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1. Introduction

A graph X is said to be self-complementary if it is isomorphic to its complement X€. Similarly, a graph X on an even
number of vertices is said to be almost self-complementary if it is isomorphic to a graph (called an almost complement of X)
obtained from X¢ by removing the edges of a 1-factor of X€. This definition was introduced by Alspach, who also proposed
the determination of all possible orders of almost self-complementary circulant graphs. In [2], this problem was solved
for a particularly “nice” subclass of almost self-complementary circulants (called cyclically almost self-complementary),
while general almost self-complementary graphs, vertex-transitive almost self-complementary graphs, and almost self-
complementary double covers were first studied in [3], [4], and [5], respectively. Almost self-complementary graphs on one
hand represent a generalization of self-complementary graphs to graphs of even order (a generalization that is particularly
suitable for regular graphs) and on the other hand one of the simplest examples of index-2 isomorphic factorizations of
graphs that are not complete.

In this paper, we answer some of the open questions from [3]. In particular, in Section 3 we construct connected graphs of
all possible orders that are fairly and unfairly almost self-complementary, fairly but not unfairly almost self-complementary,
and unfairly but not fairly almost self-complementary, respectively, while in Section 4 we construct regular graphs of
all possible orders that are fairly and unfairly almost self-complementary. In Section 2 we introduce the notation and
terminology, and in Section 5 we construct, for every even order greater than or equal to four, a graph X that is almost
self-complementary with respect to two X-non-isomorphic perfect matchings.
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2. Preliminaries

We begin by reviewing some basic terms from graph theory and setting up the notation before introducing terminology
specific to almost self-complementary graphs. For terminology and concepts from the theory of permutation groups, the
reader is referred to [1]. We note, however, that superscript notation will be used here for group action. That is, if G is a
subgroup of the symmetric group Sym,, acting on a set §2, then the image of a point a € £2 by an element « € G will be
denoted a“.

For a set V, let V® denote the set {{u, v} : u, v € V,u # v}. All graphs in this paper are simple; that is, a graph is an
ordered pair (V, E), where V is any finite non-empty set and E any subset of V. The vertex set V and edge set E of a graph
X = (V, E) will be denoted by V (X) and E (X), respectively. The complement of a graph X = (V, E) is the graph (V, V® —E)
denoted by X€. If v is a vertex of a graph X, then the neighbourhood of v in X (that is, the set of all vertices adjacent to v in
X) is denoted by Nx (v), and its size is the degree of v in X, denoted by degy (v). In these symbols, the subscript X may be
omitted if it is clear from the context what the graph X is. A partition of a set V into subsets of size two is called a perfect
matchingon V.If X = (V, E) is a graph and { a perfect matching on V with £ C E, then we say that { is a perfect matching
inX.

As usual, the symbols K, P, and C, will denote the complete graph with n vertices, the path with n edges, and the cycle
with n vertices, respectively. We shall write G + H to denote the union of the graphs G and H where it is assumed that the
vertex sets of the two graphs are disjoint. For example, P, + K; denotes the graph with four vertices and two adjacent edges.

Let X be a graph with vertex set V of even size and let { be a perfect matching in the complement X€. An almost complement
of X with respect to 4, denoted by AC, (X), is the graph with vertex set V and edge set V® — (E(X) U ). A graph is called an
almost complement of X, if it is the almost complement of X with respect to some perfect matching in X¢. A graph X is said
to be almost self-complementary with respect to a perfect matching 4 in X€ if it is isomorphic to AC; (X). A graph X is called
almost self-complementary if there exists a perfect matching £ in X such that X is isomorphic to AC; (X).

An {-antimorphism of a graph X = (V, E) is any permutation ¢ € Sym,, such that V® is a disjoint union of E, E¥, and {.
By an antimorphism of an almost self-complementary graph X we mean an J-antimorphism of X for some perfect matching 4
in X. An f-antimorphism ¢ of a graph X = (V, E) is called fair if 4 = J, and unfair otherwise. Similarly, an automorphism
o of X is called J-fair if 4* = {.

Let X be an almost self-complementary graph and { a perfect matching in X¢. Then X is called {-fairly ({-unfairly) almost
self-complementary if it admits a fair (respectively, unfair) £-antimorphism. A graph is called fairly (unfairly) almost self-
complementary if it is 4-fairly (respectively, {-unfairly) almost self-complementary for some perfect matching £ in X¢.

We shall now describe two constructions, introduced in [3], that produce new almost self-complementary graphs from
old. They will be used in Sections 3-5 to prove our results. In this paper, by the term ordered bipartition of a set V we mean
an ordered pair (Vy, V,) of subsets of V suchthatV =V, UV, and V; NV, = 0.

Let X and Y be graphs with disjoint vertex sets, and let (U;, U,) be an ordered bipartition of V (X). The skew join of X
and Y with respect to the ordered bipartition (U, U;) of V(X), denoted by (X, (U;, U,)) «Y, is the graph with vertex set
V(X) U V(Y) and edge set E(X) UE(Y) U {xy : x € Uy,y € V(Y)}. We write shortly X «Y for (X, (U, Uy)) «Y if it is
understood what the ordered bipartition is.

Let X and Y be graphs with disjoint vertex sets, and let (Uq, Uy) and (W;, W5) be ordered bipartitions of V(X) and
V(Y), respectively. The partial join of X and Y with respect to ordered bipartitions (U;, U) and (W;, W), denoted by
X, (Uy, Up))e(Y, (Wq, Wy)), is the graph with vertex set V(X) U V(Y) and edge set EX) UE(Y) U {uw | u € Uj,w €
Wi, i € {1, 2}}. We write shortly XY for (X, (U1, U)) (Y, (Wq, W5)) if it is understood what the two ordered bipartitions
are.

The following two lemmas from [3] explain the importance of skew joins and partial joins for constructing almost self-
complementary graphs. The first can be easily obtained from [3, Lemma 3.2] and its proof, while the second was first
published as [3, Lemma 3.5].

Lemma 2.1 ([3]). Let X and Y be almost self-complementary graphs of orders 2m and 2n, respectively. Let (U, U,) be an ordered
bipartition of V(X) such that |U;| = |U,|, and suppose X admits an antimorphism ¢ with UY = U,. Then:

(i) The skew join X «Y with respect to the ordered bipartition (U, U,) of V(X) is an almost self-complementary graph. For any
antimorphism  of Y, the permutation (¢, V) that acts as ¢ on V(X) and as { on V(Y) is an antimorphism of X«Y.

(ii) If max{degy(x) : x € Uy} + max{degy(y) : y € V(Y)} < m + 2n — 2, then every automorphism of X «Y induces an
automorphism of Y.

Lemma 2.2 ([3]). Let X and Y be almost self-complementary graphs with disjoint vertex sets admitting ordered bipartitions
(U1, Up) of V(X) and (Wy, W) of V(Y), and antimorphisms ¢ of X and v of Y such that U;’] = U, and W]'p = Wjy. Let (¢, ¥)
denote the permutation on V(X) U V(Y) that acts as ¢ on V(X) and as  on V(Y). Then:

(i) The partial join X ¢Y with respect to the given ordered bipartitions is an almost self-complementary graph.
(ii) If both X and Y are regular graphs and |W,| = |W,|, then X #Y is also regular.
(iii) If @ and i are fair antimorphisms of X and Y, respectively, then (¢, V) is a fair antimorphism of X ¢Y.
(iv) If at least one of ¢ and v is unfair, then (¢, V) is an unfair antimorphism of X ¢Y.
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Fig. 1. Graphs Dg (the “dipper”), Ws (the “windmill”), and Qg (the “quasicube”).
3. Constructing connected almost self-complementary graphs

In [3, Corollary 3.3], it is shown that fairly and unfairly, fairly but not unfairly, and unfairly but not fairly almost self-
complementary graphs of order 2k exist if and only if k > 1, k > 2, and k > 4, respectively. However, most of the graphs
constructed there to show existence have an isolated vertex. In this section, we constructively determine the necessary
and sufficient conditions on k for there to exist fairly and unfairly, fairly but not unfairly, and unfairly but not fairly almost
self-complementary connected graphs of order 2k. The lemma below will be our main tool.

Lemma 3.1. Let X be an almost self-complementary graph of order 2m, (U1, Uy) an ordered bipartition of V(X), and ¢ an
antimorphism of X with Uf’ = U,. Assume that degy(x) < m for all x € U,. Let Y be a graph isomorphic to K>° with
V(Y) = {y1,y2} and V(X) N {y1, y2} = @. Furthermore, let V; = U; U {y;} for i = 1, 2. Then the following hold:

) X<4Y admits an antimorphism r with V;/' =V,

)degy oy () <m+ 1forally € V,.

) X« is a fairly (unfairly) almost self-complementary graph if and only if X is.
) If X is connected, then X <Y is connected.

Proof. Statement (a) follows easily from Lemma 2.1 (i).

To see (b), note that degy .y (x) = degy (x) < m for all x € U,, and degy .y (y2) = m.

Since Y = K, is fairly almost self-complementary, it is easy to see that a fair (unfair) antimorphism of X gives rise to
a fair (unfair) antimorphism of X «Y. Conversely, let @ be an antimorphism of X «Y. Then degy ., (%) = 2m +2) — 2 —
degy v (i) = mfori = 1, 2.Since degy .y (x) < mforallx € U, and degy .y (x) = degy (x)+2 = 2m—2—degy(x¥))+2 > m
for all x € Uy, we have that {y, y»}® = {y1, ¥»}. Hence @ induces an antimorphism of X, which is fair (unfair) if and only if
@ is. Thus (c) follows.

Statement (d) is easy tosee. W

Construction 3.2. Let Dg (Fig. 1, left) be the graph with vertex set V(Dg) = Z¢ and edge set E(Dg) = {01, 03, 05, 12, 23, 45}.
For k > 3, define the graph D, by
Dakt2 = Do 4K>C.

The skew join is taken with respect to the bipartition (ng, Uzzk) defined recursively by

Us =1{0,1,2} and UZ ={3,4,5},
and
Uhsr = Uy U {yi} fori=1,2, andk > 3,

where y; and y, are the vertices of the new copy of K¢ used to form Doy, = Dy, < K3°.

Lemma 3.3. The graphs Dy, for k > 3, defined in Construction 3.2 are fairly but not unfairly almost self-complementary and
connected.

Proof. It is easy to check that Dg admits a fair f-antimorphism ¢ = (0, 4)(1,3)(2,5) for 4 = {04, 13, 25}, which
interchanges the sets Ug and U62, and that it has no unfair antimorphisms. Moreover, deg, (x) < 3 forallx € U2, and
so Dg satisfies the conditions of Lemma 3.1. By induction, using Lemma 3.1, it now follows easily that each of the graphs Dy
satisfies the conditions of Lemma 3.1 and is fairly but not unfairly almost self-complementary, as well as connected. &

Construction 3.4. Let W (Fig. 1, centre) be the graph with vertex set V(W) = Zg and edge set E(W;) =
{01, 02, 04, 23, 24, 45}. For k > 3, define the graph W5, by
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Waki2 = War <G5

The skew join is taken with respect to the bipartition (V,), V3,) defined recursively by
Vo ={0,2,4} and V¢ =1{1,3,5}

and
Vipo =V Uy} fori=1,2, andk >3,

where y; and y, are the vertices of the new copy of K, used to form Wy, = Wy < K56,

Lemma 3.5. The graphs Wy, for k > 3, defined in Construction 3.4 are fairly and unfairly almost self-complementary and
connected.

Proof. It is easy to check that Wg admits a fair {-antimorphism ¢ = (0, 1, 2, 3,4, 5) and an unfair f-antimorphism
¥ = (0,3,2,1,4,5) for £ = {03, 14, 25}, each of which interchanges the sets V6l and Vg. Moreover, degy, (x) < 3 for
allx V62, and so W satisfies the conditions of Lemma 3.1. By induction, using Lemma 3.1, each of the graphs W5, satisfies
the conditions of Lemma 3.1 and is fairly and unfairly almost self-complementary, as well as connected. =

Construction 3.6. Let Qg (Fig. 1, right) be the graph with vertex set V(Qg) = Zg and edge set E(Qg) = {01, 05, 06, 07,
12, 23, 26, 27, 34, 36, 37, 45}. For k > 4, define the graph Q4. by

Qa2 = Qo <K .

The skew join is taken with respect to the bipartition (Szlk, S%k) defined recursively by
Se=10,2,3,6} and S ={1,4,5,7}

and

Shis = S Ulyi} fori=1,2, andk > 4,

where y; and y, are the vertices of the new copy of K»° used to form Qa2 = Qa <KG>C.

Lemma 3.7. The graphs Qy, for k > 4, defined in Construction 3.6 are unfairly but not fairly almost self-complementary and
connected.

Proof. It is easy to check that Qg admits an unfair £-antimorphism ¢ = (0, 4, 3, 1, 2,5)(6,7) for & = {02, 14, 35, 67},
which interchanges the sets 5; and Sé, and it is proved in [3, Lemma 2.13] that it admits no fair antimorphisms. Moreover,
deggy, (x) < 4forallx € S2, and so Qg satisfies the conditions of Lemma 3.1. Using induction combined with Lemma 3.1,
we can see that each of the graphs Qy satisfies the conditions of Lemma 3.1 and is unfairly but not fairly almost self-
complementary, as well as connected. B

Theorem 3.8. There exists a connected fairly and unfairly (fairly but not unfairly) almost self-complementary graph of order 2k
if and only if k > 3. There exists a connected unfairly but not fairly almost self-complementary graph of order 2k if and only if
k> 4.

Proof. The list of all almost self-complementary graphs of order at most six in [3, Figures 1,2, and 3] shows that there is no
connected almost self-complementary graph of order less than six, and no unfairly but not fairly almost self-complementary
graph of order less than eight. Hence the conditions on k stated in the theorem are necessary. Lemmas 3.3, 3.5, and 3.7 then
prove sufficiency. ®

4. Constructing regular almost self-complementary graphs

In [3, Corollary 4.4] it is shown that there exist regular fairly almost self-complementary graphs of all even orders, and
regular fairly and unfairly almost self-complementary graphs of all orders divisible by eight. In this section we show that
there exist regular fairly and unfairly almost self-complementary graphs of all even orders.

We begin with yet another general construction for almost self-complementary graphs, which, in a special case, yields
regular graphs with the desired property.

Construction 4.1. Let X be any graph. Denote by X; and X4 two isomorphic copies of X, and by X, and X3 two isomorphic
copies of X¢, all pairwise vertex-disjoint. Let ¢; : X — X; fori = 1,4,and ¢; : X — X;“ fori = 2, 3, be isomorphisms. Then
foreachx € V(X) and i € {1, 2, 3, 4}, let x; = ¢;(x). Now define the graph U(X) = (V, E) by
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v=Jve,
i=1

4
E=|JEX) Ufxyizr 1%,y € VX), i =1,3}U{xoys i x,y € V(X), x # y).
i=1

Lemma 4.2. For any graph X, the graph U(X) defined in Construction 4.1 admits a fair antimorphism ¢ = l_[er(X) (X1, X3, X4, X2).
If X has a non-trivial automorphism «, then U(X) also admits an unfair antimorphism ¢ = ]_[XE\,(X) (X1, X3, X4, (X¥)2).

Proof. Define a perfect matching £ in UX) by 4 = {x1x4 : x € V(X)} U {x3x3 : x € V(X)}. It is then not difficult to verify
that ¢ is a fair £-antimorphism of U(X). Similarly, it can be verified that v is an {-antimorphism of U(X).If x € V(X) is such
that X* = y # x, then (x1x4)¥ = X3y # X3X2 50 (X1X4)¥ & 4. Thus  is unfair. W

Theorem 4.3. There exists a regular fairly and unfairly almost self-complementary graph of order 2k if and only if k > 2.

Proof. The list of all almost self-complementary graphs of order at most six in [3, Figures 1 and 2] shows that there is no
fairly and unfairly almost self-complementary graph of order two, and that there exist regular fairly and unfairly almost
self-complementary graphs of orders four and six (namely, K, + K3 and Cg, respectively). It thus suffices to show existence
of regular fairly and unfairly almost self-complementary graphs of all even orders greater than or equal to eight.

For any n > 2, the complete graph K, admits a non-trivial automorphism, and so it follows directly from Lemma 4.2 that
the graph U(K},), as defined in Construction 4.1, is fairly and unfairly almost self-complementary. Moreover, it is not difficult
to see that U(K},) is regular of degree 2n — 1. We thus have regular fairly and unfairly almost self-complementary graphs of
all orders divisible by four.

Fixanintegern > 2 andlet X = K. With the notation of Construction 4.1, let ¢ and v be the fair and unfair antimorphism
of U(X) defined in Lemma 4.2. Let U; = V(X;) U V(Xy) and U, = V(X3) U V(X3), and observe that both ¢ and v
interchange the sets U; and U,. Now let (W;, W,) be an ordered bipartition of K, into two singletons, and construct a
graph Y = U(X)#K,° as the partial join of U(X) and K, with respect to the ordered bipartitions (Uq, Uy) and (W7, W>).
Since the identity permutation on V (K°) is a fair antimorphism of K;¢, it follows from Lemma 2.2 that Y is a regular fairly
and unfairly almost self-complementary graph of order 4n + 2. This completes the proof. ®

Closely related to the result of Theorem 4.3 is the following open problem.

Problem 4.4. Determine the necessary and sufficient conditions on the order of a graph that is fairly but not unfairly
(unfairly but not fairly, respectively) almost self-complementary.

Observe that Problem 4.4 is much more difficult than the result of Theorem 4.3 since showing that a graph X is fairly but
not unfairly almost self-complementary, for example, requires finding a perfect matching £ in X¢ and a fair £-antimorphism
of X, as well as showing that no perfect matching ¢ in X admits an unfair g-antimorphism.

5. Graphs that are almost self-complementary with respect to two non-isomorphic perfect matchings

The list of all almost self-complementary graphs of order at most 6 in [3] shows that each of these graphs is almost
self-complementary with respect to an “up-to-isomorphism unique” perfect matching. In this section we explain precisely
what we mean by “up-to-isomorphism unique”, and show that for each order greater than 6 there exists an almost self-
complementary graph that admits two “non-isomorphic” perfect matchings.

IfX = (V,E) is agraph and { a perfect matching in the complement X¢, then we let X + { denote the graph (V,E U {).

Definition 5.1. Let X be a graph that is almost self-complementary with respect to perfect matchings 4 and g in X. Then
{ and g are called X-isomorphic if there exists an isomorphism from X + £ to X 4+ ¢ that induces an automorphism of the
graph X. Otherwise, £ and ¢ are called X-non-isomorphic.

Below, we construct graphs X that are almost self-complementary with respect to two X-non-isomorphic perfect
matchings (to be proved in Theorem 5.3).

Construction 5.2. Let Z (Fig. 2, left) be the graph with vertex set V(Z) = {x, y, z, w}, edge set E(Z) = {yz, zw}, and ordered
bipartition (Uq, Up) with U; = {x,y} and U, = {z, w}. For every k > 4 we define a graph X5, of order 2k as follows (see
Fig. 2, centre and right). Let

V(Xg) = Zs,

E(Xg) = {03, 05, 07, 12, 13, 14, 25, 26, 34, 46, 57, 67},
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Fig. 2. Graphs Z, Xg, and Xjo. The graph Xg (X19) admits two Xg-non-isomorphic (X;o-non-isomorphic, respectively) perfect matchings (solid gray and
dashed edges).

and

V(X10) = Zqo,
E(X10) = {01, 02,03, 08, 15, 17, 18, 23, 24, 25, 37, 39, 45, 46, 47, 59, 67, 68, 69, 89}.

Now, for k > 4 define
Xokya = Z4Xy,

where the skew join is taken with respect to the ordered bipartition (Uy, U,) of Z.

Theorem 5.3. For every integer k > 4 there exists a graph X of order 2k that is almost self-complementary with respect to two
X-non-isomorphic perfect matchings.

Proof. We show that the graphs Xy (for k > 4) defined in Construction 5.2 are almost self-complementary with respect to
two Xy,-non-isomorphic perfect matchings.

First consider the graph Xg. Then 43 = {01, 27, 36, 45} and gs = {02, 15, 36, 47} are two perfect matchings in X¢, and
it is not difficult to check that ¢35 = (2,7)(3,6)(4,5) and ¥3 = (0, 1,2,4,3,7,6,5) are an Jg-antimorphism and Js-
antimorphism of Xg, respectively. So X is almost self-complementary with respect to both g and gs. Although Xg + {5 and
Xg + Js are isomorphic (since ACy, (Xg) = Xg = ACyg, (Xg)), we can show that {g and gz are Xg-non-isomorphic. Suppose
@ : Xg + Jg — Xg + s is an isomorphism that induces an automorphism of Xg. Then Jlg’ = gg, and the subgraph of Xg
induced by the endpoints of the two edges 01 and 36 of 43 must be mapped to a subgraph of Xg induced by the endpoints of
two edges of gg. However, the subgraph of Xg induced by the set {0, 1, 3, 6} is isomorphic to P, + Kj, while it can be easily
checked that no two edges of gg have this property. Hence no isomorphism from Xg + g to Xg + g induces an automorphism
of Xg, and g and Jg are Xg-non-isomorphic.

Next, consider X;o and the perfect matchings 410 = {05, 16, 27, 38, 49} and 410 = {07, 14, 29, 36, 58} in X1o°. It is not
difficult to check that 910 = (0, 1,2, 3,4,5,6,7,8,9) and ¥1o = (1,5, 3,9)(2, 4, 8, 6) are an {p-antimorphism and J1o-
antimorphism of X, respectively. Suppose that there is an isomorphism @ : X;9 + £10 = Xi0 + $10 With 1‘11’0 = J10- As
above, the subgraph of Xy induced by the endpoints of any two edges of £, must be mapped to a subgraph of X;o induced
by the endpoints of two edges of g1o. However, it can be easily checked that the endpoints of any two edges of 41 induce a
graph isomorphic to K; + K3, while the endpoints of the edges 07 and 14 of ¢, for example, induce Ps. Hence 119 and 1o
are X1p-non-isomorphic.

Now, the graph Z defined in Construction 5.2 is almost self-complementary with an antimorphism ¢ = (x, z)(y, w)
that maps U; to U,. Hence, if X is any almost self-complementary graph without isolated vertices (to satisfy the
degree requirement), then by Lemma 2.1, Z«X is almost self-complementary and any automorphism of Z«X induces an
automorphism of X. Moreover, Z«X is connected. It follows that the graphs Xy, for k > 4 are all almost self-complementary
and connected. We have seen above that Xy, for k € {4, 5} is almost self-complementary with respect to two X,-non-
isomorphic perfect matchings J{,; and k. Suppose that this is the case for some k > 4. Since by Lemma 2.1 every
antimorphism of Xy, gives rise to an antimorphism of Z« Xy, the graph X544 is also almost self-complementary with respect
to two perfect matchings far+4 and Joxt4, Where Loy C Joxr4 and Jox C For+a. Moreover, since every automorphism of
Xok+a = Z 4 Xy, induces an automorphism of X,,, no automorphism of X414 can map fak14 to k4. Hence the perfect
matchings far+4 and Jort4 are Xo4-non-isomorphic. By induction, we conclude that each of the graphs Xy, for k > 4 is
almost self-complementary with respect to two X,,-non-isomorphic perfect matchings. =

Note that the graphs Xy, (for k > 4) from Construction 5.2 are all connected. Another (and simpler) way to construct
graphs Yy (for k > 4) that are almost self-complementary with respect to two Y,,-non-isomorphic perfect matchings is to
take Yg = Xg and Y2 = K¢ 4 Y. Observe, however, that the graphs Yy for k > 5 all have an isolated vertex.
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