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1. Introduction

Let V and E be the vertex set and edge set of a graph G, while |V| and |E| represent the cardinality of V and E of G, re-
spectively. For a vertex x, set N(x) = {v : xv € E(G)} and d(x) = |[N(x)|, the degree of x in G. We use A and § to denote the
maximum and the minimum degrees of G, respectively. For a vertex set S of G, set N(S) = Uyes N(x). A k-edge-coloring of a
graph G is a function ¢ : E(G) — {1, ..., k} such that any two adjacent edges receive different colors. The edge chromatic
number, denoted by x.(G), of a graph G is the smallest integer k such that G has a k-edge-coloring. Vizing’s Theorem [13]
states that the edge chromatic number of a simple graph G is either A or A + 1. A graph G is class one if x.(G) = A and is
class two otherwise. A class two graph G is critical if x.(G — e) < x.(G) for each edge e of G. A critical graph G is A-critical if
it has maximum degree A.

The following conjecture was proposed by Vizing [ 13] concerning the sizes of critical graphs.

Conjecture 1.1. If G = (V, E) is a critical simple graph, then |E| > %(|V|(A —1)+3).

Some best known lower bounds of size of critical graphs are listed below [7,5,16,15,10]. Let G be a A-critical graph with

average degree g, where q = Z”%ﬁ)d(v)
20
IfA=7, q> 6. fA=8 qz73. fA=9, ¢>73.
If A = 10, q>8. IfA=11, q>8.6. IfA=12, q>9.25.

4 2
If8<A<17, qz;(A—i—B). IfA > 8, ng(A—kl).

We improve some of the earlier results in the following theorem: main theorem.
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Theorem 1.2. Let G be a A-critical graph with A > 8. Then [E(G)| > Y2l q where q = 8.25,9, 28, 13 142 fr A = 10, 11,
12, 13, 14 respectively.

We show some lemmas in Section 2, and then provide our proof of the main theorem in Section 3.

2. Adjacency lemmas

Throughout this paper, G is a A-critical graph with A > 10. A k-vertex (or, (<k)-vertex, (>k)-vertex) is a vertex of degree
k (or <k, >k, respectively). A vertex w is a k-neighbor of x if w € N(x) and d(w) = k. Let Vj (or V<) be the set of vertices
with degree k (or <k). Let d<,(x) denote the number of (<k)-vertices adjacent to x. Similarly define d-(x). Let ¢ be the
A-edge coloring of G — xw, ¢(v) be the set of colors of the edges adjacent to the vertex v under edge coloring ¢. A vertex
v sees color j if v is adjacent to an edge colored by j. Denote by P; x(v)4 the (j, k)-bi-colored path starting at v under edge
coloring ¢, or by P; i (v) if there is no confusion. The following one belongs to Vizing [14], which will be abbreviated as VAL
in this article.

VAL: If xw is an edge of a A-critical graph G, then x has at least (A — d(w) + 1) A-neighbors. Any vertex of G has at least two
A-neighbors.

Adjacency Condition [17,11]: Let G be A-critical, xw € E(G) and d(x) + d(w) = A + 2. The following hold: (1) every vertex
of N(x, w) \ {x, w}is a A-vertex; (2) every vertex of N(N (x, w)) \ {x, w} is of degree at least A — 1; and (3) if d(x), d(w) < A,
then every vertex of N(N(x, w)) \ {x, w} is a A-vertex.

Through this paper, without loss of generality, under coloring ¢, edges incident with x in G — xw are colored by 1, 2, ...,
d — 1, while those incident with w are colored by A — k4 2, ... A whered = d(x), k = d(w).

Let C; be the set of colors present at only one of x, w and C, be the set of colors present at both. Further let C;1 be the set of
colors present only at x, and Cq, be the set of colors present only at w. We may assume thatC; = C;;UC;; = {1,..., A—k+
1juf{d,d+1,...,Atand G = {A—k+2,...,d—1},whereC; = @ifd+k=A+2.|C;| =24—-d—k+2, |G| =d+k—
A —2.LetC, = {i : vertex v misses color i}.

Lemma 2.1 ([8]). Let xw be an edge of Gwithd(x)+d(w) = A+2andd(x), d(w) < A.Thenevery vertex of N(N(N(x, w))) \
{x, w, N(x, w), N(N(x, w))} (assume that it is not empty) is adjacent to all A-vertices.

In order to give improved adjacency properties on the i-vertex, we provide some claims. First two claims are equivalent
to Facts 1 and 2 in [9], and for the purpose of convenience of uniform discussion, we re-write them as Claims A and B.

Claim A. For each neighbor w; of w in G — xw where ¢(wwj;) = j present only at w, then w; must see each color in C;.

Claim A will be often used in the discussion through this paper without notifying.

Claim B. For each neighbor x' of x where ¢ (xx') = i present only at x, then x' must see each color in C;. Note that x has at least
A — k + 1such x'.

Due to Claim B, we call a swapping (i, j) a nice swapping if it does not change the set of colors of edges incident with x
and w in G — xw.

Claim C. For a neighbor wj of w where b € G, if one of such wjs misses a color in Cy, then we could assume that one of those
wys misses color 1. Note that we can only assure there is one such vertex wy.

We assume, without loss of generality, that w, misses A but sees 1, then we swap color 1 with the missing color along
the path starting at wy, by Claim B, this swapping is a nice one because it does not affect the colors of edges that are incident
with x, w. So w, misses color 1.

Claim D which follows is similar to Fact 4 in [9] but it is slightly stronger. So the proof is provided in the appendix.

Claim D. Let x and w be adjacent in A-critical graph G with d(x) = d, d(w) = k. G — xw has a A-edge coloring ¢. Let xx"y be
a path in G — xw where ¢(xx") = a € Cyy and y # w such that ¢(x"y) € Cy. Then y must see each color in Cy, that is, d(y) >
2A — d — k + 2. Note that there are 2A — d — k + 1 such y's, and some of them may be adjacent to vertices in N (x).

Lemma 2.2. For a A-edge coloring ¢ of G — xw with d(x) = d, d(w) = k (see Fig. 1), let xx*y and xx"u be paths that start at
x, where ¢ (xx*) = a present only at x and ¢ (xx") = r is a color in C,. If there is a vertex w; € N(w), where ¢p(ww;) = j € Cyy,
and w; misses r € Gy, or if there is a w, € N(w) with ¢(ww,) = r € G, and w, misses a color in C;, then we have the following:
(i) x* must see r € C,. (ii) y sees each color in C; and r; further, if ¢(x*y) = r € G, then y sees each color in C; and color
r'(#r) if there is a wy € N(w) (j' € Cqp) missing ' € Cy, or there is a wy € N(w) with ¢(ww,) = 1’ and w, misses a color in
C;. (iii) x" must see each color in C; and also color r’ as described in (ii). (iv) u sees each color in C; and also sees 1’ as described
in (ii).
Proof. The proof consists of two parts: Part I and Part II. Part I: If there is a vertex w; € N(w), where ¢(wwj) = j € Cy,and
w; misses a color r € G, then our results hold. Part II: If there is a w, € N(w) with ¢(ww,) =r € C,, and w, misses a color
in Cq, then our results hold.



X. Li, B. Wei / Discrete Mathematics 334 (2014) 1-12 3

Fig. 1. A-edge coloring ¢ of G — xw exhibited at N(x) U N(w).

Proof of Part I. Note that w;(j > d) must see each color in C;. Initially, we form two observations.

Observation 1. P, ,(w;) must end at w where o (€ Cy1) present only at x.

Otherwise, we assume that P, ,(w;) does not end at w, so we swap («, 1) along the path starting at w; because w; sees «
by Claim A. And note that the swapping does not affect colors of edges that are incident with x, so we recolor wwj;, xw with
o, j respectively, which leads us a A-edge coloring of G, a contradiction.

Observation 2. Pg . (w;) must end at x where B (€ Cyy) present only at w.

Otherwise, swapping (8, r) along Pg  (w;) does not affect colors of edges incident with x and w (Pg , (w;) may pass though
w). Under the current coloring, w; sees r but not 8. Note that 8 present only at w, and w; should see 8; thus we have a
contradiction.

Now we are ready to show our results. Without loss of generality, we assume that w, misses a color r € C,.

Proof of (i). We claim that x* sees r.

By Claim A x* sees each color in Cy. x* also sees r if x* is on one of the paths P, ,(w,) and Pg  (w,). As aresult, we assume
that x* is not on either one of them. Hence a nice swapping (8, r) along the path starting at x* shows that x* misses 8, which
is a contradiction.

Proof of (ii). We claim that y sees each color in C; and r.
(ii-1) We assume that ¢ (x*y)(=s) € C;.

Through Claims A and D, y sees all colors in C;. As a result, we only need to show that y sees r. If s € Cy1, we consider
the Pg »(y) (B # A). By Observation 2, Pg ,(w,) ends at x, so Pg ;(y) cannot end at x because two (8, r) paths cannot share
a common ending edge. So a nice swapping (8, r) along Pg - (y) shows us that y sees r but not 3, a contradiction. If s € Cy,
we consider the P, ;(y) where « present only at x. By Observation 1, P, r(w,) ends at w, so the path P, (y) cannot end at
w. Thus, a nice swapping («, r) along P, ,(y) providing us that y sees r but not «, a contradiction.

(ii-2) We assume that ¢ (x*y) = r € C, which is missed by w 4.

Note that first we need to show y sees each color in Cj.

(ii-2-1) We claim that y must see each color 8(87#A) present only at w.

Otherwise, we consider P g(y). Since Pg ;(w,) ends at x through Observation 2, so P; g(y) does not end at x. A nice
swapping (r, 8) along P; g(y) gives us that the edge x“y is colored by 8 which brings us to the case (ii-1).

(ii-2-2) We claim that y sees each color present only at x.
Otherwise, y misses a color a € Cy1, then a nice swapping (8, a) along Pg 4(y) causes y to miss 8, which is a contradiction.

(ii-2-3) We claim that y sees A.

Otherwise, a nice swapping («, A) along P, g(y) causes y to miss ¢, which contradicts (ii-2-2).
(ii-2-4) We claim that y sees 1’ if there is a wy € N(w)(j’ > d) missing a color 1’ € C,.

Note that Pg ,/(w,) ends at x. If r’ € G, Pg »(y) cannot end at x. A nice swapping (8, r’) along Pg ,/(y) causes y to see r”,
but not 8, which contradicts (ii-2-1).

Proof of (iii). Consider that ¢ (xx") = r € C; wherer € C,,. We show that x" sees each color in C; and " € G, (1" # r) if
thereisanyr’ € G, N C,,,j, where wjf eN(w),j € G.

First, X" sees each B(#A) in C;, through Observation 2. Second, X" sees each & € Cy; through Claim A and nice swapping
(B, «) argument. Third, X" sees A by nice swapping («, A) argument. Last, x” sees r’ € C, other than r if there is any, where
" € Cy; and j € Cy,. Otherwise, by Observation 2, X" is not on the path Pg (wj), so a nice swapping (8, r’) starting at x"
results in a contradiction.

(iv) We claim that u sees each color in C; and color r, where u € N(x").

(iv-1) We assume that ¢ (x"u) present at w, for example 8.
Using Observation 2, u sees r because x"u must be on the path Pg ; (w,).
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First, u sees color 8’ € Cy; (B’ # B). Otherwise, by Observation 2, u is not on the path Py ,(w,), so a nice swapping
(r, B’) along P; g (u) causes u to see 8" but not r, a contradiction to that u must see r. Second, u sees each color a € Cy;.
Otherwise, a nice swapping (8, a) along Py’ 4(u) will result in u missing a color 8" € Cy,, which is a contradiction. Third, u
sees 1’ € C, which is described in proof of (iii). Otherwise, apply Observation 2 and swapping argument similar to that in
the proof of (iii), we will have a contradiction.

(iv-2) We assume that ¢ (x'u) = a € Cy;.
Applying Observation 1 and swapping argument similar to (iv-1), we have that u sees each color in C; and color 1’ € C,,.
The proof is omitted here.

(iv-3) We assume that ¢(x"u) = 1’ € C, missed by w;(j > d) which is described in (ii).

First, u sees each color a € Cy;. Otherwise, u is not on the path P, ,»(w;) through Observation 1. On the other hand, a nice
swapping (1, a) along the path starting at u causes that edge x"u is colored by a which is the case of (ii). That is, u sees all col-
ors in C; and all colors missed by w;, which is a contradiction. Second, u sees each color 8 € Cy,. Otherwise, a nice swapping
(a, B) results u to miss color a € Cq3, which is a contradiction. Third, u sees each color " € C,(# r) missed by wj» where
wyr € N(w) withj” > d if one exists. Otherwise, by Observation 2, a nice swapping (8, r”’) along the path starts at u would
result in a contradiction.

Proof of Part II. Recall that if ¢(x*y) € Cy, through Claims B and D, y must see each color in C;. The proof consists of two
parts; Part A: w, misses a color in Cy1, and Part B: w, misses a color in Cy5.

Proof of Part A. We assume that w, misses a color a € Cy;.

Case (A-1)a # «a.

We re-color ww;, by a,and denote the current coloring by ¢*. Now r € C;1. Hence, (i) x* sees r and (ii) y sees r. Further, (iii)
X" sees all color in C; except a. Now we show that x” must see a. Otherwise, a nice (A, a) swapping along the path that starts
at x" which causes X" to miss A, a contradiction. Next, consider ¢ (x*y) = r. Under coloring ¢*, r present only at x, so y sees
all colors in C; except a. Now uncolor edge ww, and color it with its original color r. If y misses a, we could do a nice (A, a)
swapping along the path that starts at y, which causes y to miss A, which is a contradiction. Last, we consider ¢ (x"u) € C;.
Under coloring ¢*, r present only at x. So X" and u play the same roles as that of x* and y earlier. Hence, u sees all colors in G;.
Now we show that X" sees 1’ if there exists a w,» € N(w) withr’ € C, and w,» missing a color present only at x, say, s. We re-
color ww, by s. Thenr’ present only at x under current coloring. If X" misses r’, a nice swapping (A, r’) along the path starting
at x" causes X" to miss A. Now we re-color ww,- by its original color r’. But then x" misses A which contradicts the previous
result that x" sees A. Finally, consider ¢ (x'u) = 1’ € C,, and we show that u sees each color in C; and r. We re-color ww, by a,
thenr presentonly atx,and x" and u play the same roles as that of x* and y before, respectively. So the results hold for x" and u.

Case (A-2)a = a.

If p(x"y) € Cq, under ¢*, by nice (A, r) swapping arguments for y, x® respectively, then clearly both y and x* see r. Next,
we show that u sees each color in C; where xx“u is a path with ¢ (x“u) = r.Under ¢*, r present only at x, if u misses a 8 which
present only at w, then by Claim D, we could do a nice (r, 8) swapping starting at u, which causes x"u to be colored by §8; we
then re-color ww, by r, so now u plays the same role as y did before; that is, u sees all colors in C;, which is a contradiction.
So u sees each color in Cy;. By a similar swapping argument, u sees each color present only at x and color ' € G, if there
exists a w € N(w) missing a color present only at x. In order to avoid repetition, we omit the proof.

Proof of Part B. We assume that w, misses a color b € Cy;.
We provide an observation first.

Observation 3. P, ,(w,) must end at x.

Otherwise, a swapping (r, b) along the path starting at w, does not affect colors of edges incident with x, ww;, is colored
by b under current coloring and misses the color r € C,. By Part I, our result holds.

(B-1) We claim that y sees r where ¢(x*y) € Cy.
Note that y sees all colors in Cy. If y misses r, then P,  (y) will not end at either x or w, by Observation 3. So we do a nice
swapping (b, r) along the path starting at y, it shows that y misses b, which is a contradiction.

(B-2) We claim that x* sees r. Consider the path P, ;(x*), using similar argument as that for path Py, (y) in (B-1), clearly x*
sees .

(B-3) Let ¢(x*v) = 1 € C,, where v € N(x*). We claim that v sees all colors in C;. Further, v sees 1’ € C, if there exists a
wy € N(w)(r’'  r) that misses a color in C;.

Through Observation 3, P 5 (v) does not end at x, so v sees the color b. And applying Claims A and B, v sees each color in
C;. Further, if wy- misses a color a € (11 (where wy € N(w) and ¢(ww;) =1’ € G;), then we re-color ww, by a, so v sees
1. If wy misses a color b’ € Cy, by Observation 3, P iy (w,/) ends at x. Then Py (v) will not end at either x or w,. Thus, we
can perform a nice swapping (b, r’) along the path that starts at v, which causes v to miss b’, which is a contradiction.

(B-4) Let ¢(xx") = r, we claim that X" sees all colors in Cy; further, if there is a w, (' # r) that misses a color in Cy, X" also
seesr’.
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If " misses b € Cy,, by Observation 3, P ,(x") does not end at x, so a nice swapping brings us that X" sees each color in Cy5.
Then, through Claim A, Claim B and swapping method, x" first sees all colors in Cy;. Finally, by applying the same argument
as that in (B-3), we have that x" sees 1’ € C,.

(B-5) Let xx"u be a path where ¢(xx") = r € C,. We claim that u sees all colors in C; and color 1’ € G, if there exists a w, €
N(w)(r" < d) that misses a color in C;.

First, let ¢(x'u) = B € Cy,. By Claim B and the swapping method, clearly we see that (1) u sees all colors in Cy1; (2) u
sees all colors in C1. Now we show that u seesr € C,. If 8 = b where b is missing by w;,, applying Observation 3, u sees r. If
B # b, since u sees b, applying Observation 3 again, Py (1) does not end at either x or w,. Hence, a nice swapping (b, r) along
the path that starts at u causes u to miss b, a contradiction. Second, we assume that ¢(x'u) € Cy;. By Claim B and similar
swapping methods as seen in the previous paragraph for the path P, (u), clearly we have that (1) u sees all colors in Cyy;
(2)useesall colorsin Cq1; and (3) u must see r € C,. Third, we assume that ¢(x"u) = 1’ (1’ € C; where ¢ (ww,) = r’ and w,/
misses a color in Cy). If w,» misses a € Cy1, we simply re-color ww,” with a; r’ now present only at x. u sees each color in C;,
and sees r by similar discussion in the previous discussion. If w,» misses b’ which present at w only, applying Observation 3,
Py i (wy) must end at x, a contradiction. If u misses b € Cj, note that x” sees b, so we can perform a nice swapping (', b)
along the path that starts at u, using discussion from the first two lines of (B-5), we have a contradiction. Now we show that
u sees r. Otherwise, we consider Py , (u). Applying Observation 3, the path will not end either at x or at w,. So a nice swapping
(b, r) could be performed along the path starting at u, which shows that u misses b, which is a contradiction.

Hence we finish the proof of Lemma 2.2. O

The following lemma uses vertex sequence rotation method to generalize the adjacency lemma by Sanders and Zhao [12].

Lemma 2.3. For a A-edge coloring ¢ of G-xw (see Fig. 1), d(x) = d, d(w) = kand |C;| = d + k — A — 2. If the number of
(=4 — ‘%‘)—neighbors of wis|Cy| — 1or |Gy, then thereare A — k+ 1+ L%|C2|J neighbors x* of x satisfying: x* # w; x* is
adjacent to at least 2A —d — k+ 1+ L% |C,|] vertices y different from x with degree at least 2A —d — k + 2 + L% |Cal].

Proof. The set of (<A — %)—neighbor of w could be categorized as below. Let
. 1
R' = {wj Fpwwy) =j € Gud(w) < A~ |Gl Cuy N [9(w) Ap()] # w}

where ¢(w)A¢(x) is symmetrical difference of ¢(x) and ¢(w). In other words, each vertex w; in R! misses at least %|C2|
colors including at least one color in C;. Let

1
R = {wj t¢p(wwy) =j € Crp, d(wy) < A — EICzI, Cuy; N[p(w)AP(x)] = @} .
In other words, each vertex w; (j € Cyz) in R? misses at least %|C2| colors in C,. Let
. 1
R = {wj to(ww) =j€ G, dw) <A - 5|C2|, Cu; S [9(x) ﬂqb(w)]} .

In other words, each vertex w; € C, in R* misses at least % |C,| colors in C,. Note that R!, R?, R* are vertex pairwise disjointed
and [R' URP UR*| = |Gy| — 1 or |Gyl.

Let xx*y and xx"u be two paths that starts at x, where ¢ (xx*) = a € Cy1,and ¢ (xx") = r, wherer € G; N Cu; ifw; € R?
or w, € R' UR*.In order to prove the results, we need to prove following equivalent results:

(i) If p(x*y) € Cy, then y sees each color in C; and also sees r. (ii) X* must see color r € C;, and let ¢(x*y) = r, then y sees
each color in C; and also sees 1’ if there exists one w» € R! U R? U R* with ¢(ww,) = r'. (iii) X" must see each color in C;
and r’ € G, described in (ii). (iv) u sees each color in C; and r’ € C, described in (ii).

By Lemma 2.2, if |R! U R?| > L%J, then our results hold. Now we assume that |R! U R?| < L%J, so that |R*| > ‘Cz—z‘
Without loss of generality, let w, (€ R*) miss at least L%J colors in C,.

Proof of (i). We consider the path xx*y where ¢(x*y) = s,and s € C;.

Note that y sees each color in C;. We show that y sees color r. We prove it by contradiction. We assume that y misses color
r. The procedure showed below is called vertex sequence rotation method. Be aware that w, misses at least % |C;] colors in C,.
So we can find a color r; € G, that is free at vertex w, such that the corresponding vertex wy, is also in R*. Since w;, € R*,

and surely, wy, misses at least %|C2| colors in G, then there is a color of C,, for example, r,, which is free at vertex w;, such
that the corresponding vertex wy, is still in R*. By repeating this procedure up to |R*| times, we obtain a vertex sequence
[wr, wr,, wr,, . .., wy,] of R* where w,, misses color riy1, and w;, misses color r. We claim that the P, . (y) passes through w
and ends at x. That is, three vertices y, w, and x must be in the same (A, ) component of G — xw. Otherwise, if P, , does not
pass w, we swap (r, A) on an (r, A)-bi-colored component of G — xw containing w which shows edge ww, is colored by A,
by the proof of Lemma 2.2(ii), y sees r, which is a contradiction. If P, . (y) does not end at x, we swap (r, A) along the path
starting at x which causes y to see color r by Claim D under current coloring, which is contradiction. Thus the claim holds.
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Since the path P, ,(y) passes w and ends at x, first, we assume w; is a successor of w on the path P, . (y), thatis, P, . (y) =
Y212y . .. waww; . .. X. We re-color ww,, wwy,, WWy,, ..., WWs_1, WWy, by 1y, 12, 13, ..., I'5, T respectively. We denote the
current coloring by ¢*. Under ¢*, P, ,(x) must end at w,, because w, sees ry but not r. Then swapping (r, A) along the
path that starts at x does not affect colors of edges incident with y, w under ¢*, so y must see r, as r present only at w under
¢*, which is a contradiction. Next, we assume wy is a predecessor of w, thatis, P4 ;(y) = yz1 ... wrww, ... x. Under ¢*, so
P, ,(y) must end at w,. We perform a nice swap (r, A) along P; 4 (y), then y misses A under ¢*, which is a contradiction.
Thusd(y) > 24 —d —k+2+|R*| > 24 —d —k+ 2+ [5]C]].

Proof of (ii). We claim that x-neighbor x* must see at least L‘CZ—Z‘J r where w, € R* and ¢ (xx*) = « present only at x.

We assume that x* misses a color r € C, where w, € R*, ¢(ww,) = r. We perform the same vertex sequence rota-
tion operation as that in (i), then applying swapping argument with respect to the path P, ,(x*) as that in (i), we have a
contradiction. In order to avoid repetition, we omit the detail.

Next, lety € N(x*) and ¢ (x*y) = r. First, y sees each color in Cy, by using a similar swapping argument on the path
P: 4(y) as that of P, ,(y) in (i). Second, y sees each color in Cq; by applying the same argument as in (i) on path P4 4(y).
Finally, y sees 1’ € C,(r’ # r) if there exists a ¢ (wwy) = 1’ and wy € R*. Otherwise by using similar argument on P, ./ (y)
as that of P, . (y) in (i), we have that y sees r’. Hence d(y) > 2A —d —k+ 2+ |R*| > 2A —d —k+ 2 + L%|C2|J.

Proof of (iii). We claim that x", where ¢(xx") = r € C; and w, € R*, has the same property as that of x* in (i) and (ii).

(iii-1) We claim that x" sees each color in C;.

We assume that x" misses a color a € Cy;. We consider P, 4(x"). If edge w,w is not on P, 4(x"), swapping (r, a) along
P; 4(x") does not affect colors seen by w. Now x" plays the same role as x* was in (i), so our results hold. Now we assume
that P; 4(x") ends at w and passes through edge w,w. Note that w, € R*, by applying vertex sequence rotation operation
as described in (i), current coloring brings us to the previous case since P, 4(x") does not use edge w,w any more. So X" sees
each color in Cy;. If X misses a color b € Cj,, by Claim D and swapping (a, b) along the path that starts at X", this process
causes a contradiction because x” misses a.

(iii-2) We claim that x" sees r’ if there exists a w,» € R* where ww,» =1’ € C,.

The argument is similar to that in the case of y seeing 1’ in (ii), so we omit the proof.

Proof of (iv). Let u be a neighbor of X" other than x, we have that u sees all colors in C; and color r’ if there is a w,» € R*.

(iv-1)If ¢ (x"u) € Cy. Then u plays a similar role to that of y in (ii). By similar argument as y in (ii), clearly u sees all colors
in C;. Now we claim that u sees r. Otherwise, we consider P, - (u). Note that the path P, ,(u) plays the same role as the path
P, ,(y) in (i), so we perform vertex-sequence rotation operation on w,, by similar argument as that in (i), and we have that
u sees r, and furthermore u sees a color r” € Co(r” 3 r) if there exists a w,» € R*.

(iv-2) If ¢(x"u) = 1’ € C,, then by argument used in (iii-2) we have that u sees each color in C; and color r € C, where
w, € R*. Furthermore u also sees r* € C, if there is w,+ € R* where ¢(ww,+) = r*. Note that vertex u plays the same role
as vertex x" in (iii). r* plays same role as r’ in (iii). The argument is similar, so we omit the proof here.

Thus we complete the proof of Lemma 2.3. O

Corollary 2.4. Let x be a 3-vertex of a critical graph G which is adjacent to three A-vertices: y, z, w. If one of three A-neighbors
of x, say w, is adjacent to one (<A — 1)-vertex other than x, then there are at least two A-neighbors of x, say y and z, such that
doay) =1,doa(2) = 1.

Proof. We provide the proof by contradiction. Let w be adjacent to one (<A — 1)-neighbor, say w;. We have that j either
present only at w, or present at both x, w (see Fig. 2), so by Lemma 2.3, where |C;| = A — 1, |G| = 1, ourresult holds. O

Denote that §;(x) = min{d(y),y € N(x)}.

Lemma 2.5 ([9,7]). Let x be a d-vertex with 4 < d < 6 and w be a §;(x)-neighbor of x.

(i) d(w) = A.If w is adjacent to at least d — 2 (<A — d + 2)-vertices other than x, then each of the rest A-neighbors y of x
has dﬁA—d—O—Z (y) =1
(i) dw) = A — 1.
(ii-1) If w is adjacent to (d — 3) (<A — d + 3)-vertices other than x, the remaining neighbors y of x are all A-vertices and
d<A—d+4(y) =1
(ii-2) If w (where d(x) # 6)is adjacent to (d — 4) (<A — d + 3) vertices other than x, then there are (d — 2) (> A — d + 4)-
neighbors y of x including at least one A-neighbor that satisfy the following situations: if y is a A-vertex, then
d<a—1(y) < 2;if yisa (A — 1)-vertex, thend<,_1(y) = 1.
(ii-3) For the case of d(x) = 6, if (ii-1) does not happen, then each (A — 1)-neighbor y of x has d<,_3(y) < 3.

Lemma 2.6. Let x be a 4-vertex in A-critical graph G and w be a §;(x)-neighbor of x.

(i) [17]If IN(x) NV4| =2, then N(N(x) N V,) C Va1 UV4 U {x}.

(ii) [8] If d(w) = A and w is adjacent to two (<A — 2) vertices including x, then x has two A-neighbors y that satisfy the
following:
(ii-1) yis adjacent to all (> A — 1)-vertices other than x including at least (A — 4) A-neighbors in N(y) \ N(x).
(ii-2) And y has at least (A — 5) A-neighbors t (t & N(x))such that d_,_1(t) = O (see Fig. 3).
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Fig.3. d(x) =4,d(w) = A.

Lemma 2.7 ([7]). Let x be a 5-vertex in G which has (A — 2)-neighbor w. If w is adjacent to only one (<A — 2)-vertex which
is x, then there are three (= A — 1)-neighbors of x including at least two A-neighbors y satisfying: if it is a A-vertex, then
dep—2(y) < 2;if yisa (A — 1)-vertex, thend<,_2(y) = 1.

Using the same method of Lemma 2.7 in [8], we have following result.

Corollary 2.8. Let x be a 5-vertex having a (A — 2)-neighbor w and x has at least three A-neighbors. Then there exist at least
three A-neighbors y of x such that each of them has at least (A — 6) A-neighbors u withd_,_1(u) = 0.

Next, we consider a special case of 5-vertex.

Lemma 2.9. Let x be a 5-vertex of a critical graph G and x is also adjacent to exactly three (A — 1)-vertices and two A-vertices.
Then each of two A-neighbors y of x has d<o_»(y) = 2. Furthermore, if there is one (A — 1)-neighbor, say w, which has
d<a—2(w) = 2, then there exists a (A — 1)-neighbor y of xwithd_,_1(y) = 1.

Proof. The proof is almost the same as that of Lemma 2.10 of [8] except for a restriction on A = 8, 9. But the restriction on
the maximum degree A does not affect the proof at all. Release the restriction on A and the result is still valid for all A. In
order to avoid repetition, the proof is omitted. O

Adjacency Condition gives us some information on two adjacent vertices of a critical graph whose sum of degrees is A + 2.
The following Lemma summarizes adjacency conditions for two adjacent vertices of a critical graph G whose sum of degrees
is A+ 2+ pwherep =1, 2, 3, 4. The following lemma generalizes results of Lemma 2.9 in [6].

Lemma 2.10. Let x be a d-vertex (d > 5) of a critical graph G which is adjacent to a k-vertex w such that d(x)+d(w) = A+2+p
wherep = 1,2, 3,4.If |(N(x) \ {w}) N V<a_s| = 1(s > 1), then there are at least A —k+ 1(=d —p — 1) A-verticesz € N(x)
satisfying: z # w; z is adjacent to at least K vertices of degree at least A — p + 1where K = (A —1) —p+sifs < pand
K=A-1ifs>p.

Proof. The proof is similar to Lemma 2.9 in [6], so we omit the detail of proof here. 0O

3. The proof of main results

In this section, we will prove our main theorem. A vertex x is called small if d(x) < q. Suppose to the contrary, the
theorem is not true, then ), _,,(d(x) — q) < 0. Note that §;(x) = min{d(y) : y € N(x)}.

We perform charge-discharge method to obtain a contradiction. We call C(x) = d(x) — q the initial charge of the vertex
x and will assign a new charge to each vertex x according to the following rules. Let C’(x) be the new charge of each vertex
x of G, and C’(x) will be calculated for each x-vertex following discharge rules that are described below.
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ROIf A = 10, each A-vertex sends % to each of its 8-neighbor. If A = 13, each A-vertex sends 0.15 to each of its 10-neighbor.
R1 Let x be a 2-vertex adjacent to u, v. Each of u, v sends A — q to x. By the Adjacency Condition, there are at least (A —2) A-
vertices z adjacent to either u or v, and each sends % to x through u, v. So those z send 2 x (A — 2)% to x. Hence
C(x) =2—q+2(A—q)+2x (A —2)%. It is straightforward to check that C’(x) > 0.05, 0.2, 0.7, 1.6, 2.5 for A = 10, 11,
12, 13, 14, respectively.

R2 Let x be a 3-vertex.

(R2-1) If x is adjacent to a (A — 1)-vertex, by Adjacency Condition and Lemma 2.1, then two A-neighbors y of x are adjacent
to one (<A — 2)-vertex which is x and there are at least (A — 3) A-neighbors z of y with d<,_,(z) = 0. Thus each y sends
A —qtoxandeachz sends % to x by passing through each of two y. Hence C'(x) = (3—q) +2(A—q) +2 x (A—3) % >
0.7,0.9, 1.3, 2.2, 3for A = 10, 11, 12, 13, 14, respectively.

(R2-2) If x is adjacent to three A-vertices, and one of A-neighbors y is adjacent to two (A — 1)-vertices including x,
by VAL and Corollary 2.4, two A-neighbors z other than y are adjacent to no small vertices except x, and there are at
least (A — 2) A-vertices u € N(z) which are adjacent to no small vertices. Hence, y sends % to X, two A-neighbors z
send 2(A — q) to x, (A — 2) A-vertices u send (A — 2)% to x through each of two A-neighbors z of x. Thus C'(x) =
3—q+22 420 - +2x(A—-2)21>1,2,2,3,5,for A = 10, 11, 12, 13, 14, respectively.

(R2-3) If x is adjacent to three A-vertices and each of them is adjacent to only one (<A — 1) vertex x, then each A-neighbor
sends (A — q) tox. Thus, C'(x) =3 —q+3(A —¢q) >0,0,0.2,0.7, 1 for A = 10, 11, 12, 13, 14, respectively.

R3 Letd(x) + §1(x) = A + 2 and d(x) > 4. We first consider the case of d(x) > 5. Note that both x and its §; (x)-neighbor
may be small vertices. By the Adjacency Condition, let (d(x) — 1) A-neighbors of x send half of (d(x) — 1)(A — q) to x if
d(x) > 5. Furthermore, and by Lemma 2.1, there are (A — 4) A-vertices in N2(x, w) \ {x, w} send half of (A — 4) x % tox
through each of (d(x) — 1) A-neighbors of x. So (>5)-vertex x receives %(d(x) —1DA—-—q@+dx)—1) % (A—4) % totally
if d(x) > 5. It is straightforward to check that C'(x) > 0for 10 < A < 14.

Now we consider the case of d(x) = 4. Let each A-neighbor send % x (0.25) to 81(x) (=8)-neighbor if d(x) = 4 and
A = 10. Each A-neighbor sends (A — q) tox if A = 11, 12, 13, 14. Hence,

1
(4—8.25)+3 x <1.75 ~3 X 0.25> =0.75 ifd(x) =4, ((x) =8,A=10.
4-9+3x2=1 ifdix) =4,6;(x) =9, A =11.
126 126 .
4- 2)13x(12--2) =12 ifd(x) = 4, 8,(x) = 10, A = 12.
C'(x) > 13 13
134 134 .
4— — ) +3x(13—— ) >17 ifdix) =4,5;(x) =11, A = 13.
13 13
142 142 .

From now on we consider d(x) > 4and d(x) + §1(x) > A + 3.
R4 Let x be a 4-vertex and d(x) + 81(x) > A + 3.
(R4-1) If x is adjacent to two (A — 1)-vertices and two A-vertices, by Lemmas 2.5(ii) and 2.6, each A-neighbor y of x is
adjacent to only one small vertex which is x, thus x receives 2(A — q) from its two A-neighbors y and 2 x LAT“‘ % from
neighbors of those y. So C'(x) > (4—q) +2(A —q) + ZLAT_“J X % > 0.3,0.09,0.4,0.7, 1.42 for A = 10, 11, 12, 13, 14,
respectively.
(R4-2) If x is adjacent to one (A — 1)-vertex w and three A-vertices y, for (A — 1)-neighbor w may be adjacent to only
one (<A — 2)-vertex which is x, we consider A-neighbors of x. There are two cases: Either w is adjacent to two (<A — 1)-
vertices or there is one A-neighbor y that is adjacent to three (<q)-vertices, by Lemma 2.6 and VAL, x receives min{ % +
200 — @) +2 x [22] x 29,3 x (A — @)} = 2(A — q) + 2| 24*] 252 which is the same charge received in (R4-1), so
C'(x) >0for10 < A < 14.
(R4-3) 4-vertex x is adjacent to four A-vertices y. If there is one A-neighbor w that is adjacent to two (<A — 2)-vertices
other than x, then by VAL and Lemma 2.6(ii), three remaining A-neighbors of x send 3 x (A — q) to x, by straightforward
checking, C'(x) > (4—q) +3 x (A —q) > 0for 10 < A < 14.If each A-neighbor of x is adjacent to one (<A — 2)-vertex
other than x, by Lemma 2.6, four A-neighbors of x send 4 x % to x; furthermore, there are 2 x LAT_“J vertices in N(N (x)),
which send 2 x L%J % to x by passing through those A-neighbors. So x receives charges at least as much as that in
(R4-1), hence C’(x) > 0for 10 < A < 14.
R5 Let x be a 5-vertex and d(x) + §;(x) > A + 3.
(R5-1) If x is adjacent to (A — 2)-vertex w, by VAL, x has at least three A-neighbors. By Lemmas 2.2, 2.7 and 2.9 and (R0), x
receives following charge from its neighbors: min{4(A —q—64), 3(A—q—0,4), 3 x %(A —q—0,)} =3x % X (A—q—06,),
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where 6, = % 0.15if A = 10, 13 otherwise 6, = 0. Furthermore, by Corollary 2.8, there are 3 x L%J A-vertices u, which
send 3 x L%J % to x by passing through its three A-neighbors. Hence,

5-825+3x - (2- 1) 13x2 i _ 17 if A =10
- 8. el X2X = =— if A =10.
2\4 38 10 40
(5-9)+3 1(11 9)+3x3 n-9_7 if A =11
— X = — X X = — 1 =
2 11 11
5 120) g T2 128 55 2-% 0.5 ifA =12
! - — X = - — X3 x —— =0. ifA=12.
C®= 13 2 13 12
134 1 134 13- .
5— —)43x-((13=—=)-015)+3x4x —B 09 ifa=13.
13 2 13 13
142 1 142 14— 12 ,
5— — ) 4+3x- (14— =) 4+3x4x —13 >13 if A =14.
13 2 13 14

(R5-2) If x is adjacent to a (A — 1)-vertex w, to avoid repetition, we consider the worst case, that is, x is adjacent to two

A-vertices and three (A — 1)-vertices. By Lemma 2.9, two A-neighbors send 2 x % to x. By Lemma 2.9 again, either there

are two (A — 1) neighbors which send 2 x (A — ¢ — 1) to x, or there is one (A — 1)—neighbor2\/vhich sends (A —1—gq) to
1 A—q

x and remaining two (A — 1)-neighbors send 2 x 5 x (A — 1 — g) to x. Thus x receives 2 x == + min{2(A — 1 —¢q) +

A (A—1—q)+2x 25" totally. S0 C'(X) > (5—q) +2 X 3(A—q) +2 x (A—1—¢g) =0,0,0.2,0.7, 1.3 for
A =10, 11, 12, 13, 14, respectively.
(R5-3) If x is adjacent to five A-vertices, by Lemma 2.5 and VAL, x receives min{4(A —q) + % (A—q), 3(%)(A —q) —I—Z(%)(A —
0.5(3)(A =)} =3(;)(A-q+2(3)(A—q) = F(A—q).Hence C'(x) > (5-¢)+ §(A—q) = 0.54,0.33,0.3,0.5,0.7
if A =10, 11, 12, 13, 14, respectively.
R6 Let x be a 6-vertex.
(R6-1) First consider that 6 < d(x) < gwith d(x) + §1(x) > A+ 3.Lety € N(x) withd(x) + d(y) = A + 3. By Lemma 2.10
for p = 1, x receives min{(d(x) — 2)%, (d(x) — 1)%, dx) — D(A —q)} = (dx) — 2)% from its neighbors. Thus
C'(x)>®-—q)+(6— 2)% > 1,0.9,0.8,1, 1for A = 10, 11, 12, 13, 14, respectively.

From now on we consider that d(x) + 8;(x) > A + 4.
(R6-2)51(x) = A — 2.

Let w be the §;(x)-vertex of N(x). By VAL, x has at least three A-neighbors. If x is adjacent to two (A — 2)-vertices, then
by Lemma 2.10 for p = 2,s = 2, there are three A-neighbors z such that z is adjacent to A — 1 vertices with degree
> A — 1.That is, z is adjacent to one small vertex x. x receives 3 x (A —q).C'(x) = (6 —q) +3(A —q) > 2,2, 3,3, 4for
A =10, 11, 12, 13, 14, respectively. If x is adjacent to one (A — 1)-vertex other than w and four A-vertices, by Lemma 2.10
forp = 2,s = 1, there are three A-neighbors z such that z is adjacent to A — 2 vertices with degree > A — 1. That is, z
is adjacent to two small vertices, so each z sends % to x together with remaining A-neighbor sending % to x and one
(A — 1)-neighbor sending 45 to x.

CO>=6-—q+3xixA-—@Q+iA-—q@+1(aA—1-q) >08,05,0.1,06,0.7 for A =10, 11,12, 13, 14,
respectively.

If x is adjacent to two (A — 1)-vertices other than w and three A-vertices, similar to previous discussion, we have that
three A-neighbors send 3 x % x (A — q) to x and two (A — 1)-neighbors send 2 x %(A —1—¢q@)tox.SoC'(x) > (6 —q) +
3x32(A—q)+32x(A—-1-¢q) >06,04,03,05,0.7if A =10, 11, 12, 13, 14, respectively.

(R6-3)5:(x) = A — 1.

In order to avoid repetition, we consider that x has at least two (A — 1)-neighbors.

If each (A — 1)-neighbor x is adjacent to all (=A — 2)-vertices other than x, then x receives at least 2 x %(A —q) +
4(A —1—q— 30,) (note that 6, = %, 0.15if A = 10, 13 respectively, and 6, = 0 otherwise). If there is one (A — 1)-
neighbor which is adjacent to a (<A — 3)-vertex other than x and two (A — 2)-vertices, then x receives 3 x %(A —q) and
ix %(A —1—-q—26,)+j(A—1—q—30) wherei+j = 3.Ifxhasa (A—1)-neighbor which is adjacent to two (<A —3)-vertices
other than x and one (> A — 2)-vertex, then x receives at least 4 x % X (A—q)+ix %(A —1—q—0,+j(A—1—q—36,4))
wherei+j = 2.1fx has a (A — 1)-neighbor which is adjacent to three (<A — 3)-vertices other than x, then x receives at least
5 x (A — q). For the sake of convenience, let K be the smallest charge that x receives from its neighbors. By straightforward
calculation, K = 3 x %(A—q)+3>< %(A—l—q—Z@A).C’(x) > (6—q)+K >0.1,1.4,0.4,0.4, 1forA = 10, 11, 12, 13, 14,
respectively.

(R6-4) §;(x) = A.

Let w be the A-neighbor of x with max{t : t = d<,_>(¥) : y € N(x)} which denoted by k. Note that k < 4. If each

A-neighbor of x is adjacent to at most three (<A — 3)-vertices, then it is straightforward to check that C’(x) > (6 —q) +6 x
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%(A—q) >1,1,0.9,1, 1for A = 10, 11, 12, 13, 14 respectively. Now we assume that one A-neighbor, say w, is adjacent to
i(i = 4, 5) (<A —3)-vertices. By Lemma 2.3, where |C,| = 4and |R'"UR?UR*| = 3 or 4, there are 3(=1+ L%J) A-neighbors
x? € N(x) and eachx” has 2A —6 — A+ 1+2(=A —3) verticesy € N(x?) such thatd(y) > A—2 (=2A—d—A+2+ L‘CZ—Z‘J)
which means that x is adjacent to at most three small vertices. Thus x receives 3 x % X (A — q) from those three A-
neighbors and 3 x 1 (A — q) from rest three A-neighbors. So C'(x) > (6 —q) +3 x 3(A —q) +3 x (A —q) > 0.15,0.2,
0,0,0for A =10, 11, 12, 13, 14, respectively.

R7 Let x be a 7-vertex.

(R7-1) From (R6-1), we first consider d(x) + §1(x) = A + 4, and let w be the §;(x)-vertex.

Subcase 1. |(N(X)NV<—s)\{w}| > 1where0 < s < 2.Applying Lemma2.10forp = 2,0 < s < p,thereare (d(x)—2—1) A-
neighbors in N(x) \ {w}, and each of which is adjacent to all (> A —p+ 1)(>q)-vertices. Thus, x receives at least @ (A—q)
from those A-neighbors. Itis straightforward to check that C’(x) > (d(x)—q)+(d(x)—3)%(A—q) > 7—q+(7—3)%(A—q) >
2,1,1.5,2,2for A =10, 11, 12, 13, 14, respectively.
Subcase 2. [(N(x) N V<a_1) \ {w}| = 1.

Note that d(x) + §1(x) = A + 4. That is, there are four A-neighbors having at most two (<A — 2)-neighbors other than
x. Thus x receives 4 x %(A — q) from those A-vertices and receives 2 x %(A — q) from the rest two A-neighbors. Hence
Cx)>7—q +4% + 2% >7—q+ %(A —q)>1,1,1,1,1for A = 10, 11, 12, 13, 14, respectively.

From now on, we consider cases of d(x) + §1(x) > A+ 5,and d(x) > 7.
(R7-2)6:(x) = A —3,A—2.

Let w be the &1 (x)-neighbor of x. We discuss three cases below.
Subcase 1. |[(N(x) N V4_3) \ {w}| > 1. By Lemma 2.10 where p = 3, s = 2, there are 3 A-neighbors z of x satisfying: z # w,

which are adjacent to A — 2(>A — 1)-vertices. So x receives 3 x Az_q from those three A-neighbors, thus we have C'(x) >

7—-—qg+3x % >1,1,0.7,0.7,0.6 for A = 10, 11, 12, 13, 14 respectively.

Subcase 2. x has no (<A — 2)-neighbor other than w, and x has at least two (A — 1)-neighbors. By Lemma 2.10 for p = 2
(if 81(x) = A — 3), there are three A-neighbors z satisfying: z # w, which are adjacent to (A — 2) (> A — 2)-vertices. Thus
x receives at least the same amount charges from its neighbors as the previous case, so C'(x) > 0 for 10 < A < 14. For the
case of p = 3 (if §1(x) = A — 2), similarly, x receives at least the same amount of charges as that in subcase 1 (R7-2), we
have C’'(x) > 0.

Subcase 3. x has no (<A —2)-neighbor other than w and x has one (A — 1)-neighbor, for example y. Using the same discharge
argument as in Subcase 1 above, there are three A-neighbors having at most 3 (<A — 2)-neighbors. So x receives 3 x 2=1

3
from those three A-neighbors, and by VAL, x also receives 2 x % from the rest two A-neighbors and %(A —1—gq) from

one (A — 1)-neighbor. So C'(x) > (7 —q) +3 x 459 42 x 44 4 4-120 = B(A —q) +7—-q—0.2 > 1,0.7,0.5,0.5,0.5
for A = 10, 11, 12, 13, 14, respectively.
(R7-3)61(x) = A — 1.

In order to avoid repetition, we consider the worst case, that is, x has two A-neighbors and five (A — 1)-neighbors. If each
(A —1)-neighbor of x is adjacent to at most three (<A —2) vertices, then C'(x) > (7—q)+5 X %(A —1—q)+2x %(A —q) =
20 —q)+7 —q— % > 0.5,0.3,0.2,0.3,0.5 for A = 10, 11, 12, 13, 14, respectively. If there is one (A — 1)-neighbor w
of x is adjacent to at least four (<A — 3) vertices, through Lemma 2.3 where |C;| = 4, there are 2 + L‘CZ—Z‘J (=4) (=Aa-1)
neighbors of x, and each of which is adjacent to A — 7 + 4 (=A — 3) vertices of degree > A — 7 +5 (=A — 2). So x receives
mini—,12{(4—1)3(A—=1-q)+Q+) (A~ +35(A—1-},50C'(x) = 7—q+435(A~1-@)+25(A—@) +3(A~1-q) =
B(A-q)+7—-q—% >04,0.2,0.08,0.18,0.28 for A = 10, 11, 12, 13, 14, respectively.
(R7-4) §:(x) = A.

By VAL, we have C'(x) > 7 —q+72(A —q) > 33, 5, 0for A = 10, 11, 12, respectively.

For the cases of A = 13 and 14, it needs to be considered more sophisticated. Let w be A-neighbor of x with k = max{t :
t = d<(¥),y € N(x)} where k < 5.If each A-neighbor of x is adjacent to at most five (<A — 3)-vertices, then x receives
7 % %(A —q),s0C'(x) > 7—q+ %(A —q) > 0for A = 13, 14. Now we assume that one A-neighbor of x, say w, is adjacent to
6 (<A —3)-vertices including x. Note that |C;| = 5. Through Lemma 2.3, where [R' UR? UR*| = 5 or 4, there are 3 (1+ L‘%‘J)
A-neighbor x? of x such that x has at least A —4(=2A —7 — A+ 1+ 2) neighbors y € N(N(x)) with d(y) > A — 3. Hence,
CX)>7—q+3x 3(A—q—04)+4x ¢(A—q) >0.39,0.43 for A = 13, 14 respectively.
R8 Let x be a 8-vertex.

In the case of A = 10, each vertex has at least two A-neighbors, and by (R0), each A-neighbor sends % tox.So C'(x) >
B-2)+2xi=0.

Next we consider cases of A = 11, 12, 13, 14. Note that the arguments in previous cases discussion in R7 could be used
for the case of §;(x) = A — 3 here. To avoid repetition, we consider ;(x) > A — 2.
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(R8-1)5;(x) = A —2.

Note that d4(x) > 3. Without loss of generality, let d4(x) = 3 and N(x) " V,_5 = 5. By Lemma 2.10 for p = 4, there are
three A-neighbors such that each of which is adjacent to at most five (<A — 3)-vertices and each of five (A — 2)-neighbors
is adjacent to at most 5 (<A — 3)-vertices, so C'(x) > 8 —q+32(A —q) +5 x 2(A —2—¢) > 0.5,0.2,0,0,0 for
A =11, 12, 13, 14, respectively.

(R8-2)5;(x) = A —1.

Without loss of generality, let d,(x) = 2, [N(x) N Va_1| = 6.

If each of (A — 1)-neighbors is adjacent to at most five (<A — 3)-vertices, then x receives 6%(A —1—q+ 2%(A —q).
Thus C'(x) > 8 —q+ (3 + 2)(A—q) — 1.2 > 1,0.7,0.5,0.4,0.4 for A = 11, 12, 13, 14, respectively.

If there exists a (A — 1)-neighbor of w which is adjacent to six (<A — 3)-vertices, note that d(x) = 8,d(w) = A — 1
and |G;| = 5, then there exist at least one (<A — 3)-neighbor w; of w with j € Cy,. Applying Lemma 2.2, there are at
least 4 (>A — 1)-neighbors x* of x which are adjacent to at most 2 (<A — 3)-vertices, so x receives 4%(A —1—q) from
4 (>A — 1)-neighbors, 2%(A — q) from two A-neighbors, and Zé(A — 1 — q) from the rest three (A — 1)-neighbors. It is
straightforward to check that C’'(x) > 8 —q) + 4 x 3(A—1—qQ)+ 2)(A—@)+2x g(A—1—¢q) > 0for 11 < A < 14.

(R8-3)31(x) =
By VAL, eight A-neighbors send 8%(A — q) to x, it is straightforward to check that C’(x) > Ofor 11 < A < 14.

R9 Let x be a 9-vertex.

(R9-1) For A = 10, 11, we perform the discharge rules from (R1)-(R8), x sends at most (9 — q) out, so C’(x) > 0. Now we
consider the cases of A = 12, 13, 14.

(R9-2) If §;(x) < A — 3, x has at least 4 A-neighbors. By VAL, x receives st least 4%(A — q) from its 4 A-neighbors, thus
C'(x) > 9 —q+43(A —q) > 0.46,0.03, for A = 12, 13.

For A = 14, more sophisticated discussion is needed. If §;(x) < A — 4, then x has at least 5 A-neighbors, and by VAL
x receives at least 53 (A — q) from those A-neighbors, thus C'(x) > 9 — 12 + 5 x (14 — 22) = 0 for A = 14. Now
consider the case of §;(x) = A — 3. x has at least 4 A-neighbors. To avoid repetition, we provide detail discussion on the
worst case, that is, x has four A-neighbors and five (A — 3)-neighbors. Firstly, if there is a (A — 3)-vertex denoted by w,
which has at least 3 (<A — 4)-neighbors wj, so each of these neighbors either misses at least one x, w-color with j < 8 or
misses 4 trouble colors with j > 9. Note that there are 4 x-colors, and by Lemma 2.3, there exist 7(=4 + 3) neighbors x° of x
including at least 2 A-neighbors of x, such that each of x° is adjacent to at least A —3(=4+6+1 = 11) vertices y andd(y) >
A—1(=4+6+3 = 13), thus, x could receive 5 (A—q) from those two A-neighbors, so C'(x) > (9—22)+2x 3 (14— 142)—}—
2x 3(14—- ) +5x 1(14-3- %) > 0.

Secondly, we assume that each of 5 (A—3)-neighbors is adjacent to at most 2 (£ A—4)-vertices including x. If each of four
142

142
A-neighbors have at most 7 (A —4)-vertices, then C’'(x) > (9— % 1ax - 5% 1 —% > 0.Ifthere is a A-neighbor of
x, say w, which is adjacent to 8 (<A — 4)-vertices, note that here L = 7, there exist at least one w; (j > 9) missing all trouble
colors. By Lemma 2.3, there are at least 5(=A — A+ 1+ L%J) vertices x° of x such thatx“ has A —3(=24—-9—- A4+ 1+ L%J)
neighbors y,and d(y) > A — 1(=24 -9 — A+ 2+ L%J). This information implies that if some of such five vertices x°
is (A — 3)-neighbor of x, then such x° incidents only one (<A — 4)-vertex which is x, or if some of such five vertices is
A-vertex, say x°, then x° has at most 3 (<A — 4)-vertices including x. Hence x receives at least ming<j<s o<j<s{i X l(14 —

)+ @—i)x 3(14— 1) +jx (11— 22) + (5 — j) x 3(11 — 22)}. It s straightforward to check that C’(x) > 0.

(R9-3)If §1(x) > A — 2, then x has at least 3 A-neighbors. By VAL, x receives at least 3§(A — q) from its 3 A-neighbors and
atleast 63 (A —2—q) fromsix of its (> A — 2)-neighbors. Thus C'(x) > 9—q+34(A—q)+6 x z(A—2—q) > 0.4,0.3,0.2
for A = 12, 13, 14, respectively.

If §1(x) = A — 1, or A, without loss of generality, we assume that x has two A-neighbors and seven (A — 1)-neighbors,
or simply nine A-neighbors. By VAL, x receives at least min{23(A — q) + 73(A — 1—q),95(A — @}.C'(x) > 9 —q +
2 x %(A —q) + 7%(A —1—¢9)>1,1,0.8for A = 12, 13, 14, respectively.
(R10) x is a 10-vertex.

Note that charge of x keeps unchanged when A = 12. So we consider the case of A = 13, 14.If A = 13, x receives 0.15

from its at least two A-neighbors, so C’(x) > 0. Next we consider the case of A =14.1f§1(x) < A — 2, then x has at least
three A-neighbors by VAL, so C'(x) > 10— ﬁ +35(14—22) > 1.1f§;(x) = A—1or A, soxreceives atleast 23 (14— X2)+

8x3(14—1-22)>1.C'(x) > 0.
Final step. x is ani-vertex wherei = 11, 12, 13, 14, by the discharge rules (R1)-(R9), it is clear that x sends at most (d(x) —q)
out. Hence C’(x) > 0.

From (R1)-(R9), C’'(x) > 0 for each vertex x, and therefore, erv(c) C’(x) > 0.Since the discharge rules only move charge
around and do not change the sum, we have 0 <}, C'(x) = >, y(¢, ¢(*) < 0.This contradiction completes the proof.
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4. Class one graphs with ¢s = —4, —5, —6, —7, —8

Theorem 4.1. Let G be a simple graph that is embeddable in a surface S of characteristic cs = —4, —5, —6, —7, —8, then G is
class one if A > 10, 11, 12, 13, 14 respectively.

Before we proceed our proof of the Theorem, we need following results on critical graphs with small orders.

Lemma 4.2 (Beineke and Fiorini [1], Brinkmann and Steffen [2,4,3]).

(i) There are no critical graphs of even order up to 14;

(i) there are only two critical graphs of order 11, both of which are 3-critical;
(iii) Petersen graph minus a vertex is the only non-trivial critical graph on up to 10 vertices, which is 3-critical;
(iv) There are only three critical graphs of order 13, which are 3-critical.

Proof of Theorem 4.1. By Theorem 1.2 and Lemma 4.2, we only need to prove it when A = 10, 11, 12, 13, 14 respectively.
Let V and F be vertex set and face set of G respectively. Suppose to the contrary, let G be the smallest counterexample with
respect to edges. Then G is A-critical where A = 10, 11, 12, 13, 14, respectively. By Euler’s Formula, we have

D @dX) —6)+ Y (d(f) —3) =24 ifcs=—4,4=10.

%(d(x)—G)—i—fiF(d(f)—Ev):BO ifcg =—-5,A=11.
g(d(x) —-6)+ fXEF:(d(f) —3)=36 ifcs=—-6,4=12.
g(d(x) —6) + ff(d(f) —3)=42 ifcs=-7,A=13.
g(d(x) —6) + fié(d(f) —3)=48 ifcs=-8,4=14
xeV feF

By Theorem 1.2, we have

225 x |V| <24 ifcs = —4, A = 10.
3 x |V| <30 ifcs = —5,A=11.

48 .
3 x |V| <36 ifcs = —6,A=12.

56 .
EX|V|§42 ifcs =—7,A=13.

64 .
EX|V|§48 ifcs =—8,A = 14.

Hence, |V| < 10.67 or |V| < 10 for A = 10 or 11 respectively. And |V| < 9.75 for A = 12, 13, 14. By Lemma 4.2, we have
contradictions.
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