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The analysis is made on reflection of waves in thermoelastic micropolar medium. The medium is having
an additional property of viscosity, while studying waves the effect of micro-temperature is also been
considered. It is found that after reflection three longitudinal and three transverse waves propagate
through the medium. Reflected coefficients are calculated for each wave to examine deviation of reflected
waves. Results obtained theoretically are shown graphically against angle of incidence. It is analyzed that
effect of viscosity and micro-temperature reaches to its maximum level during intermediate values of
angle of incident.
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Introduction

The linear theory of linear viscoelasticity is considered as very
important branch of Elastodynamics. It was observed by Freuden-
thal [1] that, most of the solids when subjected to dynamic loading
exhibit a viscous effect. Because of this viscous effect internal fric-
tion produces attenuation and dispersion. Initially, Biot [2,3] and
Bland [4] linked the solution of linear viscoelastic problems with
corresponding linear elastic solutions. A notable works in this field
were the work of Gurtin and Sternberg [6], and Ilioushin [7] offered
an approximation method for the linear thermal viscoelastic prob-
lems. Problems related with micropolar viscoelastic waves was ini-
tiated by McCarthy and Eringen [5]. They discussed the
propagation conditions and growth equations which govern the
wave propagation of waves in micropolar viscoelasticity. Some
sources are considered on study of viscoelastic materials are, Oth-
man and Fekry [8], they studied the effect of initial stress on gen-
eralized thermo-viscoelastic medium with voids and temperature-
dependent properties under Green-Naghdi theory. Kumar and
Choudhary [9] analyzed different wave problems in micropolar
visco-elastic thermo elastic solid. Effect of rotation on generalized
thermo-viscoelastic Rayleigh Lamb waves was discussed by
Sharma and Othman [10].

The theory of micro temperatures deals with the propagation of
the temperature wave in a rigid heat conductor which allows the
variation of thermal properties at a microstructure level. The the-
ory of thermodynamics for elastic material with inner structures
was developed by Grot [11] according to which the molecules pos-
sess micro-temperatures along with macro-deformation of the
body the micro temperatures depend homogeneously on the
micro-coordinates of the microelement. The experimental data
for the silicone rubber containing spherical aluminum particles
and for human blood presented by Riha [12] conform closely to
the predicted theoretical model of thermoelasticity for micro-
temperatures. Some authors recently invested some results related
with wave propagation [13–15].

Green and Naghdi developed three models for generalized ther-
moelasticity of homogeneous isotropic materials, which are
labeled as model I, II and III [16–18]. The nature of these theories
is such that when the respective theories are linearized, model I
[16] reduces to the classical heat conduction based on Fourier’s
law. The linearized versions of model II and III permit propagation
of thermal waves at finite speed. Model II, in particular, exhibits a
feature that is not present in the other established thermoelastic
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models as it does not sustain dissipation of thermal energy [18]. In
this model, the constitutive equations are derived by starting with
the reduced energy equation and by including the thermal dis-
placement gradient among other constitutive variables. Green
and Naghdi’s third model [17] admits the dissipation of energy.
In this model, the constitutive equations are derived by starting
with the reduced energy equation, where the thermal displace-
ment gradient and temperature gradient are among the constitu-
tive variables. The uniqueness of the solution of governing
equations for the GN type II model was established in [19]. Chan-
dra Sekharaiah [20] studied the one dimensional thermal wave
propagation in a half-plane based on the GN model. Some works
on reflection waves in a half-space is discusser (see, Refs. [21–
25]). Researchers as Othman and Song [26], Gupta and Rani [27]
and Bayones and Abd-Alla [28] studied different type of waves
propagating under different external influences. Kumar et al. [29]
explained plane waves propagation in microstretch thermoelastic
medium with micrtemperature. New features on waves reflection
with an external parameters as magnetic field, initial stress and
rotation has been investigated in (Refs. [30–36]).

In this article the authors are interested in the study of seismic
waves and their reflection from a surface of thermoelastic medium.
It is of great practical importance in geophysical investigations.
Seismic signals carry a lot of information about the internal struc-
ture of the earth and this information is of great help in exploration
of variable materials. We basically study the reflection of plane
waves at the free surface of the micropolar generalized thermoe-
lastic half space solid. The medium is naturally viscoelastic and
the effect of micro temperature is also been considered while ana-
lyzing the amplitude of reflected waves. Green Naghdi theory of
type III is considered to represent the heat waves conducting
through the medium. Reflected coefficients for both transverse
and longitudinal waves are obtained theoretically, analyzed and
finally represented graphically against the incident angle.

Formulation of the problem

Cartesian Coordinates ðx; y; zÞ are being selected to represent
the system of problem. Origin is on surface y ¼ 0 and z-axis direc-
ted along depth of solid. Basic governing equations for the problem
are,

q€ui ¼ ðkI þ lIÞuj;ji þ ðlI þ kIÞui;jj þ kIeijkuk;j � bT ;i ð1Þ

ðaI þ b0
I þ cIÞ ~rð~r:~uÞ � cI ~r� ð~r� ~uÞ þ kI ð~r� ~uÞ � 2kI ~u

� l1ð~r�wÞ ¼ jq
@2~u
@ t2

; ð2Þ

k6r2wþ ðk4 þ k5Þrðr:wÞ þ l1ð~r� ~uÞ � b
@w
@t

� k2w� k3rT ¼ 0;

ð3Þ

K�r2T þ Kr2 _T þ k1ð~r:~wÞ ¼ qCE
_T þ bT0 €ui;i; ð4Þ

GN-II can be obtained by adjusting K ¼ 0 in Eq. (4), the consti-
tutive equations are

rij ¼ kekkdij þ 2leij þ kðuj;i � eijk/kÞ � bTdij ð5Þ

mij ¼ a/l;ldij þ b/i;j þ c/j;i; qij

¼ �k4wl;ldij � k5wi;j � k6wj;i j; i; l; k ¼ 1;2;3: ð6Þ

Where aI;b
0
I; cI;lI; kI; kiði ¼ 1;2; . . . ;6Þ are constitutive coefficients

ui, rij; eij; mij are the components of displacement vector, of stress
tensor, strain tensor and couple stress tensor respectively, j is the
micro inertia moment, the mass density is q, the specific heat at
constant strain is CE, K

�; K are the thermal conductivity and the
material characteristic respectively of the theory. T0 is the reference
temperature, b ¼ ð3kI þ 2lIÞat where at are the coefficients of linear
thermal expansion for the material.

Assuming the viscoelastic nature of the material [10],

kI ¼ kþ @

@t
kv ; lI ¼ l 1þ @

@t
sv

� �
; kI ¼ kð1þ @

@t
svÞ;

aI ¼ a 1þ @

@t
sv

� �
; bI ¼ bð1þ @

@t
svÞ; cI ¼ c 1þ @

@t
sv

� �
;

where, sv is the sensitive part representing the viscosity.
Displacement and microrotation components are taken as,

~u ¼ ðu1ðx1; x3Þ;0;u3ðx1; x3ÞÞ and ~w ¼ ðw1ðx1; x3Þ;0;w3ðx1; x3ÞÞ
ð7Þ

Following are the non-dimensional parameters introduced for
the problem,

ðx0i;u0
iÞ ¼

w�

c1
ðxi;uiÞ; t0 ¼ w�t; /0

2 ¼ w�2j
c21

/2;w
�0 ¼ KI

qj
;

m0
ij ¼

w�k�i
c1kI

; w0
i ¼

c1
w� wi ð8Þ

The component of displacement functions ðu1;0;u3Þ and micro
temperature ðw1;0;w3Þ are connected with potential functions
R;w and G;H respectively, by the relation [24],

u1 ¼ @R
@x

� @w
@z

; u3 ¼ @R
@z

þ @w
@x

and w1 ¼ @G
@x

� @H
@z

;

w3 ¼ @G
@z

þ @H
@x

ð9Þ

Making use of Eqs. (7)–(9) in (1)–(4) we obtained the following
set of equations,

ðd1 þ d2Þr2 � @2

@t2

 !
R� d4T ¼ 0; ð10Þ

d2r2 � @2

@t2

 !
wþ d3/2 ¼ 0; ð11Þ

d5r2 � 2d3 � @2

@t2

 !
/2 þ d6r2wþ d7r2H ¼ 0; ð12Þ

K6r2 þ d8
@

@t
þ d10

� �
H � d9/2 ¼ 0; ð13Þ

ðK4 þ K5 þ K6Þr2 � d8
@

@t
� d10

� �
G� d11T ¼ 0; ð14Þ

e2 þ e3
@

@t
� @2

@t2

 !
T þ d12r2G� e1r2€R ¼ 0: ð15Þ

where,

d1 ¼ kþ l
qc21

; d2 ¼ lþ k
qc21

; d3 ¼ k
qx�2j

; d4 ¼ bT0

qc21
;

d5 ¼ c
jqc21

; d6 ¼ k
qc21

; d7 ¼ l1x�2

qc41
; d8 ¼ bc21

x� ; d9 ¼ l1c
4
1

x�4j
;

d10 ¼ K2c21
x�2 ; d11 ¼ K3c21T0

x�2 ; d12 ¼ K1

qCEc21T0
; e1 ¼ b

qCE
;

e2 ¼ K�

qCEc21
and e3 ¼ Kx�

qCEc21
:
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Reflection coefficients

Let us consider a plane harmonic wave solution incident at the
free surface x2 ¼ 0; making angleh0 with normal of the surface.
After reflection six waves are generated as represented in figure
below (See Fig. 1),

In order to solve the system of partial differential equations we
have assumed the solution

ðR;w; T;/2;G;HÞ ¼ ðR0;w0; T 0;/0
2;G

0;H0Þeiðlðx1 sin hþx3 cos hÞ�xtÞ; ð16Þ
where ðR0;w0; T 0;/0

2;G
0;H0Þ are the amplitudes of the reflected waves,

x is the angular frequency and l is the wave number.
Substitute from Eq. (16) into Eqs. (10)–(15), we obtain

ðx2 � ðd1 þ d2Þl2ÞR� d4T ¼ 0; ð17Þ

ðx2 � d2l
2Þwþ d3/2 ¼ 0; ð18Þ

ðd5l2 þ 2d3 þx2Þ/2 þ d6l
2wþ d7l

2H ¼ 0; ð19Þ

ðK6l
2 þ id8x� d10ÞH þ d9/2 ¼ 0; ð20Þ

ððK4 þ K5 þ K6Þl2 � ixd8 þ d10ÞGþ d11T ¼ 0; ð21Þ

ððe2 � ixe3Þl2 þx2ÞT þ d12l
2Gþ e1l2x2R ¼ 0: ð22Þ

The above set of equations is basically depending on two sets.
One set is related with longitudinal while the other with transverse
waves propagating through the medium. For non trivial solution of
the set depending on Eqs. (17), (21) and (22) related with the vari-
ables R; T and G is as,

x2�ðd1þd2Þl2 �d4 0

0 d11 ðK4þK5þK6Þl2� ixd8þd10

e1l
2x2 ðe2� ixe3Þl2þx2 d12l

2

�������
�������¼0;

ð23Þ
It can also be represented as

l6ðC4Þ þ l4ðC3Þ þ l2ðC2Þ þ C1 ¼ 0 ð24Þ
where,

C1 ¼ ix5d8 �x4d10;

C2 ¼ �x4K4 �x4K5 �x4K6 þ ix3e2d8 þx4e3d8 � ix3d1d8

� ix3d2d8 þ ix3e1d4d8 �x2e2d10 þ ix3e3d10 þx2d1d10

�x2d2d10 �x2e1d4d10 þx2d11d12;
Fig. 1. Geometry of the problem.
C3 ¼ �x2K4e2 þ ix3e3K4 �x2e2K5 þ ix3e3K5 �x2e2K6

þ ix3e3K6 þx2K4d1 þx2K5d1 þx2K6d1 þx2K4d2 þx2K5d1

þx2K6d1 þx2K4d2 þx2K5d2 þx2K6d2 �x2e1K4d4

�x2e1K5d4 �x2e1K6d4 � ixe2d1d8 �x2e3d1d8 � ixe2d2d8
�x2e3d2d8 þ e2d1d10 � ixe3d1d10 þ e2d2d10 � ixe3d2d10
� d1d11d12 � d2d11d12;

C4 ¼ e2K4d1 � ixe3K4d1 þ e2K5d1 � ixe3K5d1 þ e2K6d1 � ixe3K6d1

þ e2K4d2 � ixe3K4d2 þ e2K5d2 � ixe3K5d2 þ e2K6d2

� ixe3K6d2:

Similarly Eqs. (18)–(20) for the variables w;/2 and H could be
represented as

x2 � d2l
2 d3 0

d6l
2 d5l

2 þ 2d3 þx2 d7l
2

0 d9 K6l
2 þ id8x� d10

�������
������� ¼ 0: ð25Þ

Can be represented as

l6ðC8Þ þ l4ðC7Þ þ l2ðC6Þ þ C5 ¼ 0 ð26Þ
where,

C5 ¼ ix5d8 þ 2ix3d3d8 �x4d10 � 2x2d3d10;

C6 ¼ x4K6 þ 2x2K6d3 � ix3d2d8 � 2ixd2d3d8 þ ix3d5d8

� ixd3d6d8 þx2d7d9 þx2d2d10 þ 2d2d3d10 �x2d5d10

þ d3d6d10;

C7 ¼ �x2K6d2 � 2K6d2d3 þx2K6d5 � K6d3d6 � ixd2d5d8 � d2d7d9

þ d2d5d10;

C8 ¼ �K6d2d5;

Eqs. (24) and (26) are cubic in nature and having roots l1; l2; l3
and l4; l5; l6 respectively. Solution of the respective equations can
be represented as follow:

R ¼ A0 exp½il0ðx sin h0 þ z cos h0Þ � ix t�
þ A1 exp½il1ðx sin h1 � z cos h1Þ � ix t�
þ A2 exp½il2ðx sin h2 � z cos h2Þ � ix t�
þ A3 exp½il3ðx sin h3 � z cos h3Þ � ix t� ð27Þ

T ¼ A0g1 exp½il0ðx sin h0 þ z cos h0Þ � ix t�
þ A1g1 exp½il1ðx sin h1 � z cos h1Þ � ix t�
þ A2g2 exp½il2ðx sin h2 � z cos h2Þ � ix t�
þ A3g3 exp½il3ðx sin h3 � z cos h3Þ � ix t� ð28Þ

G ¼ A0-1 exp½il0ðx sin h0 þ z cos h0Þ � ix t�
þ A1-1 exp½il1ðx sin h1 � z cos h1Þ � ix t�
þ A2-2 exp½il2ðx sin h2 � z cos h2Þ � ix t�
þ A3-3 exp½il3ðx sin h3 � z cos h3Þ � ix t� ð29Þ

w ¼ B0 exp½il0ðx sin h0 þ z cos h0Þ � ix t�
þ B4 exp½il4ðx sin h4 � z cos h4Þ � ix t�
þ B5 exp½il5ðx sin h5 � z cos h5Þ � ix t�
þ B6 exp½il6ðx sin h6 � z cos h6Þ � ix t� ð30Þ
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/2 ¼ B0g4 exp½il0ðx sin h0 þ z cos h0Þ � ix t�
þ B4g4 exp½il4ðx sin h4 � z cos h4Þ � ix t�
þ B5g5 exp½il5ðx sin h5 � z cos h5Þ � ix t�
þ B6g6 exp½il6ðx sin h6 � z cos h6Þ � ix t� ð31Þ

H ¼ B0-4 exp½il0ðx sin h0 þ z cos h0Þ � ix t�
þ B4-4 exp½il4ðx sin h4 � z cos h4Þ � ix t�
þ B5-5 exp½il5ðx sin h5 � z cos h5Þ � ix t�
þ B6-6 exp½il6ðx sin h6 � z cos h6Þ � ix t� ð32Þ

where

gi ¼
ðx2�l2i ðd1þd2ÞÞ

d4
for i ¼ 1;2;3

�ðx2�l2i d2Þ
d3

for i ¼ 4;5;6:

8<
: ;

-i ¼
�d11ðx2�l2i ðd1þd2ÞÞ

d4ððK4þK5þK6Þl2i �id8xþd10Þ
for i ¼ 1;2;3

d9ðx2�d2 l
2
i Þ

d3ðl2i K6þixd8�d10Þ
for i ¼ 4;5;6:

8><
>:

Amplitude ratios of reflected and incident waves, Ai
A0
;
Bj
B0

for

i ¼ 1;2;3 and j ¼ 4;5;6, gives the corresponding reflection coeffi-
cient ratio. Also, it may be noted that the angles h; hj
(j ¼ 1;2; . . . ;6 ), and the corresponding wave numbers, lj;
j ¼ 1;2; . . . ;6 are to be connected by Snell’s law as

l0 sin h0 ¼ l1 sin h1 ¼ l2 sin h2 ¼ l3 sin h3 ¼ l4 sin h4 ¼ l5 sin h5

¼ l6 sin h6:
Boundary conditions

The boundary conditions are

(1) The mechanical boundary condition

rzzðx;0; tÞ ¼ 0 ¼ rxxðx;0; tÞ ð33Þ

rzxðx;0; tÞ ¼ 0; mzy ¼ 0 ð34Þ
(2) The thermal boundary condition

@T
@z

ðx;0; tÞ ¼ 0; ð35Þ

(3) Heat flux moment
qzzðx;0; tÞ ¼ 0; ð36Þ

using Eqs. (4)–(7) and (21)–(26), in non dimensional boundary
condition, algebraic equation for the incident waves becomes as
follows:

X6
j¼1

CijZj ¼ bi; i; j ¼ 1;2; . . .6; A0 ¼ B0: ð37Þ

where

C1j ¼
p1l

2
j þ p3gj þ p2l

2
j cos

2 hj j ¼ 1;2;3

p2l
2
j sin hj cos hj j ¼ 4;5;6

(

C2j ¼
�l2j � l2j p4 � p3gj j ¼ 1;2;3

p4l
2
j sin hj cos hj j ¼ 4;5;6

(

C3j ¼
ðp5 þ p6Þl2j sin hj cos hj j ¼ 1;2;3

ðp5 � p6Þl2j ðsin2 hj � cos2 hjÞ þ p6gj j ¼ 4;5;6

(

C4j ¼
igjlj cos hj j ¼ 1;2;3
0 j ¼ 4;5;6

�

C5j ¼
0 j ¼ 1;2;3
igjlj cos hj j ¼ 4;5;6

(

C6j ¼
l2j K4xj � ðK5 þ K6Þxjl

2
j sin hj cos hj j ¼ 1;2;3

�ðK5 þ K6Þxjl
2
j sin hj cos hj j ¼ 4;5;6

(

b1 ¼ �p1l
2
0 � p2l

2
0 cos h0 sin h0 � l20p2 cos2 h0 � p3g1;

b2 ¼ l20 þ p4l
2
0 sin

2 h0 � p4l
2
0 sin h0 cos h0 þ p3g1;

b3 ¼ l20ðp5 þ p6Þ sin h0 cos h0 þ ðp6 � p5Þl20ðsin2 h0 � cos2 h0Þ
� p6g4;

b4 ¼ il0g1 cos h0;

b5 ¼ il0g4 cos h0;

b6 ¼ �K4l
2
0x1 � ðK5 þ K6Þl20x1 sin h0 cos h0 � ðK5 þ K6Þx4l

2
0 sin h0

� cos h0

p1 ¼ kþ 2l
k

; p2 ¼ k
k
; p3 ¼ bT0

k
; p4 ¼ kþ 2l

k
; p5 ¼ kþ l

k
;

p6 ¼ l
k
; p7 ¼ �kc21

x�2

The relevant parameters following Kumar and Sing [37] are repre-

sented as, @1 ¼ @ð1� iQ�1
k Þ where @ ¼ k;l;b; k;a and c.

Numerical results and discussion

In this section, let us consider the numerical example. For this
purpose, Crust is taken as the thermoelastic material for which
we take the following values of the different physical constants:

k ¼ l ¼ 3� 1010 N:m�2; ðK;K�Þ ¼ ð3;0:1Þw:m�1:k�1
;

T0 ¼ 300 K; c ¼ 1:6� 1011 k�1
; q ¼ 2900 kg:m�3;

x� ¼ 0:02s�1; j ¼ 0:1 m2; CE ¼ 1100 J:kg�1
:k�1

:

The values of micro temperature constants are as

K1 ¼ 0:35 Ns�1; K2 ¼ 0:45Ns�1; K3 ¼ 0:55 Ns�1 k�1

K4 ¼ 0:65 Ns�1 m2; K5 ¼ 0:75 Ns�1 m2; K6 ¼ 0:96Ns�1 m2

In the theoretical presentation it was observed that there exist
six reflected waves propagating through the medium three for lon-
gitudinal and three for transverse waves. For graphical representa-
tion of solution a particular medium is selected and Matlab-16
software has been used. Graphically we are focused on amplitude
ratios of reflected waves against the incident angle for different
conditions of angular velocityx and viscosity factor sv . The figures
are depending on two sets named as Fig. 2 and 3, each set is
explained in the following paragraphs.

Fig. 2, represents the amplitude ratios of six waves propagating
in the medium against incident angle for different values of angu-
lar velocity. The range of incident angle is taken as 0� 6 h 6 90�,
while in this set of figures, viscosity of the medium is constant
sv ¼ 0:02. First three figures are for the longitudinal waves while
the last three are representing the transverse waves. It can be seen
that the amplitude of longitudinal waves reaches the maximum



Fig. 2. Variation of the magnitude of amplitude ratios Ziði ¼ 1;2; . . . ;6Þ with respect to the angle of incidence h for variation of x ¼ 0:1;0:2;0:3;0:4 when sv ¼ 0:02.

Fig. 3. Variation of the magnitude of amplitude ratios Ziði ¼ 1;2; . . . ;6Þ with respect to the angle of incidence h for variation of sv ¼ 0:01;0:02;0:03;0:35 when x ¼ 0:1.
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value for x ¼ 0:4 which shows that greater the value of angular
frequency of the medium greater will be the amplitude of longitu-
dinal waves, but for the case of transverse waves the maximum
amplitude is obtained for x ¼ 0:2. Angle of incidence is also play-
ing very important role in the propagation of these waves. Graph-
ically it is observed that greater the angle of incidence the
longitudinal waves decreases but the transverse waves have higher
amplitude for large values of incident angle.

Fig. 3, depicts the six waves for different value of viscosity factor
constant sv ¼ 0:01;0:02;0:03;0:04 while the angular velocity
remains fix x ¼ 0:1. It is observed that viscosity factor is having
a strong influence on propagation of reflected wave through the
medium. Maximum amplitude for longitudinal wave is obtained
for sv ¼ 0:02 and all the three curves have same kind of response
to viscosity factor. All curves converge toward small values of
reflected coefficients by increasing the angle from principal nor-
mal. Transverse waves are having complex oscillating response
for the case of small viscosity factor and large angle of incidence.

Conclusions

By flowing through Theoretical and graphical representation we
came across the following major points.

1. It is observed from Eqs. (17)–(22) that the total six reflected
waves propagating through the medium. Three of them are lon-
gitudinal and three are transverse in nature.

2. Amplitude of longitudinal waves reduces by increasing the
angle of incidence, while the amplitude of transverse waves
increases by increasing the angle of incidence. Amplitude of
reflected longitudinal wave is having highest curve for angle
approximately equals h ¼ 15� while the transverse waves have
the maximum response at h ¼ 60�. Greater the value of angular
frequency of the medium greater will be the amplitude of lon-
gitudinal waves but this behavior is not found in the case of
transverse waves.

3. The viscosity factor is having a strong influence on the waves.
Transverse waves have complex behavior for small value of vis-
cosity and large value of angle of incidence. This indicates that
viscosity makes the curves move in a smooth harmonic
behavior.
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