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1. Introduction

Let V be a set of vertices and let # C 2V be a set of distinct subsets of V. A set system F is k-uniform for a positive integer
kif |A| = kforall A € ¥. A set system ¥ is linear if |A N B| < 1 for all distinct A, B in . For a hypergraph ¢ = (V, ¥), the
set V is called the set of vertices of § and the set # C 2V is called the set of hyper-edges of §. The size of a k-uniform linear
hypergraph § = (V, ¥) is | ¥ |—the number of its hyper-edges. A matching in § (or %) is a collection of pairwise disjoint
hyper-edges of . The size of a maximum matching in # shall be denoted by v(F). Also, degree of a vertex and maximum
degree of § is defined in a usual familiar way. For any x € V, define ¥, = {A € ¥ | x € A} and A(¥F) = max{|F| | x € V}.
The objective of this article is to find a bound on the size of # for given values of A(¥') and v(¥). Throughout the remainder
of this article unless otherwise stated, # shall be a 3-uniform linear set system with maximum matching size v(¥) = v
and maximum degree A(¥) = A. Also, for any set system # and 8 C #, we shall denote by X3 the vertex set of 8 that
isXg = Upcg A

The problem of bounding the size of a uniform family by restricting matching size and maximum degree has been studied
for simple graphs in [4,2]. These articles were in turn inspired by the sunflower lemma due to Erdés and Rado (see [7]). A
sunflower with s petals is a collection of sets A1, A,, . . ., A; and a set X (possibly empty) such that A;NA; = X wheneveri # j.
The set X is called the core of the sunflower. A linear family admits two kinds of sunflowers: (i) a matching is a sunflower
with an empty core; (ii) a collection of hyper-edges incident at a vertex. It is a well-known result (due to Erdés-Rado [7])
that a k-uniform set system, with more members than k!(s — 1)* admits a sunflower with s petals (for a proof see [1]). Other
bounds that ensure the existence of a sunflower with s petals are known in the case of s = 3 with block size k (see [11]).
However, not much progress has been made towards the general case. This article considers the dual problem of finding
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the maximum size of a 3-uniform, linear family # that admits no sunflower with s petals, i.e.,s > v(F) ands > A(F).In
particular, we find the maximum size of a 3-uniform, linear family # that admits no sunflower with v + 1 petals of empty
core and no sunflower with A + 1 petals of core cardinality one. Thus, this problem belongs to the class of Turan problems
that find a bound on the size of the edge set of a graph (or a hypergraph) that avoids a substructure or substructures (see [3]).
A significant recent result in this area is [8] where the aim is to find a bound on the size of a uniform family subject to its
restricted matching size and number of vertices. This generalizes for hypergraphs a result on the size of the edge set of a
simple graph due to Erdds and Gallai [6]. This article aims to share some new bounds and also brings forth some interesting
questions in this well studied area. The following remark on the size of a family shall be useful later in proving the main
result.

Remark 1. For a positive integer A, let a 3-uniform family § be a sunflower with A petals and core of size one. For any
positive integer v, let F consist of v components where each component is isomorphic to §. It is obvious that v(¥) =
V,A(F)=Aand |F| = Av.

The main result, Theorem 3, establishes sunflowers as maximal examples of 3-uniform, linear families & that have
maximum number of hyper-edges for restricted values of maximum matching v(¥') and maximum degree A(¥) if degree
is approximately four times the matching size. It is natural to find an extension of the result for k-uniform linear families. The
general result is not the focus of the article. However, if A is not large enough relative to v then there are families such that
|F| > A(F)v(F). For example projective plane naturally induces a hypergraph & with uniformity k = g + 1, maximum
degree q + 1 and matching number 1, while the number of edges |%| = q*> + q + 1.

2. Results
Our aim in this article is to prove the following two results.

Theorem 2. Let F be a 3-uniform linear set system with maximum matching size v(¥) = v and maximum degree A(F) = A.
If A > 5,then |F| < 2Av.

The main result, of this article is a tighter bound in the case A is approximately greater than 4v. The precise statement
follows.

Theorem 3 (The Main Result). Let ¥ be a 3-uniform linear set system with maximum matching size v(¥) = v and maximum
degree A(F) = A.If A > Z2v(1+ L), then |F| < Av.

Let v be any positive integer. It is worthwhile to note that there are 3-uniform linear families # with v = v (&) such that
|F| > A(F)v(F). In the next section, we construct such families and thus establish the importance of the main result-
Theorem 3.

3. Families with large size

Let # be a 3-uniform linear family with A := A(#) and v := v(¥). We present some examples such that || > Av.

(i) There are block designs # with block size three such that || > v(F)A(F). For example, consider Steiner triples
S(n, 3, 2). A Steiner system S(n, k, r) is a set system on n vertices such that each member has cardinality k and every
r-subset of vertices is contained in a unique member (also called block) of the family S(n, k, r). It is well known that
S(n, 3, 2) exists if and only if n > 3, and n = 1(mod 6) or n = 3(mod 6) (see [5], for instance).

e Ifn = 6m+ 1and F is an S(n, 3,2) then |F| = § (6"’2“> = m@6m+ 1), A(F) = 3m, and v(F) < 2m, so
|F| > A(F)v(F).

(ii) By the method given in [2], we can construct a simple graph G for any A = A(G) and v := v(G) such that
[E(G)] = vA + | ”]J [%J. Note that if 2 < A < 2v then |[E(G)| > Av.LetY be asetsuchthatY NV(G) = @

"A
and |Y| = |E(G)]. iNe order the edges {eq, e, ..., egq)} in E(G) randomly and let Y = {y1,¥2,...,Yrc)}. We
define a linear, 3-uniform family # such that v(¥) = v(G) and A(F) = A(G). Fori € {1,2,...,|E(G)]}, let
A = e;U{y}.Nowlet F := {Aj|i € {1, 2, ..., |[E(G)|}}. Itis obvious that F is a 3-uniform, linear family. Also note that
V(F)=v, A(F) =Aand |F| = |[E(G)|. Thus, |F| = |[E(G)| =vA + Lﬁj L%J > Av.
2

Theorem 3 states that if A is large enough compared to v then | | < vA.On the other hand the example in part (ii) above
shows that for any positive integer v, there are families & such that || > Av with2 < A < 2v.It would be interesting to
determine the exact value f (v) so that for any 3-uniform, linear family & with A(¥) = A > f(v) and v(¥) = v, we have
|[F| <vA.
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4. Preliminaries

We first find a trivial bound to establish that the problem is well founded. Let # be a k-uniform set system with maximum
matching number v and maximum degree A. Since the set of vertices that are covered by a maximum matching form a vertex
cover (also known as transversal), each hyper-edge is covered by kv vertices. As the maximum degree is A, we get

|#] < (A = D(kv) +v. (1)

In general this bound is too large and can be improved. Surprisingly, for k = 3, there are values of v and A for which the
previous crude bound is tight. For example, the Fano plane of order two achieves the bound fork = 3, A = 3andv = 1.
Note that for A = 2 and k = 3, the set system {{x, y, z}, {a, c, z}, {a, b, x}, {b, ¢, y}} on vertices {x, y, z, a, b, c} satisfies
inequality (1). Our aim is to improve the bound in (1) to obtain results of Theorems 2 and 3. One of the critical lemmas
needed is Lemma 5. This lemma is a generalized version of a theorem of Berge, which asserts that a matching in a graph is
maximum if and only if there is no augmenting path relative to it. Readers can find graph theoretic version in any standard
text book such as [13] or [12]. There are numerous versions available that extend Berge’s theorem to hypergraphs (see [9],
for instance). However, the version presented here (i.e., Lemma 5) suits to our requirements better. Note that Lemma 5 holds
for any hypergraph and we do not require the uniformity of hyper-edges.

Definition 4. Augmenting set: let ¥ be a set system with a matching M. We say € C ¥ is an M-augmenting set if and only
if @ satisfies:

(D] [MNel<|e\ M|,
(i.e., there are more non-matching edges than matching edges in C).

[(2)] IfBe M,BNA # () for some A € C thenB € C,
(i.e., if any matching edge has a non-empty intersection with any of the non-matching edges of € than that matching
edge is also in @).

(B e\ M| <1Vx e Xe = UpceA
(i.e., any vertex of C is covered by at most one non-matching edge of € or in other words, non-matching edges in C are
pairwise disjoint).

Lemma 5. Let & be a hypergraph and M be a matching. M is maximum if and only if there is no M-augmenting set in .

Proof. We first show the only if part by proving the contrapositive. Suppose that there is an M augmenting set C in . Then
we define a new subfamily, M; = {M \ €} U {C \ M]}. Note that |M;| > |M]|as |C \ M| > |C N M| by property (1) of
augmenting set, Definition 4. We claim that M is a matching of . Note that two non-matching edges of C do not intersect
by the property (3) of augmenting set (Definition 4), and no edge of M \ € can have non-empty intersection with an edge of €
by the property (2) of augmenting set (Definition 4). Also edges in .M \ C are pairwise disjoint as .M is a matching. Therefore,
members of M, are pairwise disjoint. Thus, M, is a matching of .

Next, we prove the if part. Let M be a matching of & which is not maximum and .M be a maximum matching. Hence
|Mq] > |M]|. Let 8 := {Mq\ M} U {M\ Mq}.In § there are more M, edges than M edges. So there exists a component C
of § such that € contains more M; edges than M edges. We claim that € is an M-augmenting set by Definition 4 as,

[(1)] € has more non-matching (relative to .M ) edges than matching M edges,

[(2)] € is a component, hence, any M edge which has a non-empty intersection with any of the € edges is in C. Note,
that no edge in M; N M can have non-empty intersection with any of the € edges,

[(3)] ]Cx \ M| < 1Vx € Xo holds trivially as M is a matching of #. O

It is easy to prove the first result, i.e., Theorem 2. However, some more definitions are needed to this end.

Definition 6. Let .M be a matching of a k-uniform family . Fori € {0, 1, 2, ..., k},define D;(¥, M) :={A € F | |ANXy]| =
i}. Also we define for x € Xz, di(x, M) := |{A € D;(¥, M) | x € A}|forie {0, 1,2,...,k}.

Note that if M is a maximum matching then Dy (¥, M) = . In the case the underlying matching .M is fixed, we shall use
either D;(¥, M) or D;(F) to refer the same set.

Lemma 7. Let ¥ be a linear k-uniform family with k > 2 and M be a maximum matching of ¥.If B = {x1, X2, ..., X} is an
M edge such that for some 1 <i <k, dq(x;, M) > kthendq(xj, M) =0forallj#iand1 <j <k

Proof. Without loss of generality, leti = 1and let £, N D1(F, M) = {A; | i € I} where |I| = di(x1, M) > k. As F isa
linear family, we have Nie; A; = {x1}. Suppose on the contrary d; (x;, M) > 1forsomej # 1.LetC € D(F)NFy. As|I| > k,
the sets A; \ {x1} are pairwise disjoint fori € I and |C \ {x;}| = k — 1, linearity of ¥ demands that C N A; = ¥ for somei € I.
By Definition 4, {C, A;, B} is an M-augmenting set since the only matching edge covered by A;and CisBand C N A; = (. 1t
is a contradiction to Lemma 5 as .M is a maximum matching. O

Lemma 8. Let k > 2 be a positive integer. If ¥ is a linear k-uniform family with a maximum matching M then |D{(F, M)| <
max{(A — v, k(k — 1)v}.
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Proof. For B € M, let D1(B) := {A € D1(¥, M) | AN B # (J}. It is enough to show that for each B € M, |D;(B)| <
max{A — 1, k(k — 1)}.

Suppose that for B = {x1,...,xx} € M, |D1(B)| > k(k — 1) + 1. Then there exists, by pigeon hole principle, a x; € B
contained in at least k members of £ (B). Thus, by Lemma 7 all D, (B) edges are incident at x; (i.e., Xp, 3 N B = {x;}). Since
x; is contained in at most A — 1 elements of # different from B, we obtain |D;(B)| < A—1. O

Next, we rewrite and prove Theorem 2 using the last lemma.

Theorem 9. Let F be a linear 3-uniform family. If A(¥) = dand v(¥) = v then
|F| < max{2dv, 10v}. (2)

Proof. Let M be a maximum matching of #. For any k-uniform family, the summation of degrees of vertices is equal to k
times the number of edges. Hence for k = 3,

TR+ D] IR =317 3)

xe(Xe \Xm) xeXu

Now, we consider the following two cases.

Casel: er(x X0 | Fxl = erxM| .-
By Eq. (3) and the case assumption,

23 |7l =317

xeXu

As | X4 | = 3v, we have |Fx| < d|X | = 3dv. Therefore,

XeX p

23dv) =2 ) |%] = 317

xeX p

Thus,
2dv > |F|. (4)

Casell: v \x, | Fxl > D ex, |Fxl-

As before, fori € {1, 2, 3} define D;(¥, M) = {A € F | |ANXy| = i} and d; .= |D;(F, M)|. Note that M edges
are in D3(F, M). As D1 (¥, M) edges are counted twice and D, (¥, M) edges are counted once in er(xf\xm | Fx|, we get
er(xf\x,M) |Fx| = 2di + d>. Similarly, erX,M |Fx| = di + 2d, + 3ds. By case assumption and two immediate previous
statements, 2d; +d, > d; + 2d;, + 3ds. Therefore, 2dy —2d3 > d;+dy +ds = |F|as {D;(F, M)|i € {1, 2, 3}} is a partition
of . Thus,

|.'}7| < 2d1 - 2d3
< 2dy—2v [asd3 > V]
< 2max{(d — 1)v, 6v} —2v [as by Lemma 8 d; < max{(d — 1)v, 6v}]
= 2vmax{(d — 2), 5}.

A

Therefore,
2vmax{(d — 2), 5} > |F]|. (5)
By Egs. (4) and (5), |F| < max{2dv, 10v}. O

It is more challenging to prove our main result— Theorem 3. In the next section some tools are built to prove Theorem 3.

5. Important propositions

To state these useful propositions precisely, we need more notions such as the set of vertices that are covered by every
maximum matching.

Definition 10. Let ¥ be a set system. Then Sz denotes the set of vertices, in Xy = |J, ., A, that are covered by each
maximum matching.

Removal of vertices in Sz along with edges containing these vertices has been a crucial step in finding the bound on the
cardinality of an edge set of simple graphs in [2]. We shall use similar ideas in the proceeding work. The following lemma,
which is an easy consequence of Lemma 5, is left for readers to prove.



30 N. Khare / Discrete Mathematics 334 (2014) 26-37

Lemma 11. Let F be asetsystemand x € X¢.x € S¢ ifand only if v(F \ &) = v(F) — 1.

We make the following crucial remark based on the lemma above. This remark is one of the key ideas that prove the main
result.

Remark 12. Let F be a set system with x € Sg. Then |F| = || + |F \ | < A(F) + |F \ F| and by Lemma 11,
V(F\F) =v(F)—1

Definition 13. Let # be a k-uniform family with Sz # @. A sequence (x4, X2, ..., Xi,) of vertices of # is called nested if
there exists a corresponding sequence of subfamilies #y, #1, . .., #, such that x;'s and ;s satisfy:
(i) FHo == 7,

(ii) X; € Sz, and H; := Hj_q \ Hy, forall 1 <i < ky. The positive integer k is such that S(;;gk1 =40.

Note that the value of k; in Definition 13 depends on the sequence (;) fori € {1, ..., k;} as shown in the example below.

Remark 14. Let G be the following graph. V(G) = {w, x, y, z} and E(G) = {{w, X}, {x, y}, {y, z}, {x, z}}. Note {{w, x}, {y, z}}
is the only maximum matching of G and hence every vertex is covered by all maximum matchings of G. Thus, S = V(G) by
Definition 10. Consider two sequences of vertices (w) and (x, y) for x;’s in the Definition 13;

(i) let x; = w and consider induced subgraph G, on V(G) \ {w}. Then E(Gy) = E(G) \ {{w, x}}. Note that any of the three
edges of G1, {{x, y}, {y, z}, {x, z}}, is a maximum matching of G;. Hence for each vertex v of G; there is a corresponding
maximum matching of G; not covering v and so 8¢, = ¥ and k; = 1;

(ii) let x; = x and consider induced subgraph G, on vertices V(G) \ {x}. Then E(G,) = E(G) \ {{w, x}, {x, y}, {x, z}} = {y, z}.
The edge {y, z} is the only maximum matching of G, hence {y, z} C 4c,. In this case k; = 2 and any of y or z can be
chosen as x5.

There are other interesting facts about nested sequences such as reordering of vertices of a nested sequence results in another
nested sequence. However, we will not be needing these facts for the following discussion. The lemma below provides a
bound on the maximum degree of a k-uniform, linear family # if S = @.

Proposition 15. Let ¥ be a k-uniform, linear family and let v := v(F). If there exists an x € Xy such that |%,| > kv, then
X €Sg.

Proof. By Definition 10, a vertex x € S if and only if x is covered by every maximum matching of #. Assume on the
contrary that x ¢ Sg. Then there exists a maximum matching M of F such thatx & Xy.ForanyA € F,AN Xy # @
as M is a maximum matching, otherwise there were an M-augmenting set {A}. However, %, is a linear family such that
(Maes, A = {x}. Thus for any {A, B} C F, (AN Xu) N (BN Xy) = #. Hence kv = [Xu| > |Xg N Xy| > [Fx| but this
contradicts |Fx| > kv = [Xy|. O
Proposition 16. Let F;, x; and k, be defined as in Definition 13.If d = A(F), then

|F| < kid + | F, |- (6)

Furthermore if ¥ is a k-uniform, linear family then A(F,) < min{kv(%,), d}.

Proof. Inequality (6) obviously holds as |#;,| < A(¥) = dforeachi € {1,...,k;}and ¥ = Uﬁl(}'xi) U Fi,. By
Proposition 15, A(¥,) < kv(F,) or else Jf;k] # () contrary to the definition of kq. Also, A(¥,) < A(¥) = das
Fi, CF. O

We next partition F to establish some crucial propositions. Let & be a 3-uniform, linear family, M be a maximum
matching of F with Sy = @, d := A(F) and v := v(F). By Proposition 15, d < 3v. Recall Definition def-dfm and define,

Definition 17. Let £ and M be as described above.

forA,B € M, Dy(A,B) = {C € Do(F) | CNA# W, CNB# P}
for A, B,C € M, D,(A,B,C) = {E € Dy(F) | EN (AUBUC)| = 2).

Note that {D;(F) | i € {1, 2, 3}} is a partition of # and M C D3;(¥). Next, we find bounds on |D, (A, B)| and |D, (A, B, C)|.

Proposition 18. For all {A, B} C M, |D,(A, B)| < 8.
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Fig. 1. Line graph £(G) of G.

Proof. Let D(A,B) := {C € F | CNA # @, C N B # @}. Clearly, D, (A, B) € D(A, B). Since F is linear, there is at most one
edge of # that contains both a and b for any a € Aand b € B. Therefore, D(A, B) < 9. In particular, D,(A, B) < 9. Assume
D, (A, B) = 9; we shall obtain a contradiction to the fact that .M is a maximum matching.

Let A = {1,2,3} and B = {4, 5, 6}. We construct a graph G with vertex set V(G) = {1, 2, 3,4, 5, 6} and edge set
{{i,j}|i € A,j € B}. Since D,(A, B) € D,(¥), the only edges of M covered by edges in D,(A, B) are A and B. Hence if
{i,j, u} € Do(F) with {i, j} € E(G) thenu & X .. Now consider any matching N of size three in G. Without loss of generality,
let N = {{1, 4}, {2, 5}, {3, 6}} and let the edges in D, (A, B) covering N be {1, 4, t}, {2, 5, v}, {3, 6, w}. If no two of t, v and
w are the same vertex then we have an augmenting set {{1, 4, t}, {2, 5, v}, {3, 6, w}, A, B} in £ and M is not a maximum
matching by Lemma 5. So without loss of generality, let v = w.

Claim. Let {1, 4, t}, {2,5, v}, {3,6, v}, {2,4,u}, {1,5,s},{1,6,y} and {3, 4, z} be edges in F. Thenu =sandy = z.

Proof of the claim. Note that u # v and s # v as the sets {2, v} and {5, v} are contained in a unique element of #. So,
ifu # sthen {{2,4,u}, {1,5,s}, {3, 6, v}, A, B} is an M-augmenting set. But this is a contradiction as .M is a maximum
matching and Lemma 5 implies that # has no M-augmenting set. Also, y # v and z # v because {3, v} and {6, v} are
contained in a unique element of #. So, if y # z then {{1, 6, y}, {3, 4, z}, {2, 5, v}, A, B} is an M-augmenting set again
leading to a contradiction by Lemma 5. Thus, the claim is established.

If{2,6,r} € F thenr # y because {1,6,y} € ¥ contains {6, y} and r # u because {2, 4, u} € ¥ contains {2, u}.
Hence the above claim implies that {{1, 5, u}, {3, 4, y}, {2, 6, r}, A, B} is an M-augmenting set, leading to a contradiction by
Lemma5. O

Remark 19. Up to isomorphism, there exists a unique configuration of eight edges in D, (A, B). Namely, if A = {1, 2, 3} and
B = {4, 5, 6} then D,(A, B) is: {{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6,u}, {2,5, v}, {3, 4, v}} where s, t, u and
v are different vertices. Readers can establish the uniqueness by arguing as follows: let |[D(A, B)| = 8 and construct the
graph G with vertices {1, 2, ..., 6} and edge set {{i, j} | i € A, j € B}\ {3, 6}. That is without loss of generality, we chose the
missing edge to be {3, 6}. Up to isomorphism the line graph of any such graph G is given in Fig. 1. The vertex ab in the figure
of .£(G) corresponds to the edge {a, b} in G. Note that an independent set of vertices in .£(G) corresponds to a matching in
G. There are four independent sets of size three and no independent set of size more than three in .£(G). These independent
sets are: {16, 24, 35}; {16, 25, 34}; {15, 26, 34}; {14, 26, 35}. Thus in order to keep ¥ free of any M-augmenting set, the
edges corresponding to these independent sets of .£(G) in D, (A, B) must have matching size at most two. Readers can easily
verify that upto isomorphism there is a unique way to achieve this by constructing a family with D, (A, B) as stated in the
beginning of the remark.

Now we find the maximum value of |D, (A, B, C)|.Itis clear that |D,(A, B, C)| < |D,(A, B)|+|D2(B, C)|+|D2 (A, C)| < 24.

We improve the bound to |D,(A, B, C)| < 21 in the next two propositions.

Definition 20. Let # be a 3-uniform, linear family, and let M be a matching (need not be maximum) of #. For {A, B} C M,
we define a simple graph G(D;, A, B) as follows: V(G(D,, A, B)) := AUBand E(G(D;, A, B)) := {CN(AUB) | C € D,(A, B)}.

Proposition 21. Let F be a linear, 3-uniform family and let M be a maximum matching of ¥. If {A,B,C} < M and
[D2(A, B)| = 8 then |Dy(A, C)| + |D2(B, )| < 12.

Proof. Let A = {1,2,3},B = {4,5,6} and C = {7,8,9}. As D,(A, B) = 8, without loss of generality let {3, 6} ¢
E(G(D,, A, B)) and hence E(G(D,, A, B)) = {{1,4,}, {1, 5}, {1, 6}, {2, 4}, {2, 5}, {2, 6}, {3, 4}, {3, 5}}. Also without loss of
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generality, by Remark 19, the subfamily corresponding to G(D,, A, B) in F is
{{1,5,s},{2,6,s}, {1, 4, ¢}, {3,5,t}, {2, 4, u}, {1,6,u}, {2, 5, v}, {3, 4, v}} (7)

where s, t, u and v are different vertices and are not covered by the maximum matching .M.

Claim22. |{E € D,(F) | |[EN{7,8,9}| =1, [EN{3,6}| =1}] <4

Proof of Claim 22. If the claim does not hold then without loss of generality 3 edges of D,(A, C) are incident to the
vertex 3 and at least 2 edges of D,(B, C) are incident to the vertex 6. We may assume that there are edges {6, 7, a} and
{6, 8, b} in D,(B, C). By our assumption (7), {{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2,5, v}, {3,4,v}} C
F where s, t,u and v are different vertices and are not covered by the maximum matching M. Also by assumption
{{3,7,x},{3,8,¥},{3,9,2}, {6, 7, a}, {6, 8, b}} C F for some verticesx, y,z, aand b in Xz \ Xy.

We will use the following two observations:

(i) as {{3,7,x},{3,8,y},{3,9,2}, (3,4, v}, (3,5, t}} € F and ¥ isalinear family, x & {t, v},y & {t, v} and z & {t, v};
(ii) as {{2, 6, s}, {1, 6,u}, {6,7,a}, {6, 8, b}} C F and F is alinear family,a & {s, u} and b ¢ {s, u}.

Suppose that x = b. Then z # b because {{3, 7, x}, {3, 9, z}} C F.Sincez # b,z & {t, v} and b = x & {t, v}, we have an
M-augmenting set {{1, 4, t}, {2, 5, v}, {3, 9, z}, {6, 8, b}, A, B, C} in F contradicting Lemma 5 as .M is a maximum matching
of ¥. Symmetrically, if z = b then x # b because {{3, 7, x}, {3,9,z}} C F.Sincex # b,x & {t,v}and b = z & {t, v}, we
have an M-augmenting set {{1, 4, t}, {2, 5, v}, {3, 7, x}, {6, 8, b}, A,B,C}in F.

So far we have shown that b ¢ {x, z}. We claim that {x, z} = {s, u}. If this claim does not hold then either x ¢ {s, u} or
z & {s,u}.Letx & {s, u}. The case z ¢ {s, u} is similar. Since x ¢ {s, u}, x # b and by observation (ii) b ¢ {s, u}, we get the
following M-augmenting set {{3, 7, x}, {2, 4, u}, {1, 5, s}, {6, 8, b}, A, B, C}, a contradiction.

Finally, note that a # z as z € {s,u} and by observation (ii) a ¢ {s, u}. Next, we claim that a € {t, v}. If this
claim does not hold then {{6, 7, a}, {1, 4, t}, {2, 5, v}, {3, 9, z}, A, B, C} is an M-augmenting set. Thus, a € {t, v} and by
observation (i) y & {t, v}. Therefore, a # y. Note thaty ¢ {s, u} as {x, z} = {s, u}. So, we have the following M-augmenting
set {{2, 4,u}, {1,5,s}, {3,8,y}, {6,7, a}, A, B, C} in £. This contradiction to the maximality of M completes the proof of
Claim 22.

Fori € {7, 8,9}, define D, (i) :== {E € D,(¥) | EN{1,2,4,5} # Pandi € E}.

Claim 23. For {i,j} € {7, 8,9}, ID,())| + |D;(j)| <6.

Proof of Claim 23. Without loss of generality, let i = 7 and j = 8 and assume on the contrary |D,(7)| + |[D2(8)| > 7.
As |[D,(i)] < 4fori € {7,8,9} by definition, without loss of generality let |D,(7)] = 4 and |D,(8)] > 3. Also by
symmetry of 1, 2, 4, 5, we may assume that there are edges in D,(7) U D,(8) containing each of {{1, 7}, {1, 8}, {2, 7}, {2, 8},
{4, 7}, {4, 8}, {5, 7}}. By our initial assumption (7), {{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4,
v}} € F where s, t,u and v are different vertices and are not covered by the maximum matching M. Let {{1, 7, a},
{2,7,b},{4,7,c},{5,7,d},{1,8,x},{2,8,y},{4,8,z}} < ¥F.The {0, 1}-intersection property of & implies that a ¢
{t,s,u,b,c,d},b & {s,v,u,a,c,d},c & {t,v,u,a,b,d},d & {t,s,v,a,b,c},x & {s,t,u,y,z,a},y & {s,v,u,x,z, b}
andz ¢ {t, u, v, x, y, c}. We now make observations that prove Claim 23.

Fact 24. Either c = xorc =s.

Proof. We have t # s,c # tandx ¢ {t,s}.If c € {x,s} then {{4,7,c}, {1,8,x},{3,5,t},{2,6,s},A,B,C} is an M-
augmenting set in F, a contradiction.

Fact25. b = t.

Proof. Sincet # u,z ¢ {t,u}and b # u, either b = t or b = z otherwise {{2, 7, b}, {3, 5, t}, {4, 8, z}, {1,6,u},A, B, C} is
an M-augmenting set in .

Ifb = zthenb ¢ {s,t,u,v,x,y,a,c,d} as noted earlier. But then we have the following M-augmenting set
{{1,7,a}, {2, 6,s},{3,5,t}, {4, 8, b}, A, B, C} in ¥, a contradiction.

Fact26. y =t.

Proof. Sincet # u,c ¢ {t,u}andy # u, eithery = t ory = c otherwise {{2, 8, y}, {1,6, u}, {4,7,c}, {3,5,t},A,B, C}is
an M-augmenting set in . But ¢ # y because c € {s, x} by Fact 24 and, as noted prior to Fact 24,y ¢ {s, x}. This completes
the proof of this Fact.

By Facts 25 and 26,y = t = b. But this contradicts linearity of the family # as |{2,7,t} N {2, 8,t}| = 2 and proves
Claim 23.

The above claim implies that there cannot be strictly more than nine D, (¥) edges such that each edge covers a vertex
in {1, 2, 4, 5} and another in {7, 8, 9}. The next claim improves the estimate. Note that by Claim 23, if D,(i) = 4 for any
ie€{7,8,9}thenD,(j) < 2forj € {7, 8, 9} \ {i}. Note also that D, (i) < 4 by definition and linearity of .
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Claim 27. There cannot be nine or more D, () edges such that each edge covers a vertex in {1, 2, 4, 5} and another in {7, 8, 9}.

Proof of Claim 27. We shall prove the claim by contradiction. By Claim 23 there cannot be strictly more than nine edges
satisfying the condition in Claim 27. If there are nine such edges then each vertex in {7, 8, 9} is covered by exactly three of
these edges or else Claim 23 is contradicted.

We consider the bipartite graph G on vertices {{1, 2, 4, 5}, {7, 8, 9}} defined by edges in D,(A, C) U D,(B, C). For all
i € {7,8,9}, we have ds(i) = 3. Since {%1 = 3, there is a vertex of degree at least three in {1, 2, 4, 5}. Without loss of
generality, we may assume that dg(1) > 3; the cardinality of the class {7, 8, 9} imposes that dg(1) = 3 and that the vertex
1 is a neighbor of each vertex in {7, 8, 9}. Since ds(4) + dg(5) > 9 — dg(1) — dg(2) > 3, either dg(4) > 2 or dg(5) > 2.
So, without loss of generality, let dg(4) > 2. Also we can assume that {4, 7} and {4, 8} are in E(G) (if not, then reorder
vertices 7, 8 and 9). Hence {{1, 7, a}, {1, 8, b}, {1,9, c}, {4,7,x}, {4, 8,y}} C ¥ forsome a, b, c,x and y in Xz \ X,. And
by our assumption (7), {{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4, v}} € F wheres,t, u and
v are different vertices and are not covered by the maximum matching M. The {0, 1}-intersection property implies that
a¢gi{b,c,x,s,t,ul,bel{a,c,y,s t,u},c&{a,b,s t,u},x<{y,a,t,u,vlandy & {x, b, t, u, v}.

Fact 28. x = s.

Proof. We havet # s,c ¢ {t,s}andx # t.If x & {c,s}, then {{1,9, ¢}, {4, 7, x}, {3, 5, t}, {2,6,s},A,B,C} is an M-
augmenting set in ¥, a contradiction. If x = ¢, thenc = x ¢ {a, b, s, t, u, v, y} as noted before Fact 28. We also know
that b & {s, t}. But then we have the following M-augmenting set {{1, 8, b}, {4, 7, x}, {3, 5, t}, {2,6,s},A,B,C} in ¥, a
contradiction. Hence x = s.

Fact29. y =s.

Proof. We have t # s,c ¢ {t,s}andy # t.Ify & {c,s}, then {{1,9,c}, {4,8,y}, {3,5, t},{2,6,s},A,B,C} is an M-
augmenting set in ¥, a contradiction. If y = c,thenc = y ¢ {a, b, x, s, t, u, v} as noted prior to the previous fact. But
this gives the following M-augmenting set {{1, 7, a}, {4, 8, y}, {3, 5, t}, {2, 6, s}, A, B, C} in ¥. Thus, contradicts that M is a
maximum matching.

By Facts 28 and 29, x = y = s. But this contradicts the linearity of # as |{4, 7, s} N {4, 8, s}| = 2. Hence, Claim 27 is
proved.

The statement of Proposition 21 is an easy consequence of Claims 22 and 27. O

We shall not use the following remark, although the statement of the remark can improve the bound in the main result as
done in author’s doctoral dissertation [ 10]. However, the statement below was proved using the aid of a computer program
and we decided not to use it for the current article since the improvement in the bound is not significant. Using the remark
below, it can be shown that |D, (A, B, C)| < 20 in Proposition 31.

Remark 30. Let # be a 3-uniform, linear family and .M be a maximum matching of #.If {A, B, C} C M, then |D,(A, B)| =
|IDy(A, C)| = |D5(B, C)| = 7 does not hold.

Proposition 31. Let ¥ be a 3-uniform, linear family and let M be a maximum matching of ¥.If {A,B,C} C M, then
|D2(A, B, C)] < 21.

Proof. Assume on the contrary |D,(A, B)| + |[D2(B, C)| + |D2(A, C)| = |D2(A, B, C)| > 22. Therefore, by Proposition 18
at least one of |D,(A, B)|, |D2(B, C)| or |Dy(A, C)| is equal to 8. Without loss of generality, let D,(A, B) = 8. Thus,
|D2(B, C)| + |D2(A, C)| > 13. This contradicts Proposition 21. 0O

6. 3-uniform, linear families  with Sz = 0

In this section, we find a bound on the size of 3-uniform, linear families ¥ with Sz = ¢ (recall Definition 10) in terms
of their maximum matching and maximum degree. The chief idea of the proof that establishes the bound follows. For a 3-
uniform, linear family with maximum degree A approximately greater than 4v, if || > Av then for any given maximum
matching .M, alocal augmenting set involving at most three matching edges is found and extended to a global M-augmenting
set. Thus, contradicting the fact that .M is a maximum matching and so establishing the result.

Let us recall a few notations. Let £ be a 3-uniform, linear family, and let M be a maximum matching of #. For A € M,
define D1(A) = {B € Di(F, M) | BNA # ¢} and di(A) := |Di1(A)|. Forany ¢ € ¥ and A € ¥, also define
G4 ={B€G|BNA#0}

The following partition of a maximum matching is crucial to obtain the bound on the size of a 3-uniform, linear family.

Definition 32. Let £ be a 3-uniform, linear family withSz = @, v := v(F), A .= A(F) and let M be a maximum matching
of . We partition M the following way.

M = {A e M| diA) > 7}and My = M\ My. Also let m := |Mq| and M1 = {Aq, ..., An}. We already know
by Lemma 7 that if for some A € M, d;(A) > 7 then all edges in D;(A) are incident to the same vertex of A. For each
i€ {1,...,m},let this unique vertex be denoted by x; € A; and let A; = {x;, yi, z;}.
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Since Sz = {J, Proposition 15 implies that A < 3v. Let M, My, M3, A/’S, X's, ¥;i's and z;'s be as defined in the previous
definition. Let us partition the family ¥ and obtain bounds on the size of each class. Since an arbitrary maximum matching
M is fixed in the following discussion, for alli € {1, 2, 3} D;(¥) is used instead of D;(¥, M).

Definition 33. Let the family # and M be as stated in Definition 32. We define

& = Uie{l,.“,m) Fxis

& ={Ae F|ANXy, =¥}\ &1, ie, & consists of those D, (¥) or D3(¥) edges which do not intersect matching edges
from M, and do not contain vertices from {x1, ..., x,;}. Note thatif B € D;(¥) then BN ({y1, ..., Yym}U{z1, ..., zZn}) =0
by Definition 32;

& ={AeF ||ANXy| = 1)\ &;

&= {A€F | IANXy,| =2} \ &) \ Ma.

Remark 34. By Definition 33, it is obvious that = Ujc(1,... 4) & U M; and the sets are pairwise disjoint.

AAAAA

Next, we find an upper bound for each member in the above partition with m = |M1].

Proposition 35. If &; is defined by Definition 33, then |&;] < mA.

Proof. This is obvious as & = Ujeq1,... my Fx, and | Fy| < Aforallie {1,...,m}. O

,,,,,

Proposition 36. If &, is defined by Definition 33, then |&,| = 0.

Proof. Suppose & # (), then there exists an edge B € &,. By the note after the definition of &, (Definition 33), B €
D,(F) U D3(¥) and all vertices in BN X belong to {y1, ..., ym} U {z1, ..., Zn}. We show that if B € D,(¥) or B € D3(F),
then an M-augmenting set exists in . Suppose B € D,(F). Without loss of generality, let {y;, .} € Band B = {y1, y2, w}
where w & X . Since at least seven D{(¥) edges are incident to x1, at least other seven D (¥) edges are incident to x,, and
there can be at most one edge containing both w and x; for each i € {1, 2}, there is an M-augmenting set which consists of
an edge from D1 (¥) N F,, an edge from D1 (F) N %,, B, {x1, ¥1, z1} and {x,, y», z,}. This contradicts that M is a maximum
matching. Also for B € D3(¥') N &, we can similarly construct an M-augmenting set in £ In this case the augmenting set
consists of three D () edges, the edge B and the three .M edges that have nonempty intersection with B. Hence in either
case there is an M-augmenting set. Thus, & =@. O

Proposition 37. If &; is defined by Definition 33, then |&3] < min{2m + 6, A — 1}(v — m).

Proof. Observe that &; consists of D;(¥) edges that intersect M, edges and D, (F) U D3 () edges that cover exactly one
vertex in X, and no vertexin {x1, ..., Xm}.

Claim. If seven or more edges from &3 intersect an edge A € M, then all &; edges that intersect A must be incident to the same
vertex x in A.

Proof of the claim. Suppose not; then there exist B; and B, in &; that intersect A and are disjoint. As at least seven edges
from &3 intersect A and |A| = 3, by pigeonhole principle there is a vertex a € A such that among &; edges that intersect A at
least three contain a. If there exists By € &; such that B; intersects A and a ¢ B; then we can choose B, among the edges in
&3 containing a.

If By and B, are both D;(¥) edges then {By, B, A} is an M-augmenting set. Now we consider all remaining possibilities
for B; and B,. Considering symmetries, we have the following possibilities.

(i) By isa D, (¥) edge and B, is a D (¥) edge;

(ii) By is a Do (F) edge and B, is a D, (F) edge;

(iii) By is a D3(F) edge and B, is a D1 (¥) edge;

(iv) By is a D3(¥) edge and B, is a D, (F') edge;

(v) By is a D3(F) edge and B, is a D3 () edge.

In each of the above cases, an M-augmenting set can be constructed using D;(F) edges incident at .M; edges along
with the .M; edges intersected by By and B,, By, B, and A. For example, consider the case (v). Since B; and B, are in D3 ()
each of them covers two edges from .M;. Note that corresponding to any choice of « (up to four) edges from M, there are
o, D1(F)-edges incident to these o M;-edges that form a matching of # of size «. For example, consider the worst case
that By, B, intersect four different edges in .M and let the edges be A1, A,, A3 and A4. Recall that seven or more D1 (¥ ) edges
are incident to x; € A; foralli € {1, ..., m}. Note that any D{(¥) edge incident at x; can at most intersect two D, (F) edges
incident at x; for i # j. Hence there are four? pairwise disjoint D; (¥) edges in Uf‘:] (D1(¥) N F,). These disjoint edges along
with Ay, A, Az, A4, B1, B, and A form an M-augmenting set, a contradiction.

2 We need at least seven D (¥) edges to be incident at each of the x;’s to ensure existence of four pairwise disjoint D, (F') edges.
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Hence, if seven or more &; edges intersect with any M, edge then all these edges must contain the same vertex of the
M, edge. Now consider (&3)4, the set of &; edges incident at an M; edge A. If |(83)4 N D1(F)| > 7, then all (D;(F)), edges
are incident to the same vertex in A and A € M. A contradiction to the fact that A € M,. Therefore, there are at most six
D1(F) edges in (&3)4. By Definition 33, an edge in &3 is either a D;(F) edge or a D,(¥) U D3(¥) edge that contains at least
one vertexin {yq,...,Ym}U{z1, ..., zn} and no vertexin {xq, ..., X, }. Hence | (&3)4] < min{2m+6, A — 1} forall A € M.
Therefore, |&3] < min{2m+6,A — 1}(v —m). O

Let us recall Definition 6 and generalize Definition 17 to find a bound on D, (F, M) U D3(F, M).

Definition 38. Let & be a 3-uniform, linear family and let M be a matching (not necessarily maximum) of . Fori €
{0, 1, 2, 3}, define for all {A, B, C} C M,

Dy(A, B, C) := {E € D,(F, M) | EN (AUBUC)| = 2} and
Ds(A, B, C) == {E € (D3(F, M) \ {A,B,C}) | EN(AUBUC)| > 2}.

Proposition 39. Let & be a 3-uniform, linear family and let M be a matching (not necessarily maximum) of ¥ such that

n=|M|.If ID2(A, B, O)| < 21forall {A, B, C} C M, then |Dy(F , M)| + ID3(F, #) \ M| < 525 (3)-

Proof. For {A,B,C} C M, let #(A, B, C) := {{i,j} | {i,j} is contained in an edge from D, (A, B, C) U (D3(A, B, C) \ M)}.
Since F is a linear family, we get |{E € & | [E N (AU B)| = 2}| < 9 for any {A, B} C M. Thus, we obtain

|#(A, B, C)| < 27. (8)
In the expression
> 1#(A.B.O) 9)
{A,B,CYCM

eachedgeinD, (¥, M) is counted (n—2) times because C can be any of the (n—2) other M edges for a fixed pair {A, B} C M.
Also each edge in D3(F, M) \ M is counted 3(n — 2) times in the expression (9). Hence

(n=2)|Dx(F, M)| + 3(n — 2)|D3(F) \ M| = Z |# (A, B, C)]. (10)
{A,B,C}CM

So by Egs. (8) and (10), we have

(1= 2)ID5(F . 40| +3(1 = DIDs(F) \ M| =27 (7).

Therefore,
D)\ < o (T) = Liacr w0l (an
3(n—2) \3 3
So, we have
IDa(F 01 +ID3(F) \ M) = 2ID(F, w01 + 7 (7). (12
3 3(n—2) \3
By Eq. (10), we have
(n —2)|Dy(F, M)| = Z |# (A, B,C) N Dy(F, M)|. (13)
{A,B,CICM
As
FH(A,B,C) ND,(F) =D,(A, B, (),
we have

D2 (¥, M)| =

> ID2(A.B.O)I. (14)

(n—2) {A,B.C}CM

By the assumption that |D,(A, B, C)| < 21 for all {A, B, C} € M and by Eqgs. (12) and (14), we get

A

ID2(F, M)| + [D3(F) \ M| <

200 27 /n
3/D2(% )|+3(n—2) (3)

2( 1 27 n
:3<(n—2) 2 'DZ(A’B’C)|>+3(n—2)<3>

{A,B.C}C M
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2( 1 27
=3 ((n—2) [A,B.ZC}:CM21> T 3m-2) G)
<§> (n2—12) (;) + 3(nzz 2) (Z)

23 n
BRCED) (3)

Let M1, m and M, be defined by Definition 32. Also, define n := |M;]|.

Proposition 40. Let ¥ be a 3-uniform, linear family and let M be a maximum matching of ¥. If &, is defined by Defini-
tion 33 then

23n(n—1) >3
-, yn=
6
<
RSN Fne2 (15)
0, ifn=1orn=0.

Proof. Let n > 3 and suppose that |&4] > ﬁ (3) = Zn( — 1). sSince |D(F, M)| + [D3(F, M) \ M| > |&], by
Proposition 39, there are edges A, B and C in .M; such that D, (A, B, C)| > 21. But then there is an M;-augmenting set ‘W in
F by Proposition 31 such that W N M, = {A, B, C}and W\ M5 C Dy(A, B, C).Ifedgesin W \ M, do not intersect with any
edge in M; then ‘W is an M-augmenting set too. Thus, we have a contradiction to the fact that M is a maximum matching.
So, there are edges in ‘W that intersect with X,,. By Definition 4, |'W \ M;| > 4. Let By, B,, B3 and B4 be edges in W \ M.
Note that if X, N B; # ¥ for some i € {1, 2, 3, 4}, then B; € D3(F, M) N &4. Letj = |{i | B; N X, # ¥}|. By definition
0 < j < 4, so we need to consider cases forj € {0, 1, 2, 3, 4}. In the case j = 0, the result is already established. One can
easily construct an M-augmenting set (similar to Proposition 37) by considering D (¥ ') edges incident to (.M )+ edges in
all cases for j € {1, 2, 3, 4}. Note that at most four edges in .M can have non-empty intersection with Uj‘zl B;. We leave
details of construction of augmenting set for each case j € {1, 2, 3, 4} to the readers.
If n = 2 then by Proposition 18 and definition of &4, we have |&4| < 8. Also by Definition 33, &; isempty ifn < 2. O

We recall Definition 32 regarding the partition of M. In the proof of the following proposition, m := | M|, v := v(F)
and A := A(F).

Proposition 41. Let ¥ be a 3-uniform, linear family such that Sz = @, i.e., there is no vertex in F that is covered by all maximum
matchings. If v(F) = v then

23,
|F| < 5 +7v. (16)

Proof. Let A := A(¥F). By Proposition 15, Sy = ¢} implies that A < 3v. By Definition 33 of &s, |F| < Z?:l |&i] + [Ma].
Proposition 35 implies that |§;] < mA, Proposition 36 implies that & = @, Proposition 37 implies that |&3] < (v —
m) min{(2m + 6), A — 1} < (v — m)(2m + 6) and by Proposition 40, |&| < 2(v —m)(v —m — 1) < £(v — m)? for
v —m > 3. Note that || < 8 forv — m < 2. Also, [M3| = v —m.Ifv —m > 3, then

4

D&l + 1Ml

i=1

|71

IA

IA

mA+(v—m)(2m+6)+%(v—m)2+(v—m)

IA

3ym+ (v —m)QCm+7) + %(u —m)? [as A < 3v]

5 23 23 23 ,
m —2+€ +m 3v+2v—7—?v +€v +7v

= m? E m §v~|—7 +§v2+7v
- 6 3 6 ’

The final expression above is a concave upward parabola in m and hence the maximum value would occur at the extreme
points, m = 0 orm = v — 3 < v. Itis easily checked that the maximum occurs at m = 0. Hence,

23
|F| < Ev2+7v. (17)
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If v — m < 2 then by Proposition 40, |&4| < 8. Hence

4
1< D161+ M|
i=1
SmA+@-mA-1)+8+w—m [as|&|=<(A—-1D(—m)]
= Av+8
<31 +8 [asA < 3v]
23 ,
< —v +7v [forv>2].

6
Forv(¥F) = 1and A(¥) < 3v(¥) = 3,useEq.(1)toobtain |[F| <34A-2<7< 26—3\)24—7\). O

7. Proof of the main result- Theorem 3

Proof of Theorem 3. Let x € Xz be such that | %, = A. By Proposition 15,x € Sz as A > %v(l + ﬁ) > 3v. Recall
Definition 13. As Sy # ¢, therefore there is a nested sequence {y1, ..., yx,} € X#. By Proposition 16,

|F| < k1A + [ Fi, . (18)

Note that Proposition 16 also implies that A(F,,) < 3v(¥Fy,). By the definition of y;’s and repeated use of Remark 12, we
get v(Fi,) = v — ky. Since Sykl = (), by Proposition 41 and Eq. (18) we have

|F| < k1A + | Fp, |

23
<kA+ E(v — k)2 + 70w —ky)

23 23 23
— k]z <E)+k] <A—?V—7>+EU2+7U

Let f (ki) == ki* (2) + k(A — 2v —7) + 2v2 + v for 1 < k; < v. Note that k; > 1 because Sy # . Clearly f (k1) is

2
a concave upward parabola as % > 0. Hence the maximum of f (k;) occurs at the extreme points k; = 1or k; = v. As
1
f=2+A-2v-74+22470 =224 A2 2 < By24 Aandf(v) = Av.Thus, |F| < max{Zv?+ A, Av}.
Since Av > 212 + Aifandonlyif A > £ (v"_zl). Therefore for A > 2 (v"_zl),

|F| < Av. O

Recall by Remark 1 that for any positive integers A and v there exists a 3-uniform, linear family & with A(¥) =
A, v(F) = v such that || = Av. Thus, an extremal family achieves the bound on the size in Theorem 3.
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