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of an M-alternating Hamilton path starting and ending with edges in M is put forward.
Then we prove that if « (G) > v/2, where «(G) denotes the connectivity of G, then G has
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I];?g;/;er Zim an M-alternating Hamilton cycle or belongs to one class of exceptional graphs. Lou and Yu
Connectivity [D. Lou, Q. Yu, Connectivity of k-extendable graphs with large k, Discrete Appl. Math. 136
Perfect matching (2004) 55-61] have proved that every k-extendable graph H with k > v/4 is bipartite or
M-alternating path satisfies x (H) > 2k. Combining our result with theirs we obtain we prove the existence of
M-alternating cycle M-alternating Hamilton cycles in H.

k-extendable © 2008 Elsevier B.V. All rights reserved.

1. Introduction, terminologies and preliminary results

All graphs considered in this paper are finite, undirected, connected and simple. For the terminologies and notations not
defined in this paper, the reader is referred to [4].

Let G be a graph with vertex set V(G) and edge set E(G). We denote by v or |G| the order of V (G), k the connectivity of G,
and § the minimum degree of G. For u € V(G), we denote by d(u) the degree of u and N (u) the set of neighbors of u in G. For
a subgraph H of G and a vertex set U C V(G — H), we denote by Ny (U), or Ny (u) if U contains only one vertex u, the set of
neighbors of U in H. For any two disjoint vertex sets X, Y in G we denote by e(X, Y) the number of edges of G from X to Y.

Let C = upuy ... uy_1Up be a cycle in G. Throughout this paper, the subscripts of u; will be reduced modulo m. We always
orient C such that u;4 is the successor of u;. Let U C V(C), the set of predecessors and successors of U on C is denoted by
U~ and U™ respectively, or u~ and u™ when U contains only one vertex u. For 0 < i,j < m — 1, the path ujttiq ... u; is
denoted by uiCJruj, while the path uju;_; ... u; is denoted by u;C~u;. For a path P = vgvy...v4—1and 0 < i,j < q — 1, the
segment of P from v; to vj is denoted by v;Pv;.

A matching M of G is a subset of E(G) in which no two elements are adjacent. If every v € V(G) is covered by an edge in
M then M is said to be a perfect matching of G. An M-alternating path P is a path of which the edges appear alternately in M
and E(G) \ M. An M-alternating cycle C is a cycle of which the edges appear alternately in M and E(G) \ M. We call an edge
in a matching M or an M-alternating path starting and ending with edges in M a closed M-alternating path, while an edge in
E(G) \ M or an M-alternating path starting and ending with edges in E(G) \ M an open M-alternating path. An M-alternating
path whose starting and ending vertices are not covered by M are called an M-augmenting path.
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A graph G is said to be k-extendable for 0 < k < (v — 2)/2 if there exists a matching of size k in G, and any such matching
is contained in a perfect matching of G. The concept of k-extendable was introduced by Plummer in [7]. In the same paper
arelationship between extendability and connectivity is showed.

Theorem 1.1. If G is a k-extendable graph, then k > k + 1.

When k is large and G is not bipartite, the lower bound of connectivity can be raised.

Theorem 1.2 (Lou and Yu [6]). If G is a k-extendable graph with k > v /4, then either G is bipartite or k > 2k.

M-alternating paths and M-alternating cycles play important roles in matching theory. Berge’s well-known theory [3]
on maximum matchings and M-augmenting paths is a good demonstration. In [1,2], M-alternating paths are used to
characterize k-extendable and n-factor-critical graphs. In this paper, we study the existence of M-alternating Hamilton
paths and M-alternating Hamilton cycles in graphs with a perfect matching. The following two lemmas will be useful to
obtain our main results.

Lemma 1.3. Let G be a graph with a perfect matching M. Let C = ugu; . . . Uy,_1Ug be a longest M-alternating cycle in G, where
U1l € M,0 < i < m— 1. Let v, w be the endvertices of a closed M-alternating path in G — C. For any vertex set {ua;, Uzi+1},
0 <i < m— 1,if Gis bipartite then e({uy;, ui+1}, {v, w}) < 1, otherwise e({uy;, uzi+1}, {v, w}) < 2.

Proof. Let P be a closed M-alternating path connecting v and w in G — C. If uyv, uziyqw € E(G), then uyvPwuiy1CTuy;
is an M-alternating cycle longer than C, contradicting the maximality of C. Thus [{uy;v, uzirqw} N E(G)] < 1. Similarly
H{ugiw, uzirqv} N E(G)| < 1. So e({uy;, uzir1}, {v, w}) < 2. 1If G is bipartite, then [{uyv, uyiqw} N E(G)| = 0 or
H{uziw, tzip1v} NE(G)| = 0, s0 e({uy;, Uaiq}, {v, w}) < 1. O

Lemma 1.4. Let G be a graph with a perfect matching M. Let P = ugu; . . . Uy, be a longest closed M-alternating path in G. Let
v, w be the endvertices of a closed M-alternating path in G — P. For any vertex set {uy;_1, Ui}, 1 < i < p — 1, if G is bipartite
then e({uai—1, Uz}, {v, w}) < 1, otherwise e({uzi—1, uz}, {v, w}) < 2.

Proof. The proof is similar to that of Lemma 1.3. O

2. M-alternating cycles in bipartite graphs

Theorem 2.1. Let G be a bipartite graph and M a perfect matching of G. For any two vertices x and y in different parts of G,
d(x) + d(y) = v/2 + 2. Then G has an M-alternating Hamilton cycle.

Proof. Let G’ be a graph, with a perfect matching M, which satisfies the conditions of the theorem but does not have an
M-alternating Hamilton cycle. We add edges to G’ until the addition of any more edge results in an M-alternating Hamilton
cycle. Let the graph obtained finally be G.

Let the bipartition of G be (A, B). G cannot be complete bipartite, or an M-alternating Hamilton cycle exists. So there are
two nonadjacent vertices wg € Aand w,_; € B. By our assumption on G, G + wow,_1 has an M-alternating Hamilton cycle.
Hence, there is a closed M-alternating Hamilton path in G connecting wqo and w,_;. Let the path be P’ = wow;...w,_1,
where wy; € Aand w1 € B,0 <i < v/2.Since d(wg)+d(w,_1) > v/2+2, without loss of generality, let d(wg) > d(w,_1),
we have d(ug) > v/4 + 1. Hence the neighbor w; of wy with the maximum subscript i satisfiesi > 2(v/4 4+ 1) = v/2 + 2.
Then woP’w;wy is an M-alternating cycle with length at least v/2 + 2.

Let C = uguq...uUyn—1Up be one longest M-alternating cycle in G, where uy; € A, uyi+1 € B and uyi_quy € M,
0 <i <m— 1.Then 2m < v. By above discussion, 2m > v/2 + 2.Let Gy = G — C, we have |G;| < v/2 — 2. Denote the
degree of a vertex x in G; by d; (x).

Let vg be a vertex in G; who sends some edges to C. Without loss of generality let vy € A. Let P = vpv;...vy_1 be
a maximal closed M-alternating path in G; starting with vg. Then v,,_; cannot be adjacent to any vertex in G; — P. So
di(vap—1) < p.

Assume that vy,_; also sends some edges to C. Since G is bipartite, vy and vy, can only be adjacent to u;;q and uy,
0 <1i,j < m — 1, respectively. Let u,,;, and uys be the neighbors of vy and v,,_; on C such that the path P; = UpsC Uy g
is the shortest. Then any internal vertex of P; cannot be adjacent to v or vyy_s. Consider the M-alternating cycle C; =
u2,+1C+u25v2p_1Pv0u2r+1. Since C is the longest M-alternating cycle in G, |C;| < |C|,s0 |P| < |Pq| — 2.

By Lemma 1.3, for any vertex set {uy;, Uziy1} on Py, e({uy;, uzi1}, {vo, v2p—1}) < 1. The number of such sets is

(IP2] =2)/2 = (IC] = [P1]+2—=2)/2 < (IC| = (IP|+2))/2 = (IC| — |P)/2 — 1.
So

d(vo) + d(vap—1) = INc(vo)| + INc(vap—1)| + di(vo) + di(v2p—1)
(ICl = PN/2=14+2)+[Gil/2+p
2m—-2p)/2+1+ (v —-2m)/2+p

v/2 41,

1A
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contradicting d(vo) + d(vyp—1) > v/2 + 2. Therefore, v,,_1 sends no edges to C. Similarly, for any vertex x € G; who sends
some edges to C, and any maximal close M-alternating path Py in G; starting with x, the other endvertex y of Py sends on
edge to C.

We also have d(vy,—1) < p < |G1]/2 < v/4 — 1. For any vertexx € AN V(Gy), dx) > v/2 + 2 — d(vyp-1) >
v/24+2—(w/4—1) =v/4+ 3.Since d(x) < |G1]/2 < v/4 — 1,x must send some edges to C.

Suppose thaty € BN V(G¢) sends some edges to C. Let P(y) be a maximal closed M-alternating path in G starting with
y. Then, the other endvertex x of P(y) sends on edge to C. However x € ANV (G,), a contradiction. So for any y € BNV (Gy),
y sends no edge to C. Hence d(y) < |Gi|/2. Correspondingly, for any u;;, 0 < i < m — 1, uy; sends no edge to Gy, so
d(uy) < |C|/2.But then d(uy;) + d(y) < |C|/2 4+ |G1]/2 = v/2, contradicting the conditions of our theorem. So G, and
therefore G, must have an M-alternating Hamilton cycle. 0O

Remark 2.2. The lower bound of degree sum in Theorem 2.1 is best possible. Let Hy and H; be two disjoint complete bipartite
with bipartition (Up, Vp) and (U, Vi) respectively, where |Ug| = |U;| = |Vo| = |Vi|. Letu, v & V(Hp) U V(H;) be two
different vertices. We construct graph G by joining u to every vertex in V;, v to every vertex in U;, i = 0, 1, and u to v. For
any x and y in different parts of G, we have d(x) + d(y) > v/2 + 1. Let M be a perfect matching containing the edge uv, G
does not have an M-alternating Hamilton cycle.

3. M-alternating paths in general graphs

In this section we bring forward a result on the relationship between degree sums and M-alternating Hamilton paths,
which will be used in the next section as well.

Theorem 3.1. Let G be a graph with a perfect matching M. For any x, y € V(G) connected by a closed M-alternating path,
d(x) + d(y) = v — 1. Then G has a closed M-alternating Hamilton path.

Proof. Suppose that G does not have a closed M-alternating Hamilton path. Let P = ugu; ... uy,—1 be a longest closed
M-alternating path in G. Then |[P| < v — 2.
By the choice of P, N(ug), N(uzm—1) € V(P).So

IP| = max(d(uo), d(uzm-1)) + 1= (d(up) + d(Uzm-1))/2+1= (v -=1/2+1=(v+ 1)/2.

Let No(up) and Nq(up) be the set of the neighbors of uy whose indices are even and odd, Ny (u2,—1) and Nq(uz,—1) be the
set of the neighbors of u,,_1 whose indices are even and odd, respectively. Let S = M \ E(P). Denoted by V(S) the set of
vertices associated with the edges in S. Then

[No(ug)| + IN1(uo)| + [No(uzm—1)| + IN1(Uzm—1)| = d(ug) + d(upm—1) = v — 1. (1)

Claim 1. There does not exist an M-alternating cycle C in G such that V(P) C V(C).
Suppose that such a cycle C exists. Then for an edge xy € M \ E(C), each of x and y cannot be adjacent to any vertex on
C, or we can obtain a closed M-alternating path longer than P, by going through xy, then all vertices on C. So

dx) +d@y) <2(v—1—=2|C|<2(v =1 =2P| <20 -1 —-@W+ 1) =v—3,

contradicting the condition of the theorem. Thus Claim 1 holds. O
For any edge uyi_q1uy, 1 < i < m — 1, if uguy;, Usi_1Usm—1 € E(G), then we obtain an M-alternating cycle
UolpiPUsm_1Usi—_1Pug containing all vertices on P, contradicting Claim 1. So

[No(uo)| + IN1(uzm—1)| <m—1. (2)

By Claim 1, ug and u5,;,—1 cannot be adjacent to each other, so |[N1(up)| < m — 1and |Ng(tam—1)| < m — 1. Together with
(1), we have

[No(ug)| + IN1(Upm—1)| = (v — 1) — (IN1(ug)| + [No(Uom—1)|) = v —2m + 1. (3)
By(2)and (3),m — 1 > v — 2m + 1, that s,

m> (v+2)/3. 4)
By (1) and (2),

IN1(uo)| + [No(uzm—1)| = v —m. 5)
We classify all sets {uy;_1,u}, 1 < i < m — 1 as following. If |{uouzi_1, Uam_1uz} N E(G)| = 0, 1 or 2, then let

{uzi_1, Uyi} € €p, 61 Or 65. Let |67| = ry and |43| = r,. Then
rn+rn<m-—1, (6)
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and
r1 + 2ry = [Ny (uo)| + INo(Uzm—1)| = v —m. (7)

By (6)and (7), we haver, > v —2m+ 1.
Claim 2. For any xy € S, Np(x) # ¢ and Np(y) # ¢.

Suppose that the claim is not true and without loss of generality let Np(y) = ¢. For any edge uy;_quy;, 1 <i <m — 1,
if uguy; € E(G), then x cannot be adjacent to uy;_1, Or yXuy;_1PuguyiPusy,_1 is a closed M-alternating path longer than P,
contradicting the maximality of P. Similarly, if u,,,_1us;_1 € E(G), then x cannot be adjacent to u,;. Furthermore x cannot be
adjacent to ug and 1. Thus [Np(x)| < 2m — (|Ng(uo)| + INy(Upm—1)]) =2 <2m— (v —2m+ 1) —2=4m —v — 3.

Since IN(x) NV (S)| < |[V(S)] — 1 =v —2m — 1and similarly [IN(y) N V(S)| < v —2m — 1. We have d(x) + d(y) <
4m —v —3+2(v —2m — 1) < v — 5, contradicting the condition of the theorem. So Claim 2 must hold. O

We call an edge uy;_1uy;, 1 < i < m — 1, removable if {uy;_1, uy;} € %. For every removable edge u,;_u,; we get two
M-alternating cycles containing all vertices of P, that is, Co = ugPus;_qup and C; = uy;Puyn,_1us;. For any edge xy € S, if
N, (%) # ¢ # N, (¥), or N¢, (x) # ¢ # N¢,(v), then we obtain a closed M-alternating path longer than P, by traversing all
vertices on Cy, followed by x and y and those on C;, contradicting the maximality of P. But by Claim 2, Np(x) # ¢ # Np(y).
So either Np(x), Np(y) € V(Cp) or Np(x), Np(y) € V(Cy).

Letr = ry, {eq, ez, ..., e;} the set of removable edges, Py, Py, ..., P, the r + 1 segments of P obtained by removing all
removable edges. Then P = PyeqPse; ... e.Pr and V(P) = U[_, V(P;). Note here that the length of P; (0 < i < r)is atleast 1.

For any edge xy € S, suppose that there exist integers s, t,0 < s # t < r, such that Np (X) # ¢ # Np, (y). Without
loss of generality, suppose that s < t. Let e, = uy,_1uy,. Then x and y are adjacent to vertices on two M-alternating cycles
UoPuyp_1up and uyp Py, 1Uo, respectively, contradicting our conclusion above. So there must exist an integer [, 1 <[ <'r,
such that all neighbors of x, y on P be on P,.

Let P, = Upglizgy1 - . . Uggt2p—1. Counting the vertices on P;, we have

2p=|P| =EP)|+1<(EP)|—=2r)+1=2m—2r <2m—2(v —2m+1) =6m —2v — 2.

Note that by (4) the last value is positive. By Lemma 1.4, e({x, ¥}, {ug42j—1, Uzg42j}) < 2for1 < j < p— 1. So
e({x, ¥}, {uog41, Ung42, - - -, Vagop—2}) < 2(p — 1). Then

INP )|+ INe(W)| <2(p—1)+4=2p+2<6m—2v—2+2=06m-—2v.
Since IN(x) NV (S)|, IN()) NV (S)| < v — 2m — 1, we have
dx) +dy) = INp@)| + [N + INX) NV(S)| + INY) NV (S)]

<6m-—-2v+2(v—2m-—1)
=2m-2
<v-—2,

again contradicting the condition of our theorem. O
4. M-alternating cycles in general graphs

In this section, we prove that except for one class of graphs, every graph G with k > v/2 and a perfect matching M has
an M-alternating Hamilton cycle. Firstly we construct the exceptional graphs.

We define §; as the class of graphs constructed by taking two copies of the complete graph K,11, n > 1, with vertex
sets {x1, X2, ..., Xop+1} and {y1, y2, - . ., Yan+1}, and joining every x; to y;, 1 < i < 2n + 1.1t is easy to check that any graph
G € 41 with size 4n + 2 (n > 1) is (2n + 1)-connected, but if we take the perfect matching M = {x;y; : 1 <i < 2n+ 1},
then there is no M-alternating Hamilton cycle in G. We call M the jointing matching of G. Note that the jointing matching of
G is unique.

Lemma 4.1. Let G be a graph with k > v/2 and M a perfect matching of G. Then G has an M-alternating cycle C such that
ICl>v/24+1.

Proof. Suppose that there is no M-alternating cycle C with |C| > v/2 + 1in G. By x > v/2 we have § > v/2, so
d(x) + d(y) > v for any x,y € V(G). By Theorem 3.1, there is an M-alternating Hamilton path in G. Let the path be
P = upuy ... Uyy_1, Wwhere 2m = v. We follow the notations Ny (ug), N1(ug), No(Uzm—1), N1(U2,—_1) in Theorem 3.1.

Obviously uguzm—1 & E(G), or we have an M-alternating Hamilton cycle, contradicting our assumption. Forany 1 < i <
m — 1, if uguy;, usm_q1usi_1 € E(G), then ugPus;_1usm_1Pusilg is an M-alternating Hamilton cycle, again contradicting our
assumption. So uguy; & E(G) or Uyy_q1Uzi—1 & E(G). Hence [No(ug)| + IN1(Uam—1)| < v/2 — 1. Therefore,

IN1(ug)| + [No(Uzm—1)| = d(up) + d(uzm—1) — (|No(uo)| + [N1(uzm—-1)1) = v/2+ 1.

Without loss of generality suppose that |[N1(ug)| > |No(t2m—1)|. Then |[N1(ug)| > v/4+ 1/2. Thus there exists an integer
L1 <l<msuchthat2l — 1> 2(v/4+ 1/2) — 1 = v/2 and upuy_1 € E(G). Then ugPuy_1ug is an M-alternating cycle
with length at least v/2 + 1, again contradicting our assumption. O
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Theorem 4.2. Let G be a graph with k > v/2 and M a perfect matching of G. Then either G has an M-alternating Hamilton cycle
or G € 41 and M is the jointing matching of G.

Proof. Suppose that G does not have an M-alternating Hamilton cycle. Let C = ugu; . . . Uy, _1Ug be the longest M -alternating
cycle in G, where uy;_quy € Mand m < v/2.By k > v/2 we have § > v/2.

Let w € V(G — C), we let Nop(w) = {uy : uy € Nc(w),0 < i < m — 1} and Ny(w) = {uzirq : Uiy €
Ne(w),0 < i < m—1LLtW C V(G — C), we let No(W) = {uy : uyy € Ne(W),0 < i < m — 1} and
Ni(W) = {ugiy1 : uzip1 € Ne(W),0<i<m—1}.

Firstly we prove that G — C is connected. Suppose to the contrary that there are at least two components in G — C, say
Gq and G, with |G;| < |G;|. There is at least one edge vov; € M NE(G;). By Lemma 1.3 e({uy;, Uzir1}, {vo, v1}) < 2 for every
0 <i<m-—1.50|Nc(vo)| + |Nc(v1)| < 2m. Let d;(v) denote the degree of v € V(G;) in G;. Then

d(vo) + d(v1) = dy(vo) + dy1(v1) + [Nc(vo)| + [Nc(v1)| < 2(IG1] — 1) +2m < |Gy + |G| =2 +2m < v — 2,

contradicting d(vo) + d(v{) > v. Hence G — C is connected. Let G; = G — C.
Consider any closed M-alternating paths in G; with endvertices w and z. By Lemma 1.3, e({uy;, tiy1}, {w, z}) < 2 for
every0 <i <m— 1.Thus

[Nc(w)| + [Nc(2)| < 2m.
Since |[Nc(w)| + [Nc(2)| + d1(w) + dq(2) = d(w) + d(z) > v, we have
di(w) +d1(z) > v — (INc(w)| + [Nc(2)]) = v — 2m = |G4].

Let M; = M —E(C), then M is a perfect matching of G; and any closed M-alternating path in G, is a closed M;-alternating
path. G; with M, satisfies the condition of Theorem 3.1, so there is a closed M;-alternating Hamilton path in Gy, or equally,
a closed M-alternating path in G containing all vertices in G;. Let such a path be P = vgv; ... v2q—1, where 2q = v — 2m. We
have the following cases to discuss.

Case 1. There existr,s,0 < r,s < g — 1, such that there are no closed M-alternating path in G; connecting v, and v .
Obviously 2s + 1 < 2r, or v:Pv,sy 1 is a closed M-alternating path in Gy connecting v, and v,s, 1. Thus we haves < r
and |G| > 4. Consider v,s and vy 1. They are the endvertices of a closed M-alternating path in G;. By the discussion above,

di(vas) + d1(var1) = |G| = 2q. (8)
For any vertex set {va;, V2i+1},0 <i < q— 1,i # 1,5, if vasV2i41, V2iV2r+1 € E(G), then

U2s+1V2sV2i+1V2iV2r4+1V2r
isaclosed M-alternating path in G, connecting v, and v, 1, contradicting the assumption of Case 1. So [{vasVait1, V2iV2r+1}N
E(G)| < 1.Similarly [{vasv2i, v2ir1v2r41} N E(G)| < 1.S0

e({vas, vart1}, {vai, v2i1}) < 2.

Furthermore, v, and v,,+1 cannot be adjacent or vysy1VasVar+1Vyr iS a closed M-alternating path in G; connecting v,, and
V2s+1. SO

di(vas) +di(var1) <2(q—2) +4=2q. (9)
Thus equalities in (8) and (9) must hold. Furthermore |N¢ (vys)| 4 |[Nc(v2r4+1)| = 2m and

e({uyj, uzjp1}, {vas, Varp1}) =2

forevery0 <j<m— 1.
We classify the sets {uy;, uyi41}, 0 < j < m — 1 into four classes, by the distribution of the 2 edges between {uy;, upj;1}
and {vqs, vor+1}. That is,

€1, if Uyjvas, Uyj1v2s € E(G),

gy, 1] € %, iftgjvas, Upjvria € E(G),
7 @3, if Uyji1v2s, Ugjr 1241 € E(G),
Cay T UV2r 41, Ugj1V2r41 € E(G).

Let [4] = t;, 1 < i < 4 Wehavet; + 1t +t3+ 1ty = m, |Nc(vas)| = tp + t3 + 2t1, INc(v2r1)| = £ + t3 + 21y,
[No(v2s)| = t1 + ta, IN1(v2s)| = t1 + 3, [Ng(V2r41)| = t2 + tg and [Ny (var41)| = t3 + ta.
Case 1.1. t; or t3 # 0. Without loss of generality let t; > 0.

Case 1.1.1.t = m.

Forany0 < i < j < m — 1, upipqlpiy1 & E(G), or uzjvzstzhL]uz,-C*uszuszC*uzj is an M-alternating cycle
longer than C, a contradiction. Therefore any uy.4, 0 < | < m — 1, has at most |C|/2 = m neighbors on C. Thus
[Ng, (Uai11)| = d(ugip)) —m>v/2 —m=q.
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Since uy; is adjacent to vy, 1, U1 cannot be adjacent to any vertex vo;, 0 < 2i < 2r, OF Up41V2iPv2r 41U C Uyi41 1S an
M-alternating cycle longer than C, a contradiction. Similarly, u;1 cannot be adjacent to any vertex vyj;q,2s+1 < 2j+1 <
29 — 1.0 Ng, (1) <29 — (r+ 1) = (@ —$) = g — (r + 1 —5) < q — 2, contradicting N, (t111) > .

Case 1.1.2.0 < tp < m.

There exists an integer h, 0 < h < m — 1, such that {uyy, usp11} € %, while {tuzp42, Uspi3} € 6,1 = 1, 3 or 4. Then
Upp43 1S adjacent to vy or vy 1. Without loss of generality assume that usp 3025 € E(G). Since vysPvo,r41 has length greater
or equal to 3. The M-alternating cycle uz,vy,41Pvastizny3C Uy is longer than C, contradicting the maximality of C.

Case 1.2.t, = t3 = 0.

Ift; # 0 # ty4, then there exists an integer h,0 < h < m — 1, such that {uyy, top1} € 61 and {uzp42, Uspr3} € €4. Similar
to Case 1.1.2 we get an M-alternating cycle u;v2sPvar41Uzns3C T up, which is longer than C, a contradiction.

Iftyorty = 0,say t; = 0, then t; = mand N¢(vy5) = 0. By Lemma 4.1, |C| > v/2 + 1,henced(vy) <v—1—|V(0O)] <
v/2 — 2, contradicting d(vy) > v/2.

Case 2. For any vertex set {vy;, vzi+1}, 0 < 1i,j < q — 1, there is a closed M-alternating path in G; connecting them.

Let Vo = {vy; : vy € V(P)} and V7 = {vai41 : v2i41 € V(P)}. For any vertex set {uy, uz+1}, 0 < I < m — 1, suppose that
there exist two integers 0 < i,j < q — 1, uyva;, Upi41V2541 € E(G). By the condition of Case 2 there is a closed M-alternating
path P; in G connecting vy; and v;41, thus we obtain an M-alternating cycle uyv2;P1vaj41Uzi+1CHuy which is longer than
C, a contradiction. Therefore uy; & N (Vo) or upr1 & Ne (V). Similarly uy & Ne(Vy) or ugq & Ne (V). Hence

INc (Vo) N {uar, taip1}| + [Nc (V1) N {ug, taipa}] < 2 (10)
and
INc(Vo)| + [Nc(V1)| < 2m. (11)
We classify all sets {uy, u+1} for which the equality in (10) holds into four classes. Let

%1, if uy, uy.q send edges to Vy,
a1, o1} € 6, @f Uy sends edges to Vy and Vq,
s 2k ¢35, ifuyq sends edgesto Vyand Vq,
6, ifuy, Uy send edges to V.

If [INc(Vp)| < m, then Nc(Vp) U V; is a cut set of G with size less than ¢ + m = v/2, contradicting «(G) > v/2. So
INc(Vo)| = m. Similarly |[Nc(V;)| > m. We then have |[Nc(Vo)| + |[Nc(Vy)| > 2m. By (11) the equality must hold and
INc(Vo)| = |Nc(Vy)] = m. Meanwhile, for every vertex set {uy, tp 11}, 0 < | < m — 1, equality in (10) must hold, so
{uy, uy1} € 6,i=1,2,30r4.

Let [4] = t;, 1 <i < 4.Thent; +t; +t3 +tg = m, INo(Vo)| = t1 + b3, [INy(Vo)| = t1 + t3, INo(V1)| = b2 + 1y,
INy(V1)| = t3 + tg, 2t1 + t2 + t3 = [Nc(Vo)| = m = [Nc (V)| = 2ty + tp + t3 and t; = tg.

Claim 1. e(No(V0)+, NO(V1)+) = 0and e(N1 (Vo)_, N] (V])_) =0.

Suppose the claim does not hold and there exist integers r,s,g,h,0 < r,s <m—1,0 < g,h < g — 1, such that
Uy vze € E(G), upsvont1 € E(G) and uyr41uz11 € E(G). By the condition of Case 2 there is a closed M-alternating path P, in
G1 connecting vyg and vap1. Then uar vag PrUop 4 1UasC " Uar41Uzs11C Uy, is an M-alternating cycle longer than C, contradicting
the maximality of C. Thus e(Ny(Vo) ™, No(V1)™) = 0. Similarly e(N;(Vy)~, N;(V;)™) = 0 and Claim 1 holds. O

Case 2.1. t; or t3 > 0. Without loss of generality suppose t, > 0.

Case2.1.1.t; = m.
The vertex set {uy;, 0 <i < m — 1} is a cut set of G with size m < v/2, contradicting « (G) > v/2.

Case2.12.0 <t <m.

There must exist an r, such that {uy,, uyr11} € 43, {Uzri2, Uary3} € 4,1 = 1, 3 or 4. Hence uy,43 sends some edges
to Vo or V;. Without loss of generality, suppose u,,43 sends some edges to V4, say Uy, 13241 € E(G),0 < g < q— 1. Let
0 < h < q— 1be such that uy, v, € E(G). By the condition of Case 2, there is a closed M-alternating path P; in G; connecting
Uon and VU2g+1-

Now let’s estimate the sum of the degrees of uy,1 and uy. 5.

Since {uyy, Uxr41} € %6, U1 Sends no edge to Gy, the number of vertices in which is 2q. Since u,,,3 sends edges to V1,
{ugri2, Uary3} € 63 O %4, SO Uyr4o Sends no edge to Vp, the number of vertices in which is g.

Note that uy4q1 € No(Vo)™ N No(V;)™, by Claim 1, uy,,; cannot be adjacent to any other vertex in No(Vo)* U No(V;) ™,
the number of which is equal to |[No(Vy) U No(V1)| — 1, thatis, t; + t; + t4 — 1.

If uyr 13 sends no edge to Vy, then uy, 5 € Ny(Vy)™ and uy42 & Ni(Vp)~. By Claim 1, uy,4, cannot be adjacent to any
vertex in N;(Vp) ~, the number of which is t1 + t3. If uy, 1 3 sends some edges to Vy, then uy, 15 € N1(Vp) ™ NN;(V7) ™. Again by
Claim 1, uy,4, cannot be adjacent to any other vertices in N1 (Vp) ™~ UN; (V) ™, the number of which is equal to t; +t3 +t5 — 1.

Suppose there exists an integer ,0 < <m — 1,1 # r, r 4+ 1, such that uyuy 41, Ugr1Uzr42 € E(G). Then

+ +
U Vo P3Vog Uz 3C UppUar p1Ury2Uni1C Uy
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is an M-alternating cycle longer than C, a contradiction. Thus forany 0 < i < m — 1,i # r,r + 1, uyitlar11 & E(G) or

Upip1lzry2 € E(G).
Now we can calculate an upper bound for the sum of the degrees of u,, 1 and uy,45. If uyr4 3 sends no edge to Vp, then

d(uzr1) +d(uzra) <20 —1)—2q—q—(t1+ L+t —1) — (61 +t3) —(m—2)
=2v-=3¢g—-m—(t1+tr+t3+t4—1+1t7)
v+ 2q+2m)—3q—m—(m—1+1ty)
=v—(q+t;—1.
If uyr1 3 sends some edges to Vp, then

d(ugry1) +d(Uzrg2) <20 —1)—=2q—q— (i + b+t — 1) — (1 +t3+t4—1) —(m—2)
—20—3g—m—(t1+b+t+ta— 2+t +tg)

v+ (2q+2m)—3qg—m—(m—2+1t; +ty)

=Vv—(q+t +t4—2).

Since d(uzr41) +d(uzr42) > vwehave (q+t; — 1) < 0or (qg+t; +t4—2) < 0.Butsinceq > 1and t; = t4 > 0, in both
cases we have t; = t; = 0. Therefore, forany 0 <i < m — 1, {uy;, Uzi+1} € %> U 63, hence |(Nc(V(G1))) N {uy;, Uzirq}| = 1.
But then |(Nc(V(G1)))| =m <v/2 —1 < v/2 and Nc(V(Gy)) is a cut set of G, contradicting « (G) > v/2.

Case 2.2. t; = t3 = 0. Then t, = t; = m/2. So m must be even.

Claim 2. For a segment Uty 1Upi2Uzi43 Of C, if {uyy, uzip1} € 61 and {uag2, Uaigs) € 6a ({ua, Unia} € Gaand {ugiya, uzigs) €
%1), then the following statements hold.

(a) INg, (uz)| = 1 and |Ng, (uz143)| = 1. The neighbors of uy and u43 in G; are the endvertices of an edge in M.

(b) uyy4q is adjacent to all vertices in Vg (V1) and uy, 5 is adjacent to all vertices in Vy (Vp).

(¢) uy11 is adjacent to all other vertices in No (Vo)™ (No(V1)™) and uy;,» is adjacent to all other vertices in N1 (V;) ™ (N1 (Vg) ™).

We only prove the situation that {uy, uy1} € % and {uy2, U3} € %4, for the other situation the results follow
similarly. Let vy € Ng, (uy) and vypy1 € Ng,(U243), 0 < g, h < g — 1. By the condition of Case 2 there is a closed
M-alternating path P4 in G; connecting v,g and vapt1. If [P4| > 1, then the M-alternating cycle uyvagPavony1Uair3Ctuy is
longer than C, a contradiction. So P4 consists of exactly one edge in M and g = h. Since vy, and vap41 is randomly chosen
we have |Ng, (uy)| = 1 and |Ng, (uz43)| = 1, thus (a) is proved.

Similar to Case 2.1.2 we count the sum of the degrees of uy1 and uy4;. Since {uy, 41} € €1, Uz41 cannot send any
edge to Vy, so [Ng, (uzi41)| < ¢. Similarly |Ng, (uzi42)| < q. By Claim 1, u4; cannot be adjacent to any vertex in No(V)T,
the number of which is t, + t4 = m/2, and uy;, cannot be adjacent to any vertex in N;(Vp)~, the number of which is
t1 4+ t3 = m/2. For any {uy;, i1} where 0 < i <m — 1,i # L1+ 1, if uyquy € E(G) and uyiaUziq € E(G), then the
M-alternating cycle u2,v2gv2g+1u21+3C+u2iu21+1u21+2u2,-+1C+u2, is longer than C, a contradiction. Thus for any {ua;, Usit1},
0<i<m-—1,i#L1l+ 1, uy1uy & E(G) or Uy4oUsir1 & E(G). Therefore

d(uz1) +d(uag2) <2q+22m—1) — (m/2+m/2) —(m —2) =29 +2m = v.

But d(upiq1) +d(uzg2) > v/2+v/2 = v, thus all equalities must hold. Hence |Ng, (u21+1)| = q and [N, (u2142)| = g and
(b) holds. Meanwhile, except those we excluded above, u,; must be adjacent to all other vertices. Therefore u;, ; must be
adjacent to all other vertices in No(Vp) ™. Similarly uy;,, must be adjacent to all other vertices in N;(V;)™ and (c) holds. The
proof of Claim 2 is complete. O

Case 2.2.1. There exists an integer r,0 < r < m — 1, such that {uy;, U1}, {Uzr42, Uzri3} € €.

We can choose r so that {uy,, U1}, {Uari2, Usri3} € 61 and {Uar 14, Usrys) € €4.By Claim 2 (¢) and (@), tpr41Uzr+3 € E(G)
and |Ng, (Uzr42)| = 1. Let vyg, Von,+1 and vy, 1 be the neighbors of uy;, uy-44 and uyr45 in Gy. By the condition of Case 2,
there is a closed M-alternating path Ps in Gy connecting v,g and vy, 41, and a closed M-alternating path P in G; connecting
V2g and V2hy+1-

If uyryousr15 € E(G), then the M-alternating cycle

Ur42Unr1Uar 43Uz +4V2n, +1Ps U2g U C UnpysUaryn

is longer than C, a contradiction. So uy,1,uUzr45 & E(G). By Claim 1, we have uy,oUz+4 & E(G).
If there exists an integer , 0 < | < m — 1,1 # r + 2, such that {uy, uy11} € %4 and uy42Uz1 € E(G). By Claim 2,
Uyr+4ly € E(G). Then the M-alternating cycle

Upr 42Uz 41U 43U 44U C Uppy 5Vohy 41 Ps Vg Uy C Uppp 1 Uy 2

is longer than C, a contradiction. Thus for all {uy, U1} € €4, Uariauar1 & E(G). But since uy € Nq(Vy)™ and uy 4o €
N;(Vp)~, by Claim 1, we also have uy,,uy & E(G). Therefore u5, 5 has at most 2m — 1 — m = m — 1 neighbors on C. Thus
d(uzr42) <m—141=m < v/2, contradicting d(uy42) > k > v/2.
Case 2.2.2. There does not exist any integeri,0 < i < m — 1, such that

{2, i1}, {U2ir2, Uniy3} € G1.
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Since t; = t; = m/2, there can neither be any j,0 < j < m — 1, such that
{ug), Ui}, {Uzjs, Unjy3} € Ga.

Thus the sets {uy;, U141}, 0 < i < m — 1Dbelong to ¥; and %, alternatively. Without loss of generality suppose {ug, u;} € %3,
then {uy;, usit1} € 61 and {ugit2, Ugir3} € 64, for 0 < i < m/2 — 1. Consider the segment ug4jllgj1Uait2Usit3. By Claim 2
(b), ugi17 is adjacent to all vertices in V;. Consider the segment u4; U4 3Usi+4Usirs. By Claim 2 (a), u4i4, can have only one
neighbor in G;. Thus we have |G;| = 2. G; consists of the edge vov; € M only. N¢(vo) = {ug, Ugir1 : 0 <i <m/2 — 1} and
Nc(v1) = {ugig2, Ugiy3 : 0 < i <m/2 — 1}

For any segment u4;llgi41Usi12Usgi+3 Of C, we obtain another longest M-alternating cycle

/ +
C' = ugivov ugiy3C Uy,

Let G} = G — C’, which consists of the edge u4i;1u4i1> only. Note that when we get here, we have dismissed all other cases.
Therefore, C" and G} must have structures similar to C and Gy, as we have stated in this case. Hence the vertices in the sets
{uai, vo}, {v1, Usir3} and {uy), Upj1}, 0 < j < m — 1,j # 2i, 2i 4 1, are adjacent to uyi4q and uy;4, alternatively, according
to their orders on C’. Thus we have N(u4i11) = {Uait2, Uai, Vo} U {Usgj, Usgiyq : 0 < j < m/2 — 1,j # i} and N(ugiz2) =
{Usit1, Ugiys, v1} U {Ugjqo, Ugiyz 1 0 < j < m/2 — 1,j # i}. Analogous discussion on any segment u4;_Usi—1Usillsi+1 and
UgitoUgiy3Usirallsiys leads to the conclusion that N(ug) = {u4i—1, Usit1, Vo} U {U4j, Ugiyq © 0<j<m/2-1,j#i}and
N(ugir3) = {Ugira, Ugira, v1} U {Ugjpo, g3 : 0 <j<m/2 —1,j#1}.

By the arbitrariness of i, we conclude that all vertices uy; and ug;11,0 < i < m/2 — 1, are adjacent to each other. They,
together with vy, form a complete graph K;,,;1. Similarly, vertices u4;1, and uyiy3,0 < i < m/2 — 1, with vy, form a complete
graph K, 1. These two complete graphs, together with the edges in M, constitute G. Since m is even, let m = 2n then
|G| = 4n + 2. Therefore G € 47 and M is exactly the jointing matching. O

Corollary 4.3. Let G be a k-extendable graph with k > v /4, and M a perfect matching of G. Then G has an M-alternating Hamilton
cycle.

Proof. By Theorem 1.2, either G is bipartite or « > 2k. If G is bipartite, then by Theorem 1.1,§ > « > k+ 1> v/4 4+ 1.
Hence, for any two vertices x and y in different parts of G, d(x) + d(y) > v/2 + 2. By Theorem 2.1, G has an M-alternating
Hamilton cycle. If « > 2k > v/2, then by Theorem 4.2, G has an M-alternating Hamilton cycle or G € §1.1f G € 44, then
|Gl =4n+2,n> 1,s0k > n+ 1.Thus k > 2k > 2n + 2. But G is regular with degree 2n 4 1, a contradiction. So G has an
M-alternating Hamilton cycle. O

5. Final remark
Theorem 4.2 is a special case of the following conjecture.

Conjecture 5.1 (Lovdsz-Woodall). Let L be a set of k independent edges in a k-connected graph G, if kis even or G-L is connected,
then G has a cycle containing all the edges of L.

Professor Kawarabayashi has published [5], which is the first step towards a solution for the conjecture. He is still working
towards a whole proof of the conjecture as we finish the current paper.
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