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1. Introduction

For a real or complex parameter «, the higher order Bernoulli polynomials B,(f’) (x) and the higher order Euler polynomials

E,ﬁ“) (x), each of degree n in x as well as in «, are defined by the following generating functions (for details, see [11, Section
2.8] and [13, Section 1.6]):

t “ Xt __ S () t"
(et—1) e =) B (0 (It <27), (1.1)
n=0
o o0 n
2 e = ZE(“)(x)t—, (It] < 7). (1.2)
et +1 — n!

(In fact, the order « in Egs. (1.1) and (1.2) can also be p-adic or indeterminate, as occurs in the paper of Adelberg [2], and the
only necessary condition is that « should lie in a commutative ring with unity.) Clearly, for all nonnegative integers n, the
classical Bernoulli polynomials B, (x) and the classical Euler polynomials E, (x) are given by

By(x) :=B"(x) and E,(x) :=E{(»), (1.3)
respectively. Moreover, the classical Bernoulli numbers B, and the classical Euler numbers E, are given by

1
B, :=B,(0) and E,:=2"E, <5) Y
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respectively. These polynomials and numbers have numerous important applications in combinatorics, number theory and
numerical analysis. Therefore they have been studied extensively over the last two centuries.
From definition (1.3) and generating functions (1.1) and (1.2), it is easily observed that

n

n .

By(x +y) = k;(k)sk(x)y k (15)
. n n—K

En(x +y) =’;(k)5k(x)y k. (16)

These two identities will be frequently made use of in the next two sections. Additionally, we have B,(.,O) x) = E,ﬁo) (x) = x".
The power sums and the alternate power sums are respectively defined by

n

Sm =" Tm =) (D', (1.7)
i=0

i=0
and their exponential generating functions are
o) l.'k e(n-H)t -1 e tk 1— (_et)n+1
Se()—~ = ———, Te(M) o~ = ————. (1.8)

; k! et —1 ; k! 1+et
The following are some special values:

5¢(0) = Ty (0) = 80.’(!

S =0"+1"=8+1, T(D)=0"—1"=80, — 1, (1.9)

where §; j is the Kronecker delta defined by §;; = 1and §;; = 0 fori # j.
It is well known that the power sums and the alternate power sums are closely related to the Bernoulli polynomials and
the Euler polynomials, respectively, as follows (see [1, Eq. (23.1.4)]):

n
x  Brr1(n+1) — By
Sm) =y i = :
i=0 k + 1

Ex(n+ 1) + (—=1)"Ex(0)
2

n
(=D)"T(m) = Y (—D)" " = :
i=0
where n and k are nonnegative integers. Therefore, it will be instructive and interesting to do some further research on the
relations between these famous combinatorial sequences. Now, let us briefly introduce some results of this subject.
In [12], Namias derived the following two recurrence relations for the Bernoulli numbers Bj:

1 m-1 m
Bp=-— 2"( )B,
m 2(1—2m); k) k
1 m-1 m
By=— 3"( )B 14 2™k,
m 3(1_3,“); k k( + )

He conjectured that an infinite number of such recurrence relations can be obtained.
Subsequently, the formula

— 1 = k(M - m—k
Bm = mza (k)Bk;l (1.10)

k=0

where m and a are positive integers with a > 1, was proved by Deeba and Rodriguez [7], Gessel [8] and Howard [9]. Howard
also established similar recurrences for the Genocchi numbers [9] and the degenerate Bernoulli numbers [10]. Recently,
Howard and Cenkci further extended the study to the higher order degenerate Bernoulli numbers [4].

Recurrence (1.10) can be rewritten as the identity below:

. n
Bi=Y (k) a1BS, i (a—1).

k=0
Tuenter [15] found that this identity is a special case of the following symmetric one

Xn: (L)@ B sa—1) = Z ()b B s — 1. (1.1

=0 % =0
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where a and b are positive integers and n is a nonnegative integer. Most recently, Tuenter’s result was generalized to the
higher order Bernoulli polynomials by Yang [17] and to the degenerate Bernoulli polynomials by Young [18].

From the results referred to above, we can see that most of them are related to the Bernoulli numbers and their various
generalizations. Thus, it is natural to consider the problem of whether the Euler numbers and their generalizations satisfy
similar identities. In Section 2, we will discuss this problem in detail, by means of the expansions of the hyperbolic cotangent
and of the hyperbolic tangent. In Section 3, we present some mixed type identities, i.e., identities involving both the Bernoulli
polynomials and the Euler polynomials. Additionally, we list explicitly there the well known multiplication formulas and
several similar ones. For completeness, we demonstrate the corresponding identities for the Genocchi polynomials in
Section 4. Finally, in Section 5, we study briefly the higher order degenerate Bernoulli polynomials.

2. Identities related to the Euler polynomials

The study of Section 2 is based on the generating function
eabxt(l _ (_ebt)a)eabyt
(eat + ])m(ebt + 1m !

gt) =

2.1. The first part for the Euler polynomials

In this subsection, we focus on some identities containing the (higher order) Euler polynomials and the alternate power
sums.

Theorem 2.1. Forintegersn > 0,a > 1and b > 1, if a and b have the same parity, then we have

i (k) " *bE™ (bx )Z < ) Tia— DE™ " (ay) = i(k) bk E™ (ax) Z( ) Tib — DE™ " (by). (2.1)

k=0 k=0

Proof. We first use (1.2) and (1.8) to expand g(t) as

gt) = ! 2 " eabxt 1- (_ebt)a 2 e aabyt
22m—1 eat +1 1+ ebt ebt +1

= 2231_1 (Zfém’(b )(at) ) (ZT( - 1)( )n) (ng (g )(bf)”)
0
1 & /(& )
2 (Z (k) a" " (b) Z( )T,(a — DE™ 1)(ay)> % (2.2)
n=0 !

k=0

Note that if a and b have the same parity, then g(t) is symmetric in a and b. Thus, we may also expand g(t) as

80 = 22m 1 Z (Z( )t kE(’"Max)Z( )T,(b— DE™ ”(by)>;n,

Equating coefficients of t" /n! in the right-hand sides of the last two equations gives the identity of the theorem. 0O

Remark. It should be noticed that the variables x and y in the right-hand side of identity (2.1) can be exchanged, and similarly
for many results in the current paper. However, for simplicity, we will not discuss this case further.

Puttingm = 1and y = 0 in Theorem 2.1 yields the corollary below.

Corollary 2.2. Forintegersn > 0,a > 1and b > 1, if a and b have the same parity, then we have

n

3 (Z) D E (DX) Ty (a — 1) = Zn: (Z) b*a"KE (ax) Ty (b — 1). (2.3)

k=0 k=0
Corollary 2.3. For any nonnegative integer n and any positive odd integer a, we have

En(ax) = ) (Z) a“Ec®) Tk (a — 1). (2.4)

k=0
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For any nonnegative integer n and any positive even integer a, we have

Ey(ax) — E, (ax n g) - Z (Z) (g)kfk(zx)rn,k(a —). (2.5)
k=0

Proof. (2.4) can be derived from (2.3) by putting b = 1. To prove (2.5), note that when b = 2, the right-hand side of identity
(2.3) turns into

i (1) 2" Ban Ty = 2 Z (%) (§>H E(ax) (0" — 17%)

=0 k=0
=" ’Z:; (Z) Ex(ax) (O”_" - (g)n_k) .

Making use of identity (1.6) and combining with the left-hand side of (2.3), one can obtain the desired result
immediately. O
According to [16], the hyperbolic cotangent satisfies
e% +1 2" Bor + B (1) 952 B+ Ba(1) ooy
ez —1 - n;] (n+1)! Z n!
from which we can obtain the following theorem.

cothz =

(2.6)

n=0

Theorem 2.4. Forintegersn > 0,a > 1and b > 1, if ais odd and b is even, then we have

Z(k) " *bE™ (bx )Z( )T,-(a DE™ " (ay)

k=0

N n +1 T l n—k gk (m) (m—1)
=-2 E a b"*a"E,"} (ax) E Ti(b — 1)E,_; “(by).
n+1 = \k

1=0,l1#n

Proof. When a and b have different parity, g(t) is not symmetric in a and b, so we have

-1
gt) = 71 2 " edbxt 1—(—e")’ 1— (—e)° 2 " eabyt
22m—1 ebt +1 1+ eat 1— (_eat)b eat +1

1 (&, GO (S (at)" B+ Ba(1)
= 22m—1 (ZE( )(ax) ) (nX_;Tn( ! ) < Z l (abt) l)

n=0

(ZE““ Doy " )

n=0

0

Equating coefficients of t" /n! in the last equation and Eq. (2.2), and making use of the identity B,(1) — B, = 8,1 forn > 0,
we can obtain the final result. O

Setting m = 1andy = 0 in Theorem 2.4 gives the following corollary.

Corollary 2.5. Forintegersn > 0,a > 1andb > 1, if ais odd and b is even, then we have

n n+1 i
1\ Buy1— 1
2 (et n= 2 5 (") e () e
k=0

k=0 1=0,ln

Corollary 2.6. For any nonnegative integer n and any positive even integer b, we have

En(bx) = —2 f: ("H) ”“’2’:<l>b"—"£ X)Te(b—1) (2.7)
" n+1 & \k ISk ’ )

1=0,1n
En(20) = 2" i (” i ]) Seited (E, <x+ 1) —E,<x)), (28)
10 Ten l n+1 2
E (0) =2 % ( ) 2l on=lg _ 2nE(0)). (2.9)
n+1

1=0, I£n
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Proof. The substitution a = 1in Corollary 2.5 gives identity (2.7). By putting b = 2 in (2.7) and taking into account Eq. (1.6),

one has (2.8) as an immediate consequence. Finally, it can be found that the x = 0 case of (2.8) is identity (2.9).

According to [16], the hyperbolic tangent satisfies

e o0 2n+1 2n+1 — 1B
tanhz = — Z ( ) n+1 _p
n+ 1!

Since E, (0) = z“;ﬂ“)BnH forn > 0 (see [1, Eq. (23.1.20)] and [14, Eq. (41)]), then

(22)"
T

o0
tanhz = — ) " E,(0)
n
n=1

Similarly to Theorem 2.4, the following result can be established.

Theorem 2.7. Forintegersn > 1,a > 1and b > 1, if ais even and b is odd, then we have

n

k
K
> (") A" BE () Y ( f) Tia — DE; " (ay)
k=0 k i=0 !
n n—I| I ! n—k kp(m) : k (m—1)
(l)En,,(O)a S () o dEn @Yy () Tib - DET V.
k=0 i=0

n—1

1=0
The following are special cases of Theorem 2.7.

Corollary 2.8. Forintegersn > 1,a > 1andb > 1, if ais even and b is odd, then we have

n n n— n—1 n .
’Z:(; <k> a*b" K E (bX)Ty_(a — 1) = ; (k) B E (ax) (B, (0) — T (b — 1)).

Proof. Puttingm = 1and y = 0 in Theorem 2.7 gives

n—1

I - !
Z (Z) akb”_"Ek(bx)Tn,k(a -1 = Z (7) Enil(o)an—l Z (1> b""“‘a""Ek(ax)Tl,k(b —-1
k=0

k=0 =0
1

3

k=0

Making use of (2.4), one has identity (2.12) finally. O

Corollary 2.9. For any positive integer n and any positive odd integer b, we have

b n—1 n b k
En(bx) — E, <bX + 5) = Z <k) <5> E(2%)(En—(0) — T—i(b — 1)),

k=0

n—1

En() — E (x + %) = () 2 E@oEO.

k=0

n—1

E=—_ () 2EBOE (0.

k=1

k
M\ k n—k \C n—k n—I
() pa ™ E@o Y (| ) o E O Tk = 1.
K =k — K

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Proof. When a = 2, identity (2.12) reduces to (2.13). Putting b = 1 in (2.13) yields identity (2.14). The further substitution

x = 0in (2.14) gives identity (2.15). O
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2.2. The second part for the Euler polynomials

The identities demonstrated in this subsection do not contain the alternate power sums, but the readers can find that
they are associated with the multiplication theorem for the Euler polynomials.

Theorem 2.10. For integersn > 0,a > 1and b > 1, if a and b have the same parity, then we have

Z( ) b kz( 1)E<m) <bx+ )E(’“ D (ay) = Z( )bk n— kz( 1 E(m) (ax+ )E(’" D (by).
Proof. We expand g(t) as follows:

k=0
; 2 " axe (1 (= eb[)a> < ) eabyt

g() 22m—1 (eat + 1) e < 1+ ebt et 11

! 2 abx i \bti
:W<ear+l> b[(z( D bt) <ebt+ )

1 a—1 b i
= St (Z( 1)'( (b ) ( aatyt
= % < . (_1)! E}(]m) (bx—l— 1) (le ) (ZE(m ])( )(bt) )
i=0 n=0
- #Z (Z( ) a“b"” ’{Z( E™ (bx+ >E(m U(ay)) t" o
n=0 \k=0

According to the conditions of the theorem, g(t) is symmetric in a and b, so we also have

gt) = 22;—_1 ; (;( )b" @ kZ( 1 E(m) (ax+ )E,Emkl)(bJ’)) %"‘

By equating coefficients of t" /n! in the right-hand sides of the last two equations, the identity can be obtained. O

aby[

When m = 1and y = 0, Theorem 2.10 yields the following corollary.

Corollary 2.11. Forintegersn > 0,a > 1and b > 1, if a and b have the same parity, then we have

a—1

@Y (1), <bx+ 91) - b”Z( 1E, (ax+ El)

i=0

Corollary 2.12. For any nonnegative integer n and any positive odd integer a, we have

a—1
En(ax) = a" Y (~1)'E, <x + %1) . (2.17)
i=0

For any nonnegative integer n and any positive even integer a, we have

a a\m &3 , 2
E,(ax) — E, (ax+ 5) - (5) ;(—1)15,1 <2x+ Ei) . (2.18)
Proof. Puttingb = 1and b = 2 in Corollary 2.11 will give (2.17) and (2.18), respectively. It should be noticed that (2.17) is
one of the two formulas of the multiplication theorem for the Euler polynomials [1, Eq. (23.1.10)]. O
Theorem 2.13. Forintegersn > 0,a > 1and b > 1, if ais odd and b is even, then we have

n a—1
> (4)dr - vE” (bx+ ° )E“” Y (ay)
i=0

k=0

5 atl n +1 Bn+1 I B prank b_l( _l)jE(m) (ax+ a_) E(m—])(b )
=— — —i .
§ , n—|—1 § ?:0: k ') ik y

1=0,l#n
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Proof. By means of (2.6), g(t) has the following expansion:

-1
g(t) — 1 2 " eabxt 1- (_eat)b 1- (_ebt)a 2 " eabyt
22m—1 ebt +1 1+ eat 1— (_eat)b eat +1

= 22,11% <_ZBn+an(l)( abt)"™ 1) (Z( 1! ZE(m) (ax—i— ) (bf)n> (ZE(m D (by )(at) )

n=0

Thus, it suffices to identify coefficients of t" /n! in the last equation and Eq. (2.16) and make use of the identity B, (1) — B, =
Oni. O

To obtain the corollary below, we should substitute m = 1 and y = 0 into Theorem 2.13, just as what we have done for
the theorems above.

Corollary 2.14. Forintegersn > 0,a > 1and b > 1, if ais odd and b is even, then we have

ai( WiE, (bx+ 2 2 f n 1) Buiiipng *’Z( 1)5( + )
- X+ —i) =— ax + —i
£ " a [ ) n+1 : b

1=0,ln
Putting a = 1 in Corollary 2.14 yields Corollary 2.15, which will further reduce to (2.8) by the substitution b = 2.

Corollary 2.15. For any nonnegative integer n and any positive even integer b, we have

n+1 n+1 L b—1 ) 1
En(bx) = =2 ) ( ) n+]b”Z(—1)’E1 <x+bi). (2.19)
i=0

1=0, I£n

Similarly to Theorem 2.13, the next theorem holds.

Theorem 2.16. Forintegersn > 1,a > 1and b > 1, if ais even and b is odd, then we have

Z( ) a "Z( E™ <bx+ )E,‘I’“,{”(ay)

k=0
n—1

— . n n—I ! k .n—k (m) (m—1)
_ ; ( 1 ) E,_,(0)b ; (k) bka Z( 1)E. (ax n 71) E™ (by).
The substitutions m = 1 and y = 0 in Theorem 2.16 give us the corollary below.

Corollary 2.17. Forintegersn > 1,a > 1and b > 1, if ais even and b is odd, then we have

a—1 i b n—1 n o b1 i .
;(—1) E, (bx+ El) = ’ZO: (l)En,,(o)b a ';(—1) E, (ax+ E‘) .

3. Mixed type identities

Now, let us turn to the study of some mixed type identities, i.e., identities which contain both the Bernoulli polynomials
and the Euler polynomials. It can be found that some elegant relations between the Bernoulli polynomials and the Euler
polynomials are special cases of the results obtained here.

3.1. The first part for mixed type identities

In this subsection, we will establish some identities from the following generating function:
tmeabxt(l _ (_ebt)a)eabyt

h(t) = (eat _ ])m(ebt + 1)m
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Theorem 3.1. Forintegersn > 1,a > 1and b > 1, if ais even, then we have

i (k) a kka(m) (b )Z ( > Ti(a — 1)E,ET;])(G.V)

k=0

Ny~ /n—1 Kk
= 72( v )b"‘l"‘ak*‘frﬁfﬁi,,((ax)Z (i)sxb DB (by)
k=0 i=0

and
kpn—k (m) (m—1) n (n- k n—k (m) (m—1)
Z( )b Z( 1)'B. (bx+ )E (ay) = 22( ) >b ZE (ax+ )Bn D (by).
k=0 k=0
Proof. On the one hand,
. 1 at " abxt 1-— (_eb[)a> < 2 >m1 abyt
h(t) = om—1gm (eat _ 1> e < 14 ebt ebt 41 € (3.1)
1 . (bt)" C (bt)"
- (m) _ (m—1)
= S (;B (bx ) ) (;T( 1) ) (;E (ay)—— ) (32)

On the other hand, since a is even, we also have

b -1
h(l’) _ t 2 " eabxt e —1 at " eabyt
omgm—1 ebt +1 edt _ 1 eat — 1

zmam - (ZE(m)( )( )" ) <an (arf') ) (ZBr(lm_l)(by)(a’:,))' (3.3)
n=0 : n=0 :

n=0

Equating coefficients of t" /n! gives the first identity.
Now, following (3.1), we expand h(t) as

1 m i\ 2 m—1
ho) = 2o (Z;( 1) (ea[ 1) o(or+2) r) (ebt+ 1) adyt
om- 1am (Z( 1! ZB<m> (b +- )wt) )(ZE<m (a )(bt)n> (3.4)

i=0

When a is even, in view of (3.3), h(t) can also be expanded as

_zmatm,1 (bzl (ebtz_i_ l)m e(ax+gi)bt) <eatat_1>m_l eabyt
et (ST (e ) ) (S ).

Thus identifying coefficients of t" /n! yields the second identity. O

h(t)

:t

When m = 1and y = 0, Theorem 3.1 reduces to the corollary below.

Corollary 3.2. Forintegersn > 1,a > 1and b > 1, if ais even, then we have

n n—1

n n n—1
§ (k) a"*b*By_ (bx)Tu(a — 1) = ) E ( v )b"‘“"a"“Eka(ax)Sk(b -1,
k=0 k=0

a—1 n—1 b—1
; b. n(b
Z(_]) Bn (bx + al) - _5 (E) - ETI 1 (aX + 71)

i=0 0



3354 H. Liu, W. Wang / Discrete Mathematics 309 (2009) 3346-3363

Corollary 3.3. For any positive integer n and any positive even integer a, we have

2 < /n
Ep_q1(ax) = —= a" 1B, () Te(@a — 1) (3.5)
. : Ek:o: (k) Ty

2 a—1 ) 1
_EaH Z(_U'Bn (x + Ei> , (3.6)
i=0
2" 1
En1(x) = " <Bn (X_; ) — By (g)) . (3.7)

Proof. Putting b = 1in Corollary 3.2 gives identities (3.5) and (3.6). Putting a = 2 in (3.5), making use of Egs. (1.5) and (1.9)
and replacing x by x/2, one can further obtain identity (3.7).

Note that (3.6) is another formula of the multiplication theorem for the Euler polynomials (see Eq. (2.17) of Corollary 2.12
and [1, Eq. (23.1.10)]). Additionally, (3.7) is a special case of (3.6) also and is one of the well known relations between the
Bernoulli polynomials and the Euler polynomials [1, Eq. (23.1.27)]. O

Corollary 3.4. For any positive integer n and any positive even integer a, we have

2. n—k—1
Err@) + Bt (ax+5) = =23 (1) (5) Bus@oTita—1) (38)
k=0
2 ;a1 A 2
== (5) ;(—1) By (Zx + El) , (3.9)
Ba(2x+ 1) — By(2%) = g(E,H(zx) + a1 (2x 4 1)). (3.10)

Proof. (3.8) and (3.9) can be obtained from Corollary 3.2 by the substitution b = 2. (3.10) is the a = 2 case of (3.8) and
(39). O

Putting x = 0 in (3.10), one has the relation B,(1) — B, (0) = %(E,H(O) + E,—1(1)). Since B, (1) — B,(0) = 8,1, then
Ey,—1(0) + E;—1(1) = 26,1, and vice versa.

Corollary 3.5. For any positive integers n and b, we have

b n n—1 b k
Bn(bx) — By, (bx+ 5) -5 ( ) <7> Ex(2X)Sn_1_x(b — 1) (3.11)

k=0

n/b n—1 b—1 2.
. (5) S b (2x+ bl) . (3.12)

i=0

Proof. These two identities come from Corollary 3.2 by putting a = 2. (3.7) and (3.10) can also be obtained from this
corollary by further putting b = 1 and b = 2 respectively. O

Similarly to Theorem 3.1, we have the next result.

Theorem 3.6. Forintegersn > 0,a > 1and b > 1, if ais odd, then we have

Z( )a- kka;"I)k(bx)Z( )Tl(a— DE" (@)
k=0

1
_ Z (7) Bn,la"_l Z <Il<> bn—k—lakE’(m) (GX) Z < ) S,(b — 1)Bl(<ml n (bY)
k=0

1=0,I#£n—1
and

> () db kZ( B (bx+ )E,Smk”(ay)

k=0

- Xn: (7)3,1_115"”2’:( )b" - "ZE("’) (ax+ 1) B by,

1=0,l#n—-1 k=0
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Proof. When a is odd, we can expand h(t) into two other forms:

h(t) t 2 " eabxt e —1 1- (_ebt)a at o byt
T gmgm—=1 \ bt +1 eat — q eabt _ 1 eat _ 1

= th—l (Z B+n73()( bt)"~ 1> (ZE(m)(ax)( ) (ZS ( (at)" )

n=0 n=0

SN (at)"
X (;Bg ”(by)n!> (3.13)
t By + Ba(1) wa) (X (bt)"
E—— (Zn (@) )( Soem (acs 8) & )

n=0 i=0 n=0

(ZB("‘ D (by )(at) ) (3.14)

n=0

Thus, the theorem can be established by comparing coefficients of t"/n! in the right sides of Eqs. (3.2) and (3.13) and
Eqgs. (3.4) and (3.14), respectively. O

Putting m = 1and y = 0 in Theorem 3.6 gives the following corollary.

Corollary 3.7. Forintegersn > 0,a > 1and b > 1, if ais odd, then we have

n n 1
l
Z (Z) a" By (bX)Ty(a — 1) = Z (7) B,_a"™ Z (k) b1 a*E_k (ax)Si (b — 1)
k=0 1=0,1Zn—1 k=0

and

Z( 1)'B, (bx+91>: Z (’;)Bn_lb”‘la"gﬁ (ax—i—%i).

i=0 1=0,l#n—-1
The next corollary contains some further results.

Corollary 3.8. For any nonnegative integer n and positive integer b, we have

b= 3 (7) B ,Z( )b"—"—‘Elfk(x)smb—l) (3.15)

=0, I#£n—1
n b—1
1
= Z (n) Bn_lbnfl ZEI (X + *l) , (3]6)
=0,l1#£n—1 ! i=0 b
n
n
Bu(¥)= Y (I)Bn_zEz(x), (3.17)
[=0,1£n—1
1
Bn(2x) = 2" (Bn(x) + By (X+ 5)) (3.18)
By, = i (n)B E(0) =2""'B,+ 2" 'B ! (3.19)
n — iz I n—IE] - n n 2 . .

Proof. Identities (3.15) and (3.16) can be derived from Corollary 3.7 by the substitution a = 1. The b = 1 case of (3.15) is
(3.17). Putting b = 2 in (3.15) and making use of (3.17) yield (3.18). By setting x = 0 in (3.17) and (3.18), one can finally
obtain (3.19).

Note that (3.17) is the main result of [5] and has been discussed again in [14]. Additionally, the last three identities can
also be obtained from (3.16). O
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3.2. The second part for mixed type identities

From the discussions in Sections 2.1, 2.2 and 3.1, it can be found that many results are derived from the same generating
function with same conditions, such as Theorems 2.1 and 2.10, Theorems 2.4 and 2.13 and Theorems 2.7 and 2.16. Thus, they
can be combined to form new identities, and as a consequence, links can also be established between the corresponding
corollaries.

For example, from the proof of Theorem 3.1, the following result holds.

Theorem 3.9. Forintegersn > 0,a > 1and b > 1, we have

IIWES kb"Bﬁmi(b")Z( )T(“_ Ve @ =3 () ot S (bx+ : )E“" D (ay).
i=0

k=0 k=0
When m = 1and y = 0, Theorem 3.9 reduces to the corollary below.

Corollary 3.10. Forintegersn > 0,a > 1and b > 1, we have

n n b k a—1 ) b
3 ( ) <7> Bik(BWTa—1) = Y (~1)B, (bx+ 71) .
=0 k a i=0 a

The next theorem can be viewed as a “dual” result of Theorem 3.9.

Theorem 3.11. Forintegersn > 0,a > 1and b > 1, we have

Xn: <k) a" D E" (bx) Z ( )Si(a — DBV (ay) = Z ( ) ap"k ZE('“) (bx+ )B(m D (ay).

k=0 k=0

Proof. Let
tmfl eabxt (eabt _ 1)eabyt

(eat + ])m(ebt _ ])m

1 2 " abxt eabt -1 bt ! abyt
2mpm=1 \ eat 4 1 € ebt _q ebt _ 1 € :

Then f (t) can be expanded in two ways:

1 m o @M (S GO\ (2 oy, (BD"
f(t)_Zmbm]<ZE< ) (bx) —— )(;Sna o )(ZB( D (ay)—— )

n=0 n=0

a—1 oo
= -@ 1) (g (f)"

Equating coefficients of t" /n! gives the desired result. O

f©®

Putting m = 1and x = 0 in Theorem 3.11 yields Corollary 3.12.

Corollary 3.12. Forintegersn > 0,a > 1and b > 1, we have

n

k a—1
3 (Z) (g) Ey o (bX)Se(a — 1) = gEn (bx + Zl) .

k=0

At the end of this subsection, we would like to present explicitly the multiplication theorems for both the Euler
polynomials and the Bernoulli polynomials, in a symmetric way.

Theorem 3.13. For any nonnegative integer n and any positive odd integer a, we have

n a—1 .
En(@) = (Z) @ FE WTe(a— 1) = Y (~1D'd"E, <x + é) . (3.20)
i=0

k=0
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For any positive integer n and any positive even integer a, we have

an N &« - i
- ?Enﬂ(ax) = Z <k> a an#((X)TIc(a -1 = ;(_]) a'By <X + E) . (3.21)

k=0

This is the multiplication theorem for the Euler polynomials. Identity (3.20) comes from Eqs. (2.4) and (2.17); while
identity (3.21) comes from Eqgs. (3.5) and (3.6).

Theorem 3.14. For any nonnegative integer n and any positive integer a, we have

n a—1 .
aBy(@) = 3 (Z) @By (0Sa— 1) = Y d"B, (x n é) . (3.22)
i=0

k=0

The above is the multiplication theorem for the Bernoulli polynomials and can be obtained from the two main theorems
of Yang [17].
Besides these familiar equations, we demonstrate here some other results.

Theorem 3.15. For any nonnegative integer n and any positive integer a, we have

k+l n n a1
- Z( )k+1Ek+1(0)Bn k(ax) = Z(k) a" kEn X)S(a—1) = ZanE <X+ >

k=0 i=0

Proof. It can be verified that the generating functions of these three members are
et —1 2
et —1et 41
Note that Corollary 3.12 has already indicated the equivalence of the last two members. O

axt

Theorem 3.16. For any positive integer n and any positive even integer a, we have

. n a—1
> () dEOE @ =Y () @B WT(a = =3 -1 <x+ )

k=1 k=0

For any nonnegative integer n and any positive odd integer a, we have

- 1 a—1 .
> () dBEnsta) = 3 () a B0 Tita — 1) = ;<—1)"a"3n (x + é) .

k=0,k=1 k=0

Theorem 3.16 follows from Corollaries 2.8, 2.17 and 3.7. It can also be verified by the generating function method. The
readers may compare it with Theorem 3.13.

4. Identities related to the Genocchi polynomials

The Genocchi polynomials G, (x) are defined by means of the generating function

ch(x) = t+1 e, (t| < ). (4.1)

For x = 0, we have the Genocchi numbers G, i.e., G, := G,(0). The readers can find in [6, p. 49] some special values of G,,.
The generating function of the Genocchi polynomials is similar to those of the Bernoulli polynomials and the Euler
polynomials, so it may be expected that the Genocchi polynomials satisfy similar identities as those established in Sections 2
and 3.
To establish the corresponding identities for the Genocchi polynomials, let us take

2abte™ (1 — (—eb)?)
(e + 1" +1)

Then the following theorem holds.

p(t) =
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Theorem 4.1. Forintegersn > 0,a > 1and b > 1, if a and b have the same parity, then we have

n

Z (Z) DG (BT, (@ — 1) = Xn: (Z) a1 Gy (ax) Ty i (b — 1), (42)

k=0 k=0

a—1

by (—1ia'G, (bx + 91) —a Z( 1ib"G, (ax + El) (43)
i=0
Proof. We expand p(t) in two ways:
B 2at axe (11— (—€P)° )
Z (Z( ) @B G b0T, k(@ — 1)) i' (4.4)
a—1 ; 2at bx+ 00 a—1 ; b, . tn
- b;(—l) (ear+1> Z(b;(—l)cn (bx—l—al)a ) - (4.5)

n=0

If a and b have the same parity, then p(t) is symmetric in a and b. From this fact we can obtain the theorem. O
Theorem 4.1 can reduce to the next two corollaries.

Corollary 4.2. For any nonnegative integer n and any positive odd integer a, we have

n a—1 .
aGa(ax) = Y (Z) G Tra—1) = 3 (=1d'G, (x n é) , (46)
k=0 i=0
G, = k; (Z) Gy i(a — 1). (47)

Proof. Putting b = 1 in Theorem 4.1 yields (4.6). Putting further x = 0 in (4.6) yields (4.7). It should be noticed that, from
identity (4.7), we can obtain the following recurrence for the Genocchi numbers:

n—1

(@—aG, =Y (Z) a“GTo_r(a — 1),

k=1
which was first given by Howard [9, Theorem 6].

Corollary 4.3. For any nonnegative integer n and any positive even integer a, we have

G(ax) — Gy (ax + g) - Xn: (Z) (g)kil G (2T, (@ — 1)
k=0
- 2(_1)1' (g)nf] Gn (2x + %1) :

Proof. By computing the generating function, one can verify that

Gl +3) = Y (1) Getoy™™ (48)

k=0

Thus, the first equation can be obtained by putting b = 2 in (4.2) and then making use of identity (4.8). With the substitution
b = 2 in (4.3), the second identity of the corollary can also be established. O

Theorem 4.4. For integersn > 0,a > 1and b > 1, if ais odd and b is even, then we have

n S+ 1) Buyio
Z<k> apr— k+le(bX)Tn W@—1) = —2 Z ( | > nn+1 b IZ( )b"a”"‘“ck(ax)ﬂ,k(b— 1),

k=0 1=0,1£n

« in v . © n+l ”+1’n+ll n “
b (~1)a"G, (bx+ 1 -2 ) e Z( 1)bG,(ax+b1)

i=0 1=0,l#n
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Proof. When a is odd and b is even, p(t) can be expanded as

_ 2Dt N\ e [(1— (=€) (1 — (—e®)P
p(t)_a<eb[+1>e (]_(_eat)b)( et + 1 )
B, + B, (1) n— (at)"
a (— ; - (abt) ‘) (Z Gn ) (ZTn(b -1 )
. (_ZBJFHB(”( bty 1) (Z( 1)'ch (ax+ ) (be)” )

n=0

Equating coefficients of t" /n! in (4.4), (4.5), (4.9) and (4.10) gives us the desired identities. O

Corollary 4.5. For any nonnegative integer n and any positive even integer b, we have

n+1
Gn(bx) = =2 Z (n + 1) in: ll b"~ 'Z ( >bk_1Gk(X)Tl—k(b -1

1=0,l#n
n+1 b—1 .
n+1\ By — i
=2 ( > DD G (x+ ),
200 ) ;
n+1
n+1\ By 1
G2 = Y. ( N ) SEIPY (cl <x+ 7) —Gz(x)).
120,10 n+1 2
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(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

Proof. The substitution a = 1 in Theorem 4.4 gives identities (4.11) and (4.12), and these two identities have (4.13) as a

common special case. O

Similarly to Theorem 4.4, we have the next result.

Theorem 4.6. Forintegersn > 1,a > 1and b > 1, if ais even and b is odd, then we have

n n—1

M) @G b0 Tu@— 1) = Y (1) B G(@x) (Enie(0) — Tui(b — 1)),
; (k) a k(DX rla ; (k) a kax k k
a—1 n—1 b—1
b (—1)d"G, <bx " 91) IZ.: (rl') E,_,(0)a™ ;(—1)%”61 (ax + %1) .

i=0

Proof. When a is even and b is odd, we can expand p(t) as
2bt 1—(— btya 1—(— at\b
p(t) —a eabxt ( € ) ( € )
ebt +1 1— (_eat)b edt 4+ 1
o (abt)™ > (bt)" (at)
a (; En(O)T 2 w(ax 0 Z T, (b —

Comparing coefficients of t" /n! in (4.4) and (4.14), we have

n n—1 I
l
> () @b G0 a1 = Y () B Y ( , ) Ba" G (ax)Ti (b — 1)
k=0 =0 k=0 ¢

n—1
=2 (Z)”k @G, (“")Z (z—/ )E”-l“’)b”*’ﬂ_k(b— 1.
k=0

Using (2.4), the first identity of the theorem can be obtained. For the second one, it suffices to note that

oo b—1 n
p(t) = a (ZE ©0) (abt) ) (Z 3 (- 1ibG, (ax—|— %1) 1:‘)

n=1 n=0 i=0

and extract coefficients as before. O

(4.14)
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Corollary 4.7. For any positive integer n and any positive even integer a, we have

n n—1
> () dGTta— 1 =Y ()" B (@@ (4.15)
k=0 k=0

a—1 .
=S v, (X+ é) ’ (4.16)

i=0

1y (0 —k+1
Ga(X) — Gy <x+ 2) P (k) 27 E L (0)GL(2). (4.17)

Proof. Putting b = 1 in Theorem 4.6 and in view of (1.9), one has (4.15) and (4.16). The a = 2 case of (4.15) is identity
(4.17).

Corollary 4.8. For any positive integer n and any positive odd integer b, we have

b n—1 n b k—1
Ga(bX) — Gy (bx + 5) - k; ( k) <5> Gi(2%) (Ent(0) — Ty_se(b — 1)). (4.18)

Proof. Identity (4.18) can be derived by setting a = 2 in the first identity of Theorem 4.6. (4.17) is a special case of (4.18)
also. Additionally, the readers may compare this corollary with Corollary 4.3. O

Analogous to (4.6), (4.15) and (4.16), we can obtain the following result.

Theorem 4.9. For any positive integer n and any positive integer a, we have

n

n a—1 .
-3 (1) @ Ec@Bri(@) = Y- () a6, e@— 1) = 2 TG (x - é) :

k=0

It can be found that there are few references on the higher order Genocchi polynomials, and we do not intend to study
them either. The readers can do this as an exercise.

5. Identities related to the higher order degenerate Bernoulli polynomials

In [3] Carlitz defined the higher order degenerate Bernoulli polynomials ,3,5")

o] tn t k
Y0 = () 0420 0

(A, x) by means of the generating function

for each integer k, where A # 0 and An = 1. We often write ﬁ,(,k) () for ,8,2’0 (A, 0), and refer to ﬂ,ﬁk) (A) as the higher order
degenerate Bernoulli numbers; we further call 8, (1) = ﬂ,ﬁ”(k) the degenerate Bernoulli numbers. Since (1 + At)* — et
as A — 0itis evident that ﬂ,ﬂk) 0,x) = B,ﬂk) (x), i.e., the higher order Bernoulli polynomials.

The generalized falling factorial (x|A), with increment A is defined by (x|1), = ]_[;1;0] (x — jA) for positive integer n, with
the convention (x|1)o = 1; we may also write

or(h,m) =Y (ilA)
i=0

and call oy (A, n) a generalized falling factorial sum. From [18, Eq. (2.2)], we know that

n

*|A)y = Zs(n, k)xkan—k

k=0

where the integers s(n, k) are the Stirling numbers of the first kind. Therefore, (x|1), is a polynomial in A and x of degree
n, and since A # 0, then (x|]A), = A"(A™'x|1), = A"(A~'x),, where (x), is the usual falling factorial. Moreover, we have
(x]0), = x" and

o0, m) = ) ({10} = i = Si(m).
i=0 i=0
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By some computation, the generating function of o} (A, n) can be obtained, i.e.,

00 t" (1 4 M)(nﬂ)u -1

Y oume = ]

=0 k! a1+ r)* -1
Now, let

2114 ADPE((1 4 A0 — 1)(1 4 b)Y
(T + A% — ™1+ A0 — D

qt) =
Similarly to Theorems 2.1 and 2.10, we can establish the following results.

Theorem 5.1. Forintegersn > 0,a > 1and b > 1, we have

n

Z (Z) a kbk+1 (m) k(b2 bx )Z ( )O-i(a)\’ a- 1)'3152‘71)(0)‘7 ay)

k=0
n

= (k>bﬂ k k+1ﬂ(m)(a)\, ax)Z( )Ul(b)\. b—l)ﬂ(m U(b}\., by)

Proof. As before, q(t) can be expanded as

1 t m 1+ 0% —1 bt m
q(t) = - (1 4 Ay (LD (14 Aty
ambm=1 \ (14 At)# —1 1+ a0)br —1 (1+at)br —1

1 - am {1 (at)" > 1 (bt)" o 1 [ 1 (bt)"
o (;ﬂr(. )(ak,bx) " )<§an <E)L,a—1) o )(;55 D (E)\,ay) o ) (5.2)

Since q(t) is symmetric in a and b, then we can obtain an identity, from which the desired identity can be established by
further replacing A with abA. O

Corollary 5.2. Forintegersn > 0,a > 1and b > 1, we have

n n

Z (ﬂ) a" b1 B, (b, bx)oy(ar,a — 1) = Z (n) ka1 B, (ah, ax)or(bh, b — 1),
k=0 k pr k
1 n
> () @ B0 Z (§)sta= v an =3 () ot 8 oo Z (§) s - va .
k=0 k=0

Proof. Putting m = 1and y = 0 in Theorem 5.1 gives the first identity, which is a main result of Young [18, Theorem 3.1].
Putting A = 0 in Theorem 5.1 gives the second identity, which is a main result of Yang [17, Theorem 1]. Note that Tuenter’s
result (1.11) is a common special case of these two identities. O

Theorem 5.3. Forintegersn > 0,a > 1and b > 1, we have

Z (Z) akpr—k+1 Z,B(m) <b)L bx + — )ﬂ(m 1)(ak, ay)

k=0

( )bk n k+1 Zﬁ(m) (ak ax + — )ﬁ(m D(b)\., by)
k=0
Proof. From (5.2), q(t) can also be expanded as

S (at)" X\ e (1 (bt)"
q(t) = ampm— mpm—1 (ZZIBn( )< A, bx + — )T HX:(;/% R (Bk,ay) o .

Thus the theorem can be obtained by the symmetry of q(t) and the substitution abX for A. O
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This theorem has the following special cases.

Corollary 5.4. Forintegersn > 0,a > 1and b > 1, we have

a— b—1
aan],Bn <bA, bx + gl) —b'a) B (ak, ax + gl) (5.3)
i=0 i=0
a'"Ba(ar, ax) = S B (A, x4+ ;) , (5.4)
i=0
Xn: (k) akpnkH ZB(m) (bx+ b )B(m ])(ay) Z ( )bk gk ZB(m) (ax+ 71) B(m ])(by) (5.5)
k=0 i=0

Proof. Puttingm = 1and y = 0in Theorem 5.3 yields identity (5.3). The b = 1 case of (5.3) is (5.4). Finally, putting instead
A = 0in Theorem 5.3 yields (5.5).

It should be noticed that (5.4) is the multiplication formula for the degenerate Bernoulli polynomials (see [3, Eq. (5.5)]
and [18, Eq. (3.11)]) and (5.5) is another main theorem of Yang [17, Theorem 2]. O

The higher order degenerate Euler polynomials &, )(A x) are defined by means of the generating function

2 k
(k) - X
§ e® ) <(l+mu+1> (1 + AD™, (5.6)

where A = 1. When A — 0, aﬁlk) (A, x) will reduce to the higher order Euler polynomials, i.e., s(k) 0,x) = 5,5"’ (x).
Now, let us define the generalized alternate falling factorial sums by

n
w(h,n) =Y (=DM
i=0
Then
(0, n) = Z( 1({0) = Z( D't = Ti(n).
By some computation, we can also determine the generating function of 7, (X, n), as follows:

C " 1— (=141
S noumh = (@ +anm™
= k!

14+ (14 A~
From the generating functions (5.1) and (5.6), we have

o n! (1+xr-22)4 =1’

_Z ()M O) (22')n (] +k22)# — ]7
! (1T+Ar-22)++1

(22)”71 —

n=1

which are analogues of the hyperbolic cotangent and the hyperbolic tangent, respectively. See Egs. (2.6) and (2.10).

Based on the definitions and generating functions above, we can establish various identities concerning the higher order
degenerate Euler polynomials, just as what we have done in Sections 2 and 3 for the higher order Euler polynomials.
However, we chose not to present them, and they are left to the interested readers.

Acknowledgments

The authors would like to thank the referees for their careful reading and valuable comments.

References

[1] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, Dover Publications, Inc., New
York, 1992, Reprint of the 1972 edition.
[2] A. Adelberg, Congruences of p-adic integer order Bernoulli numbers, J. Number Theory 59 (2) (1996) 374-388.



H. Liu, W. Wang / Discrete Mathematics 309 (2009) 3346-3363 3363

[3] L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math. 15 (1979) 51-88.
[4] M. Cenkci, F.T. Howard, Notes on degenerate numbers, Discrete Math. 307 (19-20) (2007) 2359-2375.
[5] G.-S.Cheon, A note on the Bernoulli and Euler polynomials, Appl. Math. Lett. 16 (3) (2003) 365-368.
[6] L. Comtet, Advanced Combinatorics, D. Reidel Publishing Co., Dordrecht, 1974.
[7] E.Y. Deeba, D.M. Rodriguez, Stirling’s series and Bernoulli numbers, Amer. Math. Monthly 98 (5) (1991) 423-426.
[8] 1. Gessel, Solution to problem E3237, Amer. Math. Monthly 96 (1989) 364.
[9] E.T. Howard, Applications of a recurrence for the Bernoulli numbers, ]. Number Theory 52 (1) (1995) 157-172.
[10] F.T. Howard, Explicit formulas for degenerate Bernoulli numbers, Discrete Math. 162 (1-3) (1996) 175-185.
[11] Y.L. Luke, The Special Functions and their Approximations, vol. I, Academic Press, New York, London, 1969.
[12] V. Namias, A simple derivation of Stirling’s asymptotic series, Amer. Math. Monthly 93 (1) (1986) 25-29.
[13] H.M. Srivastava, J. Choi, Series Associated with the Zeta and Related Functions, Kluwer Academic Publishers, Dordrecht, 2001.
[14] H.M. Srivastava, A. Pintér, Remarks on some relationships between the Bernoulli and Euler polynomials, Appl. Math. Lett. 17 (4) (2004) 375-380.
[15] HJ.H. Tuenter, A symmetry of power sum polynomials and Bernoulli numbers, Amer. Math. Monthly 108 (3) (2001) 258-261.
[16] E.W. Weisstein, “Hyperbolic cotangent” and “hyperbolic tangent”, From MathWorld-A Wolfram Web Resource. http://mathworld.wolfram.com.
[17] S.-1. Yang, An identity of symmetry for the Bernoulli polynomials, Discrete Math. 308 (4) (2008) 550-554.
[18] P.T. Young, Degenerate Bernoulli polynomials, generalized factorial sums, and their applications, J. Number Theory 128 (4) (2008) 738-758.


http://arxiv.org///mathworld.wolfram.com

	Some identities on the Bernoulli, Euler and Genocchi polynomials via power sums and alternate power sums
	Introduction
	Identities related to the Euler polynomials
	The first part for the Euler polynomials
	The second part for the Euler polynomials

	Mixed type identities
	The first part for mixed type identities
	The second part for mixed type identities

	Identities related to the Genocchi polynomials
	Identities related to the higher order degenerate Bernoulli polynomials
	Acknowledgments
	References


