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Present communication deals with the effects of homogeneous-heterogeneous reactions in flow of nano-
fluid by non-linear stretching sheet. Water based nanofluid containing magnetite nanoparticles is consid-
ered. Non-linear radiation and non-uniform heat sink/source effects are examined. Non-linear differential
systems are computed by Optimal homotopy analysis method (OHAM). Convergent solutions of nonlin-
ear systems are established. The optimal data of auxiliary variables is obtained. Impact of several non-
dimensional parameters for velocity components, temperature and concentration fields are examined.
Graphs are plotted for analysis of surface drag force and heat transfer rate.
� 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Nanofluids are relatively new materials with suspension of
nano-sized metallic or nonmetallic particles (1–100 nm). Nanoflu-
ids are dilute suspensions of functionalized nanomaterials with
base fluids such as water, ethylene glycol etc. The nanofluid are
considered useful in application such as engine cooling, drag
reductions, domestic refrigerator chillers, electronic cooling, trans-
former cooling, nuclear systems cooling, oil engine transfer, boiler
exhaust flue gas recovery, microwave tubes, diesel electric genera-
tor as jacket water coolant, high-power lasers, drilling, lubrica-
tions, cooling of welding, cooling and heating of buildings,
thermal storage and solar water heating. Choi and Eastman [1]
used metallic oxides nanoparticles for an enhancement of thermal
conductivity. Heat transfer enhancement of nanofluids is studied
by Xuan and Li [2]. Saidur et al. [3] presented a review about chal-
lenges and applications of nanofluids. Slip effects for silver and alu-
minium oxide nanofluid flow in a microchannel is presented by
Karimipour et al. [4]. Hayat et al. [5] described flow of nanofluid
past an exponential stretching with effects of thermal and solutal
stratification. Zhang et al. [6] elaborated slip effects in time depen-
dent power-law flow of nanofluid past a stretched sheet. Few more
recent studies on nanofluids may include the (Refs. [7–15]).
Flow past a stretching surface in view of its significance related
to industry and engineering fields. Such applications include con-
densation process of liquid films, glass fiber, paper production,
crystal growing, plastic films and wires, polymer extrusion draw-
ings and food manufacturing. Studies about linear stretching veloc-
ity has been widely discussed. Pioneer work on flow past a
stretching surface was done by Crane [16]. Khan et al. [17] studied
the three-dimensional flow of nanofluid over a nonlinear stretch-
ing sheet: An application to solar energy. Three-dimensional flow
of nanofluid due to slendering stretching sheet with slip effect is
discussed by Babu and Sandeep [18]. Mahanthesh et al. [19]
presented a nonlinear radiative heat transfer in MHD three-
dimensional flow of water based nanofluid over a non-linearly
stretching sheet with convective boundary condition. MHD flow
and nonlinear radiative heat transfer of Sisko nanofluid over a non-
linear stretching sheet is elaborated by Prasannakumara et al. [20].

Convective heat problems are significant in physical science
within heat sources among the field. Applications related to energy
problems including solidification of costing and cooling of under-
ground electric cables are of great significance. Unsteady stretched
flow with heat source/sink and thermal radiation is presented by
Pal [21]. Ramandevi et al. [22] considered combined influence of
viscous dissipation and non-uniform heat source/sink on MHD
non-Newtonian fluid flow with non-Fourier heat flux model. Heat
transfer control is important for final product of desired quality.
Modern system of astrophysical flow, space vehicles, cooling of
nuclear reactors, plasmas and electric power generation are
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governed by applications of linear and nonlinear thermal radiation.
Khan et al. [23] examined behavior of gyrotactic microorganisms
and non-linear thermal radiation in flow of magneto-Burgers nano-
fluid. Peristaltic flow of nonconstant viscosity fluid with nonlinear
thermal radiation is presented by Latif et al. [24]. Here impact of
thermal radiation on electrical MHD flow of nanofluid over nonlin-
ear stretching sheet with variable thickness discussed by Daniel
et al. [25].

Homogeneous-heterogeneous reactions are natural processes of
chemically reacting structures such as combustion, biochemical
processes and catalysis. At different rates the relation among
homogeneous-heterogeneous reactions along with consumption
and production of reactant species within liquid and on catalytic
surface is quite complicated. Some reactions have capacity to move
slowly or not at all except in the existence of a catalyst. Applica-
tions of chemical reactions include manufacturing of food, forma-
tion and dispersion of fog, manufacturing of ceramics, production
of polymer, crops damage via freezing, hydrometallurgical indus-
try. Merkin [26] analyzed homogeneous-heterogeneous reactions
in viscous fluid flow on a catalytic surface. Stagnation-point flow
past a stretchable sheet in the presence of homogeneous-
heterogeneous reactions are studied by Bachok et al. [27]. Gireesha
et al. [28] describes three dimensional nonlinear flow of Casson-
Carreau fluids with homogeneous and heterogeneous reactions.
Nanofluid flow past a rotating disk of variable thickness and
homogeneous-heterogeneous reactions is addressed by Hayat
et al. [29]. Sajid et al. [30] presented influence of magnetohydrody-
namics on Fe3O4-nanofluid with thermal radiation and
homogeneous-heterogeneous reactions. Numerical study of silver
and copper-water nanofluids with non-linear thermal radiation
and homogeneous-heterogeneous reactions is due to Qayyum
et al. [31].

Object of present communication is to analyze nonlinear radia-
tive flow of magnetite nanofluid past a nonlinear stretching sheet.
Effects of homogeneous-heterogeneous reactions are analyzed.
Optimal homotopy analysis technique (OHAM) [32–40] is initial-
ized for convergent series solutions of physical quantities. The
residual errors are shown through numerical data. Graphical
results are used to elaborate the impacts of involved parameters.
Mathematical modeling

Three-dimensional flow of viscous nanofluid is examined. Flow
caused by nonlinearly stretching sheet with velocities
�uw ¼ cðxþ yÞn and �vw ¼ dðxþ yÞn (n being the power-law index)
(see Fig. 1). Contribution due to non-uniform heat source/sink
Fig. 1. Flow geometry.
and non-linear radiation are studied. Applied magnetic field of

strength eB0 acts transversely to flow. Omission of electric and
induced magneticfield is ensured. Homogeneous-heterogeneous
reactions of two typical chemical species A and B have been ana-
lyzed. Homogeneous reactions for cubic autocatalysis are

Aþ 2B ! 3B; rate ¼ jc�a�b2; ð1Þ
while on catalyst surface the required heterogenous reactions is

A ! B; rate ¼ je�a; ð2Þ
where rate constants are jc and je and A and B are rate of chemical

species having concentrations �a and �b.
The problem statements are
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where x; y; zð Þ components of velocity are �u; �v ; �wð Þ; �T temperature, q
the fluid density, r fluid electrical conductivity and DA and DB the
diffusion coefficients respectively.

Here effective dynamic viscosity of nanofluid is

lnf ¼
lf

ð1� /Þ2:5
: ð10Þ

Heat capacitance ðqCpÞnf , the effective density qnf , effective

thermal conductivity knf and thermal diffusivity anf of nanofluid
are

anf ¼ knf
ðqCpÞnf

; qnf ¼ ð1� /Þqf þ /qs; ðqCpÞnf ¼ ð1� /ÞðqCpÞf þ /ðqCpÞs;

ð11Þ
where / the solid and spherical volume fraction of nanoparticles
magnetite ðFe3O4Þ; Cp the specific heat, kf the thermal conductivity,
knf the effective thermal conductivity and s and f in subscript are for
Table 1
Thermophysical properties of magnetite ðFe3O4Þ and water.

kðW=mkÞ qðkg=m3Þ rðUmÞ�1 CpðJ=kgkÞ

ðFe3O4Þ 9.7 5180 25000 670
Water ðH2OÞ 0.613 997.1 0.05 4179
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nano-solid particles and base fluid of the nanofluid. Thermophysical
properties of nanofluid are displayed in Table 1.

Maxwell mode of effective thermal conductivity and effective
electrical conductivity are

knf
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Utilizing the Rosseland concept for radiative heat flux we have
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where r� and k� stands for Stefan–Boltzmann and Rosseland mean
absorption coefficients. Eq. (6) is reduced to
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For non-uniform heat source/sink) are

Q 000 ¼ kf uw zð Þ
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where I1 and I2 are the heat generation/absorption coefficients
respectively.

Considering
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Eqs. (3)–(5), (7)–(9) and (14) take the form
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Here wemake an assumption that diffusion coefficients for both
chemical species are same i.e. � ¼ 1 and thus

~jðgÞ þ ~sðgÞ ¼ 1 ð24Þ
Eqs. (20) and (21) yield
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Here magnetic parameter Ma, velocity ratio parameter a, radia-
tion parameter Rd, temperature parameter ~hw, Prandtl number Pr,
Schmidt number Sc, Diffusion ratio coefficient �, homogeneous
reaction strength K� and heterogenous reaction strength Ks are
defined as follows:
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Here skin-friction coefficient Cf and Cg
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and local Nusselt
number ðNuÞ are

Cf ¼ swx
1
2qf �u2

w

;Cg ¼ swy
1
2qf �u2

w

;Nu ¼ � xþ yð Þqw

knf �Tw � �T1
� � ; ð28Þ

s�wx ¼lnf
@�u
@z

þ@ �w
@x

� �
z¼0

;s�wy ¼lnf
@�v
@z

þ@ �w
@y

� �
z¼0

;

q �w ¼�knflnf
@�T
@zz¼0

þ qĥ
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Dimensionless expressions of Cf ;Cg , and Nu are
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in which Rex ¼ c xþ bð Þ=m denotes the local Reynolds number.

Optimal homotopic solutions

The optimal similar series solutions of Eqs. (17)–(19) and (25)
with boundary conditions (22) and (26) are established by using
optimal homotopy analysis technique (OHAM). We select suitable
operators and initial guesses as follows:
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with

L~f ¼ ~f 000 � ~f 0;L~g ¼ ~g00 � ~g;L ~# ¼ ~#00 � ~#;L~j ¼ ~j00 �~j; ð32Þ

and

L~f d�1 þ d�2 expðnÞ þ d�3 expð�nÞ½ � ¼0;

L~g d�4 expðnÞ þ d�5 expð�nÞ½ � ¼0;
L ~# d�6 expðnÞ þ d�7 expð�nÞ½ � ¼0;
L~j d�8 expðnÞ þ d�9 expð�nÞ½ � ¼0; ð33Þ

in which d�i ði ¼ 1—9Þ depict the arbitrary constants. Computations
of zeroth and mth order deformation problems are done with
BVPh2.0 of Mathematica.
Optimal convergence analysis

In homotopic solutions the non-zero auxiliary variables �h�f ,
�h�g ; �h ~# and �h�j ensures convergence analysis. For optimal data of
Fig. 2. Total reidual error for Fe3O4 nanofluid.

Table 2
Individual averaged squared residual errors having optimal values of auxiliary variables fo

m e
�f
m e�gm

2 2:97942� 10�4 4:38213� 10�5

4 6:50099� 10�5 8:08571� 10�6

6 2:97292� 10�5 3:2684� 10�6

8 1:72782� 10�5 1:68369� 10�6

10 1:13359� 10�5 9:92329� 10�7

12 8:03415� 10�6 6:40412� 10�7

14 6:00804� 10�6 4:41266� 10�7

16 4:67339� 10�6 3:19449� 10�7

Table 3
Comparison of the values of skin friction coefficient when M ¼ I1 ¼ I2 ¼ K� ¼ Ks ¼ 0 and v

n a / Junaid [17]
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n P 1 0.1 0.05 – –
n P 1 0.1 0.1 – –
n P 1 0.1 0.2 – –
�h�f ; �h�g ; �h~# and �h�j, we have applied concept of minimization by con-
sidering averaged squared residual errors as suggested by Liao 32½ �.

.�f
m ¼ 1

kþ 1

Xk
l¼0

N �f

Xm
i¼0

�f nð Þ;
Xm
i¼0

�g nð Þ
 !

n¼ldn

" #2
; ð34Þ
.�g
m ¼ 1

kþ 1

Xk
l¼0

N �g

Xm
i¼0

�f nð Þ;
Xm
i¼0

�g nð Þ
 !

n¼ldn

" #2
; ð35Þ
.~#
m ¼ 1

kþ 1

Xk
l¼0

N ~#

Xm
i¼0

�f nð Þ;
Xm
i¼0

�g nð Þ;
Xm
i¼0

~# nð Þ
 !

n¼ldn

" #2
; ð36Þ
.�jm ¼ 1
kþ 1

Xk
l¼0

N �j

Xm
i¼0

�f nð Þ;
Xm
i¼0

�g nð Þ;
Xm
i¼0

�j nð Þ
 !

n¼ldn

" #2
: ð37Þ

Following

.t
m ¼ .�f

m þ .�g
m þ . ~#

m þ .�jm; ð38Þ

where .t
m represents total squared residual error, dn ¼ 0:5 and

k ¼ 16. For magnetite-water the convergence control parameter
have optimal values like h�f ¼ �0:686258; h�g ¼ 0:651312,

h ~# ¼ �0:112385 and h�j ¼ �1:92267 and total average squared

residual error is .t
m ¼ 0:384779 taken at 2nd order of approxima-

tions. For Fe3O4-water the total residual error is plotted in Fig. 2.
By using optimal values of �h the averaged squared residual errors
at m ¼ 2 for Fe3O4-water is shown in Table 2. Noted that averaged
squared residual errors show decreasing trend for higher order
deformations. Table 3 provides comparison of skin friction coeffi-
cient. The results are found in good agreement.
Physical interpretation

This portion includes behaviors of velocity, temperature, con-
centration, skin friction coefficient and heat transfer rate for vari-
ous involved parameters.
r Fe3O4-Water.

e ~#m e
�j
m

9:50986� 10�5 3:84342� 10�1

5:50189� 10�5 3:41095� 10�1

3:85403� 10�5 3:15708� 10�1

2:97053� 10�5 2:97885� 10�1

2:42156� 10�5 2:84327� 10�1

2:04679� 10�5 2:73598� 10�1

1:77406� 10�5 2:65008� 10�1

1:56633� 10�5 2:58267� 10�1

ariation of /.

Mahantesh [19] Present study

�f 00 0ð Þ �g00 0ð Þ �f 00 0ð Þ �g00 0ð Þ
1.62436 0 1.6243 0
1.98942 0.99471 1.98947 0.99477
2.29718 2.29719 2.29712 2.29715
2.20611 1.10306 2.20611 1.10306
2.33707 1.16853 2.33711 1.16850
2.4232 1.2116 2.4238 1.2113



Fig. 3. ~f 0 nð Þ for / variation.

Fig. 4. ~g0 nð Þ for / variation.

Fig. 5. ~f 0 nð Þ for Ma variation.

Fig. 6. ~g0 nð Þ for Ma variation.

Fig. 7. ~f 0 nð Þ for a variation.

Fig. 8. ~g0 nð Þ for a variation.
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Dimensionless velocity

Figs. 3 and 4 illustrate the effect of / on velocities ~f 0 nð Þ and ~g0 nð Þ.
A decline in velocity is observed for positive values of /. Physically
the resistance between the fluid particles enhances for larger /

which produce a decreasing trend in velocities ~f 0 nð Þ and ~g0 nð Þ. Figs. 5
and 6 are sketched to indicate the behavior of magnetic parameter

Ma for velocities ~f 0 nð Þ and ~g0 nð Þ. Here decline in velocities are sub-
ject to increasing values ofMa. It is observed that drag force (which
is known as Lorentz force) is created by iApplication of magnetic-
field. This force has ability to slow down flow. Figs. 7 and 8 are
plotted to examine variation of velocities (along x and y directions)



Fig. 9. ~f 0 nð Þ for n variation.

Fig. 10. ~g0 nð Þ for n variation.

Fig. 11. ~h nð Þ for / variation.

Fig. 12. ~h nð Þ for Rd variation.

Fig. 13. ~h nð Þ for hw variation.

Fig. 14. ~jðnÞ for K� variation.
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respectively for larger a. Higher values of a constitute larger veloc-
ity field along y-direction while opposite trend can be observed for
velocity field along x-direction. Physically larger values of a ¼ d

c

leads to either increase in d or decrease in c, the velocity along x
-direction decreased and velocity along y-direction increased cor-
respondingly. For higher values of power-law index n, the veloci-
ties and momentum boundary layer thickness reduces (see
Figs. 9 and 10).

Temperature

Influence of nanoparticles volume fraction / on ~h nð Þ is displayed
in Fig. 11. Rising behavior of thermal field and associated layer
thickness is noted via /. Thermal boundary layer concept to



Fig. 15. ~jðnÞ for Ks variation.

Fig. 16. Cf ðRexÞ
1
2 for / variation.

Fig. 17. CgðRexÞ
1
2 for Ma variation.

Fig. 18. NuðRexÞ�
1
2 for Rd variation.

Fig. 19. NuðRexÞ�
1
2 for hw variation.
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nanoparticles volume fraction is in accordance with an increment
of thermal conductivity of nanoliquid. Fig. 12 shows Rd effect on
~h nð Þ. Both thermal field and associated layer thickness are increas-
ing functions of Rd. Physically it is verified because of radiation
process in working fluid the heat is created which rises fluid’s tem-
perature. Effects of temperature ratio parameter hw on ~h nð Þ is dis-
played in Fig. 13. It can be seen from figure that an increment in hw
increases the fluid thermal state which is responsible for the higher
temperature.
Concentration

Impact of homogeneous reaction parameter K� on concentra-

tion ~jðnÞ is analyzed in Fig. 14. When homogeneous reaction

parameter enhanced, concentration distribution ~jðnÞ reduces due
to consumption of reactions. Behavior of heterogeneous reaction
parameter Ks on the concentration is displayed in Fig. 15. For
higher values of Ks the diffusion reduces and less diffused nanopar-

ticles enhances ~jðnÞ.
Skin friction coefficient and local Nusselt number

Figs. 16–19 show the graph of skin-friction coefficients
ðCf and CgÞ and local Nusselt number ðNuÞ for volume fraction of
nanomaterial, magnetic parameter, radiation parameter and tem-
perature parameter respectively. Skin friction coefficient depicts
increasing behavior via / and Ma (see Figs. 16 and 17). Fig. 18
shows that magnitude of heat transfer rate enhances against Rd.
For higher hw the local Nusselt number enhances (see in Fig. 19).
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Conclusions

Main points are as follows:

� Velocity field retards for magnetic parameter while it rises for
velocity ratio parameter.

� Impact of nanoparticles volume fraction for momentum and
thermal layers is opposite

� For fluid concentration the strength of heterogenous reaction
variable rises while opposite is noticed for homogeneous reac-
tion case.

� Skin friction coefficient increases for magnetic parameter and
nanoparticles volume fraction.

� Magnitude of radiation and temperature ratio parameter on
local Nusselt number are qualitatively similar.
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