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Introduction

The study of solutions of nonlinear partial differential equations
is very important in the understanding of many physical phenom-
ena in many science and engineering applications. In light of this,
several methods have been employed to treat varieties of such
problems among which Kudryashov method [1,2], the modified
extended tanh method [3] and some other analytical and numeri-
cal methods among others, see [4-24].

The Klein-Gordon equation appears in different real world
applications, such as the quantum field theory, nonlinear optics
and solid state physics. Fractional Klein-Gordon equation has been
studied by many researchers for instance, homotopy perturbation
method by Baleanu et al [25,26], and approximate analytical solu-
tion for linear and nonlinear time fractional order Klein-Gordon
equations by Tamsir and Srivastava [27]. The coupled Boussinesq
equations are modeling for two way propagation of surface waves
in a uniform horizontal channel [28]. Number of studies have been
introduced to solve coupled Boussinesq equations for example, the
expansion method [29], and new transformation and new
approach [30,31]. This paper is organized as follows: In Section
“Description of the fractional calculus”, the description of the frac-
tional calculus is demonstrated. In Section “Analysis of the meth-
od”, analysis of the method is given to illustrate how fractional
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differential equations are converted into integer-order differential
equations. In Section “Application”, the application modified
extended Tanh method is used to obtain the analytic solutions
for the space-time fractional Klein-Gordon and coupled con-
formable space-time fractional Boussinesq equations. Section “Co
nclusion” conclude the paper.

Description of the fractional calculus

The Jumarie’s modified Riemann-Liouville derivative of a con-
tinuous (not necessarily differentiable) function u(t) of order « is
defined as follows [32]:

DRut) = g gp [ (€ " ~u@)dz, 0<a<1,
)

where T'(.) is the well-known gamma function. Some other proper-
ties include:

i). Dite = [Fee g,
ii). Df(au(t) + bv(t)) = aDfu(t) + bD{v(t), where a and b are
constants,

iii). Dfu(¢) = o2 D}(¢),

where o is fractional indice, see [33].
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Analysis of the method

We present the modified extended tanh expansion method by
considering the following nonlinear fractional differential equation
of the form:

c(u,Dfu,Dﬁu,Df;‘u Dyu,DiDju,...) =0, 0<a<l, 2)

XX

where « is order of the derivative of the function u = u(x, t). Also,
we use the wave transformation
X* t*

u(x, ) = U(¢), é=kr(a+1)7cr(a+l)f><o, 3)

where k and c are nonzero constants. Substitution of wave transfor-
mation (3) into (2), we obtain an ordinary differential equation of
the form

PU,U,U",..)=0, (4)

where, ' is a derivative w.r.t &. Further, the solution is assumed to be
of the finite series of the form:

n=N
UGE) = a0+ 3 (@876 + g ). 5)
n=1

where ay,a,,b,,n=1,2,...N are nonzero constants to be com-
puted; where N is a positive integer determined by balancing the
highest order derivative with the highest nonlinear terms in the
equation, and ®(¢) satisfies the Riccati differential equation:

') =d+ D), (6)

where d is a constant. Further, the Riccati differential equation in (6)
has solutions of the form:

(i) if d < 0, then

®(¢) = —vV—dtanh(vV—d¢),
®(&) = —vV—dcoth(vV—d¢),
(i) if d = 0, then

(iii) if d > 0, then

®(¢) = Vdtanh(Vde),
(&) = —vd coth(Vdé).

Substituting Eq. (5) and its necessary derivatives into (4) gives a
polynomial in ®(¢). Collecting coefficients of the obtained polyno-
mials and subsequently setting each one to zero, we will get a set
of over-determined algebraic equations for ap,a,,b,(n=1,2,...),
and b with the aid of symbolic computation using Mathematica.
Finally, solving the algebraic equations and the above possible
solutions of Raccati equation into (6), we obtain the solution of
Eq. (2).

Application

To test the efficiency of the method, the analytic solutions of the
space-time fractional Klein-Gordon and coupled conformable
space-time fractional Boussinesq equations are organized.

The space-time fractional Klein-Gordon equation

Consider the Klein-Gordon equation with space-time fractional
derivatives of the form:

20
XX

u2 —uX —au— pu® =0. (7)

On using the wave transformation

x* t
u(e, ) = U), &= kppgs — Oy ®)
we get a reduced ordinary differential equation as follows
(K = AU" +aU + pU® = 0. (9)

Balancing the highest order derivative with the highest nonlin-
ear order [U”; (U)?] in Eq. (9), we get N = 1.
And it offers a truncated series from Eq. (5) as:

U() = o+ a1 ®() + b (). (10)

Then, substituting Eq. (10) and its necessary derivatives
together with Eq. (6) into Eq. (9); collecting the coefficients of same
degree of ®(¢) and thereafter setting them to zero, we get the fol-
lowing algebraic equations:

ap + pad + 6uaga by = 0,

2(k* — )ayd + aa; + 3uada; +3paih, =0, 3pad =0,

2(k* —c?)ay + ual =0, 2db; (k* —c?)+aby +3puaib, +3uab? =0,
3uaoht =0, 2d°bi (k> — c?) + ub; = 0.

Solving the above system, we get the following:

Case 1.
ap =0,
- jF\fZ\/c2 s
1 \/ﬁ ’
b=y %4
24/2u(c? — k)
a
d=——-.
8(c2 — k)

Which produces

/ 2
Uy (x,t) = iﬁ;\/;ka/atan(\/aé)
yoa cot(Vdé), d > 0,
2vdy\/2pu(c? — k)
/ 2
Up(x,t) = ;L\/;{k\/acot(\/af)
a

F——  tan(Vd¢), d >0,
2vVdy/2u(c? — k)

/ 2
us(x,t) = ¥ ﬁ;\/;_k V—dtanh(vV—d¢)

- a coth(vV—d¢), d <0,
2V=d\/2u(c? — k)
/ 2
Us(x,t) = 1L\/;_k v—dcoth(vV—d¢)
T a tanh(v—d¢), d < 0,

2vV=d\/2p(c® — k)



374 M.A. Shallal et al./Results in Physics 8 (2018) 372-378

where

&=k X -c e —X
T 'T+1) T+l

Case 2.
dp = 0,
A V2V — K
1 \/ﬁ s
a
b] =Ff—F
21/2u(c? — k%)
a
4@k
Which produces
v2Ver — i
Us(x,t) = F—~— " Vdtan(vVd
s(X. ) =F N (vde)
:F+ cot(vVd¢), d > 0,
2Vd\/2u(c? — k%)
v2Ver — i
Ug(x, t =427 =" Vdcot(Vdé
(X, 1) N (vde)
+ % tan(Vde), d>o0,
2Vd\/2u(c? — k%)
/2 1,2
U (x,t) = iwﬂtanh(ﬂé)
N
+ a coth(vV—d¢), d <0,
2v—=d\/2u(c® — k%)
/2 2
ug(x, t) = iwﬂcoth(ﬂé)
N
a
+ tanh(v—d¢), d <0,
2vV=d\/2p(c® — k)
where
E=k X c e X
ST Tern) T+ ™
Case 3.
o =0a1 = 07
by == d )
2(c® — k%)
B a
2(c2 — k%)’
Which produces
Ug(x,t) = TR S cot(vVdé), d > 0,
vdy\/2u(c® — k)
a
uro(X, t) = F———— tan(Vd¢), d > 0,
vdy/2u(c2 — k%)
u1(x,t) = $; coth(v—-d¢), d <0,
V=dy/2p(c? — k*)
Uz (X, t) = :F; tanh(vV—d¢), d < 0,

V=dy/2u(c? — k%)

where

E=k X —C t —Xp.
Tat+1) Tt

Case 4.
ap = b = 07
g Y2V -k
1 \/ﬁ ’
_ a
2(c2 - k%)’
Which produces
/2 2
Us(x,t) = :FM\/Htan(\/Héy d>0,
VI
/2 12
ug(x,t) = iu\/acot(\/aé), d>0,
VI
/2 2
Uz (x, t) = imx/jatanh(\/jdé), d<0,
N
/2 12
Ug(x,t) = iux/—_dcoth(\/—_dg“), d<0,
N
where
&=k X - ‘ — Xo.

Toa+1) ‘Tatl)

Thus, we have obtained several new wave solutions. Comparing
our results with the results presented in [34,35] shows that our
solutions are different and novel. Now, plotting these solutions at
different time levels and different values of, shows the motion of
solitary waves as shown in Fig. 1.

Coupled conformable space-time fractional Boussinesq equations

Consider the coupled conformable space-time fractional Boussi-
nesq equations of the form:

U+ vy = 0. (11)
vt 4 (), — iy = 0. (12)

On using the wave transformation
X* t*
-c
(0+1) T(x+1)

u@, t) = U(e), vlx, t) = V(&), ¢=kg — Xo,
(13)
we get a reduced ordinary differential equation as follows
—cU +kV' =0,
— V' + AU — uk*u” = 0.

Integrating the above equations once, and assuming the con-
stant of integration zero, we get

—cU+kV =0, (14)

—cV + A(U?) — uk*U" = 0. (15)
Using Eq. (14) and (15) yields:

—c2U + 2K (U?) — uk*u" = 0. (16)
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Fig. 1. The exact solutions for the space-time fractional Klein-Gordon equation with, subsituting the values c=-1/2,k=1,a=1,u=-1,0<x <100, and
o =0.25,0.5,0.75,1 at different time levels

Balancing the highest order derivative with the highest nonlin- Case 1.
ear order [U”; (U)?] in Eq. (16), we get N = 2. @y =by =by, =0
And it offers a truncated series from Eq. (5) as: 2
. 2, . o = — 577
U(&) = o+ a1 ®(&) + G ®* (&) + b @' (&) + b1 d2(¢). (17) 2k’<j~
6
Then, substituting Eq. (17) and its necessary derivatives a = L7
together with Eq. (6) into Eq. (16); collecting the coefficients of Acz
same degree of ®(¢) and thereafter setting them to zero, we get d=——f.
the following algebraic equations: 4k

c’ap — 2a1b1 ki — 2a;b2k) — azki + Zua2d2k4 + 2ub2k =0, Which produces

2
U (%, 6) = — 6“" dtanh®(V—d¢), d < 0,

ay — 2a0a, k2 — 2a,b1ki + 2pa;dk* = 0, T2k

uy(x, t :————dcoch\/M d<0,
c’ay — @3ki — 2apaz k). + 8,ua2dk =0, 2(%,0) 2k, (V-d?),
c 2 6uk’ 2
1) =y | =55~ dtanh Vv=dg) |, d <0,
2a,a,k7 — 2pa;k* = 0, 10 = ( 2k, ( )>
c c? 6uk 2
a2kl — 6uak* =0, vy(x,t) = X <2k) 7 dcoth”(v—d )), d<0,
2
c2by — 2ab1k7 — 2byarki + 2pbydk* = 0, Us(x,t) = — 2Ck -+ 6*1" dtan?(Vde), d > 0,
2 3
by — biki — 2apbyki + 8ub,dk* = 0, Uy(x,t) = 72%+ %dcotz(\/ag), d>0,
2 3
2bybyks — 2ubyd*k* =0, (%, 1) :% (_2617+%dtan2(\/55)>7 d>0,
2 214 2
b2k). — 6ub,d*k* = 0, Dat.1) :% (‘2C/<;+6ﬂk acot2(f5)>, d>0,
Solving the above system, we get the following: ’
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where c2 4ct 2
Uo(X, t) = dcoth®(v—d¢), d <0,
f—k X2 . t* Ly 2’(]. 8#[5
T 'T+1) T+l ,
c c 2
s Vg(x,t) = % (2/0 8,uls dtanh” (v — 6)), d<0,
c c? 4ct 2, 5,
(11 :b] :b2 :07 U]O(X,t)_E<—m—mdcoth ( —dC))7 d<07
a 3c?
0=5737> 2
2k U (X,t) = —;-{— act dtan?(Vd¢), d > 0,
611k 2k 8uk’ ;.
a = 2 ) C2 C4 d , f d
e Upp(x,t) = 721“ 'uls cot*(Vd¢), d >0,
g s g
c c
Which produces vn(x,t) = k( PT7h 8 )dtan (\fC)>» d>0,
2
usge,t) = 36 SR yonh2 (v de), d <o, )
ZkA vi2(x,t) = oy dcotz(\/—é) d>0
124, k 2’() ) )
3¢z 6uk’
us(X,0) = 5.~ *de‘)thz(v d¢), d <0, where
x* t
2 E=k —C — Xo.
Us(X,t) = % (%—%dtanhz(«/ d )>, d <0, T(e+1) T(e+1) 0
c (3¢ 6,uk , Case 4.
vs(X,t) =+ | 55— — dcoth”(vV—d¢) |, d <0,
k\ 2k’ A (11:1712(12:07
2 ) a 3¢
3¢ 6uk’ . L . 07 2k
ur(x,t) =5 +——dtan (Vd¢), d >0, e
2 3 8,[1’(5).7
U (X, t) = %f“k dcot?(Vde), d > 0, e
aktu
2
vi(x,0) = G;A + G/jk dtan? (\/35)), d>0, Which produces
) 2
N ugz(x,t) :% Suk dtanhz(\/ d¢), d <0,
vs(x,0) = (%-i—'u—dcotz(\/_f)), d>0,
3¢2 4c¢t 5
where Ua(x,t) = 5K mdcoth (v-d¢), d <0,
&=k X e X 2 A
= 0.
NCES RN CES)) v t) =S (25 - 4 grann?(v=de) ), d <0,
k\2kA 8,uk5
Case 3.
c (3¢ 4c¢t 2, —
a; =b1=a,=0, ) = k (m B Sﬂksidmth ( —di)), d<0,
c? 3¢?
Q= —5=, Uys(x, t) = 2k7»+8,uls dtan?(Vde¢), d > 0,
4¢* 3C2 ) \/_
2= _ 5.
8Uk%) (X, t) = 5K 8,[1]5 dcot*(vd¢), d > 0,
__¢ c(3c2 4t
4k4,u 1}15()(7 t) = E (2]{/L Sluks dtaﬂ (\/Eg)), d> 0,
Which produces
3¢ 4ct
o 4c* 2,/ vig(X,t) = ¢ ( dcotz(\/_£)>, d>0,
UQ(X, t) - _m 8'uk5 ——=—dtanh ( —d¢ )7 d< 07 k Zkﬂ ‘uks
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Fig. 2. The exact solutions u(x,t), v(x,t) for coupled conformable space-time fractional Boussinesq equations with, subsituting the values c =1/2,k=1,A=1,u= -1,

Xo = 10,0 < x <100, and o = 0.25,0.5,0.75,1 at different time levels.
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where
X* t*

S S Y CES I

Xo-

Thus, we have obtained several new wave solutions. Comparing
our results with the results presented in [29] shows that our solu-
tions are different and novel. Now, plotting these solutions at dif-
ferent time levels and different values of, shows the motion of
solitary waves as shown in Fig. 2.

Conclusion

In this paper, modified extended Tanh method with Riccati
equation has been successfully applied to find analytic solutions
of the space-time fractional Klein-Gordon and coupled con-
formable space-time fractional Boussinesq equations. The results
showed that the proposed method is a powerful and an efficient
method. The method is simple and concise. Therefore it’s applica-
ble to solve other linear and nonlinear fractional partial differential
equations in engineering and mathematical physics.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in
the online version, athttps://doi.org/10.1016/j.rinp.2017.12.051.
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