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1. Introduction

There are some generalisations of Johnson graphs in the literature with different applications, see for example
[10,7]. In this paper, we introduce a new generalisation of the Johnson graphs arising from the study of triple factorisations
Sym(£2) = ABA of symmetric groups in terms of their intransitive subgroups A and B. We call such factorisations intransitive
triple factorisations. Note that triple factorisations are fundamental in group theory as well as in geometry.

Let 2 be a set of size of n > 3 (an n-set), and let m and k be positive integers less than n. Let also j be a positive integer
such that max{0, m + k — n} < j < min{m, k}. We define a graph I := J(n, m, k, j) to be the graph whose vertices are
distinct m-subsets of £2 and each edge between two vertices X and Z corresponds to a k-subset Y if X NY| = |ZNY| =].
We observe that I" has no loops but may have multiple edges (see Figs. 1-3). We show that the Johnson graph J(n, m)
is a spanning subgraph of I" (see Corollary 2.11), and so I" may be viewed as a generalisation of the Johnson graph. The
complement map (i.e, T — T = §2 \ T, for all t-subsets T of £2) gives rise to an isomorphism between J(n, m, k, j) and
J(n,n—m,n—k,n—m — k +j), see Lemma 2.3. Therefore in most cases we may focus on the case where m < n/2.

Although in Section 2, we study some combinatorial properties of J(n, m, k, j) as a useful tool to study the existence
of intransitive triple factorisations, our interest is to find those conditions under which J(n, m, k, j) is both complete and
simple. Indeed, each triple factorisation G = ABA corresponds to a collinearly complete coset geometry Cos(G; A, B) (with
A the stabiliser of a point p and B the stabiliser of a line £ incident with p) in which “each pair of points is incident with
at least one line”, see Section 3 for more details. Let now G := Sym(£2), A := Gx and B := Gy with |[X N Y| = j, where
X and Y are an m-subset and a k-subset of §2, respectively. Then G is a group of automorphisms of the graph J(n, m, k, j)
which is the collinearity graph of the associated coset geometry Cos(G; A, B) of the triple factorisation G = ABA. So existence
of an intransitive triple factorisation Sym(§2) = ABA is equivalent to the graph J(n, m, k, j) being complete. Therefore,
studying the completeness of J(n, m, k, j) in Proposition 2.6 suggests a necessary and sufficient condition for the existence
of intransitive triple factorisations in Theorem 1.1.
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(a) The graph J(4, 2, 2, 1) is a multi-graph. (b) The graph with dashed edges is the
The number on each edge represents the Johnson graph J(4, 2) which is a spanning
number of 2-subsets which meet verticesin 1 subgraph of J(4, 2, 2, 1).
point. For example, there are four 2-subsets
{1, 3}, {1, 4}, {2, 3}, {2, 4} which intersect
both {1, 2} and {3, 4} in 1 point.
Fig. 1. The graphJ(4,2,2,1).
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(a) The graph J(4, 2, 3, 1) is a simple graph (b) The graph with dashed edges is the
but not complete. Johnson graph J(4, 2) which is isomorphic to
J4,2,3,1).
Fig. 2. The graphJ(4, 2,3, 1).
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Fig. 3. The graph J(4, 1, 2, 0) is simple and complete. It is also isomorphic to J(4, 1, 2, 1) and the Johnson graph J(4, 1).
Theorem 1.1. Let n > 3, m and k be positive integers such that m,k < n, and let 2 .= {1, ..., n}. Let also G = Sym(£2),

and let A and B be intransitive subgroups of G stabilising an m-subset X and a k-subset Y, respectively, withj := |X N Y|. Then
G = ABAifand only if k + min{0, 2m — n} < 2j < k + max{0, 2m — n}.

Classifying triple factorisations G = ABA seems to be out of reach in general (see for example, [4, Proposition 4.2]),
however a reduction strategy has been introduced in [4] to the case where A is maximal (and core-free) in G. For geometric
reasons, the subgroup B may also be assumed to be maximal and so both subgroups A and B have orders at least |G|'/>.
This motivated Alavi and Burness [3] to study large maximal subgroups H of finite simple groups G (i.e., |H| < |G|'/?). In
this direction, various triple factorisations of general linear groups GL(V') have been studied (see [ 1,2]). Triple factorisations
Sym(£2) = ABA of symmetric groups with A and B conjugate subgroups have been studied in [8] and Theorem 1.1 focuses on
intransitive factorisations of Sym(£2). We are also interested in a particular case of triple factorisations known as Geometric
ABA-group, that is to say, G = ABA,A € B,B € A and AB N BA = A U B. The notion of Geometric ABA-groups is introduced
by Higman and McLaughlin and such factorisations are linked to studying flag-transitive linear spaces [9]. In fact, G is a
Geometric ABA-group if and only if its associated collinearity graph is both complete and simple (see [9, Lemmas 1 and 3]
and Section 3). Using this fact, obtaining the conditions under which J(n, m, k, j) is both complete and simple (Corollary 2.18)
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gives rise to those conditions for which the associated intransitive triple factorisation of Sym(£2) is a Geometric ABA-group,
and vice versa:

Theorem 1.2. Let G = Sym($2), where n := |§2| > 4, and let m and k be positive integers less than n. Suppose that A and B are
stabilisers of an m-subset X and a k-subset Y of §2 withj := |X N Y|, respectively. Then G is a Geometric ABA-group if and only
ifAZ S, 1and B=S; x Sy_».

In Section 2, we study some other combinatorial properties of J(n, m, k, j). For example, Corollary 2.23 suggests an upper
bound for the distance between two vertices of J(n, m, k, j), and this leads us to an upper bound for the diameter of this
graph. Our computations (see for example, Figs. 1-3) shows that these bounds are not sharp, and so we have the following
unsolved Problem 1.3:

Problem 1.3. Let X and Z be two distinct vertices of the connected graph J(n, m, k, j) with |[X N Z| = i. Then the distance
d(X, Z) between X and Z is equal to ’Vn':::) -I where iy = max{0, 2m —n, 2j — k, 2m — n — (2j — k)}. Therefore the connected

m—max{0,2m—n}
mfio :

graph J(n, m, k, j) is of diameter ’V

In a connection with geometry, a collinearly complete rank 2 geometry has an associated Buekenhout diagram with
point-diameter at most 3 (see [5]), and this gives only five possible values for the canonical parameters of the diagram:
the point-diameter d,, gonality g, and line-diameter d,. Thus (dp, g, d¢) € {(2,2,2),(3,3,3),(3,3,4),(3,2,3),(3,2,4}.
The geometries associated to (2, 2, 2) are simply the generalised di-gons, and their automorphism groups G give degenerate
factorisations G = AB. The geometries associated to (3, 3, 3) and (3, 3, 4) are flag-transitive linear spaces which have been
classified up to the one-dimensional affine case [6]. Triple factorisations that we study in this paper and [1,2] are linked to
the geometries with parameters (3, 2, 3) and (3, 2, 4).

2. Basic properties

In this section, we investigate various combinatorial properties of J(n, m, k, j). In what follows, we call a set (subset) of
size t a t-set (t-subset).

Definition 2.1. Let £2 be an n-set withn > 3, and let m and k be positive integers less than n. For 1 < t < n, denote by £2(t)
the set of all t-subsets of §2. Let also j be a positive integer such that

max{0, m + k — n} <j < min{m, k}. (1)

The graph I := J(n, m, k, j) is a multi-graph whose vertices are distinct m-subsets in £2(m) and each edge between two
vertices X and Z corresponds to Y € 2 (k) with

XNY|=1ZNY|=j. )

We denote by Js(n, m, k, j) the simple graph of I" in which we draw an edge between two distinct vertices X and Z if there
is a k-subset Y of £2 satisfying (2).

To simplify our arguments in the forthcoming sections, it is useful to introduce further notation:

Notation 2.2. Let X and Z be two distinct vertices of J(n, m, k, j) withI := X NZ. Note that if i := ||, then max{0, 2m — n} <
i < m — 1. Define now

2,:=02\(XUZ), X=X\I, Z;:=2Z\L
If Y is an edge between X and Z, then Y is a k-subset of $2 satisfying (2).Set T :== X NY NZ with t .= |T|, and define
U=XUYUZ, Yi=Y\(XU2Z), Ji=XNY)\T, L=ZNY)\T.
Then |21l =n—-2m+1i, |Xi| = |Z1|=m—i,|U =2m+k—-2j—i+t |Yi|=k—2j+tand |J;| =j—t,forTr = 1,2
(see Fig. 4).
2.1. Algebraic properties

In this section, for studying J(n, m, k, j), we first give a reduction argument to the case wherem < n/2.Then we show that
the symmetric group Sym($2) is a group of automorphisms of J(n, m, k, j). We also show that J(n, m, k, j) is vertex-transitive
but not edge-transitive. In what follows, assume that £2, n, m, k and j are as in Definition 2.1, and set I" := J(n, m, k, j).

Lemma 2.3. The graph J(n, m, k, j) is isomorphic to the graph J(n, m, k, j), where

m=n—m, k=n—k and j=n—m—k+j. (3)
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Fig.4. Adjacent vertices X and Z (distinct m-subsets) in J(n, m, k, j) with [X N Z| = i and an edge Y (a k-subset) between X and Z. The subsets 2,1, T, X1,
Y1, Zy and J;, forr = 1, 2, are as in Notation 2.2.

Proof. Set I" := J(n, m, k,j)and I := J(n, T, k, j), and consider the complementmapf : £2(m) — £ (n—m) which sends
each X € £2(m) to its complement X := £ \ X € £2(n — m). Suppose that X and Z are adjacent in I". Then there exists a
k-subset Y of £2 suchthat X NY| =1|ZNY| =j,and so

XNY|=|XUY|=n—|XUY|l=n—m—k+j=],
and similarly |Z N Y| = j. This shows that X and Z are adjacent in I". Clearly, f is a bijection, and hence it is an isomorphism

fromI"tol". O

This, in particular, allows us to assume that 1 < m < n/2 in the most of our arguments below.

Lemma 2.4. Sym(£2) < Aut(I').

Proof. Let g € Sym($2). Then X and Z are adjacent if and only if there is Y € £2(k) such that [X NY| = |Z N Y| = j. This
holds if and only if |X& N Y¢| = |Z8 N Y&| = j, or equivalently, X® and Z8 are adjacent. O

Proposition 2.5. (a) I is vertex-transitive;
(b) If X € £2(m) and G = Sym(£2), then the Gx-orbits on §2(m) are of the form
Ai={Z e 2m) | |ZNX| =1}, (4)
for max{0, 2m — n} < i < m. Hence I is not G-arc-transitive;
(c) I is not G-edge-transitive.
Proof. (a) This part follows from Lemma 2.4 and the fact that Sym(£2) acts transitively on the set £2(m) via {x1, . .
(x,..., x5}, forallg € Sym(£2).
(b) It is well-known that Sym(£2) has rank m + 1 in its action on the set of m-subspaces of 2, and hence this part follows
immediately by looking at the permutation character and applying the Young’s rule.

(c) Let g € Aut(I'). If X and Z are distinct vertices in I, then |[X N Z| = |X# N Z#|, and so if X and Z are adjacent with
|X N Z| = i, then the G-orbit of the edge XZ contains exactly those edges X'Z' of I' with X' NZ'| =i. O

o Xm}g =

2.2. Completeness

Proposition 2.6. The graph J(n, m, k, j) is a complete graph if and only if k + min{0, 2m — n} < 2j < k + max{0, 2m — n}.

Proof. Let I" := J(n, m, k, j), and let X and Z be vertices of I" with |X N Z| = i.In order for I" to be complete, there must be
enough room for there to be a k-subset Y meeting both X and Z in j points (see Fig. 4). Therefore a k-set Y exists if and only
if for every possible i, the complement §2; of X U Z contains at least k — 2j + i elements, thatis,0 < k—2j+i < n—2m+i.
Note that max{0, 2m — n} < i < m. Therefore I" is complete if and only if min{0, n — 2m} < k — 2j < max{0, n — 2m}. This
proves the result. O

2.3. Connectivity

Lemma 2.7. Let X and Z be distinct vertices of J(n, m, k, j). Then
(a) X and Z are adjacent if and only if (k, j) # (m, m), (n — m, 0) and
max{0,2m —n,2j—k,2m—n—2j—k} < |XNZ| <m-—1; (5)
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(b) if Y is an edge between X and Z, then
max{0,i+j—m,2j—k} < |XNYNZ| <min{i,j,n+2j+i—2m — k}. (6)

Proof. Let I" := J(n, m, k, j). By Lemma 2.3, we may assume that m < n/2.

(a) Suppose that X and Z are adjacent vertices of I". Let I, T, §£21,U, Yy and J;,, forr = 1, 2, are as in Notation 2.2. Since X and Z
are adjacent, there exists a k-subset Y of £2 such that | XNY| = |ZNY| =j.If (k, j) = (m, m), then we must have Y = X and
Y = Z,and so X = Z, which is a contradiction. If (k, j) = (n — m, 0), then Y meets neither X, nor Z. So Y is a subset of §2; of
size n — 2m+i. This implies that k = n —m < n—2m+1, or equivalently, m < i, which is also a contradiction. Thus (k, j) #
(m, m), (n—m, 0).Since U is a subset of £2, we have that 2m+k—2j—i < 2|X|+|Y|—2U1|—U2|+IT| = |U| < |£2| = n,and
so2m—n—2j+k < i.Moreover,J{UJ,isasubsetof Yand T C I.Then2j—i = 2j—|I| < |J1|+1L|—IT| = J1U]L| < |Y| =k,
and so 2j — k < i. Note that 0 < i < m — 1. Therefore (5) holds.

Conversely, suppose that X and Z are vertices in I" with (k, j) # (m, m), (n—m, 0) andi = |X NZ| satisfying (5). Suppose
also £21,1, X, and Z; are as in Notation 2.2. In each of the following cases, we find a k-subset Y of £2 satisfying (2), and hence
X and Z will be adjacent.

Letj = 0.Then by (5), we have thatk+2m —n=k+2m —2j—n <i,andsok < n — 2m + i = |£24|, and hence we
can choose a k-subset Y of §£2;. Note that [X N Y| = |[Z N Y| = 0 = j. Then, in this case, X and Z are adjacent in I".

Letnow 1 <j <m—iBy(5),wehavethat2m —n— (2j — k) <i,andsok —2j <n—2m+i= |£2¢].Ifk — 2j > 0, we
can choose a (k — 2j)-subset Y; of §2; (if k — 2j = 0, we simply choose Y; = @). Asj < m — i, we also can choose j-subsets J
and J, of X; and Z;, respectively. Then the subset Y := J; UJ, U Y isofsizek,and X NY| = |J;] =jand |ZN Y| = |]»| =],
and hence X and Z are adjacentin I". If k — 2j < O, thent := 2j — k > 1. Note by (5) that t = 2j — k < i, and so we can
take a t-subset T of [.Since0 < k—j =j—t <j < m — i, we choose (j — t)-subsets J; and J, of X; and Z;, respectively. Set
Y =TUJ;UJ,. Then |Y| = t+2(—t) = 2j—t = 2j— (2j—k) = k.Moreover, [ XNY| = |[TUJ;| =jand |ZNY| = |TUJ,| =j.
Therefore X and Z are adjacent in I".

Let finallyj > m —i.Seta = k—j— m+ i Sincej > m+ k —n, we havethata = k—j—m+i <
k—(m+k—n —m+i=n-—2m+1i= |§£q.Ifa > 0, then we can choose an a-subset Y; of £2;. Since j < m, it
follows that j — (m — i) < i = |I|, and so we choose a (j — m + i)-subset T of I.SetY := TUX; UZ; UY;.Then |Y| = k
and |[YNX| =|TUXy| = |T|+ |X1] = G — m+1i) + (m — i) = j. Similarly, |Y N Z| = j. Thus X and Z are adjacent in I".
Ifa < 0,thenk —j < m — i, and since j > m — i, it follows that 2j — k > 0, and so by (5), we have that 0 < 2j — k < i.
Note that 0 < 2j — k < min{i, j}. Then we can choose a (2j — k)-subset T of I, and since k — j < m — i, we can also
take (k — j)-subsets J; and J, of X; and Z;, respectively. Define Y = T U J; U J,. Then |Y| = (2 — k) 4+ 2(k — j) = k,
XNY|=|TU1|=Q@j—k)+k—j=jand |ZNY| =|TUJ,| = (2j — k) + k —j = j. This shows that X and Z are adjacent.
(b)LetI, T, £24,Y; and J,, forr = 1, 2 be as in Notation 2.2. Recall that [I| =i, |T| =t, 21| =n—-2m+1i,|Y1| =k —2j+ ¢
and |J;| =j—t,forr = 1,2.SinceT CIandT C X NY, it follows that t < min{i, j}. Since also Y; is a subset of £2, we
have thatk — 2j +t < n — 2m+ i, or equivalently, t < n -+ 2j+i—2m — k. Thus t < min{i, j, n 4+ 2j + i — 2m — k}. Note
thatT =INJyandIUJ; € X. Thent = |T| = |I| + 1| — IUJ{] = i+4j— m.MoreoverT =J;NJ,andJ; UJ, C Y. So
t > 2j — k. Since t > 0, we conclude that t > max{0, i +j — m, 2j — k}. Hence (6) holds. O

Definition 2.8. Let 2 = {1, ..., n} with n > 3 positive integer, and let m be a positive integer less than n. Suppose that i is
a positive integer such that max{0,2m —n} <i <m — 1.For0 <r < m — i, define U, =1 U V,, where

1_{{15---,1.}, lflflfm—],

a, ifi=0.

{fi+r+1,....m}u{m+1,...,m+r}, fl<r<m-—i-—1;
Vi=1{m+1,...,2m—i}, ifr=m-—i;

{fi+1,...,m}, ifr =0.

Note, for each possible r, that U, is an m-subset of £2.

Lemma 2.9. Let £2, n, m, iand U, be as in Definition 2.8, and let k and j be positive integers such that (k, j) # (m, m), (n—m, 0).

Then, foreachr with0 < r <m — i — 1, we have that U, N U, 1| = m — 1and (Uy, ..., Uyn_;) is a path in J(n, m, k, j).
Proof. By Definition 2.8, for0 < r < m — i — 1, we observe that
{fi+r+2,....m}u{m+1,...,m+r}, fl<r<m-—i-—2;
UNUg =103 {m+1,...,2m—i— 1}, ifr=m—i—1; (7)
{i+2,...,m}, ifr=0.
This shows that |U, N U,+1|] = m — 1. Then, by Lemma 2.7(a), for each r, two vertices U, and U, are adjacent, and
consequently, (Ug, ..., Uyn_j) isapath. O

Proposition 2.10. The graph J(n, m, k, j) is connected if and only if (k,j) # (m, m), (n — m, 0).
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Proof. Let I := J(n, m, k, j).If (k, j) = (m, m), (n — m, 0), then obviously I" is a null graph, and hence it is not connected.
Conversely, suppose that (k, j) # (m, m), (n — m, 0). By Lemma 2.3, we only need to focus one the case where m < n/2.
Let X and Z be two distinct vertices of J(n, m, k, j),and let [ := X N Z.Seti := |I|. Then 0 = max{0,2m — n} <i < m.By
Proposition 2.5(b), we may assume that X = Uy and Z = U,,_;, where Uy and Uy,,_; are as in Definition 2.8. Hence Lemma 2.9
introduces a path between X andZ. 0O

Corollary 2.11. The Johnson graph J(n, m) is a spanning subgraph of the connected graph J(n, m, k, j), for every j satisfying (1).

Proof. Note that the Johnson graph J(n, m) has the same vertex set as J(n, m, k, j). Since J(n, m, k, j) is connected, it follows
from Proposition 2.10 that (k, j) # (m, m), (n—m, 0).Let X and Z be two distinct vertices of J(n, m, k, j) with m— 1 elements
in common. By Proposition 2.5(b), we may assume that X = Uy and Z = Uy, where Uy and U, are as in Definition 2.8, and
so by Lemma 2.9, X and Z are adjacent, for every possible j as in (1). This proves the result. O

Corollary 2.12. Let X be an m-subset of $2, and let k be positive integer such that 1 < k < n := |§2|. Let also j be as in (1).
Suppose that (k, j) # (m, m), (n—m, 0). Then there exist an m-subset Z and a k-subset Y of §2 such that |YNX| = |YNZ| =].

Proof. Without loss of generality we may assume that X = {1,...,m}.SetZ = {1...,m — 1, m 4+ 1}. Then X = Uy and
Z = Uy, where Uy and U are as in Definition 2.8, and so the assertion follows from Lemma 2.9. O

2.4. Simplicity

Lemma 2.13. Let X and Z be two distinct vertices of J(n, m, k, j) withi .= |X N Z|. If w(X, Z) is the number of edges between
X and Z, then

a. i\ (m—i\}/n—-2m+i
w(X,Z) = ()( )( . ) (8)
; t)\j—t k—2j+¢t

where ty := max{0,i+j— m, 2j — k} and t; := min{i, j,n + 2j +i— 2m — k}.

Proof. Let Y be an edge which joins X and Z. ThenY = T U Y, UJ; U J,, where I, T, U, £2¢, X1, Z; and J;, forr = 1, 2, are
as in Notation 2.2 (see also Fig. 4). Note that the number of edges between X and Z is the number of distinct such k-subsets

Y. Therefore to construct such k-subsets we need to choose (;) number of t-subsets T of I with t as in (6). Next, for each
m—i
j—t
) number of (k — 2j + t)-subsets Y; of Y. The assertion follows from counting principals and (6). O

possible t as in (6), we must choose ( )2 number of (j — t)-subsets J; and J, of X; and Z;, respectively, and finally, we have

n—2m-+i

to choose ( YA

Lemma 2.14. Let X and Z be adjacent vertices in J(n, m, k, j) withn > 4andm > 2.If XN Z| < m — 1, then J(n, m, k, j) is
not simple.

Proof. Assume contrary and let I := J(n, m, k, j) be simple. By Lemma 2.3, we only need to focus on the case where
m <n/2.Asn > 4,wehavethatm <n/2 =n—24(4—n)/2 < n—2.Seti := |XNZ|.Then by Proposition 2.5(b), we may
assume that X = Uy and Z = U,,_; defined as in Definition 2.8. As I'" is simple, w(X, Z) = 1, where w(X, Z) is the number
of edges between X and Z. Suppose that Y is the unique k-subset of 2 with X NY| =|ZNY|=j.LetT :=XNY NZand
t := |T| (see Fig. 4). Note by Lemma 2.13 that t € {0, i}.

(i) Suppose i = 0. By Lemma 2.7(b), we have that t < min{i, j} = 0, and so t = 0. Thus Lemma 2.13 implies that
. ~N 2 .
- -2
w2 = ()" (L2
t/)\j—t k—2j+¢t
_(m 2/m—2m
T\ k=2 )

Sincew(X,Z) = 1and 1 < k < n, we conclude that (k, j) = (n — 2m, 0) or (2m, m). In each case, we find adjacent vertices
X’ and Z’ with w(X’, Z’) > 2 which leads us to a contradiction. Since 0 = i < m — 2, we can take X’ := Uy = X and
Z =U;=1{1,...,m—1,m+ 1} asin Definition 2.8. Theni := [X' N Z’| = m — 1, and so Lemma 2.9 implies that X" and
Z' are adjacentin I".

If (k, j) = (n—2m, 0), then t} := max({0, i'+j—m, 2j—k} = max{0, —1, —k} = Oand t; := min{{, j, n+2j+i'—2m—k} =
min{0, m — 1} = 0, and so by Lemma 2.13, we have that

. g\ 2 .

= ()Y
_ m—1\/1\?>/n-—m—1 _ n—m-—1
("0 ) (%)= (%)
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Asm > 2, it follows that (n —m — 1) — (n— 2m) = m—1 > 1,and since n — 2m = k > 1, we conclude that w(X’, Z’) > 2,
which is a contradiction.

If (k,j) = (2m, m), then t; := max{0,{ +j — m, 2j — k} = max{0,m — 1} = m — 1,and since 4 < 2m = k < n, we
havethat m —m —1) —(m —1) > l,andsot; == min{i',j,n+2j+i —2m—k} =minfm -1, n—m—-1} =m— 1.
Then Lemma 2.13 implies that

P m—1\/1\>/n—m—1
wX',Z) =
m—1/\1 m—1

_(n—m— 1

"\ m-1 )
Sincen—m— 1> m— 1> 1, it follows that w(X’, Z") > 2, which is a contradiction.
(ii) Suppose now i # 0. Since w(X, Z) = 1, by Lemma 2.13, we must havei = t.Let Iy :=J(n —i,m — i,k — t,j — t). Let
also X; and Z; be as in Notation 2.2 (see Fig. 4). Then m; := |X;| = |Z1| = m — i, and so we may view X; and Z; as adjacent
vertices of I7.Sincei < m — 2andn > 2m, it followsthatn; :==n—i>n—(mMm—-2)>2m—m+2=m+ 2 > 4and
my =m—i>m— (m—2) = 2. Moreover, i; := |X; NZ;| = 0 < m — 2. Hence we can apply part (i) to the graph I7,
for X; and Z;. Therefore we obtain m;-subsets X’ and Z’ of 2’ := £ \ I with w(X’, Z’) > 2. Therefore there exist at least
two (k — t)-subsets Y] and Y, of 2’ such that |X' NY/| = |Z/NY/| =j—t forr =1,2.SetX" =X UL,Z" =27 Ul

and Y/ :=1UY/ forr = 1,2 Sincet =i, we have that X" NY/| = X' NY/| +|INY/| = (j—t) + i =j, and similarly
|Z" NY]| =j, forr =1, 2. This shows that w(X”, Z”) > 2in I'", which is a contradiction. O

Corollary 2.15. If the graph J(n, m, k, j) is simple with n > 4 and m > 2, then it is the Johnson graph J(n, m).

Proof. By Corollary 2.11, the Johnson graph J(n, m) is a spanning subgraph of J(n, m, k, j), for every j satisfying (1). If X and
Z are adjacent vertices of the simple graph J(n, m, k, j), then by Lemma 2.14, we must have X NZ| = m — 1. Thus X and Y
are adjacentinJ(n,m). O

Theorem 2.16. Let n > 3 be a positive integer and 1 < m < n/2. Then J(n, m, k, j) is a simple graph if and only if
k,j)e{fn-m—-1,0,n-m+1,1),(m+1,m),(m—1,m—1)}.

Proof. If n = 3, then (m, k, j) = (1, 1, 0),and so J(3, 1, 1, 0) is the cycle graph C3 which is a simple graph. In what follows,
we assume that n > 4. Suppose also I" := J(n, m, k, j) with

k,jeA={n-m—-—1,0),n—m+1,1),(m+1,m),(m—1,m—1)}. 9)

Let X and Z be adjacent vertices of I" withi := |X N Z|. Using Lemma 2.13, we show that the number w(X, Z) of edges
between X and Z is 1. Set

to ;== max{0,i+j—m,2j—k} and t;:=min{i,j,n+2j+i—2m —k}. (10)

Ifm = 1,theni = 0, and since 1 < k < n, by (9), we have that (k,j) = (n — 2,0) or (2, 1). In both cases, we
observe that ty = t; = 0, where ty and t; are as in (10). Hence Lemma 2.13 implies that w(X,Z) = 1.If m > 2, then
sincem < n/2and n > 4, it follows thatm < n — 2. Let (k,j) = (n—m — 1,0).Then2j —k = —(n —m — 1) < 0 and
2m—n—(2j—k) = 2m+(n—m—1)—n = m—1,andsom—1 = max{0, 2j—k, 2m—n—(2j—k)} <i < m—1byLemma2.7(a).
This implies thati = m—1.Thusi+j—m = (m—1)—m = —landn+2j+i—2m—k = n+(m—1)—2m—(n—m—1) =0,
and so ty = t; = 0, where ty and t; are as in (10). It follows from Lemma 2.13 that

m—1\/1\>/n—m—1
= (7)) (2200 -

Hence, I" is simple. By a similar argument for other possibilities of (k, j) € 4, we conclude that w(X, Z) = 1, and hence I"
is simple.

Conversely, suppose that I" is simple. Then for adjacent vertices X and Z, we have that w(X, Z) = 1, that is to say, there
exists exactly one k-subset Y of 2 suchthat X NY|=|ZNY|=j.Seti:=|XNZ|,T:=XNYNZandt :=|T|.

Letm = 1.Theni = 0andj € {0, 1}. Ast < min{i,j} = O, it follows that t = 0. Suppose j = 0. Then Lemma 2.13

implies that I" is simple if and only if (", %) = (7{:22;”;') = w(X, Z) = 1.Since k > 1, this is equivalent to k = n — 2. Hence

(k,j) = (n — 2, 0). Suppose now j = 1. Similarly, by Lemma 2.13, simplicity of I" implies that (Zj) =w(X,Z) = 1,and so
k — 2 = 0 or n — 2. The latter case does not hold as k < n. Thus k = 2, and hence (k,j) = (1,2) = (m, m + 1).

Letnowm > 2. Notethatm < n—2(asm < n/2andn > 4).Ifi < m — 2, then by Lemma 2.14, the graph I" is not
simple which is a contradiction. Thus i = m — 1. By Proposition 2.5(b), we may assume that X = {1,...,m — 1, m} and
Z ={1,...,m— 1, m+ 1}. Note that I" is simple if and only if w(X, Z) = 1, or equivalently, by Lemma 2.13,

te{0,i}, j—te{0,m—i}, k—2j+te{0,n—2m+i} and ty=tq, (11)
where tg and t; satisfy (10).
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Suppose t = 0. Then by (11), we have thatj € {0, 1}. Letj = 0. Since k > 1, we must have k — 2j +t =n —2m + i, or
equivalently, k = n — m — 1. Note that ty = 0 = t;. Thus (k,j) = (n — m — 1,0). Letnowj = 1.Ifk — 2j +t = 0, then
k=2,andsoty =0 # 1 =ty (asm < n — 2) which is a contradiction. If k — 2j +t =n—2m+i,thenk = n—m+ 1, and
sotg =0 =t;.Hence (k,j) = (n—m+1,1).

Suppose now t = i = m — 1. Then by (11), we have thatj € {m — 1,m}.Letj = m — 1.Ifk — 2j+i = n — 2m + t,
thenk =n — 2,and soty = m — 2 # m — 1 = t; which is a contradiction. Thus k — 2j + t = 0. Then k = m — 1, and so
to = m — 1 = t;. Therefore (k,j) = (m — 1,m — 1). Letnowj = m.If k — 2j +i = n — 2m + t, then k = n which is a
contradiction. If k — 2j +t = 0,then k = m + 1, and so to = m — 1 = t;. Therefore (k,j) = (m+ 1,m). O

Remark 2.17. By Theorem 2.16 and Lemma 2.3, we also obtain isomorphic simple graphs J(n, n — m, k, j), where (k, j) =
m+1,1),(m—-1,0,n—-m—1,n—m-—1),(n—m+1,n—m).

Corollary 2.18. Let n > 3 be a positive integer. Then J(n, m, k, j) is complete and simple if and only if (m, k,j) € {(1,n —
2,0),(1,2,1),(n—1,2,1),(n—1,n—2,n—-2)}

Proof. It is obvious when n = 3. Let I := J(n, m, k, j) with n > 4. Suppose first (m, k,j) € {(1,n — 2,0), (1,2, 1)}.
Then (m, k, j) satisfies k + min{0, 2m — n} < 2j < k + max{0, 2m — n}. Thus Proposition 2.6 implies that I" is complete.
Moreover, I isJ(n,m,n —m — 1, 0) or J(n, m, m 4+ 1, m) with m = 1, and so by Theorem 2.16, I" is also simple. Suppose
now (m, k,j) € {(n—1,2,1),(n—1,n— 2,n — 2)}. Then (m, k,j) is (1,n — 2, 0) or (1, 2, 1), where m, k, j are as in (3),
and so by Lemma 2.3 and above argument, we have that I" is complete and simple.

Conversely, suppose that I" is complete and simple. Let first m < n/2. Since I' is simple, by Theorem 2.16, we have that
k,j) e {(n—m—-1,0), n—m+1,1), (m+1, m), (m— 1, m— 1)}. Since also I" is complete and m < n/2, Proposition 2.6
implies that

k+2m—n<2j<k. (12)

Let (k,j) = (n—m —1,0).Then (12) followsthat(n—m—1)+2m—-n<0<n—m— 1,and som < min{1,n — 1}.
Since n > 3, we observe that min{1,n — 1} = 1, and so m = 1. This implies that k = m — m — 1 = n — 2, and hence
(m,k,j) = (1,n—2,0).

Let (k,j) = (m+ 1, m).By (12),we have that (m+ 1) +2m —n < 2m < m+ 1,and som < min{1, n — 1}. Sincen > 3
and m > 1, we observe that m = 1 which implies that k = 2 and j = 1, and hence (m, k,j) = (1, 2, 1).

Let (k,j) = (n—m+1, 1).Then (12) implies that (n—m+1)+2m—n <2 <n—m+41,andsom < min{1,n—1} = 1.
It follows that k = n, which is a contradiction. Similarly, if (k, j) = (m—1, m—1),then (im—1)4+2m—n <2m—-2 <m-—1,
and som < min{1, n — 1} = 1. Hence k = m — 1 = 0 which is a contradiction.

Let now n/2 < m < n, and let m, k, j be as in (3). Since I" is complete and simple, it follows from Lemma 2.3 that
J(n, m, k, j) is complete and simple with m < n/2, and so by above argument (m, k,j) = (n—1,2,1), (n—1,n—2,n—2),
or equivalently, (m, k,j) = (n—1,2,1),(n—1,n—2,n—2). O

2.5. Girth and valency

Proposition 2.19. The connected graph J(n, m, k, j) with n > 3 is of girth 3.

Proof. By Lemma 2.3, we may assume that m < n/2.1fn = 3, then (m, k,j) = (1, 1, 0), and so J(3, 1, 1, 0) is the cycle
graph C; which is of girth 3. If n > 4,thenm < n/2 =n—2+4 (4 —n)/2 < n — 2, and so by Proposition 2.5(b), we can
choose three distinct m-subsets X, Z and T, where

X={1,...,m}, Z={1,....m—1,m+1} and T={1,...,m—1,m+ 2}.

Note that each pair of these three m-subsets has m — 1 points in common. Then by Corollary 2.11, we observe that X, Z and
T are pairwise adjacent, and hence J(n, m, k, j) has a triangle and is of girth3. O

Recall that the vertices of the graph Js(n, m, k, j) are m-subsets of §2, and two distinct vertices X and Z are adjacent if
there exists a k-subset Y suchthat X NY| = |ZNY| =].

Proposition 2.20. The graph J;(n, m, k, j) is regular of valency

" m\/n—m
%(i)(m—i)’ =

where ip = max{0,2m —n, 2j — k,2m — n — (2j — k)}.

Proof. Let X be a vertex of I := Js(n, m, k, j), and let Z be an m-subset adjacent to X with |[X NZ| = i. For each possible i as
in (5), there exist (”11) (’:T:T) subsets Z adjacent to X which intersect X at i points. Hence (13) is the total number of m-subsets
adjacentto X. O
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2.6. Distance and diameter
Definition 2.21. Let £2 = {1, ..., n} with n > 3 positive integer, and let m be a positive integer less than n. Suppose that i
and iy are positive integers such thati < ip and

max{0,2m—n} <i<m-—1;
max{0,2m —n,2j —k,2m—n— 2j — k)} <ip <m— 1.

Setl .=

n’:’:i;l. For0 < r < ¢, define U, = I U V,, where

1_{{1,...,1'}, ifl<i<m-—1;

a, ifi=0.

{i+rm—ip)+1,.... m}U{m+1,..., m+r(m—ip)}, ifl<r<e—1;
Vi=1{m+1,...,2m—i}, ifr =1¢;

{i+1,...,m}, ifr =o0.

Lemma 2.22. Let i, iy, £ and U, be as in Definition 2.21. Then U, is an m-subset of 2, for each possibler.If 0 <r < s < £, then

m4(r—s)y(m—ip) ifl<r<s<i-1;

_Ji+r(m—ip), ifl<r<{—1lands=1¢;
Ur N Us| = m — s(m — ip), ifr=0and1<s<{¢-1. (14)
i ifr=0ands = ¢.

Furthermore, p := (Uy, ..., Uy) isawalk in J(n, m, k, j). In particular, if s —r > 2 and iy = max{0,2m —n, 2j —k,2m —n —
(2j — k)}, then p is a path.
Proof. It is clear that U, is an m-subset of £2 whenr = 0or £.If 1 <r <{ —1,setR, = {i+r(m—ip) +1,...,m}and
S, ={m+1,...,m+r(m—ip)}.Sincer <£—1< r;":l; —1,wehavethatm—(i+r(m—ip)+1)+1=m—i—r(m—ip) >
m—i— (nT__l; —1)(m—ig) > m—ig > 1which implies that R, is well-defined. Similarly, S; is well-definedas 1 < r < n’:’__l;
andm+r(m—ip) —(m+1)+1=r(m—ip) >landm+r(m—ip) < m—l—("”")(m—io) = 2m — i < n. Note that

m—ig
R: and S; are disjoint subsets of £2 of size m — i — r(m — ig) and r(m — iy), respectively. Since V. = R, U S,, we have that
Ul = Il + Vel = Il + R+ IS =i+ [m—i—r(m—ip)]+ r(m—ip) = m.Therefore U, is an m-subset of §2, for each
0 <r < £.Now we observe that

{i+s(m—ip)+1,...,mju ifil<r<s<t¢-—1;

m+1,....m+r(m—ip},
UNU=IU{{m+1,...,m+r(m—ip)}, ifl<r<{—1lands=2¢,

{i+s(m—ip)+1,...,m}, ifr=0and1<s<¢-—1.

a, ifr=0ands = £.
This shows that (14) holds. Since i < iy, it follows that m —i > m — ip, and so £ = |'mm:,.:)] > 1. Therefore |U, N Us| = iy
when s — r = 1, and hence, by Lemma 2.7, we conclude that p = (U, ..., U,) is a path.

Suppose that ip = max{0, 2m — n, 2j — k,2m — n — (2j — k)} and s — r > 2. It suffices to show that U, and U; are not
adjacent.

Ifl1<r <s<4¢—1,thenass—r > 2,wehave that |U, NUs| = m+ (r —s)(m —ip) < 2ipg —m < ig, and so Lemma 2.7
implies that U, and Us are not adjacent.

Ifs=+¢andr > 1,thensinces —r > 2, wehavethat 1 <r < ¢ — 2. Notethat{ — 1 < (m —1i)/(m —iy) < £.So
r<f—2< n’f:fé —1 < ¢—1,and so (14) implies that |U, N Us| = i +r(m —ip) < i+ (,;"_;fj — 1)(m — ip) = iy, and again
by Lemma 2.7, we conclude that U, and Us are not adjacent.

Ifr = 0,theneither2 < s < ¢ —1,ors = £ > 2. By (14), either [U N Us| = m — s(m — ip) < 2ip — m < iy, Or
U, NUs| =i < ip, respectively. Now Lemma 2.7 implies that U, and Us are not adjacent. O

Lemma 2.22 suggests an upper bound for the distance d(X, Z) between two vertices X and Z in J(n, m, k, j) and hence
an upper bound for its diameter. Figs. 1-3 are small examples showing that these bounds are achieved. Indeed, the author
believes that the diameter of J(n, m, k, j) is equal to the bound in Corollary 2.23.

Corollary 2.23. Let X and Z be two vertices of the connected graph J(n, m, k, j) with |X N Z| = i. Then

d(x,Z)s[m_.'w,
m-—ip
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where ip = max{0, 2m — n, 2j — k, 2m — n — (2j — k)}. Therefore the diameter of the connected graph J(n, m, k, j) is bounded
by

m — max{0, 2m — n}
m— io '

Proof. By Proposition 2.5(b), we may assume that X = Uy and Z = U, with £ = (r;l"_’i’ol, where iy is as in Definition 2.21.

So by Lemma 2.22, (Uy, ..., Uy) is a path between X and Z, and it is of minimum length when iy = max{0, 2m — n, 2j —
k,2m—n—2j—k)}. O

3. Geometric triple factorisations

This section is devoted to proving Theorem 1.2. We first establish a natural connection between triple factorisations
Sym(£2) = ABA and the graphs J(n, m, k, j) defined as in Definition 2.1. We need first to mention some basic definitions in
geometry.

A rank 2 geometry 6 = (P, L, *) consists of a set IP of points, a set L of lines and an incidence relation * between them.
A flag of § is an incident point and line pair. A geometry isomorphism f from §; = (Pq, L1, *1) to G, = (P2, Ly, *;) is a
bijection from the elements P; U L of 4, onto the elements P, U L, of §, such that

(i) incidence is preserved: X x;y <= f(x) % f(y), and
(ii) points are sent to points, lines are sent to lines: f (P;) = P, and f (IL;) = L.

An automorphism of § = (P, L, %) is a geometry isomorphism of 4 onto itself. The group of all automorphisms of a rank
2 geometry §, denoted by Aut(4), is the full automorphism group of §. Let now G < Aut(4). Then G acts on the set of flags
of G via (p, £)5 = (p%, £%), for all flags (p, £) of G and g € G. The group G is flag-transitive (respectively, point-transitive,
line-transitive) if G acts transitively on the set of flags (respectively, the set of points, the set of lines) of §. A rank 2 geometry
g = (P, L, ) is said to be collinearly complete (respectively, a linear space) if each pair of distinct points is incident with at
least (respectively, exactly) one line.

Example 3.1 (Coset Geometries). Let G be a group, and let A and B be proper subgroups of G. Let also P and L be the set
of right cosets of A and B in G, respectively. These sets together with the incidence x defined by Ax N By # & possess a
rank 2 geometry called coset geometry Cos(G; A, B) associated to the group G with subgroups A and B. In particular, G is a
flag-transitive group of automorphisms of this geometry.

Although, by Proposition 3.2, each triple factorisation naturally introduces a coset geometry, not every coset geometry
gives rise to a triple factorisation. For example, let G = Sym({1, 2, ...,5}),A = ((4,5)) and B = ((1, 2, 3)). Then G # ABA
while Cos(G; A, B) is a G-flag-transitive rank 2 geometry.

Proposition 3.2 ([9, Lemmas 1 and 3]). Let  be a rank 2 geometry and G < Aut(4). Then G acts transitively on the flags of 4 if
and only if § = Cos(G; A, B), where A is the stabiliser of a point p and B is the stabiliser of a line ¢ incident with p. Moreover,

(a) Cos(G; A, B) is collinearly complete if and only if G = ABA;
(b) Cos(G; A, B) is linear space if and only if G is a Geometric ABA-group, thatis, G = ABAALAZ B,BZ Aand ABNBA=AUB.

For a rank 2 geometry 4, we may draw its collinearity graph J($) whose vertices are points of § and each edge between
two vertices p and g corresponds to a line passes through them. Note that such graphs may have multiple edges but no loops.

Example 3.3. Let n, m, k and j be a positive integers such that 1 < m, k < n and max{0, m + k — n} <j < min{m, n}. Let
also £2 be an n-set. Suppose that P := £2(m) and L := £2(k) are the set of all m-subsets of §2 and the set of all k-subsets of
£2, respectively (if m = k, we simply take L. as a copy of P.) Define the incidence relation x; on P U L by X *; Y if and only if
IXNY|=j,forX e PandY e L. This incidence gives rise to the rank 2 geometry ¢ := (P, L, *;) whose collinearity graph
is the graph J(n, m, k, j) defined as in Definition 2.1. Moreover, by Lemma 2.4 and Corollary 2.12, excluding the cases where
(k,j) # (m, m), (n — m, 0), the group G := Sym(£2) acts transitively as an automorphism group on the set of flags of g.
Therefore, ¢ is geometrically isomorphic to the coset geometry Cos(G, A, B), where A := Gx and B := Gy with X € P and
Y € L and |X N Y| =j. In other words, A and B are intransitive subgroups of Sym(£2).

Note that the collinearity graph of a collinearly complete rank 2 geometry is a complete graph. Since the geometry ¢
introduced in Example 3.3 is flag-transitive and J(n, m, k, j) is the collinearity graph of &, Proposition 3.2 may be restated
for J(n, m, k, j) as follows:

Corollary 3.4. Let n, m, k and j be as in Example 3.3. Let also G = Sym(£2), A .= Gx and B := Gy, where |XNY| = jwith X and
Y an m-subset and k-subset of $2, respectively. Then
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(a) G = ABAifand only if J(n, m, k, j) is a complete graph. Moreover, G is a Geometric ABA-group if and only if J(n, m, k, j) is
complete and simple; L B B L
(b) G=ABAifandonly if G = ABA, where A := Gy and B := Gy, where X and Y are complements of X and Y, respectively.

Moreover, G is a Geometric ABA-group if and only if G is Geometric ABA -group.

Proof. Part (a) follows from Proposition 3.2 and part (b) immediately follows from part (a) and the fact that Gy = Gy and
Gy=Gy. O

3.1. Proof of Theorem 1.2

We are now ready to prove Theorem 1.2.

Proof. Suppose that G := Sym($2) and that A and B are stabilisers of an m-subset X and a k-subset Y of §2 with
X N'Y| = j, respectively. By Corollary 3.4(b), we may assume that m < n/2. Assume now that G is a Geometric ABA-
group. Then by Corollary 3.4(a), the associated graph J(n, m, k, j) is complete and simple, and so Corollary 2.18 implies that
(m,k,j) = (1,n—2,0), (1,2, 1). Therefore A = S,,_; and B = S, x S,_». The converse also follows from Corollary 3.4(a)
and Corollary 2.18. O
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