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Abstract

A k-counter machine (CM(k)) is an automaton having & counters as an auxiliary memory.
It has been shown by Minsky that a CM(2) can simulate any Turing machine and thus it
is universal. In this paper, we investigate the computing ability of reversible (i.e., backward
deterministic) CMs. We first show that any irreversible CM(k) can be simulated by a reversible
CM(k + 2). In this simulation, however, the reversible CM(k + 2) leaves a large number as
a garbage in some counter when it halts. We then show that, if ¥ more counters are added,
this garbage information is erased reversibly. Finally, we prove that any reversible CM(k) (k =
1,2,3,...) can be simulated by a reversible CM(2). From these results computation-universality
of a reversible CM(2) is established.

1. Introduction

A k-counter machine (CM(k)) is an automaton with & counters, each of which can
store an arbitrary nonnegative integer. In one time step, a finite-state control of a CM(%)
can increment or decrement the contents of a counter by one, or can test whether it is
0 or not. Minsky [8] showed that a CM(2) can simulate any Turing machine and thus
it is universal.

In this paper, we study a “reversible” version of CM. A reversible computing system
is a backward deterministic system, i.e., roughly speaking, each computational config-
uration of it has at most one predecessor. Until now, various reversible systems, such
as reversible Turing machines, reversible cellular automata, reversible logic gates, have
been studied (see, e.g., [4, 12, 13, 15] for a general survey). One interesting point of a
reversible system is that it is closely related to physical reversibility and the problem
of energy dissipation in a computing process. It is known to be possible to construct a
reversible computer that works without dissipating energy in an ideal situation [2, 3, 5].
It is also interesting from a computational viewpoint that several systems have univer-
sal computing ability even if reversibility constraint is added. Bennett [1] showed that
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any (irreversible) Turing machine can be simulated by a reversible one without leav-
ing garbage symbols on the tape. Reversible cellular automata have also been shown
to be computation-universal for both one-dimensional [10] and two-dimensional cases
[7,11, 14].

Here, we investigate the computing ability of reversible CMs. In Section 2, we
give definitions of a CM and its reversibility. In Section 3, we first show that any
irreversible CM(k) M can be simulated by a reversible CM(k + 2) M’'. But M’
leaves a large number as a garbage, in which a “history” of computation is en-
coded, when it halts. We then show a garbage-less construction of a CM(2k + 2)
M" that simulates M by applying the method of Bennett [1] to CM. In Section
4, we prove that any reversible CM(k) (k = 1,2,3,...) can be simulated by a re-
versible CM(2). From these results computation-universality of a reversible CM(2) is
obtained.

2. Definitions

We define a counter machine (CM) as a kind of multi-tape Turing machine whose
heads are read-only ones and whose tapes are all blank except the leftmost squares as
shown in Fig. 1 (a similar formulation is used e.g. in [6]). This definition is convenient
for giving the notion of reversibility.

Definition 2.1. A k-counter machine (CM(k)) is a system

M =(k0,5,90,9r),

where k is the number of tapes (or counters), O is a nonempty finite set of inter-
nal states, go € Q is an initial state, and ¢ € Q is a final (halting) state. M uses
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Fig. 1. A k-counter machine (CM(k)).
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{Z,P} as a tape alphabet (P is a blank symbol). § is a move relation which is a
subset of (Q x {1,...,k} x {Z P} x QYU (Q x {1,....,k} x {—,0,+} x Q) (where
“—" “0”, and “+” denote left-shift, no-shift, and right-shift of a head, respectively).
Tapes are one-way (rightward) infinite. The leftmost squares of the tapes contain the
symbol “Z”s, and all the other squares contain “P”’s (Z and P stand for “zero” and
“positive”).

Each element of J is called a quadruple, and is either of the form

l9,i,5,9'] or [q,i,d,q'],

where g,¢' € O, i € {1,...,k}, s € {Z,P}, d € {—,0,+}. The quadruple [q,i,s,q’]
means that if M is in the state ¢ and the ith head is reading the symbol s then change
the state into g'. It is used to test whether the contents of a counter are zero or positive.
On the other hand, [g,i,d,q'] means that if M is in the state g then shift the ith head
to the direction d and change the state into ¢’. It is used to increment or decrement a
counter by one (or make no change if d = 0).

Definition 2.2. An instantaneous description (ID) of a CM(k) M = (k,Q,8,90, qr) is
a (k + 1)-tuple

(g,n1,n2,...,m) € Q X NF,

where N = {0,1,... }. It represents that M is in the state ¢ and the counter i keeps n;
(we assume the position of the leftmost square of a tape is 0). The transition relation
b7 over IDs of M is defined as follows:

(q’nb---ani—15nisni+1s“-5nk)
! /
}7 (q 5n17'-"ni—lyni!ni+19"',nk)

holds iff one of the following conditions (1)~(5) is satisfied.

(1){g,4,Z,q') € 6 andm; = n} = 0.

(2) [q,i,P,q'] €6 andn; = n§ > Q.

(3)[g,i,—q' € dandn; — 1 = nl.

(4)[g,i, 0, ¢'] € Sand n; = n].

S)g.i,+,41€dandn; + 1 = n].

We denote reflexive and transitive closure of IV by hT*T’ and n-step transition by
K (n=0,1,...).

Definition 2.3. Let M = (k,Q,3,40,qr) be a CM(k), and

a; = [pr,i1,x1, p1] and o = [pa,i2,x2, ph)

be two distinct quadruples in 5. We say a; and o overlap in domain iff the following
holds, where D = {—,0,+}.

nn=p2 ANlini#h Vxx=x Vx;€D V x€D]
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We say a1 and oy overlap in range iff the following holds.
p’1=P§ ANlit#i Vxi=x Vxi €DV xeDj

A quadruple « is called deterministic (reversible, respectively) iff there is no other
quadruple in & which overlaps in domain (range) with a. M is called deterministic
(reversible, respectively) iff every quadruple in § is deterministic (reversible).

For example, the following pair

[q1925Paq3] and [44’2,4',%]

overlaps in range, while the pair

[‘II,Z,Z,QS] and [‘14,2,1’,43]

does not. As seen from this definition, every ID of a deterministic (reversible, respec-
tively) CM(k) has at most one ID that immediately follows (precedes) it. Hereafter,
we consider only deterministic reversible and deterministic irreversible CM(k)s.

3. Simulating an irreversible counter machine by a reversible one

In this section we show that any (irreversible) CM can be simulated by a reversible
one by adding some extra counters. As a preparation, we define a notion of “state-
degeneration degree” for CMs, and show a lemma on it (a similar notion for Turing
machines is in [9]).

Definition 3.1. Let M = (k,0,0,90,9r) be a deterministic CM(k). A state ¢ € O
is called state-degenerative iff there are at least two distinct quadruples [q1,i1,%1,9]
and [q2,i2,x2,q] in 6. If there are exactly k such quadruples in J, we say that the
state-degeneration degree of ¢ is k, and denote it as sdeg(q)=k. That is,

sdeg(q) = {a€d | 3¢,ix (a=[q,i,x,q])}|-

State-degeneration degree of M is defined as
sdeg(M) = max{sdeg(q) | g € O}.

Lemma 3.1. For any deterministic CM(k) M = (k, Q, 3, q0,qr), there is a deterministic
CM(k) M’ = (k,Q',8,90,qr) with sdeg(M')<2 such that

(qo’ml""’mk) ‘.—;— (qf’nl""7nk)
iff
(qo-mi,....m) b (grsmi,-..,mi)

holds for all my,...,mg,ny,...,ny € N
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Proof. Choose a state ¢ € Q such that sdeg(q) > 2 (if no such g exists, we have
done). If sdeg(q) = k there are k quadruples

[er,il,xl,Q], [qr2’i2’x29q]5 R [qu,ikixkaq]-

In M’, these k quadruples are replaced by the 2k — 2 quadruples shown below, where
ds,5--->qs,_, are new states (see Fig. 2).

Repeating this procedure for all ¢ € Q such that sdeg(g) > 2, a CM(k) M’ with
sdeg(M’)<2 is obtained. It is clear that M’ simulates M. O

We now show that any irreversible CM can be simulated by a reversible one by
adding two extra counters to keep a “history” of a computation (but the history is left
as a garbage when it halts).

(1) [9r, i, X1, gs]
[qrz s i2’ X2, qs, ]
(2) (95> 1, 0, gs,]
[qr3 ’ i3, X3, qsz]

0)] g5, 1L, 0, gs,]
[qrj+|’ ij+1’ Xj+1s qu]

(k - 2) [qsk—S’ 1’ O’ s,
[gn_s Bk=1, Xk—1, g5,
(k - 1) [qSk—Z’ 1’ Os
(97 iks Xk,

LSRN
[P W

)~

Fig. 2. Reducing the state-degeneration degree to 2 by adding new states gs,,...,qs,_,.
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Theorem 3.1. For any deterministic CM(k) M = (k,Q,0,q0,qy), there is a determin-
istic reversible CM(k +2) M' = (k+2,0',¢, 90, qr), such that

(go,my,...,my) anl—(qf,nl,...,nk)
iff
3h € N[(q09m15 ~--9mka030) '% (qf,nl,...,nk,h,o)]

holds for all my,...,my,n,...,n, € N,

Proof. By Lemma 3.1 we assume sdeg(M) = 2 (if sdeg(M) = | then M is already
reversible, so we need not consider this case). Further assume M has no quadruple in
which go appears as the fourth element (i.e., go appears only at time 0).

We now construct CM(k + 2) M’ that simulates M. M’ uses k counters to simulate
those of M, and keeps the history of its computation by the counter £ + 1 in order to
make M’ reversible. The counter k + 2 is for working.

The state set O’ and the quadruple set &’ of M’ are constructed as follows.

1. For each reversible quadruple [g;,is, x5, ¢,] in &, include the states g; and ¢, in
(', and include the following quadruple in &'

[qs’ is’ Xss qt] (11)

2. For each pair of quadruples [g,,i,,%,¢:] and [gs, is,xs,4;] in 6 which overlap in
range, include the states qr:9s» ‘IMI(’, t’j)5 q(s, l,j),‘I(t,/) (.] = 1a e ;5, £ = 1, v ,6)
in ¢, and the following quadruples in &'

l4r i X q(r,t, )] 2.1)
lq(r,t,1), k+ 2, Z, q(r,1,2)] (2.2)
lq(r,t,2), k+ 1, Z, g(t,1)] (2.3)
[g(r,t,2), k+ 1, P, g(r,t,3)] 2.4)
[g(7,8,3), k+ 1, —, gq(r,t,4)] (2.5)
[g(r,t,4), k+2, +, q(r,1,5)] (2.6)
[q(r,1,5), k+ 2, P, g(r,1,2)] (2.7)
(95, Is,  Xg, q(s,4,1)] (2.8)
[g(s,t, 1), k42, Z, g(s,,2)] (2.9)
[q9(s,1,2), k+ 1, Z, ¢(z,5)] (2.10)
[9(s,5,2), k+ 1, P, q(s,t,3)] (2.11)
{q9(s,8,3), k+ 1, —, g(s,£,4)] (2.12)
[g(s,,4), k+2, +, q(s,t,5)] (2.13)
[q(s,8,5), k+2, P, q(s,t,2)] (2.14)
{g(t, H, k+2, Z, q:] (2.15)
gt 1), k+2, P, q(12)] (2.16)

l9(2), k+2, -, 4q(23)] (2.17)
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[q(t,3), £+ 1, +, g(1,4)] (2.18)
[q(t,4), K+ 1, P, q(1,5)] (2.19)
[q(8,5), £+ 1, +, ¢q(1,6)] (2.20)
[q(s,6), £+ 1, P, g(t,1)] (2.21)

When M executes a reversible quadruple, M’ simply does so by (1.1). On the
other hand, when M executes an irreversible quadruple, M’ writes the information
which quadruple is used into the counter k£ + 1. This is done by (2.1)+2.21). Since
sdeg(M) = 2, there are always two possibilities of executed quadruple, say (g, i, X, q:]
and [gs,is,xs5,q.]. Thus the choice sequence of quadruples (i.e., history) can
be expressed in a binary number, and M’ holds it in the counter & + 1.

We first consider the case [g, i, Xr,q:] is used by M. Assume the counter k+1 keeps
n, which represents the history up to this mmoment, and the counter £ +2 keeps 0. After
simulating the operation of M by (2.1), M’ transfers the number n from the counter
k + 1 to the counter £ + 2 by (2.2)+2.7). Then, using (2.15)«2.21), M’ multiplies
the contents of the counter £ + 2 by 2. Thus the result 2n is obtained in the counter
k + 1. Next, consider the case [gs, is,Xs,q;] is used by M. Quadruples (2.8)«2.14) act
essentially the same as (2.1)(2.7). However, in this case, the quadruple (2.20) (rather
than (2.15)) is executed first among (2.15)~2.21). By this, the result 2n+1 is obtained
in the counter & + 1.

Consequently, the information which quadruple was executed is kept as the least
significant bit of the number in the counter £ + 1. Due to this operation M’ becomes
reversible. Indeed, it is easily verified that M’ is deterministic and reversible (for
example, the pairs of quadruples [(2.2), (2.7)], [(2.9), (2.14)], [(2.3), (2.21)], and
[(2.10), (2.19)] do not overlap in range). O

Example 3.1. Consider a deterministic irreversible CM(2) M, = (2,0,{Z, P}, 6,40, 4y,
P) having the following quadruples as §.

[0, 1, 0, q1] (M,-1)
[‘]b 29 Z’ ‘If] (Ma-2)
(91, 2, P, q2] (M,-3)
[92: 2, —, g3] (M,-4)
[‘]3, 19 +, ql] (Ma's)

M, adds two numbers given in the counters 1 and 2, and stores the result in the counter
1. For example, (go,2,2) !Mia (qr,4,0). Note that sdeg(M,) = 2. The state transition of
M, is shown in Fig. 3.

A deterministic reversible CM(4) M, = (4,0Q', {Z,P},¢',40,4s,P) constructed by
the method of Theorem 3.1 has the following 24 quadruples.

1. Quadruples corresponding to the reversible ones (M,-2)-(M,-4) of M,:

lg1, 2, Z, gr]
[g91, 2, P, ¢»]
[q25 2’ ] q3]
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(g3, 1, +, q1]

This transition
is labeled by “17.

[‘10,1,0,(11] [q1a27P <I2 q27 ’ 7(13
9o - —t Q1 ’ @ 43
This transition v

is labeled by “0”.
[‘h, 27 27 ‘Zf]

Fig. 3. A CM(2) M, that performs addition.

2. Quadruples corresponding to the irreversible pair [go,1,0,41] (M.-1) and
[q3, 15 +: ql] (Ma-s):

[qO, 1, O’ q(Oa 1’ 1)]
[9(0,1,1), 4, Z, ¢(0,1,2)]
[9(0,1,2), 3, Z, q(1,1)]
[4(0,1,2), 3, P, q(0,1,3)]
[q(O’ 1a3)9 3’ > q(O’ 1’4)]
[4(0,1,4), 4, +, g(0,1,5)]
[4(0,1,5), 4, P, q(0,1,2)]

45, L+ ¢, 1,1)]
[9(3,1,1), 4, Z, ¢(3,1,2)]
[4(3,1,2), 3, Z,  ¢(1,5)]
[9(3,1,2), 3, P, 4(3,1,3)]
[9(3,1,3), 3, =, 4(3,1,4)]
[9(3,1,4), 4, +, g(3,1,5)]
[ P

9(3,1,5), 4, P, ¢(3,1,2)]
lq(1,1), 4, Z, q1]
lg(1,1), 4, P, ¢(1,2)]
l9(1,2), 4, -, ¢(1,3)]
[9(1,3), 3, +, q(1,4)]
l9(1,4), 3, P, q(1,5)]
lq9(1,5), 3, +, q(1,6)]
[9(1,6), 3, P, ¢(1,1)]

When M, executes the irreversible quadruple [qq, 1,0,4], bit “0” is attached to the
binary number kept in the counter 3 as the least significant bit. On the other hand,
when M, executes [g3,1,+,¢q;], bit “1” is attached. For example, the addition 242 is
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carried out by M, in the following way.

(90,2,2,0,0) |Mi (41,2,2,0,0)
b (42,2,2,0,0) % (93,2,1,0,0)
hey (41:3:1,1,0) b (42.3,1,1,0)
by (93:3,0,1,0) bl} (91,4,0,3,0)

b= (47,4,0,3,0)

e

®

—

The reversible CM(k + 2) M’ constructed in Theorem 3.1, however, leaves in gen-
eral a very large number in the counter k + 1 when it halts. This number is in fact
a garbage information, but it cannot be simply erased by a reversible CM. If we
want to erase it reversibly, we must add a backward computing process that “un-
does” the forward computing process as in the case of a reversible Turing machine
[1] (of course, copying process of results should be inserted between the forward
and backward computing processes). This method for CM is shown in the following
theorem.

Theorem 3.2. For any deterministic CM (k) M = (k, Q, 8,q0,4r), there is a determin-
istic reversible CM(Q2k +2) M" = 2k +2,0",6",q0, po), such that

(q()amla---’mk) % (‘Zfa"l,--',nk)
iff
(go,m1, ..., mg, 0,0,0,...,0) b= (po,m1,...,mi,0,0,m1,. .., 7x)

holds for all my,...,mg,ny,...,n € N.

Proof. Assume M has no quadruple in which gy appears as the fourth element. By
using the method in Theorem 3.1, we first convert M to an equivalent reversible
CM(k +2) M' = (k+2,0',6,90,9r). We then construct M” from M’. Like M’,
M" uses the counters 1 through & to simulate those of M, and the counters k + 1
and k + 2 for keeping history and for working. The remaining £ counters are used
for recording the result of the computation. The entire computation process of M”
is divided into three stages. They are forward computation stage, copy stage, and
backward computation stage. The state set Q" and the quadruple set 6" of M” are as
follows.

1. Forward computation stage: Internal states and quadruples needed for this stage
are exactly the same as M’ in Theorem 3.1.

II. Copy stage: In this stage, the contents of the counters 1 through & are copied to
the counters k£ + 3 through 2k + 2 using the counter k£ 4 2 for working.

1. Include ¢(1,1) in Q”, and include the following quadruple in 6”.

[gr, K+ 2, Z, c(1,1)] 3.1)
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2. For each i € {1,...,k}, include ¢(i,1),...,¢(i,5), c(i+1,1), and d(i, 1),...,d(i,6)
in Q”, and include the following quadruples in &”.

[cG,1), i,  Z,  d@G,1)] (4.1
[eG,1), i, P, ci,2)] (42)
[c(i,2), &, -, c(i,3)] (43)
[c(i,3), k+2, +,  c(i,4)] (4.4)
[c(i,4), k+2, P,  c(i1)] (4.5)
[dG,1), k+2, Z c(i+1,1)] (4.6)
[dG,1), k+2, P, d(i2)] (4.7)
[dG,2), k+2, —,  d(@i,3)] (4.8)
[dG3), i 4, di,4) (4.9)
[d(G,4), i+k+2,+,  d(,5)] (4.10)
[dG,5), i, P,  d(i1)] (4.11)

The contents of the counter i is first transferred to the counter k + 2 by (4.1)~(4.5),
and then to the counters i and i + & + 2 by (4.6)(4.11).
3. Include py in Q”, and the following quadruple in &”.

WI. Backward computation stage: In this stage, the computation performed in the
forward computation stage is undone, and thus the contents of counter k£ + 1 is erased
reversibly. We define x~! for x € {+,0,—,Z, P} as follows.

—if x=+
0ifx=0
= tifx=—
Zifx=Z2
Pifx=P

For each quadruple [gs,is,%s,4;] in &', include the states p; and p, in Q”, and the
following quadruple in 8”.

[Pt, is, xs_—l’ Ps] (61)

Note that (6.1) is the reverse quadruple of [gs,is,x5,9;] in the sense that it undoes
the operation of the latter quadruple. Since quadruples in &' are all deterministic and
reversible, (6.1) is also so.

By the above quadruples (1.1)(6.1), M" acts as follows for all my,...,my,m,...,n
€ N such that (qo,my,...,my) I% (grsni,... nk):

(g0, m1,...,m,0,0,0,...,0)

% (qf,nl, ooy Ry h,0,0,...,O)
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b (pron, - ooni, BOm, k)
% (po’ml""’mkﬂoio’nl,""nk)
for some h € N. O
Remark. In the copy stage of the above construction, all the counters 1 through k are

copied. But it is of course not necessary. We can copy only needed results and reduce
the number of counters.

4. Universality of a reversible two-counter machine
The next proposition has been shown by Minsky [8].

Proposition 4.1 (Minsky [8]). For any Turing machine T there is a CM(5) M that
simulates T.

His formulation of CM is slightly different from ours. But, it is easily seen (from the
proof of Proposition 4.1) that five counters are enough to simulate a Turing machine
for our CM.

Minsky further showed that any k-counter machine can be simulated by a two-counter
machine by using a Gédel number.

Proposition 4.2 (Minsky [8]). For any CM(k) M (k = 1,2,...) there is a CM(2) M’
that simulates M.

We now show a reversible version of Proposition 4.2.

Theorem 4.1. For any deterministic reversible CM(k) M = (k,Q,8,q0,9r), there is a
deterministic reversible CM(2) M' = (2,0, 5’,q6,z/f), such that

(go,m1,....mi) b= (qrsmis- s mk)
iff
(90, PT" - - P*,0) b7 (g7> PY' --- P} 0)
holds for all my,...,my,ny,...,n € N, where p; denotes the ith prime number (ie.,
p1=2, pp=3, p3=5,...).

Proof. From CM(k) M, the sets Q' and &’ of M’ are constructed as follows.
1. For each quadruple [g,,7,0,4;] in J, include the states ¢, and g, in Q’, and include
the same quadruple in &'.

(-, 1, 0, gs] (7.1)
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2. For each quadruple [g,,i,+,¢;] in 9, include the states q,,q,,4(r,j),q(r,6,£) (j =

ST, =1

lgr

[q(r, 1),
[g(r, 1),
[q9(r,2),
[q(r,3),
[q(r,4),
[q(7,5),
[g(.5),
lq(7,6),
[q(r,6,1),
[q(r,6,2),

[‘I(r, 63 pPi—
[q(rs 6! Pi)’

lq(r,7),

1, 1,

++ N+ NN

— NN M= — N

-

1
1
1

+
> +3 Q(r,7)]
P

g(r, 1)]
q(r,5)]
q(r,2)]
q(r,3)]
q(r,4)]
q(r,1)]
gs]
q(r,6)]
q(r,6,1)]
q(r,6,2)]
q(r,6,3)]

v

-

- -

-

-

q(r’ 6’ pl)]

q(r,5)]

..., pi) in @', and the following p; + 10 quadruples in &’

(8.1)
(8.2)
(83)
(84)
(8.5)
(8.6)

(8.7)
(8.8)
(8.9)
(8.10.1)
(8.10.2)

(8.10.p;—1)

(8.10.p;)
(8.11)

By quadruples (8.1)(8.6) the contents of the counter 1 is transferred to the counter 2.
Then by (8.7)~«(8.11) it is multiplied by p; and stored in the counter 1. In this way,
[gr,i,+,q5) of M is simulated by M’. It is easy to verify that the above quadruples are
all deterministic and reversible in &', since [g,,i, +,q;] is deterministic and reversible

in 6.

3. For each quadruple [g,,i
L,....,7, £=1,..

Lgr

[q(r, 1),
[9(r, 1),
[9(r,2),
lq(r,3),
[g(r,4),
[q(7.5),
[q(7,5),
[g(r,5,1),
[9(7,5,2),

lq(r,5, pi—
[CI(r, 5: pi)s

[q(r.6),
lq(r,7),

1),

b

>

s

5

3

-

-

]

2
1
1
1
2
2
2
2
2
2

b

Z, q(r1)]
Z, q(r, 5 )]
P, q(r,2)]
q(r,3)]

+, q(r,4)]
P, q(r,1)]
Z, qs]
P, q(r,5,1)]
- q(r,5,2)]
- q(r,5,3)]
-, q(r,5, pi)]
T q(r, 6)]
+,  q(r,7)]
P, q(r,5)]

i,—,qs] in 8, include the states g,,qs,9(r.j),q(r,5,¢) (j =
., pi) in @', and the following p; + 10 quadruples in &’.

(9.1)
(9.2)
(9.3)
(9.4)
(9.5)
(9.6)
(9.7)
9.8)
(99.1)
(9.9.2)

(99.p,—1)
(9.9.p:)
(9.10)
9.11)
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Quadruples (9.1)+9.6) are just the same as (8.1)(8.6). By (9.7)«9.11) the contents
of the counter 2 is divided by p; and stored in the counter 1, and thus [g,,, —,gs] of
M is simulated. It is also easy to verify that the above quadruples are all deterministic
and reversible.

4. For each pair of quadruples [g,,i,Z,¢s] and [g,,%,P,q,] in J, include the states g,
q(r,j, 1), g(r,j,2) (j=0,...,p;) in Q', and the following 3 p; + 3 quadruples in &'.

(g 2, Z, q(r,0,1)] (10.0)
[q(r,0, 1), 1, Z, q'(£0,1)] (10.0.1)
[q(r,0, 1), 1, P, 4(r,0,2)] (10.0.2)
[q(r,O,Z), 1: s q(",l,l)] (1003)
[q(r, 1,1), 1, Z, q'(s,1,1)] (10.1.1)
lq(r, 1,1), 1, P, q(r, 1,2)] (10.1.2)
[‘I(’"s 1,2)9 1’ ) q(razal)] (1013)
[q(r,2,1), 1, Z, q'(s,2,1)] (10.2.1)
[q9(r,2,1), 1, P, q(r,2,2)] (102.2)
[q(razsz)’ 19 i q(r73,1)] (1023)
[q(rapi—zsl)’ 1’ Z’ ql(s7pi_291)] (10p1—21)
[(I("’Pi"z,l)a 1, P, q(r’ pi_z,z)] (10p,——22)
[q(r7pi_292)s 17 s CI(", pi_l,l)] (10p1—23)
[Q(”,Pi_1>1), 1’ Za q/(S,Pi—l,l)] (10p,—11)
[Q(V’Pi_lsl)a 15 Pa q(r5pi_1’2)] (10p1——12)
lg(r,pi—1,2), 1, =, q(r, pi,1)] (10.p;—1.3)
[q(r’ pia1)7 2a +a q(r9pia2)] (10p,1)
[q(ra piaz)’ 2’ Pa q(r’ 0, 1)] (10P13)

Note that, if only [g,,i,Z,¢g,] exists in é (and [gq,,i, P, q,] € 0), then 3 p; +2 quadruples
except (10.0.1) are added to &’. On the other hand, if only [g,,i, P, q,] exists in 8, then
2p; + 4 quadruples except (10.j.1) (= 1,..., p;—1) are added to &'.

In order to test whether the contents of the counter i of M is positive or zero, M’
must check whether the contents of the counter 1 is divisible by p; or not. This is
performed by the above quadruples. When division is completed, the contents of the
counter 1 becomes 0, and the quotient is in the counter 2. Then M’ transits to the
state ¢'(¢,0, 1) if the remainder is 0, or ¢'(s,/, 1) if the remainder is j(= 1,..., p; — 1).
Restoration of the original contents of the counter 1, and the transition to the state g,
or g, are performed by the quadruples (11.0.1)—(11.p;.2) below.

5. For each state g, such that [g,i,x,4¢;] exists in é for some g € Q, i € {1,...,k},
x € {Z,P}, include 45,4'(s,/,1),4'(s,/,2) G = 0,..., p;) in Q', and the following
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[4'(s,0,1), 2, Z gs]
[¢'(s,0,1), 2, P,  4(s,0,2)]
[4'(5,0,2), 2, -, q(s,pi1)]
[d6 1), L+ ¢ pin2)]
[q'(s, pi,2), 1, P, q'(s, pi—1,1)]
[¢'(s, pi—1,1), 1, +, ¢'(s, pi—1,2)]
[4'(s, pi—1,2), 1, P, ¢'(s, pi—2,1)]

[4'(s,2,1), L, + q'(s,2,2)]
[4'(5,2,2), 1, P, q'(s,1,1)]
[4'(s,1,1), L, + q'(s,1,2)]
l4'(s,1,2), 1, P, q'(s,0,1)]

2p; + 3 quadruples in ¢’. (Note that to such g, there corresponds unique i because M
is reversible.)

(11.0.1)
(11.02)
(11.0.3)

(11.pi.1)
(11.p;.2)

(11.pi—1.1)
(11.p;—12)

(112.1)
(11.2.2)

(11.1.1)
(11.1.2)

We can verify that the quadruples (10.0)~(10.p;.2) and (11.0.1)-(11.p;.2) are all de-
terministic and reversible from the fact that M is deterministic and reversible. O

Example 4.1. Consider a deterministic reversible CM(3) M; = (3,0, d, 4o, gy, P) having
the following quadruples as é.

(g0, 2, Z, q1] (M;-1)
[q91, 1, Z, gr] (M;-2)
lq1; 1, P, 2] (M:-3)
(92, 1, —, g3] (M;-4)
[93, 2, +, q4] (M;-5)
[g4, 3, +, gs5] (M:-6)
lgs, 2, P, q1] (M,-7)

(90,3,0,0) 5= (47,0,3,3).

A deterministic reversible CM(2) M| = (2,0,
method of Theorem 4.1 has the following 93 quadruples.

1. Quadruples corresponding to {go,2,Z,q1]:

[qu 2, Za q(O, 0’1)]
[¢(0,0,1), 1, P, 4(0,0,2)]
[9(0,0,2), 1, —, ¢(0,1,1)]

M, reversibly transfers the number given in the counter 1 to the counters 2 and 3. For
example,

o’,90,q5,P) constructed by the
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[9(0,1,1), 1, q(l,l,l)]
[9(0,1,1), 1, P, 4(0,1,2)]
[9(0,1,2), 1, q(0,2,1)]
[4(0,2,1), 1, q’(1,2,1)]
[9(0,2,1), 1, P, 4(0,2,2)]
[4(0,2,2), 1, —, ¢(0,3,1)]
[9(0,3,1), 2, +, ¢(0,3,2)]
[9(0,3,2), 2, P, 4(0,0,1)]

2. Quadruples corresponding to the state g;:

[¢'(1,0,1), 2, Z, 1]
[¢'(1,0,1), 2, P, 4'(1,0,2)]

[ql(1,0=2)5 2’ ) ql(1:3sl)]
[¢'(1,3,1), 1, +, 4'(1,3,2)]
[¢'(1,3,2), 1, P, 4'(1,2,1)]
[¢'(1,2,1), 1, +, ¢'(1,2,2)]
[4'(1,2,2), 1, P, ¢(1,1,1)]
[¢'(L,1L,1), 1, +, ¢'(1,1,2)]
[ql(l’172)7 17 P’ ql(laoal)]

3. Quadruples corresponding to the pair [g1,1,Z,g¢] and [q:1,1,P,q2]:

[qu 2, Z, q(laoal)]
[q(1,0,1), 1, Z, ¢'(2,0,1)]
fq(1,0,1), 1, P, ¢(1,0,2)]
[¢(1,0,2), 1, —, ¢(1,1,1)]
[q(1,1,1), 1, Z, 4'(f,1,1)]
[¢(1,1,1), 1, P, ¢(1,1,2)]
[q(191’2)a 1, -, q(lazal)]
[q(1,2,1), 2, +, q(1,2,2)]
[q9(1,2,2), 2, P, ¢(1,0,1)]

4. Quadruples corresponding to the state gy:

[4'(f,0,1), 2, Z, gr)
[4'(f,0,1), 2, P, 4'(£,0,2)]
[q/(f, 0,2), 29 s q/(f,Z, 1)]

[¢'(f,2,1), 1, +, 4'(f,2,2)]
[4'(f,2,2), 1, P, ¢'(f,1,1)]
[¢'(f L1, 1, +, 4'(f,1,2)]
(¢'(f,1,2), 1, P, 4'(£,0,1)]
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5. Quadruples corresponding to the state g»:
[q’(z, Oa 1)’ 2’ Za Q2]
[4'(2,0,1), 2, P, 4'(2,0,2)]
[q/(z, 032)9 2’ ) q,(25 2’ 1)]
[4'(2,2,1), 1, +, 4'(2,2,2)]
[4'(2,2,2), 1, P, 4'(2,1,1)]

2, 1L1), 1, +, 4'(2,1,2)]
[4'(2,1,2), 1, P, 4'(2,0,1)]

6. Quadruples corresponding to [¢2,1, —,g3]:

(42, 2, Z, q(2,1)]
g(2,1), 1, Z, ¢(2,5)]
[92,1), 1, P, ¢(2,2)]
(9(2,2), 1, -, 4q(2,3)]
[9(2,3), 2, +, q(2,4)]
[9(2,4), 2, P, q(2,1)]
[9(2,5), 2, Z, 93]
[9(2,5), 2, P, q(2,5,1)]

[9(2,5,1), 2, —, ¢(2,5,2)]
[9(2,5,2), 2, =, 4q(2,6)]
[9(2,6), 1.+ q(2,7)]
(9(2,7), 1, P, q(2,5)]

7. Quadruples correspohding to [93,2, +,q4]:

(a3, 2, Z, 4q(3,1)]
[¢3,1), 1, Z  q(3,5)]
[4(3,1), L, P, ¢(3,2)]
[¢(3,2), 1, -, 4q(3,3)]
[943,3), 2,4+, q(3,4)]
[9(3,4), 2, P, 4(3,1)]
[¢(3,5), 2, Z, q4]
[9(3,5), 2, P, 4(3,6)]

[¢(3,6), 2, —, 4(3,6,1)]
[9(3,6,1), 1, +, ¢(3,6,2)]
[9(3,6,2), 1, +, ¢(3,6,3)]
[9(3,6,3), 1, +, ¢(3,7)]
[9(3,7), L, P, q(3,5)]
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8. Quadruples corresponding to [g4,3,+,¢s]:

[114’ 2’ Z’ ‘1(4, 1)]
[g(4,1), 1, Z,  q(4,5)]
[g(4,1), 1, P, q(4,2)]
[q(452)’ 1’ ] ‘1(4’3)]
[9(4,3), 2, +, q(44)]
[q(4,4), 2, P, q(4,1)]
[4(4:5), 2’ Z, 45]
[9(4,5), 2, P, q(4,6)]

[61(4,6), 23 T q(4a 6’ 1)]
[q(4,6,1), 1, +, g(4,6,2)]
[¢(4,6,2), 1, +, 4(4,6,3)]
[9(4,6,3), 1, +, 9(4,6,4)]
[q(4,6,4), 1, 4+, 9(4,6,5)]
[9(4,6,5), 1, +, 4q(4,7)]
[¢(4,7), 1, P, q(4,5)]

9. Quadruples corresponding to [gs,2,P,q1]:

(g5, 2, Z, ¢4(5,0,1)]

[9(5,0,1), 1, Z, ¢'(1,0,1)]
[¢(5,0,1), 1, P, ¢(5,0,2)]

[9(5,0,2), 1, =, 4(5,1,1)]
[9(5,1,1), 1, P, q(5,1,2)]
[9(5,1,2), 1, —, 4(5,2,1)]
[9(5,2,1), 1, P, ¢(5,2,2)]
(9(5,2,2), 1, -, 4(5,3,1)]

[9(5,3,1), 2, +, 4(5,3,2)]
[4(5,3,2), 2, P, q(5,0,1)]

For example, by the above quadruples, the computation of M,
(40,2,0,0) b (47,0,2,2)
is simulated by M| as follows:
397
(90,2°3°5°,0) 7' (gr,2°3°5,0).

From Proposition 4.1, Theorems 3.1, 3.2, and 4.1, we can derive the following
theorem.

Theorem 4.2. For any deterministic Turing machine T there is a deterministic re-
versible CM(2) M that simulates T.
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5. Concluding remarks

In this paper we gave conversion methods from an irreversible CM to an equivalent
reversible CM, and from a reversible CM(k) to an equivalent reversible CM(2) (these
methods were tested by computer simulation). Thus, we can conclude that a reversible
CM is computation-universal even if it has only two counters. Since reversible CM(2)
is a very simple model of computation, its universality will be useful to show other
reversible systems’ universality.
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