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1. Introduction

Until the later part of the twentieth century, cosmic ray (CR)
physics was a subject with its own distinct nature that separated
it from much of astrophysics. It appeared that the greater part of
astrophysics could be understood without reference to cosmic rays.
Cosmic rays first became important to mainstream astrophysics
with the development of radio telescopes since synchrotron radia-
tion requires energetic electrons, which have to be accelerated, and
magnetic field, which is often in close energy equipartition with the
energetic electrons. With the expansion of observational tech-
niques into the whole range of the electromagnetic expansion, high
energy astrophysics embraced cosmic rays as an essential part of
astrophysics since a substantial fraction of the available energy is
often channelled into cosmic rays. Cosmic rays are also diagnosti-
cally important as a source of radiation. Cosmic ray electrons are
responsible for synchrotron and inverse Compton emission in many
parts of the electromagnetic spectrum, and it appears likely,
although not yet completely certain, that gamma-rays generated
through pion decay provide a direct window into in situ accelera-
tion of TeV-PeV protons.

CR arriving at the Earth with energies up to and beyond 1020 eV
have a Larmor radius greater than the size of the Galaxy and must
have their origin in extreme conditions beyond our Galaxy. Arrival
directions measured by the Auger array suggest an origin corre-
lated with AGN for the highest energy CR [7], but this is far from
certain and more data are needed [8]. Cosmic rays contribute a
large fraction of the energy content of explosive environments
from stellar to galactic scales, and they appear to play an important
role in the generation of magnetic field. Since cosmic rays are
important both dynamically and diagnostically it is essential that
we understand their acceleration, transport, radiative emissions,
and interaction with other components of astrophysical
environments.

Cosmic rays arriving at the Earth consist mainly of high energy
protons with smaller numbers of electrons and other nuclei. A cen-
tury of detector development since their discovery has defined the
shape and extent of the CR energy spectrum. The differential en-
ergy spectrum in the Galaxy extends as a E�s power law from
GeV energies to a few PeV with a spectral index s ¼ 2:6� 2:7
[55]. The spectrum steepens slightly at a few PeV before flattening
at about an EeV and then turning over and terminating at a few
100 EeV [77]. This is usually referred to as a knee-ankle structure
with the ‘knee’ at a few PeV and the ‘ankle’ at the less well defined
energy of a few EeV. The Larmor radius of a proton with energy EPeV

in PeV gyrating in a magnetic field BlG in lG is rg ¼ EPeV=BlG parsec.
It is mostly assumed with good reason that CR with energies above
the ‘ankle’ must be extragalactic in origin since their Larmor radius
is much larger than the Galaxy, and conversely that CR with ener-
gies below the knee must originate within the Galaxy. Although
much debated, the common picture is that the transition from a
Galactic to an extragalactic origin occurs somewhere between
the knee and the ankle. A heavy nucleus with charge Z has a Larmor
radius Z times smaller than a proton with the same energy, so if
protons can be accelerated within the Galaxy to a few PeV then
it is reasonable to suppose that a heavy nucleus can be accelerated
to a few times ZPeV within the Galaxy. Composition studies sup-
port this, but heavy nuclei cannot easily account for all CR in the
energy range 1–100 PeV, and a further population of protons accel-
erated in the Galaxy beyond the knee may be needed [56,57]. Pro-
ton acceleration to the knee pushes shock acceleration theory to its
limits when applied to shell-type supernova remnants (SNR) of the
kind observed in our Galaxy, so CR between the knee and the ankle
pose a severe challenge to our understanding.

The arrival directions of CR at all except the highest energies are
scrambled by deflection in the interstellar or intergalactic
magnetic field and give no information on their source, but the
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large total CR energy in the Galaxy places severe limitations on
possible sources. Supernova remnants (SNR) provide the largest
energy input into the interstellar medium and, as discussed below,
their associated shocks are natural particle accelerators, so it is
usually assumed that Galactic CR are accelerated by SNR. To ac-
count for the Galactic CR energy budget, at least a few percent of
the total SN energy has to be given to CR [10,2].

The development of Cherenkov telescopes sensitive to gamma-
rays with energies approaching 100 TeV has dramatically ex-
panded our knowledge of CR origins. Since gamma-rays are unde-
flected as they propagate from the source, Cherenkov telescopes
point directly to the CR producing the gamma-rays. Observations
by the HESS Cherenkov telescope of the supernova remnant RX
J1713.7–3946 detect gamma-rays up to nearly 100 TeV with an
angular resolution of 0.06 degrees [3,4]. A quantitative analysis of
radiation from SNR at TeV energies can be found in Drury et al.
[33]. This provides direct evidence that at least some SNR acceler-
ate cosmic rays to within an order of magnitude of the energy of
the knee since gamma-rays are generated by cosmic rays of about
7 times the gamma-ray energy, depending on the emission process
[3]. It is not completely decided whether gamma-rays from SNR
are emitted by ions as well as electrons, but discrimination be-
tween electron and ion sources is within reach through the mea-
surement of the gamma-ray spectrum over a range of photon
energies. When Cherenkov measurements are united with lower
energy gamma-ray detections by the FERMI satellite it is becoming
possible to distinguish between gamma-ray spectra characteristic
of inverse-Compton and pion processes. Latest results indicate that
pion processes dominate in at least one SNR [52]. CR electrons are
also detectable through their synchrotron emission from radio to
X-ray energies. X-ray synchrotron emission is mapped in great de-
tail in some supernova remnants, giving direct evidence of in situ
acceleration of TeV electrons.

Previous reviews of cosmic ray acceleration include Drury [32],
Blandford and Eichler [24], Jones and Ellison [62] and Malkov and
Drury [74]. Only a small fraction of the extensive literature on dif-
fusive shock acceleration and related astrophysics can be covered
in a review of the present length which considers mainly the plas-
ma physics of CR acceleration by SNR. This review does not cover
heliospheric shocks (e.g. [118]) which are generally weaker and
more dependent on the local context due to their smaller spatial
extent. Injection of initially thermal particles into the acceleration
process and their subsequent acceleration to non-relativistic ener-
gies (e.g. [92]) are important aspects of heliospheric shocks not dis-
cussed here. Also, this review does not consider CR acceleration at
shocks with relativistic velocities (e.g. [64,1,103,82,83]). A compre-
hensive review of observational signatures of cosmic ray accelera-
tion can be found in Helder et al. [54].
2. Diffusive shock acceleration

More than 60 years ago Fermi [46] suggested that CR gain their
energy from large scale fluid motions in the interstellar medium. In
the second order Fermi process, CR are reflected elastically by mov-
ing magnetic field structures that might be anchored in interstellar
clouds. A ‘head-on’ encounter between a CR and a cloud leads to
the CR gaining energy. A ‘tail-on’ encounter leads to an energy loss,
but the CR gains energy on average because head-on encounters
are more frequent than tail-on encounters. If the typical cloud
velocity is u and CR move at the speed of light c, the average frac-
tional energy exchange on each encounter is of order u=c, and the
excess of head-on over tail-on encounters is also u=c, making the
mean energy gain on each encounter of order ðu=cÞ2, which makes
the process second order. The second order Fermi process may play
a role in CR acceleration in older SNR [80], but attention has moved
to a faster first order Fermi process that operates in the environ-
ment of shocks. In the rest frame of a shock, the upstream plasma
moves into the shock at the shock velocity us and exits down-
stream at a lower velocity us=r where r is the density compression
ratio at the shock. r ¼ 4 for a non-relativistic shock with a high
Mach number. If a CR reflects back and forth between magnetic
structures upstream and downstream of the shock, when viewed
in an appropriate frame every encounter is head-on with a mean
fractional increase in energy of order us=c producing relatively ra-
pid acceleration. The key to the operation of first order Fermi shock
acceleration is that CR trajectories are scattered by fluctuations in
the magnetic field. If the local magnetic field were uniform, CR
would easily escape the shock environment by streaming along
magnetic field lines. It was shown around 1970 [66,117,99–101]
that CR streaming excites fluctuations in the magnetic field in
the form of Alfven waves propagating along the field lines with
wavelengths on the scale of a CR Larmor radius. The resonance be-
tween the Larmor radius and the wavelength of the fluctuation
produces a strong interaction that scatters CR so they propagate
diffusively along the field lines [94]. CR perform a random walk
along field lines which can lead to a particular CR crossing and
recrossing the shock many times, gaining energy on each crossing.

The resulting CR spectrum can be derived either from solution
of the Boltzmann equation for a CR distribution near a shock
[65,9,25] or equivalently from the statistics of a random walk by
a single particle [14,15]. These equivalent derivations were pro-
posed independently, and they can be outlined as follows.

The derivation from single particle [14] can be separated into
two steps:

(i) The first step is to derive an expression for the probability of a
CR crossing and recrossing the shock m times before escaping
downstream. From simple kinetic theory the rate at which CR cross
from upstream to downstream is nsc=4 where ns is the CR number
density at the shock. The rate at which CR are carried away down-
stream at velocity us=r by background fluid motions is n1ðus=rÞ
where n1 is the CR number density far downstream. In the diffusion
approximation, valid for us � c; ns ¼ n1. The ratio of the two rates
prescribes that on average a CR crosses and recrosses the shock
rc=4us times. Since the CR has equal probability of being carried
away downstream on each adventure into the downstream plasma,
the probability of escape during one excursion into the downstream
plasma is 4us=rc. The probability of making at least m shock cross-
ings is therefore ð1� 4us=rcÞm. Assuming a strong shock, r ¼ 4 and
the number of CR still present at the shock after m crossings is

Nm ¼ ð1� us=cÞmN0

where N0 is the number of CR initially encountering the shock.
(ii) The second step in the derivation is to find an expression for

the average energy gained after m shock crossings. By averaging
over the various angles at which relativistic CR cross and re-cross
a strong non-relativistic shock we find that the average energy gain
DE on one cycle of crossing from upstream to downstream and
back to upstream is DE ¼ ðus=cÞE, and the average energy after m
such cycles is

Em ¼ ð1þ us=cÞmE0

where E0 is the initial CR energy. Since ðus=cÞ is small,
ð1þ us=cÞm � 1=ð1� us=cÞm, ðNm=N0Þ ¼ ðEm=E0Þ�1 and
NðEÞ � ðE=E0Þ�1N0. NðEÞ / E�1 is the integral energy spectrum of
CR reaching at least energy E, so the differential energy spectrum
nðEÞ ¼ �dN=dE is

nðEÞ / E�2:

It can be shown by a similar argument that the equivalent p�2

momentum spectrum applies to non-relativistic as well as relativis-
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tic CR. The corresponding energy spectrum of non-relativistic CR is
proportional to E�1.

The CR spectrum was also derived from the Boltzmann equation
by Krymsky [65], Axford et al. [9] and Blandford and Ostriker [25]
in independent papers. Consider a shock at position x ¼ 0 in its rest
frame with plasma flowing through the shock in the x direction.
The time-dependent Boltzmann equation for the CR distribution
function f ðx;pÞ in position and momentum p space is

@f
@t
þ ðvx þ uÞ @f

@x
� @u
@x

px
@f
@px
þ ev � B:

@f
@p
¼ Cðf Þ ð1Þ

where the background fluid velocity u is considered small, f is de-
fined in the local fluid rest frame, B is the large-scale unperturbed
magnetic field, and Cðf Þ represents scattering by small scale fluctu-
ations in the magnetic field. If the distribution function is assumed
to consist of an isotropic part f0 and a small diffusive drift f1 relative
to the background, f ¼ f0 þ f1:p=p, the zeroth order isotropic mo-
ment of the Boltzmann or Vlasov–Fokker–Planck VFP equation is
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where fx is the x component of the vector f1. Integration in x from
immediately downstream to immediately upstream of the shock
yields
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where subscripts u and d refer to upstream and downstream values,
respectively. Downstream of the shock CR advect with the back-
ground fluid, so fxd ¼ 0. CR cannot escape far upstream of the shock
so the diffusive drift fduc=3 must balance the advective flow uuf0,
giving fxu ¼ �3ðuu=cÞf0, giving

p
f0

@f0

@p
¼ � uu

uu � ud
¼ � 3r

r � 1

since uu ¼ us and ud ¼ us=r. For a strong shock r ¼ 4 giving f0 / p�4

in momentum space which is equivalent to nðEÞ / E�2 for relativis-
tic energies as found above from single particle statistics.

Note that the details of the CR scattering process in the up-
stream and downstream plasmas appear in neither derivation.
The key assumptions are that the shock velocity is much less than
the CR velocity, the CR distribution is nearly isotropic at the shock,
CR are unable to escape far upstream, and the CR density at the
shock is equal to that far downstream. Because the number of
assumptions is so small, the result of an E�2 spectrum for relativis-
tic CR has very wide application. This predicted CR spectrum is a
little flatter than the measured Galactic CR spectrum nðEÞ / E�2:6.
The difference in spectral index is discussed below, but when other
factors are taken account of, the agreement between theory and
observations is pleasingly close, and the theoretical result is robust
and relatively model independent.

3. The maximum CR energy

The previous section demonstrated that shock acceleration
gives a power law energy spectrum close to that of CR arriving at
the Earth and of CR electrons responsible for synchrotron radiation
in radio sources. For shock acceleration to be a credible theory it
also has to explain how CR are accelerated to at least 1 PeV in
the Galaxy and to 100’s of EeV beyond the Galaxy.

In the case of SNR the maximum energy is probably determined
by a balance between the acceleration rate and the lifetime of the
remnant, as shown by Lagage and Cesarsky [67,68]. Here we pres-
ent a ‘back of the envelope’ derivation of their result. We suppose
that CR in a small energy range with number density ncr upstream
of the shock have a spatially uniform diffusion coefficient D. The
balance between the diffusive flux �D@ncr=@x and the advective
flux uncr , produces an exponential precursor ahead of the shock:
ncr ¼ ns expð�x=LÞ where x is the distance ahead of the shock and
L ¼ D=us is the precursor scaleheight. ns is the value of ncr at the
shock. The total number of CR in the precursor is then nsL. The rate
at which CR cross the shock from upstream to downstream and
from downstream to upstream is nsc=4, so the average time a CR
spends upstream between shock crossings is Dt ¼ 4L=c ¼ 4D=cus.
The average fractional energy gain on each shock crossing is
DE=E ¼ us=c as shown above. The acceleration rate is then
dE=dt ¼ DE=Dt ¼ Eu2

s =4D. The characteristic acceleration time to
energy E is saccel ¼ E=ðdE=dtÞ ¼ 4D=u2

s . This ignores the time spent
downstream. Lagage and Cesarsky include the downstream dwell
time to show that saccel ¼ 4Du=u2

s þ 4Dd=u2
d . The downstream diffu-

sion coefficient Dd is probably much smaller than the upstream
coefficient Du because the downstream magnetic field is larger
due to compression in the shock and probably highly turbulent.
So the inclusion of the downstream dwell time probably does not
increase the acceleration time saccel by more than a factor of 2
and we proceed by assuming that saccel ¼ 8Du=u2

s .
Assuming that CR are accelerated by SNR, a maximum CR en-

ergy can be estimated by setting the acceleration time equal to
the age s of the SNR: 8D=u2

s ¼ s. Writing the diffusion coefficient
as D ¼ ck=3, where k is the CR scattering mean free path, the accel-
eration time is equal to the SNR lifetime when k ¼ 3u2

s s=8c. Conse-
quently acceleration is only possible for CR with mean free paths
less than k ¼ 4� 1015u2

7s1000 m, where u7 is the SNR shock velocity
in units of 10,000 km s�1, and s1000 is the SNR age in units of
1000 years. Higher energy CR have longer mean free paths because
they are less easily deflected by magnetic field, and this sets an
upper limit on the CR energy. The mean free path k cannot be smal-
ler than rg , so acceleration to an energy EPeV requires a magnetic
field of at least 8u�2

7 s�1
1000EPeV lG, where the Larmor radius of a CR

with energy EPeV in units of PeV is rg ¼ 3� 1016EPeV B�1
lG m.

In the case of a typical historical SNR such as Tycho, Kepler or
Cas A (u7 � 0:5 & s1000 � 0:4) CR acceleration to the knee at a
few PeV is only possible if the SNR shock propagates into a mag-
netic field greater than 100 lG, which is much larger than a typical
interstellar magnetic field of a few lG. In this approximate model,
the maximum CR energy is

Emax � 1014ðk=rgÞ�1BlGs1000u2
7 eV ð2Þ

The most favourable assumption is that k=rg � 1 in which case the
historical SNR expanding into a magnetic field of 3 lG could accel-
erate CR to only �3� 1013 eV, which is far short of the energy of the
knee.

Hillas [55] proposed the parameter uBR as a measure of the
maximum attainable CR energy in eV in a wide range of accelera-
tion scenarios, where u; B and R are the characteristic velocity,
magnetic field and length scale, respectively. The maximum CR en-
ergy derived by Lagage and Cesarsky is consistent with the Hillas
argument in the case of Bohm diffusion k ¼ p=eB. Equating the
acceleration time 8kc=3u2

s to the SNR lifetime R=us gives a maxi-
mum CR energy Emax ¼ ð3=8ÞusBR in eV as in Eq. (2).

A crucial question is whether the maximum CR energy is lim-
ited by space or time. A spatial limit on the energy is given by
the condition that the precursor scaleheight D=us must be less than
the SNR radius R. The timescale limit of Lagage and Cesarsky is gi-
ven by the condition that the acceleration time 8D=u2

s , or 4D=u2
s if

the CR downstream dwell time is negligible, must be less than the
SNR lifetime R=us. The two conditions only differ by a numerical
factor of 4 or 8, but the difference has important consequences.
In the timescale limit, the precursor scaleheight L of the highest en-
ergy CR is smaller than the SNR radius R by 4–8 in which case CR
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do not escape upstream from the shock into the interstellar med-
ium. This is because CR with energy Emax typically diffuse only a
distance L into the precursor before being overtaken by the
advancing shock. CR with an energy much less than Emax stand even
less chance of escaping upstream since their precursor scaleheight
is correspondingly smaller. In contrast, if the spatial limit were to
apply, CR with energy Emax would by definition escape into the
interstellar medium. Since the timescale limit is the more strin-
gent, it appears that CR may be unable to escape upstream, and this
raises the question of how the Galactic CR population can be
replenished by SNR. This important issue is given further consider-
ation below. As we shall see, the assumptions that CR transport is
diffusive and that the mean free path is proportional to the Larmor
radius are open to question. Breakdown of the diffusion approxi-
mation or the inability of CR to generate magnetic turbulence
may result in escape upstream at high CR energies.

Acceleration to the knee is only possible if the magnetic field
exceeds typical interstellar values. Unless the magnetic field
greatly exceeds 100 lG, acceleration to PeV in SNR requires a CR
mean free path not much larger than the Larmor radius. The case
of k=rg � 1, known as ‘Bohm’ diffusion, is only achieved if the mag-
netic field is disordered on the scale of a CR Larmor radius. Recent
theories of magnetic field generation suggest that the magnetic
field is in fact suitably tangled (see below) but even with the
assumption of Bohm diffusion it is clear that acceleration to the
knee in the historical SNR is only possible if the magnetic field is
strongly amplified above typical interstellar values.

The acceleration rate is increased if the magnetic field lies in the
plane of the shock surface (known as a ‘perpendicular shock’), but
in this case the maximum CR energy is limited by spatial con-
straints to a very similar value and the maximum CR energy is very
similar to that in Eq. (2). This will be discussed in Section 6.

Older remnants in the Sedov blast wave phase have larger val-
ues of s1000 but the shock velocity decreases with age, us / s�3=5, so
the maximum CR energy actually decreases with time according to
the above formula: Emax / s�1=5. The energy of an individual CR al-
ways increases with time if it stays with the shock, so a CR has the
greatest opportunity to gain energy if it is injected into the accel-
eration process during the free expansion phase and stays with
the shock front into and throughout the Sedov phase. However, a
CR can only stay with the shock through the Sedov phase if the
magnetic field is strong enough to confine it. We have shown
above that fields much greater than typical interstellar fields are
needed and these may not be available during the slow expansion
of the Sedov phase, in which case the maximum CR energy may
only be reached during the pre-Sedov expansion. The estimates
of the maximum CR energy made by Lagage and Cesarsky pre-
sented a serious obstacle to an explanation of Galactic CR acceler-
ation until it was understood that CR themselves can amplify a
seed interstellar magnetic field to � 100 lG as part of the acceler-
ation process (see below), thereby self-consistently generating the
magnetic field needed for acceleration to PeV energies.

The above estimate of the maximum CR energy applies to CR
protons. The maximum energy for electron acceleration is usually
limited by synchrotron losses. Acceleration is terminated when
the acceleration time is equal to the energy loss time due to
synchrotron cooling. The synchrotron cooling time is
ssync ¼ 4� 1011E�1

PeVB�2
lG s [71]. In comparison, the acceleration time,

assumed to be 8D=u2
s , is saccel ¼ 2:7� 1011ðk=rgÞEPeVB�1

lGu�2
7 s. The

cooling time decreases as an electron gains energy and acceleration
terminates when ssync ¼ saccel which limits the CR electron energy
to EPeV ¼ 1:2ðk=rgÞ�1=2B�1=2

lG u7 resulting in a corresponding turnover
in the synchrotron spectrum. The characteristic energy of synchro-
tron photons emitted by electrons of energy EPeV in a magnetic field
BlG is hm � 50BlGE2

PeV keV. The photon energy is proportional to
BlGE2

PeV and the maximum CR energy is proportional to B�1=2
lG (see
above), so the turnover of the synchrotron spectrum is indepen-
dent of the magnetic field: hm � 70u2

7ðk=rgÞ�1 keV. Since u7 and
the synchrotron spectrum turnover are both measurable for many
SNR, this relation can be used to estimate the parameter k=rg . How-
ever, the expression for hm is uncertain to a numerical factor be-
cause the synchrotron emission is not confined to a single
frequency and the acceleration time depends on the details of
the upstream and downstream diffusion coefficients (see for exam-
ple [2]). Stage et al. [105] arrive at the equation hmc � 30u2

7

ðk=rgÞ�1 keV where mc is the frequency at which the synchrotron
emission cuts off. They applied this formula to observations of
Cas A with the welcome conclusion that k=rg � 1. Their results in-
crease confidence in the assumption that Bohm diffusion applies
during shock acceleration. A similar conclusion is reached by
Uchiyama [106].

The synchrotron cooling time can also be used to estimate the
magnetic field at SNR shocks [109,22,112]. Filaments of X-ray syn-
chrotron emission are observed at the shock. If the emission ex-
tends a distance x downstream of the shock, the synchrotron
cooling time is �4x=us if CR are advected away from the shock at
the post-shock fluid velocity us=4.
4. Magnetic field generation

As discussed above, the outer shocks of SNR can only accelerate
CR to a few PeV if the shock propagates into a magnetic field much
larger than a typical interstellar field. Fortunately, plasma stream-
ing instabilities provide a natural way for the CR precursor to am-
plify the magnetic field in the upstream plasma. The instabilities
set the upstream plasma into turbulent motion. This stretches
the magnetic field lines which are frozen into the plasma, produc-
ing a tangled magnetic field with a magnitude much larger than
the initial seed field. Further field enhancement can take place
downstream of the shock either as a result of the vorticity gener-
ated by the upstream instability or because the shock overtakes
an already clumpy medium [51,119]. As mentioned above, the
presence of large magnetic field at shocks is confirmed by X-ray
observations of thin lines of synchrotron emission coincident with
the outer shocks of young SNR. Analysis of young SNR indicates
fields in the range 100 lG to mG [22,108], which matches the field
required to accelerate CR to PeV. Here we describe instabilities that
directly generate magnetic field but other instabilities in the pre-
cursor [34] may play a role in field generation through turbulence
[73].
4.1. The Weibel instability

It has been known for decades that anisotropic fluxes of charged
particles are unstable to the exponential growth of small perturba-
tions. There are a number of a streaming instabilities, but one of
the most important in this context is the Weibel instability
[116]. The instability occurs in various forms, but it applies partic-
ularly to shocks and cosmic rays in the form of a filamentation
instability. The Weibel instability separates a spatially uniform
drifting population of charged particles into current filaments.
Each filament carries an excess electric current surrounded by a
corresponding magnetic field that further focuses current into
the filament, causing an increase in the local current and a further
increase in the magnetic field in a positive feedback loop. In its
simplest form the instability grows most rapidly on the scale of
an electron skin depth c=xpe or the ion skin depth c=xpi. In a plas-
ma density of one particle per cm3 the electron skin depth is only
5 km and the ion skin depth is 200 km so the Weibel instability can
be effective in providing the internal dissipation needed to sustain
a collisionless shock, and it can provide the turbulence needed to



60 A.R. Bell / Astroparticle Physics 43 (2013) 56–70
scatter low energy CR with mildly suprathermal energies, particu-
larly in relativistic shocks [102–104,69]. However it is unlikely that
it can generate the large scale magnetic fields needed to scatter
high energy CR with Larmor radii many orders of magnitude larger
than c=xpe.

4.2. The Alfven instability

In order to accelerate a charged particle even to a GeV, magnetic
field is needed on the scale of at least 105 km corresponding to the
CR Larmor radius in a 300 lG magnetic field. This scale is very
much larger than c=xpe and also very much larger than the Larmor
radius of thermal particles which are therefore strongly magne-
tized and fixed to magnetic field lines on this scale. Hence for high
energy CR to be confined near the shock during acceleration the
confining magnetic field must be generated by a process in which
the background plasma behaves as an MHD fluid. The Alfven insta-
bility meets this requirement. The Alfven instability results in the
exponential growth of MHD Alfven waves with wavelengths reso-
nantly matched to the Larmor radius of the CR which stream
through a background MHD plasma [66,117]. As cosmic rays prop-
agate upstream of the shock they resonantly excite Alfven waves
and thereby generate fluctuations in the magnetic field. Because
the Alfven waves are excited with a wavelength comparable with
the CR Larmor radius they are ideally suited to scatter the CR which
then execute a diffusive random walk in the shock environment
and are accelerated as described in Section 2.

Self-consistent equations for CR transport and Alfven wave gen-
eration were set out by Skilling [99–101]. The realisation that the
Alfven instability could result in strong CR scattering opened the
way for the development of the theory of diffusive shock accelera-
tion, but it did not show how the magnetic field could be amplified
to the large magnitude needed to accelerate CR to a few PeV. It was
commonly supposed that the Alfven instability would saturate
when the fluctuating part of the field dB becomes comparable with
the unperturbed field B present in the upstream plasma. It seems
intuitively reasonable that unstable growth ceases once dB � B
and the spatial resonance between the wavelength and CR gyration
is lost, but this is not the case.

4.3. The non-resonant hybrid (NRH) instability

The presumption that CR streaming instabilities saturate at
dB=B � 1 was tested by Lucek and Bell [72] who simulated CR as
particles flowing along magnetic field lines frozen into a fluid mod-
elled with an MHD code. They found that in fact the field grows far
beyond dB=B � 1 as shown in Fig. 1. Bell [17,18] then showed that
the strongest field amplification results not from the Alfven insta-
bility but from the non-linear growth of a previously unknown
non-resonant hybrid (NRH) instability. The instability is non-reso-
nant because it does not require a match between the CR Larmor
radius and the instability wavelength, and it is a hybrid instability
because, like the Alfven instability, it results from a mixture of ki-
netic and hydrodynamic behaviour. The thermal particles behave
magnetohydrodynamically since they are strongly magnetized,
but CR behave kinetically since their Larmor radii are at least as
large as the instability wavelength. This contrasts with the Weibel
instability in which all particles behave kinetically. The NRH insta-
bility does not saturate at dB=B � 1, but continues growing non-
linearly to produce fields much larger than the field in which the
instability begins to grow.

The features of the NRH instability are easily understood by
deriving its growth rate in its simplest configuration. Consider
instabilities operating on scales much smaller than the CR Larmor
radius. In this case CR trajectories are negligibly deflected by the
perturbed magnetic field and we can suppose that an electric cur-
rent jcr carried by the CR, consisting mainly of protons, is uniform
in space, unvarying in time, and directed in the z direction. We con-
sider the case in which the background plasma is cold in the sense
that forces due to the pressure gradient can be neglected in com-
parison with the jcr � B force exerted by the cosmic rays, and that
the magnetic forces B� ðr� BÞ=l0 are similarly negligible. To pre-
serve quasi-neutrality the CR current must be balanced by an elec-
tric current jt carried by the background thermal plasma. The
instability evolves on a fluid rather than an electromagnetic time-
scale so the displacement current can be neglected and the CR and
thermal currents are related by r� B ¼ l0ðjcr þ jtÞ. r� B can also
be neglected as a consequence of the assumption that the magnetic
force is small, leaving jt ¼ �jcr in this approximation, that is, the
thermal current jt locally balances the CR current jcr . The momen-
tum equation for the background plasma moving with velocity v is
qdv=dt ¼ jt � B ¼ �jcr � B. The equations controlling the instabil-
ity are then

q
dv
dt
¼ �jcr � B

@B
@t
¼ r� ðv � BÞ dq

dt
¼ �qr:v ð3Þ

After some manipulation, these equations reduce to

dv
dt
¼ �jcr �

B
q

� �
d
dt

B
q

� �
¼ B

q

� �
:rv

The equations are transverse and linear without further approxima-
tion if (i) CR stream along the unperturbed field lines in the z direc-
tion of the initial field (ii) all quantities vary only in the direction
parallel to jcr and the initial unperturbed field B0. The equations
then further reduce to

Bz ¼ B0 q ¼ q0

@v
@t
¼ �jcr �

B
q

� �
@

@t
B
q

� �
¼ B0

q0

� �
@v
@z

These linear equations in v and B=q have been derived without
making the linear assumption that second order quantities can be
neglected. They are correct both linearly and non-linearly in their
natural configuration. This is why the instability does not saturate
at dB=B � 1 but continues growing to produce amplified magnetic
field much larger than the initial field.

The equations have an exponentially growing circularly polar-
ised solution. The magnetic field lines take the form of spirals with
constant wavelength (2p=k) along the spiral and exponentially
growing amplitude. The growth rate is

c ¼ kjcrB0

q0

� �1=2

ð4Þ

The plane wave assumption that quantities only vary in the z direc-
tion parallel to the CR current is incorrect in realistic cases, but the
spirals grow most rapidly with their axes aligned with the large
scale magnetic field for which the difference between d=dt and
@=@t is small. In reality, spatially separated spirals with different
wavelengths start growing independently. A spiral growing in one
part of the plasma eventually expands into another spiral growing
about a separate axis. Exponential growth of interacting spirals is
slowed as they run into each other, but non-linear simulations
[17] show that the spirals expand further either by coalescing into
a single larger spiral or by the larger spiral pushing aside the smal-
ler spiral. In the non-linear configuration the field lines evolve into
wandering spirals as in Fig. 1.

As a spiral expands it evacuates a low density cavity on axis
since the plasma is frozen to field lines. The instability grows
non-linearly into a structure consisting of cavities of low density
and low magnetic field surrounded by walls of large magnetic field
accompanied by high density as shown in Figs. 2 and 3. Similar re-



Fig. 1. Results of a simulation by Lucek and Bell [72] of magnetic field amplification driven by streaming cosmic rays. The cosmic rays are treated as charged particles initially
streaming in the vertical direction. The left hand plot shows the initial magnetic field which is frozen into a three-dimensional fluid simulated by ideal MHD and self-
consistently coupled to the cosmic rays through the CR current. The right hand plot shows how the field lines are stretched into spirals at a later time.

Fig. 2. Magnitude of magnetic field generated by the non-resonant hybrid instability. Grey-scale plots of slices in x; y of a three-dimensional MHD simulation of magnetic
amplification driven by a fixed uniform CR current in the z direction. Reproduced from Bell [17] where further details can be found. The grey-scale minima (black) and
maxima (white) at each time as bracketed pairs (minimum,maximum) are (0.81,1.22) at t ¼ 0, (0.69,1.35) at t ¼ 2, (0.40,2.30) at t ¼ 4 and (0.20,12.01) at t ¼ 6. The
maximum growth rate is cmax ¼ 1:26 in these units. The plots show how initially small scale structure grows into a wall-cavity structure corresponding to the spiral magnetic
field lines seen in Fig. 1. The time and distance scales are different in the separate calculations displayed in Fig. 1.
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sults have been found in MHD simulations by Reville et al. [86],
Zirakashvili and Ptuskin [119], and Zirakshvili et al. [120]. Reville
et al. [86] further show that test particles inserted into the calcu-
lated magnetic field have their diffusion inhibited by the amplified
field. Strong field amplification is seen in extensive particle-in-cell
simulations (PIC) by Riquelme and Spitkovsky [90,91]. PIC simula-
tions by Ohira [79] also produce strong field amplification. In con-
trast Niemiec et al. [78] find that the instability stops growing at
dB=B � 1 because of the back-reaction onto the CR current in their
PIC simulations.

Because c / k1=2 small scale structures grow most rapidly as
apparent in Fig. 2. The upper limit on k is determined by tension
in the magnetic field lines which was neglected in Eq. 3. Including
magnetic forces gives



Fig. 3. Magnetic field amplification due to the non-resonant hybrid instability. The
plots show the maximum magnetic field, the root mean square of the total
magnetic field and magnitudes of the components perpendicular and parallel to the
CR current. The maximum growth rate is cmax ¼ 1:26 in these units. Reproduced
from Bell [17].
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q
dv
dt
¼ �jcr � B� B� ðr � BÞ=l0

The first term on the right hand side drives the instability, but the
second term acts towards stability because it opposes the stretching
and bending of magnetic field lines. The ratio of the two terms on
the right hand side is the ratio of the CR current jcr to r� B=l0.
The second term overpowers the first at short wavelengths k > k0

where k0 ¼ l0jcr=B0, and this determines the shortest unstable
wavelength. Since short wavelengths grow most rapidly, the short-
est unstable wavelength is also the fastest growing. More precisely,
the maximum growth rate of the NRH instability is cmax ¼
ðl0=qÞ

1=2jcr=2, and the fastest growing mode has a wavenumber
kmax ¼ k0=2. In the units used in Figs. 2 and 3 the maximum growth
rate is cmax ¼ 1:26.

The maximum linear growth rate is independent of the magni-
tude of the zeroth order magnetic field. It depends only on the CR
current density jcr and the background fluid density q. In order to
find the maximum growth rate of the NRH instability we need to
estimate the CR current density jcr , and this is determined by the
CR flux needed to carry the CR energy density into the precursor
ahead of the shock. If the CR energy density at the shock is gq0u2

s

where g is an efficiency factor in the production of CR, then the
CR energy flux in the upstream rest frame is gq0u3

s . For simplicity,
consider a monoenergetic CR distribution with CR energy pc and
carrying an electric current jcr . The CR number flux is jcr=e, assum-
ing the CR are protons, and the CR energy flux is pcjcr=e. Equating
gq0u3

s and pcjcr=e gives

jcr ¼
geq0u3

s

pc
ð5Þ

and a maximum growth rate

cmax ¼ l0q0

� �1=2 gu3
s

2E
ð6Þ

where E is the CR energy in eV. Immediately upstream of the shock
most of the CR current is carried by GeV protons so it is appropriate
to set E ¼ 109 eV, but GeV protons do not penetrate far upstream of
the shock and cannot generate magnetic field capable of confining
TeV or PeV protons. The magnetic field required to confine PeV pro-
tons can only be generated by the PeV protons themselves since
only protons with this energy penetrate sufficiently far upstream.
Hence the instability growth rate relevant to PeV protons is best
estimated by setting E ¼ 1015 eV. g is not easily estimated, but
g ¼ 10�2 represents 1% of the shock energy being given to PeV pro-
tons [17]. With these assumptions, an upstream plasma density of
1 cm�3 and a shock velocity of 10,000 km s�1, the growth time
c�1

max of the fastest growing mode is 120 years. g ¼ 10�2 is a rela-
tively conservative assumption, but on the other hand the historical
SNR such as Cas A, Tycho and Kepler expand typically at only
5000 km s�1. It appears that the NRH instability amplifies the mag-
netic field sufficiently to explain acceleration to the knee, but not
with a large margin to spare. The growth rate of the NRH instability
appears not to be sufficient for acceleration beyond the knee in the
historical SNR. Since cmax / u3

s , acceleration to PeV by slowly
expanding SNR in the Sedov phase appears unlikely. Acceleration
in the Sedov phase must rely upon the interstellar magnetic field
(�3 lG) into which SNR expand and this is not sufficient for CR to
reach 1PeV. For PeV acceleration we need to look to relatively young
SNR, preferably expanding at high velocity into a dense medium.

The NRH instability grows most rapidly on scales smaller than
the CR Larmor radius. With the assumptions made in the previous
paragraph and a seed magnetic field of 3 lG, PeV protons generate
magnetic field that initially grows on a scale k�1

max of �2 � 1013 m
which is smaller than the CR Larmor radius of �3 � 1014 m in a
magnetic field of 100 lG. Fortunately, Fig. 2 shows that the scale
size grows rapidly during the non-linear phase. The characteristic
scale at t ¼ 6 (cmaxt ¼ 7:6) is an order of magnitude greater than
that at t ¼ 2 (cmaxt ¼ 2:5.) Plots of magnetic field at t ¼ 10 and
t ¼ 20 in Bell [17] show that the characteristic scale continues to
grow although the relevance of the plots is questionable because
the radii of the spiralling magnetic fields approach the size of the
computational box by these times. The NRH instability amplifies
the magnetic field by stretching field lines to ever larger scales
so the mismatch in scale between the most rapidly growing wave-
length and the CR Larmor radius may not be a problem except
maybe under extreme circumstances, but further work is needed
to investigate this.

4.4. Long scalelength instabilities and filamentation

Bohm diffusion and effective CR confinement near the shock is
only possible if magnetic structures are generated on scales com-
parable with or greater than the CR Larmor radius. As remarked
in the previous section, this may happen naturally as the wall-cav-
ity structure expands during non-linear growth. Here we discuss
two alternative pathways to large scale structure: (i) linearly
unstable growth from noise of large scale perturbations (ii) fila-
mentation of the CR currents.

The growth rate of the linear NRH instability falls away rapidly
at wavelengths longer than the CR Larmor radius. At long wave-
lengths CR trajectories follow the local magnetic field line in the
absence of scattering. The jcr � B force then tends to zero because
the CR current is parallel to the local magnetic field. However,
the situation changes once it is recognised that CR are scattered
by rapidly growing instabilities on scales less than the Larmor ra-
dius. Scattering frees the CR from spiralling purely along the large
scale field lines. In the limit of strong scattering the CR current is
aligned with the CR pressure gradient instead of the magnetic field.
Since CR are now able to diffuse across the field the j� B force is
non-negligible and the instability returns on scales larger than
the CR Larmor radius [97]. The analysis of this problem is compli-
cated because it is non-linear and turbulence is important on scales
both greater and less than the CR Larmor radius. Bykov et al. [28]
use a mean-field turbulence approach to show that the long wave-
length instability grows more rapidly than the Alfven or NRH insta-
bility at the same long wavelength. However, the model chosen by
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Schure and Bell [97] does not replicate the rapid growth. This is a
challenging and important issue since the structure of the mag-
netic field on scales greater than the CR Larmor radius probably
governs the overall CR confinement near to, or escape from, the
shock.

Large scale structures may also grow as a result of a filamenta-
tion instability that ‘piggy-backs’ on the NRH instability [88]. The
NRH wall-cavity structure evolves in line with the expansion of
spirals in the magnetic field. The jcr � B force expands the spirals,
but by momentum conservation it also deflects the CR trajectories
onto the axis of the spiral. This suggests that a fully self-consistent
simulation of CR trajectories and magnetic field amplification
might produce a non-linear configuration in which CR propagate
as filaments through cavities. This has received provisional confir-
mation from two-dimensional self-consistent simulations [88] that
demonstrate filament formation on scales greater than that of the
wall-cavity structure generated by the NRH instability. These sim-
ulations of planar slices perpendicular to the zeroth order CR cur-
rent assume a geometry in which filaments are infinite and
uniform in extent along the direction of CR propagation.

Filaments might either increase or reduce CR confinement. On
the one hand, the concentration of the CR current along the axis
of the filament could enhance the jcr � B force and increase the rate
at which magnetic field is amplified, thereby increasing CR con-
finement. On the other hand, the filaments could provide a path-
way for CR to escape upstream of the shock by propagation
through low-field cavities. Three-dimensional self-consistent cal-
culations are needed to resolve this issue.
4.5. A distinction between the Alfven and NRH instabilities

The linear growth rate of the non-resonant hybrid (NRH) insta-
bility is greatest at wavelengths less than the CR Larmor radius, but
it also grows at wavelengths comparable with the Larmor radius,
krg � 1. The Alfven and NRH instabilities have similar growth rates
at krg � 1 where the Alfven instability has its largest growth rate,
but the two instabilities are distinguished by their polarisations.
In the Alfven instability a CR proton gyrates in the same direction
as the magnetic field spiral so that streaming CR remain in phase
with the wave as they propagate. In contrast, in the NRH instability
a CR proton gyrates in the opposite direction.

A related distinction lies in the jcr � B that drives the instabili-
ties in the linear limit. The Alfven instability is driven by the vector
product of the perturbed CR current and the unperturbed zeroth
order magnetic field. In contrast, the NRH instability is driven by
the vector product of the unperturbed CR current and the per-
turbed magnetic field.

4.6. Saturation of the NRH instability

The NRH instability leading to magnetic field amplification is
active provided there is a range of k-space between a lower limit
kmin ¼ eB=p equal to the inverse CR Larmor radius and an upper
limit kmax ¼ l0jcr=B imposed by tension in the magnetic field as dis-
cussed above. The upper and lower limits in k-space coincide and
close off the instability when l0jcr=B ¼ eB=p which occurs when
the magnetic energy density grows to B2=l0 ¼ pjcr=e. It was shown
above that jcr ¼ geq0u3

s =pc and this imposes a limit on the mag-
netic energy density, B2=l0 ¼ gq0u3

s =c [19]. If we assume that this
limit applies when the NRH instability grows non-linearly as well
as linearly, it gives an estimate of the magnetic field at which the
instability reaches saturation. Allowing for magnetic field com-
pression at the shock, this leads to a saturated magnetic field in
surprisingly good agreement with SNR observations as analysed
by Vink [108,110] who fits the data with
B � 700ðus=107 m s�1Þ3=2ðne=cm�3Þ1=2 lG ð7Þ
4.7. Observations of precursor microphysics

The Larmor radius of a CR with energy EPeV in PeV in a magnetic
field B100 in units of 100 lG is rg ¼ 3� 1014EPeVB�1

100 m. At a distance
from the Earth of Rkpc kpc, the Larmor radius subtends an angle on
the sky of 2EPeVB�1

100R�1
kpc arc s suggesting that it might be possible to

resolve the turbulence generated by CR streaming in nearby SNR.
Eriksen et al. [44] have suggested that the separation of stripes

seen in CHANDRA observations of Tycho’s SNR correlates with the
Larmor radius of high energy CR. Alternative interpretations of the
stripe separation have been proposed by Bykov et al. [27], where
the stripes correspond to peaks in magnetic turbulence and by
Malkov et al. [75], where the stripes develop as solitons in the up-
stream plasma.

Time-variation offers a different observational diagnostic of the
microphysics underlying shock acceleration as shown by Uchiy-
ama et al. [106] in RXJ1713.6–3946 and Patnaude and Fesen [81]
in Cas A. The expanding shock maps out a 2D surface advancing
into the magnetic field. It takes one year for a shock expanding
at 10,000 km s�1 to propagate a distance of 3� 1014 m characteris-
tic of the Larmor radius of a PeV proton. This would be consistent
with variations over a few years observed by Uchiyama et al. and
by Patnaude and Fesen.

The precursor ahead of the shock is � c=us times larger than the
CR Larmor radius but detection is challenging. Rakowski et al. [84]
have interpreted the X-ray emission from protuberances ahead of
the shock in SN1006 as possibly resulting from the interaction of
the upstream NRH instability with the Rayleigh–Taylor instability.
Spectral evidence for a precursor is seen by Raymond et al. [85] in
Ha lines at SNR shocks where a narrow spectral feature is inter-
preted as emission from low temperature upstream hydrogen ex-
cited by a CR precursor.

5. Non-linear self-regulation

Diffusive shock acceleration has to be very efficient if it is to
generate the Galactic CR population, but the total CR pressure
and energy density at a shock cannot exceed qu2

s . The injection
of CR into the acceleration process must be finely balanced to en-
sure that acceleration is efficient but not impossibly efficient. Bar-
ring fortunate coincidences, a feedback process is required. For a
strong shock the test particle CR distribution in energy E is propor-
tional to E�1 for non-relativistic CR and E�2 for relativistic CR, so CR
protons above 1 GeV contribute nearly all the CR energy density.
For effective feedback, the pressure of >GeV protons must regulate
the injection of protons at mildly suprathermal energies which are
of the order of an MeV for SNR shocks [38]. Feedback is also evident
in weaker shocks found in the heliosphere (e.g. [43]). The essential
features of feedback processes at strong shocks were set out by
Drury and Völk [35] and Völk et al. [114] who showed that self-reg-
ulation can operate through the CR pressure modifying the flow
ahead of the shock.

Fig. 4, reproduced from Drury and Völk [35], illustrates the ef-
fect of CR pressure on the shock structure. The CR pressure precur-
sor ahead of the shock is depicted in the right hand plots. If
injection is strong the CR pressure Pcr is comparable with qu2

s

and the CR pressure gradient rPcr pushes on the background plas-
ma ahead of the shock. Or when considered in the shock rest frame,
the CR pressure slows the plasma as it flows into the shock as
shown in the left hand plot. The magnitude of the velocity jump
at the shock discontinuity is then reduced, less energy is processed
in the transition, and the post-shock temperature is reduced. Con-
sequently the energy at which CR are injected is reduced and fewer



Fig. 4. Non-linear feedback. The shock structure modified by the CR pressure. Top row: moderate CR pressure with a sharp shock transition. Bottom row: high CR pressure
with a smooth shock. Reproduced from Figs. 2 and 3 of Drury and Völk [35].
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CR are accelerated to relativistic energies, thereby reducing the CR
pressure at the shock and completing the feedback loop. Addition-
ally a further reduction in acceleration efficiency follows if the up-
stream plasma is not completely cold. If the CR pressure reduces
the shock velocity to a magnitude not much larger than the up-
stream sound speed, the Mach number is decreased and reduces
the compression ratio at the shock, thereby steepening the spec-
trum such that fewer CR are accelerated to high energy. In extreme
cases of high acceleration efficiency the discontinuous sub-shock
Fig. 5. Non-linear feedback. The CR spectrum and its effect on shock structure, reproduce
into the acceleration process. For a low injection rate / ¼ 10�4, CR behave as test partic
/ ¼ 10�3, and then / ¼ 10�2, the CR pressure in the precursor accelerates the upstream
density (q=q0) plot in (b) for / ¼ 10�2. At high injection rates the spectrum has a strong c
In this calculation it is assumed that the diffusion coefficient D, and therefore the characte
the weaker dependence was assumed for computational convenience.
may disappear so that the upstream and downstream states are
connected by a smooth transition as in the lower row of plots in
Fig. 4. However, any smooth transition would occur on the scale
of the precursor scaleheight of mildly relativistic protons which
is too small to be observable in SNR.

The self-consistent interaction between CR acceleration, injec-
tion and hydrodynamic modification was modelled in detail by
Ellison and Eichler [42], Bell [16], Falle and Giddings [45] and Blasi
et al. [26]. As expected, the feedback processes limit injection and
d from Bell [16]. The spectrum is plotted in (a) for different fractions / of CR injected
les with no feedback onto the shock structure. As the injection rate is increased to
ahead of the shock and smooths out the hydrodynamic transition as shown in the
oncave curvature. Plot (b) also shows the CR spatial profiles at different momenta p.
ristic precursor scaleheight, is proportional to p1=2. D / p might be more realistic but
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proton acceleration to GeV energies. Fewer CR reach high energy,
but those that do so experience a compression greater than 4
which produces a high energy spectrum flatter than p�4. A com-
pression factor up to 7 is possible for a CR-dominated shock be-
cause of the smaller relativistic ratio of specific heats. Overall,
the spectrum steepens at low energy and flattens at high energy
to produce a characteristic concave spectrum. The non-linear re-
sponse to different injection rates as calculated by Bell [16] is
shown in Fig. 5. As the injection rate / is increased the spectrum
becomes increasingly concave. In Fig. 5a this is mainly seen as a
steepening in the low energy part of the CR spectrum. Fig. 5b
shows how high energy CR with long mean free paths experience
the full compression between upstream and downstream while
low energy CR experience only part of the total compression. This
is a complicated problem in which the self-consistent inclusion of
magnetic field amplification and the consequent heating of the up-
stream plasma can be important [6].

Concavity in SNR emission spectra has been identified at radio
[89] and X-ray [5,107] wavelengths. Non-linear self-regulation
and efficient CR acceleration can also be deduced from observa-
tions of low post-shock temperatures [53,59]. Efficient energy
transfer to CR reduces the energy available to heat the post-shock
plasma. A concomitant consequence of a low post-shock tempera-
ture, the lower ratio of specific heats of relativistic CR, and possible
energy loss to escaping CR is a compression factor greater than four
at the shock. This affects the overall structure of the SNR, notably
reducing the gap between the forward shock and the contact dis-
continuity. In some SNR the contact discontinuity and the reverse
shock are closer to the forward shock than would be expected in
the absence of efficient CR acceleration, thus providing further evi-
dence for non-linear self-regulation and efficient acceleration
[30,115,81,95]. None of this evidence is completely incontrovert-
ible. For example, spectral concavity might result from spatial inte-
gration over different regions with differing spectral indices, low
measured post-shock temperatures might apply to not all compo-
nents of the downstream plasma, and the distance to the forward
shock might be reduced by the protrusion of Rayleigh–Taylor fin-
gers ahead of the contact discontinuity. However, the cumulative
effect of the evidence, allied with the requirement that SNR must
Fig. 6. Illustration of CR trajectories across a perpendicular shock (black line). (a) In the a
adiabatic, increase in energy. (b) Weak scattering allows some CR to gain energy by stay
scattering allows CR to cross and recross the shock as in the case of an unmagnetised shoc
gain much energy.
accelerate CR efficiently to explain the Galactic CR energy density,
indicates that non-linear effects are significant in diffusive shock
acceleration.
6. Perpendicular shocks

The theory of diffusive shock acceleration as set out in Sections
2 and 3 made no mention of the effect of a large scale magnetic
field. The analysis was developed for the case of isotropic diffusion
in which the CR diffusion coefficient is the same in all directions. If
the plasma supports a large scale magnetic field the diffusion coef-
ficients are in fact different along and across the magnetic field.
The assumptions in Sections 2 and 3 are correct in the case of a par-
allel shock, that is, one in which the shock propagates parallel to
the field. For a parallel shock, only diffusion along the field in the
direction of the shock normal matters and it is irrelevant if CR
are unable to diffuse in the plane of the shock. The theory of Sec-
tions 2 and 3 also works for shocks which are ‘quasi-parallel’. For
quasi-parallel shocks, CR may diffuse preferentially along magnetic
field lines at an angle to the shock normal but the analysis is unaf-
fected [14]. However, perpendicular and quasi-perpendicular
shocks are different. The dividing line between parallel and per-
pendicular shocks occurs at a critical angle hc between the shock
normal and the magnetic field satisfying c cos hc ¼ us. At the angle
hc CR are marginally able to escape upstream of the shock by trav-
elling at the speed of light along a magnetic field line and acceler-
ation is marginally possible without strong scattering. hc ¼ 88� for
a shock velocity of 10,000 km s�1, so most SNR shocks are in this
sense quasi-parallel rather than quasi-perpendicular, but perpen-
dicular shocks are an important case. Shocks encountering the field
at angles greater than hc are often referred to as ‘super-luminal’
even if us � c because CR would have to travel faster than the
speed of light to escape upstream of the shock along a magnetic
field line. In the next section we consider general oblique shocks
and show that CR can be strongly affected by the angle of the shock
even for angles much less than hc . Here we consider the special
case of an exactly perpendicular shock.

Acceleration by perpendicular shocks only takes place if CR are
able to diffuse across magnetic field lines. Fig. 6 classifies three dif-
bsence of scattering all CR advect across the shock with only a small, approximately
ing with shock longer without returning fully into the upstream plasma. (c) Strong
k. The plots are illustrative and not to scale. In none of the cases pictured does the CR
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ferent cases. In case (a), scattering is weak and CR are unable to
cross field lines. Consequently, CR are tied to a particular field line
and are advected through the shock with that field line. They are
unable to recross the shock into the upstream plasma and their en-
ergy gain is small, approximately corresponding to the adiabatic
gain resulting from compression at the shock [58]. In the opposite
case, (c), scattering is sufficiently strong that CR are not tied to par-
ticular field lines. CR are free to cross and re-cross the shock many
times with a statistical chance of large energy gain. The isotropic
diffusion theory of Section 2 then gives the correct spectrum. In
the intermediate case, (b), CR are able to diffuse across field lines
but their opportunity to escape fully into the upstream plasma is
limited. Nevertheless, CR have a chance of staying at the shock
longer than in case (a). Diffusion of the gyrocentre may allow the
CR to remain in contact with the shock for a longer period of time
and the CR gains energy as long as its gyrocentre remains within
one Larmor radius of the shock. By gyrating between upstream
and downstream CR gain energy, but a large energy gain is statis-
tically less probable resulting in an energy spectrum steeper than
E�2.

Acceleration by perpendicular shocks is only possible if CR are
strongly scattered by large fluctuations in the magnetic field as
in cases (b) or (c) in Fig. 6. Acceleration in case (b) is marginal.
Nevertheless, if the required conditions are met perpendicular
shocks can accelerate CR more rapidly than parallel shocks. As
shown in Section 4, the acceleration rate is proportional to u2

s =D.
The diffusion coefficient across a magnetic field is less than that
along a magnetic field line by a factor ðrg=kÞ2 where rg is the CR
Larmor radius, k ¼ c=m is the scattering mean free path, and m is
the scattering frequency due to deflection by small scale fluctua-
tions in the magnetic field. The cross-field diffusion coefficient is
therefore D? ¼ ðrg=kÞ2Djj where Djj is the diffusion coefficient in
an unmagnetised plasma or parallel to a magnetic field. Accelera-
tion at a perpendicular shock is correspondingly ðk=rgÞ2 faster than
at a parallel shock. For favourable scattering lengths, rg < k < rg

ðc=3usÞ, perpendicular shocks are rapid CR accelerators [60,61,76].
In principal this suggests that CR can be accelerated to higher

energies by perpendicular shocks. Following Lagage and Cesarsky,
as set out in Section 3, the maximum CR energy is limited by the
condition that the acceleration time saccel ¼ 8D=u2

s should not ex-
ceed the age of the SNR. The smaller diffusion coefficient and more
rapid acceleration implies an increase in the maximum CR energy
when accelerated by a perpendicular shock. As discussed above, CR
acceleration is only possible if the precursor scaleheight L ¼ D=us

exceeds the CR Larmor radius rg , so the minimum possible diffu-
sion coefficient is D ¼ rgus. Most rapid acceleration occurs when
the CR trajectory is close to that shown in Fig. 6(b). In Fig. 6(c),
the CR spends extended periods upstream or downstream of the
shock and acceleration is not as rapid. In Fig. 6(a) the scaleheight
for diffusion of the gyrocentre of the CR motion is smaller than a
Larmor radius and the CR quickly through the shock at a single pass
without opportunity to return from downstream.

Under the optimal conditions, close to those in Fig. 6(b), where
k=rg � c=3us, the acceleration time is saccel ¼ 8rg=us. This is less
than the age sSNR of a SNR if rg < ussSNR=8. Since rg ¼ E=cB where
E is the CR energy in eV, the maximum CR energy is cBR=8 where
R ¼ ussSNR. For historical SNR, us � 5� 106 m s�1 and s � 400 years,
implying a maximum CR energy of � 7� 1014 eV in the absence of
magnetic field amplification (B � 3 lG) if the maximum CR energy
is limited by timescales as in Lagage and Cesarsky [67,68].

Based on a comparison of acceleration timescales with the age
of SNR, perpendicular shocks appear to offer acceleration to ener-
gies close to the knee without a need for magnetic field amplifica-
tion [61]. With magnetic field amplification, acceleration beyond
the knee appears possible. However, the temporal limit on the
maximum CR energy is replaced by a more stringent spatial limit
that is not easily overcome. The origin of the spatial limit emerges
from an understanding of CR acceleration in terms of CR trajecto-
ries in an electric field. Acceleration at any shock, whether perpen-
dicular or parallel, proceeds from CR motion in electric field.
Magnetic field by itself can only deflect, not accelerate, particles.
The usual understanding of acceleration at parallel shocks hides
the effect of the electric field by always considering CR trajectories
in the local fluid rest frame where the electric field is zero. The
accelerating effect of the electric field is replaced by the frame
transformation when a CR crosses between upstream and down-
stream of the shock.

An alternative perspective on energy gain at a perpendicular
shock is obtained by calculating the energy gained from the elec-
tric field E ¼ �u� B where u and B are the local fluid velocity
and magnetic field. When viewed in the shock rest frame there is
a large scale uniform electric field E ¼ �us � B0 where B0 is the
far upstream magnetic field. In the frame in which the shock is
at rest and the plasma velocity is normal to the shock, the electric
field is the same both upstream and downstream of the shock and
E is perpendicular to the shock normal. CR gain energy from the
electric field by propagating along the surface of the shock while
crossing the shock as in Fig. 6. This form of ‘shock drift’ acceleration
arises from the different CR Larmor radii upstream and down-
stream of shock. The field is compressed by the shock so the Lar-
mor radius is smaller downstream causing CR to surf along the
surface of the shock. The maximum CR energy gain is then limited
by the distance CR can drift along the shock surface. If the maxi-
mum distance a CR can drift along the shock surface is approxi-
mately equal to the radius R of the SNR, the maximum energy it
gains in eV is jEjR ¼ usB0R. This estimate is the same within a
numerical factor as that derived for parallel shocks in Section 3.
This illustrates the general applicability of the ‘Hillas parameter’
uBR as a good estimate of the maximum CR energy (in eV) in a vari-
ety of acceleration scenarios.

The timescale analysis of Lagage and Cesarsky [67,68] suggests
that larger CR energies are possible at perpendicular shocks, but
these could only be achieved if the CR surfs along the shock surface
a distance much greater than the SNR radius. There are geometries
in which this might be possible. If an SNR expands into a uniform
magnetic field a CR might gain energy by circulating many times
around the equator of the SNR, but possibilities for escape along
field lines in the polar direction would make this a rare occurrence
and the CR spectrum would steepen at an energy of eusB0R in ac-
cord with the Hillas analysis.

The situation regarding perpendicular shocks is uncertain. They
undoubtedly have the potential for more rapid CR acceleration, but
they require the scattering length k to lie in a favourable regime,
and even then the maximum CR energy is expected to be the same
as for parallel shocks because of the spatial limitation. Synchroton
X-ray emission from TeV electrons in SN1006 exhibits a polar pat-
tern consistent with preferential CR acceleration at parallel shocks.
It has been suggested that this is due to difficulties in injecting and
accelerating electrons at a perpendicular shock [70,111,93].
7. Oblique shocks

The special case of perpendicular shocks was discussed in the
previous section. Related effects can be important more generally
at oblique shocks, especially if they are nearly perpendicular or if
the shock velocity is c=30 or greater. Previously it has been appre-
ciated that shock obliquity is important at relativistic shocks,
where CR have difficulty passing from downstream to upstream
(e.g. [13,98]), and in its effect on injection and acceleration out of
the thermal pool (e.g. [11,39,49,50]). Here we summarise work re-
ported in Bell et al. [21] which shows that obliquity can have a
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strong effect at SNR shocks and thereby affect the steepness of the
Galactic CR spectrum.

The diffusion approximation, used in Section 2, breaks down at
high velocity oblique shocks and it is necessary to find a solution
that allows for higher order anisotropies in the CR distribution.
In the diffusion approximation the CR distribution is assumed to
take the form

f ðr;pÞ ¼ f0ðr; jpjÞ þ f1ðr; jpjÞ:
p
jpj ð8Þ

where f0 is the isotropic part of the distribution and f1 is a diffusive
drift. This approximation is adequate at low shock velocities
(us � c) or for parallel shocks. The approximation is based on a
‘Chapman–Enskog’ expansion in the small parameter k=L where k
is the scattering mean free path and L is the characteristic spatial
scalelength. Characteristically k=L � us=c in the precursor of a paral-
lel shock and the diffusion approximation is valid. The very short
scalelength Ls over which velocity and density change at the shock
has little effect on CR at a parallel shock since CR respond to the
magnetic field rather than density or velocity and there is no dis-
continuity in the magnetic field at a parallel shock. However, the
magnetic field undergoes an abrupt change in direction at an obli-
que shock and this has a strong effect on CR trajectories. At an ob-
lique shock the large parameter k=Ls (> 1) invalidates the Chapman-
Enskog expansion and the diffusion approximation breaks down.
The shock discontinuity injects anisotropies of indefinitely high or-
der and additional terms are needed in the CR distribution function:

f ðr;pÞ ¼ f0ðr;pÞ þ f1ðr;pÞ:
p
p
þ f2ðr;pÞ :

p
p

p
p
þ � � � ð9Þ

where p ¼ jpj. Bell et al. [21] solved the CR transport equation by
expanding the distribution function in spherical harmonics to or-
ders as high as 15. They considered shock velocities in the range
c=30 6 us 6 c=3 as observed in very young SNR. The inclusion of
non-diffusive terms (f2 etc.) makes little difference at strictly paral-
lel shocks but makes a significant difference at oblique shocks over
a range of shock obliquities. As expected from the above discussion
of perpendicular shocks the extra terms make a very strong differ-
ence at quasi-perpendicular shocks with h > 70� 80�. The strength
of the effect depends on the shock velocity and the ratio of the CR
scattering mean free path to the CR Larmor radius. The breakdown
of the diffusive approximation shows itself as a deviation of the CR
spectrum from p�4.
Fig. 7. Spatial profiles of components of the CR distribution function around shocks w
isotropic component, f 0

1 is the CR drift along the shock normal, and Rff 1
1 g and Iff 1

1 g are p
the CR density at the shock produces an excess in the number of CR being accelerated
spectrum. In the perpendicular case, the smaller number of CR at the shock reduces the
scattering frequency is 0.1 times the CR Larmor radius. The spatial distance x from the sho
at the shock. Figure reproduced from Bell et al. [21] where more detail can be found.
Two opposing effects lead respectively to either a steepening or
a flattening of the CR power-law spectrum:

(1) The first effect is seen at shocks which are nearly perpendic-
ular. It takes effect when the CR motion is similar to that plotted
in Fig. 6(b) and results in the CR density profile plotted in
Fig. 7(c). CR gyration smooths out the CR density over a Larmor
radius. The change in CR density across the shock therefore con-
sists of a ramp extending both upstream and downstream of the
shock. The crucial factor is that the CR number density at the
shock is smaller than the number density far downstream. Con-
sequently the rate at which CR cross and re-cross the shock is
reduced relative to the rate at which CR advect away down-
stream. Fewer CR make a large number of shock crossings lead-
ing to a steepening in the CR energy spectrum.
(2) The second effect applies to oblique shocks which are closer
to parallel but still sufficiently oblique that CR notice the
change in direction of the magnetic field on crossing the shock.
The parallel component of the magnetic field is continuous
across the shock, but the perpendicular component is com-
pressed and increases by a factor of four at a strong shock.
Hence a CR passing from upstream to downstream encounters
an increased magnetic field that acts as a barrier and produces
a pile-up of CR at the shock as seen in Fig. 7(b). The spike in the
CR density at the shock leads to an increase in the rate at which
CR cross and re-cross shock compared with the rate at which
they advect away downstream. In contrast to the perpendicular
case, on average CR cross the shock a greater number of times
gaining more energy and leading to a flattening in the CR energy
spectrum. Similar spiked profiles at the shock had been seen
previously in simulations by Ellison et al. [40].

The essential quantity determining the flattening or steepening
of the CR distribution is the ratio of the CR density at the shock to
the CR density far downstream. This controls the relative rates at
which CR cross the shock gaining energy and are lost from the sys-
tem by advection downstream. The momentum spectrum p�c has a
spectral index given by

c � 3þ 3ðn1=nsÞ=ðr � 1Þ ð10Þ

where ns and n1 are the CR number densities at the shock and far
downstream respectively. If ns ¼ n1 as in the diffusive limit of
low-velocity or parallel shocks the spectral index is the standard
hich are parallel (h ¼ 0�), oblique (h ¼ 60�) and perpendicular (h ¼ 90�). f 0
0 is the

roportional to the CR drifts in the plane of the shock. In the oblique case, the spike in
in comparison with the number escaping downstream, thereby flattening the CR

acceleration rate and steepens the spectrum. The shock velocity is c=10 and the CR
ck at x ¼ 0 is measured in CR Larmor radii. The vertical axis is scaled such that f 0

0 ¼ 1



Fig. 8. Plots of CR spectral index p�c and synchrotron spectral index m�a for three shock velocities us ¼ c=5; c=10 and c=30, four ratios of the CR scattering frequency to the
Larmor frequency m=xg ¼ 0:03; 0:1; 0:3 and 1:0, and shock obliquities between cos h ¼ 0 (perpendicular shock) and cos h ¼ 1 (parallel shock). The spectra are steep for
quasi-perpendicular shocks and flat for quasi-parallel shocks. The deviations from the diffusive limit (c ¼ 4;a ¼ 0:5) are greater at high shock velocity and low collisionality.
Figure reproduced from Bell et al. [21] where more detail can be found.
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c ¼ 4. At perpendicular shocks ns < n1 and the spectrum is steep-
ened. At oblique shocks where ns > n1 the spectrum is flattened.

Numerical results for the spectral index are shown in Fig. 8.
They show that even for shock velocities as low as c=30 the spectral
index can deviate significantly from c ¼ 4. This may explain why
the Galactic CR spectrum and many radio spectra are steeper than
expected for standard CR shock acceleration. The Galactic CR spec-
trum is remarkably well-fitted by a power law but the spectrum is
E�ð2:6�2:7Þ over many orders of magnitude in energy. The steeper
spectrum is probably due in part to energy-dependent escape from
the Galaxy, but Gaisser et al. [48] and Hillas [56] show that losses
can only account for part of the steepening. Electron spectra stee-
per than E�2 are also inferred from the radio spectra of young SNR.
The radio synchrotron spectral index of the historical SNR (Tycho,
Cas A, Kepler) is a � 0:6� 0:8 corresponding to an electron energy
spectral s � 2:2� 2:6 since a ¼ ðs� 1Þ=2 where nðEÞ / E�s. Radio
spectra of recent SN in external galaxies are also steeper, even
exceeding a � 1:0; s � 3:0. In contrast the synchrotron spectra of
SNR in the Sedov phase are usually flatter and approximately con-
sistent with a E�2 CR electron energy spectrum. The overall obser-
vational picture is that SNR spectra are steep in the first decades
following the SN explosion and then flatten with time towards
the standard E�2 spectrum expected from diffusive acceleration
by a strong shock. This trend has been observed during the life-
times of Cas A and SN1987A. One explanation might be that shocks
in young SNR propagate at high velocity into magnetic fields that
are predominantly perpendicular rather than parallel either (i) be-
cause the SNR expands into a magnetic field frozen into a pre-
supernova wind in the form of a Parker spiral or (ii) because in
the NRH instability the jcr � B naturally stretches the field in a
direction perpendicular to the CR current and the shock normal.

The non-linear processes described in Section 5 might provide
an alternative explanation for steep SNR radio spectra where the
emitting electrons have relatively low energy, but they would have
difficulty accounting for the steepness of the Galactic CR spectrum
because of the straightness and lack of concavity in the spectrum
over many orders of magnitude in energy.

Deviations from a p�4 spectrum in Sedov-phase SNR are unlikely
to be caused by shock obliquity since the shock velocities are far be-
low c=30. Some older SNR have relatively flat spectra and this may
be the result of additional second order Fermi acceleration [80].
8. Other limits to the diffusion model

In the previous section it was shown that the CR spectrum is ex-
pected to deviate from the standard p�4 spectrum at non-parallel
high velocity shocks. Here we outline other ways in which the
standard diffusive model might break down.

The diffusive model breaks down if constrictions in magnetic
field lines form a ‘magnetic bottle’. CR drifting along a field line
and encountering a region of high field can be reflected back along
the field line. The high field represents a blockage in accordance
with conservation of the first adiabatic moment for charged parti-
cles. A CR particle can be caught in a magnetic bottle and carried
through the shock with a low probability of return from the shock,
thus terminating the acceleration of that CR particle. This could re-
duce the fraction of CR reaching high energies and steepen the
spectrum.

Sub-diffusion and super-diffusion [37] may also cause devia-
tions from standard diffusive behaviour. This occurs when CR
propagate along wandering field lines. CR execute random walks
along the field lines which in turn execute a random walk in space.
The combination of the two random walks invalidates the treat-
ment of CR transport as diffusion in a direction parallel to the
shock normal. Wandering field lines can trap CR in the equivalent
of a magnetic bottle if a field line crosses the shock in more than
one place. Kirk et al. [63] showed that sub- and super-diffusion
can change the CR spectrum.

At relativistic shocks the diffusion approximation irretrievably
breaks down and a treatment is needed that allows for strong
anisotropy (e.g. [64,12,1,41]). The Alfven Mach number of the
shock and the orientation of the magnetic field are particularly cru-
cial in relativistic shocks [98]. Relativistic shocks are beyond the
scope of the present review.
9. Future prospects

Progress in observation and theory over the past decade offers
support for the general view that SNR are effective accelerators
of cosmic rays to PeV energies. The detection of TeV gamma-rays
proves conclusively that particles of some variety are accelerated
to at least TeV energies in SNR, and well-resolved X-ray observa-
tions prove that TeV electrons and amplified magnetic field are
to be found at the outer shocks of SNR. However, showing that
SNR shocks accelerate some particles to TeV energies is not the
same as proving beyond reasonable doubt that SNR are responsible
for all, or nearly all, Galactic cosmic rays at energies up to the knee.
There are many outstanding questions that go beyond mere detail
in the overall picture.

A particularly outstanding need is for solid observational evi-
dence that protons as well as electrons are accelerated to TeV ener-
gies and that the proton spectrum extends to the knee. Gamma-ray
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telescopes promise to answer the question by measuring the full
gamma-ray spectrum from MeV to 100 TeV. A positive answer to
this question, if indeed it is positive, will provide a foundational re-
sult for the theory of CR origins. If the sensitivity of Cherenkov
techniques can be increased in the 100 TeV range we can hope to
discern which SNR at which stage of evolution produce the Galactic
cosmic ray population up to the knee.

If PeV cosmic rays are accelerated by relatively young SNR we
need to confront the difficult question of how CR escape their par-
ent SNR into the interstellar medium [29,36]. SNR in the pre-Sedov
phase have the potential to accelerate CR to high energies because
of their high shock velocity and their consequent ability to gener-
ate large magnetic field, but CR can only contribute to the Galactic
population if they escape the SNR at the time of acceleration. Very
few CR escape upstream if the maximum CR energy is limited by
timescales as discussed in Section 3. In some detailed analyses of
the turnover of the CR spectrum [26,87,29] the acceleration of
the highest energy CR is instead terminated by their escape up-
stream in which case they contribute to the Galactic population
without significant adiabatic loss. The fate of the highest energy
CR is difficult to determine theoretically and here again observa-
tions will be determinative, especially if escaping CR can be de-
tected as they encounter dense clouds outside the SNR.

The shape of the high energy Galactic spectrum in the TeV to
PeV range may prove to be governed as much by escape as accel-
eration [36]. As explained above, the maximum CR energy may
drop during the Sedov phase in which case SNR may feed succes-
sively lower energy CR into the interstellar medium as the expan-
sion velocity decreases. If it transpires that the high energy part of
the Galactic spectrum is set by CR escape and evolution in the max-
imum CR energy and the low energy part of the spectrum is set by
the acceleration process, then we would need to explain why the
Galactic CR spectrum follows a single power law from GeV to
PeV energies. These issues are far from resolution at the present
time.

Our understanding of the Galactic CR spectrum below 1 PeV is
incomplete, but the gaps in our understanding of the origin of CR
above 1 PeV are considerably greater. The extragalactic origin
and the composition of the very highest energy CR is a matter of
intense current investigation, but even in the intermediate 1–
100 PeV energy range CR origins are very uncertain. Until the pos-
sibility of magnetic field amplification was appreciated it was dif-
ficult enough theoretically to explain how SNR could accelerate CR
to a few PeV. Field amplification probably accounts for acceleration
to the knee, but it is difficult to see how the historical SNR, or SNR
in the Sedov phase, can accelerate protons beyond the knee. Ber-
ezhko and Völk [23] explain the Galactic component above the
knee predominantly in terms of progressively higher Z ions with
a Galactic origin that have knee energies proportional to Z, while
Hillas [56] argues that some CR above the knee must be Galactic
protons. If indeed the Galactic proton spectrum extends beyond
1 PeV then this poses a serious challenge to existing theory. One
possibility is that the protons are accelerated in the early years fol-
lowing a supernova explosion as the outer SNR shock expands at
high velocity into a dense circumstellar medium [20,113,96]. The
high circumstellar density and the high shock velocity might allow
very strong field amplification [47,31] that more than compensates
for the small radius of the shock and boosts the maximum CR en-
ergy above 1 PeV. With sufficient circumstellar mass resulting
from a dense pre-supernova wind, the energy processed through
the shock may be sufficient to produce large numbers of high en-
ergy CR. CR acceleration during the very early stages of SNR evolu-
tion is an important topic for future study which is theoretically
demanding and for which observational data are presently limited.

Cosmic ray research can be presented as a work in progress.
Remarkable progress has been made in the past decade and we
can hope that future observations, particularly with gamma-ray
telescopes, accompanied by supporting theory and simulation will
spearhead further remarkable decades of progress.
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