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In the general setting of quantum controls, it is unrealistic to
control all of the degrees of freedom of a quantum system.
We consider a scenario where our direct access is restricted
to a small subsystem S that is constantly interacting with the
rest of the system E. What we investigate here is the funda-
mental structure of the Hilbert space that is caused solely by
the restrictedness of the direct control. We clarify the intrinsic
space structure of the entire system and that of the operations
which could be activated through S. The structures hereby re-
vealed would help us make quantum control problems more
transparent and provide a guide for understanding what we can
implement. They can be deduced by considering an algebraic
structure, which is the Jordan algebra formed from Hermitian
operators, naturally induced by the setting of limited access.
From a few very simple assumptions about direct operations,
we elucidate rich structures of the operator algebras and Hilbert
spaces that manifest themselves in quantum control scenarios.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Understanding the dynamics of many-body quantum systems under artificial control is by no
means easy. As the race towards the realization of quantum computer is growing in momentum, a
solid theoretical foundation is desired more than ever in order to tame complex quantum dynamics
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Fig. 1. A schematic view of the problem setting. A small subsystem S can be directly accessed, while the rest of the
system E is beyond direct artificial control. The intrinsic dynamics of S and E, including interactions between them, is
governed by the drift Hamiltonian ho. Any operation in su(dim#s) is applicable by modulating the Hamiltonians {hy}
acting on Hs.

systematically. The principal difficulty is in the necessity of controlling exponentially many degrees
of freedom of a large quantum system through a limited number of controllable parameters.

Since it is unrealistic to control all such degrees of freedom, the number of the modulable
parameters is limited no matter what physical control scheme is employed. Thus, natural questions
would be what we can do to a given physical system under severe limitations on our artificial
control and how can it be done [1-3]. Although there has been a widely accepted control method
in the quantum information processing community, i.e., using a combination of one- and two-qubit
operations, its prospects still look rocky in terms of scalability. This hiatus of the development in
this direction encourages us to explore the problem from a more fundamental, or mathematical,
point of view.

A major obstacle when scaling up a quantum system is the noise induced to the system through
interactions with its environment. We thus consider a setting in which the system interacts with
its environment minimally; most of the system is insulated from its surroundings and only a small
subsystem is the subject of our direct control. The insulated part E is connected only with the
controllable subsystem S through the drift Hamiltonian hg, and any operation can be applied to
S at will. This type of scenario has recently been studied, mainly for systems of spins-1/2 [2-5].

The most noteworthy tool for analyzing the dynamics in such a setting is the dynamical Lie
algebra, which is a set of all realizable operators under the given condition [6-9]. It can be calculated
as the maximum set of independent operators that are generated by the drift Hamiltonian hy and
Hamiltonians {hy} corresponding to modulable field parameters.

In order to make the setting realistic and mathematically tractable, we assume that {h} forms
a Lie algebra su(dim#s) acting on Hs, where s is the Hilbert space for a small subsystem S of
dimension dim?#s (Fig. 1). The S subsystem interacts through hy with the rest of the system, E,
which we also assume is finite-dimensional.

It is clear that the dynamical Lie algebra does not necessarily span the Lie algebra su(dim# -
dim#g) for the entire Hilbert space of the system. The dynamical Lie algebra has mostly been
calculated and analyzed in an ad hoc fashion, depending on the specific physical system. In fact,
calculating the dynamical Lie algebra from a given set of Hamiltonians is hard; its complexity
is O(d®) for a d-dimensional system [10]. This makes it extremely difficult to discuss the general
properties of the controllability except in some special cases, such as XY or Heisenberg spin chains
that have high symmetry. When the dynamical Lie algebra does not coincide with a simple Lie
algebra on the whole Hilbert space, it is an unlucky case: the system is not fully controllable; thus,
the S part may need to be expanded, in the hope of making the controllable space larger.

Now we ask ourselves whether there are intrinsic structures in the dynamical Lie algebra when
artificial controls are applied only to a small subsystem of a many-body system? In other words,
what does the structure of the Hilbert space look like, especially when it is not fully controllable?
Also, what is the precise effect of expanding the accessible part S, namely, that of appending an
ancillary system #,4 to Hs? Does it always help to enlarge the controllable space in Hg?

In this paper, we classify the structure of the dynamical Lie algebra, which is induced by the
restricted access, as well as the Hilbert space structure that manifests itself accordingly. We then
find that there is a clear distinction between the cases of dim #s = 2 and dim #s > 3. On the one
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hand, when dim Hs > 3, there appear only direct sums of su(-). On the other hand, a structure of
formally real Jordan algebra explicitly emerges in the dynamical Lie algebra if dim #s = 2. Although
the Jordan algebra was introduced by Jordan et al. [11] as a mathematical formulation of quantum
mechanics, it has attracted relatively little attention in the quantum community.

Further, we can see how the structures of these two cases correspond to each other, when an
additional dimension(s) is appended to S. Looking into this correspondence allows us to answer
the question about the effect of ancilla: enlarging #s does enhance the controllability of quantum
state of E if dim s = 2, while it does not otherwise. This is a somewhat unexpected result; one
may envision that appending an ancilla to S would not be of use at all because what is interacting
with E is still only the original S itself. One’s intuition may be opposite to such a view; as reported
in [12], the size of the ancillary system could help make the probable subspace in E larger. Our
result proves that these ideas are over-naive.

Investigating spatial structures will also have direct and important consequences with respect
to the system identifiability. There has been intensive research on the problem of quantum system
identification under limited access [13-21], since the knowledge of the system Hamiltonian is
crucially important for control. A number of identification schemes have been discovered so far, and
at the same time it is becoming clearer that there may exist limitations on what we can observe
through S. The Hilbert space structures we elucidate here will provide a useful toolbox to address
all these key issues systematically.

2. Main results

The physical setup we consider is as follows. We suppose there is a quantum system #g, on
which arbitrary control can be applied at will, that interacts with an external system #g coherently.
The dynamics of H, including the interaction with s, are described by the drift Hamiltonian hg,
and #Hg is not subject to our direct control (see Fig. 1). That is, we can access Hg only indirectly
through Hs. Also, we assume that the Hilbert spaces #g and #s are both finite dimensional.

The dynamical Lie algebra L is crucial in the analysis of the controllability of a quantum system.
It is a Lie algebra generated by ihg and a set {Idr} ® su(dim#s) of operators. Here, Idg is the identity
operator on Hg, {Idg} is a one-dimensional space generated by Idg, and su(dim %) is the set of all
traceless skew-Hermitian operators acting on s, thus representing a set of arbitrary controls. A
direct product of the operator sets S; ® S, is a set of s; ® s, for all s, € S, (b = {1,2}), and iS
means the set of elementsi-s for all s € S.

We now present five central theorems about the structure of the dynamical Lie algebra, as well
as that of the space #g. Before presenting them, let us introduce a few terms.

e The connected algebra L. is the smallest ideal' of L which includes {Id;} ® su(dim #s), i.e.

Le=c({[---[[g' g1]. 8], ..., 8N € Zz1 Agn € LA g € {lds} @ su(dimHs)}), (1)

where £(S) indicates a set of all real linear combinations of the elements in S.
e The disconnected algebra Ly is the set of all skew-Hermitian operators which commute with
any element in L, i.e.

Ly = {glg € u(dim# - dim#s) A Vg € L, [g,8'] = 0}, (2)

where u(dim Hg dim Hs) is the set of all skew-Hermitian operators on Hg ® Hs. From the
Jacobi relation, we can verify that L is also a Lie algebra.

That our direct access is restricted to #s necessarily imposes a nontrivial structure on the
dynamical Lie algebra. Let us summarize the rough ideas behind the main theorems before pre-
senting them in a rigorous manner. Throughout this paper, the structure of the Hilbert space #g
is the structure in the context of quantum control; namely it is what we shall “see and control”
through S.

1 The ideal L’ of a Lie algebra L is a subspace of L such that it cannot be expanded by taking commutators between
['and L, ie. L' D [L, L].
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Theorem 1: Any element in the dynamical Lie algebra L is a sum of two elements, one of which is
controllable from operations on S and the other is uncontrollable.? These two are the
elements of subalgebras L. and L4, respectively.

Theorem 2: When dim#s > 3, the Hilbert space # can have a direct sum structure with
subspaces, each of which may be a direct product of two spaces, #g and Hjg. The
dynamics on #y are driven by L., while those on #p are driven by L. Thus, #p cannot
be controlled through operations on #s. In other words, the limitedness of direct
access to S induces a natural basis structure in E.

Theorem 3: When dim#s = 2, H has a direct sum structure, similarly to the case of dim#s > 3;
however, there may be a restriction on L.

Theorem 4: The algebraic structures shown in Theorems 2 and 3 are sufficient conditions for L to
be a Lie algebra that contains su(dim#).

Theorem 5: This theorem shows how the space structure changes when an additional dimension(s)
is appended to a two-dimensional Hs.

The theorems are not restricted to the setting with a single drift Hamiltonian ihy. This is because
we do not impose any specific constraints on the combination of physical Hamiltonians to obtain
the dynamical Lie algebra, that is, there could be multiple drift Hamiltonians {ihg’ )}p, instead of one.
What we classify is the structure of the dynamical Lie algebra L, which contains Id ® su(dim#s), so
the theorems are valid for such cases as well.

2.1. Induced structure of the dynamical Lie algebra L

The following three theorems describe the precise structure of the Hilbert space of E as well as
that of the dynamical Lie algebra L, and how it depends on the dimensionality of .

Theorem 1. The algebra L is a subspace of the direct sum of Ly and L;:

LC L(Lg VL), (3)
LgN L. = {0}. (4)
This, together with the relation L. C L, implies L = £((Lg N L) U L;).

Theorem 2. When dim Hs > 3, the space Hg has the structure of a direct sum of subspaces, each of
which is a direct product of two spaces,

He = P He, = @D My, ® Hy;, (5)
j j

and the precise nature of these subspaces depends on L.
In accordance with the decomposition (5), Ly and L. are written as direct sums of subalgebras as

Ly = EP u(dim #5) ® {Idg, ® Ids} and (6)
j

Le = EPHids} ® su(dim Mg, - dim Hs). 7)
j

Moreover, this intrinsic structure stays the same, even if an ancillary space Hs is appended to Hs
to enlarge the directly accessible space. That is, if we let L' be the ‘expanded’ Lie algebra generated by
{ld}®su(dim Hs -dim Hs ) and iho ®Ids/, where hg is the drift Hamiltonian, the corresponding connected
and disconnected algebras, L, and L), are u(dim Hg;) @ {ldg; ® Ids ® Ids'}, and {Idg} @ su(dim Hg; -
dim #;s - dim #Hg ), respectively.

2 Even in the case where L is equal to su(dim#g - dim#s), the disconnected algebra Ly can formally be identified as
a one-dimensional Lie algebra {i - Id}. The connected algebra L. is then equal to L.
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Theorem 3. When dim Hs = 2, the space Hg has the structure of a direct sum of subspaces sz, ie.
He = P H;, (8)
j

such that the disconnected and connected algebras, Ly and L., can be written as direct sums of
subalgebras, each of which acts on a subspace HEJ, ® Hs. Similarly to Theorem 2, the detail of each
subspaces in Eq. (8) is determined by L.

Further, these subalgebras of Ly and L. have the forms,

il ® {lds} and (9)
£(if; ® {Ids} U J; ® su(dim #s)), (10)

respe_ctively, where_ the triple of the operator sets (]]]_jfj) is equal to one of the following three types:
(R, R, R), (P, MY, M) or (&, &y, &y). Depending on the type of J; among R, MY, and &, M,
has a finer structure shown below in Eq. (11).

The notations for the sets, ‘R, zm<y’<>, and &y, are after [11], and their details will be given later in
this section (from Egs. (25) to (30)). The indices y, k, and n that specify the structure of operator
sets 931;"), &, are integers such that y > 3, k € {1, 2, 4} and n > 3. Also, we will introduce sets with
accent signs, e and e, in Egs. (31)-(42), which are defined in correspondence to each of R, im(y"), and
Gn.

The subspaces Hg, or Hﬁj have a fine structure depending on the type of J;:

Ha; when Jj = R
Ha; ® Hy when J; = zm;’" fork € {1,2}
*
Hy =1 1y ® qum ® Hy when J; = oV (1
”HA]. ® Hoj([n/ﬂ—l) ® HQj((nm—z) R ® H%m when Jj = &,
where dim Ha = 1, dim Ho =7, and all other spaces, HQm, HQ]m, - .., are two-dimensional.
J (

If j = Gy or im(y” for n’ € N. 1, there appears a Hermitian operator Z]* in the representations of
(&o, Gor, Go) and (o, M2, ifrt(yz)) (see Eqgs. (25)-(42)). The operators Z* acting on the space
Ha; have eigenvalues +1 and/or —1. The dimensions of H,; and #g;, as well as the precise form of
Zj*, may differ for each j, even if J; could be of the same type for all j, e.g., Jj = img/z) (V)).

Theorem 1 states that, we can uniquely divide any drift Hamiltonian hy, which describes the
(unmodulable) interaction between the systems E and S, into two parts hy € Ly and h. € L.. This
division is done such that the hy part has no effect on the dynamics in the space Hs, and the other
part h. represents the interaction between #s and Hg.

Theorem 2 conveys a somewhat strong message. It claims that, when dim Hs > 3, even if we
attach an additional quantum system S’ to S, intending to enlarge the effective work space, it does
not expand the set of executable operations for #g. That is, if we let L' denote the Lie algebra
generated by L ® {Ids'} and {Idr} ® su(dim Hs - dim # ), the set of all generators in E and S that are
possible under the expansion S’ is still the same as L;

{glg®Ids e L'} = L. (12)

One common message from Theorems 2 and 3 is that, regardless of the dimension of the system
S, the system E would have a direct sum structure as in Egs. (5) and (8). Thus, the quantum dynamics
cannot make a state jump between different subspaces in the sum, which is already a significant
consequence of the limited access. Theorems 2 and 3 then state further that there are substantial
differences in the fine structures of each subspace, depending on whether dim#; is larger than or
equal to 2.
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2.2. Sufficient conditions required for L, Ly, and L.

Next, we give sufficient conditions for the operator sets L, L; and L. to be a Lie algebra,
disconnected and connected algebras for the Lie algebra L, respectively. As a matter of fact, having
the structures stated in Theorems 1 and 2, as well as the rather trivial property of L N L; being
closed under the commutator, are sufficient for them to have the necessary properties mentioned
with Eqgs. (1) and (2).

Theorem 4. Suppose that dimHs > 3 and Hg can be decomposed into ng ® H,}j such that Hg =
@j HBJ_ ® Hfzj- Also, define Lyand L, according to this space decomposition as

Ly = @u(dim?—[gj)@) {ldy, ® Ids), (13)
j

Lo = @{mgj} ® su(dim Hg - dim Hs). (14)
Jj

If the set of operators L on <EB]- ng ® HRJ.) ® Hs satisfy

= z;(z; uzc), (15)
L, Ly, (16)

such that Iié is closed under the commutator, then so is L, and Zd and ic are the disconnected and the
connected algebras for L.
If dim#s = 2 and Hg can be decomposed into Hz ie, Hg = EB]. Hz the above statement still holds
7 7

with the following modifications to the definitions of Ly and L.. Namely,

Lo = P ® tids), (17)

J

L = @D £ (i ® {lds} UJ; ® su(dim #s)) , (18)
j

where (J;, J;. J;) is equal to one of the triples of operator sets, (R, R, R), (im(y"), S)_fi(y"), 53(;‘)) and (G, Sy,
&,). Naturally, L in Eq. (15) should be considered to be an operator set acting on (@j HZ) ® Hs.
]

Theorem 4 reveals the structure of the dynamical Lie algebra L, which contains arbitrary
generators on the space #s. It implies that the structure of the space in Hr may not be trivial
at all. By a trivial structure, we mean that #g is a simple direct product of two spaces g, and H,,
ie, Hg = Hg, ® Hg,. If the Hamiltonian had the form, hy = Idg, ® hg, ® hs, then obviously the
space Hg, cannot be accessed from #s, while g, can. What is claimed above is, however, that the
accessible and inaccessible spaces in #g would have more complex and rich structure because of
the restrictedness of our physical access.

2.3. Relation between structures when dimHs = 2 and dim#s > 3

From the quantum control perspective, one might naively think of enlarging the controllable
space in E by introducing an additional system S’ that interacts with S. We have mentioned above
that this is not possible when dim#s > 3, but what happens if we append an ancillary system
S’ when dim#s = 2? The following theorem depicts the transition that occurs when an ancillary
system S’ (obviously, dim#gs > 2) is added to the two-dimensional S.
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Theorem 5. Let L' be an expanded Lie algebra generated by ho®Ids and {Idg}®su(dim Hs-dim #s ). The
expansion of the accessible space from S to S’ causes a change in the structure of Hg from that of Eq. (8)
to Eq. (5). (Below, primed indices are for the spaces after expanding dimHs = 2 to dim(Hs @ Hs') > 3.)

If Jj in Eq. (10) is equal to one of R, MV, MY or Syy_y with ' € N.,, there is a one-to-one
correspondence between j and j' such that

* —
HE} - HEj/ - HBj/ ® HRj/ .
If J; is equal to either fm(yz) or Gy, the subspace H; splits into a direct sum of two direct products:
* o
HE} - /HEj/+ @ HEJ‘/7
= (HBj/+ ® HRjr+) 52 (HBJ-/_ & HRJ-/_)
(HA](+1) ® ,HQj) @ (HAJ(.’” ® HQ;.), when J; = S)JT(),Z)

— ('HA(_H) QH w-11® & Hle))
J j 7

Y

B(H,-1» ® Hoo-n ® - ®H ), when Jj = Gy
j j

M
Y
where H ) are the eigenspaces of the Z]* operator on Ha, corresponding to its eigenvalues +1, and

)
j'+ are the indices for distinguishing these subspaces.

The structures of sz in Eq. (11) are related to those in Eq. (5) as follows:

Mg, = Hays when J; = R, zm(yl), zm(;‘), Sow_1 (0 > 1),
19
My, = HAJ(_il), when J; = sm;”, Son, (19)
Ho when J; = R, Y k € {1,2},
C— o4)
HRJ( or HRj/i _ HQjm ® Hy when J; = imy , (20)
H o (m2-1) @ H (n/21-2) @ - -+ @ H, 1y when Jj = &,
9 g 9 Br=n
for b € {+1,—1}. When J; = 9%, we consider Hs to be a direct product of itself and a

one-dimensional space Hg..

Also, the connected algebra L. of L' after appending S’ will be of the form in Eq. (7),
ie, su(dim?—LRj - dim?#s) on each block subspace, and the disconnected algebra L} is related to the
original Ly as

L:i :Ld®{ld5/}. (2])
2.4. Physical examples

Expansion of the controllable space is a topic in the study of quantum controllability of specific
physical systems. For example, in [2], indirect control was discussed for a one-dimensional chain of
N spin-1/2 particles whose dynamics are governed by the drift Hamiltonian

. N
i = 2 37 el + Mo + (1 = W] + biZi (22)
k=1

where the last term represents the Zeeman interaction with a static magnetic field in the z-direction
and y is the anisotropy parameter. Despite what it may imply, the order of the spin spaces is the
opposite to our convention, e.g., that in Eq. (6) or (11); the S subsystem is spin 1, which is at the

left end, while in Eq. (11), it is assumed to be attached to the right end.
The Hamiltonian Equation (22) describes the so-called XX-type interaction between neighboring
spins, and the paper [2] presented a specific and efficient scheme to control the entire chain through
S containing two end spins, i.e., those labeled as k = 1 and 2 (see Fig. 2). The inclusion of two spins



8 G. Kato, M. Owari and K. Maruyama / Annals of Physics 412 (2020) 168046
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Fig. 2. A one-dimensional spin chain considered for control in [2]. The two spins at the chain end are in the directly
accessible subsystem, and the rest of the chain, E, only evolves through the drift Hamiltonian h}X of Eq. (22). Spins 1
and O are labeled S and S’ in line with the description of algebra expansion in the main text. Any su(4) operation can
be applied to spins 0 and 1; this applicability of arbitrary su(4) operations is achieved by assuming the same hf)‘x—type
interaction between them in [2].

in S is necessary, since having direct controllability of only one spin at the chain end does not lead
to full controllability over the entire chain with the above drift Hamiltonian ihé‘x. More precisely,
with ihgx and su(dim#s) = su(2) for spin 1, the connected algebra is equal to

Le = L(iGn-1 ® {Ilds} U Say—1 ® su(dim#Hs),
with the Hilbert space structure
He = Hoov-1) ® -+ @ Ho, (23)

where each #m is a two-dimensional space corresponding to each spin from k = 2 to N. This can
be verified by looking at the specific structure of the algebras J; in Eqgs. (25)-(30). There is only a
single j in this case; thus it is omitted in Eq. (23). Note that in our space structure notation, the
S space interacts with the rightmost one, Hq_m. and because dim(dim#,) = 1 in this case, it is

omitted in Eq. (23). If an extra spin, say, spin d is attached as S’ to spin 1, the algebra on #g, which
is determined by the dynamical Lie algebra L, changes. Namely, the connected algebra L. becomes
that of Eq. (7), i.e., the full su(-) algebra on #.

A simple example in which the split of #4 can be observed is a chain of three spins-1/2, whose
Hamiltonian is

ihz)(xl =X1Xo + Y1Y2 + XoX5, (24)

which may be regarded as a special case of the XX Hamiltonian. Then, with the spin 1 being the S
subsystem, this ihf)(X' is of the type G4, and there is a Z* operator acting on #,4, which is X3 on spin
3 in the basis used above (see Eq. (30)). The Hilbert space structure under ihf)(X' and su(2) (for spin
1) is the one in Eq. (11), namely,

,HE =Ha® HQ(U»

where the subscript j is again omitted since there is only one element in the direct sum. Here,
Ha and Hy) are the Hilbert spaces for spins 3 and 2, respectively. If we add another controllable
spin-1/2 to S so that any su(4) operation becomes available in this subsystem, the space H, splits
into two parts as Hy+1) @ Hy-1). The overall E space then becomes

He = (Haern @ Hom) @ (Ha-1 ® Hom),

which is in the form of Eq. (5) for the case dim#s > 3.
2.5. Representations of triple (]j]_]jj)

Before_concluding this section, we show below explicit representations of candidates for the
triple (J;, Jj, Jj). Although they look rather complex, they will be of use for understanding how the
controls on S affect E indirectly.

First, the forms of the operator sets for | are obtained in Lemma 5, as a consequence of the anti-
commutation relations required for operators in the algebra, which stems from the limited access
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to the system (shown in Lemmas 1-4). Their specific types are denoted as R, Em(y"), and &, and are
given as follows:

R = {Ida}, (25)
zm(y” = L({Ida @ X,q, Ida ® k) (K|}ktget0.1,....p—1))5 (26)
MP = L({lds @ X, Ida @ [K) (K], Z* @ Y ghirgelo.1....p—1)): (27)
MY = £({lda ® Idg) ® Xig. 1da ® Idg) ® [K) (K],

ldy@W ® quq}We{X,Y,Z}, k#qef{0,1,..., y—l})’ (28)
n’—m m—1
e e ——
Gy = L{d® - - QIARINRY R ---RY,
d® - ®Id}hwex z).mei1,2,...w—1) ) (29)
n—m m—1
—— ——
Gy =LH{d® - - QURIWRYR®---QY,Id®---®1d,
/-1
) PRSI
QY ® - @Y hwexzime(12,.w—11) (30)
where the generalized Pauli operators, X, = |j){k| + k)|, Yix = —ilj)k| + ilk)(l, Zix =
g p j, Js i,

WGl — k) (kl, X == Xo.1, Y = Yo.1, and Z := Zy 1, are used, and {[j)}jejo,1,...; Tepresents a basis for
each space. The operator Z* is the one mentioned after Eq. (11), namely, it is a Hermitian operator
which satisfies Z*? = Id, and characterizes subalgebras. We have omitted the index j, indicating the
subspace of #; or #, for both spaces and operators, for simplicity. We shall do so in the following
as well, as long as there is no risk of confusion.

Second, as for those with a bar, %, Y, and &,, we define them as Egs. (31)-(36). They are
determined so that they satisfy the relation, ] = i£([J,J]), which is proved in Lemma 6, for the
corresponding J given in Egs. (25)-(30).

% = {0}, (31)
952(},1) = L({lds ® Yk,q}k;&qe{OJ,...,yfﬂ), (32)
9:_’?(}/2) = C({]dA ® Yk,q, z* ® ch,qy zZ ® Zlc,q}k;éqe{o,1,...,y71})7 (33)
MY = £{lds ® Idy) ® Yig. Ids @ W & Xi g,

Ida @ W @ |K) (kI}wex.v.2).kqe(0.1, ...y —1) ) (34)
n'—my my—mq—1
_ —_——— —
Sp1 =L({ld® - - QIIWRY®--- QY
mp—1
/ 1
QW' @Id® -+ ®1d}w wiex.z),m <mye(,2,...0'—1}
n’'—m m—1
—— ——
UId® - Q@IdRY ®Id® -+ - ® Id}me1.2....w—1))s (35)
n'—my my—mq—1
_ —_——— —
G =L{ld® - QAW RY Q- QY
mp—1
, 1
W @IdQ® -+ ®1d}w wiex.zy.m <mye(1,2,...0—1}
n’'—m m—1
Wd® - ®IdRY RId® - -- R 1d,
n’—m—1 m—1

7’QYQ® - QYW RI® - ®1d}wex zymei1.2...0—1)- (36)
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Finally, the operator sets with a hat, R, Efft‘y’", and &,, are those that commute with the
corresponding J, i.e., [f,]] = 0 (Lemma 8). Their forms are:

R = {M}hei.udim #a)s (37)
MY = {h ® Idg Iheiudimy)» (38)
M) = {h @ Idg bneiu(dim 20" (39)
MY = (h @ Id ® Id}heiuiaim 144)- (40)

Sar-1 = {h® I ® - ® [d}nciuaim34,), (41)
So = (h®Id® - - @ Id}neiu(dimrey)*- (42)

where u(dim H4)* is the set of all elements in u(dim #,4) that commute with Z*.
3. Properties of the algebra L

Before giving the proofs of the above theorems, let us study the properties of the algebra L. We
shall use a number of lemmas to prove propositions in what follows, and the proofs of those lemmas
are given in the supplementary material. Let g be any operator in L, then g can be written uniquely,
regardless of dim(%#s), as

g =28u®lds + Zgw®W, (43)
WeHg
where g4 and gy are skew-Hermitian operators acting on the space Hg, and Hs is the basis of
i-su(dim¥s) consisting of operators Xy g, Yiq and Zy 41 for k,q € {0, 1,...,dim%Hs — 1} (k < q).
Defining two operator sets by
G = {gulger (44)
GV = L({gw)gerwens), (45)
we can show
L= £(G? @ {Ids} UiG" ® su(dim #s)) (46)
(See Lemma 1.) We shall call the pair of sets G and G the identifiers of the dynamical Lie
algebra L.
These identifiers are shown to satisfy the following (anti-)commutation relations in Lemma 2:
[G(b), G(b)] C G(O), (47)
[G(O), G(l)] C G(]), (48)
i{G(l), G(l)} c G(]), (49)

for b € {0, 1}. Further, only when dim #s > 3, another commutation relation
[G(]), G(U] C el (50)

is required (Lemma 2).

Since iGV is closed under the anti-commutator, iG") is a Jordan algebra, and is formed by
Hermitian operators, including the identity operator, Id;. Then, as shown in Lemma 5, iGV can
be written as a direct sum of simple Jordan algebras J; regardless of dim#,

¢ = P (51)

J

and J; has to have one of the structures in Egs. (25)-(30). Lemma 5 also proves that the structure
of HEJ in Eq. (11) is then obtained in accordance with that of J;. The explicit representations of J;

obtained thereby then allow us to have those ofj in Eqs. (37)-(42) and J in Eqs. (31)-(36), with the
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help of the commutation relations shown in Lemma 6. Also, from Eqs. (47) and (51), and i[Jj, J;] gj_j
from Lemma 6, we obtain

P c 6. (52)
j
These relations allow us to express #g as a direct sum of the spaces HEJ_, such that any element in
Jj and J; is an operator on HEJ_.

Since the identity operator is in all simple Jordan algebras, the projection operator P onto
M, is in i, 1t then follows from Eq. (48) that an operator [g,PEj,] (Vg e GO) must be
block diagonalized into the subspaces ng. Thus, any element in G is also block diagonalized
accordingly, and we let Gj(.o) be the set of block elements of g € G° whose action is restricted
to the subspace 7—[;} From Eq. (48), we see [G](.O), Jj:l C J;, and this condition enforces GJ(-O) to be
a subset of i£(J; U J;), where (J;,J;) is equal to one of the pairs (5}, RR), (9315/"), m»), and (G, G1),
de;zenc_]ing on whether J; = R or zmg,") or &,, respectively. This is because, as shown in Lemma 7,
iL(A]j U!j) turns out to be the maximum set J” of Hermitian operators that satisfy i[J’, ;]  J;, namely,
£(JjUJ;) = {hlh € i-u(dimHg) AVH € J;, ilh, h'] € Jj}.

Combining these results, we arrive at

O cPc? c@Picli v (53)
J J
and Egs. (50)-(53) imply a relation

P (i ® {1ds} U @ su(dim#s)) S L
j

< @P <t ® {ids) U if; ® {Ids} U J; ® su(dim #s)). (54)
J
All these relations (except for Eq. (50)) hold, regardless of dim #.

4. Proofs of theorems

We now show the proofs of Theorems 1-5 by using the relations we have given in the last
section, as well as the specific representations of (J;, J;, J;). Since much of the mathematical argument
in the proofs, which is mainly about the structure of the formally real Jordan algebra, is quite
involved, we shall only delineate the proofs here to help readers grasp the picture, relying on the
lemmas shown in the following section. Those lemmas are devoted to explaining the mathematics
behind the proofs of the theorems.

We shall start with the proof of Theorem 2, and then go on to show in the order of Theorems 3,
1, 4, and 5.

Proof of Theorem 2. When dim Hs > 3, Egs. (50) and (51) lead to the condition i[@j]j, EBJ.]]-] -
@j]j, which is equivalent to requiring i[J;, J;] € J; for all j. This enforces us to choose 4, zm;” and G4
with ZJ* = IdAj or —IdAj as possible structures of J; among those in Eqgs. (25)-(30). It is not hard to
verify that others in these equations, such as sm<y4>, do not fulfill the above condition. Note that the
structures of J; and HEJ,, Egs. (25)-(30) and (11), are derived in Lemma 5. In this case of dim(#s) > 3,
H;j are relabeled as #g; in Theorem 2.

When J; is equal to R = {Ids}, He; Is as simple as a single subspace Ha; (see Eq. (11)). Thus, by
regarding Hp = Ha; and dimHg, = 1, Hg, in Eq. (5) has a structure Hp, ® Hg. If Jj is equal to MmMP)
or &4, H; takes the form of Ha; ® He; OF Hay @ Hy ), respectively, according to Eq. (11). It is then

obvious that HE; has a structure of Eq. (5), by assiéning the first and the second subspaces in the
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tensor product to be Hg and Hg;- Thus, #Hg can be written @j Hp; @ Hg;, irrespective of the form
of J;. B

Having identified the subspaces of 7, the algebra on Hg ® Hs, i.e., £(iJ; ® {Ids} UJ; @ su(dim Hs)),
turns out to be {IdB].} ® su(dimHRj -dimHs). As a result, the relation (54) is reduced to

P ids} ® su(dim #g, - dim #s) € L
c Gja L(u(dim Hg,) ® {Idg; ® Ids} U {Idp;} ® su(dim Hg; - dim Hs)), (55)
Evhich, acci)rding to Lemma 10, implies that the disconnected and the connected algebras are given
\
Ly = EP u(dim H5) ® {Idg, ® Ids}. and (56)
L. = é{[dgj} ® su(dim He, - dim Hs). (57)
J

Hence, Theorem 2 is proved. Note that the last statement in Theorem 2 can be verified rather
straightforwardly, since the Lie algebra L' generated by L ® {Ids'} and {Idg} ® su(dim % - dim %)
satisfies the relation

@{Idgj} ® su(dim Hg, - dim s - dim Hs) € L'

J
< @D cu(dim #Hg) ® {Idy; ® Ids @ Ids'}

U{ldg,} ® su(dim #y, - dim s - dim Hs)). (58)

Proof of Theorem 3. The statement of Theorem 3 is nothing but the consequence of Lemma 9,
which states that when dim Hs = 2 Eq. (54) implies

Ly = @ljj ® {Ids}, and (59)

]
Le = P (i ® {Ids} UJ; & su(dim #s)). (60)
j

Proof of Theorem 1. When dim Hs > 3, we see from Egs. (56) and (57) that Ly and L, do not have
an overlap, thus LyNL. = {0}, which is Eq. (4). Also, the inclusion relation of the right side of Eq. (55)
together with Eqs. (56) and (57) imply L € £(Lg UL.) in Eq. (3).

When dim#s = 2, Egs. (59) and (60) and the explicit expressions of Uj,]_j,jj) guarantee the
relation in Eq. (4). Also, these expressions and the inclusion relation on the right of Eq. (54) leads
to Eq. (3).

Proof of Theorem 4. That L := E(f_fi U L) is closed under the commutator can be seen as
[L1] = [£(y U L), £(Ly UL)]
L([Ly, L] U [Ly, L] U [Le, Le])
L([Ly, Ly U [Le, Lc])
(L UL) =L (61)

N

N

The second inclusion relation stems from the bilinearity of the commutator. The equality in the
third line is due to the commutation relation [L,, L.] € [L4, L] = {0}, which is verified with
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the definitions of L4 apd L., ie. Egs. (13) and (14). Since IN,& is assumed to be closed under the
commutator and so is L. by Eq. (14), we verify the inclusion relation in the fourth line.

Lemma 10 tells that if Eq. (61) and
[cclcelqul), (62)

which is trivially obtained from Eqs. (15) and (16), hold, then L4 and L. are the disconnected and
the connected algebras. Therefore, the first half of Theorem 4 is justified.

The second half of Theorem 4, which is for the case of dim#s = 2, can be proved in a similar
manner. Although Eq. (61) can be shown to be true, the relations [Ld, Lc] = {0} and [LC, LC] C LC
need a bit different reasonings. The former is justified by Eq. (A.74) shown in Lemma 6. We can also
check [Lc, L] € L by using i[Jj, J;1 < J;, ill;, Jj1 < Jj. ill;,Jj1 € J;, and {J;, J;} < J;, which are from Egs.
(A.72) and (A.73) in Lemma 6. (Lemma 3). With Eq. (62), which holds when dim#;s = 2 as well, and
Lemma 9, we can show that Ly and L, in Eqs. (17) and (18) are the disconnected and the connected
algebras.

Proof of Theorem 5. Given an expanded dynamical Lie algebra L', there must be its identifier

(GO, GV, such that I' = £(GY @ {Ids ® Ids'} UiG"" @ su(dim Hs - dim Hg')) (Lemma 1). These sets
satisfy

GV = EB;']- - EB:] c GV, and (63)
EBU ]] <G, (64)

where the first equality in Eq. (63) is from Eq. (51). Each algebra ]j’ is equal to one of the following:

N = {Ids), (65)
MY = i{lda) ® u(dim Ho), (66)
MP) = ic(({Idyen} @ {Idy—n}) ® u(dim Hg)), (67)
MY = iflda} ® u(dim Hya - dim Hg), (68)
h—q = 1{Ida} ® u(dim Hy ) - dim Hy o) - - - dim Hga), (69)

o = 1L(({Hdyn)} @ {Idy-1)})

®u(dim Hy 1) - dim My - - dim Ho)). (70)

There is a one-to-one correspondence between these primed algebras and the non-primed ones in
Egs. (25)-(30). For example, if one of the J; was D:)t(V” when dim#s = 2, then appending an ancillary
space Hs makes it change to 9%V.

The right-most inclusion in Eq. (63) can be justified by the following three facts: First, LQ{Ids/} C
L', since L’ is a Lie algebra generated by L® {Ids/} and Idr ® su(dim #; - dim Hg ). Second, as Lemma 2
tells, GV must be closed under two binary operations [-, -] and i{-, -} since dim ;s - dim #g is more
than 2. Third, 1] in Egs. (65)-(70) are the smallest skew-Hermitian operator sets which contain the
corresponding 1], and are closed under the binary operations (Lemma 11). Eq. (64) is simply due to
Eq. (47) for L, [G", GV'] < GOV,

Since I' = £(G'Y ® {Ids ® Ids'} U GV @ su(dim®; - dim#s)), together with Eqgs. (63) and (64),
we obtain

@ £([J},J1® {lds ® Ids'} UJ; ® su(dim Hs - dimHs/)) C L. (71)
J
On the other hand, we can verify the relation

L' @ cil @ {Ids ® Ids} U [J], J]1 ® {Ids ® Ids'} U J] ® su(dim #s - dim #s)), (72)
J
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using the explicit expressions of]j/ in Egs. (65)-(70), together with Egs. (37) and (59)~(42); that is,
we can readily see that the set on the RHS of Eq. (72) is closed under the commutator and contains
all generators in L ® {lds} and {Idr} ® su(dim #s - dim #Hg ). By redefining the structure of # as
He = EBj, Hg, ® Hg, as in Theorem 5, Egs. (71) and (72) can be rewritten as

@{Idsj,} ® su(dim Hy, - dim #s - dim #s)
]'/
cl <@Ly ® {lds} U {ldp, } ® su(dim Hg, - dim Hs - dim Hs)), (73)
j/
where Ly = @j, u(dim ng,) ® {Ide, ® Ids}. This relation then implies, according to Lemma 10, that
the disconnected algebra L}, and the connected algebra L, for L’ are

L, = Ly @ {lds}, (74)
L = @{Id}gj/} ® su(dim #y,, - dim #s - dim /). (75)
j/
Hence, Theorem 5 is justified.

5. Conclusion

We have revealed the structures of the Hilbert space and the Lie algebra from only a few
very simple assumptions, in the context of indirect quantum control. The restrictedness of our
artificial operations imposes constraints on what can be controlled in the large entire system. An
interesting finding includes that there is a clear distinction depending on the dimension of the
directly accessible subsystem S (Theorems 2 and 3). While E, which only interacts with S through
the drift Hamiltonian hy, is virtually a direct sum of fully controllable subspaces, not all operations
are necessarily possible when dim#s = 2.

There have been studies [22,23] in a similar direction, which have analyzed the ‘controllability’
issue depending on dim#. Though there are differences in meaning of some terms, e.g. controllabil-
ity, our analysis can be used to prove their results as well; the details are given in the supplementary
material.

The present analysis can be applied to the study of physical situations where we wish to
control a large quantum system with minimal access. Such scenarios have been discussed under
the motivation of suppressing unnecessary interactions between the quantum system and its
environment. As briefly mentioned after Theorem 5, control problems have been addressed in [2]
for a one-dimensional XX spin chain through direct control of two end spins. Also, closely related
is the problem of quantum system identification under limited access, which has been discussed
intensively in the last decade [13-16,19]. From the system identification perspective, in which
the main task is to identify the drift Hamiltonian hg, what we have clarified in this paper can
be understood as the very fundamental structure of what we may be able to identify through S,
regardless of the physical system.

The structures of the space and the algebra we have clarified can be used to further investigate
the possibility of indirect control of large systems. In this context, for example, a significant
consequence of indirect control is the existence of equivalence classes, within which any distinct
physical configurations of E and its Hamiltonians cannot be distinguished by any operations on S.
While it has already been studied in the literature, such as [24] and [12], our results would shed
more light on this issue in a consistent way.

There should still be a lot of ground to explore in front of us. One practically important issue we
have not discussed here is the time optimality or time dependence of the operation on the system
size. This problem has been studied quite actively (see, e.g., some recent studies [4,5,25-27] and
references therein). In addition, we still have very little insight into how to obtain the specific profile
of the control pulses [28]. It appears, however, that it is likely that we have to rely on numerical
optimization methods for it.



G. Kato, M. Owari and K. Maruyama / Annals of Physics 412 (2020) 168046 15

Despite all this, the framework of indirect control under limited access is promising for realistic
large-scale quantum control. Our attempt would be of use to acquire deeper insights into the physics
of quantum control systematically and will hopefully be one of the guiding principles in building
the future quantum control methodology.
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Appendix A. Supplementary material: Proofs of lemmas

Here, we prove those lemmas used for proving theorems in the main text. The proofs of some
lemmas below are rather involved, so this whole section may be browsed quickly or even skipped if
readers’ interest is in grasping the picture of what our main theorems claim. However, it should be
interesting to see how the Jordan algebra, which might not be particularly common among quantum
physicists despite its origin, plays a central role in the study of indirect quantum control.

The first lemma shows the fundamental structure of the Lie algebra of our principal interest.

Lemma 1 (Proved in [22]). Let L be the Lie algebra of skew-Hermitian operators acting on Hg ® Hs,
which contains all elements in {Idg} ® su(dim Hs). Then L can be written in the form

£(G” @ {Ids} UiG" ® su(dim Hs)) (A1)
with appropriate linear spaces G© and GV of skew-Hermitian operators acting on H.

Proof. Using the basis Hs = {Xk g, Ykq, Zkk+1} of the linear space i - su(dim %), any operator g € L
can be uniquely written in the form

g=gu®Ids+ Y sw@W, (A2)

WeHg

where gz and gy are skew-Hermitian operators on . Let G(© and GV be sets of these operator
components:

G = {gulger, (A3)

G = £({gw}geL,W€H5 )- (A4)

This definition indicates L € £(G¥ ® {Ids} U iG"" ® su(dim #s)) =: Lo. Note that the set G is a
linear space since the set L is a linear space.

Now, we show the inclusion of the opposite direction L 2 Ly, i.e., for any element g € L, g4 ® Id

and gw ® h are in L for arbitrary h € i - su(dimHs) and W € Hs. To this end, we show the
following:

Vg € L, VW € Hg, 30’ € su(dimHs), such that gy @ b’ € L. (A.5)

If this is fulfilled, gw ® h is in L for any elements h € i - su(dim#s) since su(dim#s) is a
simple algebra. That is, for any nonzero h’ € su(dim#;s), generators obtained by repeatedly taking
commutators with elements g, in su(dim#s) will span the whole su(dim#;s):

su(dim Hs) = ic({[- - - [, g1], &1, - .., &nlIn € Zx1 A gm € su(dim Hs)}). (A6)
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Since the relation gy ® Ids = g — ZWEHS gw ® W guarantees that g,y ® Ids is in L, showing Eq. (A.5)
is sufficient to prove L D L.
We pick an arbitrary element g =: g,y ® Ids + ZWEHS gw ® W € L. From the relation

g, ) ilde ® Zipl, Y ildy ® Zp.q]
p#k p#q

= 8Xiq Y Xk,q + EY¥igq ® Yk,q = g[:,q, (A7)

g,/(,q is in L since all operators in the LHS of Eq. (A.7) are in L. Therefore, a linear combination g and
Skq

(dim Hs — 1)

dim Hg—2 dim Hg—1 dim Hg—2
g— > D Sa==u®ld+ > gy, ®Zu1 =g (A8)
k=0 q=k+1 k=0

is also in L. Taking commutators between g, " g’ and generators in {Idg} ® su(dim#s) € L, we can
obtain gx, . ® Zy.qr 8y, . ® Zyqand gz, ® Xk k+1, as follows:

_E[g//{,qv ildg ® Yiql = EXiq ® Zyq, (A.9)
%[g,;q, ilde ® Xk ql = 8y, ® Zi g, (A.10)
dim Hg—2 dim Hg—2
Z ﬁk,q[g/’ ildg ® Yq,q—H] = Z ﬁk,q.uq,pgzpﬂ_,_l ® Xp p+1
q=0 q,p=0
= 8211 © Xik+1 (A.11)

where i 4 is the (k, q)th element of the inverse of (dim#s — 1)-dimensional matrix M whose
(k, q)th element is iy g := 28k g — Sjk—q),1, Where 0 < k, g < dim #s — 1. The existence of the inverse
matrix is guaranteed from det M = dim Hs + 1. Egs. (A.9)-(A.11) mean that the condition (A.5) is
satisfied, and hence L 2 L,. O

Next, we consider a sufficient condition for a pair of sets G and G(!) to be the identifier of the
Lie algebra.

Lemma 2. IfL = £(G9®{Ids} UiGV @ su(dim Hs)) is a Lie algebra, G and GV satisfy Eqs. (47)-(49).
If dim#s > 3, then another commutation relation [GV, GV] € GV is also required.

Proof. For any g, g; € G®, we can construct equalities

[80. 8] ® Ids = [go ® Ids, g5 ® Ids] , (A.12)
dimHg—2 dim Hs—1
[e1. 1] @ 1ds = d Z D (21 ©Xig 8 ®Xig] (A.13)
=0 q=k+1
(20,811 ® Zo,1 = [go ® Ids, g1 ® Zo,1], and (A.14)
i{g1.8} ®2Z01 = [g1 ®X0,1.8] ® Yo,1]. (A.15)

From the assumption, any operator in the RHSs, e.g., go®Ids and g, ®Ids, is contained in L. Therefore,
each operator in the LHSs should also be contained in L. Looking at the operator on #;s of these
relations, Eqs. (47)-(49) can be justified.

When dim Hs > 3, we can have equalities such as

[g1.81] ®Z12 = [81 ® Xo0.1.81 ® Xo.1] — [81 ® Xo.2. 81 ® Xo2] . (A.16)

which means [GV), GV] € G, Note that if dim?{s = 2 there is only a single X operator, Xo 1
(obviously the same for Y and Z), thus the commutation relation for G(! does not necessarily
hold. O
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The next lemma is for the necessary condition for a pair of sets G(*) and GV to be the identifier
of the Lie algebra.

Lemma 3. Suppose that G and GV are sets of linear operators, and L = £(G® ® {Ids} U iG" @
su(dim Hs)). If G and GV satisfy Eqs. (47)-(49) and if dimHs = 2, the operator space L is closed
under the commutator, hence L forms a Lie algebra. The same can be said for the case of dimHs > 3, if
Eq. (50), [GV), GV € G, is satisfied in addition to Eqs. (47 )-(49).

Proof. Let us define a basis of L by a set of operators, each of which has the form gy ® Ids or ig; ® h
with g, € G and h € Hg. Therefore, it is sufficient if we check that commutators between any two
elements of such are in L. For any g, g; € G and h, i’ € Hs, we have the commutation relations,

[20 ® Ids, gy ® Ids] = [g0. 8] ® Ids, (A17)

(g0 ® Ids, g1 ® h] = [go,&1]1 @ h, (A.18)
1 1

[g1®@hg @] = 3 [g1.g1]® {h. 1} - Ei{ghgﬁ} ®i[h h]. (A.19)

Due to Egs. (47) and (48), the RHSs of Eqs. (A.17) and (A.18) are in L. As for Eq. (A.19), when
dimHs = 2, Egs. (47) and (49) guarantee that its RHS is in L, since {h, '} o Ids holds for any
basis elements h, h’ € Hs in this case. If dim#s > 3, {h, h’} can be written as a linear combination
of elements in Hs and Ids, and obviously i[h, h'] is again in Hs (if not zero). Thus, the RHS of Eq. (A.19)
is also in L because of Egs. (47), (49), and (50). O

If the pair of operator sets (G, G) is the identifier of a Lie algebra L, iG(") is a set of Hermitian
operators which is closed under the anti-commutator. That is, iG() is a formally real Jordan algebra,
which is defined as a linear space closed under the commutative bilinear operator such that

xy} = {y.x},
{{x. x}, ¥} 2} = {{x, %}, {y, x}},
Z{Xj,xj} =0=x=0.
j

The following lemmas about the structure of the Jordan algebra are useful for classification of Lie
algebras that include all elements in i{ldg} ® su(dim Hs).

Lemma 4 (Theorems 14, 16 and 17 in the paper [11]). For any formally real Jordan algebra ], a basis
{e)}pet0.1,....p0—13 U {sﬁf*”)}(p,m,t)eg can be constructed, where pg is an integer that can be determined
when a specific | is given. The indices p, o, and  are in the range 2 = {(p, o, uw)lp <o A Jj, p,0 €
I; A pef0,1,..., xj — 1}}, where {I}}; are a non-overlapping decomposition of {0, 1, ..., po — 1},
ie., EBj I;=1{0,1,..., po — 1}, and yx; are positive integers indexed by j. The basis elements {e,} and
{sﬁf*")} satisfy the following three anti-commutation relations:

{ep» ec} = zapﬁepa (AZO)
{07, 5Py = 26, (e, + €5), (A21)
{ep. s} = (8p.0 + 8. )si 7). (A22)

As a quick consequence of Egs. (A.20)-(A.22) in this lemma, let us show three useful relations.
The first one is

1
e e, = 5{ep, eyles

1 1
ep{epv ea} - 5{{(3/)7 ea}v ep} + Z{{epv ep}v e(r}

= 28,06 — 28,06, +8p0e)
= 8,0,0(2{8;7, ep} - ep)
=5,0,. (A23)
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where Eq. (A.20) is used in the first, third and the last equalities, while the second and the fourth
equalities can be verified just by the definition of the anti-commutator. The second is, for p < o,

s = {e,. feo. 57N
= e,5\" e, + €45\, (A24)

where Eq. (A.22) has been used recursively in the first equality, and Eq. (A.23) in the second line.
The last one we show here is

e,sVeqs Ve, + e,5LVeys\ e,
= e,{e,50 ey + e,5\ e, €,5 e, + €5V e, e,
= ep{sif”"),sff”")}ep
= 26,.¢,. (A.25)

where Eqgs. (A.23) and (A.24) have been applied in the first and the second equalities. In the last
step, Eqs. (A.21) and (A.23) are used.

Although Lemma 4 has been known since [11], we shall give a proof of these relations in order
to make this paper self-contained. As we are interested in the (Jordan) algebra, which is expressed
on a Hermitian operator space, our discussion is automatically restricted to the formally real Jordan
algebra.

Proof. Let us start with a simple proposition about the Jordan algebra with Hermitian operators.
That is, for any element h of the algebra, projection operators onto the eigenspace of h for any non-
zero eigenvalue are in the algebra. To prove this, pick an arbitrary element h in the Jordan algebra
and let vy and hy for k € {1, 2, ..., np} be its non-zero eigenvalues and projection operators onto
the corresponding eigenspaces. Then, define a matrix M such that its (g, k)-element 4 x is equal to
(k)71 for k,q € {1,2,..., ng}. Similarly, we define jiq as the (g, k)-element of the inverse M~.
The existence of the inverse matrix is guaranteed by the fact that detM = [],_,,(vk — vi) # 0.
Using puqx and fiqk, the projection operator hy can be written as

he = Zﬁk,qﬂq,k’hw
q.k

=Y jugh". (A.26)
q

Because {h", h} = 2h™! for all n € N.g, the above equation implies that the projection operator
onto an eigenspace hy is also an element in the algebra.

Next, we shall define a set {e,}, in the following way and look into its properties. First, let a
set J© be J. For p > 0, e, is defined from a subset J*) of J such that e, is a non-zero operator
which has the smallest rank in the set J(» whose largest eigenvalue is 1. Then, J***1 is defined
as a set of elements of J*) that anti-commute with e,, ie., J**V = {h|{h,e,} = 0,h € J®)}. As
we have seen in the above argument, e, is a projection operator, and, for any element h € (1),
heo = 2({eo, h} + {eo. h}eo — eo{eo, h}) = 0 holds. Thus, for any elements h, we see I’ € (),
{{h, '}, eo} = {h, {N', e0}} + {I', {h, eo}} + 2(heg)W’ + 2(h'eg)h = 0, and this means that J¥) is also
a Jordan subalgebra of J. Iterating this process for larger p, we can state that e, is a projection
operator, any element in ](”') anti-commutes with e, if o’ > p, thus {e,,e,} = 0ase, € ](p/).
Therefore, Eq. (A.20), as well as Eq. (A.23), can be justified. The sets {J(”} clearly have the inclusion
relations J© > J( > ..., Since the entire space is finite dimensional, there exists a number pq such
that - - - Jiro=1) 5 jlro) = {0},

In order to show other properties of {e,} and {sgf*”)}, let us now define linear spaces E, =
{e,he,|h € ]} and S'»9) := {e, he, + e, he, |h € ]} for p # o. Any elements in E, and S*-) are in J
since, using Eq. (A.23), their elements can be written as

1 1
eyhe, = 5{{h, ey}, e,} — E{h’ ep) (A.27)
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e-he, +e,he; = {{h,e,}, e,}. (A.28)

An immediate consequence of this definition of E, is that any element in E, is proportional to
e,. Let us prove it by contradiction. Suppose that there exists an operator h in E, which is not
proportional to e,. We pick a projection operator e, onto an eigenspace of h that corresponds to a
nonzero eigenvalue. Since h € E,, e,he, = h holds due to Eq. (A.23), thus the range of h is not larger
than e,. Because the range of ey, is smaller than h by assumption, the range of e, is smaller than
e,. This implies e,epe, = ey and ranke;, < ranke,. Meanwhile, e, is not only in J (since h € J), but
also in J?) because {e,,en} = eye,ene, +e,epe e, = 0 for p° # p. The existence of a projection
en € J) such that ranke; < ranke, contradicts with the definition of e,, that is, e, must have the
smallest rank in J(*).

Let us now prove Eqs. (A.21) and (A.22), the equalities concerning si”*) in the set S/**). We shall
consider only the case where all elements of S°) are nonzero. By defining an inner product fo.o
on the linear space S*) as

Trhh’

fp.a(h’ h,) = m,

(A.29)
we can construct a normalized orthogonal basis with respect to f, ,, and we shall let sﬁf"’) be such
a basis.

Eq. (A.22), thus Eq. (A.24) as well, can be verified rather straightforwardly with the definition of
St2) and Eq. (A.23). In order to prove Eq. (A.21), let us note that e, {s\**), s{**)}e. = a'f,7"e,,
where agﬁf’” is a real number. This is because er{sgf"’), siPo)le, is in the set E, thus it is
proportional to e, and we let a‘#’if '7) denote the proportionality constant. Then, together with Egs.
(A.23) and (A.24), we can see the following relations hold:

a7 e, = e, (s s e,

= (51 "es Neos eq )T + (ep51 e )e,st Ve, )T, (A.30)
aij’,’u"’”)e(, =€, {sgf"’), stPolye,
= (e,5\ e, ) (e,5\ e, ) + (€50 e ) (e,51 ey ), (A31)
dfo e, + a0 e, = (s, sy, (A.32)

Complex conjugates are included in the first two equations simply for the convenience for the next
step, recalling that the algebra J consists of only Hermitian operators. By setting v = p in Egs. (A.30)
and (A.31), we have

dpoe, = 2(e,s' e, )e,s e, )1, (A33)
aﬁﬁ’;’”)eg = 2(epsf’o)eg)f(epsgf"’)ea). (A.34)

Since s{7°) is a Hermitian operator and has the form (A.24), the operator e,s'/-*)e, is not equal
to zero. This fact and the above two relations guarantee that the rank of e, is equal to that of e,,
thus

Tre, = Tre,. (A.35)
It is clear from the RHSs of Egs. (A.30) and (A.31) that their traces are equal, i.e.,

a7 P re, = a7 Tre, . (A.36)
Eq. (A.32) and the orthogonality of {si**)} imply

aﬁﬁ‘v""’)Trep + agff'v"’”)Treg = Tr{sﬁf"’), stPoly

v

= 2Trs£f’”)s(""’)

v

= 26,,,Tr(e, +e5). (A.37)
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It then follows from Egs. (A.35), (A.36), and (A.37) that a'/,"") = a{/7-") = 26, ,,, hence we obtain
Eq. (A.21) from Eq. (A.32). As described above (before the proof of thls lemma), Eq. (A.21) also leads
to Eq. (A.25).

It still has to be shown that {e,}, U {sp i }p<(, . forms a basis of J. From Egs. (A.23), (A.24),
and that {5(" ")}H are orthogonal to each other we can check that these elements are linearly
1r1dependent As shown above, {e,} and {s(/’ ”)}H are the bases of E, and §9) respectively, and
any elements in E, and S are in J. Therefore all we have to check is that every element in J can
be expressed as a linear combination of {e,}, U {Sﬁf‘”)}p<a,ﬂ. Let h be an element in J and define
I =73 e, €]. Noting Eq. (A.23), which implies I? =1, and that I and h are Hermitian, we can see
the folfowmg relations:

{I,hy—Ihl —h = %{h, I}—h— %{{h, I, 1), (A.38)

(hI — IAI)(hI — IhI)' = —{{h, h}, I} + %{{h, I}, h} + %{{{h, I}, {h, 1}}, I}

1
+ Z{{{h’ h}, 1}, 1} — {{h, I}, {h, I}}. (A.39)

The RHSs contain only anti-commutators of elements in J, thus they are in J. Since e, =Ie, = e,
the LHSs of Egs. (A.38) and (A.39) anti-commute with e, for any p. By definition of e, such operators
should be equal to 0, i.e., {I, h} — Ihl — h = 0 and hI — Ihl = 0. Then, obviously

{I,h} — Ihl — h — (hI — Ihl) — (hl — IhI)' =1hl —h =0 (A.40)
holds, that is, IhI = h. Resubstituting I =} e,, we see
h=Ih = Zephep + Z ephe, + e, he,), (A41)
a>p

which means that h is in the space spanned by E, and S(*-).

Next, we focus on the dimension x, , of the space $-9)and will show that if Xp.o 7 0, Xp.z
is not larger than yx, . for mutually distinct o, o and t. Due to the symmetry with respect to the
permutation of o, p, 7, this means that if x, , # 0 and Xp : # 0, these two and y, , are equal to
each other. To this end, let us pick a basis {s{""™},, of S"*) and a normalized element s( Vin sp-0),

Defining 5|7 := {sg’"’),sgf*”} eJforuel0,..., xp.r — 1}, we see
es\7 Ve, + e,5 Ve,

— ea(sgpﬂ)s(p,r) +S(p,r)s(ﬂ,0))et + e.(s ('D’J)S(,f’T) _i_SEf,T)SE)PYG))ea

= e,s E{’"’)eps(" Yer + es Ve ,sg

= (e,sy" e, + €50

(p, ff)

ey )(epsif Je. +e, s(‘”)e )

+ (epsif”)er + ezsif*’)ep)(easg e, + e,y s e, )

= {sg 7 sy = s, (A42)
In the second and the fourth equalities, Eqs. (A.23) and (A.24) are used, and the third equality can
be verified by expanding the RHS, using Eq. (A.23). Eq. (A.42) implies that sﬁ‘”) is an element in
57, In addition, the following relation can also be verified in a similar manner:
{S;EU’T) :}((r )}
= {{sg" ", s, sy, s
— ngﬁ)s(f r)sgﬁ G)S(vp,r + Sgp,ﬂ)sg)p,r)sgﬂﬁ)ssf,t) + S({).r)sgﬂﬁ)s(up,r)sgﬁﬂ)
+ Ssjp,t)s(op-ﬂ)sglp.r)sépﬁ) + S(f’r)SBp'U)SE)p'U)SE,p’r) + Ss)p,z)sgp,rr)sgpﬁ)sgf,r)

+ SE)P»U){SE),O,Z)’ Silo,r)}s(opqa)
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= s T(e, + e,)s ) + 57 e, + ;)5 + 26,58 e, + e )
= e,sﬁf"’)eps(f'f)eI + es Ve, s\ e + 28, €08 s Ve, 50,
= 25;1 v(e(r + er)~ (A43)

This means that the operators {s’(" T }ue{o 1....xp.c—1) are all non-zero and linearly independent. Thus,
the number of linearly 1ndependent s’(" 2 is larger than or equal to x, ., i.e, Xp.r < X0 .. Hence,
Xp.o = Xp,r = Xo,r 45 mentioned above

The above argument, X, = Xpr = Xo.r if Xpo # 0 and x,. # 0, shows that the set
{0,1,..., p0 — 1} can be decomposed into non-overlapping subsets [, i.e,, {0,1,...,p0 — 1} =
EBj TI;. Grouping for each Ij is done so that x, , # 0 if and only if both p and o are in a single set
T;. Within the same I}, all x, , are the same, namely, x, , = x, ., forany p, o, p’, ¢’ € I;. To prove
this statement, we define an equivalence relation ~ such that the relation p ~ o holds if and only
if x50 # 0 or p = o. The reflexivity and the symmetry relations hold trivially, and the transitivity
relation is guaranteed by the above argument, where we have seen (p ~ o)A (p ~7) = 0 ~ T.
Noting the fact (0 ~ 0) A(p ~ T) = Xo.t = Xp.o = Xp.r» We€ can group the indices that are
connected with the equivalence relation “~" as {I;};. Then, by rewriting x; := x,, for p,o € I3,
all properties of the basis stated in Lemma 4 about the formally real Jordan algebra have been
derived. O

The relations between the basis vectors shown in Lemma 4 imply a very unique structure of the
formally real Jordan algebra. They then allow us to obtain explicit expressions of J on the space of
Hermitian operators with an appropriate basis.

Lemma 5. Suppose that | is a representation of the Jordan algebra on a Hermitian-operator space that
includes the identity operator, i.e. | is a linear space of Hermitian operators such that {J,J} < J and
Id € J. Then, ] is a direct sum of simple Jordan algebras, each of which has one of the forms (25)-(30)
with an appropriate basis.

We assign the characters X, zm;k) and &, to the possible simple Jordan algebras, following the
notations in [11].

Proof. From Lemma 4, we can choose a basis {e,},¢0,1,....pg—1; U {sif"’)}(p’g’ﬂ)eg which satisfies Eqs.
(A.20)-(A.22).

First, we show that ) e, is equal to the identity. Since Id € J, Id can be expressed as a
linear combination of the basis vectors. This fact and the relations (A.23) and (A.24) indicate that
(3>, es)ld = Id. On the other hand, obviously (}_, e, )ld = (3_, e,) also holds, thus these lead to

e, =1 (A44)
P

From the properties (A.23) and (A.44), we can define a basis {|k, o)} of the complex linear space
He such that |k, p) is the kth basis vector in the space projected by e,, where the range of the
parameter k is {0, 1, ..., ranke, —1}. Next, we define a j-dependent subspace #; as a space spanned
by {Ik, o)} per; k- Smce 69] 7=1{0,1,..., po — 1}, the space H¢ can be expressed as a direct sum of
He;, ie. &t = He. The basis of | can also be divided into subsets, each of which is characterized
by], that is, {ephper; U {s P.0 }p<,,ep uel0,1,...,xj—1}- From the relations (A.23) and (A.24), we can check
that any range of elements in the subset {ep}per; U {sgf’g)}pwerj,ue[o,1,,A,,Xj_1) is in the space Hg;.
Therefore, J has a direct sum structure, and all we have to check is that a subalgebra generated by
{e)per; U {Sif’n)}p<(rel'}',ue{0,1,,,,,Xj—1} has one of the structures (25)~(30) on the space Hp;. In the
following, we consider a certain j, so that we can omit the index j, and relabel the indices p and o
for simplicity such that I7={0,1,...,y — 1}

If y = 1, the subalgebra consists of only the projection operator ey. Therefore, this situation
corresponds to Eq. (25), i.e. the corresponding simple Jordan algebra has the structure 3. We now
assume y > 2.
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Due to Eq. (A.35), the range of the parameter k is independent of p in a subalgebra for a fixed j.
This implies that the space spanned by {|k, p)} , can be regarded to have a direct product structure,
ie, {Ik) ® |p)}k . We can show that there exists a unitary transformation U that connects these
two structures, such that

Us P Ut = 1d @ X, i1, (A45)
Ue,UT = Id ® |p)(p|. (A.46)

Eq. (A.24) indicates that we can write s(” 211 35 Ap —i—AJr where A, is an element in the space spanned

by {|k, p + 1){K’, p|}xx. By setting u = v = 0and o = p+1inEq. (A.22), i.e., (s (p.p 12 =e,+e,t1,
we have

A;Ap =e,, (A47)
A, AT =, (A.48)
Therefore, we can define U as U := Z Id® [p) (O|AT Ap 1» with which we can derive Egs.

(A.45) and (A.46).
Now, we focus on the structure of {Sif‘l)}ue{on ,,,,, x—1)- We will show that an isometry U can be
constructed such that, in addition to Egs. (A.45) and (A.46), the following are satisfied:

Rey
e ——
Us P Ut = 1d@1d® - - @ 1d®X, i1, (A.49)

1
L&45=1-n' n'—1

USSP Ut = 1d®1d® - @ IdRZRY ® - ® Y ®Y,

for | £ ; J=n=>1, (A50)
LAt - w1

UsPPUt = 1d@ld® - ®IdX ®Y ® - ® Y ®Yo

-1
for LXTJ >n' > 1, (A51)
Ry
UsOyt = 7+ P :
sx_lu =7"QY® --®Y®Yy 1 when y is even, (A52)
L)
——
Ue, Ul = 1d®Id® - ®1d®|p){pl, (A53)

where Z* is a Hermitian matrix whose eigenvalues are 1 or —1 only. As seen in these equations, the
space of the image of U has a direct product structure consisting of a single arbitrary dimensional
space, LXT’]J of 2-dimensional spaces, and a single y-dimensional space. The basis is now denoted
as {la) ® |bLXT’1J—1> ® ---® |by) ® |p)}, where the ranges of indices area € {0, 1,...,a0— 1}, b, €
{0,1},p €{0,1, ...,y — 1} with a certain integer a,.

We shall give a proof of the existence of U by induction in terms of x. When x = 1, Egs. (A.49)
and (A.53) are simply a paraphrase of Egs. (A.45) and (A.46).

Assume that the proposition holds when x is an odd number 2n — 1, and consider the case of
x = 2n. By this assumption, even if x = 2n, there exists an isometry U for the first 2n — 1 sﬁf””'s,
i.e, for u € {0, 1, ...,2n — 2}, such that Egs. (A.49)-(A.51) and (A.53) hold. Then, we attempt to
show that Eq (A 52) also holds for the remaining basis, 52(31”1

Because Sx 1 has nonzero entries for the (0, 1)th and the (1, 0)th off-diagonal blocks due to

Eq. (A.24), Usg(of1 UT should have Xp ; and/or Yy ; components for the rightmost space spanned by
|p). Thus, it can be written as a linear combination of terms, each of which has the form

VAW 1®@ - QWi Q@Yp10r VAW, 1 ®- - @ W; ®Xo,1, (A.54)
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where Wy, € {Id,X,Y,Z}, and V is an arbitrary Hermitian operator. Eq. (A.21) for p = 0,0 = 1,

nw=0andv =yx —1,ie, {sgo'” S(O‘l)} = 0, guarantees that the second type in Eq. (A.54) must be

1Oy —1

0. Similarly, {s{»"), s(XOf])} =0for 0 < o < x — 1 implies that the terms of the form
e ——
VOWo 1 ® - @Wys ®ZBY @+ @Y ®Yos or (A55)
2
201
e N —
V®Wn—1®"'®W%+2®X®Y®--'®Y®Yo,1 (A.56)

have no contributions to Us(;’_ll)U t when p is odd or even, respectively. Therefore, Us()?’_ll)U t must
have the form

n—1
——
VRY®: - @Y QY 1. (A.57)
2
Further, another relation (S(XO’_ll) = eg + ey, which is also obtained from Eq. (A.21), requires that

the square of Eq. (A.57) be equal to U(ey + e;)UT, which means V? = Id, thus V can be taken to be
Z*. Therefore, Eq. (A.52) holds for y = 2n.

Let us now prove the remaining step for induction. Assume that the proposition holds when y is
an even number 2n, and show that it also does when x = 2n + 1. Let us rewrite Egs. (A.49)-(A.53)
for clarity for the case x = 2n. Since LXT*]J = n — 1, the assumption is that an isometry U exists,
such that the following hold for the subset of s,’s and e,’s,

n—1
——
UsP Ut = 1d@1d® - - @ 1d®X, i1, (A.58)
n—n'—1 n’—1
UsP P Ut = 1d@1d® - ®IdRZ®Y ® - ® Y ®Yo,
forn—1>n">1, (A.59)
n—n'—1 n—1
Usi U = 1d@Id® - @1dRX QY ® - ® Y ®Yo,
forn—1>n">1, (A.60)
n—1
0.1) yt — 7+
UsPDUt =22 @Y ® - @Y @Yo, (A61)
n—1
——
Ue,U' = [dRId® --- @ 1d®|p){p]. (A.62)

Then we will show the existence of an isometry U’ that transforms 5(2?1’” to Eq. (A.51) withn’ = n,

ie, ld®XQ®Y®- - -®Y ® Yy 1, while other relations (A.49)-(A.53) for n’ < n are also satisfied with
U’ instead of U.

Similarly as above, due to Eq. (A.24), US(XO'J])U t can be written as a linear combination of terms in
Eq. (A.54). Also, it follows from the y — 2 relations, Eq. (A.21) with p = 0,0 = 1,0 < u < x —2 and
v = x — 1, that Us(XOf])UT should have the form of (A.57). The relation (A.21) with p = 0,0 = 1 and
uw+1=v=yx—1leads to Z*V + VZ* = 0. This means that V can be written as A + Af, where the
kernel of A is not smaller than the eigenspace of Z* corresponding to the eigenvalue —1, while the
range of A is not larger than the same eigenspace. Eq. (A.21)for p =0, 0 =land u =v =y — 1,

2
ie., (s(xo’_ll) = eq + ey, indicates V? = Id, thus ATA = 1(Id + Z*) and AA" = 1(Id — Z*). Therefore,
the dimensions of the eigenspaces of Z* for eigenvalues +1 are equal, and the space on which Z*
acts has an even dimension kg.
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Now we consider an isometry Uz« from the ko-dimensional space to a product of two spaces,
which are ky/2- and 2-dimensional spaces. It transforms an eigenvector of Z*, corresponding to
the eigenvalue b = =+1, to the ky/2-dimensional subspace with the eigenvalue being encoded
in the second (2-dim) subspace as |(1 — b)/2). With Uz+, we can consider a unitary noperator

Ut = (Id @ X)Us+A + (Id ® |1)(1])Uz+, so that a new isometry U’ = (U ® d® --- @ Id)U
transforms the space spanned by {|k, p)}«, to the one spanned by {|k) ® |b;) ® --- ® |bg) ®
I,o)}k€ 1. ko_l} b€ (0.1).p€(0.1..oy—1)" We can directly check that Egs. (A.49)-(A.51) and (A.53) hold

after replacmg U with U’, noting the effect of U?, e.g., U*U*" = Id®Id and U*VU*' = U*(A+ATUH =
I ® X, where the second space on the right is two-dimensional. Now that the induction is complete,
an isometry U exists such that Egs. (A.49)-(A.53) as well as Eqs. (A.45) and (A.46) for any positive
integer y.

Egs. (A.49)-(A.53) can be generalized to arbitrary combinations of p and o, leading to the
justification of Eqs. (26)-(30). Let us see how this can be done.

If y = 2, the algebra will look like either &,,_1 in Eq. (29) or G5,y in (30), depending on whether
x is odd or even, respectively. That is, the corresponding simple Jordan algebra has the structure
of GX 42

When y > 3, recall that the linear space J spanned by {Ue,,U*}pepU{Us(pf"’)U*}p@ep,ﬂe{o,] ,,,,, Y1)
is closed under anti-commutation, and all the generators are linearly independent, for {e,},cr and
{Sif’a)}p<a€[‘qy’€{041 ,,,,, 1) are a basis of the space. Since any other s{-?)-type basis generators can
be obtained by taking anti-commutators as

0.1) 0.1),

st =l (A.63)
/(p,o) = { {S (p,p+1) i ,o+1 p+2)}, o ng la)}’ (A64)
/(1 bo) . {S(O 1) ’(b,”)}’ (A.65)

PUCHIN 0,1) A0,0)y A1.7)

s = {00 s ) s (A.66)
withb € {0,1}, p,o, 1€ I, ue{0,...,x —1}and p+1 < 0 < 7, we can see their structures,
following Eqs. (A.49)-(A.52),

151
p.0)y 1t rp—
Us Ut = [d@Id® - @ 1d®X,.,, (A67)
LA -n w1
UsShlUt = 1d@Id® - @ IdRZR®Y ® -+ @Y ®Y, 4
-1
for LXTJ >n > 1, (A68)
155t —n -1
Uit = 1d@Id® - ®1dRX ®Y ® -+ ® Y ®Y, 4
-1
for LXT >0 =1, (A.69)
L)

T T S .

USX_1 U'=72"®Y®---®Y®Y,, when x is even. (A.70)

By construction, {e,},er U {s }p<g€[‘ uefo,1,....x—1y is the set of linearly independent operators,
the number of which is equal to the dimension of J, thus this set is a basis of )]
When x = 1 or 2, it is straightforward to see that J has a structure of smy

respectively, due to Eqgs. (A.49), (A.52), and (A.53).

in Egs. ( or (27),
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Let us consider the remaining cases of ¥y > 3 and x > 3. From Eqgs. (A.68) and (A.69), we see
that
L5t -1

£0.1) /0.2)y _ pit —_—
508 =U1dRId® - Q1dR{Z @ Yo,1,X @ Yo ,})U

15—t
—_—
=U'dRId® - - ®Id®Y ® Y;,)U (A71)

should be in J, thus this must be written as a linear combination of {ep}pepU{sﬁ"*”)}pqgnug{o,LMX_”.
Nevertheless, since Eq. (A.71) can be obtained from {s;ﬁ/”")} in Egs. (A.67)-(A.70) only by setting
x =4 and Z* = Id in Eq. (A.70), the explicit forms of the algebra ] indicate that such a requirement
holds only when ¥ = 4 and Z* « Id. Therefore, the corresponding simple Jordan algebra has the
structure MY in Eq. (28).

In conclusion, when it is spanned by the basis {e,},cr and {ng’a)}p<g€1"ﬂe[0,],“”X_]} that satisfy
(A.20)~(A.22) and (A.44), the space must have one of the structures in Egs. (25)~(30). O

Other linear spaces we have seen in Section 2, namely ] and j satisfy simple algebraic relations
as follows.

Lemma 6. Let a triple (], ], ]) be equal to either one of the three combinations; (9%, %, ), (om), om),
93?5,")), and (&, &y, &,), where y > 3, k € {1, 2, 4} and n > 3. Then the following relations

ic(J.J1) € J =ic(U.J0). (A72)
MWJDE]fﬂJL (A.73)
ilJ.J1 = il].J1 = {0} (A74)

hold.

Proof. Eq. (A.74) can be verified straightforwardly by using the definition of J and j Lemma 5 leads
tof{/,J} S J,and {J,]J} D] also_holds because %Id €J. Thus, ] = {J,J} as in Eq. (A.73).

The equality of i£([J, J]) = J, which is in Eq. (A.72), turns out to be a sufficient condition for the
remaining two inclusion relations in Eqs. (A.72) and (A.73). An inclusion

L, J1LJ1 € 20U, U, 13, (A75)
can be obtained because of the identity
ililj1, j21,j31 = =1, U2, iz} + 2, U1, 3} (A.76)

The LHS of Eq. (A.75) is equal to ic([J,J1) if ic([J,J1) = J. Also its RHS must be a subset of J since
{J,J} =], hence, iZ([J,]]) < J. Similarly, we have

£(ilil), J1.J1) € LGty J1.JD), (A77)
due to
ililj1, j21, j31 = ililj1, j31, j21 — ililj2, js1. j1l. (A78)

Thanks to the condition iZ([J,J]) = J and its consequence ic([J,J1) < J, Eq. (A.77) implies
ic([J,J1) € J, which is the first inclusion relation in Eq. (A.72).

The proof of i2([J,]]) = J is straightforward from the explicit forms of J and J, albeit rather
tedious. In the following, we use trivial symmetries X ¢ = Xg x and Y 4 = —Yq  without mentioning.
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Let us consider the six cases of ] being 4, sm(y”, 93?5,2’, 93?5,4’, GSow_1, and Goyp.

(i) J = . Trivially, [J,J] = {0} = .
(i) J = m(yl)_ For k # q and k' # ¢/, the commutators
illd ® Xi,q, 1d ® X o]

| -ld®Yeyifk=k and q # q,
—]o if k=Kk' and q = ¢’ or both k and q are neither k' nor ¢/,

illd ® Xi.q, 1d ® |K')(K'|] = (8(k, k') — 8(q, K'))Id ® Y q,
illd ® |k)(k|,Id ® [K'){K'|]] = 0, (A79)

imply i2([J, 1) € £(J). The inclusion in the opposite direction is guaranteed by
1.
ld® Yy q = El[m ® Xiq, 1d ® [k} (k] — 1d ® |q){q]]. (A.80)

(iii) J = MP). For k # q and k' # ¢/,

illd @ Xi g, Z* ® Yio ]
{ Z* @ Xqq if k=K and q # ¢,

= —27*®Zy, ifk=Kkandq=(q,
0 if both k and q are neither k' nor ¢/,
i[Z* ® Yig [d @ [K) (K] = (=8(k, k') + 8(q, K'))Z* ® Xk g

i[Z*® Yk,q, 7' Q® Yk/,q/]

| -ld®Yyyifk=Kk and q # q, (A81)
—]o if k =k’ and q = ¢’ or both k and q are neither k' nor ¢/, ’
and Egs. (A.79) imply ic([J,J1) € £(J). The inclusion in the opposite direction can be shown
by
1
7" @ Xyq = —Ei[Z* ® Yig, ld ® [k) (k] — Id ® |q)(qll, (A.82)
1
2" Q@Zq = —Ei[ld ® Xig, 2" ® Yiql, (A.83)

and Eq. (A.80).
(iv) J = M), where y > 3. Let k # q, k' # ¢’ and (W, W’) be equal to either of (X, Y), (Y, Z) or

(Z,X), then
illd® Xk,q7 we Yk’,q’]
W ® Xg.q ifk=FKk and q # ¢/,
=1 2WRIkkl -W®Iq{ql) ifk=Kandq=(q,
0 if both k and g are neither k' nor ¢/,

i[W® Yig, [d® [K) (K] = (—=8(k, k') + 8(q, K))W & X g,
l[W ® Yk,q, W ® Yk"q’]

—ldQY,qgifk=k,q#q,
—]o if k=1Kk' and q = ¢’ or both k and q are neither k' nor ¢/,

i[W ® Yk.qa w’ ® Yk’,q’]

W’ ® Xqq ifk=KkK,q#¢q and W =W,

= —(W" R |k)y(kl + W ®1q){q]) ifk=k and q=¢, (A.84)
0 if both k and q are neither k' nor ¢/,
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can be shown for W” being equal to either of the Pauli operators, X, Y and Z, when the pair
(W, W) is equal to either of (Y,Z), (Z,X) or (X, Y), respectively. These relations and Eqs.
(A.79) lead to i£([J,J]1) € £(J). The one in the opposite direction can be verified by
1.
w ®Xk,q = _El[w ® Yk,qs Id ® |k> (k| —1Id ® |Q) <q|]7 (A85)

W ® [k) (k|

1. ’ ’ . "
E(I[W & Yq,r’ w’ ® Yq,r] - I[W/ ® Yk,q» W' ® Yk,q]
— W' ® Yir, W ® Y1), (A.86)

where r € {0, 1---, y — 1} is a number different from k and q, as well as Eq. (A.80).
(V) J=6y_1.Form>m'e€{1,2,...,n" — 1} and W, W' € {X, Z},

/

- -1
n-—m m
Mg - - QUHIWRY®---QY,ld®---®I1d] =0,
n'—m m—1 n'—m’ m—1
P ——
ld® - - QUHIW YR - QY,ld® - - QIdRIW QY ® ---® Y]
n’—m m—m’'—1 m'—1
—_ e ——
25[d® - - QIAIWRY R --- QYRW ®Id® ---®Id when m > nt',
— n—m m—1 (A.87)
—25ld®--- QYRR ---QId whenm=m', W # W/,
0 whenm=m, W =W/,

can be shown for (W’, W’, s) being equal to either (X, Z, 1) or (Z, X, —1). These relations
imply the inclusion i£([J, J]) € £(J). That in the opposite direction can be derived from

n'—m m—m’'—1 m'—1

——
R - QUIWRYR--- QYW @Id®---®1d

n'—m m—1 n' —m’ m'—1

S  —l— —y ——
= —Ei[ld®---®1d®W®Y®~--®Y,Id®---®ld®W QYR ---®Y],

n'—m m—1

—— ——
e - RdeY®H®- - ®Id

n'—m m—1 n—m m—1

1 m—— ———
= 5i[]d®~~®Id®X®Y®-~-®Y,Id®-~-®Id®Z®Y®-~®Y], (A.88)

where m # m'.
(vi) ] =6yy.Forme {1,2,...,n — 1} and W € {X, Z},

n'—1

—
Z'eYQ® - -QY,ld®- - ®Id]

n'—1 n'—1

=iZ"Y®---®Y,Z"QY®---®Y] =0,

n'—m m—1 n'—1

—
Mde - - QUHAIWRY® --QY,Z*QY® - QY]

n'—m m—1

— . ——
=25ld® - - QUMAIWRIMR---®1d (A.89)

can be shown for (W, W, s) being equal to either (X, Z, 1) or (Z, X, —1). These relations and
Eqs. (A.87) indicate i£([J,]J]) € £(J). The inclusion in the opposite direction is verified by
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using the following commutator

n'—m—1 m—1

7’RY® - QYW RI® - ®Id

n'—m m—1 n'—1

S ——
:—Ei[1d®---®Id®W®Y®-~-®Y,Z*®Y®--~®Y] (A.90)

as well as Eq. (A.88). O

We now give two algebraic relations below, whose proofs are simple, but rather lengthy. The

first one states that, for a simple Jordan algebra J, the maximum set G of operators that satisfies
[G,J] €] can be written in a compact form. In the following Lemma 7, the triple (J, J, j) is assumed

to be equal to either one of the three, (%, R, R), (sm(Vk), zmyk , Emg/")), and (&,, &,, &,), where y > 3,
k € {1,2,4} and n > 3, as in Lemma 6. Also, H denotes the range of the largest projection operator

inJ.

Lemma 7. Let iG® be the maximal set of Hermitian operators that satisfies [iG®), J] € J. Then, it is
equal to ic(J UJ), namely,

iG® .= {hlh € i- u(dim#) AVh €], ilh, h] € J} = £(J UJ). (A91)

Proof. From Lemma 6, l[i J1=1{0} € J and i[J,J] < J hold, thus L(] uj)c iG(0),
So, let us focus on the proof of the opposite inclusion, L(] uj) 2 iG©). We will prove this relation

for each form of J, one by one.
(i) ] = R. We can easily identify iG to be i - u(dim #), because it is equal to R, thus 1:(7 =)

iG(® holds trivially. )
(ii) J = (). Any element in the set iG* should be expanded with respect to the basis on the

second space as

-1 y—1

R ® KK+ > (szk.q ® Xiq + iy, , ® Yk,q) . (A92)
q=k+1

=l

Il
~ ~
Il
o

From the requirement i[h, Id ® |k)(k|] € m for k € {0,1,...,y — 1}, we have flxk_q =0
and hyk o Id,. Using these and i[h, Id ® Xk 1] € Dﬁ“) for k € {0,1,...,y — 2}, we see
h|,< W= h‘kﬂ (k+1)- Therefore, h must have the form

y—2 y—1

hioyo ® Idq + Z Z Yiglda ® Yi g (A.93)
k=0 q=k+1

with an appropriate 4 € R. Since higyo ® Idg € MY and Ids @ Yiqg € MY, h € £ UJ) is
guaranteed. B ~

(iii) ] = 9. Again, any element in the set iG®”) can be written as Eq. (A.92). Because i[h, Id ®
lk) (k] € M@ for k € {0,1,...,y — 1}, which is the condition for iGO, flxk,q « Z* and
flykyq o Id should hold. From these and i[f, Id ® X x41] € im(f) fork € {0,1,...,y — 2}, we

have hyyu — ﬁ‘k+1><k+1| o Z*. Then, using these relations and i[fl,Z* ® Yo 1] € zm;”, we also
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obtain [fl|0><0|, Z*]1 =0, ie, f1|0><0‘ € u(dim#,)*. Thus, the form of h is reduced to

y—2 y—1
ZZ* @ Zijy1 + Z (Xk.qZ" ® Xiq + Yiqlda ® Yieq)
k=0 q=k+1
+ (hjoy0 — 202*) ® Idq (A.94)

for appropriate Xy, Yk q, Zx € R. Since (h‘o o] —ZZ*)®1dg € fm(z) as h|0 ] € u(dim#,)* and
Z* ®Xigo Z* @ Zi g, lda ® Yy q are all in sm(z) Eq. (A.94) means h e c(juj.

(iv) J = 9P, In accordance with the structure of MY in Eq. (28), any element in the set iG(®
should be written as

y—1
h = Z Z (hw,|k)(k| @ W R k) (k| +

WelX,Y,Z,Id) k=0

y—1

Z (hw x, ®W ®@ Xk g + hw v, , ® W ® Yieq) ) . (A.95)
q=k+1

Similarly as the previous cases, since ilh, l[d®Id® |k)(k|] € sm;‘” forke {0,1,...,y —1}, we
obtain hyy Xieg = = hw, Yig = 00 hw Xeg X Id, and hy, Yig X Id, where W € {X, Y, Z}. In addition to
these, because i[h, Id ® Id ® Xkk+1] € zm<4 should hold for k € {0, 1, ..., y — 2}, we can have
hld k) (k| = h]d [k+1) (k+1] and hW k) (k| — hW k1) (k1] X Id, where W € {X Y, Z} These relations,
together with another condition, l[h IdOW ® Yiri1l € zm(“ for k € {0, 1, , ¥ — 2} with
W e {X,Y,Z}, imply hW,\k (k| X Id. Since Zk h]dq“{ K ® Id® |k><k| = h[d,|0) o ® Id ®ld e 931()/4)
and the remaining terms in Eq. (A.95) are in 9;_72(4 we can conclude h € LO uJ).

(v) J] = &,. Since it is rather hard to consider a general form of Hermitian operators h that fulfill
ilh, ;] € &,, we shall define a larger set G, 7, and attempt to show h of the form of
Eq. (A.97) will satisfy l[h, Gn] € Gy, Then, we will tighten the condition for h later to make
it satisfy i[h, &,] C &,.

Let us define the set G, v by

n'—m m—1

Gy =L{ld® - QUMWY R - @YUId®---®Id

n”

e N —
WY ®: - ®Y lwex.z),ueudimt/)me(0.1,...n'~1))s (A.96)

where n = [3] and #’ is a direct product of the first n’ — n” spaces. We now show by
induction that any Hermitian operator h, which satisfies i[h, &,] € Sy v for 0 <n” <n’' =
[51, has the form:

n”

~ ~ ——
h=hd®- ---®Id

" —my

+ Y hwwmm®d®---®Id

W, W’'e{X,Z} my<myefl,...,n"}
—mp—1 my—1

e N ———
QWRY® - YW RId®---®Id
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n"—m m—1
~ — e ——
+ Y Y hwa®Y® --@YRWRe---®ld
WelX,Z} me{1,...,n"}
/!

n’—m m—1

+ Z hheld® - QHRYRIM® - ®Id,

where fl,d, flw_w/,mlqmz, Flwym, and flm are the operators acting on #’.

(A.97)

When n” = 0, because &, _contains all unitaries U € u(dim#’), ilh, &, < Gy v does
not impose any condition on h. Thus, it can also be arbitrary unitary and it is of the form of
Eq. (A.97). Assume that the proposition holds for n” = nj — 1, then the general form of h that

satisfies i[h, &,] C S ny—1 should have the form of

n!/
~ ~ F—/O_\
h = ;d®1d®"'®ld
ng—my
~ ——
+ Z Z (/VvW/vmlva ®ld®---®ld
W.W’e{X,Z} m1<mze{1,...,n6’}
my—mq—1 my—1
QWRYR - QYW QR ---®1d
n/—m

0 m—1

T ——— ——
+ Z Z by m®Y®--- QYW RI®---®1d
WelX.Z} me(1,....nf}

a
Mg—m m—1

+ ) h,eHde-- - ®deYRd®--- I

+ Z Z Z AFIW,W’.W”,ml,mz

WelX.Y.Zy W/ . W"e(X.Z} my<mpe(l,...,nf—1}

né’—mz—l my—my—1 my—1
e — — —
QWRXUH® - QUHIW QYR - - QYRIW' ®Id® ---®Id

+ Z Z AE!d,W,m ®Id

WelX.Z} me(1,...,ng—1)

ng—m—1 m—1
—— ——
RYR - - QYW RUHRQ---®1Id

+ > ) Ahwaew

WelX,Y.Z} me(1,..., ngfl)

ng—m—1 m—1

RQUE®---/IdRIYRIAR ---®Id,

(A.98)

where we have split the operator for the left-most space in Eq. (A.97) into two parts

according to the tensor product structure of &,. Since one of the spaces thereby split is two-
dimensional, it can be spanned by the basis {Id, X, Y, Z}. Thus, the h operators in Eq. (A.97)
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can be written as tensor products as follows.

ho=hg@Ud+h, @Y+ Y b, oW, (A.99)
WelX,Z}

EW,W/,ml,rnz = E;/V.W’,ml,mz ®Id+ Z AF[W”A,WA,W’,mLmZ W, (A]OO)
W"e{X.Y,Z)

hwm = By ® Y + Aigwm @1+l e @ W, (A.101)

W'e(X,Z}
hn =W, ®@1d+ > Ahwn@W. (A.102)
WelX.Y.Z}

Due to the inclusion Gy y711 € Sy v, any Hermitian operator h which satisfies i[ﬁ, Gl <
6"”"6’ should also have the form of Eq. (A.98). Further, i[h, &,] C 6"/’”6’ imposes additional

-
n HO

~ f—/—
conditions that are of help to get rid of some terms in Eq. (A.98). Since i[h, [d ® - - - ® [d X ®
n’—1
YR --®Y] € Gn/,ng. we can have Ahw w w' mymy = Ahgw.m = Ahw, = 0 for
n'—ng ng—1
W e {Y,Z} and W, W" € {X,Z}. Similarly, i[1,]Jd® - ®IdRZ QYR ---®Y] € &, ol

implies AF’X,W,W’,ml,mz = Aﬂx,m =0for W, W' e {Y,Z}.
Let us now conside[ the case where n is an odd number. Since Gyy_1 S Sy y_1, any
Hermitian operator h which satisfies i[h, G, _1] € Sy—1 can be written as Eq. (A.97) for

' —m—1 -1
) n—m m
n” =n'—1 Becausei[h,l[d® --- @AWY ® ---®Y] € Gyy_1forme{1,2,...,n" —1}

and W € {X, Z}, both th Wamy,my and h,, are proportional to Id and hW m = 0. Therefore
such Hermitian operators h are in £(] . _ ~
When n is even, any Hermitian operator h satisfying i[h, S,y] € &,y has the form of

/—m-1
y n m
Eq. (A.97) for n” = n’ — 1, because &3y < Sy y_1. The condition i[h, [d® --- ® Id W ®
m—1
— | ~ ~
Y® QY] € &,y form € {1,2,...,n — 1} then implies hw, w, m,m, x Id, hy o Id and

n'—1

~ P —

th o Z*, where W, Wi, W, € {X, Z}. Another one, ilh, Z* RY®---®Y] = 0, leads to
(Mg, Z*] € &,y . Hence, such Hermitian operators h are in L(] UJ), and the proposition of the
lemma has been proved. O

The next lemma demonstrates that, we can easily express a set of all the Hermitian operators
that commute with a simple Jordan algebra.

Lemma 8. Suppose that a pair (], ]) of sets of Hermitian operators on # is equal to (%, ), (o), 951(1,"))

or (&, én)for y >3,k e {1,2,4} and n > 3. If we define ]’ to be the set of all the Hermitian operators
that commute with the simple Jordan algebra J, i.e.,

J ={NW|W ei-u(dimH)AVYhe], [N, h] =0}, (A.103)
then J' is equal to ]
Here, A is again the support of the largest projection operator in J.

Proof. It is straightforward to verify [i J1 = {0} by using the explicit forms of these algebras,
Egs. (37)-(42) and Egs. (25)-(30), thus J C J'. So, in the following, we show the inclusion of the
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opposite direction, that is, if a Hermitian operator i’ commute with any operator in J, then b’ € j

Let us examine each case, depending on the type of J. Below, the range of k is {0, 1, ...,y — 1},
unless it is for the Pauli operators for which its range is {0, 1, ...,y — 2}.
(i) ] = M. Any operator commutes with Idy, so J" is u(dim#), which is the same as R. Thus,
J27.
(ii) J = 2D or MP). any element in the set J' can be written as
Y- y—1
w@ld+ > [ny,  ®Z +Z(h5<k.q ® Xieg + Hy ® Yk.q) , (A.104)
k=0 ' g=k+1
where hj, is a Hermitian operator on the first space that makes a pair with the operator W
on the second space. Because of the condition, [I, Id ® |k)(k|] = 0, we have h&k = hg,kq 0.
With this and another condition, [, Id ® Xy x+1] = 0, we obtain 2th o = h’ZH . Zk+1 e
where we set h, o= h/ . = 0. This is enough to conclude hzk s = 0.and thus we have
W = h, ® Id. Therefore, m the case of ] = MV, b’ € j= holds When ] = 9, an

additional condition, [I, Z* ® Yy 1] = 0, leads to [hg, Z*1 =0, and thus h' € zmyzl
(iii) J = zm;‘). Any element in the set J' can be written as

y—2
W=y (h(A,,,d QWRId+ ) ( My 2 ® W ® Zicsin
WeX,Y,Z,1d)} k=0
y—1
+ 3 (Mo, ®W @ Xeq + by, @W S Vig) ) | (A105)
q=k+1
where hW w 1s @ Hermitian operator on the first space that makes a tensor product with W
and W’. The commutation condition [I', Id ® Id ® |k) (k|] = 0 implies hy x = hy. Yeg = = 0 for
W € {ld,X,Y,Z}. Together with this and [W,Ild ® Id ® Xy k1] = 0 we get 2hW T =
hwze o + Mz, Where we set hy,, h{sziw = 0. These allow us to obtain

hiy 2., = 0. Further, another commutation, [h',Id ® W ® Yick+1] € Em;‘” for W e {X,Y, Z},
as well as the relations obtained above, lead to hy, ; = 0 for W € {X, Y, Z}. Therefore, the
remaining term is only hm 1« ® 1d ® Id and this is obviously in ffﬁ(y“).

(iv) J = Gp. As in the proof of Lemma 7, instead of considering the general form of operators in
J', we first define a larger set G,y v, and find the form of h’ that commutes with any operator
in &,y . Then, we will tighten the condition to have the set of h’ that meets the condition
[W,h]=0forall h € Sy .

Let us define

n'—m m—1

—— ——
Gy =L{ld® - - RIIW QY ® - -+ ® Yiwex.z}.me(0.1....1") )s (A.106)
where n’ = [37]. We prove by induction that any Hermitian operator h’ that satisfies [i’, h] =
0 for any h € &,y has the following form:

n”

W=h,®d®- - ®Id
—h, e, (A.107)

where hj, is a Hermitian operator acting on the direct product of the first n’ —n” spaces and
o<n”" <n.

n

/—/‘ .. . .
Whenn” =0, Sy =1d® --- ® Id, thus the proposition trivially holds. Assume that h’ has
the form of Eq. (A.107) when n” = nj — 1. When n” = ngj, any Hermitian operator h’ that
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commutes with any h € Sy should have the following form:
ng ng—1

We=h;®lde- - ®Ild+ Y Ahy,,@WIde - ®Id (A.108)
—h,olde - od o, ol _
WelX.Y,Z}

Comparing with Eq. (A.107), we see

W=hy®ld+ > Ahy @ W. (A.109)
WelX.Y.z}
ng ' —ng ng—1
— e
While [h; @ ld® --- Q@Id,l[dQ - - QIdAW QY ® --- ® Y] = 0 for W € {X, Z}, in order for
ngfl n’fng ngfl

—
Dy A ,®VRIE®: - ®Id,d® - ®IdAW ®Y ® - ®Y] to be zero, Ahy, ,; = 0 for
any V € {X,Y,Z}. We now consider the case of odd n = 2n’ — 1. Any Hermitian operator
h’ that commutes with any h € &,,y_; can be written as Eq. (A.107) for n” = n’ — 1 since

A

San—1 2 Gy _1, which means that such an operator h' is in Gay_1.
Similarly, for even n = 2n’, an operator h’ that commutes with any h € &,y should have the

form of Eq. (A.107) with n” = n’—1, since &3 2 &y y_1. Due to the commutation condition,
n'—1

r—/\— . A
[W,Z*®Y ®---®Y] =0, we have a constraint [h};, Z*] = 0. Therefore, i’ € G,y. O
When dim #s = 2, it is not hard to specify the largest and the smallest possible Lie algebras
for a given Jordan algebra iG'"). It can be done thanks to Lemmas 7 and 8, as well as the inclusion

relations that identifiers iG®) and iG" fulfill. This fact is of help for identifying the disconnected
and connected algebras, as stated in the following lemma.

Lemma 9. Suppose that a triple (]j,]_j,jj) of algebras on #; is equal to either one of the following three;
(%R, R, R), (P, MO, M) or (&, &, &), where y > 3, k € {1,2,4} and n > 3 (for each j,). When
dim#s = 2, if the relation

D (il ® tids) U J; ® su(dim #s))
J
< L S P £l ® ids) U f; ® {1ds) UJj @ su(dim 7s)) (A.110)
J
holds and L is a Lie algebra, the disconnected and the connected algebras can be written as

Ly = @ i ® (ids) (A.111)

J
Le = @D (i ® {Ids} U Jj ® su(dim #s)) (A112)
j

Proof. For the sake of convenience, we let Ly and L. denote the RHSs of Egs. (A.111) and (A.112),
respectively. From the definition of the connected Lie algebra, we see

Le 2 £([{ldg} ® su(dim Hs), L])

£([{1dg} ® su(dim #s), P J; ® su(dim #s)])
j

P ® su(dim #s). (A.113)
j

V]

V]
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In the second inclusion, we have used the first relation of the assumption Eq. (A.110). Using this,
and since L is a linear space that is closed under the commutator, we have

Le 2 £([Le, LeD)

(P @ (ix) @J] {iX}0),
j

= @qj ® {Id} (A.114)
J

U

where we have used iZ([];, ;1) =jj (Lemma 6). Egs. (A.113) and (A.114) imply L. D L.
The inclusion of the opposite direction L. C L. can be shown as follows.

[Le, 1] < [Le, @D £( @ {Ids} U ; ® {Ids} U J; ® su(dim #s))]

< @P (. Jil ® Uds) Uil Jj] @ su(dim #s) U [J;. Jj] ® {1ds)
J
UilJj, Jj] ® su(dim #s) U [J;, J;] ® {Ids} U {J;, J;} ® su(dim #s))
= P (i ® (ids} UJj @ su(dim s)) = L (A.115)
J
The first inclusion is simply from Eq. (A.110). The second inclusion is due to a generic inclusion
[A® su(dim Hs), BQ su(dim Hs)] € L([A, B]® {Id} U{A, B} ® su(dim Hs)), which is valid for arbitrary
operator sets A and B when dim#Hs = 2. The third relation comes from the results of Lemma 6,
namely, [J;. ;1 = Uj.Jil = {0}, ill;. ;] € ic(U;.Jj)) = Jj, and il}s.Jj] € Uj.Jj} = Jj. Eq. (A.115) and
L. C L imply that L, is an ideal of L, which means L. C L.. Hence, Eq. (A.112) is proved.
Next, we show Eq. (A.111), which is about the disconnected algebra Ly. It is straightforward to
verify [Lq, L.] = {0} by noting []] ]j] = []],],] = {0} (Lemma 6), thus we have Ly C Ly. The opposite
is shown as follows:

Ly C {glg € u(dim#Hg dim#Hs) AVg € (@]j) ® su(dim Hs), [g, g'] = 0}.
j
= i{hlh € i - u(dimHg) A VI € @D ;. [h. h'] = 0} ® {Ids}.
j

@ ithih € i - u(dim #g) A VR € Jj, [h, h'] = 0} ® {Ids).

=Piieds) =L (A.116)
j

The first relation is a paraphrase of the definition of L4, and the second and the third equalities are
justified since Idg is in P, J; and Idg; € J;, respectively. The fourth is due to Lemma 8. O

In the case of dim #s > 3, the structure of G(V) is simple. Therefore, as in the case of dim#s = 2,
the largest and smallest Lie algebras for a given G() can be obtained, and this constraint enables us
to identify the disconnected and connected algebras as follows.

Lemma 10. When dim Hs > 3, if the relation

Pids;} ® su(dim #g - dim 745}

C LS P £(uB)) @ {Idg, ® Ids} U {Ids} ® su(dim Hg, - dim #s}) (A117)
j
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holds and L is a Lie algebra, the disconnected and the connected algebras can be written as

Ls = (D u(B) ® {Idy, ® Ids), (A.118)
J
Le = @Ptidy} ® su(dim Mg, - dim #s). (A.119)
j
Proof. We shall let L, Ly, and L. denote the RHSs of Eqs. (A.117), (A.118), and (A.119), respectively,
to simplify the notations for the proof. From the definition of the connected Lie algebra, we have

Le 2 £([{ldg} ® su(dim Hs), L])
2 £([{lde} ® su(dim #s), ) i{ldy,} ® u(dim #Hz)) ® su(dim #s)])
J
@D itldy,} ® u(dim #g,) ® su(dim #s). (A.120)
J
In the second line, we have used the first relation of Eq. (A.117). Since, L. is closed under the
commutator and is a linear space,

Le 2 £([Lc, Lc])

> (P illds} ® u(dim Hg) @ (iXo,1). P illds} ® u(dim Hg) & {iXo1)])
j j
@i{ldsj} ® su(dim Hg;) ® {i(]0)(0] + [1)(1])}. (A121)
j
We have used Eq. (A.120) in the second inclusion relation, and the fact i£([u(N), u(N)]) = su(N) in
the last step.

From Egs. (A.120) and (A.121) and the fact that L. is a linear space, we know L. 2 Lc The opposite
inclusion, L, C L, is also guaranteed by the fact that L. includes the set {ldg} ® su(dim Hs), and
that Lc is an ideal of L, i.e. [L., L] C [L;, L] < Lc As a result, Eq. (A.119) is derived.

Next, let us turn to Ly. Recall the definition of Ly in Eq. (2), viz., Lg := {g|g € u(dim Hg -dim #s)A
Vg’ € L, [g,g'] = 0}. Then, from the definition of Ly, which is the RHS of Eq. (A.118), we have
[Lg, L] = {0}, thus Ly C Ly. The opposite inclusion is shown as follows.

V]

Ly C {g|g € u(dim Hg - dim Hs)
Avg' € ((Plidy) ® u(dim 7z, )) ® su(dim 7). [g, g'] = 0}
J
= {glg € u(dim#) A Vg’ € @Dids} ® u(dimHg)). [g. g1 = 0} ® {Ids}
J
= Plelg € u(dimHp, - dim #Hg) A Vg’ € {Idg} ® u(dim Hg)), [g, '] = 0} ® {Ids}
J
= P u(dim H5) ® {Idy, ® Ids} = La. (A.122)
J
The second and the third inclusions are results of Ids € u(dim#s) and Ide € u(dim?—le),
respectively. O

As we have seen in Theorems 2 and 3, the space Hf can have a structure of either Eq. (5) or
Eq. (8), when dimHs > 3 or = 2, respectively. Let us now consider the situation in which an
additional space S’ is attached to 2-dimensional S. While #¢ has a structure of Eq. (8) because
dim#*s = 2, it can also have a structure of Eq. (5) if we regard SS’ as a single space whose
dimensionality is higher than 4 (because dim#gs > 2). This means that these two structures coexist
in this case we can give two structures for ¢ depending on an operator H acting on Hg ® Hs when



36 G. Kato, M. Owari and K. Maruyama / Annals of Physics 412 (2020) 168046

dim Hs = 2. The following lemma is useful for understanding the relation between the two types

of structures of #g, and thus for proving Theorem 5.

Lemma 11. Consider pairs of algebras, (J,]'), each of which is taken from Egs. (25)-(30) and Egs.
(65)-(70) so that there is a correspondence in the type of algebras, such as (zm‘;“, S)JT;E‘“). Then, J' is
the smallest set of Hermitian operators that is closed under commutator and anticommutator, while

containing the set J.

For the sake of clarity, let us re-list Egs. (25)-(30) and (65)-(70) here again:

R = {lds},
Dﬁ(y]) = L({lds ® X g, 1da @ |k){K|}kzqefo,1,....y =1} )
M = L£({Ida ® Xig, Ida & [k} (K], Z* @ Yighitae(0.1....y—1))s
MY = L({lda @ Idy() ® Xiq. 1da ® Idg) @ [k) (k]
ldy W ® Yk,q}wqx,y,Z}. k;&qe{o,l,....y—l])’

n'—m m—1

e —— e
G 1 =L{d® - QUEIWRYR---®Y,
d® - ®Ildlwex zyme(,2....0—11)s

- -1

n'—m m

Gy =L{dR - - QIdIWRY R ---QY,[d® ---®1d,
n'—1

T
Z"®Y® - ®Y lwew zyme(1,2,...0—1})>
and

R = {lda},
MY = i{lda} ® u(dim Hg),
DJT;EZ) =iC(({ldy+1} @ {Ildy-1}) @ u(dim Hyq)),
M = i{lds) ® u(dim Hoen - dimHq),
Sy = i{lda} @ u(dim Hey 1) - dim Hog ) - - - dim Ho),
& = IL(({ldyen} © {Idy-1})
® u(dim H -1y - dim H ) - - - dim Hom)).

(A.25)
(A.26)
(A27)
(A.28)

(A.29)

(A.30)

(A.70)

Proof. It is almost trivial to see ] C J', i[J',]J'] € J/, and {J’,J'} € J/, from the definitions above.
Therefore, to prove the lemma, it is enough if we check that any element of the basis of J' can be

generated by J. We will verify below that this proposition holds for all instances of (J, J’).

(i) J = R. This case is trivial because R = R'.

(i) J = Dﬁ‘yl). Clearly, Xy q and |k) (k| in the Q space are sufficient to span u(dim#g ) in Eq. (66).

(iii) J = 9. Note that {Z* ® Xi.q, Z* ® [k} (kl, Ida ® Y g} are in ), since

14

Z* @ Xiq = illda ® [k) (K|, Z* ® Yiql.
1.
Z2 @ k) {kl = — 7 {illds ® Xuq. Z° ® Yiegl. Ida @ [k (K},

ldp @ Yieq = illdg ® Xi,q, Ida ® [K) (k]].

(A.198)

It follows from Eqgs. (A.198) and (27) that it is possible to span 9t?) by elements in 9.
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(iv) J = 9P, Similarly, we see that
Idy @ W ® Xiq = illda ® Idy1y @ [k)(k], Idy @ W @ Yy 4],

1
Ida @ W ® |k) (k| = _Z{i[ldA ® ldg1) ® Xk g, lda @ W & Yy g1, Ida ® Idg() @ [k) (K[},

Idy ® ldy(1) ® Yieq = illda ® Idy(1) ® X g, Ida ® Idy1y ® k) (kl] (A.199)
with W € {X, Y, Z} are in M, thus, together with Eq. (28), 2* can be spanned by elements
in M),

v

(v) ] = G2p-1. To prove that &}, _, can be generated by &,,_1, let us define sets of operators on
‘H labeled by integer 0 < n’ < n as

n—n'—1

My = {Ids ® ldga-1) ® -+ ® ld o) @Woy @ W1 ® - ® Wik, cixy z1a» (A200)

and prove that, when m < n, M, C M, and any element in M, can be generated by M,_4
and Son_1.

As the basis, we see that My contains only one element Idg. For the inductive step, suppose
that any h € Mj,,_; can be generated from &,,_1 for m < n. Then, by taking anti-commutators
of elements in &,,_1, we see

1
ldi@W QId, = E{Idl QW Y, Id; ® Idym ® Y2}, (A.201)
1
h(di @ W @ 1dy) = (h, Idy @ W' @ Ids), (A202)

where

Idy = 1Ids ® IdQ(n—l) ® IdQ(n—Z) R Q IdQ(m+1),
Idy = IdQ(m—l) ® IdQ(m—Z) ®--Q® IdQ(l),

m—1
——
Y =Y ---QY,

W e (X7},
W e {X,Y,Z},
h e M.

Note that Id; @ W ® Y5 is in &3,—1, and Id; ® Idym ® Y3 is in Mp,_1. In addition, Id; ® Y ® Id
is obtained by taking a commutator of elements in &;,_1. Therefore, Egs. (A.201) and (A.202)
mean that, when m < n, we can generate any element in M,;, = {h-(ld; ® W” ® Id,)}, where
heMyu_1,W" e€{ld,X,Y,Z}, by M,_1 and &,,_1. Combining this fact and the assumption as
well as Id; € &5,_1, we can conclude that any element in My, can be generated from &;,_1
where 0 < m < n — 1. Since M,_; is a basis of &}, ;, we have proved that &}, _, can be
generated by &,,_1.

(vi) J] = &ap. Since G,,_1 is a subspace of &,,, any element in M,,_; can be generated from &5,
where M, is the set defined in Eq. (A.200). The following equalities

1
Z*Qld; = i{Z* ® Y3, ldy ® Y3},

1
—{z* ®Ids, h}, (A.203)

h-Z* ®ld; 5

where

h € M;_1q
Id; = IdQ(n—l) ® IdQ(rﬁz) R IdQ(l)
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n—1
e e——
;=Y ---®Y,

indicate that h-Z* ® Ids can be generated from M,_; and &;. Since M,_;U{h-Z* ®Ids}pem,_,
is a basis of &), &}, can be generated by S,,. O

Appendix B. Relation with other investigations about indirect control

There has been a paper [22], whose results appear to be similar to ours at the first sight. Although
nothing is conflictive and their paper is very significant in its own right, we find it instructive to
describe their main results in our language and elucidate the generality of our results.

Let us prove the central results in [22], namely, its Theorems 2 and 3, with our theorems and
lemmas. We shall keep using our notations for the sake of consistency, although [22] uses a set of
different notations.>

They make several assumptions for the Lie algebra L on Hr ® Hs:

(i) The set L contains at least one element which is nonzero in £(su(dim #¢) ® su(dim #)). (the
condition (A-a) therein)
(ii) Generators of any control on the space s are in the algebra L, that is, {Id¢} ® su(dimHs) € L.
(the condition (A-b))
(iii) All elements in L are traceless.

Let us reexpress those theorems in our notation before proving them by using our results under
these assumptions.

Theorem 2 in [22]. When dim#s > 3, for any density matrix ps on #s, i.e., any positive
semi-definite operator with unit trace,

L = su(dim #Hg - dim Hs) <= VU, 3g € L, Vg, Trseng ® pge’g = U,OEUJr (B.1)
where pg and U are a density operator and a unitary operator on #g, respectively.

Theorem 3 in [22]. When dim Hs = 2, different structures occur for the dynamical Lie algebra L,
depending on the rank of the density matrix pg. If pg is of rank-2 on #s, the same proposition as
(B.1) holds:

L = su(dim Hg - dimHs) <= YU, 3g € L, Yo, Trsefpr @ pse ¢ = UpgU'. (B.2)
If rankps = 1, namely, ps = |¢s)(¢s],
3).J C i - u(dimHg),
L= £(i] ® {lds} U] ® su(dim Hs)) A i£(J U]J)= u(dim Hg)
< VU, 3g € L, Yz, Trsefpp ® |¢s)(psle™® = UppU'. (B.3)
The right arrows in (B.1) and (B.2) are trivial. The right arrow in (B.3) can be justified as follows.

From the condition in the LHS of (B.3), for any unitary operator U on Hg, there is an element
g = 1 ®1d+a ® (I¢s)(gs| — 163 )(g]) € L such that e = U @ Is)(gs| + V ® Io3) (],
where U = e*1%%2 and V = e*17% are unitary operators on Hg.

So, it is sufficient to prove the left arrows in these propositions to obtain the theorems. To this
end, the following two additional lemmas will be useful to use our result for them.

Lemma 12. If a positive matrix pg is non-zero and not proportional to the identity operator,

VU, 3g €L, Trse®pp @ pse™® o« UpgUT = u(dim He) = (Trs&)geaa(op@ps)» (B.4)

3 For instance, the systems S and A in [22] correspond to E and S in the present paper.
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where L is a set of skew-Hermitian operators, ps is a positive semi-definite operator, and U is a unitary
operator on Hg. Also,

Adi*(p) = lim Adj(p),
Adf(p) = {ip}, ‘
Ad)(p) = L(Ad] (p) U [Ad }(p).L]) forj = 1.

Here, we just sketch an outline of its proof, while it was proved in the paper [23] as Theorem 1.

Proof. The = in Eq. (B.4) can be shown as
Ll(dlm HE) 2 {Trsg}geAdi’c(pE@)ps)
D iL({Trse® pp ® pse ¥}ger) 2 iL({UppUT}y) = u(dim Hg). (B.5)

Each inclusion in the above expression can be justified as follows: The first inclusion is guaranteed
by definition of Ad{°(p). The second one is a result of Vg € L, e pe™# € iAd{°(p), which can be seen
by using the Taylor expansion of e and e# for e pe~#. The third one comes from the LHS of (B.4)
and the fact that Trse® pr ® pse™® # 0. The last equality is due to the assumption for pg. O

Lemma 13. If p; is a full rank positive operator,
Ve, Trsef pp ® pie™® = UpeUT = Vpp, Trsef pp @ Idse™® o UpeUT, (B.6)

where g is a skew-Hermitian operator, U is a unitary operator on Hg, and pg is a density matrix on Hg.

Proof. In can be shown directly by following the chain of relations:

Voe, Trseépp ® pse* = UpgUT (B.7)
= V|ee). Trse®|de)(pe| @ pse® = Ulge) (e |UT (B.8)
= V|@s), VIgr), Trse®|dg) (de] ® |¢s) (¢sle™ = Ulge) (¢e|UT (B.9)
= Vl¢e), Trse®|dr) (¢dp| ® Idse™® o U|) (e |UT (B.10)
= Vpg, Trsepr ® Idse™8 o< UpgUT (B.11)

The first and the third arrows are trivial, and others can be justified as follows. The second one can
be seen by decomposing p; as p; = p¢ + 8|¢ps) (¢s| with any |¢s), a positive operator p¢ and an
appropriate positive number §. Therefore, if the relation (B.8)

Trse® |¢e) (de| ® pse™®
= Trsef|¢p) (| @ pse® + 8Trse® |ge) (de| ® |s) (Bsle™®
= Ulge) (¢ U (B.12)

holds, both terms in the middle must be proportional to U|¢g)(¢e|UT since they are both positive
and U|¢g)(¢e|UT is of rank 1. Combining this and the fact that U and e® are unitary operators, we
know that Trse® |¢g ) (| ® |¢s)(ps|le 8 must be Ulgg)(¢pe|UT. The last arrow holds simply because
any positive operator pr can be written as a linear combination of rank 1 projection operators. O

Now, we can give a simple proof for the left arrow of (B.1). Consider a density operator of that is
proportional to Idg, ® |0)g, , (0|, where the tensor product structure is the one shown in Theorem 2,
ie, EBj Hp; @ Hp;. Then, if the RHS of Eq. (B.1) holds, pr cannot be the identity operator in #g. This is
because if pg o< Idg there exists a single j, say 1, in the direct sum above and the dimension of R is
one. This implies, due to Theorem 2, that L is a subset of £(i-u(dim#g)® {Ids}Ui-Idg ® su(dim#Hs)),
and this contradicts with the assumption (i) above. Therefore, from the condition in the RHS of (B.1)
and Lemma 12, u(dim #g) = {Trsg}gead(ids, /0)g, r, (0l@ps) Must hold. This relation and the structure
of L ie,L=L(LyU @j{ldgj} ® su(dim Hg, - dim #s)) with L, CLly= EBj u(dim #p;) ® Idg; ® Ids, tell
us that the index j can take only one value 1 and dim #, = 1. Further, the assumption (iii), stating
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that all elements are traceless, implies that L; can contain only 0. Hence, the left arrow of (B.1) is
verified.

Next, let us give a simple proof for the left arrow in (B.2). From the condition in the RHS of (B.2)
and Lemma 13,

YU, 3g € L, Vpg, Trsefpp @ Idse™ o UppUT (B.13)
must hold. From Theorems 1 and 3, we know that L has a structure such that

L

£(Ly U EP (i ® {Ids) U Jj ® su(dim #s))), (B.14)
J
P i ® tids} (B.15)

J

Ly

N

where candidates of the triple (]j]_jj]) are given in Egs. (25)-(42). From the assumption (iii), we
can pick a density matrix pg proportional to Idg, +h where h is an element in the set J; so that o is
not proportional to Idg. Therefore, from (B.13) and Lemma 12, u(dim Hg) = {Trgg}ge,woo((,dE1 Th)®ids)
must hold. Since i(ldg, + h) ® Ids is in £(L U i{ldg, ® Ids}) and the latter is obviously closed under
the commutation relation, the relation Ad°((Idg, +h) ® Ids) € £(LUi{ldg, ® Ids}) holds. These two
relations allow us to have

u(dim #g) = {Trsglge ciwvitidg, ®lds})- (B.16)

This relation and the structure of L written above enforce us that the index j can take only one value
1. Then, we can define a set J; such that J{ € J; and L; = iJ; ® {Ids}. Eq. (B.16) now implies

i Uiy U fildg, } = u(dim#g, ) = u(dimag), (B.17)

which means that the dimension of #,, is equal to 1. Thus, J; C E({IdEl}) and J; must be
sandwiched as u(dim#g, ) 2 Ji 2 su(dimHg, ), from which we can deduce ]1 should be either &,
or Dﬁ(yz) with an appropriate integer ¥ > 3. Note that the case of J; = R is ruled out from the
assumption (i). Moreover, the assumption (iii) indicates that L; can contain only 0, and thus the left

arrow in (B.2) is shown.

Finally, we give a simple proof for the left arrow in (B.3). Similarly to the above case, we pick a
density matrix pg o Idg + h where h is an element in the set @JJ so that pg is not proportional to
Idg. From the right relation in (B.3) and Lemma 12, the relation

u(dim Hg) = {Trsglgeaarudg, +holes) @s) (B.18)

must hold. Here, we recycle the definitions of L and L in Egs. (B.14) and (B.15). Since any element
in L and (Idg, + h) ® |¢s)(¢s]| is block diagonalized into the subspaces He; ® Hs, in order to satisfy
the above relation, the index j can take only a single value 1. Since h is in Jy, its form is one of those
in Eqs. (31)-(36). Together with other forms of operators, i.e., Eqs. (37)-(42) and (25)-(30), it can
be shown that the components of Adi°((Idg, + h) ® |¢s)(¢s|) in the space 4, should be either Id
or Z*. Since both Id and Z* are obviously diagonalized in #,4,, Eq. (B.18) means that dim #,, must
be 1 so that {Trsg} can span u(dim#g), which then implies L/, C i{ldg ® Ids}. Taking the assumption
(iii) into account, we can concludeA L, = {0}.

With the help of forms of J and J in Egs. (25)-(30) and (37)-(42), we can now verify whether each
type of ] in Eqs. (25)-(30) satisfies the requirement Eq. (B.18). First, let us have a look at J; = Gap/_1.
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The set iAdP°((Idg, +h)®|¢s) (#s|) of operators on Hool - OH o2 ®: - -®HQ{1> ®Hs = Hp, @Hs =
Hg ® Hs can be written as ' !

L{1d®2 @ Wy @ Y®42 @ W, @ 1d®43 @ Ws

A A
RY®M @ Wy @ Id® S}Wke{X,Z),AkeZZ(] .63 pq Ap=n'—4°

U{Id®* @ W, Q Y®2 @ 1d ® Y®43 @ W, @ 1d®44,

1d®4 @Y ® I1d®*2 @ W; ® Y43 @ W, @ 1d®44,

1d®4T @ W, @ Y®*2 @ W, ® 1d®43 @ Y @ I1d®44,

A A A A

A5 @Wi @ YO @ W, @ Id® @ W3 @ YUYy, i /) acn g5yt apmn—30

U{ld®* @ Y @ Id®42 @ Y ® 1d®43, 1d®41 @ Y ® 1d®*2 @ W, ® Y®43,

d® @ W; @ Y®2 @ Id @ Y®43,

d® @ W, @ Y®42 @ W, ® Id®

A
} }Wke{X,Z},AkeZEO 5.3 Ap=n'—2°

U{Id® @ Y ® 1d®42, 1d®41 @ W ® Y®42 IWeix.z), Axezag s.t.A1+a3=n'—1

U{Id®"}) = X (B.19)

Here, we have omitted the space #,, since its dimension is 1. We can see from Eq. (B.19) that
Eq. (B.18) cannot be satisfied when n’ > 3. Thus, J; = &,,y_; is not allowed when n’ > 3.

Second, we repeat a similar check for J; = &y,y. The set iAd{°((Idg, + h) ® |¢s)(¢s|) can now be
written as

LU{Y®M @ Wy ® 1d®4? @ W, @ Y®43,

YN QW @ Id%2 @Y ® 1d%*% )y, iy 1) aven, .Y, A2

UYEY @Id @ YO, YN @ W @ Id¥*2}we(x.2). Apezop st 41+ Ay=n'—1

U{Y®"} U X). (B.20)

From this, we again see that the requirement (B.18) cannot be fulfilled when n’ > 4. Therefore,
J1 = G,y is ruled out for n’ > 4. B

Combining all these results, we can conclude that L should have the form L = £(iJ; ® {lds} U
J1 ® su(dim Hs)), where dim(#,4,) = 1 and (J;, 1) is equal to either (&,, &,) or (e, m) with
ne(3,4,6}, ke (1,24} and y € Z>3. Also, it is straightforward to check £ UJp) = u(dim Hg)
for any choice of (J1, J;). Note, however, that the choice (J1, J;) = (%, ) is ruled out because of the
assumption (ii). Hence, the left arrow in (B.3) is proved.
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