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In this work we study the Korteweg-de Vries-Benjamin-Bona-Mahony (KdV-BBM) equation, which
describes the two-way propagation of waves. Using Lie symmetry method together with Jacobi elliptic
function expansion and Kudryashov methods we construct its travelling wave solutions. Also, we derive
conservation laws of the KdV-BBM equation using the variational derivative approach. In this method, we
begin by computing second-order multipliers for the KdV-BBM equation followed by a derivation of the
respective conservation laws for each multiplier.
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Introduction

Over the years nonlinear partial differential equations (NLPDEs)
have proven indispensable in the modelling of diverse nonlinear
multidimensional systems which are manifest in countless and
varied natural phenomena. Studying NLPDEs is fundamental to
understanding the complex behaviours of these systems and many
researchers continue to explore this avenue.

Many methods have been developed for obtaining exact solu-
tions of NLPDEs. These include the homogeneous balance method
[1], the ansatz method [2], the inverse scattering transform
method [3], the Bdacklund transformation [4], the Darboux transfor-
mation [5], the Hirota bilinear method [6], the simplest equation
method [7], the (G'/G)-expansion method [8], the Jacobi elliptic
function expansion method [9], the Kudryashov method [10], the
Lie symmetry method [11-14].

Furthermore conservation laws are essential in determining the
extent of integrability of differential equations, development of
numerical schemes, reduction and solutions of partial differential
equations. See, for example [14,15] and references therein.

The third and fifth-order Korteweg-de Vries-Benjamin-Bona-
Mahony (KdV-BBM) equations are derived in [16] as models for
long-crested water waves which travel mostly unidirectionally.
According to [16], such models tend to be more accurate on a much
larger time scale. The authors of [16] used the results published in
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[17,18], where a variant of the higher order Boussinesq coupled
systems were derived. For more details of the physical description
of the equations the reader is referred to [19].

In this paper the third-order KdV-BBM equation

(1.1)

Rl =

3 1
ut+ux+juux+vuw— g—v U =0, v#

is the subject of our study. This equation is a generalization of the
celebrated KdV and BBM equations. When v = 1/6, Eq. (1.1) reduces
to the KdV equation and when v =0, Eq. (1.1) becomes the BBM
equation. Eq. (1.1) was investigated in [19] where the researchers
presented conditions for the existence of hyperbolic, unbounded
periodic and soliton solutions in terms of Weierstrass functions.
Furthermore, an analysis for the initial value problem was devel-
oped together with a local and global well-posedness theory for
(1.1).

Exact travelling wave solutions of (1.1) are obtained here by
making use of different approaches. Moreover, we derive the con-
servation laws of the KdV-BBM equation by employing the varia-
tional derivative approach.

Travelling wave solutions of (1.1)
In this section we construct travelling wave solutions of (1.1)

using direct integration, Kudryashov and extended Jacobi elliptic
function expansion methods.

This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Exact solutions of (1.1) using its Lie point symmetries with the total derivatives D, and D, given by
The vector field D, = 9 Tu 2 9 oy 9 Uy 9
ot ou ouy Bux
ng(txu)a+£2(txu)3+n(txu)ﬁ (2.2) d d 2 d
ot T 7 ox T ou’ ' D, = &+ux8 +uxx87ux+uxt87u[+“'~ (26)

where &,i = 1,2 and 5 depend on t,x and u, is a Lie point symmetry

of (1.1) if Expanding (2.3) we obtain
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a tuuux - véuuuux vufguuu x vétuu X vufguuuux + 6uffuuu X 3‘)gxuuux + VMt — jugu X ‘fuux Vufféuu T 6uffguu x 3vuf’<éuu X

1 1 1 B 2
- vuffcxx - 3vu“guuux t5 2 quCuuux - GVUXXQW X vufftuuux + 6uf§tuu x - vu uuuux + 6“[ guuu x 3vuffxuu X 2v€txuu +t3 ftxu X

1
2 2 2 2
- 2vufgxuu XT3 uféxuu X 3véxxu T vntuu x gntuuux + VU Uy — guf’/’uuuux + 3W?xuuux +

3nu, 3 B B
g - juufq},ux — Uy — Eluy — ueEluy

3 3 1 2 1 ) 1
- iuéiux S Ul — VUl &l — 2VUEl Uy + §utx£3uux — AVU U EY, Uy + 3 UpUpeE g Uy — 3VU Uy Ely Uy + g UpeChy — 2VUg S Uy + guttéiuux

1
1 22
— 6VUnS, Uy — 3Vl Ux + 5

1
22 2
2 Uxx Sy Ux — 3vutuxxéuuux +35

2

. 1, . y 1, . 1
+ 3 VU Uy — 2VE Uelly + §g},umux — 3VE Uplly — 3VEL Uy + 3 ElUpelly — AVEL Ul — 2VUEL Uy + 3

15, . 1 B 1 . 1 1
+ §u?§)lcuuux - 3vuf§)1(xuux + 6 ftzxxux - vufg)zcxuux - Vé?xxux +1+ gufgixuux + zvntxuux - §ntxuux + 2Vul”]xuuux - §uf17xuuux + 3W7xxuux

2 1
2 22 2 22 2
Ul &y Uy — AVUR S Uy + 3 UnxCulx — IVl e — Syl + 2V Uy — 3 Uy e

21 2«1
UrCryUx — ZVU[ Sxuublx

. 1, ; 14 3 B 3u B 1 B
—2vélu? + 3 2 —3vetu? — el — juu[g}( — Ul +um, + 2”" + 1, — VE UGl — VE Uy + éé,ﬂu“uxx — 3vE Uty — 3VE Uyl
1 L. 1 1 ) )
+ jiﬁufxuxx — VUl + §utxg2,< + éufuxxclu — VU, — VU U, + & U Uy — VUl Ey, + §ufu[x5§u — 3Vl — 3VUnly, — 2Vl
+1u §2+1uu 2 YU +1u 2 41, Uy + Vil ,1,4 + Vuu fluu +2vu flu +3vu —2vél
ER tUxx Cxy txSxx 6 txGxx T My Ux xx 6 xxH ey tUxx My 6 tUxx My txM 3 txMyu xxHxu Cx Uttx

1 1. 1 . 1. 1 ) 1
+ §éium — V& Upex + éci Upex — 2VUeE] U + §ut§ium — 2V U + 3 Exllpex + VI Uexe — & Tutlos — VUE ] Uyex — VEF Uy + 5 E U — VU Uy

L 3y Vel ! ! vl gl — v Loenl . — 32 — 3ve!
+ g tSytxxx — Gx U + VI Uy — VUG + = 6 ufgtxx vu éxxu tz 6 ut gxxu UtCu + Vg — éntxx + VU — gufnxxu - uXXéxx - Ox Uixx

+ Ve — Urll = 0.

XPIAl_, =0, (2.3) Now splitting the above equation with respect to the deriva-
tives of u, yields the following system of overdetermined linear

where partial differential equations:
3 1
A= U+ Uy + 5 Uy + Vil — (é - V)”txx-, & =0, &=0 1n,=0 ¢&=0
3] . . . My — 6)2()( =0,
and X" is the third prolongation [12,13] of (2.2) defined by )
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where (;, (s, {xx, (o aNd {4y are determined as follows:
1
G = D) — uDe(€') ~ uDy(2), vl -3 (v- 7) (v g) =0
qu = Dx(n) - uth(fl) - uxDx(§2)7 1 1
)ntxu+ ( +1>ft ( 76)&»{

3 2 .2
(o = Dx(Cx) - uan(i]) - uxxDx(52)7 51’] - Vf)otx =&+

Lo = Dx(Cox) — U Dx(€) — U Da (8, 1.3 1
22
+<2v+€—2u(v—6 7( +1>§x=0.

G = Di(le) — Une Dx(€) — oDy (€) (2.5)



1. Simbanefayi, CM. Khalique / Results in Physics 8 (2018) 57-63 59

Solving the above system we obtain

&t x,u) = At + Ay, (2.7)
2(txuy = 2N, (2.8)
Ny _Gv—l 3, .

Ai(2-36v-1)u
n(t,x,u) = %, (2.9)

where Aq,A; and A; are arbitrary constants. Thus the infinitesimal
generators corresponding to (2.7)-(2.9) are

0

Xi=o (2.10)
d
X2 =5, (2.11)
X —3t(6v—1)3+18vt3+(2—3(6v—1)u)3 (2.12)
3= ot X ou :

A linear combination [20] of the translation symmetries (2.10)
and (2.11), namely X = cX; + X3, yields the two invariants

z=x-ct and U=u, (2.13)

which gives the group-invariant solution U = U(z). Using this result,
and with z as our new independent variable, (1.1) is transformed
into the nonlinear ordinary differential equation (ODE)

(é v v) U"(@2)+ (1 -0U2) +%U(2)U’(z) =0. (2.14)
Integrating (2.14) with respect to z, we obtain

c " 3 2

(g—cv+v)u @)+ (1 -U(z) +7U°(2) +Co = 0, (2.15)

where Cy is an arbitrary constant of integration. The linear ODE
(2.15) can be rewritten as

" 9 2 6(1—c¢) 6Co _
u (Z)+2(C—6CV+6V) (z)+c—66v—|—6vu(z)+c—6cv+6v_0'
(2.16)
By introducing a new variable y = y(z) in (2.16) defined by
2 6v
U(z):§(c—6¢:v+6v)y(z), c# v o1 (2.17)
Eq. (2.16) can be re-written in terms of y(z) as
¥y +3y* —wy+C, =0, (2.18)
where C; and w are given by
_ 6Co B 6(1-¢)
Cl_chCerBv’ O= " 6ovr 6y (2.19)

The solutions of (2.16) can be expressed via those of Eq. (2.2) in
[21]. We now turn our attention to (2.18). Multiplying (2.18) with
y" and integrating with respect to z yields the first order linear ODE

y? +2y® — wy* +2C1y +2C, =0, (2.20)

where C, is an arbitrary constant of integration. Since the
expression

2% — wy? +2C1y +2C, (2.21)

in (2.20) is a cubic function in y(z), it is reasonable to assume that
(2.20) can be written as

Y2 =220y = i)y = )y — 3).

where /1, 4, and /3 are roots of (2.21) ordered so that i3 > 1, > /.
The general solution of (2.18) can thus be expressed in terms of the
Jacobi elliptic cosine amplitude function [21,22]

(2.22)

_)»3—22
_)»3—217

V(@) =Ja+ (33 — /12)an< i 5 “y k2>, K (2.23)

where 0 < k* < 1and (43 — /1)/2 > 0.
Reverting to the original variables, the solution of (1.1) is

u(t,x) = %(c —6cv + GV){/IZ + (J3 — Ay)en? < )”32;'1]2, k2> }
(2.24)

By letting c=1,v=0.083,4; =0.1,4, = 0.2 and /3 = 0.4, the
graphical representation of (2.24) is rendered in Fig. 1.

Exact solutions of (1.1) using the Kudryashov method
In this section we invoke the Kudryashov method [10,11] to

determine exact solutions of (1.1). We begin by assuming that
the solutions to (2.14) can be written in the form

Uz) =) AQ'(2), (2.25)
i=0

where Q satisfies the Riccati equation

Q2 =Q*2 - Q®. (2.26)

The number M can be determined by using the balancing proce-
dureasin[10]and A;,i=0,1,2... are constants to be determined.
The Riccati equation has a solution in terms of elementary func-
tions given by

1

QD) =14 (2.27)
From (2.14), it can be seen that M = 2. Thus the solution (2.25)

can be written as
U@@) = Ao+ A1Q(2) + AQ%(2). (2.28)

Substituting (2.28) into (2.14) we obtain the following polyno-
mial in Q(z):

Fig. 1. Graphical representation of solution (2.24).
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12cvA;Q%(2) — 6¢vA;1Q* (2) — TcvA1Q%(2) + cvA1Q(2)
— 24cvA;Q°(2) + 54cvA;,Q% () — 38cvA, Q3 (2)
+ 8cvA2Q%(2) — 2A,Q%(2) — 3A5Q%(2) + 3A3Q°(2)

-AQ(2) + %A§Q3 (2) — %Asz (2) + A1Q%(2) + 2A;,Q° (2)

— 9cA,Q%(2) + 4cA2Q°(2) — 8vAQ%(2) + cA1Q%(2)
F2AIQ(E) + 5 QY (E) — 2m Q) + 5 Q)

+ 7vA1Q%(2) — vA1Q(2) + 24vA;,Q°%(2) + %c/h Q%*(2)

— 54vA;,Q"(2) + 38vA,Q° (2) — 3A0A2Q%(2)

+ §A1 Q*(2)A; + 3A0AQ° (2) — 12vA1Q%(2) — %Aolh Q(2)
- §A1Q3 (2)A; + %AoAl Q’(z) + 6vA:1Q*(z) = 0. (2.29)

Splitting Eq. (2.29) on powers of Q(z) we obtain algebraic equa-
tions, viz.,

gA]Az + 6VA; — 54vA, + cA; — 9cA; — 6¢VvA; + 54cVvA; — 3A§ = 0,

3AOA2 — gA]Az — ]2VA1 + 38VA2 -‘rECAz — 2CA1 + 12CVA1

2 3
—38cVA; +2A; + %Af =0,
4cA, + 24VA, + 3A% — 24cvA, = 0,

%AoAl —3A0A, +7VA; — 8VvA; + écA1 + %CAZ — 7cvA,

+ 8cVA; + Ay — %Af —2A, =0,
%AoA] + VA + A — gCA1 —cvA; =0. (230)

Below we give one solution of interest obtained from solving
(2.30).

Ap =5 (6cv +5c—6v—06),

A = = (24v — 24cv + 40),

W[ = O] =

A; = —%(24v—24cv+4c). (2.31)
Thus, from (2.13), (2.28) and (2.31) we can write the solution of
(1.1) and (2.14) as

z

u(t,x) =z (6cv+5c—6v—-6) + % (24v — 24cv + 4c)

o=

(1+e2)*
(2.32)

One possible graphical representation of (2.32) is given in Fig. 2.

As expected [22], the result (2.32) is contained in (2.24).
This can be seen if we let i, =2, in (2.24), which yields a
soliton whose outline is akin to Fig. 2. Thus, we conclude that
by using Kudryashov method we obtain a special case of solu-
tion (2.24).

Exact solutions of (1.1) using the extended Jacobi elliptic function
expansion method

We now turn our attention to another interesting method of
obtaining exact solutions, that is, the extended Jacobi elliptic func-
tion expansion method [23-26].

Cnoidal wave solutions of (1.1) using the extended Jacobi elliptic
function expansion method

In this subsection we employ the Jacobi elliptic cosine function
to obtain cnoidal wave solutions of (1.1).

We assume that our solutions can be expressed in the form

U(z) = iA,-H(z)", (2.33)
i=—M

where H is a solution to the first-order ODE [24,25]

H(2) = /(1 - H(@)(1 - 0 + oH(2)) (2.34)

given by

H(z) = cn(z, w). (2.35)

We recall from the previous section that M = 2 and thus (2.33)
is expanded to the form

U(z) = A,H *(2) + A{H ' (2) + Ao + A1H(2) + A H?(2), (2.36)

where, A;,i=—-2,...,2, are constants to be determined. In (2.35)
and (2.34), the parameter 0 < w < 1 is the modulus of the function.
We now proceed to substitute (2.36) into the third-order ODE
(2.14). Making use of (2.34) and splitting with respect to powers
of H(z), gives an overdetermined system of eight algebraic equa-
tions, namely

12A1cvew — 2A1co — 12A1v + 9AA; = 0,
24A,cv0) — 4Ayc — 244,V + 3A5 = 0,

24A_,cvar — 24A_5¢cv — 4A_rcor + 4A ¢ — 24A 5 ve
+24A v +3A4%, =0,

12A_1cver — 12A_1cv — 2A_1coo +2A_1c — 12A_1vw
+12A1v+9A LA 1 =0,

Fig. 2. Graphical representation of solution (2.32) for c = 0.9 and v = 0.083.
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48A_,cv —96A_,cva + 16A_5caw — 20A_5¢ 4+ 96A_,vw
—48A_,v + Qfﬁ1 +12A_; +18A A0 =0,

12A_1cver —9A A1 —6A_1cv — 2A_1coo — 12A_1vad
+6A_1v—9A0A_1 +7A_ic—6A_; = 0,

12A1¢cver — 6A1cv — 2A1c0 — 12A1 v + 6Av — 9ApA;
—6A; —9A_1A; +7A:c =0, +48A,5cv + 16A5cw — 20A,¢
— 96A,cv() — 48A,V + 9AT + 18A0A; + 12A; + 96A v = 0.
One possible set of values for the parameters of interest

obtained from solving the above system is

A,=1

3 (24vw + 24c¢v + 4cw — 4c — 24cvo — 24v),
A=A =0,
A = %(48(?\/60 —24cv — 8cw + 10c — 48vw + 24v — 6)
A = %(24%0 — 24cvw + 4cw). (2.37)
Consequently, the solution for (1.1) is
u(t,x) = A ync(z, ) + Ag + Aycn®(z, w), (2.38)

where nc = 1/cn [24,26] and z = x — ct. We now give a solution pro-
file of (2.38) for c = 0.5,v = 0.1, w = 0.01 in Fig. 3.

Snoidal wave solutions of (1.1) using the extended Jacobi elliptic
function expansion method
In a similar manner we can obtain the snoidal wave solutions of

(1.1). However, in this case we use
H(z) = sn(z,w), (2.39)

where sn(z,w) is the Jacobi elliptic sine function, as a solution to the
first-order ODE

H(z) = \/(1 — H*(2)(1 — wH*(2)).

Proceeding in the similar way, as before we obtain a set of alge-
braic equations. We now give one set of solutions obtained after
solving this set of algebraic equations.

(2.40)

A, = l(24cv —4c — 24v),

3
A=A =0,
Ao = %(24va) + 10c + 24v — 24cvw — 24cv + 4cw — 6),
A = %w(24cv —4c - 24v). (2.41)
Thus, in light of (2.41) the solution of (1.1) is
u(t,x) = Ao + %Azns2 (z, ){1 + wsn*(z, w)}, (2.42)

where Ay and A, are given in (2.41). The corresponding graphical
representation is given for c = 0.5,v = 0.1, and w = 0.01 in Fig. 4.

One-dimensional optimal system of subalgebras

We now calculate the optimal system of one-dimensional
subalgebras for Eq. (1.1) and use it to find the optimal system
of group-invariant solutions for Eq. (1.1). We follow the
method given in [12]. Recall that the adjoint transformations
are given by

Ad(exp(eX;))X; = X; — €[X;, X]] +% X, X, X[ — -, (2.43)

Fig. 3. Graphical representation of solution (2.38).

where [X;, Xj] is the commutator defined by

Xi, Xj] = XiX; — XiXi. (2.44)

We present the commutator table of the Lie symmetries and the
adjoint representations of the symmetry group of (1.1) on its Lie
algebra in Table 1 and Table 2, respectively. These two tables are
then used to construct the optimal system of one-dimensional sub-
algebras for Eq. (1.1). As a result, after some calculations, one can
obtain an optimal system of one-dimensional subalgebras given
by {Xi,aXi1 + X2,bX; + X3}, where a,b € R.

Symmetry reductions and exact solutions of (1.1)

In this subsection we use the optimal system of one-
dimensional subalgebras calculated above to obtain symmetry
reductions and exact solutions of the KdV-BBM equation.

/
F -10

Fig. 4. Graphical representation of solution (2.42).
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Case 1. X;.
The symmetry X; gives rise to the following two invariants:
z=t, f=u (2.45)

Now treating f as the new dependent variable and z as new
independent variable, the KdV-BBM Eq. (1.1) transforms to

f@)=0,

which integrates to f(z) = K, where K is a constant of integration.
Hence the group-invariant solution of under X; is given by
u(t,x) =K.

Case 2. aX; + X;.

The symmetry aX; +X, gives rise to the following two
invariants:

(2.46)

z=x-—at, f=u (2.47)

We note that these two invariants are identical to the invariants
given in Eq. (2.13) with a = ¢ and hence the group-invariant solu-
tion, in this case, is given by (2.24).

Case 3. bX; + Xs.

The symmetry bX; + X3 gives rise to the two invariants

__ bIn(3t) + 3(6vt — 6vx + X) _ 2
z= . f=t 318y Y )

3-18v
By treating f as the new dependent variable and z as new inde-
pendent variable, the KdV-BBM Egq. (1.1) transforms to

(6v— 1){bf" +3(6v — 1)f'} — 9(6v — 1)(3f — 2)f(2) + 6bf = 0.
(2.49)

(2.48)

Conservation laws of (1.1)

In this work we compute second-order multipliers
A = A(t,x,u,uy, Uy) [12,14,27,28]. Expanding the expression

{A(t.,x,u,ux, Usx) (ut + Uy + %uux + Ve — <% - v) um)} =0

(3.50)
and splitting the resultant equation on derivatives of (u) yields the
following fifteen determining equations:

1
BVAU)(UXX - jAuxuxx = 07

9
ou

1
VAuxuxxuxx - EAUXUXXUXX = 07

1
3Au —2VA, = 0,
1
gAuxuxx - VAuxuxx = 07
1
Auxxuxx + gAuuxx - VAquX = 07
1
Auxxuxxuxx + éAuuxxuxx - VAUUxxex = 07
Table 1
Commutator table of the Lie algebra of Eq. (1.1).
[Xi, Xj] Xq X2 X3
X4 0 0 0
X3 0 0 18vXy +3(6v — 1)X,
X3 0 —18vX; — 3(6v — 1)X; 0

Table 2
Adjoint table of the Lie algebra of Eq. (1.1).
Ad X; X3 X3
X1 X1 X2 X3
X2 X1 X2 —18&vX; —3¢&(6v — 1)X2 + X3

X3 X1 % (e3x(6v—1) _ ])X] + e35(6\‘—1)X2 X3

1Au u; +luxAuu +1Axu - 3VAXU - 3VAHU uX - 3vuXXAU U, = 0’
2 x Ux 2 X 2 X X X X Ux
3
iuuxAuxxuxx — VAsuy + UxAuguy, — VAt — 2VAu
- VuXAquX +%Amxx = 07
3

1
EuxAuxxuxxuxx + éAtUxxuxx = VoA

- VA[uxxuxx - BVAuXuXX - VAXUXXUXX = 07

— VAuugug Ux + UxA

UxxUxx Uxx

%uxAuuuxx +%Auuxuxx - ZVAxquX - VAuux + ZuxAuuxxuxx
1 1

+ 2Uyx AUy UxcUyx + 2Axuxxux)< + §Axuuxx + 6 Auux

— 2U VA, — 2UV Ay, = 0,

1 1
§uxAuxxuxu - 2VAuuxx + §uxxAuxuxuxx - ZVAXHXXUX - VAuxux + 2Auxxuxx
1 1 1
+ § Axuxxux + gAuxux + § Auuxx - zvux/\uuxuxx - 2vuxxAuxuxuxx = 07
] 2
§uxuxxAuuxux — VU A, — 2VUx A, — 2VAuullx — 3Vl Ay,

1 1
+ g/\xxux — VU2 Ay, — 2V A, + §Axu + 2Ug Ay,

1

1 1
+ 2Auxuxx Uxx + § uxxAxuqu - VAxxu,( + é uixAuxuxux + § uxAxqu

1 1 1
+ §Auu + éu,zg/\uuux = 2VAu + iAqu + ZAquX

— ZvuxuxxAuuxux - 2Aux =0,

1 2 2
§Auuux — VU Apuu — 2V Ay — VUi Auuy, — Vb Aw

- 2vuxxAxuu,( + 2Auuxum Uy + %Axxu -

+ u,Z(AuquX + zuxAxuuxx + u,%XAuxuquX + uxxAuuxx + ZuxxAxuxu,(X

1 1 1 1
— VAxu + § uxxAxqu + 6 U Ay + 6 uixAuuxux + § Ux Axuu

Auux Ux — uxxAuxux

1

+ gu)z(/\uuu - 2Vux’rlxx/\uuux - Axux + Axxuxx = 07

Suti iy A, — AV U Ay, — 2VUxAruig, — 2VUix Aty

Uy Uxx Uxx
2 2 2

— AVl A + UL Awigry, — 2U VAu g — 2VUy A

+ Ut Ay — AVUxAxuuy + 2Uxlie Auugae — 4VUx Ayuy

1 1
— AVUx Ay, — 2V Ay, + 3Ulix Ay, + §Axfum + é/\[ux

1 1
+ 2uxxAuxxuxx + §Atuxuxx + §uxAtuuxx - VAtux + 3U§Auxxuxx

- ZVAxquX - 2VAtquX + ZAxuxquX Ux — 4VAqu + Zui/\uumuxx =0,
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9 1 1
5 Untboc Ay, = 3Ulhe Ay, + guiAmu = VAo + 3 Ao + 202 Ay,

+ At Ux — AU — VA + 2UxAxug, — U2 Ay + 2U2 Ay,

1 1 1
+ 3u2 Ay, + EAMXHX + 13 Ay, + éA[u +3u3 Ay, + 3 Asxa,

1 1
+ EA”“ + §A“‘”” — VU3 Ay — Ve Ay — 2V1x Ay, — VU A

3 3
— 3V A, + juuxAxxuu - iquAxux — 3V Ay — 3VU2 A,
3 3 3 2

2 2 2
— 3Vt A + Uty Ay, — 3VU A, + juu" Ay, — EUUX

2 2
— Ul Ay, + Ul Ay, + 2U U A, + 3U Uk A

Auux

2 2
+ Ul Ay + Ul A + 3Ule Ay, + 2Ux e A
— VU2 A, — 3Vl Ay — VU2 Ay — 2V Ay + 3UU2 Uy Ay

3 3
— SUA = Ay, — A= A=

9
5 Ul = 3V A, = 3V U A — 3VUdloocAu

3
— 2VUll U Apu, +5U

2
Uy Auy, — 6VU A, U

2

2 Ul Ay, + 3Ul U Ay,

3
— juxxuuxAuxux =0.

Solving the above system of equations we obtain
A =Ciu+ Gy, (3.51)

where C; and C, are arbitrary constants. This yields the following
two conservation laws:

1 1 1 1 1
t _ 2.2 0 = _ - 2 T
T]*ZU 1g Wb 3 Vlllho — £ VUL + 52y,
1 1 1 2 1
T{‘:iuz+zu3+vuu,‘x—§uutx+§vuutx—§vuf
+Luu —lvuu~
18 xUt 3 XUt
1 1
ngufﬁuxx+§vu,m
"—u+§u2+vu 2 i — Lu
5 = P xx+3 o~ g U

Concluding remarks

In this paper we studied the Korteweg-de Vries-Benjamin-
Bona-Mahony (KdV-BBM) equation. This equation describes the
two-way propagation of waves. Lie symmetry analysis along with
the Jacobi elliptic function expansion and Kudryashov methods
was employed to construct its travelling wave solutions. Moreover
conservation laws of the KdV-BBM equation were calculated using
the multiplier approach. The usefulness of conservation laws was
explained in the Introduction.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.rinp.2017.10.041.
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