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In this research, we investigate one of the most popular model in nature and also industrial which is the
pressure equation of bubbly liquids with examination for viscosity and heat transfer which has many
application in nature and engineering. Understanding the physical meaning of exact and solitary travel-
ing wave solutions for this equation gives the researchers in this field a great clear vision of the pressure
waves in a mixture liquid and gas bubbles taking into consideration the viscosity of liquid and the heat
transfer and also dynamics of contrast agents in the blood flow at ultrasonic researches. To achieve our
goal, we apply three different methods which are extended tanh-function method, extended simple
equation method and a new auxiliary equation method on this equation. We obtained exact and solitary
traveling wave solutions and we also discuss the similarity and difference between these three method
and make a comparison between results that we obtained with another results that obtained with the
different researchers using different methods. All of these results and discussion explained the fact that
our new auxiliary equation method is considered to be the most general, powerful and the most result-
oriented. These kinds of solutions and discussion allow for the understanding of the phenomenon and its
intrinsic properties as well as the ease of way of application and its applicability to other phenomena.
� 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

The characteristic of bubbles is one of the most important phe-
nomena and characteristics of some fluids, whether they are liquid
fluids or liquid fluids. Due to the Marangoni effect, bubbles may
stand by intact when they reach the surface of the impressive
material. Bubbles form, and coalesce, into globular shapes, because
those forms are at a lower energy state. For the physics and chem-
istry caused it, we can observe the bubbles as it have a various
refractive index (IR) than the surrounding substance. For instance,
the IR of air is approximately 1.0003 and the IR of water is approx-
imately 1.333. Snell’s Law characterized how electromagnetic
waves shift direction at the interface between two mediums with
various IR; thus bubbles can be specified from the accompanying
refraction and internal reflection even though both the immersed
and immersing mediums are transparent. The fierce collapse of
bubbles (cavitation) near solid surfaces and the resulting imping-
ing jet shape the mechanism applied in ultrasonic cleaning. The
same influence, but on a larger scale, is used in concentrated
energy weapons such as the bazooka and the torpedo. Pistol
shrimp also use a collapsing cavitation bubble as a weapon. The
same influence is used to treat kidney stones in a lithotripter.
The damage by bubble pointing and growth in body tissues is
the mechanism of decompression sickness, which occurs when
supersaturated dissolved inert gases leave solution as bubbles dur-
ing decompression. The damage can be due to mechanical defor-
mation of tissues due to bubble growth in situ, or by blocking
blood vessels where the bubble has lodged. Injury by bubble for-
mation and growth in body tissues is the mechanism of decom-
pression sickness, which occurs when supersaturated dissolved
inert gases leave solution as bubbles during decompression. The
damage can be due to mechanical deformation of tissues due to
bubble growth in situ, or by blocking blood vessels where the bub-
ble has lodged. Arterial gas embolism can occur when a gas bubble
is introduced to the circulatory system and it lodges in a blood ves-
sel which is too small for it to pass through under the available
pressure difference. This can occur as a result of decompression
after hyperbaric exposure, a lung over expansion injury, during
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intravenous fluid administration, or during surgery. Arterial gas
embolism can occur when a gas bubble is introduced to the circu-
latory system and it lodges in a blood vessel which is too small for
it to pass through under the available pressure difference. This can
occur as a result of decompression after hyperbaric exposure, a
lung over expansion injury, during intravenous fluid administra-
tion, or during surgery.All of what mentioned above gives a great
importance of studying the physical properties of these models like
our model (the Kudryashov Sinelshchikov equation) and for serv-
ing our goal, the mathematician discover, invited and improve
some powerful methods [1–15]. For our model we used three dif-
ferent methods (extended tanh-function method, extended simple
equation method and a new auxiliary equation method (Khater
method) [16–20]). The remnant of this paper is systematized as
follows: In Section ‘Formulation for pressure equation of bubbly
liquids with examination for viscosity and heat transfer’, we use
these methods to get the exact solutions of (NLPDE.) pointed out
above. In Section ‘Discuss the results’, we make the comparison
between the obtained results with each other and that obtained
by using different method. In Section ‘Conclusion’, conclusions
are given. Table 1.

Formulation for pressure equation of bubbly liquids with
examination for viscosity and heat transfer

The volume and mass of the gas in the unit of the mass mixture
can be written as

V ¼ 4
3
pR3N; X ¼ V qg : ð2:1Þ

We consider the long wavelength perturbations in a mixture of
the liquid and the gas bubbles assuming that characteristic length
of waves of perturbation more than distance between bubbles. We
also assume, that distance between bubbles much more than the
averaged radius of a bubble. We describe dynamics of a bubble
using the Rayleigh-Lamb equation. We also take the equation of
energy for a bubble and the state equation for the gas in a bubble
into account. The system of equation for the description of the gas
bubble takes the form [21,22].

q1 RRt t þ 3
2 R

2
t þ 4 v

3 R Rt

� �
¼ Qy � Q ;

Qg; t þ 3 nQg

R Rt þ 3 vg N uðn�1Þ
2 R2

Tg � T1
� � ¼ 0;

Tg ¼ T0 Qg

Qg; 0

R
R0

� �3
:

8>>>><
>>>>:

ð2:2Þ

The expression for the density of a mixture can be presented in
the form [23]

1
q
¼ 1� v

qt
þ V ) q ¼ qt

1� vþ Vq t
: ð2:3Þ
Table 1
Terminology of all characters that used in our research.

1,0,0Arbitrary constant 1,0,0Definition

R ¼ Rðx; tÞ Bubble radius
qg ¼ qgðx; tÞ The gas density
g Gas phase
l Liquid phase
Pðx; tÞ Gas–liquid mixture
Pg Gas pressure.
Tg &Tl Temperature of liquid and gas accordingly
vg A coefficient of the gas thermal conduction
Nu The Nusselt number
n The poly tropic exponent
v The viscosity of a liquid
u ¼ uðx; tÞ A velocity of a flow of a gas–liquid mixture
a; b; k; l; r; C; b; ai; b1 Arbitrary constants will be evaluated in research
Considering the small deviation of the bubble radius in compar-
ison with the averaged radius of bubble, we have

Rðx; tÞ ¼ R0 þ gðx; tÞ; R0 ¼ constant; gk k � R0; Rðx;0Þ ¼ R0: ð2:4Þ
Assume that the liquid temperature is constant and equal to the

initial value:

Tl ¼ Tjt¼0 ¼ T0; T0 ¼ constant: ð2:5Þ
At the initial moment, we also have

t ¼ 0; Q ¼ Qg ¼ Q0; Q0 ¼ constant; V ¼ V0 ¼ 4
3
pR3

0N: ð2:6Þ
Substituting Qg and Tg from first and third equations into the

second equation in the system (2.2) and taking relation (2.4) into
account we have the pressure dependence of a mixture on the
radius perturbation in the form:

Q � Q0 þ
g
R0

Q þ 3nv
R0

Q gt þ vQt þ
q1 3R2

0 þ 4v v
� �

3R0
gt t

þ
qt 6R2

0 � 4v v
� �

3R2
0

ggt t þ
qt 8v v ð3n� 1Þ þ 9R2

0

� �
6R2

0

g2
t

þ 4v ql

3R0
gt þ

2Q0

R0
gþ 3P0

R2
0

g2 ¼ 0;

v ¼ 2R2
0Q0

3vNuðn� 1ÞT0
:

ð2:7Þ
From Eq. (2.3) we also have the dependence q on g using for-

mula (2.4)

q ¼ q0 � lgþ l1 g2;

q0 ¼ q1
1�vþV0 ql

;

l ¼ 3q2
1 V0

R0 1�vþV0 qlð Þ2 ;

l1 ¼ 6q2
l
V0 2ql V0�1þvð Þ

R20 1�vþV0 qlð Þ3 :

8>>>>>><
>>>>>>:

ð2:8Þ

Using the system of equations for description of the motion of a
gas-liquid mixture flow in the form

@ q
@ t þ @ q uð Þ

@ x ¼ 0;

q @ u
@ t þ u @ u

@ x

� �þ @ Q
@ x ¼ 0:

(
ð2:9Þ

where u ¼ uðx; tÞ is a velocity of a flow of a gas-liquid mixture. Eq.
(2.7) together with Eqs. (2.5) and (2.6) can be applied for descrip-
tion of nonlinear waves in a gas-liquid medium. Consider the linear
case of the system of Eqs. (2.5)–(2.7). Assuming, that pressure in a
mixture is proportional to perturbation radius, we obtain the linear
wave equation for the radius perturbations

gt t ¼ c20 gx x&c0 ¼
ffiffiffiffiffiffiffiffiffiffi
3Q0

lR0

s
: ð2:10Þ

Let us introduce the following dimensionless variables

t ¼ l
c0

t0&x ¼ l x0&u ¼ c0 u0&g ¼ R0g0&Q ¼ Q0Q
0 þ Q0; ð2:11Þ

where l is the characteristic length of wave. Using the dimension-
less variables the system of Eqs. (2.5)–(2.7) can be reduced to the
following (the primes of the variables are omitted)

gt � q0
l R0

ux þ ugx þ gux � 2l1 R0
l ggt ¼ 0;

�q0
l R0

ut þ uuxð Þ þ gut � 1
3 Qx ¼ 0;

Q þ v1Qt þ gQ þ 3nv1gt Q

¼ � b1 þ b2ð Þgt t � 2b2 � b1ð Þggt t

� 3 n�1
2 b1 þ 3

2 b2

� �
g2
t � kgt � 3gþ 3g2:

8>>>>>>><
>>>>>>>:

ð2:12Þ

where the parameters are determined by formulas
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k ¼ 4v ql c0
3Q0 l

þ 3nv1; b1 ¼ 4v vql c
2
0

3Q0 l
2 ; c ¼ vq1 R

2
0 c

3
0

Q0 l
3 ; v1 ¼ vc0

l
:

ð2:13Þ
We introduce a scale transformation of independent variables

n ¼ �m ðx� tÞ; s ¼ �mþ1 t; m > 0; �� 1;
@

@ x
¼ �m

@

@ n
;
@

@ t
¼ �mþ1 @

@ s
� �m

@

@ n
:

ð2:14Þ

Substituting (2.11) into(2.9) and dividing on ”m in first two
equations we have the following system of equations

�gs � gn �
q0

lR0
un þ gun þ ugn � �

2l1 R0

l
ggs þ

2l1 R0

l
ggn ¼ 0;

ð2:15Þ

� � q0

lR0

� �
ur þ q0

lR0
un þ �gur � gun � q0

lR0
uun � 1

3
Q n ¼ 0;

ð2:16Þ

Q þ �mþ1v1Qs � �mv1Q n þ gQ þ 3�mþ1 nv1gsQ � 3�m nv1gnQ

¼ ��2mþ2 b1 þ b2ð Þgss þ 2�2mþ1 b1 þ b2ð Þgs n � �2m b1 þ b2ð Þgnn

� �2mþ2 2b2 � b1ð Þggss þ 2�2mþ1 2b2 � b1ð Þggsn
� �2m 2b2 � b1ð Þggnn � �2mþ2 3n� 1

2
b1 þ

3
2
b2

� �
g2
s

þ 2�2mþ1 3n� 1
2

b1 þ
3
2
b2

� �
gs gn

� �2m
3n� 1

2
b1 þ

3
2
b2

� �
g2
n � �mþ1 kgs þ �m kgn � 3gþ 3g2:

ð2:17Þ
We now assume that the state variables u, g and Q can be rep-

resented asymptotically as series in powers of � about an equilib-
rium state

u ¼ �u1 þ �2 u2 þ . . . ; g ¼ �g1 þ �2g2 þ . . . ; Q

¼ �Q1 þ �2Q2 þ . . . : ð2:18Þ
Substituting (2.18) into (2.15)–(2.17) and equating expressions

at � and �2 to zero, we obtain some equations with respect to
u1; u2; g1; g2; Q1; Q2. Solving these equations with respect to Q1

we have the equation for pressure Q1 in the form:

Q1sþXQ1Q1nþ�2m�1 b1þb2

6
Q1nnn��2m

2b2�b1

18
Q1Q1nnn

��2m 3n�2
18

b1þ
5
18

b2

� �
Q1nn ¼ �m�1 k

6
�v1

2

� �
Q1nnþ�m

nv1

2
Q1Q1n

� �
n
;

ð2:19Þ

where X ¼ 3l R0
q0

� 3l1 R0
l þ 2

3. From Eq. (2.19) one can find some non-

linear evolution equations for description of waves in a mixture liq-
uid and gas bubbles with consideration for the heat transfer and the
viscosity. Assuming

m ¼ 1;
b1 þ b2

6
¼ b�d; d > 0; b ffi 1; b1 ¼ 2b2; k ¼ 3v:

we have nonlinear evolution equation of the second order in the
form

Qs þXQ Q n þ a1Q n n n � a2Q nQ n n � a3 Q Q n

� �
n
¼ 0; ð2:20Þ

where b ¼ k
6 � v1

2

� �
, c ¼ � nv1

2 ; a1 ¼ �2m�1 b1þb2
6

� �
, a3 ¼ �2m

3 n�2
18 b1 þ 5

18 b2

� �
; a4 ¼ �m nv1

2

� �
. Using the traveling wave transfor-
mation Qðn; sÞ ¼ UðfÞ where f ¼ nþ cs and integrating Eq. (2.20)
with zero constant of integration, we obtain:

cU þX
2
u2 þ a1U

00 � a2

2
U02 � a3UU0 ¼ 0: ð2:21Þ

This equation also called the Kudryashov-Sinelshchikov equa-
tion [21–25] which can described in the simplest case by the most
famous model Korteweg-de Vries (KdV) equation [26] when
a2 ¼ a3 ¼ 0ð Þ ) ut þ auux þ ux x x ¼ 0ð Þ. Not just that but also it
describe the most famous model Burger Korteweg-de Vries (BKdV)
when a2 ¼ a3 ¼ k ¼ 0ð Þ. Kudryashov-Sinelshchikov Equation also
is the general form of famous Kawahara equation [27]:

ut þ uux þ ux x x � ux x x x x ¼ 0:

That describe the motions of plasma waves, capillary-gravity
water waves, water waves with surface tension. Kudryashov-
Sinelshchikov used reductive perturbation method to obtain this
general form of Kawahara equation to be in the form (2.21).

Balancing the the highest order derivative term and nonlinear

term in Eq. (2.21) ) U00&U2
� �

) N ¼ 2ð Þ. But we can not use this

balance into this model and you can check by yourself by using any
methods like modified simple equation method, extended tanh-
function method, modified simple equation method, new auxiliary
equation method,. . .and so on. so that, we will use the transforma-
tion UðfÞ ¼ P2ðfÞ, we get:

cP2 þX
2
P4 þ 2a1 P

02 þ 2a1 PP
00 � 2a2 P

2 P02 � 2a3 P
3 P00 ¼ 0:

ð2:22Þ
Balancing the the highest order derivative term and nonlinear

term in Eq. (2.21) ) PP00&P4
� �

) N ¼ 1ð Þ.
Now, we will apply three different methods on our model to get

closed form of solutions and solitary traveling wave solutions and
we also represent in details the discussion and comparison
between the three methods and the results that obtained by these
methods and that obtained by another researchers who used a dif-
ferent methods.

The modified extended tanh-function method:

Implement modified extended tanh-function method on the
Pressure equation of bubbly liquids with examination for viscosity
and heat transfer. So that, according the suggested method, we can
presume the solution of Eq. (2.22) in the following form:

pðfÞ ¼ b1

/ðfÞ þ a0 þ a1/ðfÞ: ð2:23Þ

Subrogate Eq. (2.23) and its derivative into Eq. (2.22) and gath-
ering all term with the same power of /i where i ¼ �6; . . . ;6ð Þ we
get suit of algebraic equations. Disbanding this suit by any
computer program (Mathematica, Maple, Matlab,. . ., etc), we
obtain:

X ¼ ��64a3b
2
1 þ 3c

4a1b1
; b ¼ b1

a1
; a0 ¼ 0; a1 ¼ a1; a1 ¼ ca1

16b1
;

a2 ¼ �2a3:

So that, the exact traveling wave solutions:

PðfÞ ¼ b1

/ðfÞ þ a1/ðfÞ: ð2:24Þ
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therefor, the solitary traveling wave solutions:
Case 1. If b < 0:

PðfÞ ¼ b1

ffiffiffiffiffiffiffi
�b

p

b
cothð

ffiffiffiffiffiffiffi
�b

p
nÞ � a1

ffiffiffiffiffiffiffi
�b

p
tanhð

ffiffiffiffiffiffiffi
�b

p
nÞ; ð2:25Þ

UðfÞ ¼ b1

ffiffiffiffiffiffiffi
�b

p

b
cothð

ffiffiffiffiffiffiffi
�b

p
nÞ � a1

ffiffiffiffiffiffiffi
�b

p
tanhð

ffiffiffiffiffiffiffi
�b

p
nÞ

 !2

: ð2:26Þ

Or

PðfÞ ¼ b1

ffiffiffiffiffiffiffi
�b

p

b
tanhð

ffiffiffiffiffiffiffi
�b

p
nÞ � a1

ffiffiffiffiffiffiffi
�b

p
cothð

ffiffiffiffiffiffiffi
�b

p
nÞ; ð2:27Þ

UðfÞ ¼ b1

ffiffiffiffiffiffiffi
�b

p

b
tanhð

ffiffiffiffiffiffiffi
�b

p
nÞ � a1

ffiffiffiffiffiffiffi
�b

p
cothð

ffiffiffiffiffiffiffi
�b

p
nÞ

 !2

: ð2:28Þ

Case 2. If b > 0:

PðfÞ ¼ b1

ffiffiffi
b

p

b
cotð

ffiffiffi
b

p
nÞ þ a1

ffiffiffi
b

p
tanð

ffiffiffi
b

p
nÞ; ð2:29Þ

UðfÞ ¼ b1

ffiffiffi
b

p

b
cotð

ffiffiffi
b

p
nÞ þ a1

ffiffiffi
b

p
tanð

ffiffiffi
b

p
nÞ

 !2

: ð2:30Þ

Or

PðfÞ ¼ b1

ffiffiffi
b

p

b
tanð

ffiffiffi
b

p
nÞ þ a1

ffiffiffi
b

p
cotð

ffiffiffi
b

p
nÞ; ð2:31Þ

UðfÞ ¼ b1

ffiffiffi
b

p

b
tanð

ffiffiffi
b

p
nÞ þ a1

ffiffiffi
b

p
cotð

ffiffiffi
b

p
nÞ

 !2

: ð2:32Þ

Case 3. If b ¼ 0:

PðfÞ ¼ �b1 n � a1
n
; ð2:33Þ

UðfÞ ¼ �b1 n � a1

n

� �2

: ð2:34Þ
Extended simple equation method:

Implement an extended simple equation method on the Pres-
sure equation of bubbly liquids with examination for viscosity
and heat transfer. So that, according the suggested method, we
can presume the solution of Eq. (2.22) in the following form:

PðfÞ ¼ a�1

/ðfÞ þ a0 þ a1/ðfÞ: ð2:35Þ

Subrogate Eq. (2.35)its derivative into Eq. (2.22)gathering all
term with the same power of /i where i ¼ �6; . . . ;6ð Þ we get suit
of algebraic equations. Disbanding this suit by any computer pro-
gram (Mathematica, Maple, Matlab,. . ., etc), we obtain:

Case I.

X¼4k2a2þ4a3k
2;a¼0; c¼�4k2a1; a�1 ¼ ka0

l
; a0 ¼ a0; a1 ¼0:

So that, the exact traveling wave solutions:

PðfÞ ¼ ka0

l/ðfÞ þ a0: ð2:36Þ

therefor, the solitary traveling wave solutions:
Case 1. When k > 0

PðfÞ ¼ ka0 1� lek nþCð Þ� �
l kek nþCð Þð Þ þ a0; ð2:37Þ
UðfÞ ¼ ka0 1� lek nþCð Þ� �
l kek nþCð Þð Þ þ a0

� �2

: ð2:38Þ

Case 2. When k < 0

PðfÞ ¼ ka0 1þ lek nþCð Þ� �
�lek nþCð Þð Þ þ a0; ð2:39Þ

UðfÞ ¼ ka0 1þ lek nþCð Þ� �
l �lek nþCð Þð Þ þ a0

� �2

: ð2:40Þ

Case II.

X¼8aa3 aa2
0 �la2�1

� �
a2
�1

; c¼�4a3 a2a4
0 �2ala2

�1a
2
0 þa4�1l2

� �
a2�1

; k¼2aa0
a�1

;

a�1 ¼ a�1; a0 ¼ a0; a1 ¼ 0; a1 ¼ 0; a2 ¼ �2a3:

So that, the exact traveling wave solutions:

PðfÞ ¼ a�1

/ðfÞ þ a0: ð2:41Þ

Thus, the solitary traveling wave solutions:
When k ¼ 0, we get:
Case 1. When al > 0

PðfÞ ¼ a�1
ffiffiffiffiffiffiffialp

a
cot

ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ þ a0; ð2:42Þ

UðfÞ ¼ a�1
ffiffiffiffiffiffiffialp

a
cot

ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ þ a0

� �2

; ð2:43Þ

and

PðfÞ ¼ a�1
ffiffiffiffiffiffiffialp

a
tan

ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ þ a0; ð2:44Þ

UðfÞ ¼ a�1
ffiffiffiffiffiffiffialp

a
tan

ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ þ a0

� �2

: ð2:45Þ

Case 2. When al < 0

PðfÞ ¼ �a�1
ffiffiffiffiffiffiffiffiffiffiffi�alp

a
coth

ffiffiffiffiffiffiffiffiffiffiffi�alp
n� lnðCÞ

2

� �
þ a0; ð2:46Þ

UðfÞ ¼ �a�1
ffiffiffiffiffiffiffiffiffiffiffi�alp

a
coth

ffiffiffiffiffiffiffiffiffiffiffi�alp
n� lnðCÞ

2

� �
þ a0

� �2

; ð2:47Þ

and

PðfÞ ¼ �a�1
ffiffiffiffiffiffiffiffiffiffiffi�alp

a
tanh

ffiffiffiffiffiffiffiffiffiffiffi�alp
n� lnðCÞ

2

� �
þ a0; ð2:48Þ

UðfÞ ¼ �a�1
ffiffiffiffiffiffiffiffiffiffiffi�alp

a
tanh

ffiffiffiffiffiffiffiffiffiffiffi�alp
n� lnðCÞ

2

� �
þ a0

� �2

: ð2:49Þ

When a ¼ 0, we get
Case 1. When k > 0

PðfÞ ¼ a�1 1� lek nþCð Þ� �
kek nþCð Þ þ a0; ð2:50Þ

UðfÞ ¼ a�1 1� lek nþCð Þ� �
kek nþCð Þ þ a0

� �2

: ð2:51Þ

Case 2. When k < 0

PðfÞ ¼ � a�1 1þ lek nþCð Þ� �
lek nþCð Þ þ a0; ð2:52Þ
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UðfÞ ¼ a�1 1þ lek nþCð Þ� �
lek nþCð Þ þ a0

� �2

: ð2:53Þ

General solutions will be in the follows form:
Case 1. When 4al > k2 and l > 0

PðfÞ ¼ 2a�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
� k

þ a0; ð2:54Þ

UðfÞ ¼ 2a�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
� k

þ a0

0
BB@

1
CCA

2

; ð2:55Þ

and

PðfÞ ¼ 2a�1lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
� k

þ a0; ð2:56Þ

UðfÞ ¼ 2a�1lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
� k

þ a0

0
BB@

1
CCA

2

; ð2:57Þ

Case 2. When 4al > k2 and l < 0

PðfÞ ¼ 2a�1lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

þ a0; ð2:58Þ

UðfÞ ¼ 2a�1lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

þ a0

0
BB@

1
CCA

2

; ð2:59Þ

and

PðfÞ ¼ 2a�1lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

þ a0; ð2:60Þ

UðfÞ ¼ 2a�1lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

þ a0

0
BB@

1
CCA

2

: ð2:61Þ

Case III.

X ¼ 4 4aa21a3 � 3la1
� �

l
a21

; c ¼ 16ala1; a�1 ¼ aa1
l

;

a0 ¼ 0; a1 ¼ a1; a2 ¼ �2a3:

So that, the exact traveling wave solutions:

vðfÞ ¼ aa1
l/ðfÞ þ a1/ðfÞ: ð2:62Þ

therefor, the solitary traveling wave solutions:
When k ¼ 0, we get:
Case 1. When al > 0

PðfÞ¼ a1
ffiffiffiffiffiffiffialp
l

cot
ffiffiffiffiffiffiffi
al

p
nþCð Þð Þþa1

ffiffiffiffiffiffiffialp
l

tan
ffiffiffiffiffiffiffi
al

p
nþCð Þð Þ; ð2:63Þ

UðfÞ ¼ a1
ffiffiffiffiffiffiffialp
l

cot
ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ þ a1

ffiffiffiffiffiffiffialp
l

tan
ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ

� �2

;

ð2:64Þ
and

PðfÞ ¼ a1
ffiffiffiffiffiffiffialp
l

tan
ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ

þ a1
ffiffiffiffiffiffiffialp
l

cot
ffiffiffiffiffiffiffi
al

p
nþ Cð Þð Þ; ð2:65Þ

UðfÞ¼ a1
ffiffiffiffiffiffiffialp
l

tan
ffiffiffiffiffiffiffi
al

p
nþCð Þð Þþa1

ffiffiffiffiffiffiffialp
l

cot
ffiffiffiffiffiffiffi
al

p
nþCð Þð Þ

� �2

; ð2:66Þ

Case 2. When al < 0

PðfÞ ¼ �a1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

coth
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� �

þ a1

ffiffiffiffiffiffiffiffiffiffiffi�alp
l

tanh
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� �
; ð2:67Þ

UðfÞ ¼ �a1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

coth
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� ��

þa1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

tanh
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� ��2

; ð2:68Þ

and

PðfÞ ¼ �a1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

tanh
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� �

þ a1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

coth
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� �
; ð2:69Þ

UðfÞ ¼ �a1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

tanh
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� ��

þa1
ffiffiffiffiffiffiffiffiffiffiffi�alp
l

coth
ffiffiffiffiffiffiffiffiffiffiffi�alp

n� lnðCÞ
2

� ��2

: ð2:70Þ

When a ¼ 0, we get
Case 1. When k > 0

PðfÞ ¼ aa1 1� lek nþCð Þ� �
klek nþCð Þ þ a1 kek nþCð Þ

1� lek nþCð Þ ; ð2:71Þ

UðfÞ ¼ aa1 1� lek nþCð Þ� �
klek nþCð Þ þ a1 kek nþCð Þ

1� lek nþCð Þ

� �2

: ð2:72Þ

Case 2. When k < 0

PðfÞ ¼ �aa1 1þ lek nþCð Þ� �
l2 ek nþCð Þ � a1lek nþCð Þ

1þ lek nþCð Þ ; ð2:73Þ

UðfÞ ¼ aa1 1þ lek nþCð Þ� �
l2 ek nþCð Þ þ a1lek nþCð Þ

1þ lek nþCð Þ

� �2

: ð2:74Þ

General solutions will be in the follows form:
Case 1. When 4al > k2 and l > 0

PðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
� k

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþ Cð Þ
0
@

1
A� k

2
4

3
5; ð2:75Þ

UðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4al�k2

p
2 nþ Cð Þ

� �
� k

0
BB@

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþ Cð Þ
0
@

1
A� k

2
4

3
5
1
A

2

; ð2:76Þ
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and

PðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
� k

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþ Cð Þ
0
@

1
A� k

2
4

3
5; ð2:77Þ

UðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4al�k2

p
2 nþCð Þ

� �
� k

0
BB@

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþCð Þ
0
@

1
A� k

2
4

3
5
1
A

2

; ð2:78Þ

Case 2. When 4al > k2 and l < 0

PðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþ Cð Þ
0
@

1
Aþ k

2
4

3
5: ð2:79Þ

UðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4al�k2

p
2 nþCð Þ

� �
þ k

0
BB@

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþCð Þ
0
@

1
Aþ k

2
4

3
5
1
A

2

; ð2:80Þ

and

PðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþ Cð Þ
0
@

1
Aþ k

2
4

3
5; ð2:81Þ

UðfÞ ¼ 2aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 al�k2

p
2 nþ Cð Þ

� �
þ k

0
BB@

þ a1
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4al� k2

q
2

nþ Cð Þ
0
@

1
Aþ k

2
4

3
5
1
A

2

: ð2:82Þ
New auxiliary equation method:

Implement new auxiliary equation method on the Pressure
equation of bubbly liquids with examination for viscosity and heat
transfer. So that, according the suggested method, we can presume
the solution of Eq. (2.22) in the following form:

PðfÞ ¼ a0 þ a1 af ðfÞ: ð2:83Þ
Subrogate Eq. (2.83)its derivative into Eq. (2.22) and gathering

all term with the same power of /i where i ¼ �6; . . . ;6ð Þ we get
suit of algebraic equations. Disbanding this suit by any computer
program (Mathematica, Maple, matlab, . . ., etc), we obtain:
Case I.

X ¼ �4b2a2; r ¼ 0; a0 ¼ aa1
b

; a1 ¼ a1; a1 ¼ � c

4b2 ; a3 ¼ �2a2:

So that, the exact traveling wave solution:

PðfÞ ¼ aa1
b

þ a1 af ðfÞ: ð2:84Þ

Therefor, the solitary traveling wave solutions:
When a ¼ r ¼ 0ð Þ.

PðfÞ ¼ aa1
b

þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 b n þ 1ð Þp
e2 b n � 1

" #
; ð2:85Þ

UðfÞ ¼ aa1
b

þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 b n þ 1ð Þp
e2 b n � 1

" # !2

; ð2:86Þ

or

PðfÞ ¼ aa1
b

þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 b n þ 6e2 b n þ 1
p

2e2 b n

" #
; ð2:87Þ

UðfÞ ¼ aa1
b

þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 b n þ 6e2 b n þ 1
p

2e2 b n

" # !2

: ð2:88Þ

When b ¼ k; a ¼ 2k; r ¼ 0ð Þ.

PðfÞ ¼ aa1
b

þ a1 ek n � 1
	 


; ð2:89Þ

UðfÞ ¼ aa1

b
þ a1 ek n � 1

	 
� �2

: ð2:90Þ

When r ¼ 0ð Þ.

PðfÞ ¼ aa1
b

þ a1 eb n � a
2b

� �
; ð2:91Þ

UðfÞ ¼ aa1

b
þ a1 eb n � a

2b

� �� �2

: ð2:92Þ

Case II.

X ¼ 4b2a2 þ 4b2a3; a ¼ ba0
a1

; r ¼ 0; a0 ¼ a0; a1 ¼ a1; a1 ¼ � c

4b2 :

So that, the exact traveling wave solution:

PðfÞ ¼ a0 þ a1 af ðfÞ: ð2:93Þ
Therefor, the solitary traveling wave solutions:
When a ¼ r ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 b n þ 1ð Þp
e2 b n � 1

" #
; ð2:94Þ

UðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 b n þ 1ð Þp
e2 b n � 1

" # !2

; ð2:95Þ

or

PðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 b n þ 6e2 b n þ 1
p

2e2 b n

" #
; ð2:96Þ

UðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 b n þ 6e2 b n þ 1
p

2e2 b n

" # !2

: ð2:97Þ

When b ¼ k; a ¼ 2k; r ¼ 0ð Þ.
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PðfÞ ¼ a0 þ a1 ek n � 1
	 


; ð2:98Þ

UðfÞ ¼ a0 þ a1 ek n � 1
	 
� �2

: ð2:99Þ
When r ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1 eb n � a
2b

� �
; ð2:100Þ

UðfÞ ¼ a0 þ a1 eb n � a
2b

� �� �2

: ð2:101Þ

Case 3.

X ¼ 2b2c

a20 4ar� b2� � ; a0 ¼ a0; a1 ¼ 2ra0

b
; a1 ¼ 0;

a2 ¼ 2cb2

a20 16a2r2 � 8ab2rþ b4� � ;

a3 ¼ � cb2

a2
0 16a2r2 � 8ab2rþ b4� � :

So that, the exact traveling wave solution:

PðfÞ ¼ a0 þ 2ra0
b

af ðfÞ: ð2:102Þ

therefor, the solitary traveling wave solutions:
When b2 � ar < 0&r – 0

� �
.

PðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A; ð2:103Þ

UðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A

0
@

1
A

2

;

ð2:104Þ
or

PðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A; ð2:105Þ

UðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A

0
@

1
A

2

:

ð2:106Þ
When b2 � ar > 0&r – 0

� �
.

PðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A; ð2:107Þ

UðfÞ ¼ a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A

0
@

1
A

2

;

ð2:108Þ
or

PðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A; ð2:109Þ
UðfÞ ¼ a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A

0
@

1
A

2

: ð2:110Þ

When b2 þ a2 > 0&r – 0&r ¼ �a
� �

.

PðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A; ð2:111Þ

UðfÞ ¼ a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A

0
@

1
A

2

; ð2:112Þ

or

PðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A; ð2:113Þ

UðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A

0
@

1
A

2

: ð2:114Þ

When b2 þ a2 < 0&r – 0&r ¼ �a
� �

.

PðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A; ð2:115Þ

UðfÞ ¼ a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A

0
@

1
A

2

;

ð2:116Þ
or

PðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A; ð2:117Þ

UðfÞ ¼ �a0 � 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A

0
@

1
A

2

:

ð2:118Þ
When b2 � a2 < 0&r ¼ a

� �
.

PðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A; ð2:119Þ

UðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A

0
@

1
A

2

;

ð2:120Þ
or

PðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A; ð2:121Þ

UðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A

0
@

1
A

2

:

ð2:122Þ
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When b2 � a2 > 0&r ¼ a
� �

.

PðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A; ð2:123Þ

UðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A

0
@

1
A

2

; ð2:124Þ

or

PðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A; ð2:125Þ

UðfÞ ¼ �a0 þ 2a0
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A

0
@

1
A

2

: ð2:126Þ

When b2 ¼ ar
� �

.

PðfÞ ¼ a0 � 2ra0a bnþ 2ð Þ
b3 n

; ð2:127Þ

UðfÞ ¼ a0 � 2ra0a bnþ 2ð Þ
b3 n

� �2

: ð2:128Þ

When b ¼ k; r ¼ 2k; a ¼ 0ð Þ.

PðfÞ ¼ a0 þ 2ra0 ek n

b 1� ek nð Þ ; ð2:129Þ

UðfÞ ¼ a0 þ 2ra0 ek n

b 1� ek nð Þ
� �2

: ð2:130Þ

When 2b ¼ aþ rð Þ.

vðfÞ ¼ a0 þ 2ra0
b

1� ae1
2ða�rÞn

1� re
1
2ða�rÞn

" #
; ð2:131Þ

UðfÞ ¼ a0 þ 2ra0
b

1� ae1
2ða�rÞn

1� re
1
2ða�rÞn

" # !2

; ð2:132Þ

or

PðfÞ ¼ a0 þ 2ra0
b

ae1
2ða�rÞn þ 1

�re
1
2ða�rÞn � 1

" #
; ð2:133Þ

UðfÞ ¼ a0 þ 2ra0
b

ae1
2ða�rÞn þ 1

�re
1
2ða�rÞn � 1

" # !2

: ð2:134Þ

When �2b ¼ aþ rð Þ.

vðfÞ ¼ a0 þ 2ra0
b

e
1
2 a�rð Þ n þ a

e
1
2 a�rð Þ n þ r

" #
; ð2:135Þ

UðfÞ ¼ a0 þ 2ra0
b

e
1
2 a�rð Þ n þ a

e
1
2 a�rð Þ n þ r

" # !2

: ð2:136Þ

When a ¼ 0ð Þ.

PðfÞ ¼ a0 þ 2ra0 eb n

1þ r
2 e

b n
; ð2:137Þ
UðfÞ ¼ a0 þ 2ra0 eb n

1þ r
2 e

b n

� �2

: ð2:138Þ

When b ¼ a ¼ r – 0ð Þ.

PðfÞ ¼ a0 � 2ra0 anþ 2ð Þ
ban

; ð2:139Þ

UðfÞ ¼ a0 � 2ra0 anþ 2ð Þ
ban

� �2

: ð2:140Þ

Case IV.

X ¼ 2rc
aa21 � ra20

; b ¼ 2ra0
a1

; a0 ¼ a0; a1 ¼ a1; a1 ¼ 0;

a2 ¼ ca1
2

2 aa21 � ra20
� �2 ; a3 ¼ � ca1

2

4 aa21 � ra20
� �2 :

So that, the exact traveling wave solution:

PðfÞ ¼ a0 þ a1 af ðfÞ: ð2:141Þ
Thus, the solitary traveling wave solutions:
When b2 � ar < 0&r – 0

� �
.

PðfÞ¼ a0þa1
�b
r

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2� ar
� �r
r

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2� ar
� �r

2
n

0
BB@

1
CCA

2
664

3
775; ð2:142Þ

UðfÞ ¼ a0 þ a1
�b
r

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q
r

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A

2
4

3
5

0
@

1
A

2

;

ð2:143Þ
or

PðfÞ ¼ a0 þ a1
�b
r

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q
r

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A

2
4

3
5;
ð2:144Þ

UðfÞ ¼ a0 þ a1
�b
r

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q
r

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � ar
� �q

2
n

0
@

1
A

2
4

3
5

0
@

1
A

2

:

ð2:145Þ
When b2 � ar > 0&r – 0

� �
.

PðfÞ¼ a0þa1
�b
r �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2� ar
� �q

r tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2� ar
� �q

2
n

0
@

1
A

2
4

3
5; ð2:146Þ

UðfÞ ¼ a0 þ a1
�b
r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

r
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A

2
4

3
5

0
@

1
A

2

;

ð2:147Þ
or

PðfÞ ¼ a0

þ a1
�b
r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

r
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A

2
4

3
5; ð2:148Þ
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UðfÞ ¼ a0 þ a1
�b
r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

r
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ar
� �q

2
n

0
@

1
A

2
4

3
5

0
@

1
A

2

:

ð2:149Þ
When b2 þ a2 > 0&r– 0&r ¼ �a

� �
.

PðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
a

tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A

2
4

3
5; ð2:150Þ

UðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
a

tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

; ð2:151Þ

or

PðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
a

coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A

2
4

3
5; ð2:152Þ

UðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
a

coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ a2

q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

: ð2:153Þ

When b2 þ a2 < 0&r– 0&r ¼ �a
� �

.

PðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
a

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A

2
4

3
5;

ð2:154Þ

UðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
a

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

;

ð2:155Þ
or

PðfÞ ¼ a0

þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
a

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A

2
4

3
5; ð2:156Þ

UðfÞ ¼ a0 þ a1
b
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
a

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 þ a2
� �q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

:

ð2:157Þ
When b2 � a2 < 0&r ¼ a

� �
.

PðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
a

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A

2
4

3
5;
ð2:158Þ

UðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
a

tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

;

ð2:159Þ
or

PðfÞ¼ a0þa1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2� a2
� �q
a

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2� a2
� �q
2

n

0
@

1
A

2
4

3
5; ð2:160Þ
UðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
a

cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� b2 � a2
� �q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

:

ð2:161Þ
When b2 � a2 > 0&r ¼ a

� �
.

PðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
a

tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A

2
4

3
5; ð2:162Þ

UðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
a

tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

;

ð2:163Þ
or

PðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
a

coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A

2
4

3
5; ð2:164Þ

UðfÞ ¼ a0 þ a1
�b
a

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
a

coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
2

n

0
@

1
A

2
4

3
5

0
@

1
A

2

:

ð2:165Þ
When ar < 0&r – 0&b ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1

ffiffiffiffiffiffiffi�a
r

r
tanh

ffiffiffiffiffiffiffiffiffiffiffi�arp
2

n

� �" #
; ð2:166Þ

UðfÞ ¼ a0 þ a1

ffiffiffiffiffiffiffi�a
r

r
tanh

ffiffiffiffiffiffiffiffiffiffiffi�arp
2

n

� �" # !2

; ð2:167Þ

or

PðfÞ ¼ a0 þ a1

ffiffiffiffiffiffiffi�a
r

r
coth

ffiffiffiffiffiffiffiffiffiffiffi�arp
2

n

� �" #
; ð2:168Þ

UðfÞ ¼ a0 þ a1

ffiffiffiffiffiffiffi�a
r

r
coth

ffiffiffiffiffiffiffiffiffiffiffi�arp
2

n

� �" # !2

: ð2:169Þ

When b ¼ 0; &a ¼ �rð Þ.

PðfÞ ¼ a0 þ a1
� 1þ e2 a n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 a n þ 1ð Þp
e2 a n � 1

" #
; ð2:170Þ

UðfÞ ¼ a0 þ a1
� 1þ e2 a n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 a n þ 1ð Þp
e2 a n � 1

" # !2

; ð2:171Þ

or

PðfÞ ¼ a0 þ a1
� 1þ e2 a n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 a n þ 6e2 a n þ 1
p

2e2 a n

" #
; ð2:172Þ

UðfÞ ¼ a0 þ a1
� 1þ e2 a n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 a n þ 6e2 a n þ 1
p

2e2 a n

" # !2

: ð2:173Þ

When a ¼ r ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 b n þ 1ð Þp
e2 b n � 1

" #
; ð2:174Þ
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UðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 e4 b n þ 1ð Þp
e2 b n � 1

" # !2

; ð2:175Þ

or

PðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 b n þ 6e2 b n þ 1
p

2e2 b n

" #
; ð2:176Þ

UðfÞ ¼ a0 þ a1
� 1þ e2 b n
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e4 b n þ 6e2 b n þ 1
p

2e2 b n

" # !2

: ð2:177Þ

When b2 ¼ ar
� �

.

PðfÞ ¼ a0 þ a1
�a bnþ 2ð Þ

b2 n

� �
; ð2:178Þ

UðfÞ ¼ a0 þ a1
�a bnþ 2ð Þ

b2 n

� �� �2

: ð2:179Þ

When b ¼ k; a ¼ 2k; r ¼ 0ð Þ.
PðfÞ ¼ a0 þ a1 ek n � 1

	 

; ð2:180Þ

UðfÞ ¼ a0 þ a1 ek n � 1
	 
� �2

: ð2:181Þ
When b ¼ k; r ¼ 2k; a ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1
ek n

1� ek n

� �
; ð2:182Þ

UðfÞ ¼ a0 þ 2ra0
b

ek n

1� ek n

� �� �2

: ð2:183Þ

When 2b ¼ aþ rð Þ.

PðfÞ ¼ a0 þ a1
1� ae1

2ða�rÞn

1� re
1
2ða�rÞn

" #
; ð2:184Þ

UðfÞ ¼ a0 þ a1
1� ae1

2ða�rÞn

1� re
1
2ða�rÞn

" # !2

; ð2:185Þ

or

PðfÞ ¼ a0 þ a1
ae1

2ða�rÞn þ 1

�re
1
2ða�rÞn � 1

" #
; ð2:186Þ

UðfÞ ¼ a0 þ a1
ae1

2ða�rÞn þ 1

�re
1
2ða�rÞn � 1

" # !2

: ð2:187Þ

When �2b ¼ aþ rð Þ.

PðfÞ ¼ a0 þ a1
e
1
2 a�rð Þ n þ a

e
1
2 a�rð Þ n þ r

" #
; ð2:188Þ

UðfÞ ¼ a0 þ a1
e
1
2 a�rð Þ n þ a

e
1
2 a�rð Þ n þ r

" # !2

: ð2:189Þ

When a ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1
beb n

1þ r
2 e

b n

� �
; ð2:190Þ

UðfÞ ¼ a0 þ 2ra0
b

beb n

1þ r
2 e

b n

� �� �2

: ð2:191Þ

When b ¼ a ¼ r – 0ð Þ.
PðfÞ ¼ a0 þ a1
� anþ 2ð Þ

an

� �
; ð2:192Þ

UðfÞ ¼ a0 þ a1
� anþ 2ð Þ

an

� �� �2

: ð2:193Þ

When b ¼ r ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1
a
2
n

h i
; ð2:194Þ

UðfÞ ¼ a0 þ a1
a
2
n

h i� �2
: ð2:195Þ

When b ¼ a ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1
�2
rn

� �
; ð2:196Þ

UðfÞ ¼ a0 þ a1
�2
rn

� �� �2

: ð2:197Þ

When b ¼ 0; a ¼ rð Þ.

PðfÞ ¼ a0 þ a1 tan
anþ C

2

� �� �
; ð2:198Þ

UðfÞ ¼ a0 þ a1 tan
anþ C

2

� �� �� �2

: ð2:199Þ

When r ¼ 0ð Þ.

PðfÞ ¼ a0 þ a1 eb n � a
2b

� �
; ð2:200Þ

UðfÞ ¼ a0 þ a1 eb n � a
2b

� �� �2

: ð2:201Þ

� Note that:
All the obtained results have been checked with Maple 2017 by
putting them back into the original equation and found correct.

Discuss the results

In our discussion, we will concentrate on three items which are:

1. Methods (extended tanh-function method, extended simple
equation method and new auxiliary equation method).

2. Results that obtained by the methods that pointed above.
3. Our results and an other results that obtained by different

researchers who apply different methods on this model.

Now, we explain and discuss previous items in details in the
following steps:

1. Methods (extended tanh-function method, extended simple
equation method and new auxiliary equation method). we can
see each of these methods assumed the exact solution form
for each model
PðfÞ ¼
a0 þ

Xm
i¼1

ai /
iðfÞ þ bi /

�iðfÞ
� �

;

PN
i¼�Nai/

iðfÞ;PN
i¼�Nai a

i f ðfÞ:

8>>>><
>>>>:

ð3:1Þ

where /ðfÞ; f ðfÞ satisfy the following second order non linear
ordinary differential equation(LODE) in the following order:
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/0ðfÞ ¼ bþ /2ðfÞ;
/0ðfÞ ¼ aþ k/ðfÞ þ l/2ðfÞ;
f 0ðfÞ ¼ 1

lnðaÞ aa�f ðfÞ þ bþ raf ðfÞ
� �

:

8><
>: ð3:2Þ

With simple precision, we can conclude that each of three meth-
ods is based on Riccati equation and also we can get equivalent
of three methods and that happened when:
� /ðfÞ ¼ af ðfÞ; b ¼ 0; r ¼ 1; b ¼ a
	 


, so that extended tanh-
function method is equal to new auxiliary equation method.

� /ðfÞ ¼ af ðfÞ; b ¼ k; r ¼ l
	 


, so that extended simple equation
method is equal to new auxiliary equation method.

However, this equivalent between three methods but we can say
that both of extended tanh-function method and extended simple
equation method are special cases of our new auxiliary equation
method and that’s because of the results that obtained by new aux-
iliary equation method can cover all results obtained by these two
methods and not just like that but it gives also the other form of
solutions such that it is one of the few methods that obtained a
very large number of solutions for every model.
We can also see the superiority of our new auxiliary equation
method on Riccati method itself and many of methods such that:
We obtain (6) exact and solitary traveling wave solutions by
applying (extended tanh-function method), (25) exact and soli-
tary traveling wave solutions by applying (extended simple equa-
tion method), (61) exact and solitary traveling wave solutions by
our new auxiliary equation (Khater method). By applying these
methods on pressure equation of bubbly liquids with examination
for viscosity and heat transfer that makes the study of the
physical properties of this model is very comfortable, easy and
interesting.
2. Results that obtained by the methods that pointed above.

In this part of our research, we will show some of equivalent
between our solutions in the following steps:
� Eqs. (2.25), (2.27) are equal to Eqs. (2.67), (2.69) when:

b1 ¼ �a1; a ¼ C ¼ 1; l ¼ �bð Þ.
� Eqs. (2.29), (2.31) are equal to Eqs. (2.63), (2.65) when:

a1 ¼ b1; b ¼ l; a ¼ 1; C ¼ 0ð Þ.
� Eqs. (2.42), (2.44) are equal to Eqs. (2.103), (2.105) when:

C ¼ 0; b ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a ð4l� rÞp ¼ 4a

� �
.

� Eqs. (2.46), (2.48) are equal to Eqs. (2.107), (2.109) when:
C ¼ 1; a ¼ b; a1 ¼ 2a0ð Þ.

We showed some few of equivalence between our solutions and
you can complete it by the same manner. Using this manner helps
us to see how our new auxiliary equation method covered both of
extended tanh-function method and extended simple equation
method.
3. Our results and an other results that obtained by different

researchers who apply different methods on this model:
� Firstly: we Will compare our solutions with that obtained by

Yun-Mei Zhao who used the F-expansion method, and the
extended version of F-expansion method [27]:
In this research the author try to find the balance of Eq. (11,
[27]) and he obtained it (n = 2), however the probability of
finding the balance of this equation is impossible such that
the mathematical formula of the balance is:
D
dq u
dnq

� �
¼ mþ q; D up dq u

dnq

� �s
 !

¼ mpþ s mþ qð Þ:

That thing make us think again how the author get the balance
between //00&/2 ) nþ nþ 2 ¼ 2n. So that, this relation is
wrong. and even if he take the balance between //00&/02 )
nþ nþ 2 ¼ 2ðnþ 1Þ. So that, this relation is wrong too. For this
reason, we strongly recommend the author have to think again
of this research.
� Secondly: We will compare our solutions with that obtained
by Yinghui He, Shaolin Li, and Yao Long who used the Mul-
tiple ðG0=GÞ-Expansion Method [28]:
In this research the author try to find the balance of Eq. (14,
[28]) which is equal to Eq. (11, [24]) and they obtained the
value of the balance (n = 1). So that, for the same equation
two different balance once equal one and another one equal
one. As we show that is the mistake in calculating the value
of the balance that make all of these papers are wrong. For
this reason, we strongly recommend the author have to
think again of this research.

� Thirdly: We will compare our solutions with that obtained
by Bin He, Qing Meng, Yao Long who used the bifurcation
method of dynamical systems and the method of phase por-
traits analysis [31] in the following steps:(a) Eq. (2.49) is
equal to Eq. (16, [31]) when:

x ¼ ffiffiffiffiffiffiffiffiffiffiffi�alp
; a ¼ �2a0 a�1x tanhðxfÞ; a�1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a ð/2 � /MÞ

l

s
; a0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
�/M

p
:

(b) Eq. (2.167) is equal to Eq. (18, [31]) when:

2x ¼ ffiffiffiffiffiffiffiffiffiffiffi�arp
; r ¼ �4a20 a

2
1a tanhð2xfÞ; a1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r ð/1 � /mÞ

a

r
; a0 ¼

ffiffiffiffiffiffiffiffiffiffi
�/m

p
:

Conclusion

In this research, we succeed in apply three different methods on
one of the most important model in fluid mechanic which is pres-
sure equation of bubbly liquids with examination for viscosity and
heat transfer which also has the name the Kudryashov-
Sinelshchikov equation. That equation which describe the pressure
waves in the liquid with gas bubbles taking into account the heat
transfer and viscosity. We get many forms of exact and solitary
traveling wave solutions. we present a good comparison between
the methods and results. All of these improve, how our new auxil-
iary equation method is one of the most powerful, direct, accuracy,
efficiency, versatility method in the field of nonlinear partial differ-
ential equation.

References

[1] Aslan, Ismail, Turgut özi. Analytic study on two nonlinear evolution equations
by using the ðG=GÞ-expansion method. Appl Math Comput 2009;209.2:425–9.

[2] Kudryashov Nikolai A. A note on the ðG=GÞ-expansion method. Appl Math
Comput 2010;217.4:1755–8.

[3] Zhang Jiao, Jiang Fengli, Zhao Xiaoying. An improved ðG=GÞ-expansion method
for solving nonlinear evolution equations. Int J Comput Math 2010;87
(8):1716–25.

[4] Seadawy Aly R, Lu Dianchen, Khater Mostafa MA. Solitary wave solutions for
the generalized Zakharov-kuznetsov-Benjamin-Bona-Mahony nonlinear
evolution equation. J Ocean Eng Sci 2017.

[5] Seadawy Aly R. Stability analysis for Zakharov-Kuznetsov equation of weakly
nonlinear ion-acoustic waves in a plasma. Comput Math Appl
2014;67.1:172–80.

[6] Seadawy Aly R. New exact solutions for the KdV equation with higher order
nonlinearity by using the variational method. Comput Math Appl
2011;62.10:3741–55.

[7] Seadawy AR. Stability analysis solutions for nonlinear three-dimensional
modified Korteweg-de Vries-Zakharov-Kuznetsov equation in a magnetized
electron-positron plasma. Physica A 2016;455:44–51.

[8] Seadawy Aly R. Exact solutions of a two-dimensional nonlinear Schrödinger
equation. Appl Math Lett 2012;25.4:687–91.

[9] Seadawy Aly R, Dianchen Lu. Ion acoustic solitary wave solutions of three-
dimensional nonlinear extended Zakharov Kuznetsov dynamical equation in a
magnetized two-ion-temperature dusty plasma. Results Phys 2016;6:590–3.

[10] Khater Mostafa MA, Zahran Emad HM, Shehata Maha SM. Solitary wave
solution of the generalized Hirota-Satsuma coupled KdV system. J Egypt Math
Soc 2017;25(1):8–12.

http://refhub.elsevier.com/S2211-3797(17)32170-8/h0005
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0005
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0005
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0010
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0010
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0010
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0015
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0015
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0015
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0015
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0020
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0020
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0020
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0025
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0025
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0025
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0030
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0030
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0030
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0035
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0035
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0035
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0040
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0040
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0045
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0045
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0045
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0050
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0050
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0050


M.M.A. Khater et al. / Results in Physics 8 (2018) 292–303 303
[11] Seadawy Aly R, Lu Dianchen, Khater Mostafa MA. Bifurcations of traveling
wave solutions for Dodd Bullough Mikhailov equation and coupled Higgs
equation and their applications. Chin J Phys 2017;55(4):1310–8.

[12] Seadawy Aly R, Lu Dianchen, Khater Mostafa MA. Bifurcations of solitary wave
solutions for the three dimensional Zakharov-Kuznetsov-Burgers equation and
Boussinesq equation with dual dispersion. Optik-Int J Light Electron Opt 2017.

[13] Seadawy Aly R, Lu Dianchen, Khater Mostafa MA. New wave solutions for the
fractional-order biological population model, time fractional burgers, Drinfeld
Sokolov Wilson and system of shallow water wave equations and their
applications. Eur J Comput Mech 2017:1–17.

[14] Seadawy AR. Three-dimensional nonlinear modified Zakharov-Kuznetsov
equation of ion-acoustic waves in a magnetized plasma. Comput Math Appl
2016;71:201–12.

[15] He Ji-Huan, Xu-Hong Wu. Exp-function method for nonlinear wave equations.
Chaos Solitons Fractals 2006;30(3):700–8.

[16] Lu Dianchen, Seadawy Aly R, Khater Mostafa MA. Bifurcations of new multi
soliton solutions of the van der Waals normal form for fluidized granular
matter via six different methods. Results Phys 2017;7:2028–35.

[17] Khater Mostafa MA, Lu Dianchen, Zahran Emad HM. Solitary wave solutions of
the Benjamin-Bona-Mahoney-Burgers equation with dual power-law
nonlinearity. Appl Math Inf Sci 2017;11.5:1–5.

[18] Arshad M, Seadawy Aly R, Lu Dianchen. Exact bright-dark solitary wave
solutions of the higher-order cubic quintic nonlinear Schrödinger equation
and its stability. Optik-Int J Light Electron Opt 2017;138:40–9.

[19] Kudryashov Nikolai A, Loguinova Nadejda B. Extended simplest equation
method for nonlinear differential equations. Appl Math Comput 2008;205
(1):396–402.
[20] Khater Mostafa MA, Seadawy Aly R, Lu Dianchen. Elliptic and solitary wave
solutions for Bogoyavlenskii equations system, couple Boiti-Leon-Pempinelli
equations system and Time-fractional Cahn-Allen equation. Results Phys
2017;7:2325–33.

[21] Nakoryakov VE, Pokusaev BG, Shraiber IR. Wave dynamics of gas- and vapor-
liquid media. Moscow: Energoatomizdat; 1990.

[22] Seadawy Aly R. Travelling wave solutions of a weakly nonlinear two-
dimensional higher order Kadomtsev-Petviashvili dynamical equation for
dispersive shallow water waves. Eur Phys J Plus 2017;132:29. 1:13.

[23] Kudryashov Nikolai A, Sinelshchikov Dmitry I. Nonlinear waves in bubbly
liquids with consideration for viscosity and heat transfer. Phys Lett A 2010;374
(19):2011–6.

[24] Ryabov Pavel N. Exact solutions of the Kudryashov-Sinelshchikov equation.
Appl Math Comput 2010;217(7):3585–90.

[25] Mirzazadeh Mohammad, Eslami Mostafa. Exact solutions of the Kudryashov-
Sinelshchikov equation and nonlinear telegraph equation via the first integral
method. Nonlinear Anal Model 2012;17(4):481–8.

[26] Randruut Merle. On the Kudryashov-Sinelshchikov equation for waves in
bubbly liquids. Phys Lett A 2011;375(42):3687–92.

[27] Zhao Yun-Mei. F-expansion method and its application for finding new exact
solutions to the Kudryashov-Sinelshchikov equation. J App Math 2013;2013.

[28] He Yinghui, Li Shaolin, Long Yao. Exact solutions of the Kudryashov-
Sinelshchikov equation using the multiple ðG0=GÞ-expansion method. Math
Probl Eng 2013;708049:7.

[31] Naugolnykh K, Ostrovsky L. Nonlinear wave processes in acoustics. Cambridge
University Press; 1998.

http://refhub.elsevier.com/S2211-3797(17)32170-8/h0055
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0055
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0055
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0060
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0060
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0060
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0065
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0065
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0065
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0065
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0070
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0070
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0070
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0075
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0075
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0080
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0080
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0080
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0085
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0085
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0085
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0090
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0090
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0090
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0095
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0095
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0095
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0100
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0100
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0100
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0100
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0105
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0105
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0110
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0110
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0110
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0115
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0115
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0115
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0120
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0120
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0125
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0125
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0125
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0130
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0130
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0135
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0135
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0140
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0140
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0140
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0140
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0155
http://refhub.elsevier.com/S2211-3797(17)32170-8/h0155

	Solitary traveling wave solutions of pressure equation of bubbly liquids with examination for viscosity and heat transfer
	Introduction
	Formulation for pressure equation of bubbly liquids with examination for viscosity and heat transfer
	The modified extended tanh-function method:
	Extended simple equation method:
	New auxiliary equation method:

	Discuss the results
	Conclusion
	References


