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1. Introduction

Let G = (V,E) be a finite simple graph of order n, connectivity «(G), and let a, b be a pair of nonadjacent vertices
satisfying the condition d(a) + d(b) > n. Bondy and Chvatal [7] observed that G is hamiltonian if and only if G + ab is
hamiltonian. This observation motivated the introduction of the concept of the k-closure C,(G) of G, for a given positive
integer k. The graph Ci(G) is the graph obtained from G by recursively joining pairs of nonadjacent vertices whose degree
sum is at least k. This graph is unique and polynomially obtained from G. For a number of various properties of a graph G on
n vertices, they showed that it is possible to find a suitable integer k, such that if G has property P(k), so does Ci(G).

In [3], we showed that the condition d(a) 4+ d(b) > k can be replaced by a better one: d(a) + d(b) + |Q(G)| > k, where
Q(G), depending on k, is a well defined subset of vertices nonadjacent to a, b. This closure condition is named “B-dcc” for
B-degree closure condition. The graph corresponding to C(G) is denoted as dCy(G). The B-dcc condition is derived from a
result obtained in [1] and improved in [2]

In this paper, we consider another condition, different from the B-degree closure condition, still obtained as a relaxation
of the result obtained in [1] and [2]. Our new condition, named “B-ncc” for S-neighborhood closure condition” consists in
replacing the condition d(a) +d(b) + |Q(G)| > kby |[N(a) UN(b)| 4 845 + €ap > k, where 8,5 = min {d(x)|a, b &€ N(x) U {x}}
and g4, is a well defined binary variable, with the additional condition that G is (2 4+ k — n)-connected. The condition on
connectedness is not a real constraint as it is in fact a necessary condition for each one of the properties considered. The
corresponding graph closure will be denoted by NCy(G). Clearly the “B-ncc” condition can be checked in polynomial time
and NG(G) is unique. Faudree et al. [9] defined a neighborhood closure based on the condition |[N(a) U N(b)| > k'. The
corresponding closure graph is denoted as Ny (G). We would like to point out that the two graphs NC,(G) and Ny (G) are
different. Given a property P of G, k has the same value in NC,(G) and C,(G) but is different from k’, used to construct N (G).

For the particular case of the hamiltonicity property, the “B-ncc” was used to obtain a large number of extensions of
known sufficient conditions (see [5,6,10]).
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Throughout, we shall be concerned with properties which are preserved by addition of edges. In particular the complete
graph has all these properties.

To state the different new conditions and to relate them to existing ones, we need some preliminary definitions and
notation.

2. Definitions and notation

We use Bondy and Murty [8] for terminology and notation not defined here and consider simple graphs only. Let
G = (V,E) be a graph of order n > 3. The set of neighbors of a vertex v € V is denoted N;(v) and d¢(v) = |Ng(v)| is
the degree of v. Paths and cycles in G = (V, E) are considered as subgraphs and for simplicity we use the same notation to
mean a subgraph, its vertex set or its edge set. If A is a subset of V, G[A] will denote the subgraph induced by A.

With any pair (a, b) of nonadjacent vertices and a positive integer k we associate:

(1) 0an(G) == dg(a) + dg(b), var(G) = |Ng(a) U Ng(b)|.
(ii) Aap(G) == [Ng(a) N Ne(b)|, Tap(G) := {x| a, b & N(x) U {x}}.
(iil) Qap(G) = {x € Tap | dc(x) + Yar(G) + €ar(G) > k} for Top # @.
(iv) 8ap(G) = min {d(x) | x € Ty} for Ty # @ and &3, (G) := 84, (G) + €4y (G),

where g5, (G) is a binary variable such that g,,(G) = 0 iff the following two conditions are both satisfied:

e dc(X) + Yap(G) = k — 1 holds for all x € Tgp.
e Ty, is either an independent set or a clique.

If Ty = @, we simply set §7,(G) = «(G) > k+2 —nand Qy = @.
For simplicity of notation we omit ab and/or G if no confusion can arise. In [1], we proved:

Theorem 1. Let G be a 2-connected graph of order n and let d{ <...< leT‘ be the degree sequence (in G) of the vertices of the
set T.If

d’ > 2 4 |T|is true for all i with max(1, Agp — 1) <i<torT = & (1)
then G is hamiltonian if and only if G 4 ab is hamiltonian.
In [2], we improved Theorem 1 as follows:

Theorem 2. Let G be a 2-connected graph of order n and let d{ <--- < leT‘ be the degree sequence (in G) of the vertices of the
set T.If

diT + eqp > 2+ |T| is true for all i with max(1,Agpp — 1) <i<torT =g (2)
then G is hamiltonian if and only if G + ab is hamiltonian.

This new condition, referred to as the “B-cc” for “B-closure condition” has two strong relaxations:

e Adegree closure condition (8-dcc) involving the degree sum oy, of (a, b), corresponding to the case max(1, A — 1) =
Map — 1. This is the condition considered in [3].

e Aneighborhood closure condition (8-ncc), involving the neighborhood union y, of (a, b) and corresponding to the case
max(1, Asy — 1) = 1, which is the subject of this paper.

Asin [7], we use:

Definition 1. Let n, k be positive integers and let P be a property defined for all (2 4+ k — n)-connected graphs of order n.
Let a, b be two nonadjacent vertices satisfying the condition

P(k) : vap(G) + 8:;1, > k. (%)

Then P is k-neighborhood stable if whenever G+ ab has property P and P (k) holds then G itself has property P. We denote
by NC,(G) the associated k-neighborhood closure.

The proposition below is an easy adaptation of Proposition 2.1 in [7].

Proposition 1. If P is k-neighborhood stable and NC,,(G) has property P then G itself has property P.
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3. Main results

In this section, we investigate the stability of a number of properties of graphs which remain in any supergraph of G (a
graph obtained from G by addition of edges). Most of these properties are studied in [7] and a few in [9]. We also provide new
properties. Throughout, (a, b) is pair of nonadjacent vertices of a graph G satisfying the condition (x) for a given positive
integer k. For each one of the properties P considered we fix k so that G has properties P whenever G + ab does. For all
properties considered in this paper and in [7], the parameter k for constructing NC(G) and Ci(G) is the same. It is also the
same for constructing dCi(G), introduced in [3]. Throughout, S C V denotes a subset with s vertices.

Theorem 3. The property of being hamiltonian is n-neighborhood stable.

Proof. Assume, to the contrary, that there exists a 2-connected graph G with two nonadjacent vertices a, b such that
Yab(G) + 87, > n, G + ab is hamiltonian but G is not. So T # @ by Theorem 2. As clearly 2 + |T| + v, = n we get
Yab(G) + 8, > n = 83, > 24 |T|. Thus (2) holds for any x € T and G is hamiltonian by Theorem 2, With this contradiction,
Theorem 3 is proved. W

Remark 1. For this property, the Faudree et al. closure is N,_,. This is a very restrictive case as we must have T = @ in
order to add ab to the graph N;,_,. Therefore N,_, C NC,(G). In [9], it is proved that C,(G) # K; = N,_2(G) # K. This is
no longer the case if we compare C,(G) and NC,(G). For instance if G = Cg then it is easy to check that Cg(G) = Cs while
NCs(G) = K. The same conclusion is reached if G = K7 + e where e is any extra edge. As a last example, consider the graph
G' = G+ K; where G is the Petersen graph. By Theorem 3, G’ is hamiltonian since for any pair (a, b) of nonadjacent vertices
it is easy to check that y,,(G') = 6, 8o = 4 and £4,(G’) = 1. Thus NC1;(G') = K;; while C11(G) = G'.

Let 1 (G) denote the minimum number of disjoint paths covering all vertices of G.

Corollary 1. The property “u(G) < p”is (n — p)-stable.

Proof. Consider the graph G + pK; and use Theorem 3. H
Corollary 2. The property of containing a hamiltonian path is (n — 1)-neighborhood stable.

Remark 2. Let G be the Petersen graph. Clearly NCg(G) = K;¢ and hence it is traceable by Corollary 2.

The graph G is S-hamiltonian if it remains hamiltonian whenever a set W C S of vertices of S are removed. We simply
say that it is s-hamiltonian if we are only interested by the number s instead of the set of vertices. It is known that G must
be (2 + s)-connected.

Theorem 4. Let n, s be positive integers with 0 < s < § — 2. The property of being S-hamiltonian is (n+s)-neighborhood stable.

Proof. Considera[(2+ (n+5s) —n) = (2 +s) < §]-connected graph G and let H := G — W for some set W C S. Clearly H
is 2-connected. Suppose that a, b are two nonadjacent vertices such that yu,(G) + 8, > n+ s, H 4 ab is hamiltonian but H
is not. Put y,,(H) = ya(G) — |W| + 61 and 845 (H) = 845(G) — |W| 4 6,. Obviously 6, and 6, are nonnegative integers. By
Theorem 2, ygp (H) + §ap(H) + €a(H) < |H| = n — |W| since H is assumed nonhamiltonian. Therefore

Yab(G) + 8ap(G) — 2 |W| + 01 + 0, + eqp(H) < n — [W]. (3)
It follows that
s —&ap(G) + 61 + 02 + eap(H) < [W]. (4)

As W C S, this inequality implies
W =S5, 61 =06, =0, eap(H) =0 and e4(G) = 1. (5)

Since 6; = 0, then yg(H) = y(G) — |W|, thatis W C N(a) U N(b). Thus T(H) = T(G), in which case g, (H) = &4 (G).
This contradicts (5). The proof is now complete. H

Corollary 3. Let n, s be positive integers with 0 < s < § — 2. Then the property of being s-hamiltonian is (n + s)-neighborhood
stable.

We say that G is S-cyclable (resp., S-traceable) if it contains a cycle C (resp., a path) with all vertices of S.

Theorem 5. The property “G is S-cyclable” is n-neighborhood stable.
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Proof. Suppose that G is 2-connected, (G+ab) contains a cycle C such that S C V(C) but G does not. Then a, b are connected
byapathm :=ay...q, witha = ay,b = a,, n > p > s. Without loss of generality, assume that 7 has a maximum length. If
|C| = n, then G is hamiltonian by Theorem 3 and hence S C V(C). For the sequel we may assume thatR := V\V (r) # @. For
simplicity we also denote G [R] by R. Note that there is no (a, b)-path with all internal vertices in R for otherwise we have a
contradiction. Therefore G[V (C)] is 2-connected whenever G is 2-connected. Without loss of generality, we may assume that
d(ay) = 2.1If, for instance d(a,) > 2, then we add a new vertex a’ and join it to a and a,. For this new graph G’ we obviously
have 8%, (G) = 8},(G') and ya(G) + 83, (G) = n implies yu(G') + 8,,(G)) = |G'|. Moreover the segment aa’a, belongs to
any hamiltonian cycle of G'. It suffices then to remove a in order to get a hamiltonian cycle in G. Similarly we may assume
d(a,—1) = 2. For simplicity, we shall use the notation G, 7 even if we modify G. Moreover we denote by F the set of edges
of type ag; (resp., ba;) with a; € T and Ng(a;) N Ng(a) # @ (resp., Nr(a;) N Nr(b) # @) and we consider the graph G’ = G+ F.
Again, we show that no edge of F belongs to any hamiltonian cycle of G'. Indeed suppose that a hamiltonian cycle C’ such
that E(C") N F # @ exists. Without loss of generality suppose aq;, j > 2, is an edge of E(C’) N F. Since dg (a2) = dg(az) = 2
then a is incident to at most one edge of F. Replacing ag; with aua;, u € Ng(a) N Nr(q;), we get a cycle of greater length,
a contradiction. Here again and for simplicity we still denote by G the original graph or the modified one. In this modified
graph, we note that N(x) N (N(a) UN(b)) C V() holds for any vertexx € T NV (;r). Now y4(R) + [T NR| = (n — |H|).
Moreover yas(H) = a(G) — yap(R) and 8a(H) > 845(G) — |T N R. Thus

Yab(H) + 8y (H) = yan(G) + 8ap(G) — (Yan(R) + [T NR]) (6)
= n—(n— H|) — &w(G) = [H| — €0 (G). (7)

As H is assumed nonhamiltonian, we have yu,(H) + 8ay(H) + €4y(H) < |H| by Theorem 3. Comparing the two inequalities,
we get gqp(H) = 0 while £4,(G) = 1and 85 (H) = 845(G) — |T N R|. Clearly |T N R| > O for otherwise T(G) = T(H)
in which case 4,(G) = 1 = g (H) = 1. If g45(H) = 0 then dg(x) — |T N R| = dy(X) = 84, (H) holds for all x € T(H).
Moreover either T(H) is an independent set or a clique. One can easily check that T (H) cannot be a clique for otherwise T (G)
would be a clique and &4, (G) = 0. Thus T (H) must be an independent set with at least two vertices. Consider now the graph
G' := HU{x1x,}, where x1, x, are vertices of T(H). Now, £4,(G’) = 1 and hence G’ has a hamiltonian cycle C’ by Theorem 3.
Since H is assumed nonhamiltonian then x;x, € E(C’). But then replacing x;x, by x;yx, where y is any vertex of T N R, we
seethat H C V(C")and S C V(C’). So, in either case G is S-cyclable, a contradiction which proves the theorem. H

The S-circumference, denoted by c¢s(G), is the length of a cycle of G containing a maximum number of vertices of S. If
S = V then ¢(G) denotes the circumference of G. The following corollaries are straightforward.

Corollary 4. Let n, s be positive integers with 3 < s < n. Then the property cs(G) > s is n-neighborhood stable.
Corollary 5. Let n, s be positive integers with 3 < s < n. The property c(G) > s is n-neighborhood stable.

Corollary 6. Let us have S C V(G) with s vertices, 3 < s < n. The property “G is S-traceable” is (n — 1)-neighborhood stable.

Proof. Consider the graph H = G + K;j. Then y,(H) + 8a(H) + €ap(H) > n 4+ 1 = |H|. As clearly g4,(H) > &4,(G) by
construction, and y,,(G) + 845(G) + €45(G) > n — 1 by hypothesis, we get

Yar(H) + 8ap(H) + ep(H) = n—14+2=n+1= |H|. (8)

The conclusion follows from Theorem 5. W

Theorem 6. Let n, s be positive integers such that s + § > n + 2. The property “G[S] is hamiltonian” is (2n — s)-neighborhood
stable.

Proof. Set H = G[S] and suppose H nonhamiltonian. Thus G cannot be (V \ S)-hamiltonian. By Theorem 4, the property is
notn + (n —s) = (2n — s)-neighborhood stable, a contradiction to our hypothesis. ®

Corollary 7. Let n, s be positive integers with s + 8 > n + 2. Then the property of containing C; is (2n — s)-neighborhood stable.

Proof. If G contains C; then it must have the property “G[S] is hamiltonian” where S is any set with s vertices. The conclusion
follows. ®

Theorem 7. Let n, s be positive integers with s < Z. Then the property of containing sK, is (2s — 1)-stable.

Proof. Suppose that Gis 2 + (2s — 1) —n = (2s + 1 — n)-connected, G + ab contains an sK, but G does not. Then there
exists an (s — 1)-matching {a by, ..., as_1bs_1} in G and an s-matching in G + ab. Fori € [1, s — 1] we set

A = {a;}, B .= {b;}, D:=V\(AUBU{a,b}) 9
M = {ablic[1,s—1]}, M ={a bj}. (9)
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An M-augmenting path is a path of even length with endpoints in D U {a, b} and whose edges are alternately in E — M
and M. To avoid a contradiction, we obviously assume that G contains no M-augmenting path. Moreover D U {a, b} must be
an independent set for otherwise an s-matching would exist in G. We need two cases:

Case 1.n > 2s(thatis D # o).
As a first step we prove that

eap(G) =1 andforallx € T and foralli € [1,5 — 1]

we have [M; N (N(a) UN(b))| + dy,(x) = 2. (10)

Choose any vertexx € D.Clearly [IMiN(N(a)UN(b))| < 2anddy,(x) < 2.If, forinstance, a;x € E thenb; ¢ N(a)UN(b) for
otherwise we have an even M-augmenting path with extremities a, x (or b, x). Therefore [M; N (N(a) UN(b))| 4 dp;, (x) < 2.
By summing over all i we get v + d(x) < 2(s — 1). On the other hand dg(x) + ya + €a(G) > 2s — 1 by hypothesis.
Comparing these inequalities we see that (10) holds for any vertex of D. Next suppose that we havey € T\ D,y = by say. If
a; € N(a) UN(b) then by (10), N(x) D {aq, b1}. It is then clear that we can exchange x and y. If b; € N(a) for instance then
by (10), IN(x) N{aq, b1} | = 1.1fxb; € E then we have an even M-augmenting path with extremities a, x. If xa; € E then we
exchange a;b; with a;x, in which case y € D. Thus (10) holds forx € T.

We complete the proof by induction on s. If s = 1 then G = K, since G has no edge while G + ab has one. Clearly
oa = Yap = 0. Pick any vertex x of T. Then d(x) 4+ Ya» + €ap = €ap > 1. Therefore g4, = 1. This is a contradiction since
G = K, = &4, = 0 by definition of &g5. Suppose now that G has an sK, with s > 1. Assume first that, for some i and for some
x € D, we have either M; C N(a) UN(b) or M; C N(x). The graph G’ = G — M; satisfies the hypothesis of the theorem since
by (10), Y (G) 4+ d/(¥) = Yar(G) + dg(y) — 2 must be true for all y € T. By induction hypothesis G’ has an (s — 1)K, and
hence G has an sK,. Suppose now that for all i, we have dy, (x) = 1and |[M; N (N(a) UN(b)) | = 1. Without loss of generality,
suppose that A = N(a) U N(b). Then necessarily N(x) = A for all x € D since if for instance xb, € E then either xb,a;a or
xbia1b is an even M-augmenting path. Therefore N(x) NB = @. As clearly we can exchange any b; with x, then N(y) N\B = @
foranyy € T. Since y,, = s — 1 we get d(y) = s — 1. In conclusion N(y) = A must be true for any y € T. This means that T
is an independent set and hence &,, = 0. This completes the proof of this Case.

Case 2.n = 2s (thatis D = @).

Now G mustbe (k+ 2 —n = 2s 4+ 1 — n = 1)-connected. For this case, we use part of the argument of Faudree et al. [9]
in the proof of their Theorem 2. Assuming that G + ab has a perfect matching but G does not, then G + ab satisfies Tutte’s
Theorem [11] but G does not. Then there exists a subset R C V withr > 1 vertices such that G— R has r + 2 odd components
Ci,...,Gypwitha € V(Cryp) and b € V(G4p). Clearly T D V(C) U --- U V(C). Set [V(C)| =14+ 6;forj=1,...,1.As
n = 2s and clearly 6; > 0, we have

.
25 =2+ ya + IT N (VG| +IT NV Cri2) | +ITOR +7+ Y6 (11)
i=1

Combining (11) with the hypothesis yap + €45 + 8ap > 25 — 1, we get

.
ap +8ap = 1+ TN V(G| +ITO V(G| + [TORI+ 1+ 291. (12)

i=1

Suppose first that 6o, < r. Then from (12) we obtain ey = 1, T N (V(Cr41) U V(Cr12) UR) = @ and Zir:1 6; = 0. This
means that N [a] U N [b] = V(G44) U V(G42) UR, inother words T = U[_; V(G;) and |V(G)| = 1fori = 1,...,r. This
implies that T is an independent set, in which case g4, = 0. With this contradiction, we shall assume §,, > 1.

Ifx; € V(G), thend(x;) > §ap, N(x;) € V(C;)) URand hence |V(C)| =14+ 6; > 1+ §g — r. Thus 8y, — r < 6;. Putting
this inequality into (12), we get

€+ (1 =1 —1) Z 1T+ [TN V(G| + TN (V(Ci2))| + [TNR]. (13)

Asdgp > 1 > 1,60 < Tweobtaingy = 1,r = 1,T N (V(G) UV(C3)) UR) = @. Now T = V(Cy). By (12) we derive
8ap = 14 67 = |V(Cy)|. On the other hand 84, < |V(Cy)| — 1+ |R| = |V(Cy)|. It follows that 6, = |V(Cy)| and hence T
must be a clique, in which case g4, = 0. With this last contradiction, the proof is completed. ®

Theorem 7 is a slight improvement of both Theorems 2 and 3 in [9].
Remark 3. Consider again the Petersen graph G. Obviously, it has a perfect matching. By the Bondy-Chvatal result, we have
Ck(G) = Kqp only for s < 3. By Theorem 7, NG, (G) = Kjo for s = 5 since yqp + 8, > 9 = 25 — 1since ygy = 5and gqp = 1.

The same conclusion cannot be drawn from Theorem 3 in [9] since Nys_1_5 = G.

Theorem 8. Let n, s be positive integers with s + & > n. Then the property “a(G) < s”is (2n — 2s — 1)-neighborhood stable.
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Proof. Suppose that «(G + ab) < s while «(G) > s. Then there must exist an independent set W C V with (s + 1) > 3
vertices including both a and b. Choose any vertex x € W\ {a, b}. First we note that y,(G) < |V\W| =n—(s+1). Thus we
need the condition s+§ > n since by definition we must have d¢(x)+ Y4 (G)+&ap(G) > (2n—2s—1).Set 4 (G) = |[VA\W|—-6,
and dg(x) = |V \ W| — 6,. Obviously 6, 6, are nonnegative integers. Then 2|V \ W| — (81 + 65) + € (G) > 2n —2s — 1).
As|V\W|=n—(s+1),weget2(n— (s+ 1)) + eq(G) > (61 + 02) + (2n — 2s — 1), thatis £4,(G) > 01 + 6,. It follows
that 6; + 8, = 0 and &4,(G) = 1. Since 8; = 0, we have N(a) UN(b) = V \ W and hence T(G) = W \ {a, b}. Moreover all
vertices of W have the same degree. It is now clear that £,,(G) = 0 since T(G) is an independent set. With this contradiction,
Theorem 8 is proved. W

Remark 4. Consider again the Petersen graph G. We know that «(G) = 4. By the Bondy-Chvatal result, we have G (G) =
K10, k = 2n — 2s — 1, only for s > 7. By our theorem, NC(G) = Kj for s = 5.
If G = Gg, then obviously @(Cs) = 3 and NC(Cs) = Kg for s = 3 while C,(G) = K is obtained only fors > 4.

It may happen that, for some specific properties, one can find better closure conditions which allow the definition of a
corresponding graph closure. This is the case for the independence and the connectivity properties considered in [4].

It is also possible to improve Corollary 7 if we adopt the following specific closure condition of Faudree et al. [9] for which
we give a slightly different statement and proof.

Theorem 9. Let G be a 2-connected graph and (a, b) be a pair on nonadjacent vertices satisfying the condition
vap = N — 2(or equivalently T = &). (14)
Then G is [6 — n]-pancyclic (or equivalently s-hamiltonian,0 < s < n — 6)ifand only if G+ ab is.

Proof. If G is [6 — n]-pancyclic, 6 < s < n, then obviously G + ab has the same property. Conversely, suppose, by
contradiction, that G 4+ ab is [6 — n]-pancyclic but G is not. Then, for some s, 6 < s < n, there exists a path 7 := a;a; . . . as,
where a = a; and a; = b. If G[V (;r)] is 2-connected then it is hamiltonian by Theorem 1 since T = &. So, we assume that
G [V (sr)]is not 2-connected and there exists at least one a— b path with all internal verticesin V\V (;r).As N [a]UN [b] =V,
we may choose a shortest path whose length is at most 2. Suppose first that the length is 2 and let auvb be this path. As
V() C N[a]UN [b], we cannot have a; € N(a) and a;_; € N(b) forsomei = 3, ..., s— 1for otherwise G[V (;r)] would be
2-connected. If a4 € N(a) then ay, as € N(a) and G[V ()] — {ay, as} + {u, v} contains a hamiltonian cycle with length s. So
N(a)NV () C {ay, as}.Similarly N(b)NV () C {as_1, a;_2}.IfN(@)NV () D {a, az} and N(b)NV () D {as_1, a;_,} then
G[V(m)]—{az, as_1} + {u, v} contains a hamiltonian cycle with length s. Therefore we may assume N(a) NV () C {ay, as}
and N(b) NV () C {as_1}. But then V() C {a, ay, a3, a4, as = b}, a contradiction since s > 6 by hypothesis. The same
arguments lead to a contradiction if a, b are connected by a path aub instead of auvb. Note that if G is [6 — n]-pancyclic, it
is also s-hamiltonian,0 <s<n—6. W

Corollary 8. Let G be a 2-connected graph. Then G is [6 — n]-pancyclic (or equivalently s-hamiltonian, 0 < s < n — 6) if it
contains an (a, b)-hamiltonian path such that T = @.

4. Open problems

A caterpillar is a particular tree which results in a path when its leaves are removed. The spine of the caterpillar is the
longest path of it. The graph G is called S-caterpillar spannable if it has a spanning tree that is a caterpillar, whose leaves are
the vertices of S.

Problem 1. Let S C V(G) with s vertices, 2 < s < n. Then the property “G is S-caterpillar spannable” is (n + s — 1)-
neighborhood stable.

Let F C E be a set of edges such that the components of the graph (V, F) are vertex disjoint paths. A graph G is Hamilton-
connected if, given any two vertices x and y of G, there is a hamiltonian path in G with ends x and y. The graph G is defined
to be |F|-Hamilton-connected if for each pair (x, y) of vertices there is a hamiltonian path with endpoints x, y that contains
F.

Problem 2. The property “G is F-Hamilton-connected with |[F| < n — 4" is (n + |F| + 1)-neighborhood stable.

An s-factor of a graph G is a spanning s-regular subgraph.

Problem 3. Letn, s be positive integers with 2 < s < n.Then the property of having an s-factor is (n+2s—4)-neighborhood
stable.
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