalgebra of a function algebra such that
p(A) = 6A and B a function algebra on compact Hausdorff spaces X and Y respectively.

Suppose that T : A - B is surjective, o (Tf-Tg) no(fg) # @ for all f,ge A, and

P(B) c T[T-P(A)]. (1.9)

Then there exists a homeomorphism ¢ : 6B — A and a continuous function o on 6B with

a? =1 such that
(TF)(y) =aly) f(¥(y))

for every y e 0B.

The same conclusion follows under a symmetric condition.

Theorem. 6.1.6 (B)(2011) Let A be a function algebra and B a dense subalgebra of a

function algebra such that p(B) = 6B on compact Hausdorff spaces X and Y respectively.
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Suppose that T : A - B is surjective, o (T f-Tg) nox(fg) #@ for all f,ge A, and

T[P(A)] c T-P(B). (1.10)

Then there exists a homeomorphism ¢ : 6B — 0A and a continuous function o on 0B with

a2 =1 such that

(TH) () = aly)f(¥(y))

for every yedB.

These theorems also provide us with the following corollaries.

Corollary 1.2.5. Let A and B be function algebras on compact Hausdorff spaces X and Y.

Suppose that T is surjective and

UW(Tf : Tg) n Uw(fg) 0

forall f,ge A and o (Tf) is a singleton whenever o(f) is a singleton (or vice-versa).

Then there exists a homeomorphism ¢ : 6B — 0A and a continuous function o on 0B with

a? =1 such that

(TH) () = aly)f (¥ ()

for every y e 0B.

Corollary 1.2.6. Let A and B be function algebras on compact Hausdorff spaces X and Y
with the hypotheses of the Theorem 6.1.6 (B). In addition, suppose that d(o(f),o0-(Tf)) <2

for all f € A. Then there exists a homeomorphism ¥ :0B — JA,

(TF)y) = f(¥(y))

for every y € 6B. In other words, the weight function «: 0B — {1,-1} is identically 1 which
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implies that T is a composition operator, thus an isometric algebraic isomorphism.

1.2.2 Function Algebras with Sufficiently many Peak Functions

If the underlying locally compact Hausdorff spaces X, Y are metric spaces, with A ¢ Cy(X) and
B c Cy(Y) function algebras, then we also show that A and B must contain sufficiently many
peak functions which further describe the behavior of a weakly peripherally-multiplicative map

T between A and B.

Theorem. 6.2.2 Let X, Y be locally compact Hausdorff spaces and let Ac C(X),Bc C(Y)
be dense subalgebras of function algebras, not necessarily with unit, with 0A = p(A) and
0B =p(B). Let for every f € A and any x € 0A there is a peak function h € Py(A) so that
ox(fh) ={f(x)}. If T:A — B is a surjection such that

or(TfTg)nox(fg) =@ for all f,ge A, (1.11)

then T is a weighted composition operator, namely, there exists a homeomorphism ¢:6B — 0 A

and a continuous function a on 6B with o = 1 such that

(TH) () = aly)f (¥ ()

for every fe A and y € dB.

Then we also have the following corollaries.

Corollary 1.2.7. Let X and Y be locally compact Hausdorff spaces and let A c C(X) and
B c C(Y) be dense subalgebras of function algebras, not necessarily with unit with 6A = p(A)

and 0B = p(B). If T:A - B is a surjection such that o.(TfTg) is a singleton for every
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frg € A for which o:(fg) a singleton, and if

UW(Tng) n Uﬁ(fg) i

for all f,g € A, then there exists a homeomorphism ¥:0B — dA and a continuous function «

on 6B with o =1 such that

(TH) ) = ay)f(¥(y))

for every f e A and y € dB.

The following corollary shows that each weakly peripherally-multiplicative surjective map
T : A - B between function algebras on metric spaces are necessarily weighted composition

operators.

Corollary 1.2.8. Let A be a function algebra and B be a dense subalgebra of function algebra
on metric spaces X and Y respectively such that p(B) =6B. If T: A — B is a surjection such

that

or(TfTg)nox(fg) @ for all f,ge A,

then there exists a homeomorphism :6B — 6 A and a continuous function o on 6 B with o = 1

such that

(TH)(y) =aly)f(¥(y))

for every f e A and y € dB.



Chapter 2

Commutative Banach Algebras

Some of the basic definitions and terminology in the theory of Banach Algebras are introduced
in this chapter, which provides a short presentation to a reader who is unfamiliar with the

subject. The exposition here, in general, follows [7].

2.1 Basic Properties and Definitions

2.1.1 Banach Spaces

Definition 2.1.1. A Banach Space is a pair (B,||-||), where B is a vector space and ||-|| is

a norm on B that is complete with respect to the metric defined by the norm.

Example 2.1.1. Let K € {R,C}. Then K" forms a vector space over K with norm |[x|| =
2 : . .
(zr, ]xi|2)1/ . One can show that K" is complete with respect to the norm, and is therefore

a Banach space.

Example 2.1.2. Suppose K € {R,C} and fix p > 0. Define by ¢, all sequences x = {z,,}52; in

14
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K such that
> P < 0.
n=1
Then £, is a Banach space with the norm |jx|l, = (£, [za[?) 7.

Definition 2.1.2. An algebra B (over the complex numbers) is a vector space with a multi-
plication operation, making B into a ring. A Banach algebra B is a Banach space that is also

an algebra, and is equipped with a norm given in B under which

1. ||abl| < [la||||b]| for all a,be B

2. a(ab) = (aa)b = a(abd) for allaeC, a,be B
and B is complete with respect to the norm.

The Banach algebra B is unital if there exists a multiplicative identity element for the space
B viewed as a ring, i.e. if there exists an element e € B such that e-a=a-e=a for all a € B.
If B has a multiplicative identity e, it is unique and assumed that |le|]| = 1. The algebra B is

commutative if B is also a commutative ring.

If B is an algebra with unit element e, then the map « : C - B defined by a ~ «ae is clearly
an algebra isomorphism and ||cel| = |a|. This identification is commonly used to assume that

CcB.

Example 2.1.3. Suppose X is a compact space. Then C(X), the space of continuous func-
tions on X into C is a Banach algebra with pointwise operations (f+g)(x) = f(x) + g(z) and

(fg)(x) = f(z)g(x), and supremum norm

171l = max|f(z)l.

Note that C'(X) is unital with 1|x as the unital ring element and the supremum is achieved
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since X is compact.

Example 2.1.4. Suppose X is a locally compact space. Define B(X) as the space of all
bounded continuous functions f: X - C on X, i.e. functions f such that ||f]| = sup{|f(z)|:
x € X} < oo, again with pointwise operations. Then B(X) is complete with respect to the

norm and is a Banach algebra.

Example 2.1.5. Let Cy(X) c B(X) denote all continuous functions f : X — C such that for
all € >0, {z € X :|f(x)| > €} is compact. Then Cy(X) is a closed subalgebra of B(X), thus

complete, and therefore is also a Banach algebra.

Note that if X is locally compact (but not compact), then the algebra Cy(X) does not contain

the element 1|x and is indeed not unital. Therefore any subalgebra of Cy(X) is also not unital.

For this paper, we are primarily interested in subalgebras of C'(X) where X is a compact

Hausdorff space, and Cy(X) where X is a locally compact Hausdorff space.

Definition 2.1.3 (Uniform Algebra). [7] Let X be a compact Hausdorff space and suppose
A is a subalgebra of C(X), the Banach algebra of continuous complex-valued functions on
X with pointwise operations and equipped with the supremum norm. Then A is a uniform

algebra if :

1. A contains the constant functions

2. A separates the points of X, that is, for every x + y € X there exists f € A such that
f(@)# f(y)

Since X is compact and Hausdorff, it is a normal topological space and thus C'(X) separates
the points of X by Urysohn’s lemma, a well-known result of point-set topology. Thus C(X)

is a uniform algebra.
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Example 2.1.6 (The Disk Algebra). Let D = {2 : |2| < 1} be the open disk in the complex plane
and let A(D) denote the space of continuous functions in the closed unit disk D = {z: || < 1}
that are analytic in D. With pointwise operations and the uniform norm || f|| = max,p{|f(z)|},

A(D) is a commutative Banach algebra called the disk algebra.

Many of the tools of Banach algebras require the use of invertible elements. If a Banach
algebra B is without unit, the following proposition shows a common method of isometrically

embedding B into a unital Banach algebra B’ such that the codimension of B in B’ is 1.

Proposition 2.1.4. [5] If B is a Banach algebra without identity, then the space B' = B x C

with algebraic operations

1. (a,a) +(b,8) =(a+b,a+p)
2. B(CL,O[) = (ﬁaﬂﬁa)

3. (a,a)(b,B) = (ab+ ab+ Ba,af)

and norm ||(a,@)|| = ||a||+|a| defines a Banach algebra with identity (0,1). The map a ~ (a,0)
is an isometric isomorphism of B into B'. Thus B’ is a Banach algebra with identity that

naturally contains B such that dim B'|B = 1.

2.1.2 The Dual Space of a Commutative Banach Algebra

Since a Banach algebra B is a vector space, it naturally has a dual space B*, the set of
continuous linear functions from B to C. The elements of this set are commonly referred to

as linear functionals. The linear structure of B* is defined as usual.

We say a linear functional ¢ is bounded if sup{|p(z)|:||z|| < 1} < oo. In fact, continuity follows

for bounded linear functionals.
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Definition 2.1.5. The dual space, B*, of the Banach space B is itself a Banach space with

norm

loll = sup{le(a)| « [l <1}, € B

Although the dual space of a Banach algebra B is a Banach space, there is no natural operation
which turns B* into a Banach algebra.

There is however, and important topological structure on B*, called the weak* topology.
Definition 2.1.6. Let B** denote the double dual of B. For f € B let f**: B* — C be defined

by 7 (¢) = o(f)-

The weak™* topology on B* is the coarsest topology such that each f**: B* — C is continuous

for every f** e B**.

It terms of convergence in B*, the net {p,}q = ¢ in the weak* topology if and only if
va(f) = o(f) for every f e A. That is, the weak™ topology is the weakest topology where

convergence is pointwise.

2.2 Invertible Elements and the Spectrum

Definition 2.2.1. If B is a Banach algebra with unit, then an element f € B is invertible if
there exists an element g € B such that fg=e=gf. That is, e is a unit of B viewed as a ring.

Let B~ denote the set of all invertible elements of B.

The invertible elements play a crucial role in the theory of Banach algebras. Since B is a ring,

we observe that B~! forms a group under the multiplication operation.

The following propositions in this section give well-known results in the theory of Banach
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algebras, and can be found in chapter 1 of [25].

Proposition 2.2.2. Let B be a Banach algebra with unit and let f be an element of B such

that ||f|| < 1. Then " f" is convergent and

n=0
io free- )t

Proof. Since ||f]| < 1, it follows that ||f"|| < ||f||* = 0 as n — oo. Therefore f* — 0 as n — oo.
n

Let g, = Z fk be the nth partial sum of the series, where f° =e.
k=0

If m < n, the triangle inequality and the properties in Definition 2.1.2 imply

Nk S k L P T Y
lgn —gmll = {| Do < D0 W< > 1A = D00 =0 A
k=m+1 k=m+1 k=m+1 k=0 k=0

CLAM A A A A

L=[I£] L-[I£] IR I i

Let € > 0. Since ||f]| < 1, the above inequality shows there exists m,n large enough so that
llgn — gm|| < €. Therefore {g,} is a Cauchy sequence, and by the completeness of B must

converge to some g € B. Let g = ) f™.

n=0

Also,

0o k

se=n=(% )0 =(m 2 ) e
n=0 ~®n=0
k
=lim Y (f" - ") = lim (e~ ') =e~ lim f**'=¢
k—o0 n=0 k—oo k—oo

since f**! > 0 as k - co. A similar calculation shows that (e— f)g = e, thus (e— f) is invertible
with inverse g. O

Proposition 2.2.3. Let B be a unital Banach algebra, f € B, and let s be a complex number
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such that |s| > ||f||. Then the element se — f is invertible in B and

(se—f) = i 8{2:'

n=0

Proof. Observe that s # 0 since |s| > ||f|| > 0 and define g = f/s = (1/s) f. Therefore we have
arranged that ||g|| = (1/|sDI|f| < 1.

From Proposition 2.2.2 we observe that g is invertible with Z g"=(e—-g)7". Then
n=0

e=(e—g)ign=(6—£)§fn if—n— f>Z n+1
n=0 n=0

n=0 s™
[oe] n
A similar calculation shows that Z — (se—f) = e, therefore se— f is invertible with inverse
n=0 %
as claimed. O

o0
nZ:;) Sn+1

Definition 2.2.4. The spectrum of an element f in a unital Banach algebra is the set

o(f)={\eC:re-f¢ B}

From Proposition 2.2.3, it follows that |z| <||f|| for all z € o(f). Consequently, the spectrum
of an algebra element is contained in the closure of the disk of radius ||f]|, thus o(f) is always

a bounded set. Furthermore, o(f) is closed and therefore a compact subset of C.

For some algebras, the spectrum of an element is easily described. Recall example 2.1.6.
Suppose f € A(D) such that f(z) #0 for all z € D. Note that the function 1/f is defined in all
of D is continuous and analytic inside D. Then 1/f € A(D) with the property that f-1/f =1,
so any such f is invertible. Since operations are pointwise, we see that f — A is invertible if

and only if A ¢ Ran(f), thus o(f) = Ran(f).

Definition 2.2.5. Let ry = max{|z| : z € o(f)} be called the spectral radius of f € B. The
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peripheral spectrum of an element f in a unital Banach algebra B is the set

or(f)={zea(f):lzl=rs}

The following proof follows [25, Proposition 1.1.11]

Proposition 2.2.6 (Spectral Radius Formula). Let B be a Banach algebra, not necessarily

commutative. The sequence {/||f"||}T° is convergent for every f € B and
tim YT =7 )

Proof. Let fe B and Aeo(f).

First we claim w = A" € o(f"). Let /w ={A1,...,A\n} be the n roots of w. Note that A} =w
for all n. Consider the polynomial expression f —w = (f = A1)---(f — An), which shows that
f™ —w is invertible if and only if f - \; is not invertible for some j. That is, w = A" € o(f")

if and only if A\; € o(f) for some j. Since X € o(f), it follows that A" € o(f™) as claimed.

Then |\"| < ||f"|, thus

L= VAP = VA < Vel

for every n € N. Hence [A| <liminf,y {/]|f"|| and thus

ry = max |A| <liminf {/||f7|.

Aea (f)
From Proposition 2.2.2, we may define r(\) = (A= f)™' =} X! which holds on {\ € C:
n=0

Al > || fl|}. Then the function

g(z) = %T(l/z) = 1 i L — i fnzn

0 (/2™ 5%
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1
defines a series which converges absolutely for |z| < m
Observe that the function 7(A) and Ar(\) are analytic in C\o(f), and are therefore analytic
in the subset C ~ D(r) where D(r) is the open disk of radius 7. Therefore g(z) = i

n=0

is analytic in ID(1/rf).

Consider the related series h(z) = »_ ||f"[|z", which has radius of convergence
n=0

1

R= .
limsup,en /1177l

Since ||f™2"|| = || /"[|[z"|, both series > f"z" and ) ||f"||=" are absolutely convergent on the

n=0 n=0
same set. Thus, from complex variables, it follows that the two series have the same radius

of absolute convergence, D(R) = {z € C:|z| < R}. Consequently, 1/ry < R and

rf21/R= limsNup VI
ne

We have obtained

ry < liminf /][ f"] <limsup /][] <7y
ne neN

and therefore the sequence { {/]|f"||}52; is convergent with limit 7. O

2.3 Multiplicative Linear Functionals and the Gelfand Trans-

form

An important technique in the theory of Banach algebras is to represent an algebra as an

algebra of continuous functions on a locally compact space. To do this we will need to
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investigate an important subset of the dual space, called the maximal ideal space.

2.3.1 Multiplicative Linear Functionals

The following theorem shows that there is, up to isomorphism, only one unital commutative

Banach algebra that is a field.

Theorem 2.3.1 (Gelfand-Mazur). A commutative Banach algebra with identity which is a

field must be isometrically isomorphic to the field of complex numbers.

Definition 2.3.2. A multiplicative linear functional on B is a non-zero element of the dual

space that preserves the multiplication in B. That is, ¢ € B* such that

1. %0

2. p(fg)=e(f)e(g)

for every f,g € B. Denote by Mp the set of all non-zero linear multiplicative functionals of

B.

Since ¢(f) = ¢(f-€) = o(f)e(e), it immediately follows that ¢(e) = 1. Observe that each

multiplicative linear functional is a non-trivial complex valued ring homomorphism.

Lemma 2.3.3. Let ¢ : B — C be a multiplicative linear functional from a unital commutative

Banach algebra B. Then:

L lell =1 =p(e)
2. ¢ 1s continuous

3. ker ¢ is a maximal ideal of B.



2.3. MULTIPLICATIVE LINEAR FUNCTIONALS AND THE GELFAND TRANSFORM?24

Proof. Let ¢ be a multiplicative linear functional on B. Then ¢(e) = p(e?) = p(e)p(e) which
implies that ¢(e) € {0,1}. However, p(e) =0 implies that o(f) = o(fe) = o(f)p(e) =0 for all
f € B. Therefore p(e) = 1.

Let f € B. Note that A — f € B! for all A such that |\ > ||f||. Then

L=p(e) = ((A=HA=NT) =0~ (A=)

which implies (A~ f)71) = A= @(f) #0. Thus o(f) # A. Therefore ¢(f) < ||f|| for all fe B

which shows that ¢ is continuous and that ||¢|| < 1. Since ¢(e) = 1 we have that

lleoll = 1. (2.2)

Since ¢ is a ring homomorphism, basic results from algebra show that ker ¢ is an ideal of B.
Also, ¢ is clearly onto C which implies B/(ker ¢) is isomorphic to C by the first isomorphism

theorem. Since B/(ker ¢) is a field, it follows that ker ¢ is a maximal ideal. O

Proposition 2.3.4. For a unital commutative Banach algebra, Mp is in bijective correspon-

dence with the maximal ideals of B.

Proof. Let J be a maximal ideal of B. Then B/J is a field, and by Theorem 2.3.1 is isomet-
rically isomorphic to C. Next we may consider the natural map ¢ : B - B/J to be a complex
homomorphism onto C. Therefore ¢ is the unique multiplicative linear function defined by
this map. Conversely, if ¢ is a multiplicative linear functional then ker ¢ is clearly an ad-
ditive subgroup, and also an ideal since ¢(fg) = p(f)p(g) = 0 for all f € A and g € ker .
Since ¢ is non-zero, it is surjective and therefore B/ker ¢ = C by the isomorophism theorem.
Since B/ker is a field, ker ¢ is a maximal ideal. Therefore, ¢ — ker ¢ defines the bijection

required. O
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The set M g of multiplicative linear functionals is often called the mazimal ideal space, which

is justified by the previous proposition.

The space M p comes equipped with a natural topology, the subspace topology inherited from
the weak™ topology on B* from Definition 2.1.6. The topology is described more explicitly in
terms of a subbase; form a fundamental system of neighborhoods of g € M p by taking finite
intersections of neighborhoods of the form {¢ : |o(f) — wo(f)| < €}, where f € B and € > 0.

This topology on the maximal ideal space is called the Gelfand topology.

Theorem 2.3.5 (Alaoglu). The closed unit ball of the dual space of a normed vector space is

compact in the weak™ topology.

The proof is a classic result in the theory of Banach spaces and is omitted here. It is assumed

that the norm on the dual space is described by the norm from Definition 2.1.5.

The theorem by Alaoglu is helpful for the following proposition.

Proposition 2.3.6. If B is a unital commutative Banach algebra, then Mp is a compact

Hausdorff space.
The proof follows the arguments from [11].

Proof. By (2.2), ||¢|| = 1 which implies M p is a subset of the unit sphere in B*.

Recall that for any {pq}a, va = ¢ if and only ¢ (f) = ¢(f) for every f. Suppose ¢ = ¢

for {pa} c Mp and let f,g e B. Then by the continuity of multiplication in C,

P(f9) = limpa(9) = lim(ea(£)ea(9) = (1mga(h)) (1 2a(0)) = o(He(0)

Therefore ¢ € M p which implies that Mp is a closed subset of the unit ball in B*, a compact

set in the weak™ topology by Theorem 2.3.5. Thus Mg is compact.
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Next we show Mp is homeomorphic to a Hausdorff space. Let Dy = {z € C: |2| < ||f]|}, the
disk of radius ||f|| in C. Define D = [I.p Dy with the product topology, a Hausdorff space.
Consider the map

&: Mp— D, where ¢ = {©(f)} ren (2.3)

Certainly @ is injective and onto its image, ®(Mp). The convergence in the weak* topology
also shows @ is a homeomorphism onto the subspace ®(Mpg) showing that Mp is indeed

Hausdorff. O

2.3.2 The Gelfand Transform

Definition 2.3.7. Let f be an element of a commutative Banach algebra B. The Gelfand

transform of f is the function f: Mp — C defined by

Fle)=o(f).0e Mp

The function f is a continuous function on Mpg. If g, — ¢ is a net inside Mp, then by
the definition of the weak* topology we see that f(@a) = ©a(f) = ¢(f) = f(¢). The map
A:B - C(Mp) by f+~ T is called the Gelfand representation of B. Let B denote the set
{F:feB).

The Gelfand transform gives us an alternative perspective of the spectrum of an element.

Theorem 2.3.8. Let B be a commutative Banach algebra. Then the Gelfand transformation
A:B - C(Mp) by f + f is an algebraic homomorphism such that || fllm, < ||f]| and separates

points of Mp. If B is unital, then A preserves the constant functions.

Proof. Let f,g € B. Then by definition and the dual properties of ¢ € Mg we have f + g(¢) =
o(f+9)=o(f) +e(9) = Fl) +3(0). Also Fa(¢) = v(fg) = ¢(£)e(9) = F(9)T(%)-
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We have already seen from the proof of lemma 2.3.3 that |p(f)| <||f|| for all f € B. It follows
that |F(p)| < ||f]| for every ¢ € Mp thus ||f]| < ||f||. Therefore f is a bounded continuous

function on Mp.

Let o1, € Mp such that for every f € B we have f(¢1) = f(p2). Then ¢1(f) = @a(f) for

all f € B which implies o1 = ¢9. Therefore B separates the points of Mp.

Finally, if e € B is the unit element, then €(¢) = p(e) = 1. Therefore A preserves the unit

element and consequently all constant functions in Mp. O

Proposition 2.3.9. Let B be a unital commutative Banach algebra. Then the spectrum of

any element B coincides with the range of its Gelfand transform [, that is

a(f) = F(Mp) = Ran(f).

Proof. [11] Let A€ o(f) and consider the ideal J generated by f — Ae. Then J is not all of B
since f - Ae is not invertible. Therefore there exists a maximal ideal I containing J. From the
correspondence between maximal ideals and multiplicative linear functionals, we know there

exists a multiplicative linear functional ¢ which vanishes on I. Therefore for all A € o(f),

0=p(f=Ae) =(f) = Ap(e) = Flp) =A=0
which implies () = A.

Now suppose that A ¢ o(f). Then the element f— Ae generates all of B, so in particular there

exists some g € B such that

e=g(f-Ae).

Then for an arbitrary multiplicative linear function ¢, we have

1= (e) = p(9)(0(f) —9(Ae)) = 0(9) (2(f) = X) = () (F(0) = A)
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which shows that A cannot be in the range of f. O

Notice that as a consequence of proposition 2.3.9,
= f 2.4
rj = max 1f (@) (2.4)
and we may describe the peripheral spectrum of an element f € B as
ox(f)={AeC: |\ 2|zl for all zeo(f)}={AeC:|\>|f(p)] for all pe Mp}.

Proposition 2.3.10. The Gelfand transformation A : B — B is an isometry if and only if

1120 = IfII* for every f e B.

Proof. If A is an isometry, then by basic properties of the supremum,

2
P = 1P ats = sup [F2(0) ( sup If(90)|) B

peMp peMp

On the other hand, if ||f?|| = ||f||> an inductive argument shows that ||f2"|| = ||f||*" for all

n € N. Consequently,

1= 2P = VI = v = max [F()] = [If]lm
peMp

by Proposition 2.2.6 and (2.4).

The following standard example (e.g. in [1]) shows that for a commutative Banach algebra,

the Gelfand transformation A may not be an isometry.

Example 2.3.1. Let (R,X, ) be a measure space. Consider the set M of all measurable
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functions f from R to C such that

1A = [ 1< o0 (25)

Consider the map @ : M — R by f + ||f||11. Define L}(R) to be the quotient space M /(ker &),
where each f € L'(R) is considered to be a representative in its equivalence class. The set of

such functions forms a vector space with pointwise operations and is a Banach space.

Define the convolution product (f,g) ~ f % g on L*(R) by

(fr9)@)= [ fle-tg®)ydt  (zeR), (2.6)

One can verify that (f * g)(x) can be defined almost everywhere on R with ||f * g|[;1 <

£l llglle for every f,g e LY(R), and (L*(R),]|-||51, *) is a commutative Banach algebra.

Let f = 2x[0,1) where x[o,1] is the characteristic function on [0,1] c R. That is X[o,1] = 1 on

[0,1] and x[g,1] =0 on R\ [0,1]. Then one can easily see that

2x :0<z<1
(f*f)x)=1 4-22 :1<z<?2

0 : otherwise

where ||f|lz: =2 and [|f * f|[z1 = 2. Therefore ||f * f||;1 =2 <4 =||f|[3, hence by Proposition

2.3.10, the Gelfand map L'(R) — i\l(R) is not an isometry.

2.4 Function Algebras without Unit

Definition 2.4.1 (Function Algebra). [16] Let X be a locally compact Hausdorff space and

suppose A is a subalgebra of Co(X), the Banach algebra of continuous complez-valued func-
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tions on X wvanishing at infinity, and equipped with the supremum norm. Then A is a function
algebra if it is uniformly closed and separates points in the strong sense. That is, for every
x #yeX there exists f € A such that f(z) # f(y) and for every z € X, there exists g € A such

that g(z) # 0.

Most of the commutative Banach algebras considered in this paper are function algebras, not
necessarily with a unit. The need for strong separation condition is apparent in the following

proposition.

Let A c Cp(X) be a function algebra on the locally compact (but not compact) Hausdorff
space X, and let Xo, = XuU{oo} be the one-point compactification of X. Consider the following
family of functions

A'={f+X:feA XeC} (2.7)
where each function f € A is extended continuously to Xo, by defining f(o0) = 0.

Proposition 2.4.2. The family A’ is a point-separating subalgebra of C(Xs), contains the

constant functions, and is closed under the supremum norm.

Proof. For f,ge Aand A\, € C, we have (f+A)(g+p) = fg+gr+fu+Au e A’ since fg+gA+fu €
A. Clearly A’ preserves sums, thus A’ is a subalgebra of C'(Xs) that contains A. Note that
for x,y + oo, the points will be separated by a function f € A. However, if {oo,z} ¢ Xo, then
by the strong separation, there exists a function g € A such that g(x) # 0 = g(o0). Therefore

A’ separates the points of Xo..

Consider a sequence { f, + Ap }n ¢ A’ converging uniformly to g € C(Xo). Then ||f, + A —g|| =
0 uniformly on Xo. In particular, f,(o0) + Ap(o0) — g(o0) = A\y(c0) — g(c0) - 0. Define

g(o0) = nh_)ngo An = A and let f=g—A. Then taking the uniform limit over X shows

0= T [[fu+ An =gl = 1] T (fo+ Aw = (F 4 M) = | i fy = 7] = T |1, £
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Since A is complete as a function algebra, this implies that f € A. Therefore g= f+ A€ A as
desired. O

Proposition 2.4.2 shows that any function algebra A without unit is naturally contained in
the uniform algebra A’. Consider a function algebra A c Cy(X) and define A’ as in (2.7). Let
(Yoo : A" > C) € M4 denote the point evaluation homomorphism at co. Then we see that
ker po, = A is closed in A’ since @, is continuous. Certainly A’ is unital and [[f2|| = ||f||* for

every fe A’, so A’ is isometrically isomorphic to the space of Gelfand transforms.

Notice that pe ¢ M4 since poo|a = 0. In fact, the maximal ideal spaces of A and A’ are related
by Mar = MaU{pe} = M4U{0}. In general, the maximal ideal spaces of non-unital function
algebras are not compact but locally compact, i.e. M 4s is the one-point compactification of

M 4 and the Gelfand transform fof f e Ais an element of Cop(My).

The spectrum of an element is defined in terms of invertible elements, so an alternative
definition from 2.2.4 is needed for commutative Banach algebras without unit. Let A be a
function algebra without unit and maximal ideal space M 4. For f € A, define the spectrum of
ftobeo(f)=Ff(Muy). If My is not compact, then f(Mar) = F(M4)u{0}. This definition,

along with several other equivalent algebraic definitions, are given in [16, Theorem 5.

Also note that for a function algebra A, Lemma 2.3.3 holds for the uniform algebra A’. In

particular, each ¢ € M4 = My \ {0} is continuous and |[|¢|| = 1.



Chapter 3

Boundaries in Commutative Banach

Algebras

This chapter discusses the boundaries of commutative Banach algebras. In particular, the

Shilov boundary and Choquet boundary are defined for uniform and function algebras.

3.1 General Boundaries in Commutative Banach Algebras

Let B be a commutative Banach algebra. As we have seen previously, each f € B can be
represented as a function fon the maximal ideal space Mp. It is often useful to focus on
subsets of the maximal ideal space which give only the pertinent information for an element

in the algebra. This leads to the concept of a boundary.

Definition 3.1.1. A boundary of a commutative algebra B is a subset E of the maximal ideal

space Mp such that

Iggg\ﬂ@)l = Inax 17 (2)]

32



3.1. GENERAL BOUNDARIES IN COMMUTATIVE BANACH ALGEBRAS 33

Clearly Mg is always a boundary for B.

Let A c Cy(X) be a function algebra without unit. Clearly for each x € X, the point evaluation
functional ¢, : A - C is multiplicative and = — ¢, gives a map from X into M 4. Again
consider the uniform algebra A’ on Xo. As discussed in chapter 4 of [16], the correspondence
x + o, maps Xo homeomorphically onto a compact subset of M 4/ since A’ separates the

points of Xe.

Therefore the point evaluation map identifies X as a closed subspace of M 4. Note that for
x € X, the identification implies that f(z) = ¢.(f) = f(¢s), therefore it is common to write

f(x) with the understanding that z is a member of the maximal ideal space.

Lemma 3.1.2. Let X be a locally compact Hausdorff space. If A ¢ Co(X) is a function

algebra, then X - M4 is a boundary for A.

—

Proof. Let f € B. Clearly maxgeamy{|f ()|} > maxzex{|f(x)|} where X is regarded as a

subset of Mp. On the other hand, from Lemma 2.3.3, we see that

F) =l < 11| = max{|f (x)]}

for all ¢ € Mp. This implies maxweMB{|f(g0)|} < maxgex {|f(x)|}, thus maxweMB{\f(go)]} =

maxgex {|f(x)|} as claimed.

In light of Lemma 3.1.2, we may identify the boundaries as subsets F c X.

The following lemma stresses the significance of boundaries for function algebras.

Lemma 3.1.3. Let A be a function algebra on X and E c M4 be a boundary for A. Then

the restriction map r: A - A|lg ¢ C(E) by r(f) = flg is an isometric algebra isomorphism
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between function algebras.

Proof. From basic properties of functions, the map is clearly linear, multiplicative and surjec-
tive. Since E is a boundary, we know the norm of each function is preserved by E. Thus r
is a linear isometric mapping and therefore automatically injective. For Ag to be a function
algebra, it only remains to show that Ap separates points, but this is a property that Ag

clearly inherits from A. O

3.1.1 The Shilov Boundary

The following theorem due to Shilov asserts the existence of a smallest closed boundary in a

commutative Banach algebra.

Theorem 3.1.4 (Shilov). (e.g. in [8]) The intersection of all closed boundaries of a unital

commutative Banach algebra is a closed boundary.

A somewhat technical lemma is required for the proof of Shilov’s theorem. The lemma de-
scribes an important relationship between open neighborhoods in the maximal ideal space

and closed boundaries.

Lemma 3.1.5. Let B be a commutative Banach algebra and let V' be a fixed Gelfand neigh-
borhood in Mp. Then either V meets every boundary of B or its complement E NV in each

closed boundary E of B is also a closed boundary of B.

Proof. ([25]) Let V' = V(g f1,..., fas1) = {¢b € Mp : [p(f;)| < Lyp(f;) = 0,5 = 1,...,n}.
Suppose that E is a closed boundary of B such that £\ V is not a boundary. It remains to

show that V' meets every boundary of B.

First consider the case where £\ V = @. Then V 5 E. The condition for membership in V'

guarantees that |f;| < 1 for all j and all ¢ € V, thus |f;| < 1 for all j and all p € E. But E is
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a boundary, which implies that |f;| <1 for all j and ¢ € Mp. Therefore V = Mp and clearly

meets every boundary of B.
Next suppose that £\ V # @. By assumption E/V is not a boundary of B, thus
oV =1 —~
Jnax ()l =1> max [f(p)
for some f € B. The first equality follows from the fact that ||¢|| = 1 for all p € Mp.

Now note that the function f” — 0 uniformly on the closed set E \ V. Therefore there exists

some integer m such that

wgggvlfm(w)llﬁ(w)l <1

for all p € ENV and every j. We also have |f;(¢)| <1 for all j by definition of membership in

V and it follows that the inequality above holds on all of E. Since F is a boundary, we have
max [ () ()] = max | " () i ()] < 1
peMp el

for all j.

Since f: Mp — C such that ||f]| = 1 and Mp is compact, there exists some point @1 € Mp

such that [f(¢1) = 1. Then |f™(¢1)| =1 and the inequality

1> (1) Fi ()| = 1F5 (1))

for all j expresses that ¢ € V. Therefore ¢ — |f()| attains its maximum within V', which

shows that V' indeed meets every boundary of B. O
We now have all the ingredients to prove Shilov’s theorem.

Proof of Shilov’s Theorem. ([25]) Let Ey be the intersection of all closed boundaries, F, of B.
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It is first shown that for any f € B such that |f(p)| <1 on Ey, necessarily |f(¢)] <1 on Mp.
It follows immediately that the maximum of \ﬂ taken over Ejy is also the maximum taken over

Mp.

By way of contradiction, suppose that the set K = {p e Mpg:|f(¢)|> 1} is nonempty and let
po € K. Then K n Ey = @ which implies ¢ ¢ Ey. Therefore g is not in the intersection of
all closed boundaries so there exists a closed boundary E such that g ¢ E. Therefore there
exists a Gelfand neighborhood Vj such that Vo n E = &. By the previous lemma, this implies

that £\ Vj is a boundary of B.

Since M p is compact and K ¢ Mp is closed, K is also a compact set. Therefore there exists
a finite integer k, points 1, ..., @k, boundaries F1, ..., E, and neighborhoods Vi, ..., V} such

that V; n E; = @ and the union of the V;s cover K.

We claim that the set E = Mg~ Uj-1 Vj is also a nonempty closed boundary of B. Clearly E
is a closed set. Also F cannot be the empty set since none of the V; meet Ep, thus U}Zl 1%
does not meet Ej so at least Ey c E. It M B\ (V1 UVs) is not a boundary, then there exists
some f € B such that |f] <1 on Mg~ (ViuVs) but |f] =1 on Vi UVs. This is impossible since
both Mp \V; o E; N\ V; are boundaries for ¢ = 1,2. An inductive argument shows that E is

also a boundary.

Since Uj_; Vj covers K, we see that |7] < 1 on the set £ ¢ Mp~ K. But this implies that
|7] < 1 holds on all of Mp since E is a boundary of B. This contradicts the assertion that K

was a non-empty set. Therefore Ey is a boundary as claimed. O

Definition 3.1.6. The intersection of all closed boundaries of a commutative Banach algebra

is called the Shilov boundary of B and is denoted by OB.

By definition 3.1.6, the Shilov boundary is the smallest closed boundary of B, in that it is

contained in every closed boundary of B. Since Mp is compact, it follows that 9B is also
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compact.

Example 3.1.1. Let D be the unit disk in C and recall the disk algebra, A(D), in example
2.1.6. For i =1,2, let D; be a copy of the unit disk in C. Define D = D; u Dy, the disjoint
union of Iy with Dy, and let A(D) be the algebra of functions on D, continuous on D and
analytic inside D with pointwise operations. Then A(D) is a uniform, hence function algebra
such that for each f e A(D), fi = flp, € A(D1) and f2 = f|p, € A(D2). The Shilov boundary
of A(D) is given by 0A(D) =Ty uTs.

3.2 Peak Sets and Peaking Functions

Suppose A ¢ C(X) is a function algebra on a locally compact and Hausdorff set X with

M4 = X. There are certain points in the Shilov Boundary that are easily identifiable.

Definition 3.2.1. A point xg € X is a peak point of a function algebra A if there exists a
function f € A such that f(xzo) =1 and |f(z)| <1 for every x € X ~ {x¢}. The function f is

called a peak function.

Clearly each peak point is necessarily contained in every boundary, thus every peak point
belongs to JA. In general, the set of peak points may be properly contained in A and may
not be a boundary for B at all. However, the peak points do form a boundary when the

maximal ideal space is metrizable.

Definition 3.2.2. A peak set is a non-empty set F c X such that there exists an f € A with

f(z) =1 on F and |f(z)| <1 on X \ F. Each such function f is called a peaking function.

Note that f € A is a peaking function if and only if o(f) = {1}. Let P(A) denote the family
of peaking functions in A. For f € P(A), we see that f_l(l) is always a peak set. Clearly

every singleton peak point is a peak set of A, and every peak function is a peaking function.
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Let K ¢ M4 and denote by Px(A) c P(A) be the collection of peaking functions f € A such
that K c f1(1). For each f € Px(A) we say that f peaks on K.

Let f e Ac C(X) be a peaking function with F' = f‘l(l) c M. We see immediately that
each peak set is closed since it is the inverse image of a closed set under a continuous function.
Since f e Co(My), there exists a compact set K such that K o {¢ € M4 :|f(¢)|>1/2}. Since

F c K, F is a closed subset of a compact set and is therefore compact.

Another important subset associated to each function f € A is the mazimizing set (or maxi-

mum modulus set),

E(f) ={zeX:|f(@)|=/lI} (3.1)

which is not necessarily a peak set but useful in describing the behavior of functions in A.

Note that E(f) is a compact set for each f in the function algebra A.

If X is a locally compact Hausdorff space and A c Cy(X) a nonzero function algebra , then
the following lemma shows that A contains peaking functions and X contains peak sets. The

proof follows the argument in [24], Lemma 2.3(a).

Lemma 3.2.3. Let A be a dense subalgebra of a function algebra and let f € A be such that
f#£0. If Ne o (f), then the function

_L(r
is a peaking function in A such that E(h) = f~1(\) and o(fh) = {\}.

Proof. Let f € A such that ||f]| =|A|. Consider the function

1 2
:ﬁ-(7+f)eA. (3.3)
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Then h(z) =1 for all z € f~1{\} and for all z ¢ f1{\} we have

|/ ()]

<1
2|l

()] - :

m+1‘<1‘@+1
C20 A

Hence h € P(A) such that h~1(1) = f71()\), a peak set.

Observe that f(x)h(z) = A whenever z € f~1(\), and |f(2)h(x)| = |f(x)||h(x)| < ||fR|| when
x ¢ f1(N). Therefore ||fh|| = |\ and o (fh) = {\}. O

Lemma 3.2.4. Let A be a dense subalgebra of a function algebra without unit. Then for any

feA, the set E(f) is a disjoint union of peak sets for A.

Proof. Fix f € A, then without loss of generality we can assume that ||f|| = 1. Then

E(f) = AL_Jl {1 (3.4)
)\e|R‘a_n(f)

Indeed, if x € E(f) then f(x) = A for some |A| = 1. Also if f(z) = A with |A\| = 1, then |f(x)| =1
which implies z € E(f). Now fix A € Ran(f) with |A| = 1 and consider the function
1 (f?
9= o (7 + f)
as in Lemma 3.2.3. Then g(z) =1 for all z € f~1{\}, while for all z ¢ f~1{\} we have |g(z)| < 1.
Hence g e P(A) and g (1) = f71()), a peak set. The equality (3.4) implies that E(f) is the

union of such sets.
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3.3 The Choquet Boundary

Another important boundary for uniform and function algebras is the Choquet boundary. For
a function algebra A, the most general characterization defines the Choquet boundary as a
certain subset of the unit ball in the dual space, A*, of A. We give an alternative definition
that provides a description based on the topology of the underlying space X. The following

construction is due to Phelps in [21].

3.3.1 Classical Definition

Definition 3.3.1. Let S be a convex set in a vector space V. Then the extreme points of
S are points x € S such that x not an interior point of any line segment in S. That is, x is

extreme if and only if x =ty + (1 —t)z for t € (0,1) and z #y implies that y ¢ S or z ¢ S.

Let A be a unital Banach algebra. Recall from Proposition 2.3.5 that the unit ball By = {¢ €
A"t |||l = 1} ¢ A" is compact in the weak® topology. It is easy to see that Bj is a convex
subset of the vector space A* [21]. Denote by Ext(B;) the set of extreme points in B; and
define the point evaluation map X — M4 by x — ¢,, where ¢, (f) = f(x). Then we have the
following inclusion

Ext(B1) c{aps;:|a|=1,aeC,z e X}
(see e.g. in [6], page 441.)

Definition 3.3.2 (Choquet Boundary). The Choquet Boundary of A, denoted 6 A, is the set
0A={xeX:p, € Ext(B1)}.
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3.3.2 Alternative Characterization of the Choquet Boundary

Note that peak functions and peaking functions can be defined for any set of functions. For a
locally compact Hausdorff space X, Araujo and Font [3] have shown that the Shilov boundary
exists for linear subspaces of Cy(X) that strongly separate points. Here we present a con-
struction of the Choquet boundary for function algebras A c Cy(X), which is an adjustment
of that in [13] that developes boundaries for arbitrary families of functions in Cy(X) possibly

without any algebraic structure.

Definition 3.3.3. Let A c Cy(X) be a function algebra. Then:

(i) A non-empty subset E c X is called a p-set for A if E is the intersection of a family of

peak sets.

(ii) A point © € My is called a p-point of A (or, a generalized peak point, or strong
boundary point of A) if it is a singleton p-set. The set of all p-points, or strong boundary

points, is denoted p(A).

Note that every p-set is a compact set in X.

The following theorem demonstrates the significance of the set of strong boundary points for

function algebras A c Cy(X) where X is a locally compact Hausdorff space.

Theorem 3.3.4. For a function algebra A c Cy(X), the set of p-points p(A) is a boundary
for A.

The proof of Theorem 3.3.4 makes use of some well known topological lemmas.

Lemma 3.3.5. Let X be a Hausdorff space and {E,} a family of compact sets. Suppose

E :=NaEq. If U an open set that contains E, then there exists n € N and {a;}}, such that

n
Ec()E,, cU.
i=1



3.3. THE CHOQUET BOUNDARY 42

Proof. (e.g. [13]) Fix an E,, € {E,}. Then by the hypothesis we have

anc(X\E)uUz[X\(QEQ)]uUz[Lg(X\Ea)]uU.

Therefore U, (X \ E,) uU is an open cover for the compact set E,,, thus there exists n € N

and {a;}]", such that

anC[Q(X\Eai)]uU=X\[éEaim(X\U)].

Thus

mEaiﬂ(X\U) c (XN Ey),
=1

and taking the intersection with E,, on both sides of the inclusion shows that (Ey, NN, Eq,)N
(X \U)cw, thus E c N}y Eq, c U, which shows the conclusion holds with the set {Eq,}7".
O

The previous lemma with U = @& shows the following:

Corollary 3.3.6 (Finite Intersection Property for Hausdorff Spaces). (e.g. in [19]) A family
of compact sets in a Hausdorff space has empty intersection if and only if there is a finite

subcollection with empty intersection.

For any subset F c X, let £g denote the family of all p-sets that are subsets of E. Note
that £ may be empty, and when g is nonempty it can be partially ordered with respect
to inclusion. In particular, £x is non-empty for a nonzero function algebra A on X since X

contains a peak set by Lemma 3.2.3.

Lemma 3.3.7. Let X be a locally compact Hausdorff space. If F c X and A c Cy(X) is a

function algebra such that the family Er is non-empty, then Er has a minimal element.
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Proof. Let F' c X and C be a chain in £. We aim to show that C has a lower bound and
apply Zorn’s lemma. The natural choice for a lower bound is Ngrec E’, it remains to show

that this intersection is non-empty and is a p-set.

Suppose {Ej' };7‘:1 is a finite collection of sets in C, and without loss of generality, suppose the
ordering is consistent with the partial ordering in C with j = 1 smallest. Then ﬂ;-lzl EJ’ = F]
which is a non-empty p-set. Since the finite collection was arbitrary, Lemma 3.3.6 implies that
Ngrec B is non-empty. Also by the definition, Ngrec £ is an p-set since it is the intersection

of p-sets.

Thus every chain has a minimal element, so by Zorn’s lemma there exists a minimal element

in gF ]

Observe that in particular, £x has a minimal p-set.

Lemma 3.3.8. Suppose X is a locally compact Hausdorff space and A c Co(X) is a function
algebra. Let E be a p-set. For every open set U containing E there exists h € Pp(A) such
that E(h) c U.

Proof. Let E be a p-set and U a neighborhood of E. Then there exists a family S c Pg(A)

such that £ = () E(f).
feS

Since each E(f) is compact, Lemma 3.3.5 implies that there exists a finite collection {h1, ha,..., hy} C

S such that Ec () E(h;)cU.

i=1

Let h = hy - hg--+h,, which is clearly in Pg(A). Then E(h) = () E(h;) and it follows that
i=1

E(h) = E(hi) c U as desired.. O
i=1

The following theorem is a generalization of a classical result for uniform algebras due to E.
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Bishop [4]. The arguments given here are an adjustment of Bishop’s lemma for p-sets for

uniform algebras found in [15].

Theorem 3.3.9 (Bishop’s Lemma for p-sets in Function Algebras). Let X be a locally compact
Hausdorff space and let A c Co(X) be a function algebra without unit. If f € A and E is a
p-set of A with f|g + 0, then there exists a peaking function h € Pg(A) such that fh takes its

mazximum modulus in E.

Proof. Fix f € A and without loss of generality, we may assume that max |f(z)| = 1. Therefore
xTre

we necessarily have || f|| > 1.

For every n € N define the set

Un:{:reX:|f(x)|<1+2n—1+l}.

Then for every integer n > 1, U, is open, U,, c U,,_1 and U,, o E. Since F is a p-set, Lemma 3.3.8

implies that for each n we can choose a peaking function k, € Pg(A) such that E(ky) c U,.

Then |k, (z)| < 1 on the closed set X \ Uy, so for each n define h,, to be a power of kj,, such
that
1

hy, —
(] < 17

on X \ U,. Define h = Z Z—Z
n=1

We claim that h is the desired function. Clearly the series is absolutely convergent, and

||h]| < 1. Also since each k,, is a peaking function, so is hy,.

Observe that E(h) = N2y E(hy,) 2 E since |h(z)| = 1 = h(x) if and only |h,(z)| =1 = hp(x)

for every n. Therefore h € Pg(A).
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If z € E, then |f(z)h(z)| =|f(x)|. Consequently
1 = max £ (@)h(2)] 2 mase| £ () ()] = mie | ()] = 1. (35)

which shows that in fact |[fh]| > 1. We claim that ||fh]| < 1. Fix 2 € X and let X = Uy. There
are two cases.

Case 1: x ¢ U,_1 \ U, for some n > 1.

1
Then = € Up,Uy,...,Up-1 but = ¢ U, for m > n. Therefore |f(z)| < 1+ o and |hy, (z)| <

1
< = for all m >n. Thus,

211

—

n-1 T 00 T n-1 )
i) = 3 Pl § Bl 5 T 52

1 1 1 1 1 1
:(1— )+— -1- (1——):1——
on-1 92 9n-1 on-1 2 on
1 1 1
Consequently, |f(z)h(z)| < {1+ o s BT 1

Case 2: z ¢ [ U,.

n=1

1
Then z € U, for all n which implies |f(z)| < 1+ pTs] for every n. Thus |f(x)| <1 which implies
that |f(x)h(x)| < 1 since h € P(A). Therefore ||fh]| < 1 and we have established that || fh|| = 1.

Then (3.5) shows that fh indeed takes its maximum modulus on E. O

The following strong version of Bishop’s Lemma for p-points and function algebra A c Cy(X),
not necessarily with unit, follows from Theorem 3.3.9. It plays an important role in the

theorems given in chapters 4, 5, and 6.

Theorem 3.3.10 (Strong Multiplicative Bishop’s Lemma). [24] Let X be a locally compact
Hausdorff space and A c C(X) be a function algebra without unit on X = 0A. If f € A and

xo € X is a p-point of A with f(xg) #0, then there exists a peaking function ho € Py, (A) such



3.3. THE CHOQUET BOUNDARY 46

that
or(fho) ={f(z0)} (3.6)

If E is a peak set of A which contains xq, then hg can be chosen so that E(fho) = E(hg) c E.

Lemma 3.3.11. Let X be a locally compact Hausdorff space and A c¢ Co(X) a function
algebra. If xg € X is contained in a minimal p-set and f € A with f(xo) #0, then there exists

an h € Py, (A) such that o(fh) ={f(x0)}.
For uniform algebras Lemma 3.3.11 is proven in [15].

Proof. Let E be the minimal p-set containing xg. Then by Lemma 3.3.9 there exists a peaking
function k € Pg(A) such that fk takes its maximal modulus on E, that is ma5<|f(a:)k(x)| =
xe

|| k|| which implies E(fk)nE + @.

Now by Lemma 3.2.4, E(fk) can be written as a disjoint union of peak sets

E(fe)= U (B)7'N= U A

Xeor (fk) Xeor (fk)

where Py = (fk)~1()\).

Therefore En Py # @ for some A € o,(fk). Since F is a minimal p-set, we must have

E c P\ c E(fk). Therefore g € E c E(fk). Since k € Pr(A), we see that k(xzo) = 1 and

consequently |f(zo)| = | (z0)k(z0)| = |f|l. Hence f(z0) € ox(fk).

Then by Lemma 3.2.3, H = (fk)"'(fk(x0)) = (fk)'(f(x0)) is a peak set of A. Therefore
there exists a peaking function k' € P(A) such that E(k') = (fk)"1(f(x0)). If h = kk’ then
heP(A) with g € E(h) = E(k)n E(k") c H, since k'(x¢) =1 and k(x¢) = 1.

Clearly | (z0)| = |FK]l > [lf6K'|| = |IfRll, but Fh(zo) = FER(z0) = f(zo) shows that |f(xo)] =
lfh]], thus f(xg) € ox(fh). Also for any x € E(fh) = E(fk) n E(k"), we clearly have fk(x) =
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f(xo) since z € H and k'(x) =1 thus fh(z) = f(x¢). Therefore o,(fh) ={f(z0)} as desired.
O

Lemma 3.3.12. Let X be a locally compact Hausdorff space and A c¢ Co(X) a function
algebra. Then the minimal elements of Ex are singletons. Moreover, the set of minimal

elements of Ex coincides with p(A).

Proof. Suppose E is a minimal p-set and x,y € E.

We show that x = y by showing that f(x) = f(y) for every function f € A. Since A separates

points, this proves the claim.

If f(x) =0= f(y) there is nothing to show. Otherwise let f(z) # 0. By Lemma 3.3.11 there
exists a function h € P,(B) such that o,(fh) = {f(x)}. Consequently, z € E(h) = h™1(1),
a peak set. Thus En E(h) +#+ @. By the minimality of E, we may assume that F c E(h).
Therefore we also have y € E(h) ¢ E(fh). Then y € o.(fh) = {f(x)} which implies f(y) =
f(y)h(y) = f(x). We deduce that = =y, which proves the lemma. O

All of the ingredients are now in place to prove the main result of the section, that the set of

p-points form a boundary of a function algebra.

Theorem 3.3.13. Let A c Cy(X) be a function algebra. Then p(A) is a boundary for A, and

is contained in the Shilov boundary. That is, p(A) c OA.

The following proof follows [15], Lemma 3.2.16 which establishes the result for uniform alge-

bras.

Proof. Let f € A and let {z} be a minimal element of (s, which is neccesarily nonempty

by Lemma 3.2.3. Then {z} is an intersection of peak sets by the definition of gy, which
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implies z € p(A) n E(f). Since E(f) meets p(A) for every f € A, it follows that

max |f(x)| =
max |7(a)| = ]
for every f e A, which shows that p(A) is a boundary for A.

Let E c X be a closed boundary of A. By way of contradiction, suppose that p(A) \ E # @.
Then there exists z € (p(A) N E) c (X \ E). Since E is closed, X \ E is an open neighborhood
of z in X, so by Lemma 3.3.8 there exists a peaking function h € P,(A) such that z € h™1(1) c
X \ E. Therefore ||h]| = 1 but |h(z)| < 1 on E which contradicts that E is a boundary.
Consequently, p(A) \ E = @ which implies that p(A) is contained in E. Since FE was arbitrary,

we see that p(A) is contained in every closed boundary. O

It is a surprising and convenient fact that the set of strong boundary points, p(A), for a

function algebra A c Cy(X) coincides with the Choquet boundary in definition 3.3.2.

Theorem 3.3.14. (e.g. in [23]) If Ac Co(X) is a function algebra, then 60A = p(A).

The proof will be omitted here, but is provided in [23], pages 2-3. The theorem, together with
the results above, show the Choquet boundary is indeed a boundary and is contained in the
Shilov boundary. Therefore 6B ¢ B which implies that B c OB. The simple observation
6B c 0B shows 0B is a closed boundary, so we also have B c §B. It follows that 6B = dB.

3.4 Dense Subalgebras of Function Algebras

Suppose that A c Cy(X) is an algebra such that A is a function algebra, not necessarily com-
plete. Then A may inherit several useful properties from A, but the conclusion of Theorem
3.3.10 may not hold since the construction of the function h € P(A) makes use of the com-

pleteness of A. In addition, it may not be the case that p(A) = 0 A, and in fact it can happen



3.4. DENSE SUBALGEBRAS OF FUNCTION ALGEBRAS 49

that p(A) = @. For this reason, the assumption p(A) = dA may be added as a hypothesis for

some later theorems on dense subalgebras of function algebras.

Also note that My = M. Indeed, every multiplicative linear functional ¢ is continuous,
consider f € A such that f = lim f,,, where f, € A. Then o(f) is determined as lim ¢(f,).
Similarly, A* = A" and it follows that 6A = 64 since the Choquet boundary is defined as a

subset of the dual space.

Example 3.4.1. Let C(l)[a, b] denote the vector space of continuous complex-valued func-
tions on the interval [a,b] which are differentiable and whose derivatives are continuous on

[a,b]. Define a norm on C(M[a,b] by

171l = max | f(t)]

With pointwise addition and multiplication, CV[a, b] is a commutative Banach algebra. How-

ever, C(M[a,b] is not uniformly closed in C[a, b].

Example 3.4.2. Let Pla,b] = {X"qa;z’ :neN,i=1,...,n, a; € C} be the set of polynomials
defined on the interval [a, b], again with pointwise operations and the supremum norm. Then

P[a,b] is a commutative algebra, but is not complete with respect to the norm. In fact,

Pla,b] = C[a,b] by the Stone-Weierstrass theorem.



Chapter 4

Norm-Multiplicative Mappings

between Function Algebras

Unless otherwise stated, throughout this chapter A c C(X) and B c C(Y') will be function

algebras on locally compact spaces X and Y, respectively.

4.1 Basic Results

Definition 4.1.1. Let Ac C(X) and B c C(Y) be function algebras, and let 1:Y — X be a

continuous mapping. A map T:A - B is called

(i) a 1-composition operator on Y if (T f)(y) = f(¥(y)) for all fe A andyeY, and

(ii) a weighted -composition operator on Y if there is a continuous function o on'Y so

that (Tf)(y) = a(y) f(¢(y)) for all fe A and yeY.

Proposition 4.1.2. If T : A - B is a composition operator between function algebras, i.e.

50
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Tf = fo for some homeomorphism 1, then T is linear, multiplicative, injective, and an

1sometry.

Proof. Let f,ge A and «, 8 € C. From the definitions of function operations we immediately
see that T'(af+8g) =aTf+BTg. f Tf =Tg, then foi = gotp and therefore the injectivity of
T follows from the injectivity of the homeomorphism . Also T'(fg) = (fg)o = (fo))(gov)) =

T fTg again by basic properties of functions. The fact that T is an isometry follows since

I7f1l = max TF )] = | max|f(x)| = 5] (1)

for all f e A. O

Note that a weighted composition operator T with |a] = 1 is also linear, injective and an
isometry, and the operator T'/a is multiplicative. Observe that if ¢ is a homeomorphism and
la(y)| =1 for all y € Y, then |T'f(y)| =|f(¢¥(y))| for all y € Y and therefore T is an isometry as
shown in equation (4.1). In [8,10,14,17,24], techniques were developed for sufficient conditions

for composition and weighted composition operators.

In general, an arbitrary isometric algebraic isomorphism between function algebras need not
be a composition operator. Recall the disk algebra A(D) identified with its image under the
Gelfand transformation A : A(D) — A(D) ¢ C(M AD))- Making the usual identifications,
the maximal ideal space was given by M4y = D and the Shilov boundary was found to be
0A(D) = T. Lemma 3.1.3 shows that the restriction map r : A(D) - A(D)|r from the disk
algebra to the algebra of restrictions is an isometric isomorphism. However a basic result from

topology shows that there is no continuous surjection from T to D.
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4.2 Norm Multiplicative Operators

Operators T': A - B between commutative Banach algebras A, B such that

1T 5Tyl =lf ]l

for every f,g € A are called norm-multiplicative operators ([14]). Norm-multiplicative oper-
ators were introduced in [14] where a version of the next theorem was proved for surjective
operators between uniform algebras. The version for function algebras plays a crucial role in

the sequel. The complete proof provided here follows the arguments of [24].

Theorem 4.2.1 ([24]). Let A ¢ Co(X) and B c Cy(Y) be dense subalgebras of function
algebras without units on X = 0A and 'Y = OB with p(A) =0A and p(B) =6B. If T:A— B
is a surjection such that HTf . Tg” = | fg| for all f,g € A, then there is a homeomorphism
P:p(B) - p(A) such that

(TH(W)| = |f ()] (4.2)

for all f e A and y € p(B).

The proof of Theorem 4.2.1 requires several lemmas. For a function algebra A c Cy(X) and

a subset £ c X, define Fg(A) ={feA:||f]|=1,|f(x)|=1on E}.

Lemma 4.2.2. Let A c Co(X) be a subalgebra of a function algebra without unit, such that
X =0A. If he P(A) and V c X is an open set containing E(h), then supy.y |h(z)] < 1.

Proof. By way of contradiction, suppose that max{|h(x)|: x € X ~\V} = 1. Consider the
Gelfand transform h. As discussed in 2.4, A ¢ Cy(X) which implies that % is a continuous
function such that lim, .o, 2(x) = 0. Therefore maxx [R(x)] is achieved on the closed set X\ V/,
so there exists zg € X such that |h(xp)| = max{|h(z)|: x € X N\ V} = 1. This contradicts the

assumption that V' o E(h). O
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Lemma 4.2.3. Let A c Co(X) be a subalgebra of a function algebra without unit, such that
X =0A, and let E c X be a non-empty p-set for A. Then maxyep |f(2)| = infrez, ay [|fA] for

any f € A. In particular, if xo € p(A), then |f(xo)| = infper, (a)llfRl-

Proof. Let f € A and € > 0. It suffices to find h € Fg(A) such that max,.g|f(x)| < ||fh|| <

maxgep |f(z)] +€.

Consider the open set V = {x € X : |f(z)| <max¢cp |f({)|+€}. Note that £ c V and let k € Pg
such that F(k) c V. By lemma 4.2.2 we have supy.y |k(z)| < 1. Since f is bounded, there
exists n € N such that h := k" where |f(z)h(z)| < maxcep|f(()|+e€ for all z € X\ V. Also, since
lpl| = 1, |f(z)h(x)] < |f(x)| < maxceg |f(C)] + € for all € V. Therefore the inequality holds

over all of X, thus taking the supremum over all z € X implies that ||fh|| < max¢eg [f(Q)] +e.

Therefore,
I&@EXIf(C)I = CE@EXIf(C)h(C)I < rgglf(f)h(é)l =||fhll < I&aglf(C)l +e
which is the desired result. ]

Lemma 4.2.4. Let Ac Cy(X) be a dense subalgebra of a function algebra without unit, such
that X = 0A and p(A) =dA. Then every non-empty set of type E =Ny E(fa) where ||fall =1
meets p(A). That is, Enp(A) + @.

Proof. Let E =Ny E(fa) where ||fo]| =1 for all a. Choose x € E and let z € P, c E(f,) for
each a. Intersecting both sides over all « gives x € N, P, € E. Therefore x is an element of
p-set which is properly contained in E. Since A c A, we see N, Pa is also a peak set for A.

Consequently F meets 64 = 6A = p(A). O

Definition 4.2.5. Suppose that X,Y are locally compact Hausdorff spaces with A c C(X)
and B c C(Y') dense subalgebras of function algebras on X = 9A andY = OB with p(A) = §A
and p(B) = dB.
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e For a set Sc Cy(X), let |S|={|f|: f €S} denote the modulus set of S.

e An operator @ : |A| — |B| is increasing if and only if for all f,g € A, ®(|f|) < P(|g]) on

Y whenever |f| <|g| on X.

e An operator @ : |A| — |B| is sup-norm multiplicative if [|®(|f)@(|gD)|| = ||fgll for all

figeA

Lemma 4.2.6. Let X,Y be locally compact Hausdorff spaces, A c Co(X), B c Co(Y) dense
subalgebras of function algebras without units such that X = 0A,Y = 9B and p(A) = §A,p(B) =
dB. Also suppose @ :|A| - |B| is an increasing bijection. If ¢ is sup-norm multiplicative, then
there exists a homeomorphism 1 : p(B) — p(A) with respect to which @ is a -composition
operator on p(B). That is, ®(|f|)(v) = |f(¥(y))| for all f € A and y € p(B). In particular, ®

18 multiplicative.

The technique for the proof of the lemma was developed in [22].

Lemma 4.2.7. For any y € p(B)

Ey = N E(f) (4.3)
feA
2(IfNelFy (B)I

is nonempty and E,np(A) + 2.

Proof. We first show the family {E(f) : f € A,&(|f|) € |Fy(B)|} has the finite intersection
property. Let fi,..., fn, such that &(|f;]) € |F,(B)| for j = 1,...,n. Consider the product
O(|f1])-=P@(|frn|). Since @ is a bijection, there exists f € A such that &(|f|) = D(|f1])---@(|frn])-
Since each &(|f;]) € |F,(B)|, we see that &(|f|) € |Fy(B)|. Therefore @(|f]) < D(|f;]) for each
J, so |f(Q)] <1£j(¢)| for all € X since @ is increasing.

Note that ||f|| = |2(|f|)|| = 1. Certainly [|@(|f])|| = 1 since we have already seen that @(|f]) €

|7, (B)|. Also the sup-norm multiplicativity implies that ||f||* = ||f2[[[|®(|f])?]| = [|@2(|f])]|* so
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indeed || f|| = 1. Similarly, it follows that ||f;|| = |[|2(|f;])|| =1 for all j=1,...,n.

Consequently, we may choose x € X such that |f(z)| = 1. The previous inequality shows that
|fj(z)| =1 for all j. Therefore E(f) c E(f;) for all j, and taking the intersection over all j
reveals E(f) c N} E(f;). Therefore N}_; E(f;) # @, so the family has the finite intersection
property. Since each E( f) is a compact subset of the Hausdorff space X, E,, is also non-empty.
Therefore E,np(A) #+ @ by Lemma 4.2.4. O

Lemma 4.2.8. Ify e p(B) and x € E,np(A), then

P(|F2(A)]) € [Fy(B)I- (4.4)

Proof. Let h € Fy(A) and |k| = &(|h|). It suffices to show that |k(y)| = 1. Let V be a
neighborhood of y and q € F,(B) such that E(q) c V. If [p| e #'(|g|) then |]p|| = ||g|| = 1, thus

Eynp(A) c B, = N E(f) < E(p)
FeA(If)elF,y (B))

since p € A such that &(|p|) € |F,(B)|. Therefore x € E(p) which implies p € F,(A).

Now 1 = |h(x)p(z)| = ||hpl| = [|@(|h)2(|p])]| = [|kqll < ||k|ll|lg]l = 1. Therefore there exists some
yv € E(q) c V such that |k(yv)q(yv)| = [k(yv)lla(yv)| = 1, which implies [k(yy)| = 1 and
lg(yy)| = 1. Since this holds for every neighborhood V of y, the continuity of k implies that
|k(y)| =1 as desired. O

If A is a function algebra (or uniform algebra), then it separates points of X. Here we provide
a proof that A must in fact separate the points in moduli. The arguments given here are an

adapation of those found in [20].

Lemma 4.2.9. Let X be a locally compact Hausdorff space. If A c Co(X) separates the points
of X, then so does |A|.
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Proof. Suppose that x,y € X such that |f(z)| = |f(y)| for every f € A. We must show that

x=y.
Clearly if f(y) =0 then |f(z)|=|f(y)| = 0 which implies f(z) = 0.

Otherwise choose f,g € A such that f(y) # 0 and g(y) # 0. Define h = f(y)g - g(y)f. Note
that h e A and h(y) = 0. It follows that 0 = |h(y)| = |h(z)| which implies h(z) = 0. Therefore

0=f(y)g(x)-g(y)f(x)or f(z)/f(y) =g(x)/g9(y). Then for this common ratio t € T, we have
f(x)=tf(y) for every f e A such that f(y) #0.

Consider the identification of x,y with the point evaluation functionals ¢, ¢, respectively.

Then ¢, =ty, on A. In particular, for f e A such that f(y) # 0, we can write ¢, (f) = to,(f)

ulf) | 1, (%m

n
ey(f) ey (f)
implies ¢ = 1. Therefore ¢, = ¢, on A which states that f(z) = f(y) for all f € A, and

2
and o, (f?) = to,(f?) since f2 € A. Thus t = ) simultaneously which

consequently x =y since A separates the points of X. ]

Lemma 4.2.10. For any y € p(B), the set E,np(A) is a singleton.

Proof. By way of contradiction, suppose = € E, np(A) and z € (£, np(A)) \ {z}. Since
A separates the points of p(A), Lemma 4.2.9 provides the existence of h € A such that
|h(z)| # |h(z)|]. By an appropriate scaling, we can assume without loss of generality that
h e Fi(A) with |h(2)| < |h(z)| = 1. Then @(|h|) € Fy(B) so as in the proof of Lemma 4.2.8, we
have Ey np(A) c E(h). Therefore z € E, np(A), a contradiction since then z € E(h) which

implies |h(2)| = 1. O

Therefore for each y € p(B) we have the well-defined assignment v : p(B) — p(A) by {¢(y)} =
{E,np(A)}. We can rewrite 4.4 as

P(|Fyy) (D) € |7y (B)I- (4.5)
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Then for any h € Fy,)(A), we have &(|h|) € |F,(B)| and it follows that

(¥ (y))l =1 =[@(h)(y)]- (4.6)

It fact, we have that each k € |F,(B)]| is in the image of h € [Fy,)(A4)| under &.

Corollary 4.2.11. For any y € p(B), ™ (|F,(B)|) = |Fy(y) (A)l.

Proof. First note that (4.5) implies that |Fy,)(A)| c @71 (|F,(B)]).

Let y € p(B), k € Fy(,)(A) and suppose |h| € &7 1(|k|). Then it remains to show h € Foy) (A).
Since @(|h|) = |k| € |F,(B)|, (4.3) implies that {E, np(B)} = {¢(y)} ¢ E(h). This implies
|h(¢(y))| = 1 = [k(y)| and therefore [|h|| = 1, thus h € Fy,)(A) and the other inclusion is

proven. ]

We are now ready to prove Lemma 4.2.6.

Proof of lemma 4.2.6. Let f e A and y € p(B). Then lemma 4.2.3, corollary 4.2.11, and the

norm-multiplicativity of @ imply

217Dy = keifnfB) 12 f1) - % (4.7)
= hefif(lyf)(A) [2( @A)l (4.8)
) hefir(li(A) 17 (4.9)
=f(¥®)l. (4.10)

Therefore @ is a -composition operator.

It remains to show that ¢ : p(B) - p(A) is a homeomorphism. Let y € p(B) and some constant

0<c< 1. Let U be an open neighborhood of ¥(y) in X. Then there exists a peaking function
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h € Py(yy(A) such that E(h) c U and |h(x)| < c for all x € X \U. Take |k| = D(|h]) € |Fy(B)|
and therefore |k(y)| = |h((y))| =1 > c by (4.6).

Consider the open set W = {n € p(B) : k(n) > ¢} containing y. Then ¢ < |k(n)| = |h(¢(n))|
for all n € W. Since h(¢) < ¢ for all ( € X \ U, it follows that ¥ (n) € U for all n € W. Thus

(W) c U which shows that 1) is continuous.

Recall that @ : |A| — |B]| is bijective and consider the inverse =1 : |B| - |A|. Then ¢! is
a surjective map that satisfies all the hypothesis of lemma 4.2.6. Following the established
symmetric arguments, there exists a continuous map ¢ : p(A) - p(B) such that &~1(|g|)(z) =
lg(¢(x))| for all g € B and x € p(A). Since &' (|F,(B)]) = [Fy(y) (A)], for each ¢(y) = = we

have

{6()) = By np(B) ()
[N E@]ws) (412)
27 (|lg)elFy(y) (A))

- Qg E(g) | np(B) (4.13)
lgle®(|F(yy (A)])
i (4.14)

Therefore ¢(1p(y)) = y and similarly ¢ ((z)) = z, thus ¢ = ¢! and 1 is bijective. Hence 1 is

a homeomorphism as claimed.

Also (| fg)(y) = Ifg( (W)l = [F (L wDllg(& (W)l = (2(FNL(lg]))(y) for all y € p(B) so it is

multiplicative. O

We now have all of the tools needed to prove the main result of this section, that a norm

multiplicative map T" between dense subalgebras of function algebras is a composition operator
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in modulus.

Proof of Theorem 4.2.1. Let f,g € A such that |T'f| < |[Tg| on Y. Then by the sup-norm
multiplicativity of T, for any h € A we have ||fh|| = ||TfTh|| < ||[TgThl| = ||gh||- Then for any p-
point zg, taking the infimum over all h € F,, and applying Lemma 4.2.3 shows | f (z0)| < [g(z0)]-
Therefore |f| < |g| on p(A) = X.

Now take any k € B and h € T7'(k). By the norm multiplicativity of 7' and since |f| < |g|,
we have [|T'f - k|| = ||TfTh|| = ||fh]| < |lghl| = ||TgTh|| = ||Tg - k||. Again, applying Lemma 4.2.3
implies |T'f| < |T'g| on p(B) =Y. Therefore |f| <|g| on X if and only if [T f| <|T'g| on Y. Note
that if |f] = |g| on X, then |Tf| < [T'g| on Y but also ||f]| = ||g|| which implies ||Tf|| = [|Tg]|-
This shows that |T'f| = |T'g| on Y. Conversely we also have |T'f| = |T'g| on Y which implies
|f| =|g| on X. Therefore |f| =|g| on X if and only if |T'f| =|Tg| on Y.

Define the map @ : |A| — |B| by @(|f|) = |T'f|- The computations above clearly show that &
is a well-defined, increasing bijection between |A| and |B|. Therefore by Lemma 4.2.6, there
exists a homeomorphism ¢ : Y — X such that @(|f|)(y) = |f(¥(y))| for all y € Y. Thus
ITf(y)| = |f(¥(y))| for all y € Y and we have shown that T is a t-composition operator on
p(B) in modulus. O



Chapter 5

Almost Peripherally-Multiplicative
Operators between Function

Algebras

Since function algebras have algebraic and topological structures, one can impose various
conditions on maps T' between function algebras A and B to be structure preserving maps.
In the spirit of the Mazur-Ulam theorem, this chapter introduces topological constraints on
the mappings 7' : A - B between function algebras from which it follows that T is a structure
preserving map . Specifically, we find spectral conditions which imply that T is a composition,

or weighted composition operator.

5.1 Terminology for Maps between Function Algebras

Definition 5.1.1. Let A, B be function algebras on locally compact spaces X,Y respectively,

and suppose T : A - B is a mapping.

60
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o Ifo (TfTg)=0x(fg) forall f,ge A, then T is said to be a peripherally-multiplicative

operator. [17]

o Ifo.(TfTg)cor(fg) forall f,ge A or ox(fg) cor(TfTgq) for all f,ge A, then T is

said to be an almost peripherally-multiplicative operator.

o Ifo.(TfTg)nor(fg) + D for all f,g € A, then T is said to be a weakly peripherally-

multiplicative operator. [14]

If T is a weighted composition operator,i.e. T'f = a(fo1)), such that a: Y — {£1}, then T is a
peripherally-multiplicative map and thus a weakly peripherally-multiplicative map. Note that
a norm-multiplicative operator T only provides information on the moduli of the elements of
the algebra T is acting on, whereas the peripheral conditions above also provide rotational

information regarding the surjective map 7.

If T is peripherally-multiplicative map between function algebras on metric spaces X,Y re-
spectively, then T is a weighted composition operators (see Corollary 6.2.5). In general it
is not known if weakly peripherally-multiplicative maps are composition operators, but for

composition operators, the following converse is always true.

Proposition 5.1.2. Suppose T : A — B is a map between function algebras A, B on their
locally compact and Hausdorff mazimal ideal spaces M = X and Mp =Y respectively. If
there exists a homeomorphism ¢ 1Y — X such that Tf(y) = f(¥(y)) for ally €Y, then T
1s a peripherally-multiplicative map. In particular, T is almost peripherally multiplicative and

weak peripherally-multiplicative.

Proof. For notational convenience, identify element f € A with f, the Gelfand representation

of f.

Suppose z € o (Tf-Tg). Since o(Tf-Tg) = Tf-Tg(Mp) there exists yg € Y such that
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Tf(y0)T9(yo) = z, where

(Tf-Tg)(y)l < |z] (5.1)

for every y € Y. Since T is a composition operator, it follows that

2= F(@(0)9($(0)) = (f - 9)¥((y0)) € F-g(Ma) = 7(fg), where

(F-9) ()] < [z] (5-2)

for every ¥ (y) € X, thus every x € X since 1 surjective. Therefore z € o:(f - g).

On the other hand, if z € o;(f - ¢) then there is a x = ¥(y) € X such that (f-g)(¢¥(y)) = =
satisfying (5.2) and also (5.1). The inequalities also hold on X, Y since 17! is surjective, which

implies z € o (Tf-Tg). This shows that both inclusions hold.

Hence o,(TfTg) = 0:(fg), i.e. T is peripherally multiplicative, which clearly implies that

ox(TfTg) cox(fg) and o-(TfTg) nox(fg) * 2.

O]

Example 5.1.1. Let A(D) be as defined in Example 3.1.1. Define a map 7": A(D) - A(D)
by

Tf _ fl - on ]D)l
—f2 - on DQ

Clearly T is surjective, and for any f,g € A(D), TfTglp, = fig1 and T fTg|p, = fog2. Therefore
or(TfTg) =0.(fg) for all f,ge A(D). Therefore T is a peripherally multiplicative map, thus
almost peripherally-multiplicative and weakly peripherally-multiplicative, which is a weighted

composition operator but not a composition operator.

Lemma 5.1.3. Let T : A - B be an operator between two function algebras. If T is
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peripherally-multiplicative, almost peripherally-multiplicative, or weakly peripherally-multiplicative,

then T is norm-multiplicative.

The proof of the proposition follows from the observation that for any A € o:(fg)no. (T fTg),

we have ||fg|| = |\ = [|T'fTg|| from the definition of the peripheral spectrum.

For uniform algebras A ¢ C(X) and B ¢ C(Y) on compact Hausdorff spaces X and Y
respectively, it has been shown in [17] that a necessary and sufficient condition for a surjective
unital operator T: A - B to be a composition operator on dB is for T to be peripherally-

multiplicative.

5.2 Almost Peripherally-Multiplicative Conditions

In [14], it is shown if T:A — B is an almost peripherally-multiplicative surjective mapping

between two uniform algebras such that

or(Tf) = ox(f) (5-3)

for every f € A, then T is a composition operator on § 5.

The following two theorems show that almost peripherally-multiplicative maps between ar-
bitrary function algebras are weighted composition operators, without assuming condition

(5.3).

Theorem 5.2.1. (A) (J,T) [12] Let Ac C(X) be a function algebra and B c C(Y') a dense
subalgebra of a function algebra, not necessarily with units, such that p(B) = 6B, and where

X and Y are locally compact Hausdorff spaces. If T: A — B is a surjection such that

ox(Tf-Tg) cor(fg) (5.4)
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for all f,g € A, then there exists a homeomorphism :6B — dA and a continuous function o

on 8B with o =1 such that

(TF)(y) =aly) f(¥(y))

for every y e 0B.

Proof. First we show that (T'f)(y)? = f(1(y))? for every f € A and y € 6B. Let f € A and
yo € 0B. Equality (5.4) and the observation in Lemma 5.1.3 implies that |T'f - Tg| = || fg]

for every f,g € A. Let ¥:6B — JA be the homeomorphism from Theorem 4.2.1, such that
()W)l =1f(&(y))] for all y € 6B. Clearly (T'f)(yo) = f(¢(y0)) whenever f(¢(y0)) = 0.

Suppose f(¥(yp)) #0. If V c 0B is an arbitrary open neighborhood of yg in § A, then, clearly,
U = (V) is an open neighborhood of 1¥(yy). By Lemma 3.3.10 there exists a peaking function
h € Py(yo)(A) with o (fh) = {f(¥(y0))} such that E(fh) = E(h) c U. Denote k = Th. Note
that o5 (T - k) = {f (o))} since, by (5.4), ox(Tf k) < o (fh) = {f((0))}. Therefore,
there is a point y1 € 0B so that (T'f-k)(y1) = f(¥(yo0)), i.e. (Tf)(y1)k(y1) = f(¥(yo)). Since

T is a composition operator in modulus,

[f R (y))] = [F (@ y)IA((y)) | = [(TF) I (TR) ()] = 1 (4 (v0))] (5:5)

and o (fh) = {f(¥(yo)}, we deduce that the function fh attains the maximum of its modulus
at ¢(y1). Hence ¢(y1) € E(fh) = E(h) c U, which implies 1(y1) € U, and therefore, y; €
Y~ Y(U) = V. Thus

(TF) (1) k(y1)* = F(¥(%0))*. (5.6)

for some Th = k € B. Then (5.4) implies that o,(k?) = 0.((Th)?) c o,(h?) = {1}, and
therefore, o (k%) = {1}. Also, |k%(y1)| = [Th?*(y1)| = |h(¥(y1))?| = 1 since y; € E(h). It follows

that k%(y1) = 1, and therefore (5.6) becomes

(TH) () = F(b(yo))>. (5.7)
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Since V' was an arbitrary neighborhood of yg, the continuity of T'f, f,1) imply that (5.7) in
fact becomes (Tf)(y0)? = f((y0))? as desired.

Thus there exists a number a¢(yo) = 1, possibly depending on f, such that

(T1)(yo) = s (y0) f(¥(90))- (5-8)

We claim that the number ay(yo) does not depend on f € A. First we show that ay(yo)
has the same value for all peaking functions h in Py, (A). Indeed, if hi,ha € Py (A),
then, by (5.4), 0x(Thy -Tha) c ox(h1he) = {1}, and therefore, o(Th; - Ths) = {1}. Since
[(Th1)(yo) (Th2)(yo)| = |h1(¥(y0))||h2((yo))| = 1, the function Thy - Thy attains its max-
imum modulus at yo. Hence (Thi)(yo) (Tha)(yo) € 0-(Thy - Thy) = {1}, and therefore,

(Thi1)(yo) (Th2)(yo) = 1. Consequently, the numbers oy, (yo) = an, (yo) hi(¥(v0)) = (Thi)(yo), @ =

1,2, have the same sign, thus o, (v0) = an, (yo)-

By Lemma 3.3.10 there is an h € Py, (A) such that or(fh) = {f(¥(y0))}. Since, by (5.4),

ox(TfTh) cox(fh) ={f(¥(y0))}, we have o (T'fTh) = {f(¢(yo)}- Hence |(T'f)(y0) (Th)(yo)| =
[(TH) oll(Th) (yo)| = £ (& (yo)l[P(¥(y0))] = |f ((y0))|. Consequently, the function T'f - Th

attains the maximum of its modulus at yp, so we must have (T'f)(yo) (Th)(yo) € o (T f-Th) =
{f(¥(y0))}, thus (T'f)(yo) (Th)(yo) = f(¥(y0)). Therefore,

(TH@) (Thw) 1,
W 00) W) ~ (b))

Oéf(yo) an(yo) =

Hence ayf(yo) = an(yo), thus the number ay(yo) has the same value for all f € A with
f(¥(yo)) # 0. Consequently, the function a(y) = ar(y), y € 0B, f e A, f(¥(y)) # 0, is well
defined, and o? = a2 = 1. Finally we observe (5.8) becomes (Tf)(yo) = a(vo) f(¥(0)), as

desired.

To show that « is continuous at any y € dB, let f € A with f(¢(y)) #+0 and let V c 6B be a

neighborhood of y such that fo1 # 0 on V. Since T'f, f and ¢ are continuous on V, so is the
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function o =T f/(f o). In particular, « is continuous at y € V. O

The theorem holds under the symmetric almost peripherally-multiplicative condition. The

proof is analogous to that of Theorem 5.2.1(A).

Theorem. 5.2.1 (B) (J,T) Let Ac C(X) be a dense subalgebra of a function algebra with
0A =p(A), and B c C(Y) be a function algebra, not necessarily with units, where X and 'Y

are locally compact Hausdorff spaces. If T: A - B is a surjection such that

ox(fg) cox(Tf Tg) (5.9)

for all f,g € A, then there exists a homeomorphism ¥:0B — dA and a continuous function «

on 8B with o =1 such that

(THy) =aly) fW(y))

for every y e dB.

Proof. As before we show first that (T'f)(y)? = f(¢(y))? for every f ¢ Aand y € 6B. Let f e A
and yo € dB. The equality (5.9) implies that |T'f-Tg|| = | fg| for every f, g€ A, and therefore,

Theorem 4.2.1 applies. Let ¢:0B — §A be the homeomorphism from Theorem 4.2.1, such

that [(Tf)(y)] = |f((y))| for all y € 6B and f ¢ A. Clearly (T'f)(y0) = f(+(y0)) whenever
(T£) (o) = 0.

Suppose (T'f)(yo) # 0 and let V c §B be an open neighborhood of yy. By Lemma 3.3.10
there exists a peaking function k € Py, (B) such that o, (T'f-k) = {(Tf)(yo)} and E(Tf-k) =
E(k) ¢ V. Hence for every h € T™'(k) we have o.(fh) c o.(Tf k) = {(Tf)(y0)}, ie.
ox(fh) = {(Tf)(yo)}. Therefore, there is a point x1 € §A so that (fh)(x1) = (Tf-k)(yo) =

(Tf)(yo). The surjectivity of ¥ implies that there is an y; € B so that x; = ¢)(y1). Hence
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FW(y1)) h(¥(y1)) = (Tf)(yo), and squaring both sides yields

(F@(y)))? (W (y1)))? = (Tf)(y0))*. (5.10)

Since o (fh) ={(Tf)(y0)} and

T - ko)l = [(TH) Ik = 1F (&) lIh (D (y)] = (Tf) (yo)

by (4.2), the function T'f - k attains the maximum of its modulus at y;. Consequently, y; €
E(Tf-k)=E(k) cV. Then |h(x)(y1))?| = |k(y1)? = 1 so ¥ (y1) € E(h?). Also the condition
(5.9) implies that o (h?) c 0. (k?) = {1}. Therefore h(z(y1))? =1 and (5.10) becomes

F@b(n))? = (Tf)(y0)? (5.11)

Since V is an arbitrary neighborhood of g, the continuity of f,1 and h imply f(v(y0))? =
(T£)(yo)? as claimed.

Consequently, there is a number af(yo) = £1, possibly dependent on f, such that

(TF)(yo) = e (yo) f(¥(y0))- (5.12)

We claim that as(yo) does not depend on f € A. First we show that ap(yo) has the
same value for any h € T7!(k) such that k € Py, (B). If k1, ks € Py (B) and h; € T (k;),
i = 1,2, then o;(hih2) ¢ 0x(Thy-Thy) = op(k1ks) = {1}, thus or(h1he) = {1}. Since
|ha (¥ (yo))|Ih2 (¥ (y0))| = [(T'h1) (yo) (T'h2)(yo)| = 1 it follows that h1 (¢ (y0)) h2(¥(y0)) € ox(hrh2) =
{1}, hence h1(v¥(y0)) h2(¥(yo)) = 1. By (5.12), an,(y0) hi(¥(v0)) = (Thi)(yo) = ki(yo) = 1.

Consequently, the numbers ay, (yo) = 1/hi(¢(yo)), i = 1,2, have the same sign and therefore,

an, (Y) = any (Yo)-
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Now let f € A be arbitrary. According to Lemma 3.3.10 there exists a k € Py, (B) such that
or(Tf-k) = {Tf(yo)}. Let h e T1(k). Equality (5.9) implies that o,(fh) c o (Tf-k) =
{(Tf)(yo)}, hence o (fh) ={(Tf)(yo)}. Therefore,

[f (b (y0)) h(¥(yo))| = 1f (L (o) (b(y0))| = [(T'f) (o) (Th)(yo)| = (T f)(yo)l.

It follows that the function fh attains the maximum of its modulus at ¢(y), so we must have

F((yo)) h((yo)) € ox(fh), thus, f(¥(yo)) h(+(yo)) = (T'f)(yo). Therefore,

(Tf)(yo) (Th)(yo)
fW (o)) h(¥(vo))

ay(yo) an(yo) = = (Th)(yo) = k(yo) = 1.

Hence a¢(yo) = an(yo), thus the number af(yp) has the same value for all f € A with
(T'f)(yo) # 0.

Consequently, the function a(y) = af(y), y € 0B, fe A, (T'f)(y) # 0, is well defined. Now
(5.12) becomes (T'f)(yo) = a(yo) f(¥(yo)). The proof completes as in Theorem 5.2.1(A). O

If both A and B are function algebras, the previous two theorems can be combined as follows.

Theorem 5.2.2. Let X and Y be a locally compact Hausdorff spaces and A ¢ C(X) and
B c C(Y) be function algebras, not necessarily with unit, such that X = 0A and Y = 0B. If

T:A - B is an almost peripheral-multiplicative surjection, i.e.

(a) o (Tf-Tg)cox(fg) forall f,ge A, or,

(b) ox(fg) cox(Tf-Tg) for all f,geA,

then T is a weighted composition operator on  B. That is, there is a homeomorphism ¢:6B —
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SA and a function o on 6B with a® =1 so that

(TH) () = aly) f($(y))

for all f e A and y € 6B. In particular, T/« is linear and multiplicative operator, i.e. an

algebra isomorphism.

If the map T : A — B in Theorem 5.2.1 is bijective, where both A ¢ C(X) and B c C(Y))
are function algebras, then one can consider the surjective map 77! : B - A which has the
property that o,(fg) c o.(TfTg) for all f,g € B. Thus Theorem 5.2.1(B) applies to 7!,

and we see that in this case Theorem 5.2.1(B) follows from Theorem 5.2.1(A).

Since a : 6B — C is continuous such that a® = 1, we see that o naturally separates dB into

the open and closed components S = (1) and S_; = a~!(~1) of 6B. Therefore the map T

takes the form Tf(y) = f(4(y)) on S1 and Tf(y) = ~f(1(y)) on S-1.

Recall Example 5.1.1, where T': A(D) - A(D) defined by

Tf - fi : onDy
—fo : on De

is a peripherally-multiplicative map between the algebra of functions A(D). Here we see that

6B =T uTy where § B separates into the open and closed components S7 = ofl(l) =Ty and

S_1= Ozil(—l) =Ts.

The following corollary illustrates a sufficient condition for T': A - B to be a composition

operator.

Corollary 5.2.3. Let X and Y be a locally compact Hausdorff spaces and A ¢ C(X) and
B c C(Y) be function algebras, not necessarily with unit, such that X = 0A and Y = 0B. If

T:A — B is an almost peripheral-multiplicative surjection, and d(or(f),or(Tf)) <2 for all
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feA, then T is a composition operator.

Proof. From Theorem 5.2.2; there exists a homeomorphism ¢ : §B - §A and «: B - C with
o? = 1 such that Tf(y) = a(y) f((y)) for every f e A and y € §B. It suffices to show that
a=1ondB.

Case 1: (T fTyg) c ox(fg) for all f,ge A

Let f € A and fix yo € 6B. Let h € Py, (A) and let k € T'(h). Then or(h) = {1} and
d(ox(h),o:(k)) <2 imply that
lk(y)-1]<2 (5.13)

for all y € E(k). However, the almost weak peripheral-multiplicativity of 7" implies
or(k?) = 0x(Th?) c o (h?) = {1}.

Therefore o, (k) = {+1} and together with (5.13) implies o (k) = {1}. But |k(yo)| = |Th(yo)| =
|h(¥(yo))| = 1 which implies yg € E(k) and thus k(yo) = 1. Therefore

1= k(yo) = Th(yo) = a(yo) (¥ (y0)) = (o)

and since yy was arbitrary in § B we may conclude that =1 on 0B, thus T'f(y) = f(¥(y))
for all feAand yedB.

Case 2: 0,(fg) co (T fTg) for all fige A

Let f e A and fix yg € 6B. Let k € Py, (B) and let h € A such that Th = k. Then o.(k) = {1}
and d(or(h),o.(k)) <2 imply that
|h(z)-1]<2 (5.14)
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for all x € E(h). However, the almost weak peripheral-multiplicativity of 7" implies

or(h?) c o:(Th?) = o-(k*) = {1}.

Therefore o,(h) = {£1} and together with (5.14) implies o.(h) = {1}. But |h(¢(y0))|

|Th(yo)| = |k(yo)| = 1 which implies 1 (yo) € E(h) and thus h(¢(yo)) = 1. Therefore 1 =

h(¥(y0)), thus

1=k(yo) = Th(yo) = a(yo) (¢ (y0)) = a(yo)

and again since yy was arbitrary in 6B we may conclude that o = 1 on 6B, thus Tf(y)

f(¥(y)) for all fe Aand yedB. 0



Chapter 6

Weakly Peripherally-Multiplicative
Mappings between Function

Algebras

In this chapter we investigate the sufficient conditions for weakly peripherally-multiplicative
mappings between function algebras to be weighted composition operators. In the case of
uniform algebras, it has been shown that if, in addition to the weak peripheral-multiplicativity,
T preserves the peripheral spectra of all algebra elements, then T is necessarily a composition

operator [14, Proposition 2]. Namely

Proposition 6.0.4 ([14]). If a weakly peripherally-multiplicative surjective map T : A - B

between uniform algebras preserves the peripheral spectra of algebra elements, i.e.

ox(Tf) =0x(f) (6.1)

for all f € A, then it is a composition operator on 0B, i.e. an isometric algebra isomorphism.

72
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6.1 Basic Results

The following two theorems expand this result to function algebras and weaken condition

(6.1).

Theorem 6.1.1. (A)(J,T) Let X be a locally compact Hausdorff space where A c C(X) is
a dense subalgebra of a function algebra, not necessarily with unit, such that X = 0A and

p(A) =0A. If T: A - B is a surjection onto a function algebra B c C(Y') such that

or(Tf-Tg)no(fg) +2 forall f,ge A (6.2)

and

ox(f) cor(Tf) for all f € A, (6.3)

then T is a bijective 1-composition operator on d B with respect to a homeomorphism :0B —

0A. That is,
(TH(y) = f((y))

forall f € A andy € 0B. In particular, A is necessarily a function algebra and T is an algebra

isomorphism.

Proof. Let yo € p(B) = 6B. Condition (6.2) implies that |T'f-Tg| = | fg| for every f,g € A.
Let 1:0B — § A be the homeomorphism from Theorem 4.2.1, such that |(T'f)(y)| = |f(¢¥(y))]
for all y e 6B and f € A. Clearly (T'f)(yo) = f(¥(y0)) whenever (T'f)(yo) = 0.

Let (T'f)(yo) #0 and let V c 6B be an open neighborhood of yg.

According to Lemma 3.3.10, there exists a peaking function k € Py, (B) such that o (T'f k) =
{(TF)(yo)} and E(Tf-k) = E(k) c V. Note that if h e T~1(k) then (T'f)(yo) € ox(fh) since,
by (a), o-(Tf-k)noz(fh) #+ @. Therefore, there is a point x1 € A so that (Tf-k)(yo) =
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(fh)(x1). Since 1) is surjective, there is an y; € 0B so that x1 = (y1). Hence

(Tf)(wo) = (Tf)(yo) k(yo) = f((y1)) h(v(y1))- (6.4)

Since T is a composition operator in modulus,

[(TF) (o)l = [(TF) (wo)llk(yo)l = |f (L (DR (4 (v = (T F) o)l (y)l = [T - k(y1)l.

Hence y; € E(Tf-k) = E(k) c V. Therefore, |h(1(y1))| = |k(y1)| = 1. Condition (a) implies
that o (h) c o (k) = {1}, thus h(¢(y1)) € ox(h), hence h(1)(y1)) = 1. Now the equality (6.4)

becomes (Tf)(yo) = f(¥(y1)). Since V was an arbitrary neighborhood of yg, the continuity

of f and 1 yield (T'f)(yo) = f(¥(yo)) as desired. O

Theorem. 6.0.5 (B)(J,T) Let X be a locally compact Hausdorff space where Ac C(X) is a
function algebra, not necessarily with unit such that X = 0A, and B is a dense subalgebra of

a function algebra B c C(Y') such that p(B) = 6(B). If T: A - B is a surjection such that

or(Tf-Tg)nor(fg) +2 forall f,ge A (6.5)

and

ox(Tf)cor(f) forall feA, (6.6)

then T is a bijective -composition operator on 6 B with respect to a homeomorphism 1:6B —

0A. That is,
(TH)y) = f((y))

forall f € A and y € §B. In particular, B is necessarily a function algebra and T is an algebra

isomorphism.

Proof. Let yo € p(B) = 6B. Condition (6.2) implies that |T'f-Tg| = | fg| for every f,g € A.
Let 1:0B — § A be the homeomorphism from Theorem 4.2.1, such that [(T'f)(y)| = |f(¢¥(y))]
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for all y e 6B and f € A. Clearly (T'f)(yo) = f(¥(y0)) whenever (T'f)(yo) = 0.
Let (T'f)(yo) #0 and let V c B be an open neighborhood of .

From (6.6), note that ¢(U) is an open neighborhood of ¥ (yp) in §A. Again by Lemma 3.3.10
there exists a peaking function h € Py ,)(A) such that o, (fh) = {f(¥(y0))} and E(f-h) =
E(h) cU. If Th = k, then f(¢(y0)) € o-(Tf - k) since, by (6.5), o-(Tf k) no(fh) + @.
Therefore, there is a point y; € p(B) so that (T'f-k)(y1) = f(¥(yo)). Hence

F@W(wo)) = f(W(y0)) h(¥(y0)) = (T f) (1) k(y1)- (6.7)

Again using that 7" is a composition operator in modulus we have,

[f (o)l = (T ) (wo)llECy)l = 1f @ yITR) (o)l = 1 @)l (y1))]- (6.8)

Hence 9(y1) € E(f-h) = E(h) ¢ U. Thus |h(¢(y1))| = [(Th)(y1)| = [k(y1)| = 1. Since, by
condition (6.5), o(k) c o(h) = {1}, we deduce that k(y1) € o-(k) = {1}, hence k(y1) = 1.
Then the equality (6.7) becomes f(1(yo)) = (T'f)(y1). Since V was an arbitrary neighborhood

of yo, the continuity of T'f yields (T'f)(yo) = f(¥(yo)) as claimed. O

As mentioned after Theorem 5.2.1(A) and 5.2.1(B), if T is a bijection, Theorem 6.0.5(B)

follows directly from Theorem 6.1.1(A).

In [9, Theorem 8] it is shown that the secondary conditions above for weak peripherally-
multiplicative maps between uniform algebras can be replaced with a single condition, that T’

is continuous at the unity element. Namely,

Proposition 6.1.2. [9] Let T': A — B be a surjective map between uniform algebras A, B on
compact Hausdorff spaces X and Y. If T is a weakly peripherally-multiplicative map that is

continuous at 1, then T(1) is a signum function, i.e. T(1) = £1, and f — T(1)T(f) is an
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isometric algebra isomorphism of A onto B.

Theorem 6.1.4 below generalizes this result showing that it is not necessary for T to be

continuous at the unity element, but that it must have a limit at a point a € A with a? = 1.

Lemma 6.1.3. Suppose X is a compact Hausdorff space and A c C(X) is a uniform algebra.
If {fn}n is a sequence of functions in A such that \ € o (f,) for everyn and f, - f uniformly
to feA, then Aeor(f).

Proof. Note that ||f,|| = |A| for all n and by the reverse triangle inequality, |||f|| = ||/x]l] <

|f = full = O uniformly as n — co. Thus

111 = Tim [1f = Tim || = |3

Let € > 0. Then there exists N € N such that |f(z) — fn(z)| < € for every z € X and n > N.
Also, since A\ € o,(f,) for every n, there exists xny € X such that fy(zy) = A\. Therefore
|f(zn) = A = |f(zn) = fn(xzn)| < €. Consequently, there is a sequence {xy}n ¢ X such that
|f(zn) = Al = 0as N - oco.

Since X is compact, there exists a convergent subsequence (subnet) {xy, }+ such that xn, — xg
as k — oo for some xg € X. By the continuity of f, we have that f(zy,) - A and f(zn,) —
f(zg) simultaneously as k — oco. Since the limits are unique, it follows that f(xzg) = A.

Therefore we have shown \ € o.(f). O

Theorem 6.1.4. [12](J,T) Let A and B be uniform algebras on compact Hausdorff spaces X

and Y. If T: A - B is a surjective map such that

(i) o (Tf-Tg)nor(fg)+@ forall f,ge A and

(ii) There exist an a € A with a® =1 such that T has a limit, say b, at a,
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then b = 1 and (Tf)(y) = b(y) a(¥(y)) f(¥(y)) for every f € A and y € 6B, i.e. the map

febT(af) is an isometric algebra isomorphism.

Proof. First note that for any {a,} c A such that a,, - a, we necessarily have lim Ta, =b in

n—>00

B since B is a uniform algebra and therefore complete.

Condition (i) implies that |Tf-Tg| = | fg| for all f,g € A. In particular, |(Tf)?| = | f?| and
therefore, |Tf| = ||f]| for every f € A.

We claim that o,(f) c o-(bT(af)) for every f e A. Let fe Aand XA € o (f). If A =0, then
[f]| =0 and so f =0, thus af =0 and hence |T'(af)| = 0. Consequently, b7 (af) = 0 and,
therefore, A € o-(bT'(af)).

If A #0, then f~}()) is a peak set in X, so there exists a peaking function h € P(A) such that

E(h) = f~1()). Define hy, = a1
n+1

n+ h(x)
n+1

h
h(xz) = 1. Otherwise |ah,(z)| < 1, which implies n+ )

For x € X such that ah,(x) = 1, we have = 1 since a? = 1, which clearly implies

< 1 and consequently |h(z)| < 1.

Therefore E(ah,) = E(h) and ah, € P(A) for every n. Therefore (ah,) (1) = h1(1) =
7Y\ and o, (ahy) = {1} for every n. Consider the function ah,f € A, and observe that
a(@)hn (%) () = £(z) for & € E(h) = f1(3) and Ja(2)ha(2)f(2)] < |f ()] for o ¢ E(h), thus
ox(ah, f) ={A} for every n.

h
Condition (¢) implies that A € o (Thy - T(af)) for every n. Clearly the function ni I
n

converges uniformly to h, and thus h,, converges uniformly to a. Then Th,, — b by (ii) and

Lemma 6.1.3 implies that A € o(bT(af)). Consequently,

ox(f) cox(bT(af)) (6.9)

as claimed.
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We claim that b? = 1. Since ||T'f - Tg|| = ||fg||, Theorem 4.2.1 implies that there exists a
homeomorphism ¢ : §B - §A such that [T'f(y)| = |f(¥(y))| for every f € A and y € dB.
Suppose {a,}n ¢ A be any sequence in A converging to a and fix y € §B. Then T'a,, - b and
therefore |T'a,,(y)| = |b(y)| as n — oo. On the other hand, |Ta,(y)| = |an(¥(y))| = la((y))| =1

as n — oo. Therefore |[b(y)| =1 for all y € 6B.

Fix yo € 0B and let K =b71(b(yo)). Since |b(yo)| =1, b(yo) € 0.(b) and therefore K is a peak
set in Y. Therefore, there exists a peaking function k € P(B) with E(k) = K. Let he A
be such that T'(ah) = k. According to (6.9), o.(h) c 0,(bT(ah)) = 0.(bk). Since k € P(B)
with E(k) = K, we see that b(y)k(y) = b(yo) for all y € E(k), and |b(y)k(y)| < |[b(yo)| for
all y ¢ E(k). Therefore o.(h) c o(bk) = {b(yo)} which implies o,(h) = {b(yo)}. Thus
or(h?) = {b(y0)?}, so by (i), {b(y)?} € o-(T(ah)?) = o-(k*) = {1} since k € P(B). Since g

was arbitrary in 6B, we have shown that b(y)? = 1 for every y € B, thus b(y) = =1.

Finally, define the map @ : A - B by &(f) =bT(af). First we show that @ is surjective. Let
g € B. Since T is surjective, there exists f € A such that T'(f) = bg. Then if f' =af € A, we
have &(af') = bT (af’) = bT'(f) = b*g = g. Therefore & is surjective.

Also for f,ge A,

P(f)2(g) = bT(af) 0T (ag) = T(af)T(ag)

and af -ag = a®fg = fg. Therefore o, (P(f)-P(g)) = o-(T(af)-T(ag) which by (i) has
a nonempty intersection with or(af - ag) = o(fg). Therefore @ is weakly peripherally-
multiplicative. Furthermore, o(f) ¢ 0,(2(f)) by (6.9). Therefore Theorem 6.1.1 applies
to the map @, and the map f —— @(f) = bT'(af) is a 1-composition operator on §B and

thus an isometric algebra isomorphism. Hence b(y) (T'(af)(y) = f(¢¥(y)), and therefore,
T(f)(y) =b(y) a(¥(y)) f(¢(y)) for all y € 6B and f € A. O

Another important property of maps between function algebras is the preservation of the
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peaking functions. In [14], the authors discuss various conditions for a weakly peripherally-
multiplicative map between uniform algebras to preserve the peaking functions. That is, if

T : A — B for uniform algebras A, B, consider the condition

T(P(A)) = P(B). (6.10)

In the case that the map T is weakly peripherally-multiplicative, one can show that P(B) c
T(P(A)) or T(P(A)) c P(B) c T(A) both imply (6.10).

Proposition 6.1.5. [14] A mapping T : A - B between uniform algebras is an isometric
algebra isomorphism if and only if it is weakly peripherally-multiplicative and preserves the

peaking functions.

In other words, for uniform algebras equation (6.10) and weak peripheral-multiplicativity
imply that 7" is a composition operator, and thus an algebra isomorphism. The following two
theorems were proved for uniform algebras in [14], where the arguments relied heavily on the
existence of unity element. Here we provide a proof for function algebras possibly without

unit.

Theorem 6.1.6. (A) Let A be a dense subalgebra of a function algebra such that p(A) = 6A
and B a function algebras on locally compact Hausdorff spaces X andY respectively. Suppose

that T : A — B is a surjective mapping, ox(Tf-Tg) no(fg) + @ for all f,ge A, and

P(B) c T[T-P(A)]. (6.11)

Then there exists a homeomorphism ¢ : 6B — 0A and a continuous function o on 0B with

a2 =1 such that

(TH) () = aly)f(¥(y))

for every y e dB.
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Proof. First it will be shown that there exists a homeomorphism 1 : dB — dA such that

Tf(y0)* = f(4(y0))* for every f e A and yo € 6B.

Let yo € p(B) = 6B. The weak peripheral multiplicativity implies that |Tf-Tg| = | fg| for

every f,g € A. Let ¥:0B — §A be the homeomorphism established in Theorem 4.2.1, such

that |(Tf)(y)| = |f ((y))| for all y € 0B and f € A. Clearly (Tf)(yo) = f(¥(y0)) whenever
(TF)(50) = 0.

Let (T'f)(yo) # 0 and let V c §B be an open neighborhood of yg. Also let ¥(yo) = x¢ €
JA. According to Bishop’s Lemma, there exists a peaking function k € Py, (B) such that
ox(Tf-k)={(Tf)(yo)} and E(Tf-k)=FE(k) cV. Since P(B) c T[T-P(A)], choose h € A
such that Th = k and h = ¢h’ where b’ € P(A), and in fact h' € P,,(A). In particular

ox(h) = {}, a singleton.

Then (T'f)(yo) € ox(fh) since, o-(Tf-k)no-(fh) # @. Therefore, there is a point z; € 6A
so that (T'f-k)(yo) = (fh)(x1). Since ® is surjective, there is an y; € B so that x1 = ¥ (y1).

Hence

(Tf)(wo) = (Tf)(yo) k(yo) = f(¥(y1)) h(¥(y1))- (6.12)

Since T is a weighted composition operator in modulus, [(T'f)(yo)| = [(Tf)(yo)||k(yo)| =

|f )R (L)) = (T ) (y)llk(y1)| = ITf - k(y1)|. Hence yy € E(Tf-k) = E(k) c V. Also,
|h(¥(y1))] =k(y1)[ =1 and thus ¥ (y1) € E(h).

Also clearly |h(¥(y0))| = |Th(yo)| = |k(yo)| = 1 so we also have ¥)(yo) € E(h). Thus ¥ (yo), ¥ (y1)
E(h) and therefore h(v(yo)),h(1(y1)) € ox(h) which is a singleton, thus

h(¥(yo)) = h(¥(y1)) (6.13)

Also since o, (h?) n o (k%) # @ and o, (k%) = 1, we see that 1 c o,(h?), and the assumption
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that h = e'h/ for some h' € P(A) implies that o, (h?) is a singleton. Thus

h(z)? =1 (6.14)

for all € E(h) and it follows that h(1(y1))? = h(x(yo))? = 1.

Then squaring (6.12) gives Tf(y0)? = f(¥(y1))?, which by the continuity of Tf, f, ¢ im-
plies that T'f(yo)? = f(¥(y0))?. Consequently, there exists a number as(yo) = +1, possibly

depending on f, such that
(T 1) (o) = af(yo) f (¥ (y0))- (6.15)

We claim that the number a¢(yo) does not depend on f € A.

First we show that ay(yo) has the same value for functions h € 771 (k) where k € Py, (B).
Indeed, if ki, kg € Py, (B) with Th; = k; for ¢ = 1,2, then o,(kik2) = {1}. Then by the weak

peripheral-multiplicativity of T" we have

{1} nor(hihs) 2, (6.16)

and therefore, 1 € o(hy - ha).

Now by the condition P(B) c T[T -P(A)], there exists hy = ¢?1h} and hy = €21}, for some

peaking functions h},h} € P, (A), so we see that in fact o, (hihe) = {1792} a singleton.

Take the modulus yields

1= k1 (yo)k2(yo)| = [h1 (¥ (y0)) ha((y0))| = [h1h2 (¥ (yo))] (6.17)

which implies 1 (yo) € E(h1h2), thus hiha(¢¥(yo)) = 1.
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Now, Thi(yo) = ki(yo) = o, (y0)hi(¥(yo)), and multiplying for i = 1,2 gives

1= o, (yo) o, (yo)

and consequently, the numbers oy, (yo) have the same sign. Define ap, (yo) = (yo)-

Again consider the peaking function k£ € Py, chosen in the first part of the proof. Then we

have seen that

Tf(yo) = ar(yo) f(¥(yo))- (6.18)

Then h € P(A) such that Th = k with ¥(y1) € E(h) for some y; € V. By (6.18) we have

Th(y1) = an(y1)h(1(y1)) which becomes k(y1) = an(y1)h(¥(yo)) since h(1(yo)) = h(¥(y1)).

But we have already seen that y; € E(k) which implies k(y;1) = 1. Thus

an(y1) = h(¥(y1)) = h(1(yo)) = an(yo) (6.19)

So, in fact a(yp) = a(y1).

Combining equations (6.18) and (6.12) shows that

ar(yo)f(¥(yo)) = alyo) f(¥(y1))

and since V' was an arbitrary neighborhood of yo with y; € V', the continuity of f,v implies

that
ap(yo) f(¥(yo)) = a(yo) f (¥ (yo))

thus a¢(yo) = a(yo). Therefore T f(yo) = a(yo) f(¥(yo)) as desired.

The arguments above also show that « is constant in a neighborhood of g, thus is continuous.
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The next theorem provides the same conclusion as above, but (6.11) is replaced with a slightly

different condition.

Theorem. 6.1.6 (B) Let A be a function algebra and B a dense subalgebra of a function al-
gebra such that p(B) = 0B on locally compact Hausdorff spaces X andY respectively. Suppose

that T': A > B is a surjective mapping, o-(Tf-Tg)no-(fg) #@ for all f,ge A, and

T[P(A)] T -P(B). (6.20)

Then there exists a homeomorphism :0B — A and a continuous function o on dB with

a? =1 such that

(TH) () = ay)f(¥(Y))

for every y e 0B.

Proof. Again it will be shown first that there exists a homeomorphism v : 0 B - § A such that

Tf(y0)* = f(4(y0))” for every f e A and yo € 6B.

As in the previous proof, let yg € p(B) = 0B. The weak peripheral multiplicativity implies
that |Tf-Tg| = | fg| for every f,g e A. Let ¢):6B — § A be the homeomorphism established in

4.2.1, such that [(Tf)(y)| = [f(¢¥(y))| for all y € 6B and f € A. Clearly (T'f)(yo) = f(¥(v0))
whenever (Tf)(yo) = 0.

Here let (f(¢(yo0)) # 0 and let V c B be an open neighborhood of yg. Then ¢(V) = U is
an open neighborhood of ¥ (yg) = xg. According to Bishop’s Lemma, there exists a peaking
function h € Py, (A) such that o(f-h) = {f(¢¥(yo0))} and E(f-h) = E(h) c U. By (6.20),
we may choose Th = k such that k = ek’ where k' € P(B). Then f(¢(yo)) € ox(Tf - k)

by the condition o, (Tf - k) no.(fh) + @. Consequently, there is a point y; € §B so that
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f(W(yo)) = (Tf-k)(y1). Hence

F@W(wo)) = f(W (o)) h(¥(y0)) = T f (y1) k(y1)- (6.21)

Taking the modulus of (6.21) and using that 7" is a composition operator in modulus yields,

[f (o))l = 1f (¥ (wo)) (b (o))l = 1T f (y)k(y)l = [F (@ (g )Ih (P (y1)] = [fR(& (1)) (6.22)
Hence ¥(y1) € E(fh) = E(h) c U, and it follows that y; c V. Therefore, 1 = |h(¢(y1))] =
|k(y1)| which shows that y; € E(k) and ¢¥(y1) € E(h).

Note that 1 = [h(¢¥(y0))| = |[Th(yo)| = |k(yo)| so we also have yo € E(k). Thus yo,y1 € E(k)

and therefore k(yo),k(y1) € o (k) which is a singleton by 6.20, thus

k(yo) = k(y1) (6.23)

Since o, (k) is a singleton and o, (h) = {1}, the weak peripheral multiplicativity of T" implies
that

o(k)n {1} =2

and it follows that k(1) = £1. Therefore T'f(y0)? = f(¢(y1))? and since T'f, f, 1) are contin-
uous, we have Tf(y0)? = f(1(y0))? as desired.

Consequently, there exists a number af(yo) = +1, possibly depending on f, such that

(T1)(yo) = s (y0) (¥ (90))- (6.24)

As in the previous theorem, we claim that a(yo) does not depend on f € A.

First we show that aj(yo) has the same value for all functions h € Py(y,)(A). Indeed, if
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hi,ho € P¢(y0)(A) with Th; = k; for i = 1,2, then o, (k1 - ko) noz(h1he) # @, and therefore,
le Uﬁ(kl . kg).

By the assumption (6.20), k1 = €1k} and ky = €2k} for some peaking functions &, kb € P(B).
But for 4 = 1,2, the previous shows k;(y0)? = hi(¢(yo))? = 1 for each ¢ (yo) € E(h), so in
fact, k; = +k]. Therefore o,(kiks) = {£1}, a singleton. Also for each ¥ (yo) € E(hih2),

|h1 (¥ (y0)) h2(¥(y0))| = [k1(yo)k2(yo)| = 1 which implies yo € E(kikz). Thus k1 (1 (o)) k2(¢(y0)) =
1.

Now, Thi(yo) = ki(yo) = an, (y0)hi(¥(yo)), and multiplying for i = 1,2 gives

k1(yo0)k2(yo) = any (Yo)any (Y0) 1 (¥ (o) ) ha (¥ (yo))
which implies
k1(yo)ka(yo) = 1 = an, (yo)un, (yo)

and consequently, the numbers oy, (yo) have the same sign. Since a does not depend on the

functions h € P(A), we may define ay,(yo) = a(yo).

Consider the peaking function h € Py, chosen in the first part of the proof. Then we have

seen that

Tf(yo) = ar(yo) f(¥(yo))- (6.25)

Then k € P(B) such that Th = k with y; € E(k) for some y; € V. By (6.25) we have

Th(y1) = an(y1)h(1p(y1)) which becomes k(yo) = an(y1)h(¥(y1)) since k(yo) = k(y1). But
we have already seen that ¢ (y;) € E(h) which implies A(¢(y1)) = 1. Thus

an(y1) = k(y1) = k(yo) = an(vo) (6.26)
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So, in fact a(yp) = a(y1).

Combining equations (6.25) and (6.21) shows that

ar(yo)f(¥(yo)) = a(yr) f(L(y1)) = alyo) f(¥(y1))

and since V' was an arbitrary neighborhood of yo with y; € V', the continuity of f,v implies

that
as(yo) f(¥(yo)) = a(yo) f(¥(yo))

thus a¢(yo) = a(yo). Therefore T f(yo) = a(yo) f(¥(yo)) as desired.

The continuity of « follows as in the previous theorem. O

The following two corollaries are immediate.

Corollary 6.1.7. Let A and B be function algebras on locally compact Hausdorff spaces X
and Y. Suppose that T:A — B is a surjective mapping, or(Tf-Tqg) nor(fg) + @ for all
f,ge A, and

T7HP(B)] c P(A). (6.27)

Then there exists a homeomorphism 1 : §B — 0A such that (Tf)(y) = f(¥(y)) for every
yeoB.

Corollary 6.1.8. Let A and B be function algebras on locally compact Hausdorff spaces X
and Y. Suppose that T:A — B is a surjective mapping, o(Tf-Tg) no.(fg) + @ for all
f,ge A, and

T[P(A)] cP(B). (6.28)

Then there exists a homeomorphism ¢ : B — 0A such that (Tf)(y) = f(¥(y)) for every
yedB.
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Theorem 6.1.6 (B) yields a corollary that shows yet another condition, when accompanied by

weak peripheral-multiplicativity, implies that T" is a weighted composition operator.

Corollary 6.1.9. Let A and B be function algebras on locally compact Hausdorff spaces X

and Y. Suppose that T: A — B is a surjective mapping such that

or(Tf-Tg)no(fg) + @

forall f,ge A and o, (Tf) is a singleton whenever o(f) is a singleton.

Then there exists a homeomorphism ¢ : 6B — dA and a continuous function o on 0B with

a? =1 such that

(TH)(y) =aly)f(¥(y))

for every yedB.

Proof. Let h € P(A) and Th = k. Then o,(h) = {1} is a singleton, and therefore o.(Th) =
or(k) is a singleton by assumption. But the weak perhipheral-multiplicativity implies that T’
preserves the norm, so o, (k) = {¢?} for some 0 € [0,27). Therefore k' = "k € P(B) and we
see that Th = ek’ ¢ T-P(B). Therefore T[P(A)] c T-P(B) and the conclusion follows from
Theorem 6.1.6 (B). O

Corollary 6.1.10. Let A and B be function algebras on locally compact Hausdorff spaces X
and Y with the hypotheses of the Theorem 6.1.6 (B). In addition, suppose that d(or(f),or(Tf)) <
2 for all f e A. Then there exists a homeomorphism ¢ : 0B — §A,

(TH)(y) = f(¥(y))

for every y € 6B. In other words, the weight function o : 0B — {1,-1} is identically 1 which

implies that T is a composition operator, thus an isometric algebraic isomorphism.
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Proof. From Theorem 6.1.6, there exists a homeomorphism ¢ : §B - dA and a: § B - C with
o? = 1 such that Tf(y) = a(y)f(¢(y)) for every f € A and y € 6B. It suffices to show that
a=1ondB.

Let f € A and fix yo € 6B. Let k € P, (B) and choose h € T~!(k) as in the proof Theorem
6.1.6 (B). Then o,(k) = {1} and d(or(h),0-(k)) < 2 imply that

Ih(z) - 1] <2 (6.29)

for all x € E(h). However, the weak peripheral-multiplicativity of 7" implies

or(k))nor(h?) + o

so o (h?) = {1}. Therefore o, (h) = {1} and together with (6.29) implies o (h) = {1}. Then

1=k(yo) = Th(yo) = a(yo) (¢ (y0)) (6.30)

and |h(1(yo))| = |Th(yo)| = |k(yo)| = 1 which implies ¥ (yo) € E(h) and thus h(¢(y)) €

ox(h) = {1}. Therefore (6.30) reduces to a(yp) = 1 and we may conclude o = 1 on §B as
desired. O

6.2 Function Algebras with Sufficiently Many Peak Functions

There is more we can say regarding weakly peripherally-multiplicative maps when there are

sufficiently many peak functions h, i.e. peaking functions h such that E(h) is a singleton.

Example 6.2.1. Consider the function algebra C(X), the continuous complex valued func-

tions on a metric space X. Fix zg € X and a positive real constant ¢ > 0. Consider the
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following real-valued function

0 4 <d(zo,x)
f(:L‘) B {—d(zo,)
—== L >d(xg, )

Here f is a peaking function such that E(f) = {x¢}, i.e. f is a peak function, and clearly one

can construct such a function for every xg € X. Therefore every point in X is a peak point.

Lemma 6.2.1. SupposeT : A - B for function algebras A and B on locally compact Hausdorff
spaces X = 0A and Y = OB respectively. Also suppose that T is a composition operator in
modulus. That is, there exists a homemorphism 1 : §(B) — 0(A) such that |T f(y)| = |f (¥ (y))]
for every fe AandyeY. Then for every f,ge A, E(fg) is a singleton implies that E(T f Tg)

s a stngleton.

Proof. Let E(fg) = {xo}, where z¢ € 0A, and let (fg)(zo) = z0. Then |(fg)(x)| < |z0| for
all z # xg and hence o.(fg) = {z20}. If x = ¢¥(y) and xp = ¥ (yo), where y,yo € 6B and
1:0B — § A is the assumed homemorphism, then we have |(T'f T'g)(yo)| = |(fg)(z0)| = |z0] and

(TfTg)(y)| =|(fg)(x)| < |20] whenever y # yo. Therefore, E(TfTg) = {yo}, i.e. E(TfTg) is

a singleton. O

Theorem 6.2.2. Let X, Y be locally compact Hausdorff spaces and let Ac C(X),Bc C(Y) be
dense subalgebras of function algebras, not necessarily with unit, with X = 0A, A = p(A),Y =
OB and 0B = p(B). Let for every f € A and any x € 0A there is a peak function h € Pp(A) so
that o (fh) ={f(x)}. If T: A - B is a surjection such that

or(TfTg)nox(fg) @ forall f,ge A, (6.31)

then T is a weighted composition operator, namely, there exists a homeomorphism v¥:6B — 0 A

and a continuous function o on 6B with o® =1 such that

(TH) () = aly)f(¥(y))
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for every f e A and y € dB.

Proof. Let yo € 6B. The weak peripheral-multiplicativity implies that |TfTg| = |fg|l for

every f,g € A. Let ¢¥:6B - dA be the homeomorphism from Theorem 4.2.1 for which

(T (y)|=|f(¥(y))|forall y e B and f € A. In particular, if (T'f)(yo) = 0 then f(v(yo)) = 0.

Let (Tf)(yo) #0. The equality [(Tf)(y)| = |f(«(y))| implies

(Tf)(yo) = alf,y0) f(¥(yo)) (6.32)

for some complex number «a( f,yo) with |a(f,yo)| = 1.

For any peak function h € Py ,,)(A) we have

(Th)*(yo) = &*(h,y0) h*(¥(y0)) = &*(h, o).

Since E(h?) is a singleton by hypothesis, so is F((Th)?) and also o,((Th)?), by Lemma
6.2.1. We have {1} no,((Th)?) = 0:(h?®) no,((Th)?) # @, hence o,((Th)?) = {1}. As a
consequence, (Th)%(yo) = 1 since [(Th)%(yo)| = |h*(¢(y0))| = 1. Therefore

a®(h,yo) = a®(h,90)}) h*(¥(0)) = ((Th)*) (o) = 1.

Let hi,ho € Pw(yo)(A)- Since E(hihg) is a singleton, so is E(Thy The) and also o (Thy Ths),
by Lemma 6.2.1. Consequently, o(Thi Tha) = {1} since {1} n o (Th1Th2) = ox(h1h?) N
or(ThiThy) # @. Moreover, (ThiTh2)(yo) = 1 since |(ThiThz)(yo)| = [(h1h2(¢(y0))| = 1.
Therefore, a(hi,y0) a(ha,yo) = {(ThiTh2)(yo)} = 1. Consequently, a(h1,yo) = 1/a(ha,yo) =

a(hz,y0). Therefore, the number a(h,yo) is one and the same for any h € Py ) (A).

Define the function a:6B — +1 by a(y) = a(h,y), where y € B and h is any function in
Py(y)(A). Clearly, o = 1.
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If f € A then, by the hypotheses, there is an h € Py, (A) such that ox(fh) = {f(¥:(y0))}.
Since E(fh) is a singleton, so is E(T'f Th) and also ox(TfTg), by Lemma 6.2.1. We have
ox(TSTh) = {f((y0)} since {f($(yo)} N on(TfTh) = ox(fh) nox(TfTh) + @. Hence
ox(TfTh) = {f(¥(yo)} and (T'f Th)(yo) = f(¥(y0)) since [(T'f Th)(yo)| = [(fh)(¥(y0))| =
I(F((10))|. According to (6.32),

{a(f,90) f(¥(y0)) eyo) } = {ef,90) f(¥ (o)) yo) h(¥(yo) } = {(T'f Th)(yo)} = {f (¥(v0))}-

Consequently, a(f,40) = 1/a(yo) = a(yo). Now equality (6.32) becomes (T'f)(yo) = a(yo) f(¥(v0)),
as desired. ]

Lemma 6.2.1 also shows that if E(fg) is a singleton, then so is E(Tf T'g) which implies that

o-(TfTg) is also a singleton.

Corollary 6.2.3. Let X and Y be locally compact Hausdorff spaces and let A c C(X) and
B c C(Y) be dense subalgebras of function algebras, not necessarily with unit, with p(A) =0A
and p(B) = 0B. If T:A - B is a surjection such that o.(TfTg) is a singleton for every

frg € A for which o.(fg) a singleton, and if

or(TfTg)nox(fg) + 2

for all f,g € A, then there exists a homeomorphism ¥:0B — §A and a continuous function «

on 6B with o =1 such that
(Tf)(y) =ay) f(¥(y))

for every f e A and y € dB.

Proof. Let yg € 0B. Again the weak peripheral-multiplicativity implies that |TfTg| = | fg|
for every f,g € A. Let ¢¥:0B — 0 A be the homeomorphism such that [(T'f)(y)| =|f(¢(y))| for
all y € 6B and f € A. In particular, if (Tf)(yo) =0 then f(«(yo)) = 0.
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Let (T'f)(yo) # 0. The equality [(T'f)(y)| = [f(+(y))| implies

(Tf)(yo) = a(f,90) f(¥(y0)) (6.33)

for some complex number a(f,yo) with |a(f,yo)| = 1.

For any h € Pyy,)(A) we have

(Th)*(yo) = &*(h,yo0) K*(¥(y0)) = &*(h, o).

Since o, (h?) is a singleton, so is ps((Th)?) by assumption. We have {1} n o ((Th)?) =
ox(h?) n o ((Th)?) # @, hence o((Th)?) = {1}. As a consequence, (Th)*(yo) = 1 since
[(Th)(yo)| = |h*(4(y0))| = 1. Therefore

o (h,y0) = o (h,y0) 1) B (1 (y0)) = ((Th)*) (o) = 1.

Let A1, ho € Py(y,)(A). Since o (hihz) is a singleton, so is o (Thi1Thz) by assumption. Conse-
quently, o (Thy The) = {1} since {1} no,(Th1Ths) = o5 (h1h?) no(Th1Thsy) #+ @. Moreover,
(Th1Tha)(yo) = 1 since [(ThiThe)(yo)| = [(hih2(¥(yo))| = 1. Therefore, a(h1,yo) a(hz2,y0) =
{(Th1Th2)(yo)} = 1. Consequently, a(h1,yo) = 1/a(ha,yo) = a(he,yo). Therefore, the num-

ber a(h,yo) is one and the same for any h € Py, (A).

Define the function a:6B — +1 by a(y) = a(h,y), where y € §B and h is any function in
Py(y)(A). Clearly, o?=1.

If f € A then, by the hypotheses, there is an h € Py, (A) such that ox(fh) = {f(¥(y0))}.
Again since o(fg) is a singleton, so is ox(TfTg) by assumption. We have o (TfTh) =
{F(b(yo)} since {f(h(yo)} N on(TFTh) = ox(fh) nonx(TfTh) + @. Hence op(TfTh) =
{f((yo)} and (T'f Th)(yo) = f(¥(yo)) since [(T'f Th)(yo)| = [(fh)(¥(y0))| = I(f (¥ (y0))l.
According to (6.33), {a(f,y0) f(¥(%0)) a(yo)} = {a(f,y0) f(¥(y0)) a(yo) h(v(yo)} = {(Tf Th)(yo)} =
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{f(¥(yo))}. Consequently, a(f,vyo) = 1/a(yo) = a(yo). Now equality (6.33) becomes (T'f)(yo) =
a(yo) f(¥(yo)), as desired. .

Proposition 6.2.4. Let A be a function algebra on a metric space X. Then for every f € A

and xg € §A such that f(xo) # 0, there exists a peak function h € Py (A) such that o,(fh) =
{f(z0)} and E(h) ={zo}.

Proof. Fix f e A and xg € 6(A) such that f(zg) # 0. Also let Uy, = {z € X : d(z,z9) < 1/n}
for each n € N. By Theorem 3.3.10 there exists h,, € Py, (A) such that FE(h,) c U, and

ox(fhyn) ={f(x0)} for every n. Consider the function
[ee] hn
h=S 2n
L

in A. Clearly h(zp) = 1 and |h(z)| < 1 for any z ¢ U,, for some n. Therefore h is a peak function
such that E(h) = {zo}, and fh(xo) = f(xo) where [fh(x)| = |f(x)[[h(z)] < [f(@)| = IF]] = | f7ll
for every x € E(fh) with z # x9. Thus o.(fh) = {f(x0)}, which shows that h is the desired

function. 0

Corollary 6.2.5. Let A be a function algebra and B be a dense subalgebra of function algebra
on metric spaces X and 'Y respectively such that p(B) =6B. If T: A — B is a surjection such

that

or(TfTg)nox(fg) =@ for all f,ge A,

then there exists a homeomorphism 1:6B — 6 A and a continuous function o on 6 B with o = 1

such that
(Tf)(y) = ay) f((y))

for every f e A and y € dB.

Indeed, since A is a function algebra, Theorem 6.2.4 shows that for each f € A and x € § A such
that f(x) # 0, there is a peak function h € P,(A) so that E(h) = {z} and o,(fh) = {f(x)}.
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Since T is also a surjective weakly peripherally-multiplicative map, the result follows from

Theorem 6.2.2.

In particular, Corollary 6.2.5 holds for algebras of type Cy(X) on metric and, more general,

on first countable spaces X, since in this case §(Co(X)) = p(Co(X)).



Chapter 7

Further Questions

Several theorems from the previous chapters consider secondary conditions for weakly-peripherally
multiplicative maps between function algebras. In Chapter 6, the following corollary was

proved for metric spaces X and Y.

Corollary 7.0.6. Let A be a function algebra and B be a dense subalgebra of function algebra
on metric spaces X and Y respectively such that p(B) =6B. If T: A — B is a surjection such

that

or(TfTg)nor(fg)+@ for all f,ge A,

then there exists a homeomorphism ¢: 6B — §A and a continuous function o on 6 B with o =1

such that
(T () =aly) f(¥(y))

for every fe A and y € dB.

An open question is whether a similar theorem holds for function algebras A and B over general
locally compact Hausdorff spaces X and Y. This question also applies to maps between semi-

simple commutative Banach algebras.

95
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Again consider a weakly peripheral-multiplicativity on map T: A — B between function al-
gebras A and B. If d is the standard Euclidean metric in C, then the weak peripheral-

multiplicativity implies that d(o(TfTg),0-(fg)) =0 for all f,g e A.

It is interesting to consider what conclusions may be reached if we instead investigate the
assumption d(o- (T fTg),0.(fg)) <€l f]||lg] for all f, g € A for some fixed e > 0. This condition
together with the secondary conditions of chapter 5 and 6 may provide more general sufficient
conditions for the map T to be a composition operator, or possibly a almost composition
operator. A map is said to be an almost composition operator on Y if there is an € > 0 such

that [Tf(y) - f(¢¥(y))| < elf(¥(y))| for every f e A for some homeomorphism v : §B — §A.
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