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An analysis is performed for the fluid dynamics incorporating the variation of viscosity and thermal con-
ductivity on an unsteady two-dimensional free surface flow of a viscous incompressible conducting fluid
taking into account the effect of a magnetic field. Surface tension quadratically vary with temperature
while fluid viscosity and thermal conductivity are assumed to vary as a linear function of temperature.
The boundary layer partial differential equations in cartesian coordinates are transformed into a system
of nonlinear ordinary differential equations (ODEs) by similarity transformation. The developed nonlinear
equations are solved analytically by Homotopy Analysis Method (HAM) while numerically by using the
shooting method. The Effects of natural parameters such as the variable viscosity parameter A, variable
thermal conductivity parameter N, Hartmann number Ma, film Thickness, unsteadiness parameter S,
Thermocapillary number M and Prandtl number Pr on the velocity and temperature profiles are investi-
gated. The results for the surface skin friction coefficient f 00ð0Þ, Nusselt number (heat flux) �h0ð0Þ and free
surface temperature hð1Þ are presented graphically and in tabular form.
� 2017 The Authors. Published by Elsevier B.V. This is anopenaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
Introduction

In several engineering processes boundary layer flow and heat
transfer phenomena of an unsteady free surface flow have promis-
ing applications such as continuous casting, wire coating, metal
and polymer extrusion, foodstuff processing, drawing of plastic
sheets, daily life uses equipments, etc. Crane [1] in 1970 is the first
who studied the hydrodynamics of a steady stretching of a flat
elastic sheet in a two-dimensional boundary layer flow by reducing
the steady Navier-Stokes equations to a nonlinear ordinary differ-
ential equations by means of similarity transformation. Wang [2]
in 1990 first studied the hydrodynamics of an unsteady stretching
surface in a thin liquid film of a flow by converting the unsteady
Navier-Stokes equations to a nonlinear ordinary differential equa-
tions by means of similarity transformation. But Lai and Kulacki [3]
in 1991, assumed that viscosity and thermal conductivity are vary
as an inverse functions of temperature and then solved numeri-
cally by using Runge-Kutta shooting method. Anderson et al. [4]
in 2000, extend the work of Wang [2] by studying heat transfer
and analysis has been performed by shooting method. Wang [5]
in 2006, give analytical solution by using HAM [17] to the work
of Anderson et al. [4] and found good agreement with multiple
shooting method. Furthermore Seddeek and Faiza [6] in 2006, con-
sidered variable viscosity, variable thermal conductivity and vari-
able suction with in Magneto Hydrodynamic (MHD) unsteady
convective heat transfer along with semi-infinite vertical porous
moving plate. Temperature variation phenomena in more general
form introduced by Liu et al. [7] in 2008, in the work of Anderson
et al. [4]. Mean while, Abel et al. [8] in 2008, introduce the mag-
netic field effect to the flow of an unsteady stretching surface in
a thin liquid film and subsequent heat transfer from the stretching
surface is investigated with the aid of similarity transformation,
which is the extension of the work of Wang [2]. Moreover,
unsteady stretching phenomena has been discussed with the
effects of the thermocapillary number in the references [9–11].
More realistic approach was used by Yasir et al. [12] in 2011, by
studying flow over stretching sheet by taking variable physical
properties. For solution purpose they used HPM. Hazarika and
Jadav Konch [13] in 2014, investigate the effects of varying thermal
conductivity and viscosity, variable heat flux and constant suction
on the MHD boundary layer flow forced convective past a stretch-
ing/shrinking sheet. Furthermore, the influence of MHD on fluid
flow in various geometries was studied in [20–22]. These are vary
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Nomenclature

N thermal conductivity parameter
h1 fluid constant
b positive constant
t time
u;v x and y components of velocity
x; y spatial Cartesian coordinates
Pr Prandtl number
B magnetic field
S unsteadiness parameter
Ma Hartmann number
hðtÞ liquid film thickness
M Thermocapillary number
T temperature
T0 temperature at the stretching sheet
Ts temperature at the surface of fluid
Tref reference temperature
L characteristic length scale
U surface velocity
g gravitational acceleration
A viscosity parameter

Subscripts
ref reference value
s at the surface of fluid
0 at the stretching sheet
Re Reynolds number

Ps pressure at the surface of fluid
Us stretching surface velocity

Greek symbols
ß thermal expansion coefficient
a positive constant
b dimensionless film thickness
q density
d positive constant
j thermal conductivity
r surface tension
r̂ electrical conductivity
! dimensionless film thickness
l viscosity
m kinematic viscosity
g similarity variable
d positive fluid property
r0 surface tension at sheet
d̂ characteristic length scale
h dimensionless temperature

Superscript
� dimensionless variable
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resent works in the fluid mechanics having MHD unsteady flow
over thin film with heat and mass transfers.

The aim of the present study is to assume, the case of an
unsteady thin film flow under the influence of variable viscosity
and thermal conductivity along with the effect of magnetic field.
Variable viscosity and thermal conductivity are both considered
linear functions of temperature while the surface tension varies
quadratically with temperature. The model non-linear partial dif-
ferential equations are transformed to third and second order ODEs
for momentum and energy equations respectively. Resultant equa-
tions are solved analytically by HAM and numerically by shooting
method. The effects of various parameters such as viscosity, ther-
mal conductivity, thermocapillary number, prandtl number, fluid
thickness, Hartmann number and unsteady parameter on the flow
and heat transfer have been shown graphically and in tabulated
form.

Problem formulation

Governing equations

In a non rotating reference frame thin elastic sheet that emerges
from a narrow slit at the origin of the Cartesian coordinate system.
The x-axis is considered along the stretching sheet while, the

transverse magnetic field B ¼ B0=ð1� atÞ1=2 is normal to the
stretching sheet is applied along the direction of gravity which is
located along y-axis. An infinite horizontal disk is placed at z = 0
in a viscous incompressible viscoelastic fluid. Navier-Stokes and
energy equations governing the unsteady incompressible flow of
a viscoelastic fluid are
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To obtain dimensionless form of the Eqs. (1)–(4) with boundary
conditions, we introduce the following scaling

x ¼ Lx�; y ¼ d̂y�; u ¼ Uu�; v ¼ Ud̂
L
v�; t ¼ L

U
t�;

T ¼ T�ðTs � T0Þ þ T0; ð5Þ

where d̂ is the vertical length scale, L is horizontal length scale,
d̂
L � 1 is aspect ratio, T0 temperature of fluid at the surface of the
stretching sheet and Ts is the temperature of fluid at the surface.
By making use of Eq. (5) in Eqs. (1)–(4), after dropping the asterisk
we arrive at the following form
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and the boundary conditions [10] are

u ¼ Us; v ¼ 0; T ¼ Ts at y ¼ 0; ð9Þ

l @u
@y

¼ @r
@x

;
@T
@y

¼ 0; v ¼ dh
dt

at y ¼ h; ð10Þ

where u and v are velocity components along x and y respectively, T
is for temperature, r̂ represents the electrical conductivity, t
denotes time, m use for kinematic viscosity, q express density, liquid
film thickness is hðtÞ, l is variable viscosity, j is variable thermal
conductivity and r is the surface tension which varies quadratically
with temperature

r ¼ r0 1� h1ðT � T0Þ
2

� �
dðT0 � TÞ

2m0ð1� atÞ12
; ð11Þ

where h1 and d represents positive constants. Surface stretching
velocity is considered as

Us ¼ a
2
xð1� atÞ�1

; ð12Þ

where a is positive constant. It is assumed that the liquid film sur-
face is smooth and their is no wave. As taken by Liu et al. [7] in
2008, for making uniform film thickness the stretching surface
velocity will be independent on the position, shown in Eq. (12).
The flow of a non planar thin liquid film first considered by
Dandapat [14,15] in 2006 and suggested the notation hðtÞ as a film
thickness of an unsteady stretching sheet. Surface temperature of
the stretching sheet are selected as

Ts ¼ T0 � Tref
a2x2

2ð1� atÞ ; ð13Þ

where T0 is the stretching sheet temperature and Tref is reference
temperature (constant) for all t < 1=a.

Similarity transformation

For transformation purpose the following transformation are
used for velocity components

u ¼ ax
2ð1� atÞ f

0ðgÞ; ð14Þ

v ¼ �a
2

ðm0=bÞ
1
2

ð1� atÞ12
bf ðgÞ; ð15Þ

where b is Initial stretching rate which is a non-negative constant,
while the effective stretching rate is denoted by b=ð1� atÞ. The
temperature function is considered as

T ¼ T0 � Tref
a2x2

2
ð1� atÞ�1hðgÞ; ð16Þ

where g represents similarity variable [5,16] and is defined as

g ¼ b
m0

� �1
2

ð1� atÞ�1
2 b�1y; ð17Þ

here b is a constant representing the dimensionless film thickness
[5,16]

b ¼ b
m0

� �1
2

ð1� atÞ�1
2 hðtÞ; ð18Þ

here l is the variable viscosity and j is the variable thermal con-
ductivity are assumed to vary as a linear function of temperature
and defined as

l ¼ l0½1þ Ah�; ð19Þ
j ¼ j0½1þ Nh�; ð20Þ
here l0 and j0 are the viscosity and thermal conductivity respec-
tively, h1, h2 are constants, where A ¼ h1ðT0 � TsÞ and
N ¼ h2ðT0 � TsÞ are the temperature differences named as viscosity
and thermal conductivity parameters respectively. The available
data given in Eqs. (11)–(20) are used in the set of Eqs. (6)–(10),
we obtain the following

ð1þ AhÞf 000 þ Ah0f 00 �!
2
½Sðgf 00 þ f 02 � ff 00 þ 2f 0Þ þMaf 0� ¼ 0; ð21Þ

ð1þ NhÞh00 þ Nh02 � S!
2

Pr½2hþ gh0 þ 2hf 0 � h0f � ¼ 0; ð22Þ

with the boundary conditions

f ð0Þ ¼ 0; f 0ð0Þ ¼ 1; hð0Þ ¼ 1; ð23Þ

f ð1Þ ¼ 1; f 00ð1Þ ¼ Mhð1Þ; h0ð1Þ ¼ 0; ð24Þ
where prime represents the differentiation with respect to g, ! ¼ b2

is the non-dimensional film thickness, S ¼ a=b is non-dimensional
parameter of unsteadiness, Ma ¼ Lr̂B2

0=Uqb is Hartmann number,

Pr ¼ l0Cp

j0
is prandtl number and M is the thermocapillary number

defined by

M ¼ dr0aTrefb

l0

ffiffiffiffiffiffiffiffi
bm0

p :
Problem approach

Nusselt number and Skin friction coefficient

The physical quantities of interest are local Nusselt number and
the skin friction coefficient which are expressed as.

Nuv ¼ vqw

jTref
; Cf ¼ sw

qU2=2
; respectively;

where heat transfer from the sheet qw and the skin friction sw are
given by

qw ¼ �j @T
@y

� �
y¼0

; sw ¼ l @u
@y

� �
y¼0

with j and l being variable thermal conductivity and variable vis-
cosity respectively. By making use of transformations (14)–(20) the
rate of heat transfer and the skin friction for thin liquid film are
reduced to coupled equations

Nuv � 2Us

ffiffiffiffiffiffiffiffi
bm0

p
b

h0ð0ÞRev; ð25Þ

Cf � 2
3
2ð1þ AhÞ

Sb
f 00ð0ÞRe�1

v ; ð26Þ

where Rev ¼ Usv=m is the local Reynolds number.

Solution approach

The model given in Eqs. (21)–(24), are solved by HAM [17]. The
functions f ðgÞ and hðgÞ can be written in term of
fgmjm ¼ 0;1;2; . . .g as

f ðgÞ ¼
Xþ1

m¼0

amgm; ð27Þ



Fig. 1. Geometry of the problem.
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Fig. 2. A ¼ 0:3, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.
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Fig. 3. A ¼ 0:9, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.

5 10 15 20
10 30

10 25

10 20

10 15

10 10

10 5

1

different orders of approximtion

Er
ro

r

Fig. 4. A ¼ 2:0, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.
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Fig. 5. N ¼ 0:2, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.
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Fig. 6. N ¼ 0:8, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.
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hðgÞ ¼
Xþ1

m¼0

cmgm; ð28Þ

where am and cm are the constants. The initial guesses for the corre-
sponding f ðgÞ and hðgÞ satisfying the given boundary conditions
(23) and (24) are

f 0ðgÞ ¼ g�Mh0ðgÞ
4

g2 þMh0ðgÞ
4

g3; ð29Þ

h0ðgÞ ¼ 1: ð30Þ
where the auxiliary linear operators for Eqs. (29) and (30) are
£f ¼ @4=@g4 and £h ¼ @2=@g2, respectively with the characteristics

£f ½C1 þ C2gþ C3g2 þ C4g3� ¼ 0; ð31Þ

£h½C1 þ C2g� ¼ 0; ð32Þ
the integration constants are denoted by C1, C2, C3 and C4. The non-
linear operators are constructed from of Eqs. (21) and (22) as

@f ½Fðg; qÞ;Hðg; qÞ;CðqÞ� ¼ ð1þ AHÞF 000 þ AH0F 00 � SC
2

½gF 00

þ F 02 � FF 00 þ 2ð1þMaÞF 0�; ð33Þ

@h½Fðg; qÞ;Hðg; qÞ;CðqÞ� ¼ ð1þ NHÞH00 þ NH02 � SC
2

Pr½2H
þ gH0 þ 2HF 0 �H0F�; ð34Þ

where the unknown functions Fðg; qÞ and Hðg; qÞ depends upon g
and q, and the function C dependents only on q. Prime in the super-
script indicates the number of derivatives with respect to g. Here
auxiliary parameters are �hf – 0 and �hh – 0, while the non-zero



Table 1
Optimal value of convergence control parameters versus different orders of approximation.

Order of approximation �hf �hh etm CPU time

2 �0.758911 �0.774441 3:32135� 10�6 12.8339 s

3 �0.728282 �0.748189 6:82839� 10�7 19.5611 s

4 �0.771597 �0.790182 1:10068� 10�9 36.4740 s
5 �0.761503 �0.794459 7:04277� 10�11 64.1040 s

6 �0.768268 �0.793531 1:96473� 10�13 110.015 s

Table 2
Individual averaged squared residual errors using optimal values of auxiliary
parameters.

m e fm ehm

2 2:81278� 10�6 2:76509� 10�7

4 1:44400� 10�10 3:90453� 10�11

6 1:60377� 10�14 6:42270� 10�15

8 4:08680� 10�18 1:48394� 10�18

10 1:61538� 10�21 4:01104� 10�22

16 9:68642� 10�32 1:24820� 10�32

20 6:68298� 10�34 2:11852� 10�34

26 6:72872� 10�34 2:11852� 10�34

30 6:72872� 10�34 2:11852� 10�34

40 6:72872� 10�34 2:11852� 10�34

Table 3
Convergence of HAM on the basis of skin friction f 00 ð0Þ and heat flux �h0ð0Þ for
selected values of A ¼ 0:3, N ¼ 0:2, S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.

m f 00ð0Þ �h0ð0Þ
1 �0:47645821694706656707 0:08029071840320629929
5 �0:47296390059640400496 0:08228968461130221429
10 �0:47296378115567143773 0:08228961268275264755
15 �0:47296378115446224487 0:08228961268191567756
20 �0:47296378115446220151 0:08228961268191566292
25 �0:47296378115446220151 0:08228961268191566292
30 �0:47296378115446220151 0:08228961268191566292
35 �0:47296378115446220151 0:08228961268191566292
40 �0:47296378115446220151 0:08228961268191566292
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Fig. 7. N ¼ 2:0, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1.
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Fig. 8. Error of Azimuthal velocity f at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where A ¼ 0:3, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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Fig. 9. Error of temperature h at 20th-order HAM viaMathematica package BVPh2:0
approximation, where A ¼ 0:3, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013,
Pr ¼ 1.
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auxiliary functions are represented by Hf and Hh. Deformation
equation for zeroth order can be expressed as

ð1� qÞ£f ½Fðg; qÞ � f 0ðgÞ� ¼ q�hfHf@f ½Fðg; qÞ;Hðg; qÞ;CðqÞ�; ð35Þ
ð1� qÞ£h½Hðg; qÞ � h0ðgÞ� ¼ q�hhHh@h½Fðg; qÞ;Hðg; qÞ;CðqÞ�; ð36Þ

the boundary conditions are
Fð0; qÞ ¼ 0; F 0ð0; qÞ ¼ 1; Hð0; qÞ ¼ 1; Fð1; qÞ ¼ 1;
F 00ð1; qÞ ¼ MHð1; qÞ; H0ð1; qÞ ¼ 0; ð37Þ
the embedding parameter is 0 6 q 6 1. From Eqs. (35) and (36), it is
observed that when, q ¼ 0, implies that equations (29) and (30) are
obtained as

Fðg;0Þ ¼ f 0ðgÞ; Hðg;0Þ ¼ h0ðgÞ: ð38Þ
As q ¼ 1 and �hf ; �hh – 0 and Hf ;Hh – 0, then equations (35)–(37)

gives equations (21)–(24), respectively, but

Fðg;1Þ ¼ f ðgÞ; Hðg;1Þ ¼ hðgÞ; Cð1Þ ¼ !: ð39Þ
On increasing q from zero to one, the approximate solutions

Fðg; qÞ and Hðg; qÞ converges to exact solutions f ðgÞ and hðgÞ
respectively.

Cð0Þ ¼ !0; ð40Þ
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Fig. 10. Error of Azimuthal velocity f at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where A ¼ 2:0, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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Fig. 11. Error of temperature h at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where A ¼ 2:0, N ¼ 0:2 S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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Fig. 12. Error of Azimuthal velocity f at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where N ¼ 0:2, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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Fig. 13. Error of temperature h at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where N ¼ 0:2, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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Fig. 14. Error of Azimuthal velocity f at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where N ¼ 2:0, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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initial guess to the time-scale parameter !. By using Maclaurin ser-
ies combining with (29) and (30), the functions Fðg; qÞ, Hðg; qÞ and
CðqÞ can be expand as a series of q as

Fðg; qÞ ¼ f 0ðgÞ þ
Xþ1

m¼1

f mðgÞqm; ð41Þ

Hðg; qÞ ¼ h0ðgÞ þ
Xþ1

m¼1

hmðgÞqm; ð42Þ
CðqÞ ¼ !0 þ
Xþ1

m¼1

!mqm; ð43Þ

where

f mðgÞ ¼
1
m!

@mFðg; qÞ
@qm

� �
q¼0

; ð44Þ

hmðgÞ ¼ 1
m!

@mHðg; qÞ
@qm

� �
q¼0

; ð45Þ

!m ¼ 1
m!

@mCðqÞ
@qm

� �
q¼0

; ð46Þ

using (39) we have

f ðgÞ ¼ f 0ðgÞ þ
Xþ1

m¼1

f mðgÞ; ð47Þ

hðgÞ ¼ h0ðgÞ þ
Xþ1

m¼1

hmðgÞ; ð48Þ

! ¼ !0 þ
Xþ1

m¼1

!m; ð49Þ

Differentiating m-times Eqs. (35) and (36) with respect to q
after putting q ¼ 0 and dividing both sides by m!, finally we get
mth-order deformation equations



Table 4
Variation of b ¼ !

1
2 , f 00 ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation when S ¼ 0:4, Ma ¼ 1, M ¼ 1, Pr ¼ 1.

�hf �hh b f 00ð0Þ hð1Þ �h0ð0Þ
A ¼ 0:3;N ¼ 0:2
�0.251187 �0.310346 2.82701 �0.0541125 0.177935 2.20751
�0.279832 �0.336978 2.62701 �0.0675005 0.211480 2.03789
�0.310190 �0.365617 2.42701 �0.0840230 0.250869 1.86531

A ¼ 3:0;N ¼ 0:2
�0.0853798 �0.622798 1.62701 �0.160536 0.479593 1.137740
�0.2178240 �0.511561 1.42701 �0.200722 0.555329 0.947237
�0.1231730 �0.271671 1.22701 �0.247608 0.636693 0.756662

N ¼ 0:2;A ¼ 0:3
�0.251187 �0.310346 2.82701 �0.0541125 0.177935 2.20751
�0.279832 �0.336978 2.62701 �0.0675005 0.211480 2.03789
�0.310190 �0.365617 2.42701 �0.0840230 0.250869 1.86531

N ¼ 2:0;A ¼ 0:3
�0.550077 �0.264362 1.62701 �0.295292 0.701737 0.565891
�0.586416 �0.277023 1.42701 �0.332292 0.760543 0.456357
�0.623966 �0.289294 1.22701 �0.368829 0.816176 0.352173

Table 5
Comparison of the values of b ¼ !

1
2 , f 00ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation and Shooting method for the case

N ¼ 0:2; S ¼ 0:4;Ma ¼ 1;M ¼ 1; Pr ¼ 1 and several values of A.

A HAM Shooting method

b f 00ð0Þ hð1Þ �h0ð0Þ b f 00ð0Þ hð1Þ �h0ð0Þ
0.3 2.927010 �0.0484233 0.163124 2.29138 2.927010 �0.0484143 0.163111 2.29141
0.9 2.627010 �0.0587333 0.211482 2.03809 2.627010 �0.0587318 0.211483 2.03809
1.5 2.327010 �0.0767967 0.273006 1.77807 2.327010 �0.0766745 0.273006 1.77809
2.0 2.162701 �0.0892719 0.313156 1.63225 2.162701 �0.0892711 0.313156 1.63224
3.0 1.827010 �0.1270170 0.410961 1.32567 1.827010 �0.1270160 0.410960 1.32567
4.0 1.527010 �0.1761900 0.516684 1.04249 1.527010 �0.1763600 0.516637 1.04273
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Table 6
Comparison of the values of b ¼ !

1
2 , f 00 ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation and Shooting method for the case A ¼ 0:3,

S ¼ 0:4, Ma ¼ 1, M ¼ 1, Pr ¼ 1 and several values of N.

N HAM Shooting method

b f 00ð0Þ hð1Þ �h0ð0Þ b f 00ð0Þ hð1Þ �h0ð0Þ
0.2 2.927010 �0.0484233 0.163124 2.291380 2.927010 �0.0484143 0.163111 2.291410
0.8 2.627010 �0.0913319 0.281077 1.563790 2.627010 �0.0913320 0.281077 1.563780
1.4 2.327010 �0.1524810 0.428876 1.118070 2.327010 �0.1524780 0.428860 1.118070
2.0 2.162701 �0.2025740 0.540546 0.867892 2.162701 �0.2025720 0.540541 0.867893
2.6 1.827010 �0.2799380 0.686979 0.587800 1.827010 �0.2799380 0.686979 0.587800
3.0 1.527010 �0.3417560 0.788387 0.400645 1.527010 �0.3417560 0.788386 0.400645

Table 7
Comparison of the values of b ¼ !

1
2 , f 00 ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation and Shooting method for the case A ¼ 0:3,

S ¼ 0:4, Ma ¼ 1, M ¼ 1, N ¼ 0:2 and several values of Pr.

Pr HAM Shooting method

b f 00ð0Þ hð1Þ �h0ð0Þ b f 00ð0Þ hð1Þ �h0ð0Þ
0.7 2.927010 �0.0746875 0.2462840 1.88479 2.927010 �0.0746869 0.2462830 1.88478
1.0 2.627010 �0.0675005 0.2114800 2.03789 2.627010 �0.0674985 0.2114770 2.03789
2.0 2.327010 �0.0391912 0.1186500 2.59173 2.327010 �0.0391646 0.1185800 2.59190
3.0 2.162701 �0.0268261 0.0795568 2.96080 2.162701 �0.0267296 0.0793403 2.96179
4.0 1.827010 �0.0309070 0.0862517 2.88660 1.827010 �0.0308063 0.0860676 2.88733
5.0 1.527010 �0.0401968 0.1064570 2.69223 1.527010 �0.0400971 0.1063520 2.69253



Table 8
Comparison of the values of b ¼ !

1
2 , f 00 ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation and Shooting method for the case A ¼ 0:3,

Pr ¼ 1, Ma ¼ 1, M ¼ 1, N ¼ 0:2 and several values of S.

S HAM Shooting method

b f 00ð0Þ hð1Þ �h0ð0Þ b f 00ð0Þ hð1Þ �h0ð0Þ
0.4 3.927011 �0.015990 0.067813 3.10660 3.927011 �0.015803 0.067561 3.10843
0.6 3.627012 �0.009325 0.043286 3.51408 3.627012 �0.008893 0.042722 3.52120
0.8 3.327013 �0.007229 0.034558 3.71846 3.327013 �0.006643 0.033795 3.73098
1.0 3.162704 �0.005545 0.026966 3.94455 3.162704 �0.004758 0.025803 3.97183
1.2 2.827015 �0.006073 0.029408 3.86538 2.827015 �0.005376 0.028490 3.88348
1.4 2.527016 �0.007079 0.033905 3.73582 2.527016 �0.006479 0.033124 3.74892

Table 9
Comparison of the values of b ¼ !

1
2 , f 00 ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation and Shooting method for the case A ¼ 0:3,

Pr ¼ 1, S ¼ 0:4, M ¼ 1, N ¼ 0:2 and several values of Ma.

Ma HAM Shooting method

b f 00ð0Þ hð1Þ �h0ð0Þ b f 00ð0Þ hð1Þ �h0ð0Þ
0.0 3.927011 �0.0185688 0.067840 3.10639 3.927011 �0.0184003 0.067562 3.10818
1.0 3.627012 �0.0222134 0.088280 2.86562 3.627012 �0.0221169 0.088147 2.86630
3.0 3.327013 �0.0253259 0.114932 2.62232 3.327013 �0.0252883 0.114886 2.62254
5.0 3.162704 �0.0263906 0.132768 2.48782 3.162704 �0.0263731 0.132749 2.48793
7.0 2.827015 �0.0354123 0.177984 2.20882 2.827015 �0.0354088 0.177981 2.20883
10 2.527016 �0.0451973 0.230535 1.95381 2.527016 �0.0451969 0.230535 1.95381

Table 10
Comparison of the values of b ¼ !

1
2 , f 00 ð0Þ, hð1Þ and �h0ð0Þ using 20th-order HAM via Mathematica package BVPh2:0 approximation and Shooting method for the case A ¼ 0:3,

Pr ¼ 1, S ¼ 0:4, Ma ¼ 1, N ¼ 0:2 and several values of M.

M HAM Shooting method

b f 00ð0Þ hð1Þ �h0ð0Þ b f 00ð0Þ hð1Þ �h0ð0Þ
0.0 1.927013 0.000000 0.380657 1.422660 1.927013 0.000001 0.380650 1.422691
0.3 1.627014 �0.058208 0.480758 1.140650 1.627014 �0.058208 0.480758 1.140647
0.5 1.327015 �0.128089 0.596573 0.853361 1.327015 �0.128088 0.596573 0.853361
0.7 1.127016 �0.212034 0.679354 0.663376 1.127016 �0.212033 0.679354 0.663375
1.0 0.827017 �0.376263 0.803434 0.395479 0.827017 �0.376262 0.803434 0.395480
1.2 0.527018 �0.532011 0.911731 0.174125 0.527018 �0.532010 0.911730 0.174125
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Fig. 15. Error of temperature h at 20th-order HAM via Mathematica package
BVPh2:0 approximation, where N ¼ 2:0, A ¼ 0:3, S ¼ 0:4, Ma ¼ 1, M ¼ 1,
! ¼ 0:127013, Pr ¼ 1.
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Fig. 16. The effect of A on velocity profile with N ¼ 0:2, M ¼ 1, Ma ¼ 1, Pr ¼ 1,
S ¼ 0:4, ! ¼ 1:027013.
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£f ½f mðgÞ � vmfm�1ðgÞ� ¼ �hfHf ðgÞRf ;mðgÞ; ð50Þ

£h½hmðgÞ � vmhm�1ðgÞ� ¼ �hhHhðgÞRh;mðgÞ; ð51Þ
with boundary conditions

f mð0Þ ¼ 0; f 0mð0Þ � 1 ¼ 0; hmð0Þ � 1 ¼ 0; ð52Þ

f mð1Þ � 1 ¼ 0; f 00mð1Þ �Mhmð1Þ ¼ 0; h0mð1Þ ¼ 0; ð53Þ
for m P 1

Rf ;mðgÞ ¼ f 000m�1 þ
Xm�1

n¼0

Ahnf
000
m�1�n þ Ah0nf

00
m�1�n �

S
2
g!nf

00
m�1�n

��

�2ð1þMaÞ!nf
0
m�1�n

�þ!m�1�n

Xn
i¼0

ðf if 00n�i � f 0if
0
n�iÞ
#
; ð54Þ
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Fig. 17. The effect of A on temperature profile with N ¼ 0:2, M ¼ 1, Ma ¼ 1, Pr ¼ 1,
S ¼ 0:4, ! ¼ 1:027013.
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Fig. 18. The effect of N on velocity profile with A ¼ 0:3, M ¼ 1, Ma ¼ 1, Pr ¼ 1,
S ¼ 0:4, ! ¼ 1:027013.
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Fig. 19. The effect of N on temperature profile with A ¼ 0:3, M ¼ 1, Ma ¼ 1, Pr ¼ 1,
S ¼ 0:4, ! ¼ 1:027013.
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Fig. 20. The effect of Pr on velocity profile with A ¼ 0:3, M ¼ 1, Ma ¼ 1, N ¼ 0:2,
S ¼ 0:4, ! ¼ 1:027013.
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Fig. 21. The effect of Pr on temperature profile with A ¼ 0:3, M ¼ 1, Ma ¼ 1,
N ¼ 0:2, S ¼ 0:4, ! ¼ 1:027013.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.94

0.95

0.96

0.97

0.98

0.99

1.00

f'

S = 0.4

S = 0.6

S = 0.8

S = 1.0
S = 1.2
S = 1.4

Fig. 22. The effect of S on velocity profile with A ¼ 0:3, M ¼ 1, Ma ¼ 1, N ¼ 0:2,
Pr ¼ 1, ! ¼ 1:027013.
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Rh;mðgÞ ¼ h00m�1 þ
Xm�1

n¼0

Nhnh
00
m�1�n þ Nh0nh

0
m�1�n � SPrð!nhm�1�n

�

þ1
2
g!nh

0
m�1�n þ!m�1�n

Xn
i¼0

ðhif 0n�i � h0if n�iÞ
#
; ð55Þ

and

vm ¼ 1; m > 1;
0; m ¼ 1;

	

the solution of (50) and (51) can be expressed as
f mðgÞ ¼
Z g

0

Z g

0

Z g

0

Z g

0
�hfHf ðsÞRf ;mðsÞdsdsdsdsþ vmfm�1

þ C1 þ C2gþ C3g2 þ C4g3; ð56Þ

hmðgÞ ¼
Z g

0

Z g

0
�hhHhðsÞRh;mðsÞdsdsþ vmhm�1 þ C1 þ C2g: ð57Þ

Thusmth-order approximation of f ðgÞ; hðgÞ and ! are expressed
as

f ðgÞ �
Xm
n¼0

f nðgÞ; ð58Þ
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Fig. 23. The effect of S on temperature profile with A ¼ 0:3, M ¼ 1, Ma ¼ 1, N ¼ 0:2,
Pr ¼ 1, ! ¼ 1:027013.
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Fig. 24. The effect of Ma on velocity profile with A ¼ 0:3, M ¼ 1, S ¼ 0:4, N ¼ 0:2,
Pr ¼ 1, ! ¼ 1:027013.
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Fig. 25. The effect of Ma on temperature profile with A ¼ 0:3, M ¼ 1, S ¼ 0:4,
N ¼ 0:2, Pr ¼ 1, ! ¼ 1:027013.
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Fig. 26. The effect of M on velocity profile with A ¼ 0:3, Ma ¼ 1, S ¼ 0:4, N ¼ 0:2,
Pr ¼ 1, ! ¼ 1:027013.

0.0 0.2 0.4 0.6 0.8 1.0

0.75

0.80

0.85

0.90

0.95

1.00

M = 0,  0.3,  0.5,  0.7,  1.0,  1.2

Fig. 27. The effect of M on temperature profile with A ¼ 0:3, Ma ¼ 1, S ¼ 0:4,
N ¼ 0:2, Pr ¼ 1, ! ¼ 1:027013.
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hðgÞ �
Xm
n¼0

hnðgÞ; ð59Þ
! �
Xm�1

n¼0

!n; ð60Þ
by simultaneously solving equation f nþ1ðgÞ with the help of the
boundary conditions f nþ1ð1Þ ¼ 0 and f 00nþ1ð1Þ ¼ 0 mention in (53)
8 n P 0 to obtained !n.
Optimal convergence control parameters

First to check the validity of the method we made error analysis
before giving physical predictions. For this aim, Figs. 1–6 and
Tables 1–3 are made. Minimum error 10�40 is fixed in BVPh2.0
package during solution. Advantage of this method is to determine
the solution region and rate of the homotopy series expansions for
this the auxiliary parameters �hf – 0 and �hh – 0 are involve in the
solutions (50) and (51). To obtain the optimal values of �hf and �hh,
average residual error introduce by Liao [18] were used as:

e f
m ¼ 1
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Xk
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@f

Xm
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 !
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ehm ¼ 1
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@h

Xm
i¼0

FðgÞ
Xm
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HðgÞ
 !

g¼jdg

2
4

3
5

2

dg; ð62Þ

Due to Liao [18]

etm ¼ e f
m þ ehm; ð63Þ

where etm is called total squared residual error, dg ¼ 0:5 and k ¼ 20.
Minimizing total average squared residual error by employing
Mathematica package BVPh2.0 [19]. To observe error for different
order of approximation by varying different parameters, we first
varying variable viscosity parameter A and fixing N ¼ 0:2 S ¼ 0:4,
Ma ¼ 1, M ¼ 1, ! ¼ 0:127013, Pr ¼ 1. Figs. 1–3 illustrates the max-
imum average squared residual error at different orders of approx-
imation. In Fig. 1, for A ¼ 0:3 it is observed that as the order of
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approximation is increased the total averaged squared residual
errors and averaged squared residual errors are getting smaller, also
when A ¼ 0:3, the error is streakily decreased as compared to the
case for A ¼ 0:9 and A ¼ 2:0 as shown in Figs. 2 and 3 respectively.
Similarly different graphs are shown in Figs. 4–6 by varying variable
thermal conductivity parameter N fixing A ¼ 0:3, S ¼ 0:4, Ma ¼ 1,
M ¼ 1, ! ¼ 0:127013 and Pr ¼ 1. For N ¼ 0:2 the order of approxi-
mation is increased the total averaged squared residual errors and
averaged squared residual errors are decrease. Similarly errors of
Azimuthal velocity f and temperature h are observed for different
values of A in Figs. 7–10 and for different values of N in Figs. 11–
14. In addition, Table 1 presents the optimal values of convergence
control parameters as well as the minimum values of total averaged
squared residual error versus different orders of approximation for
the values A ¼ 0:3, N ¼ 0:2, S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013
and Pr ¼ 1. Table 2 displays the individual average squared residual
error at different orders of approximations using the self selection
of optimal values by Mathematica package BVPh2.0 for A ¼ 0:3,
N ¼ 0:2, S ¼ 0:4, Ma ¼ 1, M ¼ 1, ! ¼ 0:127013 and Pr ¼ 1. Table 3
shows that twenty Decimal place accuracy take place of f 00ð0Þ and
twenty decimal place accuracy take place of �h0ð0Þ after fifteenth
order of approximation.
Results and discussion

As we obtained nonlinear couple of differential Eqs. (21) and
(22) subject to the physical boundary conditions (23) and (24),
which are analytically solved by using HAM and numerically
solved by Shooting method for selected values of variable viscosity
parameter, thermal conductivity parameter, Hartmann number,
Prandtl number, unsteadiness parameter, thermocapillary number
and dimensionless film thickness. Different effects of �hf and �hh on

b ¼ !
1
2, f 00ð0Þ, hð1Þ and �h0ð0Þ is shown in Table 4 using 20th-order

HAM approximation when S ¼ 0:4, M ¼ 1, Pr ¼ 1, Ma ¼ 1, N ¼ 0:2
and A ¼ 0:3, 3:0. Similarly in Table 4 we observe different effects

for �hf and �hh on b ¼ !
1
2, f 00ð0Þ, hð1Þ and �h0ð0Þ for S ¼ 0:4, M ¼ 1,

Pr ¼ 1, Ma ¼ 1, A ¼ 0:3 and N ¼ 0:2;2:0. The effects of A, N, Pr, S,
Ma and M on b, f 00ð0Þ, hð1Þ and �h0ð0Þ are presented in Tables 5–
10. For comparison, we used both HAM and Shooting method to
observed and discuss different effects of the physical parameters
by varying some parameter while keeping the remaining parame-
ters fixed.

Based on Table 5, when N ¼ 0:2, S ¼ 0:4, Ma ¼ 1, M ¼ 1, Pr ¼ 1
and increasing the value of variable viscosity parameter A reduce

the film thickness b ¼ !
1
2 and decrease the skin friction f 00ð0Þ and

heat flux �h0ð0Þ, while increases the value of free temperature
hð1Þ. Same behavior is observed by increasing variable viscosity
parameter A and reducing the film thickness we see that up to 4,
5 decimal place accuracy take place in both methods HAM and
Shooting as displaced in Table 5. Similar case for increasing ther-
mal conductivity parameter N meaningful impacts in the values
of �h0ð0Þ, hð1Þ and f 00ð0Þ is seen. In Table 6, when film thickness
is reduced and N is increased where the values of A ¼ 0:3,
S ¼ 0:4, Ma ¼ 1, M ¼ 1 and Pr ¼ 1 then the skin friction f 00ð0Þ and
the heat flux �h0ð0Þ are decreased, while the value of free temper-
ature hð1Þ is increased which can be seen by the solution of both
method and up to 4, 5 decimal place accuracy in the skin friction
f 00ð0Þ, heat flux �h0ð0Þ and free temperature hð1Þ take place shown
in the concern table. In the next Table 7, increasing the value of

Prandtl number Pr and decreasing the film thickness b ¼ !
1
2,

increases the heat flux �h0ð0Þ and skin friction f 00ð0Þ while
decreases the free temperature hð1Þ for the values of A ¼ 0:3,
S ¼ 0:4,Ma ¼ 1,M ¼ 1 and N ¼ 0:2. In both methods good accuracy
are take place shown in Table 7. Similar observations are seen for
the case when unsteady parameter S is increased and film thick-
ness is reduced, then the heat flux �h0ð0Þ and skin friction f 00ð0Þ
are both increases up to some point and then decreases while free
temperature hð1Þ first decreases and then increases for A ¼ 0:3,
Pr ¼ 1, Ma ¼ 1, M ¼ 1 and N ¼ 0:2 as shown in the Table 8. Next
Table 9 is for the case when Hartmann number Ma is increased

and reducing the film thickness b ¼ !
1
2 then the skin friction

f 00ð0Þ and heat flux �h0ð0Þ both are decreases while interestingly
free temperature hð1Þ rises when the values of A ¼ 0:3, S ¼ 0:4,
Pr ¼ 1, M ¼ 1 and N ¼ 0:2 are used. Table 10 is the clear discussion
about thermocapillary number M. By increasing thermocapillary

number M will reduce the film thickness b ¼ !
1
2 and interestingly

rises the free temperature hð1Þ while both the skin friction f 00ð0Þ
and the value of heat flux �h0ð0Þ will decreases for the physical
values of A ¼ 0:3, Pr ¼ 1, Ma ¼ 1, S ¼ 0:4 and N ¼ 0:2. Good agree-
ments are seen in the Table 10 for different values of the physical
parameters between both methods.

The velocity and temperature profiles for variable viscosity and
thermal conductivity hydromagnetics Newtonian flow under non-
Isothermal condition over an unsteady stretching sheet are shown
in Figs. 15–26 when A, N, S, Pr, Ma and M are varying for various
values, respectively. By increasing the value of viscosity parameter
A, flow velocity slowdown slightly and the temperature consis-
tently rises as shown in Figs. 15 and 16. Here, it can be seen that
the friction and velocity of fluid flow both are in opposite effects.
when viscosity parameter increases so friction is increases, due
to the fact that internal force of attraction increases which resist
to the velocity of the molecule and hence velocity decreases con-
sistently. As a result heat flux �h0ð0Þ decreases and free tempera-
ture �hð1Þ increases, which is compatible with the physical
phenomena. The effect of thermal conductivity parameter N on
velocity field and temperature is shown in Figs. 17 and 18. It can
be noticed, that when parameter N is increased the fluid velocity
over the surface of stretching sheet with constant stretching
parameters, S ¼ 0:4, A ¼ 0:3, M ¼ 1, Ma ¼ 1, Pr ¼ 1 and
! ¼ 1:027013 is decreased while temperature is increased. It
means that when thermal conductivity increase then the flow of
the fluid is slow down and the flow heats up and hence heat flux
�h0ð0Þ and skin friction f 00ð0Þ are decreased while free temperature
hð1Þ is increased. The effect of Prandtl number Pr (the ratio of
momentum diffusivity towards thermal diffusivity), on velocity
profile and temperature distribution are shown in Figs. 19 and
20. One can see in Fig. 20 that increasing Prandtl number Pr, the
rate of heat transfer �h0ð0Þ slowdown and this decrease is seen
in the whole domain of fluid, causes the flow become heated and
the flow velocity is increased shown in Fig. 19. In Figs. 21 and 22
the effect of unsteady parameter S on velocity and temperature
profiles are shown. It is clearly observed that when S is increased
then the flow of the fluid speed up, and the flow of the fluid tem-
perature consistently cools down. As a result heat flux �h0ð0Þ is
increases in the boundary layer region, which is compatible with
the physical phenomena. The effect of magnetic field on velocity
field is shown in Fig. 23. It can be noticed, that increasing magnetic
parameterMa the fluid velocity over the surface of stretching sheet
with constant stretching parameter, S ¼ 0:4 increases. This is due
to the fact that the presence of magnetic field provides Lorentz
force because by repulsion which causes velocity increase.
Similarly by increasing the magnitude of the magnetic field Ma,
the temperature profile of the flow remain unchange as shown in
Fig. 24. To observe the effectiveness of the surface tension gradient
M (thermocapillary number), on velocity and temperature profiles
Figs. 25 and 26 are plotted. With the increase of the thermocapil-
lary number, the flow slowdown and the temperature remains
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slightly unchange as shown in Figs. 25 and 26. Nusselt number
�h0ð0Þ decreases due to the increase of the Thermocapillary num-
ber M which causes to the lower heat diffusivity on the stretching
sheet thus the flow temperature unchange. Vibrating force remain
constant in the flow molecules due to the temperature remain
same (Fig. 27).

Concluding remarks

In this article, variable viscosity and thermal conductivity mag-
neto hydrodynamic convection flow over the surface of unsteady
stretching sheet with heat transfer under the effects of physical
parameters are investigated. Two dimensional flow in the consid-
ered geometry is transformed into system of ODEs using specific
transformations with meaning full geometry. For analysis couple
of methods, BVP4C and HAM mathematica package BVPh2:0 are
used for comparison. Good agreements are observed during analy-
sis of the both methods. The following results are concluded during
this study:

1. It is found that by increasing A, the flow velocity slightly slow
down and temperature rises consistently.

2. It is concluded that as N is increased the flow velocity is slow
down while temperature is increased.

3. It is also concluded that with the increase of Prandtl number Pr,
the flow speeds up while temperature decreases.

4. It is observed that by increasing S, the flow velocity increases,
while temperature is decreases.

5. Moreover increasing Hartmann number Ma, the flow velocity
strictly increases and temperature remains unchange.

6. It is also found that increasing the thermocapillary number M,
the flow velocity decreases and no effect is observed on
temperature.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.rinp.2017.12.009.
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