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This paper deals with the thermal Marangoni convection effects in magneto-Casson liquid flow through
suspension of dust particles. The transpiration cooling aspect is accounted. The surface tension is
assumed to be fluctuating linearly with temperature. The fluid and dust particle’s temperature of the
interface is chosen as a quadratic function of interface arc length. The governing problem is modelled
by conservation laws of mass, momentum and energy for fluid and dust particle phase. Stretching trans-
formation technique is utilized to form ordinary differential equations from the partial differential equa-
tions. Later, the numerical solutions based on Runge-Kutta-Fehlberg method are established. The
momentum and heat transport distributions are focused on the outcome of distinct governing parame-
ters. The results of Nusselt number is also presented and discussed. It is established that the heat transfer
rate is higher in the case of dusty non-Newtonian fluid than dusty Newtonian fluid. The rate of heat trans-
fer can be enhanced by suspending dust particles in a base liquid.
� 2017 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Fluid flow embedded with identical immiscible inert solid par-
ticles is known as a two-phase fluid system. The theory of two/
multi-phase fluids dreadfully accommodates in the understanding
of the physical phenomena of engineering circumstances such as
the lunar ash flows, cement production, steel manufacturing indus-
try, combustion, wastewater treatment, powder technology, dust
in gas cooling systems and atmospheric fallout. Evidently, two-
phase investigations are precious in modelling and understanding
of the physical phenomena. Even such studies are mathematically
challenging. To cite some of the past and recent studies on the flow
and heat transfer analysis, Saffman [1] was the first to develop
expressions for viscous liquid flow with the insertion of immiscible
inert solid particles. Singleton [2] initiated to scrutinize the impact
of dust particles suspension in a liquid under boundary layer
assumptions. Ezzat et al. [3] examined the free convection in
dusty-liquid transition through a porous medium. Sivaraj and
Rushi [4] reported analytic solutions for viscoelastic liquid flows
with variable mass diffusion in the irregular channel through a sus-
pension of dust particles. Numerical simulations are provided by
Siddique et al. [5] for two-phase particulate suspension flow on
vertical surface. They were treated governed equations via implicit
two-point finite difference method. Siddique et al. [6] examined
the contaminated air and water flow with the impact of radiation
past a cone wavy frustum. Hossain et al. [7] studied the role of a
small discrepancy in surface temperature and free stream velocity
in dusty liquid with mixed convection. How the linear deformation
of the wall affects the dusty-liquid material 3D flow was investi-
gated in the work of Mohaghegh and Rahimi [8]. Sandeep and his
research group [9,10] explored the impact of suspending dust par-
ticles in nano liquid over deformable sheet under steady and
unsteady flow situations. Very recently, Mustafa [11] presented
the analytic solutions for two-phase dusty liquid flow and heat
model over deforming isothermal surfaces. Gireesha and co-
workers [12–15]) contributed to an advancement of the two-
phase dusty liquid topic under distinct aspects.

Some of working fluids such as molten plastics, polymeric
liquids, artificial fibers, blood, foodstuffs, slurries and synovial
fluid exhibit non-Newtonian fluid characteristics. Such fluids
exhibit shear-stress-strain relationships which are significantly
distinct from the Newtonian model. Most of the non-
Newtonian models involve some form of modification to the
momentum equations. In the category of non-Newtonian fluids,
the Casson liquid has distinct features. It has significant applica-
tions in polymer processing industries and biomechanics. The
Casson liquid model is sometimes stated to fit rheological data
better than the general viscoplastic model for many materials.
In this context, many authors ([16–24] and references therein)
are studied the heat transfer flow of Casson liquid with distinct
physical aspects.
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Nomenclature

ðx; yÞ Cartesian coordinates (m)
t0; T0 constants
l dust particle mass concentration
t1 fluid ambient temperature (K)
qw fluid phase heat flux
t fluid temperature (K)
h Local heat transfer coefficient
Nux local Nusselt number
B0 magnetic field strength
M magnetic parameter
m mass and of dust particles
T1 particle ambient temperature (K)
T particle temperature (K)
Pr Prandtl number
rp radius of dust particles
L reference length (m)
Cp specific heat of the dust particles (m2s�2k�1)
C specific heat of the fluid (m2s�2k�1)
S suction/injection parameter
k thermal conductivity (W/mK)
ðu; vÞ velocity fields of fluid (m/s)
ðU;VÞ velocity fields of particle phase (m/s)
py yield stress

Greek symbols
b Casson fluid parameter

pc critical value of product of the component of the rate of
strain tensor with itself

l dynamic viscosity (Kg/ms)
r� electrical conductivity (S/m)
q fluid density (Kg/m3)
m kinematic viscosity (m2/s)
bv momentum dust parameter
sv momentum relaxation time
qp particle density (Kg/m3)
lB plastic dynamic viscosity
cT rate of change of surface tension with respect to fluid

temperature
c specific heat ratio
wðx; yÞ streams functions of fluid
Wðx; yÞ streams functions of particle phase
v0 suction/injection velocity
r surface tension
r0 surface tension at the interface
bT thermal dust parameter
sT thermal relaxation time

Superscripts
0 derivative with respect to n

Fig. 1. The Physical geometry of the problem.
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Besides, the mechanism of Marangoni convective boundary
layer transport has been the focus of widespread research during
the last two decades. The Marangoni boundary layer is the dissipa-
tive layer, which takes place along the liquid-liquid or liquid-gas
interfaces. Due to the surface temperature/concentration gradient
created Marangoni flow finds relevance in aerospace engineering,
crystal growth, combustion, chemical reaction process, coating, sil-
icon melt, nuclear reactors and thin liquid films (see [39] and ref-
erences therein). Pop et al. [25] examined the features of
thermosolutal boundary layer Marangoni convection phenomena.
Al-Mudhaf and Chamkha [26] discussed the aspects of heat gener-
ation or absorption on thermosolutal Marangoni convection on a
planar surface. They utilized the stretching transformations
scheme for the solution purpose. Magyari and Chamkha [27]
revealed the impact of Marangoni convection under high Reynolds
number flow assumptions. They reported the exact solutions for
the problem. In the work of Zheng et al. [28], the Marangoni con-
vection caused by temperature gradient on a liquid-vapour surface
is analytically analyzed. Again Zheng et al. [29] explored the Mar-
angoni mixed convective phenomena by accounting power law liq-
uids and temperature distribution of linear variety. Further,
impacts of magnetism and chemical reaction on Marangoni mixed
convection were examined in the work of Zhang et al. [30]. Maran-
goni magneto-convective flow case was scrutinized by Ibrahim
[32] by accounting the impacts of Joule, radiative and dissipative
heating. Sreenivasulu et al. [33] studied magnetism consequence
on Marangoni thermosolutal convection in viscous liquid with
Joule and viscous heating. Latest researches concerning on Maran-
goni boundary layer convective heat and mass transport mecha-
nism under various aspects can be found in [34–39].

It is clear from aforesaid literature survey that, the Marangoni
convective phenomena in the flow of dusty-Casson-liquid is not
yet investigated. Thus, our objective of this research is to scrutinize
the features of Marangoni convection in dusty Casson-Liquid. Tran-
spiration cooling and magnetism are also accounted. The surface
tension is assumed to be fluctuating linearly with temperature.
Numeric solutions are developed for the governed problem
through shooting and Runge-Kutta-Fehlberg scheme [12–15].
Formulation

In a rectangular coordinate system, x and y are taken along the
plate and normal to it correspondingly, and flow confined at
y P 0 (see Fig. 1). A steady Marangoni two-phase boundary layer
flow of particulate non-Newtonian Casson fluid is considered. Flow
is two dimensional and laminar on permeable plate under the
influence of homogeneous magnetic field of magnitude B0. The
interface temperature of both fluid and particle is assumed to be
quadratic functions of the distance x along the interface. The sur-
face tension (Marangoni) aspect acts as a boundary condition on
the governing flow field equations. The surface tension r is sup-
posed to depend on linear fluctuation with temperature as
r ¼ r0½1� cTðt � t1Þ�; here r0 is the surface tension at the inter-
face and cT ¼ � 1

r0

@r
@t rate of change of surface tension with respect

to fluid temperature. Let wðx; yÞ and Wðx; yÞ are streams functions
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of fluid and particle phase such that u ¼ @w
@y ;U ¼ @W

@y ;v ¼ � @w
@x and

V ¼ � @W
@x . In terms of stream functions, the governing equations

can be written as (see [2,11,37]);
Fluid phase:

@2w
@y@x

� @2w
@x@y

¼ 0; ð1Þ

q
@w
@y

@2w
@y@x

� @w
@x

@2w
@y2

 !
¼ l 1þ 1

b

� �
@3w
@y3

þ qp

sv
@W
@y

� @w
@y

� �

� r�B2
0
@w
@y

ð2Þ

qC
@w
@y

@t
@x

� @w
@x

@t
@y

� �
¼ k

@2t
@y2

þ
qpCp

sT
ðT � tÞ ð3Þ

Particle phase:

@2W
@y@x

� @2W
@x@y

¼ 0; ð4Þ

qp
@W
@y

@2W
@y@x

� @W
@x

@2W
@y2

 !
¼ �qp

sv
@W
@y

� @w
@y

� �
ð5Þ

qpCpð@w
@y

@T
@x

� @w
@x

@T
@y

Þ ¼ �
qpCp

sT
ðT � tÞ ð6Þ

Along with the boundary conditions (see [11,37]);

l 1þ 1
b

� �
@2w
@y2

�����
y¼0

¼ @r
@x

����
y¼0

; �@w
@x

����
y¼0

¼ v0;

tðx;0Þ ¼ t1 þ t0X
2; X ¼ x

L
; ð7Þ

@w
@y

����
y!1

¼ 0;
@W
@y

����
y!1

¼ 0;
@w
@x

����
y!1

¼ @W
@x

����
y!1

;

tðx;1Þ ¼ t1; Tðx;1Þ ¼ T1 ð8Þ
here ðu;vÞ and ðU;VÞ are velocity fields of fluid and parti qp cle
phase respectively, t – fluid temperature, T – particle temperature,

b ¼ lB

ffiffiffiffiffiffi
2pc

p
py

– Casson fluid parameter, lB – plastic dynamic viscosity,

py – yield stress, pc – critical value of product of the component of
the rate of strain tensor with itself, q – fluid density, qp – particle
density, l – dynamic viscosity, m – kinematic viscosity, r� – electri-
cal conductivity, B0 – magnetic field strength, k – thermal conduc-
tivity, sv ¼ m=6plrp is momentum relaxation time,
sT ¼ mCp=4prp thermal relaxation time, m and rp are the mass
and radius of dust particles, C and Cp specific heat of the fluid and
dust particles, t0; T0 – constants, t1 and T1 – fluid and particle
ambient temperature, L – reference length and v0 – suction/injec-
tion velocity.

Introducing the following stretching transformations [27]

wðx; yÞ ¼ mXf ðnÞ; Wðx; yÞ ¼ mXgðnÞ; n ¼ y=L;

tðx; yÞ ¼ t1 þ t0X
2hðnÞ; Tðx; yÞ ¼ T1 þ T0X

2HðnÞ ð9Þ
into the partial boundary value problem (Eqs. (1)–(8)), one can have
following ordinary differential system;

f 000ðnÞ þ f 000ðnÞf ðnÞ � f 0ðnÞ2 þ lbv ½g0ðnÞ � f 0ðnÞ� �Mf 0ðnÞ ¼ 0; ð10Þ

g00ðnÞgðnÞ � g0ðnÞ2 þ bv ½f 0ðnÞ � g0ðnÞ� ¼ 0: ð11Þ

1
Pr

h00ðnÞ þ h0ðnÞf ðnÞ � 2f 0ðnÞhðnÞ þ lbTcðHðnÞ � hðnÞÞ ¼ 0; ð12Þ
H0ðnÞgðnÞ � g0ðnÞHðnÞ � bT ½HðnÞ � hðnÞ� ¼ 0 ð13Þ
with boundary conditions

f 00ðnÞ��
n¼0 ¼ �2 1þ 1

b

� ��1

; f ðnÞjn¼0 ¼ S; hðnÞjn¼0 ¼ 1;

f 0ðnÞ��
n!1 ¼ 0; g0ðnÞjn!1 ¼ 0; gðnÞjn!1 ¼ f ðnÞjn!1; ð14Þ

hðnÞjn!1 ¼ 0; HðnÞjn!1 ¼ 0;

here dust particle mass concentration, momentum dust parameter,
magnetic parameter, suction/injection parameter, Prandtl number,
specific heat ratio, thermal dust parameter are correspondingly
defined as

l ¼ qp

q
; bv ¼ L2

svm
; M ¼ rB2

0L
2

qm
; S ¼ �v0L

m
; Pr ¼ lC

k
; c

¼ Cp

C
; bT ¼ L2

sTm

The fluid phase heat flux can be written as

qw ¼ �k
@t
@y

����
y¼0

; ð15Þ

Local heat transfer coefficient h is given by;

h ¼ qw

t0X
2 ; ð16Þ

The local Nusselt number, which physical quantity of interest of our
study is given by;

Nux ¼ hx
k

¼ � x
L

� �
h0ðnÞ

���
n¼0

: ð17Þ
Solution procedure

The nonlinear boundary value expressions (10)–(13) are
converted to set of single order initial value problem before
solving them by RKF-45 method. Now use the following set of
variables;

f ¼ y1; f 0 ¼ y2; f 00 ¼ y3; f 000 ¼ y03; g ¼ y4; g0 ¼ y5; g00 ¼ y05;

h ¼ y6; h0 ¼ y7; H ¼ y8; H ¼ y08: ð18Þ
In view of (18), Eqs. (10)–(13) takes following form

y01 ¼ y2; y02 ¼ y3; y03 ¼ y22 þMy2 þ lbvðy2 � y5Þ � y1y3;

y04 ¼ y5; y05 ¼ y�1
4 ½y25 þ bvðy5 � y2Þ�; y06 ¼ y7;

y07 ¼ Pr½2y2y6 þ lbTcðy6 � y8Þ � y1y7�; y08
¼ y�1

4 ½y5y8 þ bTðy8 � y6Þ� ð19Þ
respective boundary conditions are

y1ð0Þ ¼ S; y2ð0Þ ¼ m1; y3ð0Þ ¼ �2; y4ð0Þ ¼ m2;

y5ð0Þ ¼ m3; y6ð0Þ ¼ 1; y7ð0Þ ¼ m4; y8ð0Þ ¼ m5 ð20Þ
here m1 to m5 are unknowns and they are determined by shooting
method. More details of the employed method and validations can
see in our papers [12–15]. To assess the accuracy of our employed
method, a comparative study is presented (see Tables 1 and 2).
Comparison results reveal an outstanding agreement.



Table 1
Comparison of skin friction coefficient ð1þ 1

bÞf
00 ð0Þ values with that of Hayat et al. [16]

when S ¼ l ¼ 0, M ¼ 0:5 and the Marangoni condition f 00 ðnÞ��
n¼0 ¼ �2ð1þ 1

bÞ
�1 is

replaced by f 0ðnÞ��
n¼0 ¼ 1.

b Hayat et al. [16] Homotopy Analysis
Method

Present Results (RKF-45
method)

0.8 1.67705 1.67712
1.4 1.46385 1.46386
2.0 1.36931 1.36931
3.0 1.29099 1.29099

Table 2
Comparison of f 00 ð0Þ values with that of Tufail et al. [17] and Cortel et al. [40] when
S ¼ l ¼ 0, b ! 1 and the Marangoni condition f 00ðnÞ��

n¼0 ¼ �2ð1þ 1
bÞ

�1 is replaced by
f 0ðnÞ��

n¼0 ¼ 1.

M Tufail et al. [17]
(Kummer’s function)

Cortel et al. [40]
(Runge–Kutta algo-
rithm)

Present Results
(RKF-45 method)

0.0 1.00000 1.00000 1.00000
0.5 1.22475 1.22475 1.22475
1.0 1.41421 1.41421 1.41421
1.5 1.58114 1.58114 1.58114
2.0 1.73205 1.73205 1.73205
2.5 1.87083 – 1.87083
3.0 2.00000 – 2.00000
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Interpretation of the results

The influence of Marangoni convection on two-phase dusty
non-Newtonian fluid over a planar plate is studied for the first
time. The main focus of this section is to explore the physical beha-
viour of fluid velocity (f 0ðnÞ), dust velocity (g0ðnÞ), fluid temperature
(hðnÞ) and dust temperature profiles (HðnÞ) for the impact of dust
particle mass concentration (l), momentum dust parameter (bv ),
thermal dust parameter (bT), magnetic parameter (M) and suc-
tion/injection parameter (S). To this end Figs. 2–10 are plotted. Fur-
ther, numerical values of Nusselt number is presented in Table 3. It
is key to note that for l ¼ 0, the flow governs Marangoni convection
for carrier phase only (i.e., without dust particles). Also the pro-
jected problem illustrates two different flow problems under fol-
lowing cases:

i. b ! 1stand for the Newtonian dusty fluid flow problem,
ii. Finite value of b stand for the non-Newtonian dusty Casson

fluid flow problem.

The curves of f ðnÞ; gðnÞ; f 0ðnÞ; g0ðnÞ; hðnÞ and HðnÞ versus similar-
ity variable n are captured in Fig. 2 for DCF (dusty Casson fluid), DF
Fig. 2. Profiles of f ðnÞ; gðnÞ; f 0ðnÞ; g0ðnÞ; hðnÞ
(dusty fluid) and CF (Casson fluid) cases. It is seen that fluid phase
primary velocity profile f ðnÞ is higher for DF case than DCF and CF
cases in order. This trend is qualitatively same for gðnÞ, but quanti-
tatively higher than f ðnÞ. Next we see that f 0ðnÞ; g0ðnÞ; hðnÞ and HðnÞ
fields are decreasing as n grows. All these profiles are asymptoti-
cally approached and satisfy the far field boundary condition. This
led more assurance about the correctness of the reported solution.
Here we see that, the velocity profile of both carrier and particle
phase (f 0ðnÞ and g0ðnÞ) is higher for CF case than DCF and DF cases.
Besides, CF case thermal fields (hðnÞ and HðnÞ) are larger than DF
and DCF cases.

Impact of l on f 0ðnÞ and g0ðnÞ is sketched in Fig. 3. An increment
in l reduce the flow in both phases. The carrier fluid phase and par-
ticle phase are coupled in the course of drag force and phenomena
of heat exchange. An increase in dust particle volume fraction
boosts drag force within the fluid. Consequently, the velocity pro-
files are reduced. Also, the thickness of velocity boundary layer is
smaller for particulate fluid than that of clean fluid. Fig. 4 exhibits
the impact of l on hðnÞ and HðnÞ. As mass concentartion of dust
increases more bT dust particles gain the heat energy from the car-
rier fluid. Thus, temperature of the carrier fluid declines, relatively
particle phase thermal field also decreased. (See Fig. 4). Further, the
thickness of energy boundary layer is large for clean fluid when we
compared with particulate fluid. Fig. 5 reveals the plots for bv on
f 0ðnÞ and g0ðnÞ. Here the f 0ðnÞ component decreases and g0ðnÞ com-
ponent significantly increases for larger bv . The plots for on hðnÞ
and HðnÞ can be found in Fig. 6. Clearly, hðnÞ decreases and HðnÞ
increases by increasing bT . Such behaviour is obvious since the
basefluid loses the kinetic and thermal energy via intermingle with
dust particles. Therefore, carrier fluid velocity/temperature fields
decreased as we strengthen the momentum/thermal dust parame-
ter. This phenomenon holds in contrary for particle phase velocity/
temperature.

Fig. 7 represents the f 0ðnÞ and g0ðnÞ curves for M. Here both f 0ðnÞ
and g0ðnÞ reduces as M is increased. This outcome is expected
because the larger M strengthens Lorentz force in the flow region.
This force has propensity to diminish velocity of both phases.
Impact of M on hðnÞ and HðnÞ profiles is qualitatively opposite as
compared to f 0ðnÞ and g0ðnÞ profiles (see Fig. 8). Fig. 9 addresses
the consequences of S on f 0ðnÞ and g0ðnÞ. Here negative values of
S indicates the injection aspect and positive values represents suc-
tion aspect. Fig. 9 reveals that, the influence of suction and injec-
tion are contradictory. The outcome of hðnÞ and HðnÞ is
qualitatively same as compared to f 0ðnÞ and g0ðnÞ profiles with
respect to the influence of S. (see Fig. 10). Further we observe from
Figs. 2–10 that, the magnitude dusty Casson fluid velocity and
momentum boundary layer thickness is higher as compared to
and HðnÞ versus similarity variable n.



Fig. 3. Impact of l on f 0ðnÞ andg0ðnÞ.

Fig. 4. Impact of l on hðnÞ and HðnÞ.

Fig. 5. Impact of bv on f 0ðnÞ and g0 ðnÞ.
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dusty fluid velocity case. The thermal boundary layer is thicker for
dustyfluid than that of dusty Casson fluid. However, the character-
istics of flow fields of dustyfluid and dusty Casson fluid are quali-
tatively same.

Finally, Table 3 presented to scrutinize the impact of l; bT ; Pr; S
and M on Nux for DCF and DF cases. Table 1 shows decay of Nux
via applied magnetic field. But, the Nux is incremented as the
values of l; bT ; Pr and S are enhanced. The Nux is augmented
due to adding dust particles into the carrier fluid, i.e., Nux is lar-
ger for l–0 in comparison with l ¼ 0. Further, rate of heat trans-
fer at the surface for DCF case is larger as we compared with DF
case.



Fig. 6. Impact of bT on hðnÞ and HðnÞ.

Fig. 7. Impact of M on f 0ðnÞ and g0 ðnÞ.

Fig. 8. Impact of M on hðnÞ and HðnÞ.
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Concluding remarks

The major outcomes are:

� The magnetic field is used to accelerate the thermal field. But
the velocity of both phases diminished.
� The momentum and thermal layer decreased via dust particle
concentration parameter. Thus, it can be used as a key aspect
to control the two-phase flow fields.

� The carrier fluid velocity/temperature reduced via momentum/
thermal dust parameter. But, this trend is converse to particle
phase fields.

� Impact of suction and injection are contrary.



Fig. 9. Impact of S on f 0ðnÞ andg0ðnÞ.

Fig. 10. Impact of S on hðnÞ and HðnÞ.

Table 3
Results of Nux versus l; bT ; Pr; S and M for dusty Casson fluid and Dustyfluid.

l bT Pr M S Nux

Dusty Casson fluid Dustyfluid
b ¼ 2:5 b ! 1

0 1.2 0.72 0.5 0.2 1.395197 1.393731
1 1.526992 1.524676
2 1.663032 1.658961
0.5 0.5 1.397931 1.396860

1.5 1.478718 1.476576
2.5 1.524101 1.520243
2.5 0.72 1.524101 1.520243

3 3.981078 4.049326
6.2 6.523570 6.650555
3 �0.5 2.601160 2.759009

0 3.207889 3.320542
0.5 3.981078 4.049326
�0.5 0.2 2.601160 2.759009

0.3 2.558940 2.718172
0.4 2.517739 2.678242
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� The rate of heat transfer can be enhanced by suspending dust
particles in the base fluid.

� The Nux decreased via applied magnetic field. But, the Nux is
incremented as the values of l; bT ; Pr and S are enhanced.

� The Nux is larger for dusty non-Newtonian fluid than dusty
Newtonian fluid.
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